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STRONG APPROXIMATION OF THE EMPIRICAL
PROCESS OF GARCH SEQUENCES

By IsTVAN BERKES! AND LAJOS HORVATH

Hungarian Academy of Sciences and University of Utah

We obtain a strong approximation for the empirical process of n
observed elements of a GARCH sequence. The weak convergence of the
empirical process and the law of the iterated logarithm are immediate
consequences.

1. Introduction and results. Over the last years several models have
been suggested to serve as models for financial data. Many of these mod-
els have the property that the conditional variance (or conditional scaling)
depends on past observations. Empirical work has confirmed the applicabil-
ity of these models to analyze financial time series. One of the well-known
examples is the autoregressive conditionally heteroskedastic (ARCH) process
introduced by Engle (1982). It is used to model exchange rates, stock prices
and so on. The ARCH model has been investigated and generalized by sev-
eral authors; see, for example, Bollerslev (1986) and Gouriéroux (1997). In
this paper we investigate the generalized autoregressive conditionally het-
eroskedastic (GARCH) process introduced by Bollerslev (1986). A GARCH
(p, q) process is defined by the equations

(1.1) Yr = 0p&p

and

(1.2) =8+ Y Bigii+ Y @y
1<i<p 1<j<q

where § > 0, 8;, 1 <i < p and @;, 1 < j < g are nonnegative constants.
Throughout this paper we assume that {¢;, —00 < i < oo} are independent,
identically distributed random variables with distribution function H. The
main purpose of this paper is to prove limit theorems for the empirical distri-
bution function of y{, yo, ..., y, assuming that (1.1) and (1.2) have a unique
stationary solution.

Nelson (1990) found a necessary and sufficient condition for the stationarity
and ergodicity of the GARCH (1, 1) process. He showed that in the case of
p =q =1, (1.1) and (1.2) have a unique stationary solution if and only if
Elog(B1 + a;&3) < 0. A necessary and sufficient condition for the existence of
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790 1. BERKES AND L. HORVATH

a unique stationary solution of (1.1) and (1.2) in the general case was given
by Bougerol and Picard (1992a, b). To state this condition, let

Ty = (B1+ el By, ..., Bpo1) € RPTH,
& =(£2,0,...,0) e RP7!
and
a=(ag,...,aq 1) € R 1,
(Clearly, without loss of generality we may and shall assume p > 2 and q > 2.)

Define the (p + ¢ — 1) x (p + ¢ — 1) matrix A,, written in block form, by

. By, a o
I 0 0 0
— p—1
An = & 0 0 0|’
0 0 I,, O
where I, ; and I, , are the identity matrices of size p —1 and q — 2, respec-
tively. We have assumed that the innovations {¢;, —c0 < i < oo} are inde-
pendent, identically distributed random variables and therefore the random
matrices {A,, —00 < n < oo} are independent and identically distributed.
Assume that E(log™ ||Ao||) < oo, where for any d x d matrix M, | M| denotes
the matrix norm defined by

1M = sup{|| Mx|4/llxlla: x € R?, x#0},

where |-|| is the usual (Euclidean) norm in R?. The top Lyapunov exponent vy
associated with the sequence {4,, —c0 < n < oo} is

1
y=inf ~Elog|AgA A, ]|.

The condition E(log™ || A, |) < oo and the subadditive ergodic theorem [cf.
Kingman (1973)] imply

(1.3) lim llog | AgA_1---A_, |=v as.
n—oo n

Bougerol and Picard (1992a, b) showed that (1.1) and (1.2) have a unique
stationary solution if and only if

(1.4) y <0.

In this paper we investigate the asymptotic properties of the empirical
process

R(s,t)= ) (I{y; <s} - F(s)),
1<i<t

where F denotes the distribution function of y,. We make stronger assump-
tions than E(log™ || A, ||) < oo and (1.4), so we can assume that we are using
the stationary solution of (1.1) and (1.2). Let

Y(s) = I{y, < s} — F(s).
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THEOREM 1.1. We assume that
(1.5) |H(t)— H(s)| < Cl|t —s|® withsome0<C <occand0<6<1,

(1.6) E(log* | Ay |)* < o0 with some u > 2+ 16/6
and
1.7 = E(log || A |) < 0.

Then the series
(18) T(s,s) = EY((9)Yo(s) + Y EYo(s)Y,()+ Y EYo(s)Y,(s)
1<n<oo 1<n<oo

is absolutely convergent for any —oco < s, s < oo and there is a Gaussian
process K(s,t) with EK(s,t) = 0, EK(s,t)K(s',t') = min(¢, t')[(s, '), such
that

(1.9 sup sup |R(s,t)— K(s,t)|=o(T"?(Qog T)™") a.s.

0<t<T —0oo<s<©

with some A > 0.

REMARK 1.1. In GARCH (1, 1), conditions (1.6) and (1.7) are satisfied if
and only if

(1.10) E(log™ (By + @1€3))" < oo with some u > 2+ 16/60
and
(1.11) Elog(B; + a;3) < 0.

We note again that by Nelson (1990), (1.11) is necessary and sufficient for the
existence of the stationary GARCH (1, 1). For general GARCH sequences, (1.7)
is more restrictive than (1.4).

REMARK 1.2. If E(log” |gy|)* < oo with some u > 2+ 16/6, then (1.6) holds
in any GARCH (p, q) model.

REMARK 1.3. Davis, Mikosch and Basrak (1999) showed that if (1.4) holds
and E|gy|* < oo with some u > 0, then {y%, —0o < n < oo} is strongly mixing
with a geometric rate. Combining the mixing property of {y2} with the main
result in Philipp and Pinzur (1980) and Philipp (1984) one could get strong
approximations for Y1 _;_,(I{y? < s} — F*(s)), where F*(s) is the distribution
function of y%. However, the method used by Davis, Mikosch and Basrak (1999)
does not give a similar result for R(s, t). Also, to get the strong mixing of {y2},
Davis, Mikosch and Basrak (1999) assume that E|gy|* < oo with some u > 0,
which is stronger than (1.6).

In the proof of our theorem we will use a totally different approach and
establish a new structural property of GARCH sequences which is easier
to verify than strong mixing and is much more convenient in applications.
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(See Lemma 2.4.) Indeed, we prove that if (1.6), (1.7) hold then there is a
sequence {y/,} which is close to {y,} (in the sense that y, — y,, — 0 rapidly)
and for each n > 1 the finite sequence {y}, ..., ¥, } is not only mixing, but
in fact is m-dependent with m = n” for some 0 < p < 1; that is, terms of
this sequence with indices differing at least n? are independent. This prop-
erty does not imply strong mixing for {y, } but it is more convenient to use. In
fact, it permits us to deduce asymptotic properties of {y, } directly from known
results for independent random variables via standard blocking techniques.
We note also that this approach requires weaker moment conditions on {¢,}
than the strong mixing technique. It seems likely that the same method will
be applicable in many other situations.

The weak convergence of the empirical process of y;,...,y, is a simple
consequence of Theorem 1.1. If K (s) is a Gaussian process with EK (s)=0

and EK(s)K(s') =I(s, §'), then

n1/2<% Y I{y; <s}-— F(s)) 71700, 0] E(S),

1<i<n

as n — oo.

Similarly, the law of the iterated logarithm also follows from Theorem 1.1. It
is enough to observe that K(s, n) is a partial sum of independent, identically
distributed Gaussian processes, so by Ledoux and Talagrand (1991) the law
of the iterated logarithm holds for K (s, n). Hence

=C a.s.

Ly Iy <sy- Fs)

n 1<i<n

1/2
lim sup __n sup
n-oo \2loglogn —00<§<00

with some 0 < ¢ < co.

2. Proofs. Let
X, = (03+17 s O s Vs yiqurz) € RPHat
and
B=(5,0,...,0) € RPTI71,
Bougerol and Picard (1992a, b) showed that
(2.1 X, =B+ ) A,A, A, B

0<k<oo

We start with two elementary lemmas.

LEMMA 2.1.  If (1.7) holds and

(2.2) E(log® | Ay |)* < oo with some u > 2,
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then
(2.3) P{|| AyA ;- A, |> ew(—%k)} < CkM?
forall 1 < k < oo with some 0 < C < .

ProOF. Clearly,

Plidca -4y 1zexp( - 21)

<P{ TT 14 Iz exp(- 220}

0<j<k

=Pl ¥ 1og||Aj||z—|71|k}

0<j<k 2

Y
-pl ¥y <log||A_j||+|y1|>>Qk}

0<j<k 2
2 \* g
§<_) EHE| Y (log||A_;ll+]v1])
k%1 0<j<k
§Ck7'“/2

with an application of the Rosenthal inequality [cf. Petrov (1995), page 59].
Let

Z0= Z AOAfll..Aka'

0<k<oco

LEMMA 2.2.  If (1.7) and (2.2) hold, then
(2.4) P{ll Zy |1z t} = C(log t)~ 22
for all ty <t < oo.
PrOOF. Choose 0 < p’ < 1 so close to 1 that |logp’| < |v1]|/2 and let

¢ = p'/(1—p’). Then using again the Rosenthal inequality [cf. Petrov (1995),
page 59], we obtain for ¢ > ¢,

P{| Zyllzty = 3 P{lAgA 1A ,B|zc(p))'t}

1<k<oo
< > PUBITT 14 I=a0)']
1<k<oo 0<j<k

< > P{|log6|+ > log|lA_; ||Zlogc+klogp’+logt}

1<k<oo 0<j<k
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3 P{ S (log | A [ +]y1]) =log+ (11| — logo'|)

1<k<oo 1<j<k

+10gc—|log8|}

= X P Y dogla Lt 5 (loses k) |
1<k<oo 1<j<k

< Z <1 |YI| > n/2

< ci| logt+—— k
1<k<oo 2

Sy < nl )“/2

< co| logt+——F
1<k<oo 2

/2
< czfl <logt+ h;' > dx+c2(logt+ h;')

2¢y lyal " lya\
M_2<g+2 +ey( logt+ 5

completing the proof of (2.4). O

Let
X, =B+ > AA,,--A,_,B

0<k<[nr]

with some 0 < p < 1. We show that X, and X, are near to each other.

LEmMMA 2.3.  If (1.7) and (2.2) hold, then
(2.5) P{|| X, - X, |> Cn_”(“_2)/2} < On P22

with some C > 0.

PROOF. We prove the somewhat stronger inequality
(2.6) P{|| X, — X ||> exp(—cqn”)} < Cn~P(+=2)/2
with some c;. First we write

(2.7) Xn - X/n = Z AnAnfl te Anka = AnAnfl T Anf[nP]Z\N’
[nP]<k<oo
where N =n —[n?]—1 and

ZN= Z ANANflANf‘]B

0<j<oo



GARCH PROCESSES 795

Since {A,, -0 < n < oo} are independent and identically distributed, by
Lemma 2.1 we have

PU A 1Ay o 12 exo( =2 1) < nee
(2.8) 2

< c2nfp(;r2)/2.
Since Z N =2 Z for any N, Lemma 2.2 yields

(2.9) P{” Zy |z eXP('Z—ﬂ[n”])} < cgn PD/2,

Putting together (2.7)—(2.9) we conclude
PU X, - X, = exp(( -2 ) exp (211}

>1—(co+ cs)n—P(M—Z)/Z,

completing the proof of (2.6). O

LEMMA 2.4. We assume that (1.7), (2.2) hold and 0 < p < 1. Then there
exist measurable functions f,: R" — R (n =1,2,...) such that setting

y,n = fu(&n> €n_1s-- -, 8”‘[”/7])’
we have
(2.10) P{ly, = yp| > Cn 7?2/} < Cporle24

with some C > 0.

PROOF. Define y/, in such a way that (y/,)? is identical with the (p + 1)th
coordinate of X, and y; has the sign of y, (i.e., the sign of ¢,). Since X, is a

measurable function of ¢,,, &, 1, ..., En_[no]> the same holds for y/,. Also, (2.5)
implies that
@11 P{lyi = (9% = exn P %) < ono 2,

We consider the event when |y2—(y!)?| < ¢;n ?(#~2/2 The variables y, and y/,
have the same sign, so we have

N 7 4 N

On this event, (2.12) yields that
Y = Yl =130 = ¥ulI{ly,] > n7PE24 1 |y, — v [I{]y,] < 7?0204}
< cln—P(M—2)/4 + ((01 + 1)1/2 + 1)n—p(u—2)/4

and therefore (2.10) follows from (2.11). O
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Next we note that condition (1.5) implies that F is also Lipshitz continuous
of order 0. Indeed, it follows from the definition of y, that ¢, and o, are
independent. Hence by (1.5) we have

|F(x) — F(y)| = |P{yo < x} — P{yo < y}|
(2.13) < E|H(x/0y) — H(y/0y)|
<C8 P -y,

since o > 8'/2 by (1.2). Let
Y, (s) = {y, < s} — F(s).

LEMMA 2.5.  If (1.5), (1.7) and (2.2) hold, 0 < p < 1, then for any n > 2
and —o0 < t, s < 0o we have

E|Yo(5)Y ,(t)] < Cn—r?n=2/4

with some C > 0.

PROOF. By Lemma 2.4 there is c; such that P(A¢) < c;n ?#*~2/4 where
A= {ly, = yul = cn P24,

The event {Y,(s) # Y/, (s)} N A implies that y, and y), are on different sides
of s, their distance is less than c¢;n?(*~2/4 and therefore both of them are in
the interval (s — c;n P#=2/4 s 4 cn=P(r=2/4) According to (2.13),

Pls—cin PB4 <y < sqon PB4 < o pteD/
and therefore
(2.14) P{Y ,(s) # Y/ (5)} < 2cqn P=2/4,
By (2.14) we also have
(2.15) E|Y,(s) = Y (s)| < cgn P02/,
Since |Y(s)| < 1, using (2.15) we get
(2.16) |EY(s)Y ,(t) — EY(s)Y,(t)] < E|Y ,(t) — Y (t)] < 2cqn P24,

On the other hand, Lemma 2.4 shows that if n > 2, then y, and y), are indepen-
dent, which implies that Y ((s) and Y, (¢) are independent. Since EY ((s) =0
we get

EY(s)Y () = EY ((s)EY (¢) =0,

and therefore Lemma 2.5 follows from (2.16). O
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REMARK 2.1. Under the condition u > 2 + 16/6 of Theorem 1.1 we can
choose 0 < p < 1 such that p6(n — 2)/4 > 1, establishing the absolute
convergence in (1.8).

For any —co < s <t < oo let

Y, (s,0) =Y, (t) = Y,(s) = I{s <y, <t} = (F(t) - F(s))
and
Y, (s, ) =Y, (t) = Yy(s) = I{s <y, <t} = (F(t) = F(s)).
LEMMA 2.6. If (1.5), (1.6) and (1.7) hold, then there is a T > 0 such that

for any —oo < s <t < o0,

(R ()~ F(s))

|EY (s, )Y (s, t)| <
with some C > 0.

ProOF. Following the proof of Lemma 2.5 one can show that for any
0 < p < 1 there is a constant ¢; > 0 such that

(2.17) |EY o(s, £)Y (s, t)| < cyn POR—2/4,
Observing that EY?2(s, t) = (F(¢) — F(s))(1— (F(t) — F(s))) < F(t) — F(s) for
any n > 0, by the Cauchy—Schwarz inequality we have
(2.18) |EY o(s, t)Y (s, t)| < F(t) — F(s).

Choosing 0 < p < 1/2 close enough to 1/2 we can have that p6(n — 2)/4 > 2
and therefore Lemma 2.6 follows from (2.17) and (2.18). O

LEMMA 2.7.  If (1.5), (1.6) and (1.7) hold, then there is a T > 0 such that
for any —oo < s <t < o0,

E( > Y, t))2 = 02N+ O((F(t) — F(s))") as N — oo,

1<k<N
uniformly in s and t, where

(2.19) o2 =0%(s,t) = EY3(s,t) +2 Y. EY(s,t)Y,(s, ).

2<k<oo

PROOF. For notational simplicity we write Y, instead of Y (s, ¢) and [
stands for F(t) — F(s). First we note that by Lemma 2.6 we have

= == C
(2.20) |EY,Y,| < k2—iz 0<k < oo,

with some constants 7 > 0 and ¢; > 0. Thus the series in (2.19) is absolute
convergent and

(2.21) o2(s, t) < co(F(t) — F(s))".
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By stationarity and (2.20) we conclude
2
E( > ?k> =NEY?+2 Y (N-k)EY,Y,,
1<k<N 1<k<N-1

=N0'2—2N Z E?l?k+l_2 Z kE?l?k-kl
N<k<oo 1<k<N-1

=No?4+0(I") as N - oo,

and Lemma 2.7 is proved. O

The previous arguments also show that

(2.22) 2I(s, t) = 02(0, s) + 02(0, t) — 02(s, t)
and
(2.23) (s, t) =T(s, s) + (¢, t) — 2T (s, t).

LEMMA 2.8.  If (1.5), (1.6) and (1.7) hold, then there exist constants T > 0,
0 < p < 1/2 such that for any x > 0,

Pl & ¥its.0) > x} = coenp(-ean/(WIF (@) - o))
(2.24) 1<k<N

+ cg exp(—cyx/NP) + cgx~ 3+,
where cq, ..., c5 are positive constants.

PrOOF. To simplify the notation, we write again Y, Y, instead of Y (s, ¢)
and Y/,(s, t). Assume that s < ¢ and write [ = F(¢) — F(s),

SN = Z Yk and S/]V = Z Y/k
1<k<N 1<k<N

Choose 0 < p < 1/2 so that pO(n — 2)/4 > 2 and let 7 be the constant in
Lemma 2.7. By (2.14) we have

P{Y # T} } < ch ?"2/t
< cgh @+
with some 0 < & < 1. Since |Y,| < 1 and |Y}| < 1, we conclude that
E|Y), - Y|P <8cgk ),
where p = 2+ §/2 and therefore by the Minkowski inequality we have

(EISy —SyI")"" = ¥ (EIY, - T1")""
1<k<N

<c; ) kT =cs,
1<k<N
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where v = (2 4+ 6)/(2 + 6/2) > 1. Hence using the Markov inequality we get
that

(2.25) P{|Sy — Sy| > x} < cox~(+%/2),
According to (2.25), the inequality in (2.24) will be proved if we show that
(2.26) P{|Sy| > x} < c; exp(—cyx?/(NI")) + c5 exp(—c,x/NP).

Let us split the interval [1, N] into blocks I, J;, 15, Js, ..., I3, J 3 with
equal length [N”]. (The blocks I, J;; can be incomplete.) Clearly, M is
proportional to N7, Set

T = > Y, and T = 3 Y.
kel, ked,
We note that
/ (1) @
with
SUo Y T and SP- Y 7O,
1<r<M 1<r<M
By the construction of y) (cf. Lemma 2.4), the random variables T(rl), r =
1,2,..., M are independent and

E(TV)2 < ¢;N*I”
[cf. Lemma 2.7 and (2.21)], and therefore

E(SV)? < ¢gNI".
Also,

max |T51)| < N°*.

1<r<M
Hence by Kolmogorov’s exponential bounds [cf. Petrov (1975), page 293] we
obtain

1 T
P{ISY| > x} < cexp(—c10x?/(NI")) + e1; exp(—c;px/ NP).
A similar inequality holds for 83\2,) and therefore (2.26) is proved. O

Next we need an estimate in the central limit theorem for sums of inde-
pendent, identically distributed random vectors. Let ||-|| denote the Euclidean
norm of vectors and matrices.

LEMMA 2.9. Let &, &, ..., &, be independent, identically distributed ran-
dom vectors in R? satisfying E€; = 0, cov(§€;) = 3% and m, = E||&||* < co. Let
Q,, denote the distribution function of (& +---+&,)/n'/? and let ®y be the mul-
tivariate normal distribution function with mean 0 and covariance maitrix X.
Let h(x) be a (real or complex valued) Borel function satisfying |h(x)| < L and
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|h(x) — h(y)| < L||x — y|| for any x,y € R? with some L > 0. Then there are
absolute constants cy, ¢y and cg such that

'/Rdthn—/RdthDE'

< L201<||2|| + 1> {e02d||2||2mi(log n)42n=12 4 ec3”dd/2}.

PROOF. We can assume without loss of generality that
gi = 21/2%?’

where &7, ..., &, are independent, identically distributed random vectors with
EE = 0andcov(&)) = I,,the identity matrix of R?. We also note that E||&||* <
[|Z]/?2m,. Let Q% denote the distribution function of (& +---+&)/nl/2
We assume that |2*(x)| < L* and |h*(x) — ~*(y)| < L*||x—y||. By Theorem 3.2
in Bhattacharya and Rao [(1976), page 113] we have

dQ; - [ hde,

Rd

(2.27)
= (L*)2e; [e(BI|&]*)* (log n)"/2n 12 + ¢~57d /2.

We use (2.27) with h*(x) = h(2"*x). Since
|h(2"%x) — n(2?y)| < L||2Y*(x — y)|| < LIIZIM2 (1% - vl

Lemma 2.9 is proved. O

The inner product of vectors will be denoted by (-, -).

LEMMA 2.10. We assume that the conditions of Lemma 2.8 are satisfied.
Let —0co0 < 8] <89+ < 85 <00 and

£ = (Yi(s1), Yi(s2), .-, Yi(sq)), 1<k <oo.

Then for any u € R? we have

‘Eexp(i<u, N-YV2 Y §k>> — eXp(—%(u, qu>>‘

1<k<N
2.28 N
( ) < Cq|[u||*{dN~" + exp(Cod) N~ 4(log N)d/2

+ d?%2 exp(—C3 N1V/?)},

where 'y is the matrix (I'(s;,s;), 1 <i, j < d), Cy,Cy and Cj are absolute
constants and p > 0 is a constant depending on p in Lemma 2.8.
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PROOF. In our argument we will repeatedly use the observation that if
£, & are random variables in R¢, then

2.99) E|lE— €| <A  implies |Eexp(i(u, &) — Eexp(i(u, £))|
' < Mu|| for any u € R?.

This is clear from the inequality |e’* —e?| < |x — y|, valid for any real x and y.
Similarly to §,, we introduce

£, =Y, (s1), Yi(s2), -, Y, (s2)), 1<k <oo.
Let p be the constant in Lemma 2.8. By (2.14) we have
E|Y 1 (8) = Y,(s)|? < c1 k7 P?W=2D/M* for any — oo < s < 00
and therefore
(2.30) E||&, — &, < (c;d)Y2R—ror-2)/8, 1<k <oo.
Since pf(n —2)/8 > 1, we get from (2.30) that

(2.31) E < cyd!?, 1<N < oo,

> (& — &)

1<k<N

with some absolute constant cy. Putting together (2.29) and (2.31) we conclude

'Eexp(i<u,N1/2 > §k>>—Eexp<i<u,N1/2 > §/k>>|

(2.32) 1<k<N 1<k<N

< ¢s/[u||dV2N 2

for any u € R?.

Let us split the interval [1, N]into blocks I, J;, I, Jg, ..., I3, J 3 so that
the length of I, is [N”'] and the length of J, is [N?], 1 < r < M (the last
block may be incomplete) with some p* satisfying p < p* < 1/2. Then M is
proportional to N1~*". Introduce

T,=Y & T,=Y & and T)= Y &.

iel, iel, ied,
Then
(2.33) o= > T+ Y T.
1<i<N 1<r<M 1<r<M
The separation between the terms of the sums 7', ..., T, is at least [N”], and
thus the random vectors 7', ..., T}, are independent and similarly 77, ..., T,

are independent. Let .Z. denote the joint law of T, and T',. By (2.30) we have
that

(2.34) E|T,-T.|| < cld1/2 3 p—PO(n—2)/8
kel,
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Since T, Ty, ..., T’y are independent, we can construct independent random

vectors Tl, T2, .. TM such that the joint law of (T,, T') is £ for each 1 <
r < M. By (2.33) we have

(2.35) Y g =80 +87+80,
1<i<N

where

SP= 3 7.82= % 1/ and S¥= > (1.-T).

1<r<M 1<r<M 1<r<M
The vectors (T',, T".) and (f,, T'.) have the same distribution, so (2.34) yields

BT, - T,|| < ¢d"? y ko028
kel,

and therefore
(2.36) E||SY|| < cpd"?,

where ¢, depends only on p, 6 and u. On the other hand, by (2.30) and
Lemma 2.7 we have

. [l [l [ [
EIIT,IISEI'Z&"+E"Z(§ &)||
| 1P |
< csdN*/? + c,d*/?
< csdN*/?

and since T, T3, ..., T, are independent we get that
2 K
E||S5|| = BN M = cod? N7,
that is,
(2.37) El )SE?H < cPANH-P2,

Putting together (2.35)—(2.37) and (2.29) we conclude that

!Eexp<i<u,N‘1/2 3 §;>>—Eexp(i<u,N‘1/2 > T,>)!
(2.38) I 1<k<N 1<r<M |

< ¢q||ul|[dNPH-P )2 N2,

Next we write

1 ~
~iz 2 Ir= > T /(N/M)Y2.
N1/2 1<r<M M1/2 1<r<M

We note that T, /(N/M)'? are independent identically distributed random
vectors. Since I'(s, ¢) is a bounded function, there is a constant cg such that

lleov(T,/(N/M)Y2)|| < cqd,
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and therefore Lemma 2.9 yields

‘Eexp(i(u,ﬁ > Tr)>—exp<—%(u,rdu)>‘

1<r<M
(2.39)
< cod{d?e?(log M)¥2d* M~1/2 4 e~cuM qd/2} | |u||?
< c1p{ N~077)2(log N)¥/2 exp(c13d) + d¥/? exp(—c14 N ") }[ul[2.
Combining (2.32), (2.38) and (2.39) we get Lemma 2.10. O

The following lemma will be used to estimate the increments of the approx-
imating Gaussian process.

LEMMA 2.11. We assume that the conditions of Lemma 2.8 are satisfied.
Let {K(s,t), —00 <s <00, 0 <t < oo} bea Gaussian process with mean zero
and covariance EK (s, t)K(s', t') = min(¢, t')I'(s, s'). Forany —oo < a < a’' < o0
and 0 <b <b <oolet Z([a,a'] x [b, b']) denote the maximal fluctuation of K
over the rectangle [a, a’] x [b, b']. Then for any x > C, we have
( )P{Z([a, a'] x [b,b']) > Cax((b' — b)/* + (b')/*(F(a') — F(a))"?)}

2.40
< C3e—x2/2

where C, Cq, Cg5 are absolute constants and 7 > 0 is from Lemma 2.6.

Proor. Using (2.21)—(2.23), one can easily verify that

(2.41) E(K (s, ty) — K(s,t1))2 =T(s, s)(ty — t;) < ¢1(ty — t;)

and

2.49) CCK(s )= Ky, 1)) = t(I(sy, 51) + [(s5, 85) — 20(s1, 55))
= to?(sy, 89) < cot(F(sy) — F(s1))".

Let

Z(u,v)=K(a+u(d —a), b+ vl —b))— K(a,b), 0<u, v=<L.

The estimates in (2.41) and (2.42) imply that the conditions of Fernique’s
inequality are satisfied [cf. Lai (1974)] and therefore an upper bound for the
tail of the distribution of supg_, ,<1 |Z (u, v)| can be easily obtained. The proof
of (2.40) is complete now. O

LEMMA 2.12. Forany T >1, A > TVY? and any —oo < a < b < 0o we have

v / CZAz CS
7 e 7o- o) 1

P{ sup
k<t

a<s<s'<b,0<t<T

> )\}S Clexp<—

where C, Cq, C5 and 8 are positive constants.
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PROOF. Since Y ,(s,s") = Y ,(0,s) — Y ,(0, s), it suffices to prove that

(2.43) P{ sup Z? (0, s)| > )\}< c exp( 62)\2)+53
. 0<s<b, 0<t<T k<t CAN - =1 T65 TS'
Let, for any integers u > 1 and v > 1,
M,,=  max > Y. (bi27%, b(i + 1)27%)].
0<i<2%,0<j<2V T jo-v<k<T(j+1)2-0

It is easy to see that for any 0 < s < 5,0 < ¢ < T and any integer L > 1 we
have

2T
= > Mu,v+2—L.

1<u,v<L

(2.44) > Y(0,5)

k<t

Let ¢ > 0 be a small positive number to be chosen later. If A > T2 1 < u,
v < L, then we have, using Lemma 2.8 and (2.13),

P{M, , > /\2_8(u+v))}
< 2%%°[cy exp(—cpA*27 2 /(T270(b274)™))
+c3 exp(_04,\278(u+v)/(T27v)p) + 05(/\278(u+0))7(2+7)]
< 24t[¢, exp(—cz)\2270(”+”)/2/(Tb79))
+ ¢ exp(—c T2 4 ¢528°L T~ (147/2)]
< 24+ ¢ exp(—cyAZ270 V)2 /(TH70Y)
+ C6207L6T72 + 6528L€T7(1+7/2)]
< 2u+v[cl exp(—cz)\2270(“+”)/2/(Tb70)) + 082"’9L€T_(1+T/2],

provided that ¢ < min(1/4, 76/4). We used here the fact that exp(—x) < ¢, x™"
for any r > 0 and x > 0, where c, is a positive constant depending on r. Thus
setting

A={M, , > 27" for some 1 <u, v <L}

we have
P{A} < Z 2u+vcl exp(_cz)\2276(u+v)/2/(Tbr@)) + 08269L£+2L+2T7(1+T/2)

1<u,v<L

Z 2u+vc1 eXp(_czAZ(zfrOu/Z + 270v/2)/(TbT(9))

1<u,v<L

IA

+ CSZCQL8+2L+2 T—(1+T/2)

2
— ( Z 2uci/2 exp(—02A2279”/2/(TbTo))> + 08209Ls+2L+2T—(1+7/2)

1<u<L

< ¢10 exp(—cll)\z/(TbTo)) + 08269L8+2L+2T—(1+T/2)’
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since the terms of the last sum decrease at least exponentially for u > u,. On
the set A we clearly have

o M, <A Y 27 <eppn

1<u,v<L 1<u,v<L

and thus choosing L > 1 so that T%/2 < 2L < 2T1/2 it follows that the right-
hand side of (2.44) is not greater than c;5A +27T2 < ¢35\ with the exception of
a set of probability not greater than c;q exp(—c1;A2/(T67%))+c1,T~/* provided
that ¢ > 0 is so small that cqge < 7/2. Thus (2.43) is proved. O

Now we are ready to construct the approximating process. We approximate
the increments of R(s, t) with normal random variables and from these ran-
dom variables we construct a suitable K(s, ¢). Let

ty = [exp(k'"°)], pp=2[t;], g, =[logk/logd],  d) =2%,

where ¢ > 0 is a small number to be specified later and p is taken from
Lemma 2.6. Set

M,=t,.1—t,— pp
and
si=sp; =G —1)/d,, 1<i<d,,
Ne,i = B(sis try1) — R(sis by + p), l<i=d,

and

N = (nk,la cee nk,dk)-
Clearly 7, ; can be written as

7981

Nk,i = Z Yj(si),

J=tptPrit

so Lemma 2.10 can be used to estimate the difference between the distri-
bution functions of M ;1/ 21] » and a normal random variable N(0,I';), where
Iy, =T(s;,8;), 1 <1, j < dy). The Prohorov-Lévy distance between the distri-

butions of M} />, and N(0, T',) will be denoted by Wpr (M, />0y, N(0,T})).

LEMMA 2.13. We assume that the conditions of Lemma 2.8 are satisfied.
Then

Ve, (M}, "*ny, N(0,T})) < C; exp(—Cyk°)

with any 0 < ¢ < 1/4, where C, and C4 are absolute constants.
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PROOF. In the argument that follows, ¢y, cg, ... will be absolute constants.
By Lemma 2.10 we have

‘Eexp(i(u, M;lﬂnk)) — exp(—%(u, Tku))‘
< cllul H{d, M5, + explead )My (log M)
+ d‘Z"/Z exp(—c3M,1;p*)}
< [[u][*[csk"? exp(—c; k')
+cg exp(co (B2 — ey k178 4 cgkV?(1 — £)log k))
+cqexp(ciokt?log b — ¢ k1 9)]

< cpol[ul[® exp(—c13k' ),
assuming that ¢ < 1/2. Using an analogue of the Berry—Esseen inequality [cf.
Berkes and Philipp (1979), Lemma 2.2] we have that

Wp (M, n;, N(0,T))

< 16dk log T
(2.46) T )
+ T /HuHsT Eexp<i<u, M;l/znk» — exp(—i(u, Fku>) )du

+ P{|IN(0,Ip)|| > T/2}
for any T > 0. By (2.45) we have

(2.47) /\IuHsT exp(i(u, M;l/an» - exp(—%(u, l"ku))‘du

< ¢1pT*(2T)% exp(—ci3k°).
If||N(0,I';)|| > T, then the absolute value of at least one of the coordinates

of N(0,TI'}) is larger than T/d}e/z. Since the function I'(s, ¢) is bounded, we get
that

(2.48)

P{|IN(0,T)|| > T} < e15dj exp(—c17T%/d)

< C15k1/2 eXp(—Cl7T2k_1/2).
Choosing T = exp(k®) with any 0 < ¢ < 1/4 in (2.46)—(2.48), the proof of
Lemma 2.13 is complete. O

Now we can return to the construction. Similarly to 1, ; we define

tpi1

n/k,i = Z Y,j(si)’ 1<ix< dk’

Jj=t+p,+1
and let m, = (0}, 1,..., M} 4,)- Using (2.31) and Lemma 2.12 we get that
(2.49) Wpr (M, * 1), N(0,T})) < ¢; exp(—czk”)

for any 0 < ¢ < 1/4 with some constants ¢; and c,. The vector v, depends only
on the random variables {y';, t,+p,+1 < j < ¢;,1}. Thus there is a separation
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pr = 2[¢}] between the sets of random variables defining the vectors v),_;
and w), and therefore m}, n;, ... are independent. By (2.49) and the Strassen
(1964)-Dudley (1976) representation theorem, in light of the independence
of i, My, ... we can define independent normal vectors &;, &,, ... such that

£,/M)* is N(0,T}) and

P{|[w,/ M} — &/ M| = ¢y exp(—cyk®)}
< ¢y exp(—cyk®).

Putting together (2.31) and (2.50) we get that

(2.50)

1/2 1/2
(2.51) P{lny/M* — &/ M%) = 8,3 <8y, k=1.2,...,
where 6, = c3exp(—c,k®) for any 0 < & < 1/4 with some c3 and ¢,. The joint
distribution of &, &, ... matches the joint distribution of the increments of

a Gaussian process with zero mean and covariance min(z, ¢')I'(s, s'). Hence
there is a Gaussian process {K (s, t), —00 < s < 00, 0 < ¢ < oo} with mean 0
and the above covariance such that

&r i = K(si» tri1) — K(si, t, + pr)s i <i=d

Now (2.51) and the Borel-Cantelli lemma imply that there is a random vari-
able ky = ky(w) such that

(2.52) i — Enil < o5ty " exp(—esk),  1<i=<d,

for all £ > k. Thus suitable vertical increments of R and K are close to each
other. So Theorem 1.1 will be proved if we can control the oscillations of R(s, t)
and K(s, t).

Modifying slightly the definitions of 7, ; and ¢, ; we introduce

My, = R(s;, tr1) — R(sy, 8p)s 1<i<d,
and

& = K(si try1) — K(sg, 1), 1<i<d,.
Next we show that (2.52) implies
(2.53) Iy — &l < ooty Pexp(—cik?),  1<is<d,

for all £ > k,, where 0 < ¢ < 1/4 and cg, ¢; are constants. Indeed, the differ-
ence between 7, ; and 7}, ; is bounded by p, < 2th < cst}e/z exp(—cgk?). On
the other hand, E(§, ; — & :)? < c19p; and therefore

1/2 c
P{lnliail( 1€k, — €kil > kpk/ } < djexp(—cy1 k) < —klZZ,
<i<a;

so the Borel-Cantelli lemma gives

1/2 1/2
max |€r,i — &1 i| = c13kpy” < c14ty” exp(—cy5k°),
=t=Cr

if £ > ky = k¢(w). The proof of (2.53) is now complete. O
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Let R ;.x denote the maximal oscillation of R(s, ¢) over therectangle[s;, s;,1] x

(¢4, tp1]andlet K ;. » denote the same increment with respect to K. We claim that
there are constants ¢’ and ¢4 and a random variable £,(w) such that

(254) 1122); ﬁi,k < Clﬁt}e/z(IOg tk)7€,
=t=0p

and

(2.55) max K, < cigty*(log t,)~7,
<i=dy

if £ > ky. By Lemma 2.11 and (2.13) we have
- _or 1
P{ max K, , > cy7log k(¢4 — tp)"% + tifldkﬁ /2)} = G175

1<i<d,

and thus the Borel-Cantelli lemma gives

= 1/2 ,—07/2
max K, , < 2¢i7log k((ty — tp) "%+ /53d,"")

1<i<d,
< crg(t 2R+ 6 R 0B) log k
1/2 -
< oty (log )™

with some & small enough, if 2 > k;,. Hence (2.55) is proved. Replacing
Lemma 2.11 with Lemma 2.12, similar arguments give (2.54). O

Now a geometrical picture shows that

R(s;, tp) = ng i+ > (R(s;i,t;))— R(s;, » 1))

1<i<k-1 1<i<k-1
and
K(sitp)= > &+ 2 (K(sit)— K(si 0 t))s
1<l<k-1 1=i<k—1
where i, iq,... are suitably chosen integers satisfying |i; — i;_;| < 1. Thus

using (2.53)—(2.55) we get for all 1 <i <d;, and %k > k,,
[R(si, t)) — K(si, ty) <cs Y )" exp(—cql®)

1<i<k-1
+ > maxR;,;+ ) max K,
1<i<p—115i=d 1<i<k—115i=d

(2.56)
< cookty? exp(—c k) + cigkt) *(log t;)

+ gkt *(log t,) ™
< eg1ty*(log t,) =2

if & > ky. The approximation in Theorem 1.1 follows immediately from
(2.54)—(2.56). O
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