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Abstract

We consider Lipschitz percolation in d + 1 dimensions above planes tilted by an
angle v along one or several coordinate axes. In particular, we are interested in the
asymptotics of the critical probability as d — oo as well as v 1 /4. Our principal
results show that the convergence of the critical probability to 1 is polynomial as
d — oo and v 1 7/4. In addition, we identify the correct order of this polynomial
convergence and in d = 1 we also obtain the correct prefactor.
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1 Introduction and main results

The model of Lipschitz percolation was introduced in [2]. Since its introduction
it has been the subject of numerous articles and has shown various connections and
applications to other topics such as lattice embeddings, plaquette, entanglement and
comb percolation or the pinning of interfaces in random media (see e.g. [5], [3], [6],
[7]. In the present article we investigate the critical probability for the existence of a
Lipschitz surface of open sites that lies above a hyperplane which is tilted (along one or
several coordinate axes) by an angle . We are particularly interested in the asymptotics
of this critical probability as d — oo and v 1 7/4. An immediate consequence of our
results is the existence of non-negative stationary supersolutions to the problem

ug(x,t) = Au(x, t) + f(z,a -z +u(z,t),w) + F

for a € (—a,a)? and F > 0 independent of a for some o > 0 in the sense of [3], i.e.,
where f describes randomly placed local obstacles. This setting is related to the study of
singular homogenization problems, since — as a cell problem - it determines the effective
velocity H (a) of an interface with slope a.
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Asymptotics for Lipschitz percolation above tilted planes

Our context is that of site percolation in Z%*! with parameter p € [0,1]. That is,
Q = {0, 1}ZdJr1 is the set of configurations and the corresponding probability distribution
P, is the product measure of Bernoulli distributions with parameter p. A site x € 71 is
called open (with respect to w) if w(z) = 1, and closed if w(x) = 0.

Our main objects of study are Lipschitz functions and surfaces defined as follows. A
function F : Z¢ — Z is called Lipschitz if for any z,y € Z¢ the implication

[z —glh =1=|F(z)-F(y)l <1

holds true. We use the term Lipschitz surface to refer to a subset of Zt! that is the
graph of a Lipschitz function. Furthermore, given a realization w € 2, we call the
Lipschitz surface open if all sites in the Lipschitz surface are open in the sense of site
percolation, i.e., if w(z, F(z)) = 1 for all # € Z“.

It was proven in [2] that the event of existence of an open Lipschitz surface completely
contained in the upper half-plane Z¢ x IN undergoes a phase transition. That is, for any
dimension d > 1 there exists a critical probability pz(d) € (0,1) such that the following
holds: For p < pr,(d) one has that IP,-a.s. there exists no open Lipschitz surface in 7% x N,
whereas for p > p;(d) one has that P,-a.s. there exists an open Lipschitz surface in
74 x IN. Furthermore, an upper bound for pz,(d) and tail estimates for the height of the
minimal surface were established for p sufficiently large. These results were improved
in [6], where in particular exponential tails for the height of the minimal Lipschitz
surface have been established for all p > pr(d). The results were complemented with
an asymptotic lower bound yielding 1/d as the correct order of magnitude for 1 — py (d).
Applications and related results can be found in [3], [7], [5].

While the investigation of Lipschitz percolation up to now has been focused on
Lipschitz surfaces that stay above the hyperplane L := Z% x {0}, we are interested
in the effect of ‘tilting’ this plane. To make this more precise let us define for any
deWN, a€0,1) and € {~1,0,+1}¢ the tilted planes

d
Lg"d = {(xl, ceyTay1) € VAR | Zge1 = {ameiJ }
i=1

Note that these are indeed d-dimensional hyperplanes of Z?*!, but for simplicity we will
refer to them as ‘planes’. For computational convenience we introduce the parameter «
as in the above definition, instead of directly working with the angle v by which a plane
is tilted along all the coordinate axes in direction e; for which n; =1, 1 <1 < d, in the
above choice of n (and —+ in the case that n = —1). However, given 7, there is a natural
one-to-one correspondence between « and the angle «. Also, note that the case of & =0
as well as the case n = 0 correspond to v = 0 and thus to standard Lipschitz percolation.
The restriction to « € [0,1), resp. v < /4, is natural, once one realizes that for n # 0,
a > 1 (resp. v > w/4), and any p < 1, P,-a.s. there exists no open Lipschitz surface above
the plane L.

In the study of Lipschitz percolation above tilted planes, the related concept of
Lipschitz percolation above ‘inverted pyramids’ turns out to be helpful. Thus, we
introduce for any d € IN, a € [0,1) and n € {—1,0,+1}? the inverted pyramid Vg’d as

d
. d+1 _ /
Vyt= {(xl,...7xd+1)€Z T zg = max {{amezJ}}
n'€{—1,0,+1}4 -1
ln"[l1=IInll1

We can now formulate our main result:

Theorem 1.1. There exists a phase transition for both Lipschitz percolation above
planes and Lipschitz percolation above inverted pyramids, and their critical probabilities
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coincide. This critical probability pr,(«,d,n) is nontrivial and depends on 7 only via ||n||1.
Hence, we may denote it by pr(a,d, ||n||1) for which we obtain

1—pr(a,d,d) <d ™=,  asd— oo, (1.1)

and
1—prla,d,d) = (1-a), asa — 1. (1.2)

Here we write f(s) < g(s) as s — § for two functions f and g if there exist positive
and finite constants ¢, C such that liminf,_,5 f(s)/g(s) > ¢ and limsup,_,; f(s)/g(s) < C.

For the reader’s convenience, Theorem 1.1 is a concise summary of the principal
asymptotics for py,(«, d,n) obtained in this article. The actual asymptotics we obtain are
more precise and will be given as individual results below.

The article is structured as follows. Section 2 is concerned with general results
on Lipschitz percolation in the set-up of tilted planes. Proposition 2.2 establishes the
non-trivial phase transition for py (a, d,n), whereas Lemma 2.3 exposes the monotonicity
relations for the individual parameters.

Section 3 outlines all bounds on the critical probabilities separated into two sub-
sections, one for lower and one for upper bounds. Using the notation of (2.3), the
asymptotics (1.1) and (1.2) follow by combining Propositions 3.1 and 3.6, as well as
Propositions 3.4 and 3.7, respectively. As explained in Proposition 3.5, for d = 1 we
obtain the exact asymptotic behavior for o — 1. In addition, Proposition 3.2 provides
lower bounds for the critical probabilities, depending on how the number of tilted axes
behaves asymptotically with the dimension.

The corresponding proofs and further auxiliary results are contained in Section 4.
All proofs are based on a duality between the minimal Lipschitz surface and so-called
A-paths, thus extending the Peierls-type argument used in [2] and [6].

2 Further notation and auxiliary results

We begin by defining the events to be considered and to this end denote by L;fi the
upper half space strictly above Lg7d, ie.,

d
Lgfi = {(I17~~-,$d+1) €2 | xgy > {O‘ZTH%‘J }
i=1

For this purpose, denote the set of all Lipschitz functions by A.

Definition 2.1. Let LIPf;’d denote the event that there exists an open Lipschitz surface
contained in Lg,’i, ie.,

Similarly to the case of planes we use LIP(ngd) to denote the event of existence of a
Lipschitz surface above the inverted pyramid V¢, i.e.,

LIP(Vd) =
d
{w €Q|IFeA:VieZ  w(z F(z)=1and F(z) >  max Hazngmj }}
77/6{—170)4‘1}[[ i=1
7" lx=llnllx
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Proposition 2.2. Foranyd > 1, a € [0,1) and € {—1,0,+1}%, there exists a critical
probability pr,(a,d,n) € (0,1) such that

0, p S [O,pL(a7d7n))7 (2 1)
1]. '

P, (LIP(V3?)) = Py (LIP;) = {1 p € (pr(a,d,n), 1]

In fact, for any ' € {—1,0,1} with ||n||1 = ||/

1,
pr(a,d,n) = pr(a,d,n). (2.2)

Therefore, pr,(a, d,n) depends on n only through the number of nonzero entries.

This means that there exists a phase transition for both Lipschitz percolation above
tilted planes and above inverted pyramids, and their critical probabilities coincide. Due
to (2.2) it is convenient to define py(«,d, k) := pr(«,d,n) for any n € {—1,0,+1} such
that ||n]|1 = k € {0, ...,d}. Furthermore, we set

qr(a,d, k) :=1—pr(a,d, k). (2.3)

For notational convenience we will formulate most of our results for ¢, instead of py,
since the latter usually tends to 1 and hence the former to 0.

Proof of Proposition 2.2. First observe that due to the symmetries of Z? and the i.i.d.-
product structure of ), the quantity ]Pp(LIPf]"d) depends on 7 only through ||7||;. Thus,
if the postulated critical probabilities exist, then they must fulfill (2.2).

We now start with showing the second equality in (2.1) for some pr (o, d,n) € [0, 1].
Since LIPg’d is an increasing event, it is immediate that ]Pp(LIPg’d) is nondecreasing in p.
Therefore, it is sufficient to show that it takes values in {0, 1} only.

Define the shift 6 : w — w(-,...,- + 1) in the (d 4 1)-st coordinate. Then 6 is measure
preserving for IP, and ergodic with respect to IP,,. As a consequence, since 61 (LIPg’d) C
LIPf;"d and IPp(H_l(LIPg’d)) = IPp(LIPg’d), the event LIPg’d is P,-a.s. invariant with respect
to 4, ie., IPp(LIPﬁ’dAQ_l(LIP?Z’d)) = 0, and by Proposition 6.15 in [1] this already implies

P,(LIPY?) € {0,1}.

This establishes the second equality in (2.1) for some py (o, d,n) € [0, 1].

In order to obtain the first equality of (2.1), due to the second equality in (2.1) and
LIP(Ve-d) C LIP2?, it remains to show that P,,(LIPS*?) = 1 implies P, (LIP(V&:4)) = 1. By
symmetries, ]Pp(LIP,‘;"d) = 1 already yields

a,d) _
p( ) uPp) =1
n'€{—1,0,+1}*
lln" la=lImll1
Note that the pointwise maximum of Lipschitz functions is a Lipschitz function again
and thus

(| LPYICLIP(VEY).
n'€{-1,0,+1}¢
I ll=ll7ll1
Thus (2.1) holds true.

It remains to show the nontriviality of the phase transition, i.e., that py(a,d,n) € (0,1).
Proposition 3.1 below in particular shows that py(«,d,d) < 1forall & € [0,1) and d > 1;
hence, using (2.6) below, we deduce py(a,d, k) < 1 for all 0 < k < d. On the other hand,
pr(a,d,k) > 0 for all 0 < k < d follows from the fact that the critical probability for
the existence of an infinite connected component in the 1-norm in (d + 1)-dimensional
Bernoulli site-percolation (which is a lower bound for py,(«, d, k)) is strictly positive. O
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Using the above result one can obtain some simple but helpful monotonicity results
for the critical probabilities.

Lemma 2.3. Foralld € N, and o, &’ € [0,1) such that o < o/, we have

Vk=0,....d: pr(a,d, k) <pp(a,d k), (2.4)
Vk=0,...,d: prla,d,k) <ppr(a,d+1,k), (2.5)

and
Vk=0,....,d—1: prla,d,k) <ppr(a,d, k+1). (2.6)

Proof. We start by proving the monotonicity in «, which is best seen considering Lipschitz
surfaces above inverted pyramids. Note that for o’ > «, one has Vf;/’d > Vf‘]’d, in the
sense that for any (3,y5,,) € V2? and (,y3,,) € V2 we have y,, > y3,,. Hence
LIP(V2"d) C LIP(V2?), which implies (2.4).

On the other hand, to prove (2.5) choose n € {—1,0,+1}%*! with |||, = &, and let
1 < j < d+1 be such that n; = 0. Then (2.5) follows directly from the fact that the
cross section of a Lipschitz surface in L?,;i“ with Z7~=! x {0} x Z*7*! mapped to Z?
3(7]4)7>’
79 = (N1, .., Mj—1,Mj+1,- - -,Ma+1), combined with the fact that ||n\)||; = k and (2.2).

Lastly, (2.6) follows from the fact that for any 1 < j < d, V%‘io > V%vd in the above
sense and thus LIP(V,?;J?‘i )2 LIP(V,f;*d), where 7;_,0 is obtained from 7 by replacing the
j-th coordinate by 0. O

by eliminating the j-th coordinate is again a Lipschitz surface contained in L for

3 Bounds on the Critical Probabilities

For functions f, g we write f(s) < g(s) as s — 3§, if limsup,_,; f(s)/g(s) < 1, we write
f(s) Z g(s) as s — 5, if liminf,_,5 f(s)/g(s) > 1, and asymptotic equivalence is denoted
by f(s) ~ g(s), s = 5§ (i.e., if f(s) < g(s) and f(s) = g(s) as s — §). With this notation we
can write the results on the bounds in [6] as

(8d4)~', foralld c N,

>
- 3.1
qr(0,d,0) < (2d)™!, asd — oo. G-

3.1 Lower Bounds for ¢, («a,d, k)
Proposition 3.1 (General bound). For any d > 1 and « € [0, 1) one has

qr(a,d,d) > =(4d)"T=.

DO =

Note that for a = 0 this is exactly the lower bound of (3.1). In a similar way one can
find bounds for the critical probability in the case that the number k of axes along which
the plane is tilted depends on the dimension d:

Proposition 3.2. Consider a function ¢ : N — INg with ¢(d) < d for alld € IN.

1. If for some « € [0, 1) one has that ¢(d) € o(d'~%) as d — oo, then

1
qr(o,d, o(d)) 2 gd_l, as d — oo.

2. Iffor some a € [0,1) and c € [0, 1] one has ¢(d) ~ cd'~ as d — oo, then there exists
a constant C(c, «) > 0 such that

qr(a,d,p(d)) 2 Cle,a)d™,  asd — oo
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3. If for some c € (0,1] one has ¢(d) ~ cd as d — oo, then for a € (0,1),

(1—a)(ed) ™=, asd— .

S

qL(av dv @(d)) Z

Remark 3.3. The constant in Proposition 3.2, (b), satisfies C(c,0) = C(0,a) = 1/8 for
any c € [0,1], @ € [0, 1); this is what one would hope for, given that these cases correspond
to standard Lipschitz percolation.

The bound in Proposition 3.2, (c), is an improvement compared to Proposition 3.1 at
the expense of being of asymptotic nature only.

Proposition 3.4. Foreachd > 1 and each k = 1,...,d there exists a constant C(k,d) > 0
such that for all « € [0,1) one has

qr(o,d, k) > C(k,d)(1 — a)*.

Proposition 3.5. For d = 1 one has g («,1,1) 2 (1 — ) as o — 1, which together with
Proposition 3.7 below yields

qgr.(a,1,1) ~ (1 — «), asa — 1.

3.2 Upper Bounds for ¢, (a,d, k)

Proposition 3.6 (Asymptotic behavior for d — o0). For every a € [0,1) there exists a
constant C(«) such that

gr(a,d,d) < C(a)d ™=,  asd— .

More precisely, C(a) = 7= /(e® — 1), where 0 is the unique solution to 6e® /(e? — 1) =
1/(1 —«a) and C(0) = 1.
Proposition 3.7 (General bound). For any «a € [0,1) andd € IN

—a)?
qr(a.d,d) < M <dl(1—a)

Remark 3.8. Since ¢ (o, d, k)
implies upper bounds for ¢, («,

qr(a, k, k) by Lemma 2.3, Proposition 3.7 immediately

<
d,k) forany k =1,...,d also.

4 Proofs

As explained in [6] for standard Lipschitz percolation, the lowest open Lipschitz
surface (above Lgvd) may be constructed as a blocking surface to a certain type of paths
called (admissible) A-paths. This characterization is the core of the proofs in this section.

Denote by e, ...,eq1 € Z4! the standard basis vectors of Z?*!.

Definition 4.1. For z,y € Z%"' a \-path from x to y is any finite sequence = =
U, - . ., uy = y of distinct sites in Z%*' such that foralli=1,...,n

Ui — Uj—1 € {€d+1} U {—6d+1 :|:€j |] =1,... 7d}

Such a path will be called admissible (with respect to w), if for all + = 1,...,n the
following implication holds:

Ifu; —u;—1 = eqy1, then u; is closed (with respect to w).
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For any z,y € Z*! denote by x ~— y the event that there exists an admissible A\-path
from z to y. We then define for all z € Z¢, o € [0,1), d € N and € {—1,0,+1} the
function

F;;"d(:?) =sup{n €Z |3y € L%"d cy— (Z,n)}+ 1. (4.1)

Note that the graph of Fﬁfd is contained in L,a]”i. As in [2] and [6], the graph of this
function corresponds to the minimal open Lipschitz surface:

Lemma 4.2. The function defined in (4.1) describes a Lipschitz function whose graph
consists of open sites, if and only if it is finite for all # € Z®. This in turn holds true if and
only if it is finite at £ = 0.

Thus, in the analysis of the existence of an open Lipschitz surface we can focus on
the behavior of F;%(0) as defined above.

Proof. Of course, for each of the two equivalences stated, only one implication needs to
be proven and in this the choice of steps allowed to A\-paths will become clear.

Assume, for example, that F%(z)(w) = oo for some w € Q and z € Z*. Then, in
particular, for any n € IN this implies the existence of an admissible A-path starting
in L2 (in this w) reaching (z, ||Z||; + n). Since downward-diagonal steps of the type
—eqy1xejforj=1,...,dare always permitted (i.e., do not depend on w), this admissible
A-path can be extended by ||Z||; suitable steps to reach (0,n). Since n € IN was arbitrary,
this means that F;(0)(w) = oo proving the second equivalence.

To address the first, note that, by definition (z, F?~%(z) — 1) is the “highest” site
reachable by some admissible A\-path from Lg¢ for any z € Z%. If (z, F(x)) were
closed in w, this path could be extended by an upward step to an admissible A-path
reaching (z, F;;“d(a?)), contradicting the definition of Fﬁ*’d. In addition, note that for any
Z,j € Z* such that ||z — ||, = 1, as above, (z, F;?(z)) is reachable by an admissible
A-path in w. Again, using that the downward-diagonal step —eq11 + (T — 7) is always
permitted, we can extend this to an admissible A-path reaching (g, F,‘f"d(f) —2), which
implies F4(j) > F%(z) — 1. By symmetry this yields |F™%(z) — F*(j7)| < 1 and thus
proves that F? is Lipschitz in w. O

It will be useful to define Lg»%(h) := L&*+heq,1 and denote by £(h) the random set
of sites in L%’d(h) reachable by an admissible A-path started in the origin. We have taken
the practice of marking elements of Z? with a bar as in Z € Z¢ in order to distinguish
them from canonical elements = € Z9*!. In the same vein, for z = (z1,...,7441) € Z1,
we use T to refer to (x1,...,24) as well as (Z,x4+1) to denote z. In addition, by a slight
abuse of notation we use 0 to denote the origin of Z, Z¢ and Z*!. As we have tacitly
done above already, it will be necessary to distinguish between IN and INy. For a set A
we will use |A]| to denote its cardinality.

In addition, due to the symmetries of 7% and the product structure of P, we will

w.l.0.g. from now on assume that for any k = 1,...,d, the vector 7 is of the form
n=(1,...,1,0,...,0).
—— ——

k times d—k times

4.1 Lower Bounds for ¢ («a,d, k)

We begin with a criterion ensuring the existence of an open Lipschitz surface by
providing suitable conditions for the P,-a.s. finiteness of F,?‘vd as defined in (4.1).
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Lemma 4.3 (Criterion for existence of an open Lipschitz surface). Let F;f’d be defined as
in (4.1). Then, for any z € Z% and h € N,

P, (Fy(@) - {aiwmj > 1) < ByllL5(h - 2)[). 4.2)
1=1
In particular, if
Jim E,[|£24(h)]] =0, (4.3)
e P, (LIPS %) = 1. (4.4)

Proof of Lemma 4.3. In order to prove (4.2) we start by observing that for every z ¢ Z¢,
d
the random variable F,?’d(()) + 1 stochastically dominates F,?’d(:f) - {a Z n,;:EiJ, (4.5)
=1

where the +1 stems from lattice effects. Now we estimate

P,(F*(0) > h+1) = P, (Elz €Lt 2 (o,h)) < 3 Pz (0,h)
zELg’d

< D0 P00 2) =E[IL5 ()]

zeLg%(h)

In combination with (4.5), this supplies us with (4.2) which finishes the proof. Note that
we used the fact that if a site = = (z, h) with h > {a Z?:l m:fiJ is reachable from L?d

by an admissible A-path, then so is any site = (Z,¢) with {a Zf.l:l nifiJ < ¢ < h. This
stems from the observation that if we remove the last step the admissible A-path took in
the upward direction and then trace it, we obtain again an admissible A-path reaching
the site right below z.

The fact that (4.3) implies (4.4) follows immediately from (4.2) in combination with
the observation below (4.1). O

The common core of the proofs of Propositions 3.1 and 3.2 can be summarized in the
following, somewhat technical lemma.

Lemma 4.4 (A general lower bound). Let « € [0,1), d € N and k =0, ...,d. Then for any
choice of

4

P1,2,P3,pa € (0,1) such that Y p; =1 (4.6)
i=1
we obtain
1 p3\Ts  PiPa
)z min { L, g ()77, S22 17
qr(a )mln{kpl paps s P17 25— 1) 4.7)

Note that the above holds true for all possible choices of our parameters - in particular
for k € {0, d} - if we use the convention of 1/0 = co. This somewhat unelegant agreement
may be justified in this case as it avoids the need of repeating analogous computations
without the respective terms.
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Proof of Lemma 4.4. In order to obtain the existence of an open Lipschitz surface and
thus the lower bound through Lemma 4.3, we will show the following estimate under
appropriate assumptions on ¢ =1 — p:

Ford >1,a€[0,1), k=1,...,d and ¢ smaller than the right-hand side of (4.7), there
exist constants § € (0,1) and C > 0 such that for all » € IN,

E, (L% (h)|] < Cs" 1 (4.8)

We will say that the j-th step of a A-path (u,,) is positive downward, if u; — u;_1 €
{—eqy1+e |1 =1,...,k} and negative downward if u; —u;j_1 € {—eqr1—e; |1 =1,...,k}
and use DT = DT (u), resp D~ = D~ (u) to denote the number of these steps. In analogy,
D = D(u) will denote the number of downward steps such that u; — u; 1 € {—eq41 L e |
l=k+1,...,d} and U = U(u) will be the number of upward steps, i.e., those for which
Uj — Uj—1 = €d41-

Now for any natural numbers U, D*, D~ and D, the number of \-paths starting in the
origin with U upward steps as well as D™ positive, D™ negative and D neutral downward
steps, respectively, can be estimated from above by

<U+D++D+D

+ —
U Dt Do D >kD D7 (2(d — k)P,

Thus the expected number of such paths which are admissible can be upper bounded by

(U+D++D+D

0D DD )kD++D_(2(dk))DqU. (4.9)

In addition, due to the multinomial theorem, for any p1, p2, p3, ps chosen as in (4.6) we
have

U+Dt*+D +D\ y p+ p- b
( U.D*.D-.D >p1p2 Py py <1,

and hence

+ - N -
(055" G GGG e

In order to simplify notation, note that the ‘best strategy’ for admissible A-paths is to go
for the negative orthant in the first d coordinate axes, in the sense that

> P0—y) <2 > P,(0 — y).

yeLy*(h) yeLy(MN((~No)?xZ)
Since at each downward step of a A-path the (d+ 1)-st coordinate of the path is decreased
by one, the total number U(u) of upward steps of a A-path (u,,) starting in 0 and ending
in Lgvd(h) N ((—=No)? x Z) fulfills
U(u) = D" (u) + D™ (u) + D(u) + (D" (u) — D™ (u))| + h
and

DT (u) — D (u) <0.
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Asymptotics for Lipschitz percolation above tilted planes

Using (4.9) and (4.10) and choosing g < p; we can thus estimate

Z Py (00— y)

yeLy *(h)N((=No)?xZ)

U Dt D~ D
D+ D~ .D>0: D+ D <0 P1 b2 p3 y2
U=h+DV +D~+D+|a(DT—D7)]

. Z (51)13 +D~+D+|a(D D‘)J+h< ) ( )D ( )D

Dt .,D~,D>0,
D= —D*t>0

_ZZZ( >n+A+n+m+L—aAJ+h<k) < )A+n 2(d - >m

n>0 A>0 m>0 p2
A 2 q m
) ( DP1Pb4 >

() 2 ()
pfpzp:s A

( q >A+ —Q (
n>0 >o \P1 m>0
n A e} A m
<q) Z( L) 66 Z<2 )
p1) = \pipeps) = \p =\ pipa
g\"" @k \" ¢k \* 2(d — k)q\’
.. 2 1o . (4.11)
P >0 pip2p3 A>o NP1 P3 m>0 P1P4
Now note that if
.1 Pa)ﬁ P1P4
- : —= —_— 4.12
q<mln{kpn/p2ps7p1(k C2d— ) (4.12)
then all sums in (4.11) converge and ¢/p; < 1. Thus
E (Lo = > Py0—y)
yeLy(h)
<t L 1 1
= 171 1_ @k | gk _ 2(d=k)
PIpaps p}fapg P1pa
and with
0=906(¢q,p1) := 4 and
b1
2 11—«
C = C(aa da kv qap17p27p37p4) = 2d Pipaps b1 bs PLba

pipaps — ¢?k? pl=%ps — q1=2k pips — 2(d — k)q
we obtain the claim in (4.8). Lemma 4.3 then guarantees the existence of an open
Lipschitz surface for ¢ as in (4.12) which completes the proof. O

Depending on our choice of the parameters pi,p2, p3,p4 Wwe now obtain different
bounds for the critical probability leading to the results of Propositions 3.1 and 3.2.

Proof of Proposition 3.1. In order to obtain Proposition 3.1 set

1 1 1
p1=§ and p2=p321—5p4.
Note that since we consider the case of k = d, the last term on the right-hand side of
(4.7) is infinite and hence irrelevant. Comparing the first two terms on the right-hand
side of (4.7), one can easily see that the second is the dominating one. Thus, taking

ps 0, from (4.7) we can deduce the validity of Proposition 3.1. O
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Proof of Proposition 3.2. (a) Assume ¢(d) € o(d'~*) as d — oo. Then for any fixed choice
of p1,...,p4, as d — oo the last term on the right-hand side of (4.7) is the minimal one
and thus determines the lower bound for the critical probability given in (4.7). For every
€ >0, choosing p1 = 1/2,p2 =p3 =¢/2 and p, = 1/2 — ¢, we get

timinf gz (0, d, p(d))d > g @ - ) .
Since this is true for any € > 0, the claim follows.
(b) Now consider the case that for some ¢ € [0, 1] and « > 0 one has ¢(d) ~ cd' = as
d — oco. Then the second and third term on the right-hand side of (4.7) are of the same
order and smaller than the first term. Hence, they dictate the bound. The claim then
holds for any feasible choice of py,...,ps and

. = 1
C(a,c) := min {pl (p?g) ) 2p1p4} .

For a = 0 we have to take into consideration all three terms of the right-hand side of
(4.7), and thus obtain the claim with

3 1
C(0,c¢) := min {pl\/@ ps 1 pipa } .
C

PU ST
(c) Now assume that for some ¢ € (0,1] one has ¢(d) ~ c¢d as d — oo. In this case, the
second term on the right-hand side of (4.7) is the asymptotically decisive contribution.
Again, for any € > 0, choosing
11—« l—-« 1

-2 =py = and =1- =
29— a € P2=Ps=6, b3 9—a 9—a

pP1=

yields

1
1-— 1 1\t-=
lidminqu(a,d,cp(d))dlfla > ( < 25) ( > .
— o0

2—« 2—ac

Since ¢ was arbitrary,

1 1-— 1 1)\ 1t-«
liminf ¢ (o, d, p(d))dT== > - ()
d—o0

The next step is to prove Proposition 3.4.

Proof of Proposition 3.4. We will again want to apply Lemma 4.3. In order to derive
an upper bound for the expectation in (4.3), instead of directly looking at A-paths, we
will consider a coarse-grained version of them and estimate the probability of these
paths reaching a certain height. The reason for coarse-graining is the following: if ¢ is
approximately equal to ¢ («,d, k), then an admissible A-path starting in 0 (say) will on
average pick up at most 1 — a closed sites per horizontal step and if ¢ is slightly above
qr(a, d, k), then such a path will certainly exist. When « is very close to one, then the
average number of sites which such a path visits between two successive visits of closed
sites will be of the order (1 — a)~! (which is large). If d > 2, then there will automatically
be lots of admissible A-paths visiting exactly the same closed sites (in the same order) but
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L~ AZ | 1
L~ L~
L~ 4’/ // // g
b1
1
’/ /// / // ’%
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§ v A
Figure 1: Led s — > P >
marked by the black L~ //%;/ L~ /_Zd
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LAV L L~ |~
. AT N / A
grained boxes are 7 Ly ,/ //
hatched. By is 2 A »
double hatched. ¥ |~ 7 //

taking different routes in between successive visits to closed sites, the factor increasing
to infinity as « approaches 1. This means that estimating the probability that there exists
an admissible A-path (with a certain property) by the expected number of such paths
(via Markov’s inequality) becomes very poor when « is close to 1. Therefore, we will
define larger boxes in Z%+! and define equivalence classes of paths by just observing the
sequence of larger boxes they visit. The boxes will then be tuned such that the number
of closed sites inside a box is of order one.

Recall that wl.o.g. we assume n; = 1,¢ = 1,...,kandn, =0,i = k+1,...,d. To
facilitate reading, we have structured the proof into three steps.
Step 1: Coarse-grained \-paths. In order to define the abovementioned paths we
partition Z*! by dividing R**! into boxes as illustrated in Figure 1. Define

B = {r R |Vi=1,....k: r,€[0,1), Vi=k+1,....,d: 7, €[0,(1 —a)™h)
d d
and rq41 € (aZniri — 1,a2mn} }
i=1 i=1
and likewise for a € Z4t! set B> := BY™" 4 y(a), where

1
v(a): = Z ae; + Z aii(ei + anieq1) + Gd+1€d+1
i=k+1,...,d i=1,...k @

1 o
' E aie; + ' E @iy 6 + 4 E WG +adi1 | €dt-
i=k+1,...,d i=1 k i=1,....k

Note that these boxes are translations of Bg"d’" shifted either in the direction of e;4
or parallel to the inclination of L¢** and are such that Z*™' = (J,cza: (BS®" N Z4H),
where the union is over disjoint sets. For any y € Z? the coordinates of the box it is
contained in are given by a(y) € Z4*! as

Yis i=k+1,....d
a;i(y) =< (1 — )y, 1=1,...,k
yay = la i my;), i=d+1
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We will refer to these as the coarse-grained coordinates. Note that they describe the
position of the boxes relative to Lg’d. For y € Z the (d + 1)-st coordinate of its coarse-
grained coordinates a(y) gives its height (or distance in the (d+ 1)-st coordinate) relative
to Lg"d. Since «, d and 7 are fixed for this proof, we will often drop the superscripts for
the sake of better readability. With the above partition of Z%*+! at hand, we can now
define coarse-grained A-paths. If we sample a standard A-path only on the boxes B,,
a € 7411, it visits, we obtain a path on these boxes. Such a path on B,, a € Z4*1, that is
the trace of a standard A-path will be called a coarse-grained \-path. These paths can
take a step from a box B, to B, only if

ad—ae€f{eq1}U{—e|i=1,...,k} (4.13)
U{—eqr1}U{te; —eqr1|i=1,...,d} U{e; —2eq41 |i=1,...,k}.

(But note that not all paths consisting of the type of steps described in (4.13) are traces of
standard A-paths and thus coarse-grained A-paths.) We call a box B, closed (with respect
to w) if and only if w(z) = 0 for at least one x € B,. Similarly to the case of A-paths, we
will call a coarse-grained A-path admissible if for each of its upward steps, i.e., those
steps for which ¢’ — a = e441, the box B, is closed. A moment’s thought reveals that
the above sampling procedure maps admissible \-paths to admissible coarse-grained
A-paths, and thus the existence of an admissible A-path from some z € Z%*! to y € Z4+!
implies the existence of an admissible coarse-grained A-path from B,,) to B,,). We
therefore investigate the behavior of these coarse-grained A-paths more closely.

Step 2: An estimate for coarse-grained \-paths. Recalling (4.13), note that there is only
one kind of step in a coarse-grained A-path that will not change its height relative to Lgvd,
i.e., its coarse-grained coordinate in the (d + 1)-st dimension, namely those of the form
—e; withi=1... k. Use CG(M) to denote the set of all coarse-grained A-paths starting
with By of length M € IN whose endpoint, i.e., its last box, is above or intersects L%ﬁd.
For m € CG(M), use U = U(n) to denote the number of its ‘up’-steps, i.e., those steps
that increase the (d + 1)-st coarse-grained coordinate. Similarly, use D = D(r) to denote
the number of steps that decrease the (d + 1)-st coarse-grained coordinate (possibly by
more than 1) and D} = Dj(n) the number of steps in each dimension i = 1,...,d, that
do not alter the (d + 1)-st coarse-grained coordinate. Due to the natural restrictions
on the movements of the standard and thus the coarse-grained A\-paths, D = 0 for any
t=k+1,...,d. We can now make the following observation: In order for = to end in a
box above or intersecting L%, we necessarily have

U>D.

In addition, observe that due to the length of the boxes in the corresponding directions
being 1/(1 — a), between two steps of type D} (for the same i) there needs to be at least
one step of type D or U (not D}, j # ). This implies that

D{<D+U+1.

Therefore, for a coarse-grained A-path 7 € CG(M), recalling that it ends above or
intersecting L4,

d
M=U+D+)Y Dj<2U+|nlh(2U+1)=2U(k+1)+k
i=1 (4.14)
M—k

> —
= Uzoni
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Thus, we will now estimate the probability of the event on the right-hand side in the
above display. Write m() for the number of distinct boxes visited by a path = € CG(M).
Then the exponential Chebychev inequality yields for any g > 0 and v € (0, 1) that

P, (there exists 7 € CG(M) whose boxes contain at least yM closed sites)

< Z P, (boxes of m contain at least yM closed sites)
TeCG(M)
1

exp(ByM)
1
exp(ByM)

IN

3
M &M
=

E,[exp(B8(# of closed sites in boxes of 7))]

E,[exp(B(# of closed sites in m() distinct boxes))]
TECG(M)

1
- — (B fcl d si in B m ()
Z N eXp(BvM)( plexp(B(# of closed sites in By))])

N Z m(exp(ﬂ)qﬂl—q))(ﬁ]kmm

IN

— 1 _ g1
exp(Ay ) (exp(B)g + (1 —q))

< (22d+ 1) (exp(B)q + (1 = q)) ==l

<exp(q(exp(8)—1))

2—« k
< exp (M(log(4d +2) — By + qlexp(B) — 1) ( > )) (4.15)

1
exp(ByM)

11—«

where in the penultimate inequality we estimated the total number of coarse-grained
\-paths of length M by (2(2d + 1))™. Observe that, choosing 3 = % log(4d + 2) for some
€ > 0 the expression inside the exponential is negative if, and only if,

1+6 270[ k
—elog(4d + 2)+q(exp(— log(4d + 2)) — 1) (1 - a) “0
elog(4d + 2) 1—a\r
TS (At ey log(dd + 2)) — 1 (2 - a) : (4.16)

Step 3: Returning to A-paths. In order to apply Lemma 4.3 we need to estimate the
probability of reaching a site y € L?I’d(h) with an admissible A-path. Recall that coarse-
grained A-paths were defined in such a way that the existence of an admissible A\-path
from 0 € Z%*! to y € Z4+! implies the existence of an admissible coarse-grained A-path
from By to B,(,). This path then has length M at least ||a(y)||; and thus

M = |la(y)llx

d
> Z la;(y)| +h
i1

i=k+1,....,d i=1,..., k
> > fwl+ D (—a)lul -1 +h
i=k+1,...,d i=1,...k

> (1- )l — k + .
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Therefore, for any h € IN and y € L%’d(h) using (4.14) in the third step,

P,(0 — y) < P,(there exists an admissible coarse-grained A-path from By to B, (y))
P, (there exists 7 € CG((1 — a)||g||l1 — k + h) admissible)
P, (there exists 7 € CG((1 — o)||g|[1 — k+ h)
-yl —k+h—k
2(k+1)

<
<

whose boxes contain at least closed sites)

< exp (((1 - )7l ~ & +h)

k
x (= elog(dd +2) + g(exp((1 + e)4(k + 1) log(4d + 2)) — 1) <2 - a) )

11—«
where we choose h > 3k and set v := m to apply (4.15) for the last inequality.
Assuming
log(4d + 2 1
< € Og( + ) 7(1 _ a)k
exp((1+ €)4(k + 1)log(4d +2)) — 1 2F
=:C(k,d,e)

(4.16) holds and combining the observations above we can estimate (4.3) by
> R0y > e ((1-a)gh - k+h)
yeLY () yeLY(h)

x (—elog(4d + 2) + q(exp(1 j; < log(4d 4 2) — 1)[1 i a]k))

=:¢(k,d,e,a,q)=¢<0
=exp((—k+h)e) > exp((1—a)|glhe)

yeLy(h)

<exp((—k+h)e) > _exp((1 — a)ic)(2d + 1) .

=1

<oo

Thus

: a,d|] 13 _
Jim Ey[|£5)) = lim Y Py(0—y) =0.

yeLyd(h)

Therefore, the assumptions of Lemma 4.3 hold which implies the existence of an open
Lipschitz surface. Hence,

qr(o, k,d) > C(k,d,€)(1 — a)k.

Note that for our result, any ¢ > 0 is sufficient. However, the optimal ¢ is given by
€= 74(k+1)1g§(4d+2), where h is such that —exp(—1 — 4(k + 1) log(4d + 2)) = hexp(h). O

Proof of Proposition 3.5. In order to prove the lower bound for ¢ («, 1,1) we show the
existence of an open Lipschitz surface for sufficiently small ¢ by analyzing the existence

a,l

of an admissible A-path starting in L (1) reaching the site (0, k) for large h € INy. Writing

A
x — y for the event of existence of an admissible A\-path from = € Z? to y € Z? that only
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uses sites in the set A C Z2, and defining L(1) > = L U L‘(ll) we observe that

(1),>
Py(L) = (0,h) = Pyp(Ly) = (0,0) < 2Py |J {(n.lan)) =7 (0,1)})
n€lNg
<23 P, ((n,[an]) 5 (0,h)), (4.17)

for any h € INy. Therefore we need to find suitable upper bounds for the summands.

A first helpful bound, albeit without the restriction on the space, can be obtained
similarly to (4.9). Observe that any A-path from (n, |an]) to (0, k) must have made a
total of 4k + [(2 — a)n] + h steps for some k € Ny: n + k to the downward left, k£ to the
downward right and n— |an| + h+ 2k upwards. Then, counting the number of admissible
A-paths under consideration

a,l
L(l) >

Py((n, lan]) =" (0,h)) < Py((n, [an]) — (0, h))

2n+h7LomJ+4k —lan]+h+2k
< n-Lan . 4.18
_kGZI; <”+k,k‘,n—LanJ+h+2k>q (418

0

This upper bounds the terms for small n in (4.17), but can also be used to obtain an
adequate estimate for large n. This is, however, more elaborate: For n € IN; define

Ap i ={-n—-n-1),...,-1,0,1,...} X Z,
An
Y, :=max{r € Z|(0,0) — (—n,r)}.
Y, is defined as the height of the highest site above —n reachable by an admissible
A-path started in 0 under the restriction of using only the sites in A,,, but in fact also
A, _
Y, =max{r € Z | {0} x Z_ — (—n,r)}. Now denote by Y; a copy of Yy, independent of
(Yn)nen,- Then, for any n € Ny, if Y,, < co Pp-a.s.,
Yo stochastically dominates Y,, 11 — (Y, — 1) under P,(- | Y;,i < n) (4.19)

since the conditioning can be seen as discarding those paths in the construction using any
site visited by the previous paths leading to the (—i,Y;),7 < n. Therefore, a closer study
of the distribution of Y seems advisable. The observations below will, in particular, prove
Yy to be finite IP)-a.s. which by induction with (4.19) assures the necessary finiteness of
all Y;,, n € INy. Using (4.18),

Py, (Yo = m) < Pp((0,0) = (0,m))

< q'rn + Z 37n+4kqm+2k
kEN (4.20)

(9¢)?

<q"+ (3Q)mwa

for ¢ < 1/9. Hence, we can upper bound the expectation

E,[Yo] <q+ > "+ 1(9(ng)2 > By

m=1
<q+Cq?

for a suitable C' > 0 and small q. As a consequence, assuming ¢ sufficiently small for
g+C¢* —1< —a (4.21)
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to hold, (4.19) and a large deviation principle (the required exponential moments exist
due to (4.20)) yield the existence of ci,co > 0 such that

P,(Y, > —an) < c¢1 exp(—nca).

Observe that an admissible A-path started in some (n, |an|) and reaching {0} x INy going
only through L((lf)l,z has only used sites to the right of {0} x Z until the first time it hits
{0} x INg. Hence,

Lty.» >
P,((n, [an]) ~= (0,h)) < Py((n, lan)) 5~ {0} x Ny)
<P,(Y, > —na) < ¢y exp(—ncy).

This is the last component needed to estimate (4.17) as it allows us to choose N € IN
such that for any h € IN

a,1
(1), >

> Py((n,[an]) =7 (0,h)) <
n=N

ool —

On the other hand, using (4.18) again, we may now choose H sufficiently large such that
forall h > H,

N-1 La,l

3 Py((n,[an)) 257 (0,h)) <

n=0

| =

Hence, by (4.17) choosing ¢ as in (4.21) implies

Pp(L{yy — (0,h)) <

N =

for all h > H. Recalling Lemma 4.2 this means that IPp(F;fvd(O) = o0) < 1/2 and thus
1 — P, (LIPS?) = P, (F2%(0) = c0) = 0 yielding ¢ < qr(a, 1,1).
The corresponding upper bound is already given by Proposition 3.7. O

4.2 Upper Bounds for ¢/ («,d, k)

It will be useful in this section to consider what we call reversed A-paths. A
sequence of sites zg,z1,...,2, € Z%! is called an (admissible) reversed \-path, if
TpyTn_1,Tn_2,-..,2To i an (admissible) A-path in the sense of Definition 4.1.

Furthermore, the proof of Proposition 3.6 will take advantage of a comparison
to so-called p-percolation, see e.g. [9] and [8]. Here the setting is that of oriented
site-percolation in 72, i.e., where in addition to our standard setting of Bernoulli site
percolation we assume the nearest neighbor edges of Z¢ to be oriented in the direction
of the positive coordinate vectors (which is the sense of orientation for the rest of this

d
section). We say that p-percolation occurs for w € {0,1}%" if there exists an oriented
nearest neighbor path 0 = Z, Z1, .. . in Z? starting in the origin, such that
1 n
im inf — —w(@;)) > p.
lim inf — Z;(l w(Z) = p
1=
Any such path is called a p-path. The probability of the existence of such a path exhibits a
phase transition in the parameter ¢ and the corresponding critical probability is denoted
by q.(p,d). Theorem 2 in [8] states that for every p € (0, 1],
1
1 0r
lim dr d) =
Jim dege(p,d) = 5—

—: R(p), (4.22)
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where 0 is the unique solution to 6e?/(e’ — 1) = 1/p, and R(1) = 1. Note that we have
interchanged the role of ‘open’ and ‘closed’ (and thus p and ¢) with respect to [8] in
order to adapt the result to its application in our proof.

Before turning to the proof of Proposition 3.6, we observe a useful property of the
critical probability of p-percolation.

Lemma 4.5 (Continuity of q.). The critical probability of p-percolation is continuous in p,
i.e., for any d € IN the map

[0,1) 2 p = qc(p,d) (4.23)
is continuous.

Proof of Lemma 4.5. Since d is fixed and we only consider Z¢ in this proof, the index
is dropped for better readability. It is easy to see that the event of p-percolation also
undergoes a phase-transition in p (for fixed ¢) and thus we define

pc(q) :==sup{p | P1_,(p-percolation occurs) = 1}.

Note that strict monotonicity of p.(q) for ¢ € [0, g], where § := sup{q | p.(q) < 1}, would
imply the desired continuity of g.(p) on [0, 1). In order to prove this strict monotonicity,
we will, however, first consider a different quantity: Still in the setting of oriented
percolation in Z, for any w € {0, 1}2" let

Yo n(w) := max { r € Ny | 3 directed nearest neighbor path 0 = zg, z1,...,z, :
31— wiw) = r},
=1
and denote by X, the site with the lowest lexicographical order that is the endpoint of
such a directed nearest neighbor path on which the value of Y} ,, is attained. Then, for
m > n define
Y, m(w) := max { r € Ny | 3 directed nearest neighbor path X, = o, T1yevo s Tmem :

m—

S

1

(1 —w(z:)) = r}.

=1

Then (=Y, m)m>nen, fullfils the assumptions of the Subadditive Ergodic Theorem
(see e.g. [4], Theorem 6.6.1), namely

1. Yoo —Yom=>-Yom
2. (=Youk,(n+1)k)nen, is stationary and ergodic for every k € IN.
3. The distribution of (—Y% x4+m)men does not depend on k € IN.
4. E;_4[(-Y01)"] < o and for each n € N, E;_,[-Yy.,] > —n.

Thus the sequence (Y ,/n)nen converges P;_,-a.s. and in L' (P;_,) to a (deterministic)
limit that we denote by v(gq). In fact,

1(9) = pe()- (4.24)
To see this, fix ¢ € (0,1) and choose p < p.(¢). Then for P;_,-almost any w € {0, 1}Zd
there exists an oriented nearest neighbor path X;(w), X2(w), ... such that

n

p < liminf = 37 (1 - w(Xi(w).

i=1
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Since by definition ), (1 — w(X;(w))) < Yp,n(w) for Py_,;-almost all w € {0, 1}Zd and
n € NN, taking the hmes 1nfer10r on both sites gives p < v(g), which implies p.(q) <
~v(q). To prove the converse inequality, choose, for any ¢ > 0 an N € IN such that
+E1_4[Yo,n] = 7(q) —&. Forany w € {0, 1% let X1 (w), X2(w), ..., Xn(w) be an (oriented
nearest neighbor) path, such that Yy y = Zfil(l — w(X;(w))). Using i.i.d. copies of
(X1,...,Xn), one can construct an infinite oriented nearest neighbor path ()?i)ielNo with
the property that by the law of large numbers

N N |
lim_ 52& = BNl =99 —e  Pigas

Thus v(q) — € < p.(¢q) and since e was arbitrary, 7(¢) < p.(¢), which in combination with
the above establishes (4.24).
The strict monotonicity of v(-) (and thus p.(-)) can now be proven through a suitable

coupling argument. Denote by Uy 1) the uniform measure on the interval [0,1] and define
Z/l[% 1) as the product measure on the space W := [0, 1]Zd. For any w € W, q € (0,1)
and n e ]NO define

Y4 (w) := max {r € Ny | 3 directed nearest neighbor path 0 = zg, x1,..., 2y, :

3 Lo (w(a:) = 7"}.
i=1

Observe that £, ((Y,?)new,) = Lp,_,((Yo,n)nen, ), where £, denotes the law with respect
to the measure v. Therefore

lim Yq =v(q)  p-as.andin L'(u).

n—oo N

As before, for any ¢ € (0,1), w € W and n € Ny, let X{""(w), ..., X?"(w) be an oriented
nearest neighbor path such that Y9 = 37" | 19 ;(w(X{"(w))). Choose 0 < ¢ < ¢ <,
then

Z]lmq w(X{ " (w >Z]10q] (XP™ (w)))

VIS g (0 (XE (). (4.25)

Set Fy := o(w + Ljg g (w(z)) | € Z?). Then, obviously, the Y,¢ are F,-measurable and
the ]l[oﬂ]( w(XP"(w))), 1 <i < n, are independent given F,. In addition,

/

M(]l[qu’] (w(qu,n(w))) =1 | F ) 1 ]l{w(Xq "(w))>q}-

Thus using (4.25) we obtain

/

! . n q
BulYY =Y | o) 2 B[ Yo gy (w(XP" @) | F] = (0= ¥8) T
=1

)

where [, denotes the expectation with respect to x. Using the L;(u) convergence

1) ~(a) = i B, [B,[ - (v ~ve) | 7,)]

n—oo
/ —
> lim E [ (n—Yq)q q]
n— oo 1—g¢q
¢ —q
=(1—
(=@,
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and the right-hand side is positive, since v(q) = p.(q) < 1 for ¢ < g. This shows the strict
monotonicity of the function p. on [0, g] and hence implies (4.23). O

Proof of Proposition 3.6. Note that the projection of a reversible A\-path onto its first d
coordinates is in fact a (lazy) nearest neighbor path in Z¢. We will use this to compare
p-paths in Z? with reversed admissible A-paths in Z*!. To this end define for any
w € {0,1}2"" and z € Z¢ the quantity

H,(Z) := min {h € INg | 3 an oriented nearest neighbor path 0 = Z, ..., Z,, = 7 € Z,

and a sequence 0 = hyg, ..., h,, = h € Ny s.t.

hi, lfW(.’f“hz) = 0,
hist = . }
h; +1, otherwise.

A second’s thought reveals that this map is defined in such a way that the sequence
0 = (%o, ho), - (T, him) = (T, Hy(T)) from the definition actually is an admissible \-
path from (Z, H,(Z)) to the origin, which takes advantage of many closed sites in the
configuration w. (It is, however, not optimal, as it does not make use of consecutive
‘piled up’ closed sites in one step.) In addition, this A-path is oriented in the sense that
its projection onto Z¢, i.e. the sequence 0 = Zy, ..., Z,, = T, is oriented. With this we can
then define a map 7 : {0,1}%""" — {0,1}%" as

- - e d
<Tw»@w{“%H“”” N
w(z,0), otherwise.

The purpose of T is to map a configuration w € {0, l}ZdJr1 to a configuration @ € {0, 1}Zd,
for which there exists an oriented path picking up almost as many closed sites as the
oriented reversed admissible A-path in w with lowest (d 4 1)-st coordinate. In order to be
more precise, we add an index to the probability measure used to indicate the space it is
defined on. Le., P, ; will denote the Bernoulli product-measure on Z? with parameter
p. Since the value of H(z) only depends on the state of the sites § € IN¢ with ||| < ||z
P,i+10T ! =P, 4. Thus, if ¢ > ¢.(p, d), we have that

’

1 = P, q(p-percolation occurs)

<P, a+1 (there exists an admissible reversed A-path 0 = (Zo, ho), (Z1, h1),... (4.26)

1
s.t. limsup —h, <1-— p).
n

n— oo

Now choose p >1—aandsetd:=1—p+(a—(1—p))/2 € (1—p,a). Then (4.26) implies
the existence of a (deterministic) N € IN such that foralln > N,

Py, a1 (there exists an admissible reversed A-path

0= (.i‘07h0>, (.f'hhl), ceey (.’fﬁn,hn) s.t. h, < 571) >

N =

Recalling our choice of n = (1,...,1), note that if there exists an admissible reversed
A-path from the origin to some (Z,,h,) with h, < dn, then there actually exists an
admissible A-path from L;;‘vd— | (o — §)neqy1 to the origin. Thus, by translation invariance
of IP,, q+1, we obtain that

V> N Pya (19— (0, [(a = 0)n))) >

N | =
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which, since o — ¢ > 0, implies

1
a,d T ,d
Ppa+1 (('—'Pn )C) = lim Ppa1 (L — (0, (a = d)n)) > 3

By Proposition 2.2 we deduce that PP, (LIPf‘I’d) = 0 and hence ¢ > ¢q1(«,d,d). We have

thus shown that for any p > 1 — a one has ¢.(p,d) > qr(a,d,d). Since g.(p,d) is
continuous in p by Lemma 4.5, then the claim follows from (4.22). O

Lemma 4.6 (Criterion for non-existence of an open Lipschitz surface). For any o > 0, and
d € IN define

T :=inf{m € Ny | 3z € N& : ||Z|, = m and (z,||Z|,) is closed}.
If forp € (0,1) one has
1

1—a’

E,[T] < (4.27)

then P-a.s. there exists no open Lipschitz surface and ¢ =1 —p > q1(«,d, d).

Condition (4.27) has an intuitive interpretation: 1/(1—«) is the number of ‘downward-
diagonal’ steps a A-path can take before decreasing its distance to the plane with
inclination « by one. E,[T] on the other hand is the expected number of such steps an
admissible A\-path must take before encountering a closed site and thus being able to
take an upwards step. (4.27) therefore means that this path will - on average — encounter
a closed site strictly before decreasing its distance to the plane by one, thus increasing
the distance in the long run and preventing the existence of an open Lipschitz surface
above it.

Proof. As in the proof of Proposition 3.6, the idea is to construct admissible reversed
A-paths starting in 0 such that their endpoints (i.e., the starting points of the respective
A-paths) are arbitrarily far below L?I’d. With a simple shifting argument we can then see
that the Lipschitz surface would, with probability bounded away from 0, have to have
arbitrarily large height in 0 and can therefore almost surely not exist.

We begin with the construction of the reversed A-paths. To this end, set X, :=Y; := 0.
Let (Z)ien, be an ordering of IN¢ compatible with || - ||; in the sense that ||z, 1|1 > ||z
for all i € INg. Then define for any n € INy,

1,

tn+1 :=1inf{i € No | (Z;, ||Z:||1) + Ya is closed},
Xnt1 = (2,17, 1),
Yn+1 =Y, + XnJrl — €d+1-

By construction, there always exists an admissible A-path from any Y,, to 0. Note also that
(tn)nen and (X, )nen are i.i.d. sequences where ¢ is geometric on INy with parameter ¢
and || X1||; = X; - eqy is distributed as T.

We are now interested in the height of the starting points of these A-paths relative to
L4, This is given by

H(n) = [af[Yalh] = Yo - eats

n

= [« DI | = DX — easn) - eans
j=1

j=1
n n
= @D 1%50 ] = D 1% + .
j=1 Jj=1
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The law of large numbers then yields

o1
nh_)rréo EH(H) =(a—1E,[T]+1 Ppas.
and the right-hand side is strictly negative by assumption. Thus with
A= —((a = 1)E,[T]+ 1) /2 > 0 we have in particular the existence of a deterministic
N € N such that

1
Vn>N: P,(H(n) < —-An) > 7
Now note that on the event {H(n) < —An} there exists an admissible A-path starting
in Lf]"d — Aneg41 and reaching 0, since Y,, is below the plane L%’d — Aneg11. Hence, by
translation invariance of P, we have that

Vn > N: Py(L3? — (0,An)) >

N

which implies

P, ((up:;fd)c) — lim P, (L& — (0,An)) >

n—oo

N | =

By Proposition 2.2, P, (LIP;]W) =0andp < pr(a,d,d), i.e., ¢ > qr(a,d,d). O

Proof of Proposition 3.7. Recall the ordering (Z;);cw, of N¢ compatible with || - ||; from
the proof of Lemma 4.6 and define the random variable

L] = inf{i € INg ‘ (Zi, ||21||1) is ClOSGd},

which has a geometric distribution on IN; with parameter q. With B(j) := {# € IN¢ |
IlZ|]|1 < j} denoting the ball with radius j € Ny, define the function

r(i) = inf{j € No | |BG)| — 1> i}

that gives the radius of the smallest ball such that its cardinality (without the origin) is
larger than or equal to a given i € INy. Note that r(¢1) is distributed as 7', for T' defined
in Lemma 4.6. Using

po = (5 7) 2 UL

d - d!

we obtain
\d
> 1B(() - 1) = "

and can thus upper bound the expectation

=

By I7] = B, )] < (@Eylu)? < (a1 - 1))5 |

where we used Jensen’s inequality in the first inequality. The right-hand side is strictly
smaller than 1/(1 — «) if and only if

dl(1—a)d
q> ——7 .
1+d(1—a)d
Thus Lemma 4.6 then implies that for such values of ¢ no open Lipschitz surface can
exist, i.e., ¢ > qr(a, d,d), and the claim follows. O
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