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Computing cutoff times of birth and death chains
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Abstract

Earlier work by Diaconis and Saloff-Coste gives a spectral criterion for a maximum
separation cutoff to occur for birth and death chains. Ding, Lubetzky and Peres gave
a related criterion for a maximum total variation cutoff to occur in the same setting.
Here, we provide complementary results which allow us to compute the cutoff times
and windows in a variety of examples.
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1 Introduction

Let X be a finite set and K be the transition matrix of a discrete time Markov chain
on X. Fort € [0,00), set

e’} ti .
Hy=e U7 — ety 2K
7:
=0

If (X,n)3°_, is a Markov chain on X' with transition matrix K and /V; is a Poisson process
independent of (X,,,)>°_, with parameter 1, then H;(z,-) is the distribution of Xy, given
Xo = x. It is well-known that if K is irreducible with stationary distribution 7, then

lim Hy(z,y) =7(y), Va,yeX.
t—o0
If K is assumed further aperiodic, then

lim K™(z,y) =n(y), Vx,yeX.
m—r0o0
For simplicity, we use the triple (X, K, ) to denote a discrete time irreducible Markov
chain on X with transition matrix K and stationary distribution 7 and use (X, H;, 7) to
denote the associated continuous time chain introduced above.
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Computing cutoff times

In this paper, we consider the convergence of Markov chains in both total variation
distance and separation. Let i, v be two probabilities on X'. The total variation distance
between u, v and separation of ; w.r.t. v are defined by

I = vl := max{u(A) —v(A)},  sep(u,v) == max{l — p(x)/v(z)}.
With initial state z, the total variation distance and separation are defined by
dTV(xv m) = HKm(xv ) - 7-‘-”Tvv dsep(xv m) = Sep(Km(xa ')7 71-)'

As these quantities are non-increasing in m, it is reasonable to consider the correspond-
ing mixing time, which are defined by

Tr(z,€) := min{m > O|dn(z,m) < €}

and
Teop(x, €) := min{m > 0|d,,(z,m) < €},

for any ¢ € (0,1). We define the maximum total variation distance and maximum
separation by
dr(m) = max dry(z,m),  de,(m) = max doep(z,m).
The corresponding mixing times are defined in a similar way and are denoted by T7(¢)
and T,,(e). For the associated continuous time chains, we use dﬁﬁ), ds(fp), TT(Vc ) and ngﬁ).
The inequalities,
dry(m) < dup(m) <1 = (1 = 2dy(m))?,

provide comparisons between the maximum total variation distance and maximum
separation. As a consequence, one has

Tr(e) < Top(€) < 2T (e/4), Ve e (0,1).

Those results also apply for the continuous time chain and we refer the reader to [1] for
detailed discussions and to [17] for various techniques in estimating the mixing times.

A birth and death chain on {0, 1, ...,n} with transition rates p;, ¢;, r; is a Markov chain
with transition matrix K satisfying

K(Gi,i+1)=p;, K(i,i—1)=q, K(@,i)=r, Y0<i<n,

where p; + ¢; + 7; = 1 and p, = qo = 0. Conventionally, p;, ¢;,; are called the birth,
death and holding rates at . In the above setting, it is easy to see that K is irreducible
if and only if p;¢;11 > 0 for 0 < 7 < n and the unique stationary distribution 7 satisfies
7(i) = ¢(po---pi—1)/(¢q1 - - - ¢;), where c is a normalizing constant such that ), 7(i) = 1.
Ding et al. proved in [14] that, over all initial states, separation is maximized when the
chain starts at 0 or n and Diaconis and Saloff-Coste provided a formula for maximum
separation in [12]. As a consequence, the mixing time for maximum separation (and then
for the maximum total variation distance) is comparable with the sum of reciprocals of
non-zero eigenvalues of I — K. In [9], Chen and Saloff-Coste showed that both mixing
times are of the same order as the maximum expected hitting time to the median of 7
over all initial distributions concentrated on the boundary points.

The cutoff phenomenon was first observed by Aldous and Diaconis in 1980s. For a
formal definition, if d is the total variation distance or separation either in the maximum

case or with a specified initial state, a family of irreducible Markov chains (X, K, 7,)52
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is said to present a cutoff in d, or a d-cutoff, if there is a sequence of positive integers
(tn)$2 4 such that

Ve € (0, 1), im (9 _ g

n—oo n

where T, 4 is the mixing time in d of the nth chain. A family that presents a cutoff in d is
said to have a (¢, b,) cutoff in d or a (¢,,b,) d-cutoff if t,, > 0,b,, > 0, b, /t,, — 0 and

T, —t
Ve € (0,1), limsup m <

.
n—00 bn

In either case, the sequence (t,,)°2, is called a cutoff time and, in the latter case, the
sequence (b,,)52, is called the window with respect to (¢,,)22 ;. The definition of cutoffs
for families of continuous time chains is similar and we refer the reader to [11, 6] for
an introduction and a detailed discussion of cutoffs. As this article considers the total
variation and separation, we refer the reader to [7] for the computation of cutoff times in
the L2-distance and to [3] for a refinement of the L2-cutoff locations and window sizes.
Return to birth and death chains. To avoid the confusion of the total variation
distances (resp. separation) in the maximum case and with a specified initial states, we
use F and F,. for families of birth and death chains without starting states specified and
write FL, FL and FF, FE respectively for families of chains started at the left and right
boundary states. Diaconis and Saloff-Coste obtained in [12] a spectral criterion for the
existence of the separation cutoff and we cite part of their results in the following.

Theorem 1.1. [12, Theorems 5.1-6.1] Forn = 1,2, ..., let K,, be the transition matrix
of an irreducible birth and death chain on {0,1, ...,n} and A, 1, ..., A, be the non-zero
eigenvalues of I — K,,. Set

n n n

. L - , 1, 1~ s

n — ) n = 1N Apg, O0p = § 5 Pp = E 2 .
— )\ 4 1<i<n | )‘n,i P )\n,i

=1~
Let F be the family (K,,)22, and F. be the family of associated continuous time chains.

(1) FL has a separation cutoff if and only if t,\,, — oco.
(2) Suppose K, (i,i+ 1) + K, (i +1,i) < 1 for all i,n. Then, F* has a separation cutoff
if and only ift, A\, — 0.

Furthermore, ift,\, — oo, then FL has a (t,,0,) separation cutoff and, under the
assumption of (2), FX have a (t,,, max{p,, 1}) separation cutoff.

Remark 1.1. In Theorem 1.1, the (¢, max{p,, 1}) separation cutoff of F is not discussed
in [12] but is an implicit result of the techniques therein. We give a proof of this fact
in the appendix for completion. In the proof that there is a (¢,, max{p,, 1}) separation
cutoff, we show that

FL has a cutoff < pn=0(tn) < max{p,, 1/} =o(t,).

Remark 1.2. For any irreducible birth and death chain, it was proved in [14] that the
maximum separation of the associated continuous time chain is attained when the initial
state is any of the boundary states. This is also true for the discrete time case if the
transition matrix K satisfies min; K(i,¢) > 1/2. As a result, if 7, F. and t,, A, are as in
Theorem 1.1, then

(1) F. has a maximum separation cutoff if and only if ¢, \,, — oo.
(2) Assuming that inf; ,, K,,(¢,4) > 1/2, F has a maximum separation cutoff if and only
if t, A\, — 00.
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For cutoffs in the maximum total variation, Ding, Lubetzky and Peres provide the
following criterion in [14].

Theorem 1.2. [14, Corollary 2 and Theorem 3] Let F, F., A, be as in Theorem 1.1 and
let Ty, 1, T,(LCT)V be the maximum total variation mixing time of the nth chains.

(1) F. has a maximum total variation cutoff if and only if T,(fT)V(e)/\n — oo for some
e€(0,1).

(2) Assume that inf; ,, K, (i,4) > 0. Then, F has a maximum total variation cutoff if and
only if T, v(e) A, = o0 for some € € (0,1).

Remark 1.3. For any birth and death chain, the total variation distance for chain started
at the left boundary state can be different from that for chain started at the right
boundary state and a biased random walk with constant birth and death rates is a typical
example. Further, the maximum total variation distance over all initial states is not
necessarily attained at boundary states and a birth and death chain with valley stationary
distribution, a distribution which is non-increasing on {0, ..., M} and non-decreasing
on {M,...,n} for some 0 < M < n, could illustrate this observation. For instance, let’s
consider a birth and death chain on {0, ...,2n} with transition rates p; = ¢; = 1/2 for
0 <i<2nandpy=ge, =e€€ (0,1). It is easy to check that the stationary distribution 7
is given by 7(i) = ¢ for 0 < i < 2n and 7(0) = 7(2n) = ¢/(2¢) with ¢ = (71 +2n — 1)71.
Referring to the notation d,(x, m) introduced before, it is easy to check that

dw(0,m) = dw(2n,m) < dw(0,0) =1 —7(0), Vm >0,

and
dr(n,m) > w({0,2n}) = 27(0), Y0 <m <n.

For e < 1/(4n — 2), one has 37(0) > 1, which leads to
dw(0,m) < dp(n,m), Y0 <m<n.

This is very different from the case of separation and we refer the readers to Sections 5
and 6 for more discussions.

To state our main results, we need the following notation. For n € N, let &, =
{0,1,...,n} and (X,(,Z/L))ijo be an irreducible birth and death chain on &,, with transition
matrix K, and stationary distribution m,. Let IV; be a Poisson process independent of
(X{™) with parameter 1. For i € X,, set

K2

™ =inf{m > 0| XM =i}, 7™ =f{t > 0/xy =i}. (1.1)

For j € X,, let E; and Var; denote the conditional expectation and variance given
xim =
Remark 1.4. It follows from the definition of 7", 7™ that E;7(" = E;7" for all
(n) ~(n)
s Ti .

i,J € &,. See [1] for more information of the hitting times 7;

Theorem 1.3. Let F, F., \, be as in Theorem 1.1 and 7™, 7™

-, T, ' be the hitting times in
(1.1). Forn > 1, let M,, € {0,1,...,n} and set

Sp = IEO?](\ZE + Enﬁ(v?) = EOTJ(\ZE + EnT](\;)

n n n

and

v = VaroF](\Z)L + Varn?](v?37 2 = Varr( + Var,7{".

Suppose that
ngf1 ([0, My,]) > 0, ugf1 7 ([My, n]) > 0. (1.2)

In separation, the following properties hold.
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(1) FF has a cutoff if and only if s,\, — oo; F* has a cutoff if and only if s,, /b, — co.
Furthermore, if s, /b, — oo, then FX has a (s,,b,) cutoff.

(2) Assume that K,,(i,i + 1) + K, (i + 1,i) < 1 for all i,n. Then, F* has a cutoff if
and only if s, )\, — oo; F¥ has a cutoff if and only if Sn/cn — oo. Furthermore, if
Sp/cn — 00, then FE has a (s,, max{c,,1/\,}) cutoff.

Remark 1.5. Let o, p, be the constants in Theorem 1.1. Let M,, M, € {0,1,...,n}
and by, ¢, b, ¢}, be the constants in Theorem 1.3 defined accordingly. Suppose M,,, M},
satisfy (1.2). Then,

b, < b, < 0,, max{cy,1/\,} < max{c,,1/\,} < max{p,,1/\,},

where u,, < v, means that both sequences, u,, /v, and v, /u,, are bounded. See Corollary
2.3 for a proof. Comparing Theorems 1.1 and 1.3, one can see that the cutoff window for
F% is unchanged up to some universal multiples but the cutoff window for F can have
a bigger order in Theorem 1.3 due to the change of the cutoff time.

In total variation, we have the following result.

Theorem 1.4. Let F, F., \, be as in Theorem 1.1 and Ti("), 1(”) be the hitting times in
(1.1). Let M,, € {0,1,...,n} and set

0, = max {EOT](szaEnngz} = max {E T](VI) E, I(VIZ}

and

o? = max {VaroT&),Val"n (n)}
and

f? = max {Val"oT I(V?j ) VarnTz(v?j} ‘
Suppose

u;f1 7 ([0, My]) > 0, u;f1 T ([Mn, n]) > 0. (1.3)
In the maximum total variation distance:

(1) F. has a cutoff if and only if 6, \,, — oco; F. has a cutoff if and only if 0,,/c,, — 0.
Furthermore, if F,. has a cutoff, then F, has a (0,,, «,,) cutoff.

(2) Assume that inf; , K, (i,7) > 0. Then, F has a cutoff if and only if 9, \,, — oo; F has
a cutoff if and only if 6,,/8,, — oo. Furthermore, if F has a cutoff, then F has a
(6n, Brn) cutoff.

Remark 1.6. In Theorem 1.4, if § = inf; ,, K,,(i,4), then 6a? < 32 < a?. See Remark 5.5
for details.
Remark 1.7. Let F = (X, K,,, m,)52; be a family of irreducible birth and death chains

with X, = {0,1,...,n}. Fora € (0,1), set M,,(a) be a state in X, satisfying
([0, Mn(a)]) 2 a, mn([Mn(a),n]) 21— a.

By Theorem 1.1 and Remark 1.2, if 7. has a cutoff in maximum separation, then

Eo\y o) + EnTep)
lim My, (a) M, (a)

= EoT TM (b)+E

=1, V0<a<b<l. (1.4)
My (b)
From Theorem 1.4, if 7. has a cutoff in the maximum total variation, then

maX{IEO?J(\;)(a), EnT](\;L)(a)}

lim e =1, V0O<a<b<l. (1.5)
n—eo maX{EoTM ) BnTa )}
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But, the converse of these statements are not necessarily true. For example, let
K,(i,i+1)=K,(i+1,i))=1/2, YO<i<n, Kp,(n,n)=1/2,
and
K,(0,1) = K,(1,0) =&,, Kp(0,0)=1-¢&,, K,(1,1)=1/2-¢,,

where &, € (0,1/2). Note that K, can be regarded as the transition matrix of a simple
random walk on &), with specific transitions at the boundary states and a bottleneck
between 0 and 1 when ¢, is small. It is clear that the stationary distribution satisfies
(1) =1/(n+1) for all 0 < ¢ < n. After some computations, one has, for n large enough,

M, (a) < n =< (n— My,(a)).

This implies

and
Enyr) ) = (0 — Mo (a)[n — My(a) +1] < n?.

Let pn.i, qn,i, ™n,; @and A, be the transition rates and the spectral gap of K,,. By Theorem
1.2 in [9], we have

M,—1 . j .
1 n 07 n b
L maxd max w«max 3 M , (1.6)
n Jij<Mnp o 7Tn( )pn,k' J:j>My k=M1 ﬂ'n( )Qn,k
where M,, = |n/2|. This implies
11,
x ~ 57 +n”.

As a consequence of Theorems 1.3 and 1.4, F, has neither a maximum separation cutoff
nor a maximum total variation cutoff. Let s,, and 6#,, be the constants in Theorems 1.3
and 1.4. If n2¢,, — 0, then

~(n) !

S ~ O ~ EoT,, @™~ Va € (0,1).
@7,

The above example illustrates that (1.4) and (1.5) are necessary but not sufficient for the
existence of the corresponding cutoffs.

One can see from Theorems 1.3 and 1.4 that, in general, the cutoff phenomenon
occurs when the first hitting times to some large sets are concentrated on their expected
values. We refer the reader to [4] for more general results in similar heuristics and to
[16] for some other relationship between the cutoffs and the hitting times.

The following theorem describes one of the main applications of Theorems 1.3-1.4.

Theorem 1.5. Consider a family F = (X, K,,,7,)5%, of irreducible birth and death
chains with X,, = {0,1,...,n}. For n > 1, let (Q,,P™) be a probability space and
Cni,-s Cnn : Oy — (0,1) be independent and identically distributed random variables.
For w, € Q, and 0 < i <n, let (X, L%w”), 7, ) be a Markov chain given by

LS (i +1) = Ky (iyi+ 1)Chyig (wn),

LY (i +1,1) = Kp(i 4+ 1,8)Cpig1 (wn),

L (iyi) = 1— LY (6,0 4+ 1) — LY (6,7 — 1),
and, for w = (wy,ws,..) € [[°2, Q, let F&) = (X,, LY 7,)2,. Let F.,F) be
the continuous time families associated with F, F“). Forn > 1, set yi,, = E(1/Cp.1),
v2 =Var(1/C, 1) and let 0,,, o, B,, be the constants in Theorem 1.4.
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(1) If 7. has a maximum total variation cutoff and v,«,, = o(u,0,), then there is a
sequence E,, C Q, such that P(™ (E,) — 1 and, for any w € HZO=1 E,, ]-'c(w) has a
maximum total variation cutoff with cutoff time p1.,,6,,.

(2) Assuming inf,, ; K, (i,4) > 0 and replacing «,, by (., the statement in (1) also holds
for the families F, F(«).

Remark 1.8. In Theorem 1.5, L,, can be regarded as a random birth and death chain
obtained by applying i.i.d. random slowdowns on K,, without changing the stationary
distribution.

Remark 1.9. Theorem 1.5 also holds in maximum separation.

The remaining of this article is organized in the following way. Sections 2 and 3
contain the proofs of Theorems 1.3 and 1.4 respectively. The proof of Theorem 1.5 is
given in Section 4. We also introduce another randomization of simple random walks on
paths and discuss its cutoff and mixing time. In Section 5, we consider families of chains
started at one boundary states and provide criteria for the existence of a total variation
cutoff and formulas for the cutoff time. We discuss the distinction between maximum
total variation cutoffs and cutoffs from a boundary state and illustrate this with several
examples in Section 6. The main results of Section 5 are proved in Section 7. In Section
8, we apply the developed theory to compute the cutoff time of some classical examples.
As some of the illustrated examples might be interesting to some readers, we would like
to highlight this section, though it is placed after those long proofs in Section 7. Some
useful lemmas and auxiliary results are gathered in the appendix.

2 Cutoff in separation

This section is dedicated to the proof of Theorem 1.3 and we need the following two
lemmas. The first lemma concerns the mean and variance of hitting times and the second
lemma provides a comparison of spectral gaps.

Lemma 2.1. Let K be the transition matrix of an irreducible birth and death chain on
{0,1,...,n}. For1 <i<mn, let BY), ...,ﬁi(z) be the eigenvalues of the submatrix of I — K
indexed by {0, ...,i — 1} and set

7; = min{m > 0|X,, =i}, 7, =inf{t > 0|Xn, =1}, (2.1)

where (X,,,)%°_, is a Markov chain with transition matrix K and N; is a Poisson process
independent of X,,, with parameter 1. Then, BJ@ €(0,2) foralll < j <4 and

%

Eor = Bo?i = Y 5 (2.2)
i=1 7
d
. il_ﬁw Varo(7) = 3
Varg(7;) = L, Van(T) =) s (2.3)
ICO G

Proof. Let K be the submatrix of K indexed by {0,1,...,i — 1}. Let 8 be an eigenvalue of
K and = = (zo,...,x;—1) be a left eigenvector associated with . That is,

Br; =K(G—1,j)zj—1 + K(j,j)w; + K(j+1,7)xj01, V0<j<i-1,
Bro = K(0,0)z0 + K(1,0)z1,
Bri_1= K(Z — 2,1 — 1)3%‘,2 + K(’L —1,71— 1).’171*,1.

EJP 20 (2015), paper 76. ejp.ejpecp.org
Page 7/47


http://dx.doi.org/10.1214/EJP.v20-4077
http://ejp.ejpecp.org/

Computing cutoff times

By the irreducibility of K, if x;_; = 0, then «; = 0 for all 0 < j < 7. This implies z;_; # 0

and then
i—1 i—1 i—1
BIY il <) gl = K (i = 1 d)aia| <> Jag-
=0 j=0 =0

Since z is an eigenvector of K, >, |z;| > 0 and thus || < 1. This proves that 5(1) € (0,2)
forall 1 < j <. For (2.2) and (2. 3) note that the distribution of 7; was given by Brown
and Shao in [5] and the technique therein also applies for 7;. This leads to the desired
identities, where we refer the reader to their work for details. O

Remark 2.1. In Lemma 2.1, the first equality of (2.3) implies

i %

_ V> 1.
= ()2 = g

Lemma 2.2. Let K be the transition matrix of an irreducible birth and death chain on
{0,1,...,n} with stationary distribution w. For 0 < i < n, let L; be the sub-matrix of K
obtained by removing the row and column of K indexed by statei. Let A\ < --- < A\,
be the non-zero eigenvalues of I — K and /\gi) << )\gf) be the eigenvalues of I — L;.
Then,

A§-“§A gA“ < \jy1, V1<j<n,

and

<min{7r([0,ii),ﬁ([i,n])}> A < )\gi) <AL
In particular, if M is a median of wr, i.e. ©([0,M]) > 1/2 and w([M,n]) > 1/2, then
A8 < AM <

The proof of Lemma 2.2 is based on a weighted Hardy inequality obtained in [9] and
is discussed in the appendix. In what follows, for any two sequences of positive reals
an, by, we write a,, = o(b,) if a,, /b, — 0 and write a,, = O(b,,) if a,, /b, is bounded. In the
case that a, = O(b,,) and b,, = O(a,,), we write a,, < b, instead.

Proof of Theorem 1.3. Let A, i, Ay, ty, 0n, pn, be constants in Theorem 1.1. Note that, for
n>2,

"1
max{py /X S oh =) o <3

i=1 "t

>/‘3

This implies
tn tn
taidn € — < ——F———~ < lan. (2.4)
On max{pn, 1/)‘”}

As a consequence, we have
thdn > 00 & op=o0(t,) < max{p,,1/ .} =o(t,). (2.5)
Next, let s, b,, ¢, be constants in Theorem 1.3. Observe that
1/An <max{pn, 1/ A} < op.
Set a,, = min{m, ([0, M,]), 7,([M,,n])}. By Lemmas 2.1 and 2.2, one has

4o,
th < 8p <ty + <tp+

o anin — an,
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and

4 \? 1702
2 2 2
onﬁbn§0n+(an>\n> < a%".

According to the assumption of (1.2), we have a,, < 1 and this implies
thdn = 00 & SpA, — 0
and
[tn — sn| = O(0n), |tn — s$n| = O(max{pn,1/An}), bp =< on. (2.6)
As a consequence of (2.5) and (2.6), we obtain
thdn > 00 & by =o0(s,) < max{cy, 1/ A} = 0(sn). (2.7)

The first equivalence of (2.7) proves the criterion for cutoff in (1). For (2), if FL hasa
separation cutoff, then Theorem 1.1 implies ¢, \,, — oco. By the last identity in (2.7), we
obtain ¢,, = o(s,). To see the inverse direction, observe that the mapping u + (1 — u)/u?
is decreasing on (0, 2] and A, ; € (0,2) for all 1 < ¢ < n. In the same reasoning as before,
Lemmas 2.1 and 2.2 yield

s o l—aph /4 Apn—1

anAn/4)? A2,

By the first inequality of (2.8), if ¢;, = o(s,,), then p, = o(s,). Accompanied with the facts,
4

S <1+> t77,7 anX]-a

Qn

17

< pi + -
tapAy

(2.8)

Sp =ty +

ann

we obtain p,, = o(t,). By Remark 1.1, F has a separation cutoff.
To see a window, we recall Corollary 2.5(v) of [6], which says that if a family has a
(tn,0n) cutoff and

bn = O(tn) (OI' bn = O(Sn)); ‘tn - Sn‘ = O(bn)7 On = O(bn)7

then the family has a (s, b,) cutoff. By Theorem 1.1, the desired cutoff for F* is given
by the first and third identities in (2.6), while the desired cutoff for F L is provided by
the second identity in (2.6), the third identity in (2.7) and the following observations

max{pn, 1/ A} < max{c,,1/\,}, max{p,,1} = O(max{c,,1/A\.}),
which are implied by (2.8) and the fact \,, < 2. O

In the following corollary, we summarize some useful comparison between the vari-
ances of hitting times and the windows of cutoffs obtained in the proof of Theorem
1.3.

Corollary 2.3. Let K be the transition matrix of an irreducible birth and death chain on
{0,1,...,n} with stationary distribution = and 7;,7; be the hitting times in (2.1). Suppose
A1, ..., A\n, be non-zero eigenvalues of I — K and set

1 9 1 2 2 :
=2 CT2agp Ao h Asmm
Then, for0 <i<mn,

- - 4
t <Eor; + E,7; = Eor; + Epm <t 4+ ——

a(i)\
and
o? < Varg7; + Var,7; < L‘Q p? < Vargr; + Var,r; < p® + 177
a(i)? a(i)?\?
where a(i) = min{~x ([0, ]), 7([¢,n])}.
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To determine a cutoff time and a window using Theorem 1.3, one needs to compute
the mean and variance of the hitting time to some state given that the chain starts at one
boundary state. Explicit formulas on both terms are available using the Markov property
and we summarize them in Lemma A.1.

The next proposition discusses the cutoff times obtained in Theorem 1.3 and provides
a universal lower bound on the corresponding windows using the transition rates and
the stationary distribution.

Proposition 2.4. Let K be the transition matrix of a birth and death chain on {0, 1, ...,n}
with transition rates p;, q;,r;. Let 7;,7; be the hitting times in (2.1) and set

s(i) = EoT; + B, 7, b(i)? = Varg(7;) + Var, (7).

Suppose K is irreducible with stationary distribution m and spectral gap A\. Let M €
{0,1,...,n} be a state satisfying ([0, M]) > 1/2 and =([M,n]) > 1/2. Then, for 0 < i <
J<M,

j—1

. ) 1—2x([0,4)
_ R N AN e A 2.9
and, for0 <i <n,
o1 = a((0,4) = w((k,n))
0232 2085 & b0, 2, an) [ P10

Proof. (2.9) is given by Lemma A.1 and the first inequality of (2.10) is obvious from
Lemmas 2.1-2.2, while the second inequality of (2.10) is cited from Theorem A.1 of
[9]. O

Remark 2.2. Let s,,t, be the constants in Theorems 1.1-1.3. By Corollary 2.3, one has
Sn —tn, > 0 and, by (2.9), the difference s,, — t,, is minimized when M,, satisfies

([0, My]) > 1/2, 7, ([My,n]) > 1/2.

3 Cutoff in total variation

This section is dedicated to the proof of Theorem 1.4. Throughout the rest of this
article, we will write IP; to denote the probability given the initial state i. First, recall
two useful bounds on the total variation.

Lemma 3.1. [9, Proposition 3.8 and Equation (3.5)] Consider a continuous time birth

and death chain on {0, 1, ...,n} with stationary distribution . For 0 < i < n, let 7; be

the first hitting time to state 7 and d;‘f)(z’, t) be the total variation distance at time t with

initial state i. Then, for0 <:i<nand0<j <k <n,
a9 (i,t) < Pi(max{7,;, 7} > t) + 1 — x([j, k])

and
d'(0,t) > Po(7 > t) — w([0,i — 1)).

Based on the above lemma, we may bound the maximum total variation mixing time
using the expected hitting times.

Theorem 3.2. Let 7, 7; be as in Lemma 3.1 and set

0(i) = max{EgT;, E,7; }, a(z’)2 = max{Vary7;, Var, 7; }.
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The maximum total variation mixing time satisfies, for any 0 < j < k <mn and d € (0,1),

T (e1) < 0(j) + Bj7 + By + 1/ (2 — 1) max{a(j), a(k)}
and
T (e2) > 0(j) — Ex7; — /(3 — 1) max{a(j), a(k)},
where 1 = 1 — w([j, k]) + 0 and e2 = min{x([j,n]), 7([0,k])} — 4.

Proof. We first consider the upper bound. Set ¢; = 1 — «([4, k]) + §. By Lemma 3.1, if
1 < 7, then
) (i,t) < Po(7, > 1) + 1 — n([j, k]).

As a result of the one-sided Chebyshev inequality, this implies

T8 (i, e1) < Bomi + 1/ (2 = 1)a(k).
Similarly, if ¢ > k, then

T8 (i,e1) <y + 4/ (L = 1)a(h).
Note that, in the case j < i <k,

Pi(max{?j,?k} > t) < IPZ(’Fk > t) + IPZ(% > t) < IPj(’?:k > t) + IPk(’FJ > t).
This implies
TS (i, e1) < By + By + 1/ (2 = 1) max{a(j), a(k)}.

Combining all above gives the desired upper bound.
For the lower bound, set e; = min{n([j, n]), 7([0, k])} — 6. By the second inequality of
Lemma 3.1, one has
diy) (0, ) > w((j,n]) = Po(F; < 1)

Setting t = Eg7; — 1/(1/0 — 1)a(j) in the above inequality derives
d(0,t) > w([j.n]) — 8 > e
This implies
T (&) > T (0, e2) > Bo; — /(L — Da(j).

Similarly, for k£ > j, we have
T () = BuTi — 4/ (5 = Da(k) = EaT) — BTy — /(5 — Da(k).
Both inequalities combine to the desired lower bound. O

Proof of Theorem 1.4(Continuous time case). It has been shown in [14] that separation
is maximized when the chain started at any of the boundary states and the maximum
total variation cutoff is equivalent to the maximum separation cutoff. It is clear that the
constants, s, and b, in Theorem 1.3 are respectively of the same order as the constants,
0, and «,, in Theorem 1.4. As a consequence of Theorem 1.3, F. has a cutoff in the
maximum total variation if and only if §,,\,, — o~ if and only if 0,,/a,, — oo.

To see a cutoff time and a window, we assume in the following that 6,,/«,, — co. Set

€ = i%f min{7, ([0, M,]), 7n([Mn,n])}.
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For e € (0, ¢g), we may choose x,, y, such that

Tn(0,9a]) > 1= =, mallyn,n]) >

Wn([ovxn]) > 3

Tn([Tn,n]) >1—

wl o

€
37

o:a\m

Clearly, x,, < y,. Replacing j, k, § with x,,, Y, €/3 in Theorem 3.2 yields

T (€) < On(n) + By 780 + By, 71V + \ﬁ max{om (), & (yn) },

where

0n(j) = max{Eo7\ ", B, 7"}, a2 (j) = max{Vare7,", Var,7"}.

In the above notations, 6,, = 6,,(M,,) and «,, = a,,(M,,). Since z,, < M,, < y,, one has
E. 7" = E,7y) + Ea, 7, Eo7yp) = Eo7i™ + E,, 7y
Note that, for any positive reals a, b, ¢, d,
| max{a + b, ¢} — max{a, c+ d}| < max{b,d}.

This implies
100 (20) — O] < By, 737 + Epg, 7 < By 730 4+ B, 7.

Yn ’I‘n

According to the definition of x,,, y,,, M,,, Corollary 2.3 implies

an(xn) < ay <X an(yn).

Let py ¢, qn ¢ be the birth and death rates of the nth chain. The replacement of j, M, k
with x,, M,,, y, in (2.10) yields that, for any 0 <17 < n,

a<>>2\1/§mx{MZ7T<[()x]> S M}

=z, pn,[ﬂ'n(g) =M 41 Qn,lﬂ'n(z)
Yn—1 Yn
€ 1 € 1
> = -
T 12V2 ZZ Premn(l) 122 Z:;+1 Gn.emn ()
€ ~(n
Z 12\/7 Tn yn) ]EynTJ(Cn)}7

where the second inequality uses the fact ¢,, ¢7,,(£) = pp ¢—17(¢—1) and the last inequality
applies the first identity in Lemma A.1. As a consequence, we may conclude from the
above discussions that

T (e) — 6, < (48f \[ ) max{cn (n), tn(yn)} =< an,

for all e € (0,¢p). In a similar statement, one can show, by the second part of Theorem

3.2, that
0, — TN (1~ ) < (36[ \f ) max{an(2n), an(yn)} = Olan),

for all € € (0,¢€p). This proves the (6,,, «,,) cutoff for F.. O
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Proof of Theorem 1.4(Discrete time case). We will use the result in the continuous time
case and [8] to deal with the discrete time case. Set

6 =inf K, (i,i), K = (K, —6I)/(1—-24).

In the assumption for discrete time case, we have § € (0,1). Let &, = {0,1,...,n},
FO = (x,, K 7,), and F* be the family of continuous time chains associated
with F) . It was proved in [8] (See Theorems 3.1 and 3.3) that, in the maximum total
variation,

F has acutoff < F has a cutoff (3.1)

and
F has a (t,,b,) cutoff < F hasa ((1—6)t,,b,) cutoff. (3.2)

Let i—("’é) be the hitting time to state 7 of the continuous time chain associated with K
and [E;, Var; be the conditional expectation and variance given the initial state 7. Set

9(5) = max {IE T(n 9 JELT Fm 6)} , ﬁ(‘;) = max {VaI‘oT(n’ ) , Var, ]ﬁ; 5)} .

For ]-'é‘”, it has been proved in the continuous time case that

F9 hasacutoff < 0PN\ 500 o 09/80) - o0,

where )\%5) is the smallest non-zero eigenvalue of I — Kﬁ‘;). Furthermore, if it holds true

that 025)/57({;) — 00, then ]-"(6) has a (07({;), T(f)) cutoff. As a result of (3.1) and (3.2), we
have
Fhasacutoff < 69/80) - oo,

and, further, if the right side holds, then F has a (9&6) /(1 =9), ﬁff)) cutoff.
Let Ay, 0., B, be the constants in Theorem 1.4. Clearly, A, = (1 — 6)/\,({5). To finish the
proof, it suffices to show that

0 = (1-0)8,, BY =B, (3.3)
©6) (8 (6

nz’qnl’ n,

Let pn.i, qn,i, Tn,; be the transition rates of K, and p 2 be the transition rates of

K,(f). It is clear that
P = pni/(1=6), a¥) = gui/(1=38), 1) = (rn.—6)/(1-0).

The first equality of (3.3) is an immediate result of the first identity of Lemma A.1. To
see the second part of (3.3), let A\, 1, ..., A, , be eigenvalues of the submatrix of I — K,
obtained by removing the M,,-th row and column. Clearly, A, 1/(1 —0),..., A\pn/(1 = 9)
are eigenvalues of the submatrix of I — K,(L‘S) obtained by removing the M,,-th row and
column. As a consequence of Lemma 2.1, we have

=y (0) =2
1

Note that the application of Remark 2.1 on the chain (X, KT(L‘S), ) SAys

n n

(1—5)2%22

i=1

1

i—1 )\n,i

This implies 3,, =< Bff). O
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4 A randomization of birth and death chains

This section gives two nontrivial examples as applications of theorems in the intro-
duction. The first example is stated in Theorem 1.5 and we discuss its proof in the
following.

Proof of Theorem 1.5. The proofs for F. and F are similar and we consider only the
continuous time case. Let M,,0,,a, be as in Theorem 1.4. For convenience, we let
(Pn.is qn,isTn,i) be the transition rates of K,,. For n > 1, set

M, —1 n

T ([0, 4]) mn([i, n])
on,lz B rT—— 9n,2: —_—
; 7Tn(l)pn,i i:;n-i-l Wn(Z)Qn,i
and
Mp—1 M,
D D S T T S S et
Qp, = = (2 pnﬂrn(])pn Mot = T qnmn(])qn’j

It is clear from Lemma A.1 that
0n = max{en,lv 971,2}3 Qp = max{an,la an,Q}-

Without loss of generality, we may assume that §,, = 6,,,. For n > 1, let U, 1,V 1 be
positive random variables defined by

M, —1 . M, " .
U= Y W V2, = 3 o Wé([O,z])?

i—0 ? pn,zCWL,'L+1 =0 =i (Z)pn,zcn,z+1ﬂ'n (])p7l,j0n,j+1

By the independency of C,, ;, one may compute
EU, 1 = pinbn1 = pinbn, Var(U,i1)= VQOéi,l <via?

and

. M, —1 .
EVii= (L) > 7%([0’1]2)2 (17 +v;)

0<i<j<M,—1 T (8)Pn,iTn ()P, i—o n (i)%p
< (Mi + V?L)agz,l < [(pn + Vn)an’l]Q'
The above estimation of EV,?; implies

Evn,l S \/ Evn%l S (,un + Vn)an,l S (,un + Vn)an
Set a, = v/ (nOn)/ (nam), by = \/(Nnan)/[(:un + Vn)a,| and

En,l = {wn S Qn . |Un,1(wn) - Nn9n| < AnpVnQin, Vn,l(wn) < bn(,u/n + Vn)an}-

Since F, has a maximum total variation cutoff, Theorem 1.4 implies «,, = 0(6,,). In the
assumption of (vpay,) = o(pnby), it is easy to see that, for w, € E, 1,

U'ﬂvl(wn) ~ /’L’ﬂeﬂm Vn7l(wn) = O(Mnen)

By the Chebyshev and Markov inequalities, the fact that a,,, b, — oo yields P("(E,, ;) —
1.
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In the same way, we set

n

Goae 3 mlin) e i (i.m)?

i=M, 41 ’/Tn(i)Qn,iCn,i " i=M+1 j=Mp+1 7Tn(i)qn,iC(n,i'/TTL(j)qn,jc’n,j

3
<

)

and
B2 ={wn € Qy : Upa(wn) < pinbn + annom, Vi a(wn) < by (pn + vn)an }.

A similar reasoning as before yields that P(")(E,, 5) — 1 and, for w,, € E,, 2,
Una2(wn) < pinbn(140(1)), Via(wn) = o(pnby).
As consequence, if we set E,, = E,, ; N E,, 5, then P (E,,) — oo and, for w, € E,,
max{U, 1,Up2} ~ pntn, max{V,1,V,2} = o0(un0,).

The maximum total variation cutoff for ]-'c(“’) and the cutoff time p,,0,, are immediate from
Theorem 1.4. O

Remark 4.1. From the proof given above, one can derive a variation of Theorem 1.5.
Namely, under the assumption of v,«a,, = o(u,0,), if . has no maximum total variation
cutoff (resp. maximum separation cutoff), then there is a sequence FE,, C {2, satisfying
P™)(E,) — 1 such that F) has no maximum total variation cutoff (resp. maximum
separation cutoff) for w € Hzozl E,. Note that, the requirement v,«,, = o(u,0,) and
the assumption of no cutoff will imply the existence of a subsequence, say i,, such that
vi, = o(i;, ). As a result of the Chebyshev inequality, 1/C;, 1 — E(1/C;, 1) converges in
probability to 0. This turns }'C(w) into a lazy version of F, with high probability.

Note that the hypothesis of v,a, = o(u.0,) requires the existence of a second
moment of 1/C,, ;. Next, we give an example where 1/C,, ; does not have a finite first
moment.

Theorem 4.1. Forn > 1, let C,, 1, ...,C, ,, be i.i.d. uniform random variables over (0, 1)
defined on (2, P™). Forw = (wy,ws,...) € [I, Qn, let F©) = (X, K\, 7,)2%, be a
family of birth and death chains with X,, = {0,1,...,n} and

Kéw,,L)(Z-’Z-_F 1)=K(i+1,i) =Chi41/2, V0O<i<n,
K& (,d) =1 K& (6,0 +1) — K& 6,0 — 1), Vi

Let ]-'c(w) be the family of continuous time chains associated with FW) and, for Wy, € Oy,
let TS y(wn,-) be the maximum total variation mixing time for (X,, KT([“"),M). Then,
there is a sequence E,, C Q,, satisfying P(")(E,,) — 1 such that, for any w = (w1, ws,...) €
[, E,, the family F$) has no maximum total variation cutoff and TS w(wn, €) < n?logn

n=1

fore € (0,1/10).
Proof. Let M,, € X,, and U,, 1, U, > be as in the proof of Theorem 1.5. For n > 1, set

Q, = {cn > V1<i< n} , P =PM(@,),

nlogn

where P is the conditional probability of P(™ given Q,. Clearly, P(™(Q,) = (1 —

1/nlogn)® — 1 and, in F(n), Cpi,...,Cppn are iid. random variables uniformly dis-
tributed over (1/nlogn, 1). Let E and Var be the expectation and variance taken in P,
It is an easy exercise to compute

— logn + loglogn
E(1/Ch1)= —>—-——2"—~1
(1/Cn1) 1—1/nlogn osn
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and
Var(1/Cy,1) = nlogn — (B(1/Cy1))? ~ nlogn,

This implies that, if M,, — oo and n — M,, — oo, then
EU, 1 ~ MfL logn, EU,2~ (n— Mn)2 logn,
and
Var(U, 1) ~ M?nlogn, Var(U,s)~ (n— M,)?nlogn.

Fora € (0,1), if M,, = |an], we write Ué‘fi) for U,, ;. As a result of the above computation,
we obtain

EU,(Lal) ~ a*n*logn, EU,(L%) ~ (1 —a)*n?logn,
and

Viar(U“?) ~ a*n®logn, Vfar(UT(LQQ)) ~ (1 —a)?n®logn.

n,

Forn > 1, let

E, = {wn €A, : \Uflal) — a®n?logn| < n*?logn, fora =1/4, 1/2}.
It is easy to show that P (E,) — 1 and, hence, P(") (En) > ]P(”)(An)ﬁ(n) (En) — 1.
Furthermore, for w, € E,,

n?logn
4

maX{U(1/2) (wn), Uf(i2/2) (wn)} ~

n,1

and
9In?logn

maX{Uv(L}l/él) (wn), USQM) (wn)} 16

By Remark 1.7, 7) has no maximum total variation cutoff for w € [L, En. The order of
the mixing time is given by Theorems 3.1 and 3.9 of [9]. O

Remark 4.2. We refer the reader to [13, 19, 20] for other randomized birth and death
chains, which are different from the one considered in Theorem 4.1.

5 Chains started at boundary states

For continuous time birth and death chains, [14] shows that separation reaches its
maximum when the initial state is any of the boundary states. This is not true in the case
of total variation and it is easy to construct counterexamples. In this section, we discuss
the total variation cutoff for families of birth and death chains started at a boundary
state. As before, we use F and F. for families of birth and death chains without starting
states specified and write 7L, FL and F  F respectively for families of chains started
at the left and right boundary states.

The following theorem displays a list of equivalent conditions for the total variation
cutoff. It is worthwhile to note that some of these conditions are very similar to the
conditions in Theorem 1.4.

Theorem 5.1. Let F = (X, K, )22, be a family of irreducible birth and death chains
with X,, = {0,1,...,n} and F. be the family of associated continuous time chains in F. For

n>1, let Fi(”) be the first hitting time to state i of the nth chain in ¥, and, fora € (0,1),
let M, (a) be a state in X, satisfying

Wn([0>Mn(a)D 2 a, Wn([Mn(a)vn]) >1l-a,
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and let \,(a) be the smallest eigenvalue of the submatrix of I — K,, indexed by states
0,...,M,(a) — 1. Set
’U,"(G,) = EO?](V?,Z(U‘)’ vi(a) = Varo’?](\;j (a) .

Assume that 7,(0) — 0. Then, the following are equivalent.

(1) }"CL has a total variation cutoff.

(2) un(a)/vy(a) = oo forall a € (0,1).

(3) up(a)A,(a) — oo foralla € (0,1).

(4) There are a € (0,1) and a positive sequence (t,,)22, satisfying

tn, = O(uy(c)), Vee (0,1)

and
lim P (ﬁ;j(a) >(1- e)tn> =1, VYee (0,1),

n—oo

and, for any b € (a,1), there is oy, € (0,1) such that

lim sup Py (?J(sz(b) > (1+ e)tn) <ap, Ve>0,

n— oo

where P; denotes the probability given the initial state i.

Furthermore, if (2) or (3) holds, then FX has a cutoff with cutoff time (u,(a))2_, for
any a € (0,1). If (4) holds, then FL has a cutoff with cutoff time (t,)2° ;.

The discrete time version of the previous theorem can be stated as follows.

Theorem 5.2. Let F, M,(a), \,(a) be as in Theorem 5.1. Forn > 1, let Ti(") be the first
hitting time to state i of the nth chain in F and, fora € (0, 1), set

Un, (a) = EOT](J[LZ(Q)a ’LUZ (a’) = Var()T](\;j(a)~

Assume that 7,(0) — 0, inf, , K,,(4,7) > 0 and u,(a) — oo for some a € (0,1). Then, the
conclusion in Theorem 5.1 remains true for the family F* with the replacement of v, ()

by wy,(a).

Remark 5.1. The proofs of Theorems 5.1 and 5.2 are complicated and are given in
Section 7. It is shown in the beginning of those proofs that the condition 7, (0) — 0 is
necessary for the existence of cutoff of 7~ and F~.

Remark 5.2. Let F,F, be as in Theorem 5.1 and (py, i, ¢n.i, Tn.;) be the transition rates of
the nth chains in F. Let M,, € &, be a sequence of states satisfying (1.3), that is,

inf m,([0, My,,]) > 0, inf 7, ([Mp,n]) > 0,

n>1 n>1
and z,, € {0,n} be a boundary state fulfilling the following equation

maX{IEo?’](\Z? , Enﬁ(\g} =E,, 771(\2 :

By Lemma A.1 and Theorem A.1 of [9], if z,, = 0, then

M, —1 My,—1

N n ([0, 4]) !
n TMn Zz::() ’]Tn (Z)pnz - i=0 Wn(l)pn,z
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and

1 e w0, 4)
5 2 min{ma (0, Ma]), ma((Mn,n])} x max > T (i);)i ;
M,—1

> min{m, ([0, My]), 7 ([Min, 1))} X 7(0) > ﬁ
0 n n,i

This implies

1
" min{7, ([0, My]), 7, ([My, n]) }7,(0)
In a similar way, this inequality also holds in the case z,, = n. As a consequence of
Theorem 1.4, if 7. has a maximum total variation cutoff, then =, (z,,) — 0. The above
discussion also holds for F with the assumption inf,, ; K, (4,4) > 0.

Remark 5.3. Let 7L and F* be the families in Theorems 5.1 and 5.2. If - (resp. F¥)
has a total variation cutoff with cutoff time ¢, (resp. t,, — o0), then

E,, TM)/\

ty ~ EoT](\;), (resp. t, ~ EOT](\;),)

where M,, € X, is any sequence satisfying
%réfl T ([0, My]) > 0, rlL%fl Tn([Mp,n]) > 0. (5.1)
In particular, if }'CL (resp. F Ly has a total variation cutoff with bounded cutoff time, then
one may use Lemma 3.1 and Theorem 5.1 to derive
Eorip) = O(1), (resp. Egryp) = O(1),)

for any sequence M,, € X, satisfying (5.1).

Remark 5.4. Let ]:CL be the family in Theorems 5.1. If ]—"CL has a total variation cutoff,
then u,(a) ~ u,(b) for all a,b € (0,1), or equivalently

EM?L(“)%](\:I?L(I)) =0 (EO%](\;Z(C)> 5 va, b, S (O, 1)

This is also true for FL with the assumption in Theorem 5.2. But, the converse is not
necessarily true. For an illustration, recall the example in Remark 1.7. It has been
proved that

]E07~'1(\2(a,) = % = é-in +n? Vae€(0,1).
By Lemma A.1, one may compute
Vary7, 7 = %
and @
Var; ](\;)(a) TZ ESAG an Eﬁfﬂ =n*

i=1 e,

Along with the fact VarOF(") < (Eq F(n))2 we may conclude from the above computations
that VaI‘()T](V[) = ¢-2+n*foralla € (0,1). By Theorem 5.1, this implies that the family
F. L has no total variation cutoff. It has been shown in Remark 1.7 that if n2§n — 0, then
on(\;)(a ~ &7  foralla € (0,1).
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Remark 5.5. Let v,(a) and w,(a) be the constants in Theorems 5.1 and 5.2. It is
remarkable that if § = inf; ,, K,,(4,i) > 0, then §v2(a) < w2(a) < v2(a) foralla € (0,1). To
see this, we let [3%”% e ﬁ](\ZT)L be the eigenvalues of the submatrix of I — K, indexed by
0,..., M,(a) — 1. By Lemma 2.1, 8™ > 0 for all i and

vp(a) = , wi(a) = —.
= (™) = (™)

Clearly, w?(a) < v2(a). For the lower bound of w2 (a), set K\ = (K, — 6I)/(1 — 6).
Note that Kr(f) is also a stochastic matrix and the submatrix of I — K,(f) indexed by
0,..., My (a) — 1 has eigenvalues 8™ /(1 — ), ..., 8, /(1 — §). By Remark 2.1, we have

M, (a)
(1-9) a2 —
= " T o ™

and this implies w?(a) > 6v2(a).

Remark 5.6. Note that, in Theorems 5.1 and 5.2, if one chooses EO?Z(;)

as the cutoff times, the square roots of Varo?(”) and Varorl(\:; )

My (a) (a) @re no longer suitable
for the respective cutoff windows. This is very different from the conclusion in Theorem

1.4 and we refer the reader to Example 5.1 for an illustration of this observation.

(a) and E()T](\Zz(a)

Remark 5.7. By Theorems 5.1 and 5.2, if, based on the assumption of 7, (0) — 0, F-
(resp. FL) has a total variation cutoff with cutoff time ¢,, (resp. t, — o), then

E()?](\?:(a) ~tn (resp' E(]T](\/’,;Z(a) ~ tn), Va € (07 ].)
This implies
IEO?J(\Z ~t, (resp. EOTJ(\;Z ~tn),

for any sequence M,, satisfying inf,, 7, ([0, M,,]) > 0 and inf,, 7, ([My,n]) > 0. Let A\, (a),
vp(a) and wy,(a) be the quantities in Theorems 5.1 and 5.2. As it is easy to check that

An(a) <A, (0), wvp(a) <v,(b), wp(a) <wy(b), Y0<a<b<l,

one may relax the selection of state M,,(a), which generally requires detailed information
of 7, in Theorems 5.1 and 5.2 to any sequence M,, which satisfies inf,, 7,,([0, M,]) > 0
and inf,, 7, ([M,,n]) > 0. The following theorem summarizes the above discussions.

Theorem 5.3. Let F,F. and \,(a), uy(a),v,(a), w,(a) be as in Theorems 5.1 and 5.2.
Suppose that 7, (0) — 0 and let a,, € (0,1) be any sequence satisfying

inf a, >0, supa, <1. (5.2)
n>1 n>1

(1) For F., the following are equivalent.

(1-1) ]—'CL has a total variation cutoff.
(1-2) up(an)/vn(ay,) — oo for any sequence a,, satisfying (5.2).
(1-3) up(an)n(an) — oo for any sequence a,, satisfying (5.2).

Further; if (1-2) or (1-3) holds, then FL has cutoff time (u,(a,))°; for any se-
quence a,, satisfying (5.2).

(2) For F, assume that inf; , K, (i,i) > 0 and there is a sequence a,, satisfying (5.2)
such that u,(a,) — oo. Then, the following are equivalent.
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(2-1) FL has a total variation cutoff.
(2-2) up(an)/wp(a,) — oo for any sequence a,, satisfying (5.2).
(2-3) up(an)An(a,) — oo for any sequence a,, satisfying (5.2).

Further, if (2-2) or (2-3) holds, then F& has cutoff time (u,(a,))S, for any se-
quence a,, satisfying (5.2).

The next corollary, of which proof is lengthy and addressed in Section 7, provides a
way of selecting cutoff windows.

Corollary 5.4. Let F.,u,(a),v,(a) be as in Theorem 5.1. If F~ has a total variation
cutoff and b,, > 0 is a sequence satisfying

by, = o(un(a)), wvp(a)=0(b,), VYae(0,1),

then F~ has a (un(a),b,) total variation cutoff. The above statement is also true for F*
under the assumption of inf,, ; K,,(i,7) > 0 and inf,, b, > 0 and the replacement of v, (a)
by wy,(a) in Theorem 5.2.

Example 5.1. Let F = (X,,, K, m,)>2; be a family of birth and death chains for which
X, ={0,1,...,n}, m, (i) =27"(7) and

9

Ko(ii+1)=1-1 K,(i+1,i) =5 fori# M,,

n

Kn(Mn7Mn + 1) =Cn ( - %) 9 Kn(M’naMn) = (1 - Cn) (1 - %) )

n n

Kn(M, +1,M,) = W’ Kn(Mp+1,M, +1) = M’

n

where ¢, € (0,1) and M,, € X, is a state satisfying =, ([0, M,,]) > 1/4 and 7, ([M,,, n]) >
3/4. Let F. be the family associated with F and ﬂ(") be the first hitting time to state i of
the nth chain in .. We will also use M, (a) with a € (0,1) to denote a state satisfying
7 ([0, M, (a)]) > a and 7, ([M,(a),n]) > 1 —a. When ¢,, = 1, (X, K,,, 7,) is the Ehrenfest
chain on {0, 1,...,n}. The spectral information of the Ehrenfest chain is well-studied and
it is easy to derive by Lemma 2.2 that

~(n 1 ~(n
EOTEn}% = anogn +O0(n), VarOTEH}QJ = n?

One may use Stirling’s formula to show that, for0 < a <b < 1,

1
n_ M, (a)| < vn, m,(i) =< NG uniformly for M, (a) <1i < M, (b).
n

By Lemmas A.1, 2.2 and 7.1, this implies that, for a € (0,1),

Eo7yp) o) = inlogn +0(n), Vargryy ) = n?. (5.3)
When ¢, is small, (X,,, K,,, 7,) is the modification of the Ehrenfest chain with bottleneck
between states M,, and M,, + 1. In the following, we will discuss the total variation cutoff
and the cutoff window of 7 when ¢, is small.

First, we consider the total variation cutoff of }'CL. By Lemma A.1 and (5.3), one can
show without difficulty that, for a € (0,1/2),

~(n 1 ~(n
EOTZ(V[S(G) = anogn + O(n), Varor&j(a) = n?, (5.4)
and, for a € (1/2,1),
~(n) 1 1+ 0(1) ~(n)  _ 2 n
]EOT]\/In(a) = anogn + O(n) + m, Var()TMn(a) =n°+ g, (55)
EJP 20 (2015), paper 76. ejp.ejpecp.org
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where 7,,(M,,) < 1/y/n. By Theorem 5.1, 7% has a total variation cutoff if and only if
cny/nlogn — oo.

Next, we discuss the cutoff window of . Assume that c,\/nlogn — co. By Corollary
5.4 and Equations (5.4) and (5.5), X has a ({nlogn, max{y/n/c,,n}) total variation
cutoff. We will prove that the window is optimal when c,v/n — 0. Suppose c,/n — 0

and set

Sp = EO?](\Z?, ty = EO?](\ZZ L1 A= Varg")ﬂ(\zz, b2 Varg")ﬂ(\zz 1

n —

Let T} (0, €) be the total variation mixing time of the nth chain in F* and recall (7.2) in
the following

< Eo7," +/(552)Varo (7)) for e = 5+ my (i +1,m])

Tin(0.) o) e '
> Eo7; " — (%)V&I’()(Ti ) fore=09—m,([0,i—1])
In the first inequality, the replacement of i« = M,, and 6 = 1/8 implies

Ty (0,7/8) < sp + 3ay.
In the second inequality, the replacement of i = M,, + 1 and ¢ = 3/8 gives

. 4

T, (0,1/8) > t, — 5bn-

These two inequalities yield

~(n 4
TT(;,TV((]? 1/8) - Tri,Tv(Ov 7/8) > EM”T](\L?_’_I —3a, — gbn

Under the assumption that ¢,+/n — 0, one may compute using Lemma A.1 that

~(n)  _ \/ﬁ _on

ap XN, bnNEIWnTMn+1 = =

Cn  Ca/n

Consequently, when c¢,4/n — 0, the cutoff window can be Varo?-](;)

n

() forany a € (1/4,1)
but not for a € (0,1/4). Similar observation also happens in F*.

We would like to point out an interesting observation arising from the bottleneck
effect in this example. Compared with the case ¢, = 1 for all n, when ¢, is of order
bigger than 1/y/n, FX has a cutoff with the same cutoff time and window. When ¢, is
of order between 1/y/n and 1/y/nlogn, FL has a cutoff with the same cutoff time but
different (larger) cutoff window. When ¢, is of order smaller than 1/+/nlogn, the cutoff
of FL disappears.

6 Comparison of total variation cutoffs

In this section, we make a comparison of cutoffs introduced in Sections 3 and 5. To
avoid confusion, we use F, F. to denote families of birth and death chains without initial
states specified and let £, FL and 7%, F be families of chains started at respectively
left and right boundary states. The following theorem is an immediate corollary of
Theorems 5.1 and 5.2 and the proof is given in the end of this section.

Theorem 6.1. Let F = (X, K, m,)>2, be a family of irreducible birth and death chains
with X,, = {0, ...,n} and F. be the family of continuous time chains associated with F.
For any sequence S = (r,,)%%; with z,, € X,,, let F°, F? be the families of chains in F, F.
for which the nth chain started at x,,. Assume that 7, ({0,n}) — 0.
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(1) If]-‘cL and ]-'f' have a total variation cutoff with cutoff time r,, and s,,, then F,. has a
maximum total variation cutoff with cutoff time t,,, where t,, = max{r,, s, }.

(2) Let M,, € X,, be a sequence of states satisfying

inf m,([0, M,,]) >0, inf 7,([My,n]) >0

n>1 n>1

and let S = (¢,)22,, where z,, € {0,n} is a state such that
max {IEOTJ(W),IE ~(n)} = Ern~1(v;)

and T(") is the first hitting time to state i of the nth chain in F.. If F. has a
maximum total variation cutoff with cutoff time t,,, then ]—'f has a total variation
cutoff with cutoff time t,,. In particular, F2 has a (E,, ?](\2, b,) total variation cutoff

with b2 = maX{VﬁrOT](\/[)7VarnT(")}.
The above statements also apply for F under the assumption inf,, ; K,,(i,3) > 0.

Remark 6.1. Let F,, ﬂ("), M, (a) be as in Theorem 5.1. By Theorem 6.1(2) and Remark
5.4, if . has a maximum total variation cutoff, then

]EM”(G’)?](\;:(()) =0 (max {]EOF( )( ) EnNJ(\:;)(C)}) , Va,b,ce(0,1).
The following example gives counterexamples to the converse of (1) and (2) in

Theorem 6.1.

Example 6.1. Consider the family F = (X,,, K,,, m,) where X,, = {0,1,...,n} and

0o
n=1’

Ku(iyi+1)=1—5, VO<i<n,i#iy,,

K,(i+1, z):gt}, Vo<i<n—1,i#i,, Ku(n,n—1)=1,
Ko(in,in +1) = (1= 22), Ky(in +1,in) = cp 55,
Ky (in,in) = (1 —cp)(1 — ;Z) Ky (in+ 1,0, +1) = (1 - Cn)i%l,

with 0 <4, < n and ¢, € [0,1], and

(i) = 21720 (%), VO<i<n, mu(n)=2"2" (2")

2 n

As before, we use M, (a) to denote a state in X, satisfying ([0, M, (a)]) > a and
7n([Mp(a),n]) > 1 — a and let T(") be the first hitting time to state 7 of the continuous
time chain associated with (X,,, K, 7). Let 0 < A1 < Ap2 < -+ < Ap, be eigenvalues
of I — K,,. It follows immediately from the central limit theorem that

n— M,(a) < v/n, Vace (0,1). (6.1)

In what follows, we discuss the total variation cutoffs of ., F. and F with specific
¢, and %,,.

First, assume that ¢, = 1 for all n. In this setting, the chain (&X,,, K,,7,) is exactly
the collapsed chain of the Ehrenfest model on {0, 1, ...,2n} obtained by combining states
{i,2n — i} into a new state for 0 < ¢ < n. The spectral information of the Ehrenfest model
is well-studied and this implies

i
Mg = —, V1<i<n.
n
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By Theorem 1.1, F,. has a maximum separation cutoff with cutoff time %n logn and, thus,
has a maximum total variation cutoff. A simple computation with the Stirling formula
gives

1
i) < —, uniformly for M, (a) <i < n.

(i) X T

By Lemma A.1, this implies that, for a € (0, 1),

E";](\/z(a) =<n, Var,7a, () = n’,

and, by Theorem 1.3, we have EO;I(\?)(a) ~ %nlogn for any a € (0,1). As a consequence

of Theorems 5.1 and 6.1(2), ]-'f has no total variation cutoff, but ]-'CL has with cutoff time
%n log n. Furthermore, by Theorem 1.4(1), the total variation cutoff time for F. can be
%nlog n. This gives a counterexample to the converse of Theorem 6.1(1).

Next, we consider the case n —i, = o(y/n) and ¢, is small. The assumption of small ¢,
denotes a bottleneck between states i,, and i,, + 1. Under the assumption n —i,, = o(y/n),
(6.1) implies that, for a € (0,1), both EO?](Z(G) and Varo?l(\zz(a)
case ¢, = 1. This implies that F has a total variation cutoff with cutoff time %n log n.
For the cutoff of ]:f, one may compute using the formula in Lemma A.1 that, for any

a€(0,1),

remain the same as in the

n—1p

En7p) 0 <1+

SN2
- n—i
7T My, (a) 7 s VaraTa,(a) < <n + n) '

CTL C'Il

Consequently, Theorem 5.1 implies that F* has no cutoff in total variation. Moreover,
Theorem 1.4 implies that if (n—i,)/c, = o(nlogn), then F, has a maximum total variation
cutoff. If nlogn = O((n — i,)/cy), then F. has no maximum total variation cutoff, which
gives a counterexample to the converse of Theorem 6.1(2).

The next theorem provides more information on the comparison of cutoffs and should
be regarded as a complement to Theorem 6.1.

Theorem 6.2. Let F = {(X,, K,,,m,)52, be a family of birth and death chains with
X, = {0,1,...,n} and F. be the family of continuous time chains associated with F.
Suppose that 7, ({0,n}) — 0 and, in total variation, F* has a cutoff with cutoff time t,,
but no subsequence of]-'cR has a cutoff. Let M,, be a state in X,, and set

En"’(")
R = limsup — M (6.2)

n—oo n

Then, the following are equivalent.

(1) F. has a maximum total variation cutoff. In particular, t,, is a cutoff time.
(2) R =0 for some sequence (M,,)5>, satisfying

inf 1, ([0, My]) > 0, inf m, ([My, n]) > 0. (6.3)

n>1

(3) R =0 for any sequence (M,), satisfying (6.3).
The above statement also holds for F provided inf,, ; K, (i,7) > 0.

Remark 6.2. Consider the family F in Theorem 6.2. Suppose that 7,(0) — 0 and F~
has a total variation cutoff with cutoff time ¢,,. Let R be the constant in (6.2), where
M, is a sequence satisfying (6.3). Fora € (0,1), let 0 < M, (a) < n be a state satisfying
([0, My (a)]) > a and 7, ([M,(a),n]) > 1 — a. By Theorem 5.1 and Remark 5.4, it is easy
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to see that EMn(a)?z(w)( b = = o(t,) for all 0 < a < b < 1. Further, one may use the following
inequality, -
EJ~(TL) < MENN'(”), V0o <i<j<m,
K ™ ([0, 1)) !

which can be derived using Lemma A.1, to get EM”(b)TJ(w)( y =o(tn) forall 0 <a <b<1.
This implies, for 0 < a < inf,, 7, ([0, M,,]) and sup,, 7, ([M,,n]) < b < 1,

E,7 ~(n) En?(n)
lim sup M) < R < limsup Mn(a)
n— oo tn n—oo n
~(n) =(n)
. Entataw o BT
<limsup ——— + limsup ———=
n—oo n n— oo t?’L
E. 70,
= lim sup I Ma()
n—oo n
As a consequence, we obtain
E ~(n)
R = limsup — 20 yo < <1, (6.4)
n— oo n

In particular, the limit R is independent of the choice of (M,,)22; subject to (6.3).

Note that the conclusion in (6.4) also applies for the discrete time case with the
further assumption inf; ,, K,,(¢,4) > 0. In detail, the proof for the case t,, — oo is similar
to the continuous time case. If ¢,, has a bounded subsequence, say ti,, then, by Remark

5.3, Eo7), (kn )( y =0(1) for any a € (0,1). As a consequence of the observation ]E()Tl-(n) >,
one has My, (a) = O(1) and, then, E, P ")(a) >n — My, (a) = oo for all a € (0,1). This
leads to -
E, 77
lim sup _ Ma(a) _ =00, Vae(0,1),
n—oo n
and
]E (kn)
. nTay,, (a)
R > limsup ———=— =00, Vsupm,([0,M,]) <a <1,
n— oo kn n
as desired.

It is worthwhile to remark that, in the above discussions, lim sup can be replaced by
lim provided that |E TM / t, and EnT](V[ /tn converge.

Proof of Theorem 6.2. By Remark 6.2, it is obvious that (2) and (3) are equivalent and
the choice of M,, can be restricted to M, (a), a state such that 7, ([0, M, (a)]) > a and
Tn([My(a),n]) > 1—a.

We first consider the continuous time case. Since F. has a total variation cutoff with
cutoff time ¢,,, Theorem 5.1 implies

EO,FJ(\Z?(a) ~ t"’ Val"o 7 )( ) - O(ti)v Va € (Oa 1) (65)
For (2)=-(1), assume that R = 0 with M,, = M, (a) for some a € (0,1). This implies
E ?1(\;) () = O(ty) and, then, VarnTJ(\?)(a) = o(t2) using the fact Var,7; 7 < (En?i("))Q.

Combining this observation with (6.5) yields

\/max Varo Fr )( ),VarnTJ(\;)(a)} =0 (max {Eo?ﬁj(a),Enﬂ(\;)(Q)}> (6.6)

By Theorem 1.4, F. has a maximum total variation cutoff with cutoff time ¢,.
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For (1)=-(3), we prove the equivalent implication by assuming that R > 0 for some
sequence (M,,)5° ; satisfying (6.3). Note that one may choose a subsequence (k)22

n=1
such that k)
]Ek"'v n

lim — M _ R~ (6.7)

n—o0o tr

n

For the subfamily of 7% indexed by (k,)>2;, Remark 6.2 implies that the limit in (6.7)
also holds for My, = My, (a) with a € (0,1). Further, as the subfamily of 72 indexed by
(kn)S2, is assumed to have no total variation cutoff, we may refine, by Theorem 5.1, the

selection of k,, such that

Var, 7 ) = B 7 0t =0 (B 70 ) (6.8)

for some a € (0,1). Combining (6.5) with the above discussion leads to

~(kn (ke ~(kn ~(kn
\/max {VaroT](wk_n)(a),Varkn TI(VIk")(a)} = max {]EOTI(\/Ik:(a), Ekn’r](v[kn)(a)} ,

for some a € (0, 1). By Theorem 1.4, the subfamily of 7. indexed by (k,,) has no maximum
total variation cutoff.

Next, we consider the discrete time case. For (2)=-(1), assume that R = 0 with
M,, = M, (a’) for some a’ € (0,1). This implies EnT](\Zz(a,) = o(t,) and VarnT](v?Z(a,) =o(t2).
Observe that

Bo7yy ) + BaThp @) = 10 Va € (0,1). (6.9)

By Remark 5.3, (6.9) implies ¢, — oo. Otherwise, if [, is a subsequence such that
t;, is bounded, then ]EOTI(\Z)(G,)(Z M;, (a’)) is bounded, which implies ]ElnT](\Z’)(a,) >
I, — M, (a/) — oo and then '

oF, )

nT a
ML) < 9p =,

oo = lim inf l—" < limsup
n—oo 11, n—00 In
a contradiction. Using Theorem 5.2, one may derive a discrete time version of (6.5) and
(6.6). As a consequence of Theorem 1.4, F has a maximum total variation cutoff with
cutoff time ¢,,.
For (1)=-(3), we assume the inverse of (3) that R > 0 for some sequence M, satisfying
(6.3). By Remark 6.2, one may select a subsequence /,, such that

(£n)
lim Bt Taty, (a)

n—00 tfn

=R>0, Vac(0,1).

Consider the following two refinements of /,, such that

Case 1: ¢, — oc.

Case 2: t;, = O(1).

The proof of Case 1 is the same as the continuous time case. In Case 2, since the
subfamily of F” indexed by (/,) has a cutoff with cutoff time ¢, , Remark 5.3 implies that

n’

EOT(%) _ 0(1)’ VarOT](\ZZ)(a) — 0(1), Ya € (O, 1)

By (6.9), we have ]EgnTJ(\Z‘)(a) — oo for any a € (0, 1) and, by Theorem 5.2, we may further
refine /,, such that the dniscrete time version of (6.8) holds for some a € (0,1) with the
replacement of k,, by ¢,,. Consequently, Theorem 1.4 implies that the subfamily of F
indexed by (¢,) (and, hence, F) has no maximum total variation cutoff. O
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The next theorem is a special version of Theorem 6.1 which identifies two different
cutoffs discussed in this section.

Theorem 6.3. Let F = (X, K, m,)>2, be a family of irreducible birth and death chains
with X,, = {0, ...,n} and F. be the families of continuous time chains associated with F.
Assume that K, (i,j) = K,(n —i,n— j) foralli,j € X,, andn > 1.

(1) ch has a total variation cutoff with cutoff time t,, if and only if 7. has a maximum
total variation cutoff with cutoff time t,,.

(2) Under the assumption that inf, ; K, (i,i) > 0, FX has a total variation cutoff with
cutoff time t,, if and only if F has a maximum total variation cutoff with cutoff time
tn.

Proof of Theorem 6.1(Continuous time case). As before, we use Fi(n) to denote the first
hitting time to state 7 of the nth chain in F, and use the notation M,,(a) with a € (0,1) to
denote a state in &, satisfying 7, ([0, M, (a)]) > a and 7, ([My(a),n]) > 1 — a.

For (1), assume that X, F have total variation cutoffs with cutoff times 7,,, s,,. By
Theorem 5.1, we have

—n) _ ~(n) #(n)
VaI‘o’TMn(l/2) =0 (E()TMn(1/2)> ) E()TMn(]/Q) ~ Tn,
VarnT]Mn(l/Q) =0 (E”T]\/I,,L(I/Q)) ’ EnT]V[n(l/Q) ~ Sn

Clearly, this implies

and

~(n) ~(n) _ ~(n) ~(n)
\/max {VarOTMLn(l/z)7VarnTMLn(1/2)} =0 (max {EoTMn(1/2), EnTMLn(l/Q) })

and
(n)

max {EO?I(\ZB(I/Z), E";Ib?n(l/m} ~ max{ry,, Sn} = ln.
By Theorem 1.4, F. has a maximum total variation cutoff with cutoff time ¢,,.
For (2), let F = (X, K, )52, be a family given by

~

K,=K,, ®,=m, ifz,=0,

and

K,(i,j) = Kn(n—i,n—13j), m()=m(n—1), Vi,jek, ifz,=n.

Let ]?C be the family of continuous time chains associated with F. Suppose that F, has
a maximum total variation cutoff with cutoff time ¢,,. It is obvious that ]?C also has a
maximum total variation cutoff with cutoff time ¢,, and, to show that }"CS has a total
variation cutoff with cutoff time t,,, it is equivalent to prove that ]?(L has a total variation
cutoff with cutoff time ¢,,.

Let ?—i(”) be the first hitting time to state 7 of the continuous time chain associated
with (X, IA{n, 7n) and set ]T/[\n be a state defined by

=)

M, ifx, =0
n — M, ifxn:n'

We use Z/W\n(a) to denote a state such that
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By Theorem 1.4, the total variation cutoff of ]?C with cutoff time ¢,, implies

tp ~ max {IEOT(A) E A(")} = Ep7
M M,

and, for any a € (0,1),

~(n) )\ iy — o (s
\/max VaI‘oTA " e Var, Mn(a)} = o(ty) =0 (E()TM\”) . (6.10)

As a result of Lemma 7.1 and (6.10), we have, for0 <b<a <1,

(n) o (n) _ ~(n)
B, () ¥ () — O( Varyr )Tz, (a>) =0 (E()Tm)’

which leads to
EO’\(”) (@ ~ A(")7
Applying the last identity to (6.10) yields

Va € (0,1).

Ao (B )
VarOTM"(a) 0 IETM() , Va e (0,1).

By Theorem 5.1, ]?CL has a total variation cutoff with cutoff time ¢,,. The precise descrip-
tion of the cutoff time and window is given by Theorem 1.4, Corollary 5.4 and Remark
1.5. O

Proof of Theorem 6.1(Discrete time case). We use Ti(") to denote the first hitting time to

state i of the nth chain in F and M, (a) for a state in A&, satisfying =, ([0, M, (a)]) > a and
Tn([Mp(a),n]) > 1 —a.

For (1), assume that %, F¥ have cutoffs with respective cutoff times r,, s,,. Given
an increasing sequence K = (k)52 in {1,2, ...}, let F(K) be the family of chains in F
indexed by the sequence K. By Proposition 2.1 in [7], to prove F has a maximum total
variation cutoff, it suffices to show that, for any increasing sequence of positive integers,
there is a subsequence, say K, such that F(K) has a maximum total variation cutoff.
Note that, by Remark 5.3, r, + s,, must tend to infinity. This implies that C can be chosen
to satisfy one of the following cases.

Case 1: r;,, — oo and s, — oc.

Case 2: r;,, — oo and s;, = O(1).

Case 3: r;,, = O(1) and s, — 0.

The proof for Case 1 is the same as the continuous time case. The proofs of Case 2
and Case 3 are similar and we discuss Case 2, here. By Theorem 5.2 and Remark 5.3,
the cutoffs of 7L, 7% imply that, for a € (0, 1),

(kn)

kn
EOTJ(W;C,?,(a) ~ Tl Vargry," ) = o(r,),

and
ko
Var;gnrj(w )(a) < ]Ek,LTJ(VIk)( ) =0(1).

This implies, for a € (0, 1),

\/max {VaroT( ")( ) Varg, TI(LZ)(G)} 0 (max {EOT( n)(a)y]EknTI(\f;::(a)})

and

max {]E T (a) Ekm(\Zi(a)} ~ max{ry,, sk, } = t

n*

EJP 20 (2015), paper 76. ejp.ejpecp.org
Page 27/47


http://dx.doi.org/10.1214/EJP.v20-4077
http://ejp.ejpecp.org/

Computing cutoff times

By Theorem 1.4, 7(K) has a maximum total variation cutoff with cutoff time ¢y .
For (2), based on the following observation

n < E()Ti(n) + EnTi("), VO <i<n,

(n)

we have E, 7,;’ — co. The remaining proof is similar to the continuous time case and is

skipped. O

7 Proof of Theorems 5.1, 5.2 and Corollary 5.4

This section is dedicated to the proof of Theorems 5.1 and 5.2 and we need the
following lemmas.

Lemma 7.1. Let (X, K,n) be an irreducible birth and death chain on {0,1,...,n} and
7;,T; be the first hitting times to state i of the discrete time chain and the associated
continuous time chain. Let )\; be the smallest eigenvalue of the submatrix of I — K
indexed by 0, ...,© — 1. Then, fori < j,

7((0,])

2
AN Skl VAN P~ PP (=) < 2.7
57([0,7 — 1) (E;7;)* < Var,(7;) < X E;T;

and
o ([0,4])
2m([0,7 — 1])

where § = min; K (¢,1). In particular,

(Bir;)* < Var(r;) <

= RE.5 4”([07]' — 1])
BB S T

Lemma 7.2. Let K be the transition matrix of an irreducible birth and death chain
on {0,1,...,n} and 7; be the first hitting time to state i for the continuous time chain
associated with K. For(0 <i <n anda € (0,1),

Py(7; > alBo7;) > min {e—ﬁ, M} .

Lemma 7.3. Let K be the transition matrix of an irreducible birth and death chain on
X ={0,1,...,n} with transition rates p;, ¢;, r; and stationary distribution . Let 7;,7; be
as in Lemma 7.1. Then, fori < j <k,

E; min{r;, 7.} = E; min{7;, 7%} = A/B,

where )
—1
1
A= a6 g |
i<t <; T T ()P — m(O)pe
j<l3<k—1

Lemma 7.4. Let (X, K,n) be an irreducible birth and death chain on {0,1,...,n} and
H, = e tU=K) Then,

(1) Hy(0,4)/m(i) > Hy(0,i+1)/m(i+ 1) for0 < i < n andt >0,
(2) Assume that min; K (i,4) > 1/2. Then, K™(0,4)/w(i) > K™(0,i + 1)/w(i + 1) for
0<i<nandm > 0.

We relegate the proofs of Lemmas 7.1, 7.2 and 7.3 to the appendix and refer the

reader to Lemma 4.1 in [14] for a proof of Lemma 7.4.
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Proof of Theorem 5.1. We first prove the equivalence for cutoffs. Note that w,,(0) — 0 is
necessary for the total variation cutoff since

lim inf d'©(0, ) < liminf d{7(0,0) = 1 — limsup m,, (0).

n—00 n— 00 n—oo

Under the assumption that 7, (0) — 0, it is easy to see that, for any a € (0,1), M,,(a) > 1
if n is large enough. For a € (0,1) and n > 1 such that M, (a) > 1, we let

/\n,l(a’) << )‘n,Mn(a) (CL)

be the eigenvalues of the submatrix of I — K, indexed by 0,1, ..., M,,(a) — 1. Clearly,
An(a) = A\p1(a) and, by Lemma 2.1,

M, (a) 1 My, (a) 1
2
Un(a) = Z Ani(ay Un(a) = A2 (a)
i=1 ’ i=1 n,

As in the proof of (2.4), we have

un(a

~—

Up(a)An(a) <

<
3
—

S
~

This implies the equivalence of (2) and (3).
To prove the remaining equivalences, we let di,@w be the total variation distance of
the nth chains. By Lemma 3.1, one has

- < ]P Fv,‘(n) > t n ] 1) )
dh(0,0) ¢ < FolT P> D4 mlli L) (7.1)
' >Po(7; >t) — m([0,7 — 1]).
As a result of the one-sided Chebyshev inequality, this implies
< Eo7™ + /(58 Varg(F™) for e = § + mo([i + 1,n)),
T, ] S VIENE) fore=itmiis i),

> Eo7 ™ — /(25 )Varg (7)) for e =6 — m,([0,i — 1),

1—

>

where ¢ € (0,1).
Now, we prove (2)=-(1) and assume that (2) holds. By the last inequality of Lemma
7.1, we have, for0 < § < e < 1,

4e devy ()
0 < up(e) —un(d) < WE) < 5 = o(un(€)). (7.3)

Fix e € (0,1) and let 0 < €1 < € < e2 < 1. By (7.2), the replacement of i = M, (e2),
0 = €3 — € in the first inequality and the replacement of i = M,,(¢1), d = 1 — € + ¢; in the
second inequality yield

TEN(0,1 — €) < uplez) + /(2 — Doalea) = (1+ 0(1))un(e2),

)

TEN0,1 = €) > up(e1) — /(

—
I
—_
~—
<
3
—~
m
—
~—
Il
—~
—_
+
)
—~
—_
~
~—
<
3
—
[
[aiy
~—

€E—€1

As a result of (7.3), we obtain that T,SfT)V(O, €) = (1 + o(1))u,(n) for any €,n € (0,1), which
proves (1).

Next, we prove (4)=(3). Assume that (tn)ffzo is a positive sequence satisfying
tn, = O(un(c)) forall ¢ € (0,1) and a € (0, 1) is a constant such that

lim Py (?}V}j(b) >(1- e)tn) =1, Whe (al), (7.4)

n—roo
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and, for any b € (a,1), there corresponds a constant «;, € (0, 1) such that

lim sup PP (ﬁ(;{lj(b) > (14 e)tn) < ap, (7.5)
n—oo

for all € € (0,1). Note that A\, (az2) < Ay (a1) for 0 < a; < az < 1. To prove (3), it suffices
to show that ¢,\,(b) — oo for all b € (a,1). Now, we fix b € (a,1). Since 7,(0) — 0,
it is clear that M, (b) > 1 for n large enough. By [5], if M,(b) > 1, we may write
?](V?Z(b) =T, (b) + Sn(b), where T, (b) and S, (b) are independent, T, (b) is an exponential
random variable with parameter A, (b) and S, (b) is a sum of independent exponential
random variables with parameters A, 2(b), ..., A az, ) (b). Note that

oo
Py (ﬁ(J}f(b) >(1- e)tn) - / An(D)e= 2O P( (S, (b) > (1 — €)t, — 5)ds
0
< (1= e ONP(S,(b) > (1 — )ty —t) + e 2O,

where the inequality is obtained by separating the region of integration into (0, ¢) and
[t,00), and

Fo (?](\Z(b) >+ E)t") - /0 A (0)e O Po (S, (b) > (1 + €)t,, — s)ds
> Po(Sn(b) > (1+ €)t, —r)e Or,

By (7.4) and (7.5), the replacement of t = C/A,(b) and r = 2C/\,(b) with C = {log ;- in
the above inequalities yields that, for all € € (0, 1),
lim Po(Sp(b) > (1— e)tn — C/An(b)) = 1

n—roo

and
lim sup Po(Sn (b)) > (1 + €)t, —2C/ A\, (b)) < Vo < 1.

n—oo

As a consequence, for € € (0, 1), if n is large enough, one has
(14 €e)tn, —2C/ M (b) = (1 — )ty — C/ A (D),

which implies ¢, A\, (b) > C/(2¢). This proves t, A, (b) — co.

To finish the proof of those equivalences, it remains to show (1)=-(4). Assume that F,
has a cutoff with cutoff time ¢,,. The replacement of i = M,,(a) in (7.1) implies that, for
alle € (0,1),

.. ~(n)
lim inf P (TM"(G) >(1- e)tn) >a (7.6)
and
lim sup P (?](\Z)(a) > (1+ e)tn) < a. (7.7)
n—00 "

By the Markov inequality, (7.6) implies that ¢, = O(u,(a)) for all @ € (0, 1). As a result of
Lemma 7.2, (7.7) implies that u,(a) = O(t,) for all « € (0, 1), which leads to t,, < u,(a)
forall a € (0,1).

To fulfill the requirement in (4), one has to prove that there is a € (0,1) such that

- ~(n) _
Tlim P (TM”(G) >(1- e)tn) =1, Vee (0,1). (7.8)

To see the above limit, we fix € € (0,1) and show that, for any subsequence of positive
integers, there is a further subsequence satisfying (7.8). Let k, be a subsequence of
positive integers and set

Eur, (o F{kn)
R(a) := lim lim inf — 2 Men &),
b—1 n—oo tk

n

EJP 20 (2015), paper 76. ejp.ejpecp.org
Page 30/47


http://dx.doi.org/10.1214/EJP.v20-4077
http://ejp.ejpecp.org/

Computing cutoff times

Clearly, R(a) is nonnegative and non-increasing in a.

We consider the following two cases of R(a). First, assume that R(a) = 0 for some
a € (0,1) and let b, be a sequence in (a,1) that converges to 1. Since R(b1) = 0, we
may choose ¢; € {k1, k2, ...} such that EMel(a)?J(\Zl)(bl) < ty, /2. Inductively, for n > 1, we
may select, according to the fact R(b, 1) = 0, a constant ¢, 1 € {k1, ko, ...} satisfying
lpy1 > L, and

"'(é7l+1) n+1
E]Wgn+1 (a) 7_1\/[€nJrl (bnt1) < t@n+1 /2 .

This implies
=~ én
B, (a)ﬁ(w:(b) =o(ty,), Ybe (a,l).
By Lemma 2.1, u,(a) < t, implies 1/\,(a) = O(t,) and, by Lemma 7.1, this yields

VarMén(a)?](é;:(b) =o(t7 ) forall b € (a,1). As a consequence of the one-sided Chebyshev
inequality, we obtain
Jim Pag,, o (7)) Sie,) =1, Wb € (1), 0 >0

This leads to

lim inf P (?“") >(1- e)tg">

n— 00 My, (a)

. ~(n, ~(n ~(n
> hnrggéf Py (Tj(wj(b) > (1-— 6/2)154”,7](\4[:(17) - 7'](\4[:(&) < ety, /2)

= lim inf Py (%ﬁf(b) >(1- e/2)ten> > b,

n—oo

for all b € (a,1), where the last inequality uses (7.6). Letting b tend to 1 gives the desired
limit.

Next, we assume that R(a) > 0 for all a € (0,1). Along with this fact u,(a) =< t,
for all ¢ € (0,1), it is easy to see that, for any a € (0,1), there is b € (a, 1) such that
Eur,, (aﬁ](;:) v = tk,. To prove (7.8) for the subsequence k,, we need the following
discussion. Forn > 1, set H,,; = e~ tU=Kn) and let (Xn,t)t>0 be a realization of the
semigroup H,,; and, for n € (0,1), let

Np(n) = max{0 < i < n|H, 1), (0,4) > m,(3)}.

By Lemma 7.4, we have

(0, (1 = )tn) = Hyy (1—ye, (0,0, Nou(n)]) — 70 ([0, Nia()]).

Since F. has a cutoff with cutoff time (¢,,)5,, this implies

T Hy e, (0,10, Na(p)]) =1, Tim ([0, Na(n)]) = 0.
Obviously, this yields

lim Po (X, (1-ne, < My(a)) =1, Va,ne (0,1). (7.9)

n—oo
Back to the case that R(a) > 0 for all a € (0,1), one may choose 0 < b < a~ < a <
a™ < ¢ < 1 such that
]EMkn(b)'fI(\f;:(a,) = ty, =< ]EM,MW)%A(’;::(C). (7.10)
This implies that My, (b) < My, (a™) and My, (at) < My, (c) for n large enough. Next, let
L be a positive integer and set
(1 —e)t,
A, =Ay(L) = —F—
(L) ==
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Note that, for0 < j < L -1,

~(kn . .
Py (TI(\/Ikn)(a) € (JAk,, (J + DAL, ], Xk, j+1)A,, < Mk,,,(b))
<Po (757 ) € (8%, (G + 1A, 1) P 7)< A
= My, (a) & \J2kar \J kn Mpy, (@) \ "My, (b) = “kn |

By (7.9), summing up the above inequalities over j and then passing n to the infinity
yields

lim sup Py (77](\52)(&) <(1- e)tkn)

n— oo

<limsup Py (7'1(»?:)(@ <(1- e)tkn) x limsup Py, (a) (?](J;:)(b) < Ak”) .

n— oo n—oo

Observe that if there is L > 0 such that

limsup Pas, ) (Fi7) o) < Ak, ) <1, (7.11)
n—00 n
then
lim sup Py (77](\5:)(&) <(1- e)tkn> =0,

n— oo

as desired. To get the limit in (7.11), it suffices to show that there is L > 0 such that

limsup Pas,  (a) (Th, < Ag,) <1,

n—oo

where T,, = min{ﬂ(v?)(b), 7™ 1 By Lemma 7.3, By, () Tk, = Ak, /Bk,, where

M, (c)
M, (c)—1
T ([41, £2]) 1
S RN S
Mo (b)+ 1200 < My, (a) Wn(gl)Qn,€17Tn(€2)pn,€2 (= () Wn(g)pmg

M, (a)<La<Mp(c)—1

It is easy to see from the first identity in Lemma A.1 that
Ap > (at —a By 7", B Fn o B, <Ean ™ /b
n 2 (67 = a7 ) B, ) Thr, (0 BMaan) Tars ) B < Baty0)Tar,, o)/

Along with the fact that w,(a) < t, for all a € (0,1), one may apply (7.10) to the above
inequalities to get Eyy, () Tk, = tx,. Now, we choose L > 0 such that

0< E]\/[kn (a)Tkn - Akn =ty ,

where the first inequality holds for n large enough. Since T;, < 'T“](VT[L )

n

() ONe also has

Varyy, ) Tn < EMn(a)Tﬁ <Eum, () (F](;;:(C))Q = VaI‘Mn(a)F](\Z?(C) + (Enr, (a) (771(\/?3(6))2

< VarO?J(\;j(c) + (]EO?-Z(\Z:(C))Z < Q(EO?I(V’;Z(C))Z = 2u,(c)? < 2.

As a result of the one-sided Chebyshev inequality, this implies

-1
(B, ()T, — Ak, )?
li P Ty, < Ay,) <limsup | 1 n ()7 T " 1.
TP Pt @) (T = Bee) = 1?:&?( T Varu, T, <

To see a cutoff time for FZ, it has been shown in the proof of (2)=(1) that T,(fT)V(O, €) ~
un(a) for any €,a € (0,1). This implies that, under the assumption of (2) or (3), F* has a
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cutoff with cutoff time (u,(a))32, for any a € (0, 1). In the assumption of (4), we let ¢,, be
a sequence and 0 < a; < as < 1 be constants such that

Tim Py (;gyg(al) >(1- e)tn) —1, Vee (0,1), (7.12)
and
lim sup Py (T}M)(a > (1 +e)tn) <1, VYe>0. (7.13)
n— 00

To show that t,, is a cutoff time for FZ, it suffices to prove, based on the equivalence
of assumptions (2) and (4), that ¢, ~ u,(a) for some a € (0,1). First, by the Markov
inequality, (7.12) implies

un(al)

n

lim inf
n— 00

> 1.

On the other hand, by the Chebyshev inequality, one has

2
lim sup PPg (‘T]u )’ > eun(ag)) < limsup — Un(a2) =0, Ve>D0,

n—o00 n—oo € Un(a2)2

where the last equality uses assumption (2). Clearly, this implies that

lim ]PO( ) ) > (14)%(@2)) =1, VYee (0,1).

n—oo

A comparison of the tail probabilities in (7.13) and in the above limit says that, for
€ (0,1),
(1 —€)up(az) < (1+¢€)t,, fornlarge enough.

This yields
lim sup un (a2) <1.
n—oo tn
As a result of the fact u,(a1) ~ uy,(az), we obtain u,(a1) ~ t,, as desired. O

Proof of Theorem 5.2. Set

§ =inf K, (i,i), K© = (K, —o6I)/(1-2¢), H®) =K =D)
p » ) n ) n,t

It is easy to see that (X, K, 7,) and (X, Hffz ,Tn) are respectively the d-lazy walk and

the continuous time chain associated with (X,,, K,(f), 7). Let dy, 1, ,f 2 and Trvs T,(LCT‘VS)

(n) (n,0

’ ’L

and 7, ) be respectively the total variation distances, the total variation mixing

times and the first hitting times to state ¢ of chains (X,,, K,,, 7,) and (X, H,(fz, n)- As a
result of the following observation

Hv(ft) _ et(K§f>—1) _ et(Kw,—I)/(1—6)7 (7.14)

it is easy to see that the ratio of the spectral gaps of (X,,, K, 7,) and (X, H,(ft), n) is
constant in n and, further,

Bo7yy 0 = (1= 0)un(a), Varg?yy () < wy(a), (7.15)

where the latter also uses Remark 5.5. This is consistent with (3.3).

Set F1Y) = (X, H,(L 2, n)o>, and let FP) denote the family of chains in 7 started
at the left boundary points. The remaining proof for the equivalence of (1), (2) and (3)
is very similar to the proof of the discrete time case in Theorem 1.4 if (3.1) and (3.2)
hold under the replacement of F, ]—'55) by FE, ]-'c(,é’L). These two equivalences are given
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by Theorem 3.4 in [8] but the prerequisite of this theorem asks the existence of some
e € (0,1) such that 7}, 1v(0,e) — oo and T,(L,C;é) (0,€) — oo. (The authors of [8] point out
the observation that such a requirement is missed in their article.) First, consider the
requirement T,gf;ff) (0,€) — oco. Recall the second inequality in Lemma 3.1 in the following

A2 (0,t) > Py (~<""” > t) _a

M, (a)
By Lemma 7.2, (7.15) and the fact Varo?-ﬁn’a) < (IEO?](\ZZ))Q, the above inequality implies
c 1- 2
dgl’af/) (0, 04(1 — 5)un(a)) > min {6_\/57 M} —a, Va € (0, 1)
This yields that
(¢,6)
Ty )
lim inf T’ (0,€) >0 for e small enough. (7.16)

n— o0 un(a)

Since uy,(a) — 0o, we have Tff;g) (0,€) — oo for € small enough.
Next, we prove T, (0,¢) — oco. Note that one may use (7.14) and the triangle
inequality to derive

A3 (0,1) < P(Ny < m) + P(N; > m)dy (0, m), (7.17)

where (Ny);>0 is a Poisson process with parameter 1/(1 — ). A simple application of the
weak law of large numbers says that N;/t converges to 1/(1 — §) in probability as ¢ tends
to infinity. By (7.16) and the assumption u,(a) — oo, the replacement of ¢t = Su,(a) and
m = [Buy(a)] in (7.17) with small S implies that

T,
lim inf 77”\’(0’ 2

> (0 for e small enough. (7.18)
n—oo  up(a)

This yields that 7}, (0, €) — oo for e small enough.
To show (1)<(4), let (NV¢):>0 be the Poisson process as before. It is easy to see from

(7.14) that if (X,({?))%ZO is a realization of (X,,, K,,, 7, ), then (XI(\Z))tZO is a realization of
(X, Hfft)7 7). This implies

Py (7‘1-(”’5) > s) =Py (X](\?) <, V0O<r< s)

(7.19)
= Po(X(™ < i, ¥m < N,) = P (r}") > Ns) .

Since uy,(a) — oo for some a € (0, 1), we obtain

FL has a cutoff < ]-'c(‘s’L) has a cutoff.

By Theorem 5.1, the latter is equivalent to the existence of a sequence ¢,, > 0 and a
constant a € (0, 1) satisfying

tn =0 (Bo7i:1))), vee (0,1) (7.20)
and
. ~(n,0
lim P (Tgmg) >(1— e)tn> —1, Vee (0,1) (7.21)

and, for any b € (a, 1), there is o}, € (0, 1) such that

lim sup IPg (ﬁ;j?)) > (1 +e)tn) <oy, e (0,1). (7.22)

n—roo

EJP 20 (2015), paper 76. ejp.ejpecp.org
Page 34/47


http://dx.doi.org/10.1214/EJP.v20-4077
http://ejp.ejpecp.org/

Computing cutoff times

As a result of (7.15), one can see that (7.20) is equivalent to ¢, = O(u,(a)) and further,
by (7.19), (7.21) implies

1—
lim inf IPq (T(n) > (€)tn) > liminf Pg (7’](\22(@) > N(lfe/2)tn)

n—00 My, (a) 1-9 n—00

n— oo

= liminf Po (7)) > (1 - ¢/2)ta) = 1.
and (7.22) implies

. n 1+e€ tn . n
lim sup Py (TZ(V[j(b) > H) < limsup Py (T](\/[Z(b) > N(H_e/g)tn)

= limsup PPy (771(»7’(2?)) > (14 e/2)tn) < ap,
n—o0 "

for all € € (0,1). This gives the desired properties in (4). Conversely, one may use a
similar statement to prove (7.21) and (7.22) based on the observation of (4) and this part
is omitted.

For a choice of the cutoff time, if (2) or (3) holds, the proof for the selected cutoff
time is given by (7.15) and Theorem 3.4 in [8]. If (4) holds, the proof is exactly the same
as that of Theorem 5.1 and we skip it here. O

Proof of Corollary 5.4. The (u,(a),b,) cutoff of F is immediately from (7.2) and Lemma
7.1. For the (u,(a),b,) cutoff of F~, the assumption inf,, b, > 0 and b,, = o(u,(a)) implies
that u,(a) — oo for all a € (0, 1), which means that the cutoff time tends to infinity. The
remaining proof also uses Theorem 3.4 in [8] and is similar to the proof of the discrete
time case in Theorem 1.4. We refer the reader to Section 3 for details.

O

8 Examples

In this section, we consider some classical examples and use the developed theory
to examine the existence of cutoff and, in particular, compute the cutoff time. First,
we write F = (X, K, 7,)52, for a family of irreducible birth and death chains with
X, ={0,1,...,n} and write FX, F% for families of chains in F started at the left and right
boundary states. For the continuous time case, those families are written as F, ]-"CL, ]-"CR
instead. For n > 1, let py,¢n,i,n,; be the birth, death and holding rates in K,, and
7™ 7" be the first hitting times to state i of the nth chains in F, F,. For a € (0, 1),

A %

M,,(a) denotes a state in X,, satisfying 7, ([0, M,,(a)]) > a and 7, ([My,(a),n]) > 1 — a.

(1) Biased random walk. For n € IN, let
Pri=Tnn=2D0, Gnit1=Tno=¢, V0<i<n,n=>1,

with ¢ =1—p € (0,1/2). Note that the stationary distribution satisfies

o plg—=1 (pY' i<n
mli) = A (2) L wsisn

This implies

m((0,4) _ p/a—w/9)”"

- V0 <i<n. (8.1)
7 (2) p/g—1

By Lemma A.1, one has

n—1 .

~ 7 (10,7 .
EOT’r(Ln) = Z ;7(1_[ (Z)])7 Cn,i S VariTi(i% S 2C7L,i7

i=0 "
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where

o B (L)

p?mn (i) =0

(n

Applying (8.1) to the computation of E7, ) and Cn,i yields

2 n
~ n D q 1 D .
EOTT(Ln) = - <1 - <) > ) NG) S C A S T N3 VZ7
p—q qlp—q)? p p> =" T (p—q)?

where the bound of ¢, ; leads to Varo7," = n. Observe that m([0,n]) = land 7, (n) = 1—

q/p. As a consequence of Theorems 1.3, 1.4 and 6.1 with M,, = n, the families F, ]-'CL have
n

a (H’ v/n) cutoff in total variation and separation. To examine the existence of cutoff

for F, we fix a € (¢/p* — 1,q/p). Based on the observation that 7, (n — 1) — (p — q)/p?,
one has M, (a) = n — 1 for n large enough and this implies VarnF](LZ?(a) = (Enﬂ(\;’?(a))? By

Theorem 5.1, F* has no cutoff in total variation.

(2) Metropolis chains for exponential distributions Consider an increasing positive
function f on (0,00). For n > 1, let 7, (i) = 7,(0) f(¢) and

f(@)

R = . = — <7 .
Pri =Tno=1/2, ¢nit1 2 (i+1) V0 < i < n, (8.2)
and
Tri :liif(i) VO<i<n-—1, r zlfif( D) (8.3)
n,i+1 2 2f(l 1)7 = ) n,n f(’I'L) . .

One can check that the nth chain is the Metropolis chain for 7, with base chain the
simple random walk on X,, with holding probability 1/2 at boundaries. We refer the
reader to [10] for details of Metropolis chains.

It is worthwhile to note that K, is monotonic, i.e. p, ; + ¢n i1 < 1forall 0 <i < n.
By Corollary 4.2 in [14], separation of the nth chain in F, F, 77 (and respectively in
Fe, ]-'CL7 ]-'CR) is the same. As a result of Theorem 1.1, the existence of separation cutoff of
F is equivalent to that of F, and the cutoff time and window for F. given by Theorem
1.1 is applicable to F. For the total variation distance, if inf,, ; 7, ; > 0 is assumed, then
Theorems 1.4, 5.1 and 5.2 and Remarks 1.6 and 5.5 imply that the existence of cutoff of
F (respectively FL, F%) is equivalent to that of F, (respectively F*, F). Furthermore,
the cutoff times and windows for F, F, given by Theorem 1.4 (respectively for 7, FLX
and for 7% FE given by Theorems 5.1 and 5.2) are consistent in the way that the cutoff
times are equal and the cutoff windows are of the same order.

In this example, f(z) = exp{az®} with a > 0 and 3 > 0. Note that inf,, ; r,; > 0 if
> 1andinf, ;r,;, =0if 8 € (0,1). In what follows, the cutoff phenomenon is discussed
case by case according to 5.

Case 1: g > 1. We first make some computations. Note that

& f(a) = " f(x) > aBf(x) Va2 1

This implies
Sty <1 s+ [ f@de <1 f0+ 0D < (24 ) s
=0 !

When ¢ tends to infinity, one has

B
(11.> 15.+0<,12).
(2 1 1
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oo 103} -0 (3)

As a result, we obtain

m(0d]) . (00— 1)) 1N\ JG-1) 1
Lo T g”(”w) 1) ”O<z’)'

Replacing ¢ with n gives 7,(n) — 1 and, by Lemma A.1, one has

This leads to

= ma([0,4))
Eo7M =2) "j =2n+ O(1)
i=0 n

(1)

and ‘
~(n 1 & (m(0,0))
VariT-(Jr) = Z (7T([])> T, (£) <1 uniformly for 0 < i < n.

L (d) ~ T (€)

The estimation of the variance implies Varoﬁ(f) =< n. By Theorem 1.3, 1.4 and Theorem

6.1, both F, and F* have a (2n,/n) cutoff in total variation and separation. For the
family ]—'CR, the observation, 7, (n) — 1, implies that the total variation mixing time of the
nth chain is equal to 0 when n is large enough.

Case 2: § =1. Set§ = (1 —e*)/2. Note that (K, —0I)/(1 — ¢) is the biased random
walk on X, with p = 1/(1 + e~ ®). The result for biased random walks implies that F,
and 7% have a (1_2%, \/n) cutoff in total variation and separation but 7 has no total
variation cutoff.

In Cases 1 and 2, one has inf,, ;r,; > 0. This implies that, in the total variation
distance, the conclusion on the existence of cutoff, the cutoff time and the cutoff window
also applies to F., FL FE.

Case 3: 0 < 8 < 1. First, observe that

(10 (2)) = 0B (@) + (1 - B~ ().

This implies

OFE) - 0FG) [ i) o
af+(1—pB)jP S/j flr)de < af V1< j<i.
and then
1 FPEG)Y O FQ A G 1 s
af +(1=p)j=" (1 - Z'1—ﬁf(z')> < iErw Sest? o ©8

When ¢ > 25 and j — oo, one has

. N\ B
J;((ji)):exp{—aiﬂ (1— (Z) )} :0<1>.
Consequently, we obtain, as j — oo,
FO) 4 -+ f(i) = P £(3) <a16 +03GP+ iﬂl)) uniformly for i > 2j. (8.5)

Replacing ¢, j with n, [n/2] in (8.5) gives
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Next, we fix ¢ > 0 and let ¢,, be a sequence converging to ¢ such that ¢,n'~? € &,,.
Set M,, = n — c¢,n*~P. Replacing i, j with M,,, | M,,/2] in (8.5) yields

S

n

lim 7,([0, M,]) = lim 7,(0)) f(£) =e " € (0,1).

n— oo n—oo 0

o~
I

By Lemma A.1, one has, when 2j,, <1i, < M, and 5, — oo,

M, —1
) o= SO+ SO 2m2F 2-8.—B |, 2—B
]EoTMn—2ZZ:(:) 0 7a6(2—6)+0<n In 1y, +n)7

where the second equality is given by separating > ,_,, into >, , and >, ., ,, and
then applying (8.4) and (8.5) respectively, and

M, —1 i

Vi ;(n) - (f(0) + t+ f(f))Q - L 2-2B ¢(p 7
ary M, Ogeghfn f(Z)f(f) ; f(Z) ; f( )

where the computation uses (8.4). Observe that 4 — 33 > 2 — 3. Setting j,, = |n'/?| and
4—383
in=|n =29 |. Clearly, i,, > 2j, for n large enough and, in the computation of expectation,
this leads to
2P 3
IEOF(”) =——+40 (n2_§5 + n) .
Me " aB(2 - B)

Applying the following fact

%(wS_Bﬂf(x)) =[8- 3,6’)962_3B + aﬁxz_w]f(x) = xQ_QBf(x), Vo > 1,

to the computation of the variance yields

M, -1
Varo7\") =< A

=0

(M)

— —caf :
fn)y = ¢ to derive

Similarly, one may use the observation that

Gn,i < 1 uniformly for M, < <n.

By Lemma A.1, this implies

2-28

=n

~(n = i+---+fln
B < 3 f(0) o f(n)

i=M,+1

and

~(n) _ Z (f(O) 4+ f(n)? 148

VarnTMn = -
M, <i<t<n @) f0)

As a consequence of Theorem 1.3, 1.4 and 6.1, . and F* have a (%,n%%ﬁ +n)
cutoff in total variation and separation but, by Theorem 5.1, FZ has no total variation
cutoff. Note that, when 3 € (2/3,1), a better choice of the cutoff window is n2~2%. To
have this cutoff window, a more subtle estimation of the cutoff time is required.

We summarize the above results in the following theorem.
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Theorem 8.1. Let f(z) = exp{az®} with a > 0,3 > 0. Consider the family F =
(X, K, m)22,, where X,, = {0,1,...,n}, m,(i) = w(0)f(¢) and K,, is a birth and death
chain with transition rates

. 1 ,
/) IO wcicn,

ng = Tn,o = 1/2, n,i =57 a0 Tnyi =3 . 3
Pn, ,0 / dn,i+1 2f(l+].) ,i+1 2 2f(l+].)

Then, F, and F* have a (t,,b,) cutoff in total variation and separation but 72 has no
total variation cutoff, where

2n forp >1 Jr for 8> 1
th={ 2 forf=1 , b=13%", orr= .
e —38
28 n“"2P+n for0<p<1
PYICET) for0< g <1

(3) Metropolis chains for polynomial distributions In this example, we consider the
family of Metropolis chains given by (8.2) and (8.3) with the replacement of f(z) by
g(x) = exp{a(log(x + 1))?}, where a,  are positive. It has been shown in [9] that F, has
a cutoff in total variation and separation when 5 > 1 but has no cutoff when 0 < g < 1.
The following theorem provides a cutoff time and a cutoff window when 5 > 1.

Theorem 8.2. Let g(z) = exp{a(log(z +1))?} with o > 0 and 3 > 1. Consider the family
F = (X, Kp,mn)S2,, where X,, = {0,1,...,n}, m,(i) = w(0)g(¢) and K,, is a birth and
death chain with transition rates

g(i) 1 g(i)

S i O R S 1O P
n,i+1 29(i + 1) LT T og(i+ 1)

Pn,i =Tno = 1/2a
Then, F, and F* have a (t,,b,) cutoff in total variation and separation but 7% has no
total variation cutoff, where

N
n? n?

o= L by ———
" Zz:(:)aﬁBg(logn)B“_l " (logn)%(ﬁfl)

and By=1, B, =23 -1)8---(B+£-2), N=[22] >0.
Remark 8.1. Note that, in Theorem 8.2, 3+ N —1< 2(3—1) < 8+ N.

The proof of Theorem 8.2 is similar to the proof of the case 8 € (0,1) in Theorem 8.1
and is placed in the appendix.

(4) Metropolis chains for binomial distributions For n > 1, let 7, (i) = 27"("}) and

1 1+1 .
Pni = 4nn—i = 57 dn,i+1 = Pnn—i—1 — m, Vo <i< n/2,

and 7, ; =1 —pp; — qn,; for 0 <7 < n. It is easy to check that K, is the Metropolis chain
for , with base chain the simple random walk on X,, with holding probability 1/2 at
the boundary states. The separation cutoff of this family is proved in [12] and we will
discuss the cutoff time and the cutoff window in this example. First, one may use Lemma
A.1 and (5.3) to derive

M, -1 )
n 71,([0,3])  nlogn . al((0,0)> .
; i1 1 0w OSE;KMW e =< (8.6)

for any sequence M, € X, satisfying |M,, — §| = O(y/n). Note that

w0 (1= 1) = 50, w0.) =m0, - 5,

n 2 2
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This implies
ﬂ—n([OaZD _ 27—‘—"*1([072.])
@)1= 2)  ma()
Set M,, = [n/2]. By Lemma A.1, (8.6) and (8.7), we obtain

- 1. (8.7)

M, —1 . M, —1 .
~(n) 27,([0,1]) n+1 ([0, 7]) nlogn
EoTy = — = - —+ 1] = +O(n
= 2 @ 2 \mea)- 55 r Tom
and
2
Varo?](\};j = E ([0, )" g]) = n?

0<e<i< M, T (£)7n (1)
In a similar way, one has

~(n) _ nlogn
BTy, = 1

+0(n), Var,7y;) = n?.

As a consequence of Theorems 1.3, 1.4 and 6.1, F. has a (%nlog n,n) separation cutoff
and F., X have a (3nlogn,n) total variation cutoff.

A Auxiliary results and proofs

Lemma A.1. Consider an irreducible birth and death chain on {0, 1, ...,n} with transition
rates p;, q;,; and stationary distribution . Let 7;,7; be the hitting times in (2.1). Then,
one has

~ 7([0,1])
Eitit1 = EiTipn = ———,
Ti+1 i Ti+1 W(Z)pi
and _
1 1
Var;(7i41) = . T(0)[Eerit1 + Eer; — 1],
pim (i) ez:;)
and '
1 1
Var; (7; = NE,7; E,7.
ar;(Tit1) pin(d) ;ﬂ'( MNETir1 + Ee7

Proof. See [2] for a proof of the discrete time case. The continuous time case is a simple
corollary of the discrete time case. O

Proof of Remark 1.1. Let t,, A, i, An, 0n, pn, be the notations in Theorem 1.1. It has been
proved in [12] that

F has a separation cutoff < t,\, > o (A.1)

and
ltn — (1/e = 1)'2pn] < T a(0,€) < [tn + (1/e = 1)p,], Ve € (0,1).

These inequalities imply
Thae(0,€) = tn] < (1/e — 1)Y2p, +1, Ve (0,1).

Note that A, ; < 2 for 1 < ¢ < n. Clearly, this yields ¢, > n/2. As a consequence, if
pn = o(t,) or equivalently max{p,,1} = o(t,), then F has a (t,, max{p,, 1}) separation
cutoff.

To see the inverse direction, note that

tn
max{py, 1/A7} < 1=
n
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This implies
tn
max{pn, 1/A\n}
and, as a result, we have
thdn = 00 & max{pn, 1/ A} = o(tn). (A.2)

By (A.1) and (A.2), FL has a separation cutoff if and only if max{p,,1/\,} = o(t,).
Further, if 7 has a separation cutoff, then p,, = o(t,). O

Proof of Lemma 2.2. Let m be the stationary distribution of K. Since r is a reversible
measure for K, the spectra of K, L; are real. The interlacing property of ), /\y) is given

by Theorem 4.3.8 of [15]. Clearly, this gives the first inequality 1/A; < 1//\§i). Note that

() — in { L= Ff F)x
A =min {2008

where (g, h), = Z?:o g(j)h(5)7(4). By Proposition A.2 and Theorem 3.8 of [9], one has

£l = o} |

1 o1 1 1
100 SN STny 100 SN S w0, G a)IChE)
where
i1 , j .
: ([0, 41) 7 (l5,nl)
C(i) =max{ max » ————"—— max —_—
0<j<i i— ()KL +1) 1<]§7LZ:§H:_1 m(O)K(l, ¢ —1)
This gives the second inequality 1/A(*) < (4/ min{x([0,1]), 7([i,n])})/A1. O

Proof of Lemma 7.1. Let pg, qx, 71 be the transition rates of K. We first consider the
continuous time case. By Lemma A.1, we have, for 0 <i < j < n,

~ 1 & N 1 < ~
Var;7; > e (R) ZW(E) Z EpnTm+r = Z e () Z 7 ([0, M) Ep Tont1

. k .
~ o ([0, 4])
= (0.5 - 1)) 2= 2o Bk BT 2 507

k=i m=1t

(Ei75)?.

This proves the lower bound.

For the upper bound, let a; < --- < a; and b; < --- < b; be the eigenvalues of the
submatrices of I — K indexed respectively by 0,...,.¢ — 1 and 0, ..., 7 — 1. By the strong
Markov property, the first hitting time to state ¢ started at 0 and the first hitting time to
state j started at ¢ are independent. By Lemma 2.1, this implies

%

J i J
~ 1 1 . - - 1 1
EiTj:Za—Za, Var,-Tj :VaI‘QTj—VaroTi:ZE— E
k=1 k=1 k=1 k=1
Inductively applying Theorem 4.3.8 of [15] yields the fact that
ap > b, V1I<Ek<u.
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As a result, we have

2e~/1 1 2 I~ 1 2
<z SR RN
~b Z<bk ak>+b1 ; e by

For the discrete time case, let § = min; K (i,i) and set K(®) = (K —6I)/(1 — §). Let

0 30

A be the first hitting times to state ¢ of the discrete time and continuous time
chains associated with K. Lete¢; < - < ¢;and dy < -+ < d; be the eigenvalues of the
submatrices of I — K (%) indexed respectively by 0, ...,.i — 1 and 0, ..., j — 1. It is clear that
(1—=90)ci,..., (1 = 9d)¢; and (1 — d)dy, ..., (1 — 0)d; are the eigenvalues of the submatrices of

I — K indexed respectively by 0,...,.4 — 1 and 0, ..., 5 — 1. By Lemma 2.1, we have

J i ~(9)
1 1 EiTj
By =) (1—0)dy -2 1-0)ex  (1-20)

k=1 k

and

J i
1—(1-9)dg 1—(1=90)ck
Var;1;, = P S Al P S .
(D B 7 S Dy
The bounds for Var;7; are immediately obtained by the result in the continuous time case
and the following equalities.

Varﬁ]@ Eﬁ]@ 5Varﬁ;6) Varﬂj@

T8 15 (=6 "T1-s

O

Proof of Lemma 7.2. Let A\, ..., \; be the eigenvalues of the submatrix of I — K indexed
by {0,...,i — 1}. By Lemma 2.1, one has

% i
~ 1 - 1
]EOTi = E Yk, VaroTi = E P
k=1 k=1"k

These identities imply Vary7; < Eq7;/\, where A = min{);|1 < k < i}. As a result of the
one-sided Chebyshev inequality, we have, for a € (0, 1),
1 -1 1
1+ (1—a)?(Eg7;)2/Varer; — 14+ (1 —a)2AEe7;

Po(7; > alBeT;) > 1

Let b be a positive constant. If AEEg7; > b, then

1

Po(7; > aBof) >1— — .
o7 > aBo) 2 1 = 5y,

Brown and Shao proved in [5] that, under Py, 7; has the distribution as the sum of
exponential random variables with parameters Ay, ..., \;. In the case of AI[Ey7; < b, this
leads to

Po(7; > ao7;) > exp{—alEgT;} > e .

Summarizing both cases yields

1
~ =~ : —ab
]PO(Ti>a]EOTi)Zm1n{€ 71_1—'—(1—@)21)}

Taking b = 1//a gives the desired inequality. O
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Proof of Lemma 7.3. For simplicity, we set 7 = min{r;, 7, }. The first equality is clear
from the definition. To see the second equality, note that it follows immediately from the
Markov property that

T+ +-+7j—i1
I+m+- - +7%—i

EjT:<I‘€1+"'+:‘€ki1)( ) —(H1+---+I€j,i,1>,

where

it O 1 1 1
v = qi+19i+2 dite Fp = ( + 4+t )

PiviPiv2 - Pite ’ qi+1 qi+271 qit+e7Ye—1

The proof of the above identity is somewhat complicated and we refer the reader to
Equation (3.66) in [18] for a proof. Observe that

Ejr(L4+y+ -+ Yo—im1) =(kj—i + - + Kp—i—1)

+ Z (’Wl Key — K({Y@z) (A.3)
1< <j—i—1
joi<la<h—i—1

and

1 1
Yoy Koy — Koy Ve, = ( +--- 4+ ) Yoy Yoo
Qit+-0,+17¢, Qi+l —1

In some computations, one can see that v, = (7w(i)p;)/(7(i + €)p;+e). This implies

rli+Lit+l]) &

(i + £)piye

1 _7T([i+£1+17i+£2])
qi+eYe—1 m(i)pi

Ry =

)

0=01+1

and
w([i + €1+ 1,3 + L)) 7 (3)p;

(i + £1)Pie, 7(i + £2)pie,
Putting the above identities back to (A.3) gives

S ’“‘”r z+1 4 (6 + 1, 6:])n(i)ps
]T <7T o Z 7T ) Z Z 7T(El)pfl71—(£2)p&

Yoy Rey — Ky Ve, =

=i l=j z+1§£1§j71
j<t<k—1
. 7T([£1 + 17‘€2])
= )P N
(@) iq;l (1) pe, 7 (£2)pe,
j<tl2<k—1
. 7([41, £2])
=7m(2)pi N N
Or: 2. Fdanrtiom,
J<<k—1

where the last equality uses the fact 7(i — 1)p;—1 = 7(4)g;.

O
Proof of Theorem 8.2. First, observe that
d z+ 1)g(x 1—(8—-1)/log(z+1
4 (o4 Dew) (o, L= B D/lore D oy
dz \ (log(z + 1)) (log(z +1))
Set ig = ¢?~!. Fori > j > iy — 1, one has
A log(i +1))#—1 [ 1
R (EL Y RV
af + (log(j + 1))1=7# (i+1)g(i) J; af
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where
(j +1)(Qog(j + 1)) Fg(4)
(i +1)(log(i + 1)) =Pg(d)

Aij=1- > 0.

This implies, fori > j > 49 — 1,

(A.4)

(log(i +1))5~1[g(0) + -+ ¢()] [< 071/3 + iﬂ(l%(;%))ﬁ*l’
(i +1)g(3)

Ai7'
2 BT (loa( FI)TF -

Note that, for log(i + 1) > 2log(j + 1) and i — oo,

aG) . log(j +1)\"| _ 1
o)~ {‘a“‘)g“ 07 (1- 22 } = (o)

This implies that, when log(i + 1) > 2log(j + 1) and j — oo,
Aij=1+40 ((log(j + 1))1_B) .

By (A.4), one has, as j — oo,

(log(i + 1))~ 1[g(0) + - - - + g(4)] 1 . s
(i + 1)g(d) = op 7O ((og(G +1)"), (A.5)

uniformly for log(¢ + 1) > 2log(j + 1).

Let ¢, be a sequence such that ¢, n(log(n +1))' =% € &, and set M,, = n[1 — ¢, (log(n +
1))1‘5]. Suppose that ¢, converges to some positive constant c¢. Replacing i, 57 with
n, |v/n — 1] and then with M,,, |v/M,, — 1] in (A.5) gives

1 ~ (n - 1)g(n) im 7 = e_‘XBC
7Tn(0) aﬂ(log(n —+ 1))ﬁ*1 ’ n1—>o<> n([(), Mn]) .

Next, we compute the expectation and variance of the first hitting time with initial state
0. By Lemma A.1, one has

My,—1

Eo7) — 2 Z g(0 +g(0) Ay (9(0) +---+9(0)*

) VarOTA :
0<0<i< M, g(i)g(?)

To sum up the right side of the above identities, we need the following computations. An
application of the integration by parts gives that, for k£ € {0,1,2,...},

/ z+1 Z’“: (z+1)2
(log(z + 1)) = 2By (log(x + 1))A+e-1

(A.6)

n / r+1 d
Byt (log(z + 1))5+k

where By = 1 and B, = 23 — 1)3---(8 + ¢ — 2). This implies, for ¢, — oo and
log(M,,)/ log(¢,) — oo,

k

M z 41 B (M,, +1)2
/én (log(z + 1))5-1 du = Z2Bg(log(M +1))B+e-1

+O<<bg§f>ﬁ+k>
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Using the following computations,

(M, +1)% = n? (”O ((bgnl)ﬁ—l))

(10g(M,1L Ty (1Og1n)p (1 +0 <(logln)ﬁ>) , Vp>0,

one may rewrite (A.7) as

M, k 5

" r+1 n
¢ —]()+ Z —J,-Z C N~ N25—2 | A.8
/n ( g(.]f 1 logn A 1 ((log n) A= ) ( )

Set N = [ 31 > 0 and let 4, j, € X, be states satisfying log(i,, + 1) > 2log(j, + 1),
Jjn — oo and log M., /logi, — oco. By (A.4) and (A.6) with £ = 0, one has

90 9() / 241
—x dx < — o(l
% \ (oglw+ )71 = Qogayit — 208"

L<ip

and

and, by (A.5) and (A.8) with £k = N, we get

N 2 2

g(0) +---+g(f) n n
Z g(?) B ;) 2a3B¢(log n)f+t-1 +0 ((lognlogjn)5—1> ’

in <O<M,

Putting both summations together and applying the setting, j, = {eVIOg"}J — 1 and

in = [eVQ(IOg”)-‘ —1, yields

[ V)

N 2
Eory) = - of—2—).
OTIM" ; OzﬁBg(lOg n)ﬂ'*‘é_l * (log n)%(ﬂ*l)

For the variance, note that

d (z+1)3

i (ot ms99)

@1 () 3 381
~(log(z 1)) 2 ( P Togle + 1)1~ (logla + 1>>ﬂ>

d (z+1)* 7 (x+1)3 3(8-1)
do (aog(x T 1>>3B—3> ~ Qlog(a +1))%73 (4 log(e + 1)) |
By (A.4), this implies

(O + 4902 _ [ @+ D) (+1%0)
2 <, T D gy D

and

and then

5
S
\]
<
X

0<i<M,, (1Og( 35 3 i log fL'+ 1 )35 3

_ (M, +1)4 _ n?
 (log(M;, +1))%7=2 = (logn)39-3
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Now, we compute the expectation and variance of the first hitting with initial state n.

Note that o
lim 79( n) = e Pe,
n—oo  g(n)
This implies inf{g, ;|M, <i <n,n > 1} > 0 and, by Lemma A.1,

) - 2

n 28—2
M, <i<n g(l) (log 'fl) s
e (40 () :
~(n) g + -+ gn 4 n
Var, 7, = E _ = (n—M,)" X —<—-
n B—4
M, SZien g(i)g(f) (logn)
The desired cutoff time and cutoff window are given by Theorems 1.3, 1.4, 5.1 and
6.1. O
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