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Gaussian asymptotics for a non-linear Langevin type equation
driven by a symmetric a-stable Lévy noise
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Abstract

Consider the dynamics of a particle whose speed satisfies a one-dimensional stochastic differential
equation driven by a small symmetric a-stable Lévy process in a potential of the form a power
function of exponent 5 + 1. Two cases are studied: the noise could be path continuous, namely
a standard Brownian motion, if & = 2, or pure jump Lévy process, if o € (0,2). The main goal is
to study a scaling limit of the position process with this speed, and one proves that the limit is
Brownian in either case. This result is a generalization in some sense of the quadratic potential
case studied recently by Hintze and Pavlyukevich [9].
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1 Introduction

In this paper we consider the one-dimensional and non-linear Langevin type equation driven by a
symmetric a-stable Lévy process. Let us denote by zf the one-dimensional process describing the
position of a particle at time ¢ > 0, having the speed v;

t
xfzmo—l—/ vids, t >0, (1.1)
0

and such that ¢f is a small symmetric a-stable Lévy process in a potential U(z) := ﬁ|x|ﬁ+1,

1
dvf = edl;, — 3 U'(v)dt, v§ = vo. (1.2)
In other words v; verifies the following integral equation

t
vy =vo + el — / sgn(ve)vs|Pds, t > 0. (1.3)
0
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Here 8 > —1 and {¢, : t > 0} is an a-stable Lévy process, « € (0,2]. The 2-stable Lévy process is the
standard Brownian motion {b; : ¢ > 0} which is a path continuous process. If o € (0,2), the Lévy
process is a pure jump process with cadlag paths and the jump measure is given by

v(dz) = \z|_1_0‘ [a,]l{z<o} + a+]l{z>0}} dz.

A Lévy process / is a-stable if and only if the property of self-similarity holds (see Proposition
13.5 in [14], p. 71). In fact this means that the processes {/; : t > 0} and {¢” /*{.; : t > 0} have the
same law, for any ¢ > 0. The a-stable Lévy process is said to be symmetric if a_ = a,. In this paper,
we will consider only symmetric a-stable Lévy processes.

The case of a harmonic potential when the speed is an Ornstein-Uhlenbeck process, was already
considered by Hintze and Pavlyukevich [9]. The dynamics of the integrated Ornstein-Uhlenbeck
process appears in some financial mathematics (volatility) models (see for instance Barndorff-
Nielsen and Shephard [2]) or in models in physics of plasma (see for instance Chechkin, Gonchar
and Szydlowski [5]). In the paper by Hintze and Pavlyukevich, the authors study the asymptotic
behaviour of the integrated Ornstein-Uhlenbeck and prove that this process converges weakly, as
¢ — 0, to the underlying «-stable Lévy process. In particular, when the driving process is a Brownian
motion (o = 2), the asymptotic behaviour is Gaussian. In [9], asymptotics of the first exit time from
an interval are deduced. Several papers in physics pointed out that new interesting phenomena
appear when one considers super-harmonic potentials (see for instance Metzler, Chechkin, Klafter
[11D.

Our goal is to answer the same question in the situation of a super-harmonic potential: what is
the asymptotic behaviour of the position process z;, as ¢ — 0 ? On the one hand, the non-linear case
introduces new technical difficulties, mainly since the solution is no longer explicit. Indeed, this fact
was essential to prove weak convergence in the linear case. On the other hand, different conditions
on the two parameters « and § will generate different asymptotics for the position process. The
intuition suggests that the big jumps should be compensated by a over-damped negative drift, and
that small jumps should have some regularizing effect. In the present paper, we answer the question
by showing that for a and  in some unbounded domain, the position process z; will behave as a
Brownian motion when € goes to 0. In other words, we get Gaussian asymptotic behaviour even if a
is smaller than 2, provided that 3 is not very small, more precisely if 8 + § > 2. When « and /3 are
somehow "small" the previous heuristic fails. To get convergence toward a stable process, one needs
to change the approach and other technical difficulties appear. This case would be presented in a
forthcoming work (see [8]).

2 Main result

To state the main result of the present paper, we will perform some scaling transformations.
Without loss of generality, we can assume that the initial position is the origin zy = 0. Moreover
we will assume that the initial speed vanishes vy = 0, contrary to the linear case. By using the
self-similarity, it is clear that the process {£f := el.—a; : t > 0} is also an a-stable process. Let us
denote, fort > 0,

X =2a2f_., and 17 =0, (2.1)
satisfying, respectively,
I I
Xf = 7/ veds and VF = £F — fa/ sgn(V°)|v5|Pds. (2.2)
e* Jo €= Jo
To simplify the notations, all along the paper we will set
0=0n5:= #H >0, provided that a+ 8 —1> 0. (2.3)
Moreover we introduce
LE a e —(B—-1 (VE «@
Li=—5" = o, and V7= o5 (2.4)



By self-similarity again, L¢ is distributed as an a-stable Lévy process and we have

—af t

te
Xf = e<2*5>9/ Veds and VF =LS —/ sgn(VE)|VEPds. (2.5)
0 0

Let us note that if o = 2, all previous computations hold true with ¢, £ or L replaced respectively by
b, B or B a standard Brownian motion.

Our main result is the following:

Theorem 2.1. 1. (Brownian driving noise) Assume that « = 2, 3 > —1 and recall that § = -2

B+1-
There exists a positive constant k2 g such that the process
{078t > 0} = {P70xF 1 > 0} (2.6)

converges in distribution, in the space of continuous functions C(]0,00)) endowed with the
uniform topology, to a Brownian motion process with variance x, g, as € — 0. The constant o g
has the integral representation given in (3.9) below.

2. (symmetric stable driving noise) Assume that « € (0,2), 5 + % > 2 and recall that 0 = ﬁﬁq
There exists a positive constant r. g such that the process

{eBHe=D0pe it >0} = {ePFED0x5 ¢ >0} (2.7)

converges in distribution, in the space of continuous functions C(]0,o0)) endowed with the
uniform topology, to a Brownian motion process with variance r., g, ase — 0. The constant k.. g
has the integral representation given in (4.30) below.

Remark 2.2. 1. Hypotheses a € (0,2) and § + § > 2 imply that 3 > 1, in other words the drift is
over-damped. In particular we have 6 € (0, 1).

2. If the driving noise is the Brownian motion o = 2, the normalizing factor behaves differently
following with the position of § with respect to 1. If 8 = 1, the position process X¢ converges
in distribution to a standard Brownian motion, see also Remark 3.3 below.

3. The case when 8 + § = 2 should be considered as critical for some phase transition from
Gaussian to stable case. It should be reasonable that there is some continuity but the proof
seems more delicate since natural integrability conditions are not fulfilled (see the method of
proof described below).

4. As an application one can find asymptotics of the first exit time from an interval:
Corollary 2.1, p. 269, in [9] applies.

Let us explain the method of the proof and the organization of the paper. It is a simple observation
that

e af ta_ae
£0B+5-2) xe _ 57/ Veds,
0

hence, since L is a symmetric a-stable process, V' is zero mean and Theorem 2.1 is a second order
type ergodic theorem. Let us only note that in the asymmetric case, a drift term appears in the Lévy-
It6 decomposition of the driving noise. Consequently, the expression of the infinitesimal generator
of V will be different and finally a first order term should appear in the limit, for an asymmetric
situation. By using the stochastic calculus, we will show that the latter quantity is the sum of a
square integrable martingale, provided that 3+ § > 2 for the case o € (0,2), and a term which tends
in probability toward 0, as € — 0. The result is then obtained by using the functional central limit
theorem for martingales and the continuous-mapping theorem. In the critical case § + § = 2 and
a € (0,2), the L2-integrability fails. We point out that the critical case for the Brownian noise is the
case studied in [9].



In the next section, we consider the case when the driving noise is the Brownian motion: in this
case computations are performed by using It6’s calculus and are more explicit. For instance, the
constant ks g can be written in terms of the scale function and the speed measure. In Section 3,
we follow the same structure of the proof for a pure jump driving noise. Computations are more
technical and new ideas are employed: for instance, we need to find and use a Lyapunov function
which allows to perform the same reasoning by using the It6-Lévy calculus. We give in the appendix
two technical proofs.

3 Brownian motion driving noise

Let us note that for the case, a = 2, {b; : t > 0} is the standard one-dimensional Brownian motion.
If 3> —1, then § = 05 3 = 2> > 0 and we set Bf := eb_a,

B+1
B; 26 bt (1-p)6 vy 260
By = t;e = E(Z—ne/z’ and VS := tgz . (3.1)
Recall also that
sos) e~ Y+ "
X; = G / Vids and VS =B} —/ Sgn(Vf)|V:|ﬁds. (3.2)
0 0

B¢ is distributed as the standard Brownian motion so, to simplify the notation, we will suppress the
index ¢, as well as for V=.

3.1 The scaled speed process

3.1.1 Existence and uniqueness

Thanks to (3.13), ¢ and V are connected to each other. If 8 > 1, the drift coefficient in (3.25) is
a locally Lipschitz function hence by well known results (see, for instance, Theorem 12.1, p. 132
in [12]), we get a path-wise unique strong solution V' to equation (3.25), whereas if —1 < § < 1,
Girsanov’s theorem gives the existence of a weak solution to equation (3.25). For both situations, the
solution is defined up to an explosion time 7., but it is not difficult to prove that 7. = oo a.s. by using
Theorem 10.2.1, p. 254, in [15] and a convenient Lyapunov function. For instance, we can choose as
a Lyapunov function h(z) = 1 + 22 for all |z| > 1, h(z) = 1 for all |z| < 1/2, and h > 1. Introduce the
scale function and the speed measure associated to the diffusion V' given by (3.25)

2
B+1
Since fooo mga ([0, x])e*”ﬂ(m)dx = oo, by Theorem 52.1, p. 297 in [12], the path-wise uniqueness holds

for the equation (3.25). Finally, there exists a path-wise unique strong solution V' of the equation
(3.29).

sg(x) ::/0 e *Wdy and mg(dz) = 2e%@dz, where cz(z):= ||+ (3.3)

3.1.2 Convergence in probability

The main result of this section is the following:

Proposition 3.1. 1. Fixp > 4 and T > 0. There exists a positive constant Cz’lﬁ such that

E[(OittlET Vie20|)P| < Cp g T2 ™. (3.4)

2. Ase — 0, {%Ff : t > 0} converges to 0 in probability uniformly on each compact time interval.

Proof. Before proving the first part we provide a simpler estimate than (3.4). Precisely, we show
that if p > 2, there exists a positive constant C,, g such that, for any ¢ > 0,

B(Vil") < Cpat. (3.5)

4



Indeed, by using It0’s formula and the equation (3.25), we can write

t t -1
Vi =p [ sV an, ap [ (PSR- s
0 0

Since 3 > —1, there exists a constant C), 3 > 0 such that
p((1/2)(p = V[P = o 47) < Cppp, Vo € R.

We deduce that .
[Vi|P < Cp pt +p/ sgn(V;)| V[P~ d B, (3.6)
0

We show that fot sgn(Vs)|Vs|P~1dBs is a martingale. Fix T > 0, for all t < T, since (a + b)? < 2(a? + b?)
and |z|**=2 < 1 + |z|*?, by using the Burkholder-Davis-Gundy inequality, we can see that there exists
a positive constant C] such that

IE)[( sup |Vu\p)2} < 2012,7[3 T2—|—2p2E[( sup / sgn(VS)|VS|p*1dBS)2] < QC;B T2
0<u<t 0<u<t Jo
t t
+ 2p? C{/ E(|V|*7?)ds < 2p> C{ T + 2C} 3 T + 2p° C;/ E(|V,|*)ds
0 0
.

<22 C{T +2C; 5 T% + 2p° Oi/ E[( sup IVu\pﬂdS-

0 0<u<s

By Gronwall’s lemma, we get, forall ¢t < T,

E {( sup |Vu[P)?| < (2p° C1 T +2C s T%) exp(2p* C5 T) .
0<u<t '

Hence fot sgn(Vs)|Vs|P~1d B, is a martingale. By taking the expectation in (3.6) we get (3.5).
It is now possible to improve the inequality (3.5) and get the first part of the proposition. Indeed,
by (3.5) we can see that

2 t8729
E[( sup \vt,zenp} :E[( sup |vt5,29|%)2} < EE[( sup / |1/5|%—1st)2] +2C3 T2
0<t<T 0<t<T 2 0<t<T Jo 2

2 Te 20 2
p -2 2 2 49 _ P 2 _—46 2 2 _—46
< 50{/0 E(|V,[P )ds+20g’5T e T C1CpapT ™™ +2C; T e,

Therefore (3.4) follows by taking Cz/) 5= %C{ Cp_2p+ 202 5-
, z,

To prove the second part we note that from (3.12), the relation between 7° and V' is ¥ = 591/;5729.
By taking p > 4 in the first part, we deduce that for any 7" > 0, as ¢ — 0, supy<,<7 || converges to
0 in L?(©2). The conclusion follows. O

3.1.3 Ergodicity

Recall that the scale function and the speed measure were introduced in (3.3). Since sg(c0) = o0
and mg(RR) < oo, the diffusion V is regular (see for instance (45.2) and (46.10) pp. 272-275 in [12]).
Moreover, it is a recurrent and ergodic process with the invariant measure mg (see for instance
Theorem 53.1, p. 300 in [12]). Therefore, for all f € Ll(mg),

T
lim 1 f(Vs)ds = #/ f(z)mg(dx), almost surely. (3.7)
mg(R) Jr



3.2 The scaled position process

We recall that the infinitesimal generator of V' is given by 4 3 = %% — sgn(x)|z|? %. Introduce

T +oo
ga(x) = / </ —2zecﬁ(z)dz) e_tﬁ(y)dy, r € R, (3.8)
0 y
and note that (A g gg)(x) = z, for all z € R. Set
1 / A 2
Kop = —— | gp(x)*mg(dz) = —7/ xgs(x)mg(dx), (3.9)
T me(®) ma(R) Jo

where the latter equality is obtained by integration by parts. Now we can give the proof of the main
result.

Proof of Theorem 2.1 for the case o = 2. By applying It0’s formula, we can see that

t

t t t
g5 (Vi) = / g5(Va)dB, + / (o, g5(Va)ds = / 4(Va)dB, + / Vids,
0 0 0 0

and therefore

te—20
g(ﬁ—l)exte — —69/0 ﬂ,(/-}(‘/s)de + gegg(vts—‘ze) .

The continuous local martingale

has the quadratic variation
—26

te
(M®); = 529/0 g5(Ve)?ds.

Thanks to (3.7), forall ¢t > 0,

lim (M*®), = Ko pt, almost surely.
e—0

Here ko g is given by (3.9), and it is the constant in the statement of first part of Theorem 2.1.
By using Whitt’s theorem (see Theorem 2.1(ii), p. 270 in [17]), we deduce that M* converges in
distribution, as a process, toward Ii;/ ZB.

We will prove that the second term on the right hand side converges in probability, uniformly on
compact sets, toward 0. In order, to prove this convergence we need a technical result:

Lemma 3.2. There exist two positive constants ag, a; such that for all x € R,
98(2)| < ar |2V + ap. (3.10)

We postpone the proof of the lemma to the appendix and finish the proof of Theorem 2.1 for the case
a = 2. By using the classical inequality (a + b)?™ < 22m~1(g?™ + b>™), m > 1 being an integer, we
obtain

|€0g5(‘/1‘/5729)‘2m < 22m—1a%m52m9|vt6729 |2m((2—5)\/1) + 22m—1a%m62me )

By choosing the integer m > 1 such that p := 2m((2 — §) V 1) > 4, the first part of Proposition 3.1
can be used, and we get, forall T > 0,

: 2mo 2m _
E11_r>r(1)IE) OE?ETE 5" (Vic—20 )} =0.
We can finish the proof of the theorem by employing the joint convergence theorem and the simple
continuous-mapping theorem on the space of continuous functions C([0,c0)) endowed with the
uniform topology (see Theorem 11.4.5 p. 379 and Theorem 3.4.1, p. 85 in [16]). O

Remark 3.3. Let us note that if 5 = 1 (Ornstein-Uhlenbeck case), 51 (z) = —z, k2,1 = 1 and the result
of Theorem 2.1 coincides with the result of Proposition 2.1, p. 268, in [9].



4 Symmetric stable driving noise
We recall that L° is distributed as a a-stable Lévy process (see (2.41)) so, to simplify the notation,

we will suppress the index ¢, as well as for V¢ (see (2.53)).

4.1 The scaled speed process

4.1.1 Existence and uniqueness

Once again, the processes 7 and V satisfy relation (2.4). If 8 > 1, the drift coefficient in (2.55) is
a locally Lipschitz function and it is well known (see, for instance, Theorem 6.2.11, p. 376 in [1])
that there exists a locally path-wise unique strong solution V for equation (2.52) defined up to an
explosion random time 7. Moreover, it can be proved that 7 = co almost surely, hence V is a global
solution. For the sake of completeness, we give the proof of the latter statement (see also [13], p.
73) by following some ideas in [6], pp. 156-157.

Lemma 4.1. For any a € (0,2), any § € (0,«) and any T > 0, IE[ sup |Vt|5} < oo.
te[0,T]

Proof. By the Lévy-It6 decomposition, there exists a Poisson process N and its compensated N such

that . .
L = / / zN(ds, dz) +/ / zN(ds, dz).
0 J|z|<1 0 Jiz|>1

Therefore the equation satisfied by V, starting from any = € R, is

¢ ¢ ¢
Vi=x +/ / 2N (ds,dz) +/ / zN(ds,dz) 7/ sgn(V,)|Vs|Pds. (4.1)
0 JizI<1 0 Jiz[>1 0

Firstly, we skip the big jumps term and show that the resulting process Y has moments of any order.
Secondly, we use an interlacing procedure to handle the process V. In fact, we consider the equation

¢ ¢
Y=z +/ / 2N (ds,dz) — / sgn(Y,)|Ys | ds, (4.2)
0 Jiz<1 0

and apply the It6-Lévy formula. We obtain
- t t
Y2 =2+ M + / / (Vs +2)* = Y2 — 22V, ]v(dz)ds — 2/ |V, [P Ttds
0 J|z|<1 0

:x2+Mt+t/

t
zQV(dz)f2/ Y, [P*1ds, (4.3)
|z]<1 0

where the local martingale term is given by

W= [ [0 2 v,

In this proof, the constants depending only on « and 8 will be denoted ¢, or k, g and could change
from line to line. Let us denote the third term in (4.3) as c,t and it is clear that lim|,|_, o (ca —2|y|* ™) =
—oo. We deduce that there exists a positive constant k, g such that, for all ¢ > 0,

Y2 < 2% 4 ko gt + M;. (4.4)

By the Kunita-Watanabe inequality (see for instance [1], p. 265) and by our convention on constants,

t
E [ sup yf} <2+ kopt+ ca/ / E [(}Q +2)? — }/;?]2 v(dz)ds
0 J|z|<1

0<s<t

¢ ¢
< a® + kapt + ca/ E[Y2]ds < 2 + ko gt + ca/ E [ sup Yuﬂ ds. (4.5)
0 0

0<u<s



Applying Gronwall’s inequality, we get

E [ sup Yf} < (22 + ko pt)et. (4.6)
0<u<t

Hence M is a square integrable martingale and, taking expectation in (4.4), we obtain
E[Y?] < 2% + ko pt. (4.7)

Re-injecting this in (4.5), we get that, for any 7" > 0, there exists a positive constant C,_ g, depending
also on T, such that

E| sup V2| < Capr(1+2%), (4.8)

te[0,T)

We proceed with the study of (4.1). Denote by 0 =Ty < T1 < T» < ... the jumping times of N re-
stricted to {|z| > 1}. The jumps (Z,) are i.i.d. random variables with the distribution A~ '1,|~13v(dz),
where A := [, v(dz). Therefore IN Jiz1 2N (ds, d2) = 37, oy Zn 1z, <1y and (4.1) coincides with
(4.2) on each time interval (7,,,7,,+1). Since V is a solution of (4.2) on [0,7}), by using (4.8),

E [ sup V2
te[0,TLAT)

g} < Copr(l+ xz), almost surely, with G :=o(T1,Ts,...).

By using Jensen’s inequality and the classical inequality (|a| + [b])° < c5(|al® + |b]°), we get

IE[ sup |Vt|6’g} < Copor(l+]|z|°) almost surely.
te[0, Ty AT)

Furthermore, Vy, = Vp,_ + Zy, hence |V, |° < ¢s(|Vr—|° + |Z1]°). Since § < a, E(|Z1]°) < oo.
Consequently we obtain

E[ sup \Vt|5‘g} < Copsr(l+]z|°) almost surely.
tE[O,Tl/\T]

By using the strong Markov property and the latter inequality on (7,,,7,+1), but starting from Vr_,
we can show that, for any n > 0,

w=E| s |Vi|g] < Cps(1+ EIVE, |G)).
tE[Tﬂ,/\T,T7l+1/\T]

Then the sequence (u,),>o satisfies ug < C’T7 s and uppq < C’T7 s(1 + u,), implying that there exists
Crsq > 1 such that u, < Cf’p”(;lw We deduce that

n+1
E[ sup |Vt|6’g} <ugF ot U, < Tz almost surely.
t€[0,T, AT Crsew —
Finally,
1 AT
E[ sup \V{gﬂ < ZE[]ITH<T<TH+1IE( sup vf|g)} < o Céﬁgi( ') e M < .
te[0,T] 730 te[0,T, AT Tz~ 150 n!
O

4.1.2 Ergodicity

The ergodic feature of the process V' is a consequence of Proposition 0.1, p. 604 in [10]. In-
deed, provided that 3 > 1, the drift coefficient b(z) = —sgn(z)|x|® and the jump measure v(dz) =
|z\‘1‘a1]R\{0}dz clearly satisfy the conditions in the cited result. Hence V is an exponential ergodic



and Harris recurrent process having an unique invariant distribution, denoted by m, g. The measure
mq, g satisfies

20 u([u, +00)) C
o, 6 ([, +00)) m’:oo /Ifl —b(z) du = |z|o+6-1" (4.9)
as it follows from Theorem 4.1, p. 92 in [13]. Let us note that in [13], p. 76, it is conjectured that the
tail behaviour of m, g remains true in the asymmetric case, but the proof seems more technical.

Clearly, under the hypothesis of Theorem 2.1,  + § — 2 > 0, the identity function id belongs to
L!(mq, ). By the classical ergodic theorem, for all f € L!(mq ),

T
Jim %/0 f(Vs)ds:/Rf(ac)ma’g(dx), as. (4.10)

Recall that we are interested on the behaviour as ¢ — 0 of
» te—ae
fPte—Dae | =% Vids, (4.11)
0

where 6 is given by (2.3). In other words, we are studying a large time behaviour of a functional of V,
hence it is quite natural to perform the study in steady state. This fact is contained in the following
lemma (see also [3], Theorem 2.6, p. 194):

—af
Lemma 4.2. Suppose that 8 + $ —2 > 0. Assume that the process {5“9/"‘ Vids : t > 0}
converges, as € — 0, in distribution to a Brownian motion, provided thatV is starting with m, g as
an initial distribution. Then the same process converges in distribution to a Brownian motion when
Vo = 0.

Proof. In this proof we will denote the process in (4.11) by Z. ¢(t), and for A > 0,

7a0+A
Zoa(t) = r/ Vids.
A

Firstly, let us prove that Z. A(-) converges in distribution, as A — oo and ¢ — 0, to a Brownian
motion, when Vj = 0. Denoting by pua the distribution of Va, for each bounded continuous real
function ¢ on C([0, +c0)), by the Markov property, we have

E[¢(Z:,a(:)[Vo = 0] = E[¢(Z:,0(-))|[Vo ~ pal.

We can write, for all € > 0,

[E[(Ze0()Va ~ ] = B0(ZeoO)Vo ~ ]| = | [ BEAZe0()1V = 1] (ea () = mo ()]

where p(t, z,dy) = P, (V; € dy) is the transition kernel of V' (and therefore p(A, 0,dy) = pa(dy)), and
|| - [Ty is the norm in total variation. Since V is exponentially ergodic, we get that

Jim |E[(Ze0(-) Vo ~ pa] = E[(Zeo()|Vo ~ mas]| =0, uniformly in e.
Secondly, by choosing A = A(e) = e~*’/* we obtain

, [t A . [AE . 1 Ale)
sup 4 | Z, t)—e% Vsds‘} Ss%/ Vi|ds =% / Vs|ds.
up {|Z. a0 () - <% | il el

The right hand side term of the latter inequality tends to 0 almost surely, by using the ergodicity

—af
(4.10). Therefore %2 f0°€ +AE) Vsds converges in distribution, as ¢ — 0, to a Brownian motion
when V) = 0. Clearly, lim._(t—A(¢)e*?) = t, and applying a consequence of the continuous mapping
theorem for the composition function stated in Lemma p. 151 in [4], we can conclude. O



In the sequel, we will always assume that the initial distribution of V' is m, g. Let us recall that the
infinitesimal generator of V is given by

(A4 59)(x) = —sgn(z)[z|g' (z) + /R [g(-fr +y) —g(z) - yg’(x)11|y|31} v(dy), (4.12)

with the domain D, ,. Also, denote by (7;):>0 the semi-group associated to the operator 4, s or to
the process V. We collect in the following lemma some useful properties of the process V.

Lemma 4.3.
1. The domain D, , contains the space of bounded twice differentiable functions C}(R).
2. For allp > 1, T; is a contraction semi-group on LP(m, 3) and for each f € L”(m, g),

i % o, ) = 0. (4.13)

Proof. To prove the first point, we fix f € CZ(R) and we show that (4, s f)(z) < co. Let us note that,
—sgn(z)|z|? f'(z) is well defined for all x € R. Since f € CZ(R), forany y € [-1,1],

fa+y) = f@) —yf @] <y swp ()] < o,
z€[x—1,z+1]

and we find

/m [flat+y) = f@) —yf @]viay) < | s |G| /y|<1y21/(dy)<oo.

z€[x—1,x+1]

Since f is bounded, we can see that

/y|>1 {f(:c—ky)—f(x)}l/(dy)§2|\f||oo/ V(dy) < oo,

ly|>1

hence f € Dy, ,.
We proceed with the proof of the second point. Fix f € L?(m, g) and we show first that

1T fllLr () < N FllLe(me g)-

Since

1%,y = /R 12 ()P () = /R [ (F(V2)) [P0 (),

by Jensen'’s inequality (p > 1), we get
1T fl} < /R]Ew(\f(‘/%)lp)ma,za(dx) =B s (IFVOP) = 1£1E0 o)

Finally, we prove (4.13). Since C?(R) is dense in L?(m, g), there exists f, € C#(R) such that
Ilf = fullLe(m. 5) < 7/3. Since T; is a contraction semi-group and m,, s is a probability measure, we get

1T = Fller (nop) < 20 = Fallie(na, ) + TSy = Falloo < C/3+ ([T fy — folloo-

Clearly 7; is a Feller semi-group (see for instance, [1], p. 151). Hence || T, f, — fyllco < 7/3, for ¢ small
enough, and we deduce (4.13). The proof is complete. O
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4.1.3 Convergence in probability

One describes the behaviour of the speed process by using a Lyapunov function. The statement of
this important result is given below.

Proposition 4.4. Suppose that 8 + § > 2 and let p and vy such that

p>1, m>2,2—5<7<% (4.14)

Introduce the Lyapunov function
hp () = (1 + ‘ﬂm)l/p- (4.15)

Then, as ¢ — 0, {e*"/?h,, . (¢79V?) : t > 0} converges to 0 in probability, uniformly on each compact
time interval. More precisely, there exists ¢ > 2 such that, for any fixed T' > 0,

i [( s <o (0] = B[ s H oo i) T =0 a0

In order to prove this result, we need the following lemma whose proof is postponed to the
appendix. The first part of the lemma collects some regularity properties and the asymptotic
behaviour of the Lyapunov function, while the second part contains the Foster-Lyapunov conditions
which allows to solve Poisson’s equations.

Lemma 4.5.

1. Ifpy > 2, hy, - is a twice differentiable function and there exists a positive constant k such that
for all (z,y) € R?,

- if|z| < 1 then
|hp (@ +y) = hp ()] < k(YT <ty + Y Ty >13);
- if|z| > 1 then
Ihp(z+ 1) = hpy (@) < E(ylle]” " gy <ie)y + W D@ <iy)s
where i(z) := (2|z|PY + 1)/ — |z|.

2. Assume that py > 2 and 2 — § < v < a. There exist a continuous function f, » 3., a compact
set K and a constant d, depending only on p, «, 3, v, such that

Ve € R, fpapq(®) 21+ 2], fpapq(T) |x\:oo 7|x|7+571, (4.17)
and
(Aap hpA)(T) < _fnoc”@,w(x) +dlg. (4.18)

Proof of Proposition 4.4. By (2.45), we can write

nghm(g—g) = hpy (Vs et (4.19)
and the first equality in (4.16) is clear. Since 2 — 8 < 7 and 8 > 1, we can fix ¢ such that
% VE2-8)<vy<2y<gy<aand2<g¢g< % + 2. By noting that h, ()7 = hg,q,y(x), we can write

el s, (5)) ] = B[ ().

te[0,T] t€[0,T]
Employing It6’s formula with h%q,y, we get
t
he gy (Vi) = he o (Vo) = +/ (Aas 12 07) (V2 )ds, (4.20)
0
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where
R, .7/ / 2 (Vaty) - h%m(m))mdy,ds).

By Lemma 4.5 applied to the function h%m, we see that there exists ¢ > 0 such that, for all ¢ € [0, 7],

Moreover, let us note that hz 4, is continuous and that he gy (x) ~ |x]?7, as || — oo. Hence, by the

choice of ¢, we have hp

2 gy € Ll(ma7ﬂ). Taking the expectatlon in (4.20), we obtain

6‘5’&7911*][( sup he q,Y<VtE w))} < 1% ||hp v It (a9 e DY (T 4 1% E( sup Rta_aa)
t€[0,T te[0,T]

Since ¢ > 2, the first and the second term converge to 0. For the last term, we use the Kunita-
Watanabe inequality (see for instance [1], p. 265). Since Vy ~ m, g, then for all t, V; ~ m, g and there
exists a positive constant C' such that

1/2 a
]E( sup Rts—ae) SE( sup ng_ae) <CVTe % //]R2 (h%qv( y) — hp7q7( ))ZV(dy)ma,g(dx).

te[0,T] t€[0,T

It is sufficient to show that

//]R2 2, (@ +y) —he qv(x))2y(dy)ma,5(dx) < 0. (4.21)

This fact is obtained by using Lemma 4.5. If |z| > 1,

2 _
(P gy (2 +4) = hz gy ()" < B2 (PP |2* Ly <icony + WP Liiay <)

hence )
/R (B2 (2 +9) = bz 43 (2)) w(dy) = O(2*7=2), as |a] = +2x,

and, since ¢ < % +2, we get (4.21). If |z] < 1,
2
(h2 gy (z + 1) = h2 g (@) < K2 (YL <y + [Py 510)

and [p. (h%qv(x+y) he g (@ ))2u(dy) is finite independently of z. Since m, s is a probability measure,
(4.21) is verified again. The proof is complete except for Lemma 4.5. O

4.2 The position process

We are ready to give the proof of our main result concerning the behaviour of the position process.
Recall that, thanks to Lemma 4.2, we assume that the initial distribution of V' is the measure m, g.

Proof of Theorem 2.1 for the case a € (0,2). Thanks to (4.17), Theorem 3.2, p. 924 in [7] applies and
we deduce that the Poisson equation 4, gg = id admits a solution g, s satisfying |g. g| < c(hp~ + 1),
with c a positive constant. Applying the It6-Levy formula with g4, g, we get

t
Fo.8(Vt) = fo.5(Vo) =/ Vids + M;, (4.22)
0

where

Mt = /O /]Rwa”g(z + ‘/s) _ﬂa,ﬁ(‘/s)]N(dS’ dZ) (423)
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Step 1) We prove that M, given by the latter formula, is a square integrable martingale. On one
hand we have

Elgo 5 (V1)?] = Elgo 5 (Vo)?] = /R o () i () < .

Indeed, recall that i _ is continuous and it behaves as |z|*7, as |z| — oo. Recalling that y was chosen
such that 7 V (4 — 28) < 2y < a, by using (4.9), we see that

/ hipy () ma g (dz) < o0. (4.24)
R

We point out that the assumption 3 + § > 2 is essential for the latter condition of integrability.
On the other hand, we can write

t 2 t t t s t s
E (/ v;ds) - IE/ / V,V,duds = 2]E/ ds/ duV,V, < QE/ ds/ du [V || Vs].
0 0 0 0 0 0 0

Using the Markov property and that V,, and V| follow the invariant law, we obtain, for u < s,
E(|Vi]|Vu|) = E(|Vs—u||Vo|). Therefore

IE[(/OVdS>2] 52/0tds/osduE(|v;_u||Vo|) =2/Otds/05du1E(lvul|%>

t s
:2/ dsE<|V0\/ 'Z‘u|id|(V0)du>.
0 0

Applying again Theorem 3.2, p. 924 in [7], we deduce that the Poisson equation 4, g g = |id| admits
a solution g, g, This solution satisfies |g, | < ¢/(h,, + 1), with ¢’ a positive constant. Moreover

/ 72 id| (Vo) du = Tegn (V) — o5 (Vo).
0

Replacing in the latter inequality

o] ([ v <2 ]

At this level, we need to apply the Holder inequality to conclude that

t

t
E |Vl Zdos (Vo) — 5 (V)]) ds = 2 / ds /R | T 5 () — o ()] i ().

t 2
]E[/ Vsds} < 0. (4.25)
0

Firstly, if 3 < 2 then we choose 7 close enough to 2 — 3 such that j, s € L® ?/~"(m, 5). Since
% > 1, using the second part of Lemma 4.3, we get

||'1§(£~705 *3(175||L(3—ﬁ>/<275)(ma15) < 2”3«175||L(3—ﬁ)/<zfﬂ)(maﬁ)-
By the Hélder inequality and the fact that [id| € L37#(m, 5), we get (4.25). Secondly, if 3 > 2, we

choose v < 1 close enough to 0 such that |id| € LY ~"(m, 3). Since ja 53 € L7 (m, ), using again
Lemma 4.3, we get

| %508 *3a,[3||1,1/w(maﬁ) < 2||é~7a,[3||L1/w(maﬁ)'

Since [id| € L~ (m, 3), we can apply the Hélder inequality and get (4.25) again.
We conclude that M given by (4.23) is a square integrable martingale. Moreover, we can compute
its quadratic variation

(M), = / /R o (0 + V) = o (Va) 2w (dy)ds. (4.26)

Hence
BUM) = [[ oo +3) = o @) Pr(dn) o 5(de) < . 4.27)
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Step 2) Performing a simple time change in (4.22), we see that the process in (2.7) can be written

afb

B2y _ {gaﬁ(vm_w) _gm(vo)} — &% My o (4.28)

In this step, we show that the martingale term on the right hand side of the latter equality converges
to a Brownian motion by using Whitt’s theorem (see Theorem 2.1 (ii) in [17], pp. 270-271). We need
to verify the hypotheses of this result. Indeed, since the function

e / o5&+ ) — g (@) P0(dy) € L (o 5),
R

by using (4.26) and the ergodic theorem (4.10), we deduce that

—a

/R o 55+ Va) — g5 (Va) 20(dy)ds

- //R a6 (2 + ) = go,5(2)]*v(dy) ma 5 (da).

te
., a0 . a6
lim(e 2 M, .—a0); = lime 2
e—0 e—0 0

The condition (6) in [17], p. 271 is fulfilled. Again by (4.26), we see that (M) has no jump, hence the
condition (4) in [17], p. 270 is trivial. Let us note also that, by (4.22), the jumps of the martingale M,
are J(M,;) := ga,s(Vi) — go,3(Vi—). Therefore we deduce that the jumps of the martingale term on the
right hand side of (4.28) are

ab

(% Mo ) i= ¥ [gap (Vo) = s (Vemeor ) | < &% [y (Vamso) | + [Py (Vemeos )| + 2]

< 206%[ sup ‘hp,y (5*9‘@5) + 1},
t€[0,T)

by using the fact that |g,g| < ¢(hp 4 + 1) and (4.19). By Proposition 4.4,

N 2
limE[ sup J(sTthgfas) ] =0.
€20 Liglo, 1]

Therefore we can apply Whitt’s theorem to deduce that {e“**/2M; ..o : t > 0} converges in distribu-

Y/ :"BB, where B is the standard Brownian motion and

[

tion (as a process) to k

o = [ lgmsla ) = g s Pr(dy)ma (o) > 0. 4.29)
R2
Let us explain why the constant x, g is positive. Indeed it suffices to note that v is absolutely
continuous with respect to the Lebesgue measure, that m, g has a non-empty support, and that 4, g
could not be a constant function, since 4, gg.,5 = id.

Step 3) By using that |g, g| < c¢(hp, + 1), we get

2 2
+ | (Vo)| +2).

2
g5 (Vie-e0) = (Vo) | <462 ([ (Viemao)

Hence, by using Proposition 4.4,

2
limE{eae sup gaﬁ(VtEfas) fga_ﬂ(VO)’ } =0.

€0 te0,T]

Therefore, {¢“"/*[ga,5(Vic-a0) — ga,5(Vo)] : t > 0} converges in probability to 0, uniformly on com-
pact sets.

Step 4) Our processes are valued in the Skorokhod space of cadlag functions D([0, o)) endowed
with J; Skorokhod topology (see [16], §3.3). It is not difficult to see that a sequence which converges
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in probability to 0, uniformly on compact sets, is also convergent in probability for J; metric, hence
in distribution in J; topology. Recall that in the Skorokhod space, the summation is not a continuous
map (see for instance [16], p. 84). In our case, the limits of the terms on the right hand side of
equality (4.28) are, respectively, 0 and a Brownian motion, and have continuous paths. By using the
joint convergence theorem (Theorem 11.4.5, p. 379 in [16]) and the continuous-mapping theorem
(Theorem 3.4.3, p. 86 in [16]), we obtain the conclusion of Theorem 2.1. More precisely, the
convergence in the theorem holds in the space of continuous functions C([0, c0)) endowed with the
uniform topology. Let us note that our situation is simpler than in [9] since the limit is a continuous
paths process. O

Proposition 4.6. Assume that o € (0,2) and 3 + § > 2. The constant k. g of the second part of
Theorem 2.1, given in (4.29), satisfies

Ka,g = —2 /}R The,5(T) M, 5(dz) > 0. (4.30)

Proof. Since, by (4.27) and (4.29), ks = tE[M?], for all ¢ > 0, by taking ¢ = ¢* and using It6’s
formula, we get

Ko = &7 (g (Vi) = 0oV = | )] = (g (V) — o))

+E[(/:M Vsds)z} - QE[(ﬂa,ﬂ(Veae) —ﬂa,,e(Vo)> /Osag Vsds}}. (4.31)

The first term on the right hand side of (4.31) can be written :
2
E[(ﬂa,ﬁ(‘/}ae)—ga,ﬁ(‘/o)) } = 2/ﬂa,ﬁ(x)2ma,5(d$)_2E[ﬂa,B(Vb)ﬂa,ﬁ(vsae)} = 2/ya,ﬁ($)2ma,ﬁ(dx)

= 2 [ VOB (o (Ve 5) | =2 [ o0 5(d2) = 2B o (Vo) (T o) Vo)

=2 [ go (010 (k) 2B s V) (3 5(Ve) + [ Eﬂe(?;id)(vo)ds)}
_ —QE[gaﬁ(Vb) /0 Eue(Tsid)(Vo)ds} - / 5 () o 5(dz) /0 Eae(‘rsid)(x)ds

_ _ane/xgaﬁ(x)maﬁ(dx) —2/@,5(@ o5 () /0 ((Z:id) — id) (2)ds.

By using the Holder inequality, we prove that,

2
E [(gaﬁ(vsae) —gavﬁ(vo)) } ~ —2€a0/xga7ﬁ(x)ma,g(dx), as € — 0. (4.32)
We need to distinguish two cases following the position of 3 with respect to 2. Indeed, if2—5 < § < 2,
(3-8)/(2— . . .
a8 cL /(2 B)(ma,ﬂ) and i% ||({Z;‘1d) — ldHLS—/S(ma’ﬁ) =0.

If5>2, i
Jap € L7 (ma,p) and ;g% [(Z:id) — idHLl/(lw)(maﬁ) =0.

By using (4.25) and Fubini’s theorem, the second term on the right hand side of (4.31) can be written

E[(/O Vds / ds/ (vava) du_/ ds/ Ve Vo )du
/ / Vo (Zo— uld)(Vo)>duf/ X du]E(VO/ ( s—uid)(Vo)ds)

= /08 dulf [V()(( cab _yfa, ﬁ)(VO) Jou( VEJ / du/ Toob _yfa, 5) Ha,ﬂ) () o, (d).
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Once again by the Holder inequality, we prove that

E

(/ Vsds> 21 = 0(*?), ase — 0. (4.33)
0

Indeed, if 2 — ¢ < 8 < 2 then id € L*7#(m,_g), and we note that

lim  sup [[(Zas_uga,p) 75(1713”[13_3/2*13(,,1%5) =0.

e—0 OSUSEQQ

Similarly, if 8 > 2 then id € L/*~7(im, 5), and we see that

i S Toa — =0.
£30 ogzugzae 1Tee0 —uf8) = G ‘L%(ma,ﬁ) 0

Finally, the third term in (4.31) is analysed by using the Cauchy-Schwarz inequality and the behaviour
of the other terms. We get that

af

- QE[(ga,ﬁ(vgag) —ga”g(VO)> /O Vsds} = 0(c2%), as ¢ — 0. (4.34)

Putting together (4.31)-(4.33), we obtain that

Ka,3 = —2/Iga,[3($)ma7ﬁ(dl’) +o0(1), as e = 0.
and the result is proved. O
4.3 Appendix

Proof of Lemma 3.2. We note that g5 is an odd function. Let us introduce ps(z) = — [ 2ye®)dy.
By the continuity of g on [0, 1], it is sufficient to prove (3.2) for > 1. Assume that § € [1,00). Then,
since x > 1,

+oo —+oo
2 e+l 2 A1 2 B+l
cpﬁ(x):/ 2178 (7226(3 FHT® )dzZ/ —22Pe7F? dy = —e BT
x

x

hence .
/ er Y pa(y)dy > 1 — a0
1

(3.2) is true in this case. If 3 € [0,1), by integration by parts,

+0o0 — +oo
pp(x) = / zlfﬁ( — 2zﬁefﬁzﬁ+l)dz = —xlfﬁefﬁwﬂl + 1-5 p / zfzﬁ( - 2zﬁefﬁzﬁ+l)dz
T T

2 B+1 1—5

T2 st v 5 1-p _
/ eFHY soﬂ(y)dyZ/ (yl f -y 25) dy,
1 1

B+1

2
2P "

Hence,

and (3.2) follows. More generally, assume that § € [—niﬁ, ;;Jr’{) for an integer n > 0. Set dy = 1 and
k=1

dp :=27% T] (1 — B) — j(1 + B)), for k > 1 integer. By the choice of n, we can see that d,, > 0. If we
j=0

iterate n times the integration by parts, we get:
+oo 1

pp(x) = — Z:dkcc(lfﬁ)fk(“rﬁ)e_ﬁxﬁ+1 + dn/ z(lfﬁ)f(’”l)(mrl)(—2256_ﬁ’z‘er )dz.
k=0

x
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Since (1 —3) — (n+1)(8 + 1) < 0, we can write

o) 2 — (a0 g s ) g
k=0

By integrating, we have

/x eﬁyﬂ y)dy > / (Z dyy(=P)—k(+8) 4 dny(lﬁ)(nﬂ)(ﬁﬂ)) dy,
1

and we easily deduce (3.2). The proof of (3.2) is complete for all 8 € (—1, o). O

Proof of Lemma 4.5. Recall that h, (z) = (1 + |2[?7)"/» and assume firstly that |z| < 1. Since h,, , is

|hpy (x4 y) = by (2)] < |y| sup ]I By ()L (y1<y + Ky Ly 513

z€[—2,2

The desired inequality is then clear. Secondly, assume that |z| > 1. It is a simple computation to see
that for all z > 0 and » > 0, there exists ¢, > 0, such that

1+2)"-1<e¢, (Z]l{zgl} + Zr]l{z>1}).
We deduce that, for all (u,v) € [0,00) X [0, 00), there exist k, > 0 such that
(o) = = (14 2) = 1] b (00 Ly + 0" ucy)- (4.35)
u <

Since z # 0,

|hp (T +y) = hpqy(2)] = |2]”

1 y [PV /P 1 /p
(|ac|m+‘1+5‘ ) _(|x|P'Y+1)

1 1/ 1 1/
<l | (g + (0 1507) "= (G +1) 7]
|;L'|P'Y T |x|P7

pY
Applying (4.35) with u = e + 1,0 = (1 n ‘g‘) ~landr = L, we obtain

1/p
lipcy (@4 9) = oy (@)] < g ] [((1 127 =1) s

+(a+ 127 1) (ﬁ + 1)1511“”@@)}} :

Since i(x) , we can use again (4.35) to estimate the first term in the bracket on the right hand
of the latter inequality. We let u =1, v = || and r = py and we get

1 =
s +9) = (@] < byl Ly + e lol” (14107 1) (1 +1) 7 Tawiicon:

Since |x| > 1, i(*)/|z| is bounded, and since p > 1, (}/|z[>* 4+ 1)""""/» < 1. Using that py > 2 and the
fact that lvl/|z| is bounded, we obtain the existence of a ¥’ > 0 such that

((1+ ||y) ) k/‘y|

x|

Taking k = max(ki,kp, k1/,k"), we get the second inequality of the first part of Lemma 4.5.
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We proceed with the second part and we note that, since py > 2, h;, , is twice differentiable with
hy (@) = 7 2772 [(y = Dl +py = 1] (1 + o) 7772,
Moreover, since v < a < 2, hy , € L>°. We split (4, s hy ) () into three terms

|x|m+571

ﬂavﬁhpv’)’(z) = _rY(

W + /|y<1 [hp,’v(l" +y) — hp(x) — yh;,'y(x)} v(dy)

+ /|y>1 [hp,v(x +y) — hpﬁ(a:)] v(dy).

The first term on the right hand side is equivalent to —v|z|**#~! at infinity, while for the second
term, since |y| < 1, we have

’hpm(x +y) = hpy(z) — Z/h;m(l')‘ <y’ ﬂipl |hy (@ + 2)] < y2||hgﬂ||oc.
E1IS

Hence

< callhpqlloos

[ ot ) = @) =t )t

where ¢, := f‘y‘ <1 y?v(dy). We use the first part of the lemma to estimate the third term on the right
hand side of the expression of 4, gh, ,(x). There are two situations: if |z| > 1, we get

’hm(x +y) — hp,’y(x)‘ < k(Jyll=)" Ly 1<icony + Y i) <iyn)-

Hence

‘ /|y|>1 [hpﬁ(iﬁ +y) — hzw(x)} V(dy)‘ < k’\gyp—l /{ ly|v(dy) + k;/ ly|"v(dy)

i(z)2|y[>1} {max(1,i(z))<|y[}

< ko / lylv(dy) + ke, .
{i(z)>]y|>1}

where ¢, | = f{‘y|>1} ly|"v(dy). Since i(z) = O(|z|), as |z| = oo,

klz ! / lyv(dy) = O(|l=["~") + O(J=["=*),  as |a] = oc.
{i(@)=ly[>1}

If |z| < 1, since |y| > 1,
|hp~(z +y) = hp ()] < K[y,

SO

’/y>1 {hp,’y(l”ry) — hp,y(:c)]u(dy)’ g/ ly["v(dy) < +oo.

ly[>1
Denote by u the continuous function —4, gh, . Putting together the previous estimates we obtain
that, since 5 > 1 and % <v<a

u(xz) ~ |x\7+ﬁ_1, as |z| — oo,

and since v > 2 — f3,
1+ |z| =o(u(x)), as |z| — oc.

Set K = [k, k™], with

ETi=inflz >0:y>2=uly) >y+1}, k =sup{z<0:y<z=u(y)>-y+1},

and
d:=— . ig[ﬂ}(U(w) —1—|z[), fpapr(®)=u@)lge+ (1+[2])lk.
Then relations (4.17) and (4.18) hold true and the proof is complete. O
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