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Abstract

We establish Tracy-Widom asymptotics for the partition function of a random polymer
model with gamma-distributed weights recently introduced by Seppaldinen. We show
that the partition function of this random polymer can be represented within the
framework of the geometric RSK correspondence and consequently its law can be
expressed in terms of Whittaker functions. This leads to a representation of the law of
the partition function which is amenable to asymptotic analysis. In this model, the
partition function plays a role analogous to the smallest eigenvalue in the Laguerre
unitary ensemble of random matrix theory.
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1 Introduction

Denote by ®,, ,, the set of ‘paths’ of the form ¢ = {(1,71), (2,72),- ., (M, jm)}, where
1<j1 <--- < jm < n, as shown in Figure 1. Let g;; be independent gamma-distributed
random variables with common parameter 7, i.e.

1

P{g;; € da} = ) 27t e ™" da

and set

Zm,n = Z H Gij-

PEPm,n (i,j)€P

This is the partition function of a random polymer recently introduced by Seppalai-
nen [16] where it was observed that this model exhibits the so-called Burke property.
The analogous property for other polymer models, specifically the semi-discrete Brow-
nian polymer introduced in [14] and the log-gamma polymer introduced in [17], has
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1 INTRODUCTION

(m,n)

Figure 1: Apathin ®,, ».

been used to study asymptotics of the free energy [10, 14,17,18]. More recently, the
semi-discrete and log-gamma polymer models have been shown to have an underlying
integrable structure, via a remarkable connection between a combinatorial structure
known as the geometric RSK correspondence and G L(n, R)-Whittaker functions [6,12,13].
This integrable structure has allowed very precise (Tracy-Widom) asymptotics to be
obtained [3-5]. For these models, the partition functions play a role analogous to the
largest eigenvalue in the Gaussian and Laguerre unitary ensembles of random matrix
theory.

In the present paper, we show that the partition function of the above random polymer
can also be represented within the framework of the geometric RSK correspondence
and consequently its law can be expressed in terms of Whittaker functions. For this
model, the partition function plays a role analogous to the smallest eigenvalue in the
Laguerre unitary ensemble. This leads to a representation of the law of the partition
function from which we establish Tracy-Widom asymptotics for this model. A precise
statement is given as follows.

Theorem 1.1. Suppose m/n — a > 0asn — co. Setc =1+ q,
p=inf o' (z+7) —¢'(2)],  H(z) =InD(=) - cnD(= +7) + pz,

where v is the digamma function. The infimum in the definition of i is achieved at some
z* > 0and g:= —H"'(z*) > 0. For ~y sufficiently small,

{ InZy 0 — np

lim P 1/3 < 7’} = Fgur ((?/2)*1/‘3 7’)

n—0o0

where Fgyg is the Tracy-Widom distribution function.

The connection to random matrices can be further illustrated by considering the
zero-temperature limit, which corresponds to letting v — 0. Then the collection of
random variables —vlog g;; converge weakly to a collection of independent standard
exponentially distributed variables w;; and so, by the principle of the largest term, the
sequence —v log Z,, , converges weakly to the first passage percolation variable

(i.j)€o
This first passage percolation problem was previously considered in [11] where it is
argued, using a representation of f,, ,, as a departure process from a series of ‘Exp/Exp/1’
queues in tandem together with the Burke property for such queues, that, almost surely,

B fan,n/n = (Vita-1)". (1.1)
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Moreover, it can be inferred from further results presented in [8] on a discrete version
of this model with geometric weights (or alternatively from Section 2 below) that f,, »,
has the same law as the smallest eigenvalue in the Laguerre ensemble with density
proportional to

n
[T i=x)2 A te .
1<i<j<n i=1
Given this identity in law, the asymptotic relation (1.1) can also be seen as a consequence

of the Marchenko-Pastur law. As a further consistency check, one can easily verify (see
Lemma 5.2 below) that

= (Vita-1)°

as v — 0, where u is defined in the statement of Theorem 1.1.

The outline of the paper is as follows. In the next section we relate the above polymer
model to the geometric RSK correspondence and deduce, using results from [6, 13],
an integral formula for the Laplace transform of the partition function. In Section 3
we show that this Laplace transform can be written as a Fredholm determinant, which
allows us, in Section 4 to take the limit as n — oco. Section 5 contains proofs of some
lemmas that we require on the way.

After the present article appeared on the arXiv, a paper by Corwin, Seppalainen and
Shen appeared there [7]. They obtain similar results, however, their approach is very
different to ours. Namely they show that the polymer model can be obtained as a limit
of the discrete-time ¢-TASEP and then use previously known formulas for that particle
system.

Acknowledgments. Thanks to Timo Seppalainen for helpful discussions and for making
the manuscript [16] available to us. We also thank two anonymous referees for suggesting
revisions that have led to a much improved version of this paper.

2 Geometric RSK, polymers and Whittaker functions

The geometric RSK correspondence is a bijective mapping
T : (]R>O)h><n — (R>0)h><n.

It was introduced by Kirillov [9] as a geometric lifting of the RSK correspondence, and is
defined as follows. Let W = (w;;) € (R>0)"*" and write T(W) = (t;;) € (Rs0)"*". For
1<k<nandl<r<hAk,

theri1,k—rt1 " tho1k—1thk = Z H Wij, (2.1)
(71 yeesmrr) €I, (G5 €M Uy
where HELTL denotes the set of r-tuples of non-intersecting up/right lattice paths my, ..., 7,
starting at positions (1, 1), (1,2),...,(1,r) and ending at positions (h,k—r+1),...,(h,k—
1), (h, k), as shown in Figure 2. The remaining entries of 7(W) are determined by the
relation T'(W*') = T(W)*.
Note in particular that

thn=>_ ] wi (2.2)

7€My 5 (irj)ET

where I, ,, is the set of up/right lattice paths in Z? from (1, 1) to (h,n). This gives an
interpretation of ¢;,, as a polymer partition function, providing the basis for the analysis
of the log-gamma polymer developed in [6, 13].

The relation to the random polymer defined in the introduction is as follows.
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(h,n)

(1, 1)

Figure 2: A 3-tuple of non-intersecting paths in 1'[233c

Proposition 2.1. Suppose h >nandsetm=h—-n+1. Forl <:<mand1<j<n,
set gij = 1/wi+j_17n_j+1. Then
1
e > 10 9 (2.3)
PELm,n (i,§)EP
where ®,, ,, the set of ¢ = {(1,j1),(2,72),...,(m,jm)} with 1 < j; <--- < j,, <n.

Proof. From the definition (2.1), taking &k = r = n,

tm1 - th—1,n—1thn = E H Wij = sz‘p
%]

(71 yeeesmg ) €N (8,5 EMLU-- Uy

and, taking k=nandr =n —1,

tmt1,2  th—1n—1thn = Z H Wj-

(ﬂl,...,wn,fl)EH(h";l) (1) €mU-Ump 1

Thus,

1 1
Loy I L= Mo

(G ﬂn_l)GH;";D (4,§)¢miU-Umn 1 GEPm,n (i,5)€P

as required. The last identity is illustrated in Figures 1 and 3. The paths in ®,,,
are obtained by taking compliments of (n — 1)-tuples in HEL"; D (as shown in Figure 3),
reflecting this picture through the horizontal, and shifting appropriately to remove the

gaps - this procedure is made precise in the above definition of the g;;. O

Remark 2.2. The identity (2.3) is analogous to Theorem 5.1, equation (5.4), of the
paper [8], where the corresponding identity for the usual RSK correspondence is given.

Let a € R™ and b € R" be such that aj +b; > 0forall ¢,j. In [6] (here we are using
the notation of [13]) it was shown that, if the matrix W is chosen at random according to
the probability measure

P(dW) = [T (a; + b))~ e /05" dwy, (2.4)
(2]
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(171) O

n—1

Figure 3: An (n — 1)-tuple of non-intersecting paths in H;L’n ), and its compliment. The
corresponding path in ®;,_,1,, is shown in Figure 1.

then the law of the vector (tp1,...,tmn1) under P is given by

_ modx;
1 v

pn(dx) = [T (a5 + b:) ™ O3 ()03 (2) [ | ?ﬂ
iJ j=1 "
where U7 and \Ilgél are (generalised) Whittaker functions, as defined in [13]. Observe that
with (2.4) the w;; are independent random variables with inverse gamma distribution, so
that the g;; follow the gamma distribution. Without loss of generality we can assume

that a; > 0 and b; > 0 for each i, j and deduce the following.
Proposition 2.3. For s € C with s > 0,

n n )\J h F b )\
Ee~5/tm :/ e /"y, (da) =/ [IT@-2]] ) Hifl (b 1) sn(N)dA
(R>0)™ (R)"™ ;=1 j=1 8% Tlizy T (bi + )

(2.5)
where s,, is the density of the Sklyanin measure

n

1 1
3n<)‘) = (27”[)” n! H1 r ()\z - /\J)

4,]=

(2.6)

Proof. By [13, Corollary 3.8] the functions V7. () = e~*/*n U (z) and Wy, are both in
Lo((Rso)™, H;;l dx;/z;) and, by [13, Corollary 3.5], for A € (iR)", we have

n h n
n n dw
[ w@n@ [ =TI e+
(R>0)™ Lj :

j=1 i=1j=1
and )
n d i n n
[ w@wn @ [[ 5 =S50 T ).
(R>0) j=1 "7 i,j=1

The claim now follows from the Plancherel theorem for GL(n)-Whittaker functions due

to Wallach, noting that ¥} (z) = ", (x) (see for example [13, Section 2]). O

The Laplace transform of the partition function Z,, ,, of the random polymer (defined
in the introduction) is obtained by setting a; = ¢ and b; = v — ¢, where 0 < € < v, for in
this case Z,, ,, is given by 1/¢,,1. We remark that the partition function for the log-gamma
polymer can be defined on the same probability space as t;,,, given by the formula (2.2).
The joint law of the two partition functions is thus given in terms of the joint first and
last marginal of the probability measure .
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3 Fredholm determinant representation

The first step in the proof of Theorem 1.1 is to write the right-hand side of (2.5)
as a Fredholm determinant. A similar algebraic identity is proved in [5] (Theorem 2).
However, this result is proved for what corresponds to the case h = n in our notation,
and moreover would require the poles of F; to lie to the right of /5,. Our argument is
an extension of the argument in [5] and follows the same main steps. We will sketch it
below.

For s € R we define a function F§ by

h
Fy(w) =s" [[T (b, +w) (3.1)
j=1

where s is a parameter to be chosen later. For § > 0 define /s = 6 + iR and let Cs be
the circle centred at the origin of radius §. Observe that the Proposition 3.1 holds for a
general range of parameters a;, b; and not just the special choice we made at the end of
section 2.

Proposition 3.1. Let 61,02 > 0 such that 1 < d2 A (1 — d2). Suppose also that |a;| < &
and b; > 6, for all j. Then

/efs/z” tn(dx) = det (I + KLT)LQ(Cé ) (3.2)
where
LT, o~ L/ dw T Fi(w) 4 T (v—a;)
Kol (0,0) = 2mi w —vsin (7 (v—w)) Fs(v) ]-_-[1 I'(w—aj) (3.3)

The rest of this section is devoted to the proof of this proposition. We will begin with the
right-hand side of (3.2) and show that it equals to the right-hand side of (2.5).

Step 1: Of course the right-hand side of (3.2) should be interpreted as a Fredholm
series, namely

det (I—i—Kg;’:) (Cs) = —|—Z k'/ /k dvy ... dvy det [K (vbw)}]z - (B9
ck

We need to check that this series converges. Using estimates similar to those performed
in [5], in particular the estimate

AT +ay)| =l 172
hm —_— € 2
ly|—o0 V2T |y‘

from Abramowitz-Stegun [1, (6.1.45)] leads to the following bound for the integrand in
the definition of K} (v,v):

=1. (3.5)

1 s &
cy |g(w)|(h*n)(52*§) e~ 1 (h=n)[S(w)] (3.6)

for some 03 > 0. This is easily seen to be integrable over any vertical line. It follows that
|KET (v,9) » for some C, > 0, uniformly over v, v. Together with
Hadamard s bound (see for example [15], section 2) it follows that

’det (v],w f,é:l‘ < /2 CZ’“ (3.7)

It now follows immediately that the right hand side of (3.4) is absolutely convergent.
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Step 2: Cyclic property of determinants. We now re-write the kernel defining the
Fredholm determinant above by using the identity det(/ + AB) = det(I 4+ BA) for suitable
kernels A, B. Just as in [5] the operator defined by Kﬁf can be written as a composition

AB where the kernels defining the operators A, B are given by

KA:C§1><€52—>IR, KA(U,U})Z

Kp:ls, x Cs5;, — R, Kg(w,v) =

w—v
By the same bounds as above these define operators A from L? (¢s,) to L? (Cs,) and B
from L2 (Cs,) to L? (¢5,). Note that the integrals

dv Kp (w1,v) K4 (v, ws), dw K4 (v1,w) Kg (w,v2)
051 £62

are finite for all v1, vy € C5, and wy, ws € £5, (We checked one of them above, the other is

similar). Thus we can write the right hand side of (3.2) as det (I + IN{E:) La(es,) where
52
~ - d 1 G (w
KET (0, @) = / = G (3.8)
' s, 2T w — v sin (7 (v —w)) G(v)

and we have defined
n 1 L v —a;
=F I | - - F I | S .
Go(v) (V) LLT (v—ay) (V) LT (v—a;+1) (3.9)
Jj=1 Jj=1

Step 3: The integral in (3.8) can be evaluated using residue calculus: the only sin-
gularities of the integrand inside the closed contour Cj;, are simple poles of the form
U_laj. Since /s, is a positive distance away from Cjs, there are no other poles, and the
fact that §; < &2 A (1 — J2) implies that the fraction involving the sine does not have any
singularities1 inside Cs,. Just as in [5] it is sufficient to treat the case where the a; are

all distinct. By computing the residues at the n simple poles we see that

~ 1 &
KX (w1, ws) = 5 z;fj (w1) gj (w2)
j:

with f;(w) = —— and g;(w) = C}G(w)ﬁ. Here the constant C; € R is given by

w—a; sin(7(a; —w

1
C; = T'(a; —ayp).
J Fs(@j)g (] f)

Step 4: Applying once more the cyclic property of determinants, analogously to [5],
we obtain

n

I, +/Z dw.fj(w)ge(w)] (3.10)

= det
211
je=1

det (1 + K,ff)w(cél)

where [, is the n x n identity matrix.

1These poles lie inside of the contour thanks to our assumption that laj| < &1 for all j.
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Step 5: We now shift the integration contour on the right-hand side of (3.10) from
{5, to —¢5,. On the way we will encounter some poles whose residues we will need to
evaluate. There is sufficient decay at infinity to justify moving the contours thanks to
(3.5).

The poles are different to those in [5], but the outcome is analogous: the only
singularity we cross is w = a; from f;(w), for each j. When j # ¢ this turns out to be a
removable singularity, whereas for j = / it is a simple pole with residue given by

R’es’lU:(,Lj fj (w>g/(w) - _FS (Clj) Cjﬁ H r (a'j - aT) =-1
r#j

and we obtain

n

d
det (I + Kﬁvf)m(cal) = det l/_z %Ql;fj(w)gg(w)l (3.11)

=1
1 - n n
- /( e et 1y ()] oy det [g; (o))} ey (3.12)

where the last equality follows from the Andréiev identity [2].
Step 6: It remains to show that the integrand in (3.12) is identical to that in (2.5). But
this follows exactly in the same way as in [5], see the paragraphs surrounding equation

(3.11) there. This completes our proof.

4 Asymptotics

In the previous section (Proposition 3.1) we saw that

—8/xn n dz) = det I+KLT
/(R>O)”e fin(dz) = det ( n,r)L2(Csl)

where

dw T Fs(w) 1 " T (v1 — ay)
KT e = [ 22 : PR

o (v1,02) e, 2msm(7r(vl—w))Fs(vl)w—vgjl;[l I'(w— ay)
and the function F; was defined in (3.1). From now on we choose a; = 0 and b; = -y for
all j, where v > 0. Then 1/z,, has the same law under p,, as the partition function Z,, ,
of the random polymer defined in the introduction, taking m = h — n + 1. We will set

h = [en] for some fixed ¢ > 1. The correct choice of the parameter s will turn out to be
1/

s = e~ With 1 defined in (4.6) below. Then
InZ,,—n
estm,n == fn,r ( n’1/3 ‘u) (42)

where f, .(z) = exp {—e"l/s(f"”) } In this section we show that the expectation of the
left-hand side above converges, as n — oo, to a rescaled version of the Tracy-Widom
GUE distribution function. Observe that with our choice of parameter s this expectation
equals det (I + K, ;) where

1 dw 0
Knr = — an _an - 1/3 -
) = o ey O {1 i () = Ho () = 0 - 1)

(4.3)



4 ASYMPTOTICS

and, recalling that h = [cn]
Hyen(2) =InT(2) = InT (v + 2) + pz. (4.4)

and ¢, = @
Theorem 4.1. For « sufficiently small we have

lim det (] + Kn’T)L2(Cal) = FGUE ((?/2)3 T)

n—oo

where g was defined in Theorem 1.1.

The proof of Theorem 1.1 is completed by noting that f,, ,(z) = f,o(x —r) for all » and
that (f := fn0: n € IN) and p := Fgug satisfy the conditions of Lemma 4.2, whose proof
is elementary and can be found in [3, Lemma 4.1.39].

Lemma 4.2. For eachn € N let f,,: R — [0, 1] be f,, strictly decreasing and converge
to 0 at co and 1 at —co. Suppose further that for each 6 > 0, (f,: n € IN) converges
uniformly to 1(_ o). Let (X,,: n € IN) be real-valued random variables such that for each
rel,

lim E(f, (X, —7)) = p(r)

n—oo
where p is a continuous probability distribution function. Then (X,,: n € IN) converges in
distribution to a random variable with distribution function p.

It therefore remains to prove Theorem 4.1. Recall that we need to compute the n — o
limit of det (I + K"xT)L2(C(; ) with K, , as defined in (4.3) above.
1

The first step is to identify suitable steepest descent contours to which we will deform
the contours Cj, and ¢s,. We also introduce the function H, ,(z) = InT' (2)—clnT (2 + v)+
pz. Observe that for z € C,

He(2) = Hpcqn(2) =(Cn—c)ln (T (z+7)). (4.5)

and that ¢, — ¢ = O (n™!'). For later use we record the first few derivatives of H, ,:

H;  (2) =4(2) — (v +2) +
HY\(2) = ¢1(2) = cihr(y + 2)
H" (2) = va(z) — cha(y + 2)

where i (z) = % In (I'(z)) is the k™ polygamma function (in particular 1) = 1) is the
digamma function as above). Let A, > 0 be small, with the precise value to be chosen
later. The proof of the following calculus lemma can be found in Section 5.

Lemma 4.3. For each ¢ > 0 and v > 0 small enough there exists unique z; ., such that
Hé’ﬁY (zzfﬁ) = O.lMoreover H!" (z:,) < 0 and we can write z}_ = vz} + O (y) with
lim, 0 2;, = NS

Our asymptotic analysis will consist of shifting our contours to curves that pass through
or near z, ., and showing that in the n — oo limit only the parts of the contour near z

survive. We will see that the right choice for u = y. is such that H (z:ﬁ) =0, ie.

*
Y

He = Cw (’y + Z:,'y) - w(zz,'y) (46)
— i (e (+7) — 0 ()} @)
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8d
Q
gz

Figure 4: The contours C‘;’O and C’;“O. The angle between égo and C’;“O and the negative
and positive x-axes respectively is given by %.

with infimum rather than supremum because g, := —H, ”’,y (z;‘,y) > 0. Taylor’s theorem

implies therefore that, for v, w near z; .,

w22l 9= o (22 )Y 4 0 (- 50)Y).

(4.8)

Hep (01) = Hey(w) =

The fact that the lowest power is a cube suggests a scaling of order n'/3 around the
critical point and we set 7; = n'/3 (v; — 2 ) and w = n'/3 (w — 27 ). We will see below
that only a small part of the integral around the critical point contributes to the limit
which leads to

Proposition 4.4. We have

. _ LT
nh—>120 det (I + Knyr)Lg(Cv) = det (1 + K, )LZ(C':;O) (4.9)
where
KLT (~ ~ ) 1 dﬂ]/ 1 gc ({EB - @3) (~ ~
ro _2m/¢&{5—@m—@e’m 6 T - o)
(4.10)

and further C%, = e*™/3Rxq U /PR and C% = v + (¢™/*Rso Ue ™/3Rsy), see
Figure 4.

_\1/3 _\1/3 —
Setting now v = (%) v and similarly w = (%) w we obtain det (I + KTLT>

L2(Cv)
where

exp
27 Jow w— vy v —w 3 7\ "1/3
“ —w () e

. N
— 1 d 1 -+ (—C) TV
KET (v,v2) = / 2 :

But this is exactly one of the definitions of the Tracy-Widom GUE distribution, see for
example Lemma 8.6 in [4].

10
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We begin by deforming the contours Cj;, and /s, to suitable steepest descent contours.
In fact, for v small enough we will be able to do this without passing through any pole.

The integrand on the right hand side of (4.1) has the following poles in the integration
variable w:

* W = Vg
* w=—-M —for M € Z> (these are the poles of F)
e w=wvy +2prwforallp e Z

On the other hand the poles of the kernel in vy, v, are given by

e vy =w+2pr forallp € Z

® Vg =W

° 112:0

* vy =a; — M forall M € Zxg

We would like to move the contours Cj, and /5, to the following contours, which are
illustrated in Figure 5.

Denote by C”»* the line segments of length /—n'/? starting at zj’.‘,ﬂﬂr’yn’l/ 3 making an-
gles 7 and — 7 respectively with the positive z-axis and let C* = (z;fﬁ + e /3 4 iRZO)U
cwtuCcw-u (zjﬁ + ylei™/3 4 i]RZO), oriented to have increasing imaginary part.

The closed contour C” is defined differently according to whether c is larger than g
or not. For ¢ > g let C" the union of the line segments of length # making angles

ﬁ:%’r with the positive x-axis and the circular segment, centred at z;"y,y, that connects

the end-points of these two segments. For ¢ < g we define C'V to be the union of the
following four line segments: those starting at z; ., of length 62%1 making angles i%ﬂ
with the positive x-axis and those connecting the end-points of the former with the point

f%. In both cases we give C" the positive orientation.

1/3

I
I
I
\ I
I
|
|

CU

!
!
!
| Cw
|
|
|

/7 +yn =1/

-

Figure 5: Contours C and C" for large ¢ < 5 (on the left) and ¢ > 2 (on the right). The

parts CY,; and Ci5, of the contours are drawn as dashed lines.

It is easy to see that we do not cross any poles of the integrand, further the estimate
(3.5) gives sufficient decay at infinity to justify moving the infinite w-contour. It follows

that Ee~*/#» = det (I + K}T) ,, where
KET (o 5)_L/ dw 7T F(w) ﬁr(”_aj) (4.11)
AT 90 Jow w — U sin (7 (v — D)) F(v) I'(w—aj) '

11
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The proof in the rigorous steepest descent analysis now goes along similar lines as, for
example, [4,5]. Fix ¢ > 0. We will show that the difference between our formula for the
Laplace transform of Ee5/4~ and the right hand side of (4.10) can be bounded by ¢ for
large enough n.

Lemma 4.5. There exists M* > 0 such that for M > M*,

trunc LT €
det ([+KT‘,M )L2(éxj)7det (I+KT )Lz(é;’o)’ <§
where C%, = {z eCy: |z < M}
—( ~3 ~3
| W1 g (@ - &’)
Ktrunc~~ _ = _ S - V1 — 1
rd (U1, 02) o /c;g, T 0 — P 6 +r (v —w)

and similarly C'¥; = {z eCu: |z < M}

From now on we assume that M > M*. Denote by C{, the part of C” consisting of the
two line segments starting at z; . Similarly let Cg, be the corresponding part of C*.
Further define CY/, = CV \ Cy, and C,, = C* \ CY, (see Figure 5).

Lemma 4.6. There exist v* > 0 and ¢ > 0 such that for v < v* and n sufficiently large
the following hold

(i) There exists C; > 0 such that forv € C?

irrel’

R (Hnery(v) = Hnery (25,)) < —Ch. (4.12)

(ii) There is Cy > 0 such that for all v € C¥,, with |v| > ¢,

rel

R [ancﬂ(v) —Hpcqy (Z* )} < -0 (4.13)

<Y

(iii) There is C's > 0 such that for all v € C¥,, with |v| < ¢,

rel

R [Haer(v) = Hoery (22,)] < =Co® [(0 = 22,)] (4.14)

<Y

(iv) There is Cy > 0 such that for all w € C'¥

rel

R [Huer (2,) = Huen()] < ~CaR [ (22, = w)°] . (4.15)

(v) There exists C5 > 0 such that for all v < v* and w € C*,

irrel
R [Hnery (25,) = Hnery(w)] < —Cs. (4.16)
Further there exists L = L., > 0 such that if additionally |w| > L then

(1-o)r

R [Hoer (221) — He ()] < 1

| (w)] (4.17)
The proof of Lemmas 4.5 and 4.6 can be found in Section 5. From now on we assume
that v < v*.

By observing that the estimates of Lemma 4.6 are uniform in n and applying
Hadamard’s bound in exactly the same way as in Step 1 of the proof of Proposition 3.1
we deduce that the series defining det (I + K1) . is uniformly convergent in n. Thus

e
we may interchange the n — oo limit with the series in k.

12



5 PROOF OF LEMMAS

Thanks to (v) the contribution of the w integral along C}%,,

tends to infinity. That is, uniformly in vy, ve € C?, as n — oo,

| becomes negligible as n

/ dw ' ™ en(Hn,cw(Z:,-y)fH"»C»'Y(w)) —0 (418)
cw W — vy sin (7 (vg — w))

irrel

Similarly it follows from (4.12) and uniform convergence that only the ‘relevant’ part of
the v-contour survives in the limit. That is, there exists V € IN such that foralln > N,

— det (I+K,€7T)L2(Cv) < (4.19)
rel

det (I + KET - 3

n,r)LZ(Cv)

The estimates form (4.14) and (4.15) now allow us to further discard the parts of CJ,

and C{%, which are further than Mn~'/3 away from 2}, and z;, + n~'/3 respectively.

T
Now we make the change of variables v; = n/37; + 2% and w; = n'/3w + z; ,, and write

¢y’
Krl;’z: (1]171)2) = K{:}j (51,:[72) for 51,:[72 S C}\)/I Then

. LT T LT
Jin det (74 K1) gy = Jim det (1 + Kw)m(cm '

We will show that K7 converges pointwise to K[, Once this has been estab-

lished we can conclude by the DCT and uniform convergence that det (I + KET

J’)LZ(C'U)
converges to det (I + Kﬁfj}”c) But by Lemma 4.5 this differs only by £ from

L2(Cy,)"
det (1+KFT), (éx)- So we have shown that for N sufficiently large, v sufficiently small
and M > M*,
LT LT
‘det (I+ Knyr)LQ(CU) —det (1+ K/ )LQ(C&)’ <e

subject to establishing pointwise convergence of f(ﬁf to K f,rj(‘j" For this observe that

d dw 1 SO
v ~w~,n_1/3, T == ~+O(n_1/3),rn1/3(w—vl):r(w—v1)
w—vy W — Vs sin (mw (v —w)) U1 —w

and, thanks to (4.8) and the fact that ¢, =c+ O (),
1 (H ey (0) = Hoery(0)) = 22 [(@ = 22,)° = (@0 = 22,)°] + 0 (n779))

This concludes the proof of Proposition 4.4

5 Proof of Lemmas

This section is devoted to proving the auxiliary results from Section 4 above.

5.1 Proof of Lemma 4.5

The last lemma to prove replaces the finite contour C’}JM by C’];o. By the Dominated
Convergence Theorem and continuity of the determinant we have, for sufficiently large
M,

) = det (K7 <= (5.1)

det (I + K,fj?\ffnc r )LQ(C*,,IUW) 6

)1z (Cir

The following useful result can be found as Lemma 8.4 in [4].

13



5.2 Proof of Lemma 4.3 5 PROOF OF LEMMAS

Lemma 5.1. Let A be an infinite complex curve and K an integral operator on A.
Suppose that there exists Cy,Cs,Cs > 0 such that | K (vi,v2)| < Cy for all v1,v2 € A and
that

|K (A (s1),A (s2))] < Che™Cslol (5.2)

for all s € R (here, A(s) denotes the parametrisation of A by arc length). Then the
Fredholm series defining det (I + K); .y, Is well defined, and for any € > 0 there exists
M, > 0 such that for all M > M.,

et (7 + K)gaa) = det (T + K)o, | < € (5.3)

where T'yr = {T'(s): |s| < M}.
The proof of Lemma 4.5 is therefore complete if we can find C;,Cs > 0 such that
|KET (v1,v2)| < Cre=%" for all vy, vy € C,. But this follows immediately from (4.10).

5.2 Proof of Lemma 4.3

Convexity considerations show that if there exists a zero of H, é’ -, then it is unique. Let
us write z = 7z then

c 2
H (2) = y? (512 - W) + 5 (1-¢)+0(v)

with the error being uniform in z over compact intervals. Hence, for v small enough we

have H/!, (\/g—1) <Oand H, (\/g_l - )\C) > 0, from which the result follows.

5.3 Proof of Lemma 4.6
The following small + estimates will be useful. Throughout we set z = vz.

Lemma 5.2. There exist (i1} ,: 7 > 0) such that

LR
[ n = 7“’ +0(v) (5.4)

and ji; ., — — (Ve — 1)2 asy — 0.
Proof. We have

Hen =¥ (v (2 +1)) v (4Z,)

1 1 c
== |==——— | + O .
Y [22‘,7 1+ Z;ij )
The claim now follows from Lemma 4.3. O

We also record the following small « expansions.

2c 2
T = —H" * — A3 — _ 5.5
9e ¢,y (Zc,v) v ((1 4 Z:ﬁ)s ~, 3) ( )

(%)
H.(2) — H.(v) = clog (1 +7) —clog (1+ %) — log (v) + log (%) (5.6)
+heq (0-2)+0()

14



5 PROOF OF LEMMAS 5.3 Proof of Lemma 4.6

Proof of Lemma 4.6. (i) Because v varies over a compact set it follows from (4.5) that
there exists some C' > 0 such that
* * C
‘Hn,c’v(v) - H’n,c,"/ (ZC/‘/) - I:Hc’fy('l}) - Hc,’y (ZC/‘/):H < g
holds for all v € C*. Therefore we may as well prove the claim with H,, . 5 replaced by
H. ., which is what we will do.
Since the contours are different we will consider the cases ¢ > % and ¢ < % separately.

Case I: c > 5. Fix € > 0 to be chosen later and write v = yv. Recall that 2, = vz,
and yi5 ., = ", By (5.6),
. v+ 1 v -
Her (v) — Hey (25,) = ¢In < = 1) In (z > + s, (V=25,) +0()
Zeyy ey
where the error term is uniform in v (because the latter varies over a compact contour).

~ i _ 6 1 or dr -
Now o = Z;, + rce’” where r. = ¢ —=— and 0 € [27, 4], so we obtain, for v small
enough,

Te Te 7 ~% 7 €
R (He (v) = Hepy (25,)) < cln 1+~7+1 | —In 1+ae" + R (B ree’) + 5
By Lemmas 4.3 and 5.2 we can now ensure, by choosing v small enough, that
6 6 , 6
R (Hepy (v) — Hepy (25 ))<cln1—|—5\/6 —In 1—1—5619—5(\@—1)005(9)—}—6
c 2 6 9
=5 Veal ) + e (I-a%)
ly 1+ -« 2—}-%(1—04) —9(\@ Ja+e
2 5 25 5

where we have written a = cos(f) € [~1,—1]. Denote by f(c,) the last expression
above, with ¢ = 0. For each ¢ > 3 the function oo — f(c, @) has a unique critical point on
the interval [—1, —%] which turns out to be a minimum. Thus we are reduced to consider
the end-points. Now f (-, —3) is strictly decreasing and clearly Cy; = f (3,—3) < 0. On
the other hand f (-, —1) is strictly increasing and tends to C12 = In(5) — 35 < 0 as ¢ —» oo.
Taking now C; = € = —% min {C11, C12} completes the proof for the case ¢ > %

Case II: ¢ < g The contour in question is the union of the (complex) line segments
2

62_71 2im /3 —c_—"*l} and [ 2L e2mi/3 } By symmetry it suffices to consider the former.
Thus, writing v = v,
_ V3 2 2 e
=t+1 t t — . 5.7
v +Z\/E—|—2 Jrc—l ’ < c—1"c—1 (5.7)

Fix € > 0. By Lemmas 4.3 and 5.2 as well as (5.6) and (5.7) we have, for v small enough
and then n large enough,

* —1)ln n L
R [Hor (0) — Hon (222)] < (c— 1)In (Ve — 1) + In () — <\f = (t \/5_1)
£y (t ]
(Ve+r2)® \ el
) 3 2\’
(t+1) +(¢E+2)2 (t+c_1>
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5.3 Proof of Lemma 4.6 5 PROOF OF LEMMAS

Temporarily denote the right hand side above by F'(c,t,¢). For any fixed ¢ € ( } the

function F'(c,-,0) has a unique critical point on the interval [— 0317 C‘[l} , at which point

the second derivative is positive. Furthermore it is easy to verify that the end points
to=—-2; and t; = C‘(p‘l satisfy F'(c,to,0) < 0 and F(c,t1,0) < 0. This completes the proof
forc < g and hence for part (i) of the lemma.

(ii) By the same argument as in part (i) we may replace H, .~ by H. .

Consider first the case where ¢ > % so that we have v = 7 (’z?jﬁY + T\e/z/ls) for
r € [0,2]. Then
re2i7r/3 ,re2i7r/3 1 7’/7*
R[Her(v) = He (+2,)] = cln|1+ || s - 3o
K (\ﬁ - 1)(Zc,7 + 1) Zc,’y(\ﬁ - 1) 2 \/E -1

Fix € > 0. Using (5.6) and Lemmas 4.3 and 5.2 as above we have, for v suitably small,

- [(5) ]

R [Hen(v) — He (25,)] <cln

(”«f*i
(Ve—1) +e

+T
2

Now for any fixed r the right hand side is decreasing in ¢, so it is enough to consider the
case where ¢ = g for which it is easy to see that the quantity above is bounded above
away from zero (for small enough ¢), uniformly in r € [0, g} . Taking ~ small enough deals
with the error term (which is uniform in the other variables involved).

For the case ¢ < 5 we set v =y (Ejﬁ + 2 62”/3) with 7 € [0,1]. A similar compu-
tation as in the case ¢ > g shows that for this choice of v (at any fixed r € [0, 1]) the

function ¢ — R [HM(U) P (zifﬁ)] is strictly increasing in ¢ and converges to zero
as ¢ — 1. Thus the claim holds for any fixed ¢ > 1, as required.

Parts (iii) and (iv) follow from Taylor’s theorem and the fact that H), - ( :7) =
HT/L, ey ( Ze 'y) =0.
It remains to prove part (v). For the first assertion observe first that by (4.5) we have,

uniformly in w € C{5,

R [H”xcﬁ (’Z:,v) - ancﬁ ( ( cv) - HCP/(U}))]
=R[H [ n,C,Y (Z:,v) —H, cY ( )} +%[ (w) - Hn,c,v(w)]
O(n=1)

=(ch— )T (w+7)|+0 (n")

Now |T' (w +v)| < 1 for w € C{, and we have chosen ¢, > ¢, so the first summand above
is negative and we can once more reduce to the case where H,, ., v is replaced by H. .
Next, write w = v so that w = z; , + (e'™/3 + iy for y > 0 or w = Z;_, + le~"™/3 + iy for
y < 0. By symmetry it is enough to consider the former case. Fix ¢ > 0. Applying once
more Lemmas 4.3 and 5.2 and (5.6) as well as the fact that ¢!™/3 = 2 +1 \2[ we get, for
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suitably small v,

R[Her (22,) — Hon(w)] < 5l (1+f<¢62—1>) (1)’ <y+ \/2§g>
2 3 2
: (oY Ve (v gt
_5111 (1+ Qﬁ > + »
2
_(\/C—fl)f+6

Let us denote by F (¢, ¢, y, €) the last expression above. It is straightforward to check
that the map y — F (¢, £,y,0) is strictly decreasing on [0, c0). Furthermore the map
L — F(c,¢,0,0) is strictly decreasing on [0, 00) and moreover F(c,0,0,0) = 0. Since
£ > 0 it follows that there exists C~'5 > 0 such that F'(c, £,y,0) < —C~'5 for all ¢ > 1 and

y > 0. The first assertion now follows by choosing ¢ = C5 = 505.
For the second assertion we will apply the bound (3.5): for any n > 0,

Rty [Hn,(w (z:w) — Hn,cﬁ(w)} <C—In|l(x+ )|+ In|T(y 4+ z + iy)]
1
<C-In (\/27r(1 + n)eTIvl/2 y|m2>

1
+Cnln (\/%(1 — n)efﬂ\ylﬂ |y|m+'y—2)
~ ™
from which the estimate follows by observing that ¢, € [c’ ¢+ % ] -
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