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Abstract

We modify Talagrand’s generic chaining method to obtain upper bounds for all p-th
moments of the supremum of a stochastic process. These bounds lead to an estimate
for the upper tail of the supremum with optimal deviation parameters. We use our
procedure to improve and extend some known deviation inequalities for suprema of
unbounded empirical processes and chaos processes. As an application we give a
simplified proof of the restricted isometry property of the subsampled discrete Fourier
transform.
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1 Introduction

This paper is concerned with generic chaining, a method introduced by Talagrand
to estimate the expected value of the supremum of a stochastic process. This method
grew out of the classical chaining method and the later majorizing measures method,
which were developed by, among others, Kolmogorov, Dudley, Fernique and Talagrand,
to understand the continuity properties of stochastic processes. Generic chaining yields
estimates for the expected value of the supremum in terms of so-called v-functionals,
which measure the metric complexity of the index set of the process [25, 26]. The
resulting bounds are known to be sharp in several interesting situations. For instance,
the famous majorizing measures theorem [24] states that this is the case for suprema of
Gaussian processes, provided that the index set is equipped with the canonical metric
induced by the process.

In practical applications of generic chaining in statistics, compressed sensing, and
geometric functional analysis, see e.g. [8, 11], it is often not sufficient to have an upper
bound for the expected supremum of a process. One also needs to know how probable it
is that the supremum of the process exceeds the upper bound. To that aim, a generic
chaining bound is typically supplemented with a tail bound for the deviation of the
supremum with respect to its expected value. There is an extensive and rapidly growing
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literature on such deviation inequalities, see for instance the monographs [4, 16] for a
detailed introduction and a historical overview.

The purpose of this paper is to provide an alternative to the two-step procedure
sketched above. We present a simple and general way to directly obtain upper deviation
inequalities for the supremum of a stochastic process (X:):e7 using generic chaining.
The idea is to alter the generic chaining procedure to produce bounds for not only the
first, but for all p-th moments of sup,c; |X:|. Together with a standard optimization
argument using Markov’s inequality this yields an upper tail bound. The deviation
parameters in the resulting tail bound are sharp up to numerical constants. In particular,
the bound is qualitatively as good as the one obtained by combining the usual generic
chaining bound for IE sup, ., | X¢| with the best possible upper tail bound for the deviation
supyer [ Xe| — Esup,crp [ Xi.

To give a concrete illustration of these statements, consider the simplest case that
(X¢)ter is a centered Gaussian process and let d(s,t) = (IE|X; — X,|?)'/? be the canonical
metric on 7. Under this assumption, we prove that for some universal constants C, D > 0
and any 1 < p < o0,

1
(Esup |X.7) " < Copp(T,d) + Do,
teT
where 75 ,, is a truncated version of the y,-functional familiar from generic chaining and
0? = sup,cr E(X}) is the weak variance of the process. Estimates for the constants C
and D are provided in Remark 3.3, although these can certainly be improved. As a direct
consequence of the stated LP-bounds we find

]P(sup | X¢| > Ve(Cyo(T,d) + uDo)) <e 2 (u>1). (1.1)
teT

The bound (1.1) matches, up to a possibly worse constant D, the upper tail bound
obtained by combining the optimal generic chaining estimate for E sup,.; | X;| with the
sharp concentration inequality for suprema of Gaussian processes due to Borell, Ibragi-
mov, Sudakov, and Tsirelson [4, Theorem 5.8]. Moreover, as is shown in Theorem 3.2, the
tail bound (1.1) more generally holds for any process which has subgaussian increments
with respect to a given metric d.

A first advantage of the method proposed here is its simplicity: an upper tail bound is
obtained essentially for free once one uses generic chaining to estimate the expected
value. In contrast, the usual proofs of deviation inequalities for suprema of stochastic
processes rely on sophisticated tools such as the entropy method, see for example [4,
Chapters 6 and 12]. A second advantage is that the method only requires knowledge
of the tail behavior of the individual increments of the process. In particular, one can
obtain deviation inequalities for processes with dependent increments, see for example
the uniform Azuma-Hoeffding inequality in Corollary 3.4. In the context of empirical
processes, the method can readily cover situations in which the summands of the
empirical process are unbounded and/or dependent. Under these conditions deviation
inequalities are still scarcely available, see [1, 9] for notable exceptions.

To demonstrate the wide applicability of our method, we establish an upper tail bound
for suprema of stochastic processes in several interesting situations. In Section 3 we
consider two ‘standard’ generic chaining situations. In Theorem 3.2 we investigate
processes which have exponentially decaying increments with respect to a single metric.
In Theorem 3.5, we consider processes with a mixed subgaussian-subexponential tail,
in particular suprema of empirical processes. This result positively answers an open
question raised in Talagrand’s new book [27]. In the second part of the paper, i.e.,
Sections 5.1 and 6, we consider two specialized, more involved chaining arguments. In
Theorem 5.5 we find L?-bounds for the supremum of an empirical process which takes
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the form of an average of squares. It can be viewed as an LP-version of a result due to
Mendelson, Pajor and Tomczak-Jaegermann [19], see Theorem 5.6 and Corollary 5.7 for
a detailed comparison. In the final section we deal with suprema of second order chaos
processes.

In Section 4 we use Theorem 3.2 to simplify the proof of the restricted isometry
property of the subsampled discrete Fourier transform. This cornerstone result in
compressed sensing was originally discovered by Candés and Tao [6] and was later
refined by Rudelson and Vershynin [22] and Rauhut [21]. The argument presented
in Section 4 more generally applies to matrices obtained by sampling from bounded
orthonormal systems, see Theorem 4.2. To keep this paper at a reasonable length we
discuss an application of Theorem 5.5 to dimensionality reduction in a separate note [7].
Further applications of our work can be found in [5, 12].

We conclude this introduction with a brief discussion of related work. In [29], Viens
and Vizcarra modified a classical, that is, non-generic chaining argument to obtain upper
deviation inequalities for so-called sub-n-th chaos processes. Theorem 3.2 below yields
an improvement of this result as a special case. We also improve a deviation inequality
for suprema of unbounded empirical processes obtained recently by Van de Geer and
Lederer [9], see the discussion after Corollary 5.2. In [15], Latata used a procedure
related to ours to prove a comparison result for the strong and weak moments of certain
log-concave random vectors. Finally, Krahmer, Mendelson, and Rauhut [13] used a
chaining argument to prove an upper tail bound for the supremum of a second order
chaos process. In Theorem 6.5 we give an improvement of their bound with a simplified
proof.

2 Preliminaries

Throughout, we will use (2, 7, P) to denote a probability space and write IE for the
expected value. To describe the tail behavior of random variables we consider for every
0 < o < oo the function

Ya(x) =exp(z®) —1 (z >0).

For a complex-valued random variable X we define
| X g, =inf{C >0 : Ey.(|X|/C) <1}

If || Xy, < oo then we call X a 9,-random variable. It is common to say that X is
subgaussian if | X||y, < co and subexponential if | X |y, < co. If @ > 1 then 1), is an
Orlicz function and the space

Ly, (Q,F,P)={X : Q — C measurable : || Xy, < oo}

is an Orlicz space. For 0 < a < 1 the space L, is only a quasi-Banach space. We will
make use of the following Holder type inequality, which can be derived from Young’s
inequality: if X, Y are ¢»-random variables, then XY is ¢; and

XY [y < XN Y M- (2.1

For more information on Orlicz spaces we refer to [14].

Let us recall some familiar concepts from generic chaining [26]. Let X be a normed
linear space and let (7,d) be a semi-metric space, i.e., d(z,2) < d(z,y) + d(y, z) and
d(z,y) = d(y,z) for ,y, z € T. To avoid complications with the measurability of suprema
of stochastic processes we will always assume that the cardinality |T| of T is finite.
Criteria for measurability of the supremum of a stochastic process in the case of an
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(uncountably) infinite index set can be found in [28, Section 1.7]. We denote the diameter
of T with respect to d by
Ay(T) = sup d(s,t).

s, teT

We say that an X-valued process (X;).er is ¥, with respect to d if for all s,t € T,
P(||X: — Xs|| > ud(t, s)) < 2exp(—u®) (u>0). (2.2)

A sequence T = (T,,)n>0 of subsets of T is called admissible if |Ty| = 1 and |T;,| < 22" for
alln > 1. For any 0 < a < oo, the 7, -functional of (T,d) is defined by

o0

o(T,d) = inf su 2" d (¢, Ty,),
Yal(T, d) Tte%; (t, Tn)

where the infimum is taken over all admissible sequences and we write d(¢,7T,,) =
infser, d(t,s).

For any given u > 0 let N(T,d, u) denote the covering number of 7, i.e., the smallest
number of balls of radius u in (T, d) needed to cover T. One can always estimate

1/a

val(T, d) gQ/ (logN(T,d,u)) du, 2.3)
0

see [26, Section 1.2] for the case o« = 2 (the other cases are similar). However, the
reverse estimate fails in general [26, Section 2.1].

We conclude by fixing some notation. We use || - »» 1 < p < oo, to denote the /P-norms.
We will write A <g B if A < CgB for a constant Cz which only depends on a parameter
B. Finally, if S is a finite set and 7 : S — Ry is a map, then argmin, g7 (s) denotes a
minimizer of this map, which may not be unique.

3 Suprema of i), and mixed tail processes

We begin our discussion by considering two standard generic chaining situations.
First, in Theorem 3.2 we establish tail bounds for suprema of v, processes. At the end
of the section, in Theorem 3.5, we do the same for processes with a mixed tail.

In the formulation of our LP-bounds we will make use of the following truncated
version of the y-functionals. For a given 1 < p < oo, we will always write [ := [log,(p)],
where |-| denotes the integer part. We define

wn(T,d) = inf su 2" (¢, Ty,). (3.1)
Yap(T,d) Tteg% (t,Tn)

Clearly, Vo, (T, d) < 7o(T,d) forall 1 < p < oo and ¥,,1(T, d) = v.(T, d). Since we assume
T to be finite, the infimum in (3.1) is actually attained. We will call a sequence 7 that
achieves the infimum optimal.

Remark 3.1. If T is an infinite set, then the LP-bounds presented below continue to hold
if we interpret Esup, o || X; — Xy, ||? as the lattice supremum

Esup || Xt — X4, |[|P :=sup{Esup || X;: — X¢, ||’ : FCT, |F|] <o}
teT teF

Theorem 3.2. Let 0 < a < o0. If (Xy)er iS 14, then there exist constants C,,, D, > 0
depending only on «, such that foranyto € T and 1 < p < o0,

1/p
(E sup X, — X, ||P) < Carop (T, d) +25up(E|I X, — X, P)L/e., (3.2)
te te
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As a consequence, for any u > 1,

]P(sup 1X: — X |l = €% (Cora(T, d) + uDaAd(T))) <exp(—u®/a).  (3.3)
teT

Remark 3.3. (i) If (Xi)ser is a real-valued Gaussian process and d is the canonical

(1)

(iii)

(iv)

distance d(s, ) := (IE|X; — X,|?)'/2, then Theorem 3.2 produces a sharp L”-bound
(up to universal constants). Indeed, Talagrand’s majorizing measures theorem
[24, 26] states that
72(T,d) S Esup | X, — Xy .
teT

Moreover, it is of course always true that

sup(B| X, — Xy, ") /7 < (Esup | X, — X, [7) /",
teT teT

Although deviation inequalities are not discussed in [26], it is implicitly used there
that
IP(sup 1X: — Xeo || = uerya(T, d)) < cpe /2 (u>2)
teT

in the case o = 2. Since A(T) < (T, d) (and A(T) is potentially much smaller),
this bound is qualitatively worse than (3.3). After the first version of this paper was
finished, the author learned that (3.3) is proved for a = 2 in Talagrand’s new book
using a different method (see [27, Theorem 2.2.27]).

Let n € IN. In [29, Theorem 3.1], it was shown that if (X;):c7 is a sub-n-th chaos
process, meaning in the terminology used here that it is 1, ,,, then it satisfies the
tail bound

, u2/n
IP(sup X, — Xp| > C M, + uC’nAd(T)) < 2exp ( -5 ) (3.4)
teT

where C,,, C/, are constants depending only on n and M,, is the entropy integral

M, = /000 (logN(T,d,u))n/2 du.

By (2.3) this result is a direct consequence of Theorem 3.2 (with possibly different
constants) but not vice versa. Note that already in the subgaussian case n = 1 the
bound (3.4) is not sharp (see [26, Section 2.1]).

To keep our exposition clear we do not keep precise track of the numerical constants
in the chaining arguments. However, from the proof below it is clear that C,, D,
are decreasing in a. Moreover, one can decrease C, at the expense of increasing
D, (and vice versa). To give an idea of their order of magnitude, one can readily
deduce from the proof (without making any effort to optimize the constants) that
Cy < (14 v2)(16y/me'/?¢ +/2) < 86 and D, < 4v/27me!/¢e~1/2 < 9. Although these
estimates can certainly be improved, the method cannot yield optimal numerical
constants. In particular losses occur when passing between moment and tail
bounds (cf. Lemmas A.1 and A.2).

Proof of Theorem 3.2. Let T = (T,,),>0 be an optimal admissible sequence for v, , (T, d)
and let 7 = (m,)n>0 be a sequence of functions =, : T — 7T, defined by =, (¢) =
argmin, o d(s,t). Set [ = [logy(p)|. We make the decomposition

1 1
P

(Esup 1X, — Xt0||p> "< (EsupHXt - Xm(t)np) Ty (Esup X myt — Xt0||”) . (3.5)
teT teT teT
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We estimate the second term on the right hand side by Lemma A.3,
v 1
(Bsup X ) = Xeo 7)< 250p(B)| X0y — X 17)?
teT teT
< 2sup(E|| X, — X, 7). (3.6)
teT

For the first term, we write the telescoping sum

Xe — Xy = ZXM(t) — X 1)

n>l

Since the increments of X are 1,, we have for n > I,
IP(HXTrn(t) - Xﬂ'n,l(t) || > u2n/ad(7rn(t)a 7Tn—l(t))) < QGXp(_U‘QQn)'

Note that |{(m, (), mn_1(£));t € T} < |Tn| |T_1| < 22"22" " < 22" Therefore, if 2,
denotes the event

V> IVEET || Xty — Xrwv o]l < 02 %d(mn (1), Tn1(t)),
then by a union bound (cf. Lemma A.4),
P(QS ) < cexp(—pu®/4)  (u>2'%).

If the event Q,, , occurs, then

H > Xe) = Xnus0)
n>l

< Xy = X sl
n>l

<uy 2%d(my(t), T (1) < w(l+ 2Y%)y0 (T, d).

n>l

Thus, super | Xt — Xy )]l < u(l + 2/%)74 (T, d). In conclusion,
P (sup X, — Xy | > u(1 +2/)70,(T, d)) < cexp(—pu®/4),
te
whenever v > 21/, Lemma A.5 implies that
1/p
(]E sup || X, — Xm(t)np) < Coryap(T,d). 3.7)
teT

The moment bound (3.2) follows by combining (3.5), (3.6) and (3.7). For the tail bound,
note that (2.2) and Lemma A.2 together imply that

sup(E||.X; — Xy, 7)1/ < Dala(T)p! .
teT

The final assertion follows by using this estimate in (3.2) and applying Lemma A.1. O

Note that Theorem 3.2 does not require any independence assumptions on the
increments of the process (X;):er. To illustrate this, we recall the Azuma-Hoeffding
inequality, see e.g. [16, Lemma 4.1]. If X = (X;)o<k<n is a discrete-time real-valued
martingale and A (X) = X}, — X;_1 denotes its k-th difference, then

(1%, - Xo| 2 u) - (u0)
P(lX,, — Xo| > u SQexp(— = ) u > 0).
2> 1A%
Combined with Theorem 3.2 we immediately obtain the following uniform version of the
Azuma-Hoeffding bound.
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Corollary 3.4. Let X; = (X;;)i<k<n, t € T, be a family of discrete-time martingales
with respect to the same filtration. We consider the metric

d(s,t) = (3 18u(xe - XI2)
k=1

For any u > 1,

]P(sup Xe0 — Xeo| > Ve(Coya(T, d) + DgAd(T)u)) <emu2,
teT

Let dy,ds be two semi-metrics on 7. We say that a process (X;);cr has mixed
subgaussian-subexponential increments, or simply has a mixed tail, with respect to the
pair (dy,ds) iffor all s,t € T,

P(|X: — Xs|| > Vuda(t, s) + udi(t,s)) <2 (u>0). (3.8)

This means that the first part of the tail behaves as the tail of a subgaussian random
variable and the second part as the tail of a subexponential random variable. In The-
orem 3.5 we prove a tail bound for the supremum of a process with a mixed tail. The
result improves [26, Theorem 1.2.9] and, in fact, positively answers an open question in
Talagrand’s new book (see the discussion after [27, Theorem 2.2.28]).

In the proof it will be convenient to work with an alternative definition of the ~,-
functionals. Let us say that a sequence A = (A,,),>0 of partitions of T' is admissible if
it is increasing with respect to the refinement ordering and | 4| = 1 and | A,,| < 22" for
n > 1. For any ¢t € T, let A, (t) be the unique element in the partition .4,, containing ¢.
We now set

' (T, d) = inf su 2" A (A, (1)),
Ya(T,d) = inf teg; a(An(t))

where the infimum is taken over all admissible partitions A of T'. It can be shown that
Yo T, d) < 75(T,d) Sa va(T,d), (3.9)

see the discussion following [26, Theorem 1.3.5] for details.

Theorem 3.5. If (X;):cr has a mixed tail, then there is a constant C > 0 such that for
anyl <p < oo,

1/p
© sup [ X, — X, I7) " < Ca(T,dz) + 31 (T, dy)) +2 sup(E[| X, — X,,[")'/7. (3.10)
te te

As a consequence, there are constants c,C > 0 such that for any u > 1,

p( Sup [|X; = X [| 2 C(32(T, da) + (T, da)) + e(Vula, (T) + ulda, (1)) e

Proof. We select two admissible sequences of partitions B = (8B,,),>0 and C = (Cp,)n>0
such that

sup 2" Mg, (Bu(t)) < 275(T' do)

teT 155

sup » 2" Ay, (Cn(t)) < 294(T, dy).
teT 155

Let A, be the partition generated by 5,,_; and C,,_1, i.e., for n > 0

An = {BﬂC : BEanh Cecnfl}y
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where we set B_; := By and C_; := C so that Ay = {T'}. Then A = (A,,),>0 is increasing
and
n—1 n—1 n
|An| < |Bn71| |cn71| < 22 22 = 22 ’

so A is admissible. Observe that A,,(t) = B,—1(t) N C,—1(t). For every n > 0 define a
subset T,, of T' by selecting exactly one point from each A € A,,. In this way, we obtain
an admissible sequence 7 = (T},), >0 of subsets of T'. For every n € N> and t € T we let
7 (t) be the unique element of T,, N A,,(¢). This yields a sequence 7™ = (7,,),>0 of maps
T T — T,.

Set [ = |logy(p)]. As in the proof of Theorem 3.2, we make the decomposition (3.5)
and estimate the second term on the right hand side of (3.5) as in (3.6). For the first
term, we write the telescoping sum

Xe = Xuy) = ) Xy — Xnua(0)

n>l

Since X has a mixed tail, we have for n > [ and v > 0,
P (I1Xr ) = X s )| 2 Va2 2 (0 (8), o1 (1)) + 02" (o (8), 701 (1)) )
< 2exp(—u2™).

Note that |{(m, (), Tn_1(t));t € T} < |Tn| |Taes| < 22"22" " < 22" Therefore, if ,,,
denotes the event

Vn > l,Vt eT : ||X7rn(t) — X7rnf1(t)||
Z \/azn/de (7Tn (t)a 7"-n—l(t)) + uzndl (Trn(t)7 Tn—1 (t))a

then by a union bound (cf. Lemma A.4)
IP(QZ’p) < cexp(—pu/4) (u>2).

If the event ), , occurs, then

H Z Xﬂ'n(t) - Xﬂn_l(t)
n>l

< Xy = X sl

n>l

<V Y 2" P dy (0 (8), T (1) + w20y (0 (1), T (1)),

n>l n>l

Observe that for n > 2 we have 7, (t), 7,—1(t) € A,—1(t) C B,—2(t) and so
d2(mn (1), Tp—-1(1)) < Agy (Bn-2(t))-

Also,
da(m1(t), mo(t)) < Aay (Bo(t)) = Aay(T).

Therefore, by our choice of B,

S 224y (1), s (1)) < 30 22 Ay (Buoa(t)

n>l n>l
n>0
EJP 20 (2015), paper 53. ejp.ejpecp.org
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Analogously, by our choice of C,

S 2%y (o (1), s (1)) < 1294(T, )

n>1

Thus, sup,er | Xt — Xz, 1) | < 8V/uvs (T, d2) +12u~| (T, dy). As a consequence, we conclude
that

P ((sup | X, — X 0| > 120(5(T, o) +91(T,h))) < cexp(—pu/4),

whenever v > 2. By Lemma A.5 and (3.9)
1/p
(Bsup X, — Xe01?) ™ S 94T do) +3{(Th) £ (T o) 4+ (T, ).
te

This proves the moment bound (3.10). For the tail bound, note that (3.8) and Lemma A.2
together imply that

sup (B[ X, = Xio )77 S Aaa(T)Vp + Aa, (T)p.
te

The assertion follows by using this estimate in (3.10) and applying Lemma A.1. O

In Corollary 5.2 below we use Theorem 3.5 to derive tail bounds for suprema of
empirical processes.

4 Restricted isometry constants of subsampled unitary matrices

In this section we present an application of Theorem 3.2 in compressed sensing. We
use the following terminology. We say that =z € CV is s-sparse if

[zllo=1{i : = # 0} <s.

For a given s € IN, the s-th restricted isometry constant §, of an m x N matrix A is the
smallest constant § > 0 such that

(1 =9)llz[3 < [|Az[3 < (1 +d) |3,
for all s-sparse = € CV. Equivalently, if we let
Doy ={zeC" : |z2 =1, [l < s},

then
ds = sup ’||Aa:H§ - 1‘.
r€Ds N
The restricted isometry constants play an important role in compressed sensing, see [8,
Chapter 6] for more information. We restrict ourselves to the task of giving a simpler
proof of the fact that the random matrix obtained by uniformly sampling rows of the
discrete Fourier transform has small restricted isometry constants with high probability.
This result was obtained by Candés and Tao in the influential paper [6]. An improved
result was later found by Rudelson and Vershynin [22] using a different method. Finally,
by elaborating on this method a better probability estimate was obtained by Rauhut [21].
We consider the following (more general) setup. Let U be a unitary N x N matrix
and suppose that for some constant K > 1,

sup VN|Uy| < K. (4.1)
k.l
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We consider a sequence (6;)1<;<n of i.i.d. copies of the random selector 6 : Q@ — {0,1}
which satisfies

Let I = {i € [N] : 6, = 1} be the random set of selected indices and note that its
expected cardinality is E|I| = m. Let R; : CV — C!!l be the operator which restricts a
vector to its entries in I and consider the subsampled and rescaled matrix

| N
U] = *R[U (42)
m

The subsampled discrete Fourier transform corresponds to taking

Up = —— exp(2mi(k — 1)(1 — 1)/N)  (k,l=1,...,N).

1
VN
Theorem 4.1. [6, 21, 22] Let U and I be as above. Set 6, = §;(U;). There exist universal
constants dy,ds > 0 such that for any given s € IN and 0 < §,n < 1, we have P(§; > 0) <,
provided that

m > sK26~2 max{d; log® slogmlog N,dslog(n~1)}. (4.3)

The proof of Theorem 4.1 in [21] (see also [8, Theorem 12.32]), which refines the
approach in [22], consists of two parts: firstly, the expected value of §, is estimated using
a (classical) chaining argument. Secondly, a deviation inequality for suprema of bounded
empirical processes is used to show that §, is typically not much larger than its expected
value. Here we shorten the proof by merging these two steps, hence dispensing with the
concentration inequality. Note that we still use a certain entropy bound obtained in [22]
(see (4.6) below), which is nontrivial to prove.

Proof of Theorem 4.1. Let U; be the i-th row of U. For every « € D, y we define f,(6;) =
Hi\/%ﬁ/NUi, r). Since U is unitary,

N

N N N
ZEfﬁ(Gi):EZ (0)|(Us, )| Z (U, o) = |Uz|2 =1, (4.4)
i=1 =1

i=1

and therefore we can write

J, = sup ‘ZF —Ef2(0,).

r€D, N i=1

Fix 1 < p < oo and let (;);>1 be a Rademacher sequence, i.e., a sequence of independent
symmetric Bernoulli random variables. By a standard symmetrization argument [17,
Lemma 6.3],

N
(EsP)'/P < 2<]EIEg sup ’Zsifg(ﬁ
i=1

z€Ds N

p) v (4.5)

Now we fix w € 2 and let ¢; = 6;(w). By Hoeffding’s inequality,

N N 1/2
P (Y eul200) — £6)) 2w (2w - ) ) < expl(—a?/2).

i=1
Moreover,

N 1/2 N 1/2
(Do) = £2:0)%) 7 = (o (elt) = Fo )2 (fults) + £y (0)?)

i=1 i=1
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Tail bounds via generic chaining

N 1/2
<2 sup( fti) max | f.(t; ti)|.
2 (L 7200) 7 ma 1000 = £
In conclusion, the process
N
.’L‘HZEZfIZ(t)
i=1

is subgaussian with respect to the metric
/2
d(z,y) = sup (Zf ) di(z,y),
z€Ds N i=1

where d; denotes the metric

di(z,y) = max |[fi(t:i) — fy(t:)]-

1<i<N

By Theorem 3.2,

(k. sup |Seusi

)1/11
z€EDs N i=1

< 72(Ds N, dp) sup (ZF ) "1 s (

zeDs N N5 z€Ds N

)"

Zng

We apply (2.3) with e = 2, i.e.,

o0 1/2
1(Derd) S [ (1og N Doy, des)) du
0

and use that Rudelson and Vershynin already proved that (see inequalities (3.8) and (3.9)
in [22], or [8, 21])

oo 1/2
/ (logN(DS’N,dt,u)) duﬁK,/ilogs\/logm\/logN. (4.6)
0 m

Moreover, by Khintchine’s (or Hoeffding’s) inequality,

(k. V() < a3 ) b

By Holder’s inequality and (4.1)

fr(t:)

1<i<N

1 ]
< — ||V ; < —
max |fa:( )l = 12355\[ \/7’71” NUZHOO”:EHl <K m’

where the final inequality follows from the s-sparsity of x. Collecting our estimates we

find
1/p
(5 s Stz
x€Dg N =1
N 1/2
< sgp (ng(tﬂ) K,/%(logs\/logm\/logl\f—i— \/f))
x€Ds N i=1
EJP 20 (2015), paper 53. ejp.ejpecp.org
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Tail bounds via generic chaining
We now take the LP norm on {2 on both sides and obtain using (4.5)
p) 1/p
N p/2\ 1/p s
< (E sup (ng(@l)) ) K,/ E(logs\/logm\/logl\f + \/f))

zeDs N N5

N
(B sw | 20600 - Ef2(6)
i=1

z€Ds N

p)1/2pK\/§<10g5,/logm\/ IOgN+\/f))
+K\/Z(logs\/logm\/log]\7+\/ﬁ>, (4.7)

r€EDs N

N
< (B sw ];fiwi)Efﬁ(ai)

where in the final step we use (4.4). Note that (4.7) is a quadratic inequality in (]Eéf)l/ 2,
By solving it and subsequently squaring both sides we find

(E6P)V/P < K i1ogs\/logm\/logN4—K2ilog2510gmlogN
V' m

S S
Ky — +pK?=.
+ P m+p -

Since 1 < p < oo was arbitrary, Lemma A.1 implies that for any v > 1,
IP((SS Z K,/ 2 log sy/log m+/log N + K22 log? slogmlog N
m m

VUK = +uK2i) <e v
m m

Therefore, if we set u = log(n~!) and pick m as in (4.3), then

P(6s > 9) < IP(&S > K ilogs\/log,‘n”m/log]\f+K2ilog2510gmlogN
Vom m
+ V/log(n )K= +log(n K> ) <.

O

A small modification of the proof of Theorem 4.1 yields the following result. It implies
in particular the restricted isometry property of matrices obtained by sampling from
bounded orthonormal systems, which was established in [21, Theorem 8.4] (see also [8,
Theorem 12.32]).

Theorem 4.2. Let A be an m x N random matrix with independent rows given by

\/%Xl, o \/%Xm. Suppose that

1 m
— E E[(X;,z)|> = ||z]|3 forallz e CV
m

i=1

and

: < K.
[max [Xilloo < K

Then there exist universal constants dy,ds > 0 such that for any given s € IN and
0 < 4,7 < 1, we have P(65(A) > §) < n, provided that (4.3) holds.
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5 Supremum of an empirical process

In this section we investigate tail bounds for suprema of empirical processes. We
begin by applying Theorem 3.5 to these processes. For this purpose we recall Bernstein’s
inequality. For a proof of this result, see for example [4, Theorem 2.10].

Lemma 5.1. (Bernstein’s inequality) Let X, ..., X,, be real-valued, independent, mean-
zero random variables and suppose that for some constants o, K > 0,

—ZE|X|‘1< 2 g 2 (¢g=2,3,..)).

Then,
1 & o K
IP(’— | =2 =vaus Su) < 2exp(- > 0). 5.1
m 2 N u+mu < 2exp(—u) (u>0) (5.1)
In particular, if X4, ..., X,, are subexponential, then
]P(’lm > Y\ +H)<2 (—u)  (u>0) (5.2)
o 1_\/mumu_expu u > 0), .
1=1
where v? = L3 1X3]|Z, and & = maxi<i<m || Xilly, -

Consider the following setup. Fix an m € IN and consider m probability spaces
(Q1,P1),...,(Qm,Py). Suppose that we are given a parameter set T' consisting of m-
tuples ¢t = (t1,...,tn). For every ¢t € T we are given an m-tuple X; = (Xy,,..., X, ) of
subexponential random variables X, : 2; — R. We consider the empirical process

1 m
B = — > (Xy, —EXy,).

i=1

In the terminology used here, Bernstein’s inequality (5.2) implies that the process (Ey)ier

has a mixed tail with respect to the metrics (L di, \/—%dg), where

dl(sat) = 11<n,ix ”qu - XS7‘,||1/117

( ZHXt _ )1/2.

Theorem 3.5 can directly be applied to find the following tail bound.

Corollary 5.2. Let E; be as above and let o, K > 0 be constants such that

=D E|X f]EXq< QK“ =2.3,..).
ngmeIt ol (@=2,3,...)

Then, for any 1 < p < oo,

1/p 1 1 P
< p < - _ - —
(Esup|Et\ ) < (\/m»yQ(T, da) + — (T, d1)> T \/ﬁm +p

teT

In particular, there exist constants ¢,C' > 0 such that for any v > 1,

7+ %u)) <e . (5.3)

(bup|Et| > C’( Yo (T, d2) + L 'yl(T dl)) (ﬁ

vm
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Tail bounds via generic chaining

Inequality (5.3) can be compared to a deviation inequality in [9, Theorem 8]. In this
result the generic chaining estimate

%72(71, da) + %71(117 dy)
occurring in (5.3) is replaced by an estimate obtained by ‘chaining along a tree’, which is
a variation of classical (i.e., non-generic) chaining. As a consequence, the estimate (5.3)
is in general better. The parameters ¢ and K governing the tail behavior in (5.3) are the
same in [9]. Note that [9] also contains a tail bound obtained by ‘generic chaining along
a tree’ (see Theorem 3 there). However, the parameters governing the tail behavior in
the latter result still depend on the metric complexity of the index set T'.

5.1 Supremum of an average of squares

We continue in the above setup, but now assume that the random variables X, :
Q; — R are subgaussian instead of subexponential. For every ¢ in 7' we consider the
average

m

1
Ar=— > (X2 —EX?). (5.4)

i=1
Clearly, we could use Corollary 5.2 to find LP-bounds for sup,cr A;. In this section,
we will however look for a more natural bound involving a metric defined in terms of
the X, instead of their squares. This type of result turns out to give better bounds in
certain applications. The main result of this section, Theorem 5.5, improves a result in
this direction of Mendelson, Pajor and Tomczak-Jaegermann [19] (see Theorem 5.6 and
Corollary 5.7 for a detailed comparison). We consider the metric dy, on 1" defined by

dwz (Sv t) = 1,21{1_3??2” ||X51 - Xti H’l/12'

We define the associated radius of T' by
sz (T) = Sup max ||‘<ti
teT t=1,....m

P2

and usually write A, instead of Ay, (T) for brevity. Finally, we denote by p,, the
normalized counting measure on {1, ..., m}. With this notation,

1 & 1/2
16 = Xollaau = (= DX = X0)%)
i=1
Lemma 5.3. Lets,t € T. Foranyu > 1,

IP(||Xt — Xallz2,) > u2(1+ \/i)dwz(s,t)) < 2exp(—mu?). (5.5)

Proof. Consider Bernstein’s inequality (5.2). If u > m then, using that v < k, we have
\/51/, / X < \@ng.
m m

1 m
P(\m;&

We apply this inequality for X; = (X;, — X,,)? — E(X;, — X,,)?. Note that in this case

i

Thus, for u > m,

> (14 V2)r—) < 2exp(—u).

k= max [|(X;, — X, )% - E(X,,

: i i XSi)2||w1 <2 max [[X;, — X,
1<i<m 1<i<m

12#2 = QdiQ(s,t).
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Therefore, we find for any v > 1,

1 & 1 &
P(= DX = X,)? = — DT E(X, — Xo)? > u2(1+ V2)dl, (s.))
i=1 i=1

< 2exp(—mu).

Since
m

1
— 3 B, - X< max (X, - X3, = 2, (1),
i=1

we deduce that

P (11X = X2, = u2(1+ V2)dyy(s,1) )

1 m 1 m
_ ]P(a ;(Xti - X))t ;E(Xt
1 m
(14 V2, (s, 1) — — ; E(X,, — Xsi)Q)
1 & 1 —
(Ez:: E;E(th _XSi)Q
. 1

(1+f)< (14 V2)u? fm)diz(s,t))

< 2exp ( - m(?(l +V2)u? )) < 2exp(—mu?),

1

2(1+v2)
ifu>1. O

The following two tail bounds will be used in the proof of Theorem 5.5.
Lemma 5.4. Let s,t € T and n € IN. If2"/2 < \/m then for any u > 1,

IP(\At Ay| > ugn/2 220 104y, dy, (5, t)) < 2exp(—2™u).
N

On the other hand, if 2%/2 > v/m, then for any u > 1,

n 5 n
IP(HXt — Xsllz2(up) = Vu2 /Qﬁdwg(&t)) < 2exp(—2"u).

Proof. Suppose first that 2"/2 < \/m. We apply Bernstein’s inequality (5.2) with X; =
X? — X2 —E(X}? — X2). Let us first estimate the deviation parameters. We use the
Holder type inequality (2.1) to obtain

1 & 1/2
v = (%Z IX2 - X2 - B(XZ - X2)|3,)

< 2 2
2 max [[X; — X5 o,

<2 max || Xy — X,

1<i<m

< 4Dy, dy,(s,1).

1/12||Xti + Xsi P2

Similarly, k < 4Ay,dy, (s,t). Thus, by (5.2), for any v > 0,

40y, dy, (s, 40y, dy, (st
]P<|At_As|Z\/% W\/’ﬂ%( )—i-v wrrd;( ))§Qexp(—v).
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Taking v = 2"u yields

P(|4, - A 2 V2u2"/? 4Aw2%(s’ D 4o 4A“/’2‘f;fj(s’t)) < 2exp(—2"u).

Now observe that 2"/? < /m implies that

on 4A1Z12 dwz (57 t) < 9on/2 4Aw2dw2 (‘97 t)
m - vm ’

Therefore,
4Ry, dy, (5, 1)
Al > n/2 F2Pa Uepy () < —9m).
IP(|At As| > (V2u +u)2 N ) < 2exp(—2"u)

By using that © > 1 we obtain the first assertion.
Suppose now that 2"/2 > \/m. Lemma 5.3 implies that for any v > 1,

]P(HXt — Xsllz2 () > v5dw2(s,t)) < 2exp(—mw?)

Let v = 27/ 2\/6\/%, then v > 1 and therefore,
5
IP(HXt — Xallez () > ﬁ2"/2ﬁd¢2(s,t))

< 2exp ( - m(?”/Z\/ﬂ\/lrrJz) = 2exp(—2"u).

We are now ready to prove the main result of this section.

Theorem 5.5. Let (A;):cr be the process of averages defined in (5.4). Let o, K be
constants satisfying

sup—ZIE|X2 EX2|‘7< 2Kq 2 (q

2,3,...). (5.6)
teT M

Forany1l <p < oo,

71 1 K
(]E sup |At|p> ’72 p(T di/’z) \/ﬁsz( )’727;0(T dibz) + \[\/> +p*

teT

As a consequence, there are constants ¢, C > 0 such that for all u > 1,

P (supla > O(oA (T + S (de)) oo ) <7

Note that we can always take the parameters

sup (- Z 1xa0,) "

Xillz. -
P I,

)
\ \

K

Proof. We again write Ay, := Ay, (T) for brevity. Set [ = |log,(p)|. Let T be an optimal
admissible sequence for v, ,(T', dy,) and let 7, (t) = argmin, 1 dy,(s,t). We divide IN;
into two disjoint parts given by

Isubg = {n e Ny 2n/2 < m}, Tsubex = {n e Ny 2n/2 > m}
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We write the telescoping sum

Yoo Arwm— At D An) — Ar ) + A (5.7)

n€lsubg Nn€lsubex

By Lemma 5.4, if n € Igupe then forallt € T and u > 1,
10Ay, ., n
P(14r,0) = Aro 0] 2 w22 P2y (), T (1)) < 2exp(~2"w),
whereas if n € I upex, then forall u > 1,
5
P (1K) = Ko s D200 2 V2 2y (70 (8), 7o (1) < 2650(-2"0). (5.8
Let 2, , be the event
10A
Y € Lubgs t €T ¢ |An,ty = Am 1 ()] < u——222™2dy, (1 (), Tro1 (1)),
T
Vn € Labexs LET & [ Xr, (1) = X, (D 22 (1) < fo"/zdwz(M( )s Tn-1(t)):
Since for any n > [ the number of pairs (7, (t), 7,—1(t)) is bounded by |T,,| |T5,—1] <

22"92"71 < 92" 3 union bound (see Lemma A.4) implies that there is an absolute
constant ¢ > 0 such that if u > 2,

P(€, ) < cexp(—pu/4).

If the event (2, ,, occurs, then for any given t € T,

10A .
‘ Z Aroty = Ar, i Su \/%2 Z 272y, (mn(t), Tn-1(t))
n€lsubg n€lsubg
10(1 +v/2)A,
< UT%%,p(ﬂ dy,)-

For the subexponential part we write

‘ Z Aﬂ'n(t) - Aﬂ'nfl (t) ’

n€lsubex

‘ Z Z Tn (1) Tn—1(t): ( ZXW,L t): 72rn,1(t)i)" (5.9)

ne[subex

By the Cauchy-Schwarz inequality in L?(u,,), we find

2
‘* X = Xa s

1 m
‘E Zl ( T (t)e nﬂ_l(t)i> (X’Tn(t)i + X’T"—l(t)") ‘
1 m 9 1/2 1 m 2\ 1/2
S (E Z (Xﬂn(t)'i - Xﬂ'nfl(t)i) ) (E Z (Xﬂ-n(t)i' + Xﬂ'nil(t)i) )
i=1 =1

< [ X,y — Xw,,H(t)HL?(um)((Am O Rl ZE n(t)l)
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1 1/2
(Ao 23 ,)")

=1

A 2 n/2
= 2<§g$ ‘Af| + Aw ) f2 \/*d1b2(77n(t)a77n—1(t))
<2 A V2 + A on/2 0y (), Tt (8)).
< (igg\ 24 Ay, )V = (T (1), M1 (1))

On the other hand,

o5 220, - X )
: E<(% zm: (Xﬂ"(t)i - Xﬁ"_l(t)i)2)1/2<% i_n: (Xﬂn(t)i + Xﬂn_l(t)i)z)lﬂ)

=1 i=1

m

1 2\ 1/2
< (Bl Xr ) = Xm0 1220 (mZE( m(t)ﬁmel(t)i)) :

By (5.8) we can apply Lemma A.5 (with p = 2 and o = 2) to the first term on the right
hand side to obtain

_ , 5
(., ZXM = X2 )| S BVIRG2 s (m(8), o (1)
We now apply these estimates in (5.9) and find (for u > 2)

‘ > Ay~ An i

n€lsubex

< (2vasupl A+ GVE+ 2V ) = 30 23 (m(0). i (1)

teT
< 5(1++/2)
< 1/2 .
= (2 flel’llz |At| + 5A’(/)2> \/,T'L \/ﬁ ’727]0 (T’ dw2)

n€lsubex

In conclusion, if €2, , occurs then we find using (5.7)

10 + 10v/2
sup [A¢| < fivz (T dw2)sup|A K&
teT vm
(35 + 35v2) Ay,
S e e, (T d A
u \/ﬁ 72;?( ) w2)+§1€1¥| 7r1(t)|a

which is a quadratic inequality in sup,cr |At\1/ 2. By solving this inequality, we obtain

25 85A 1/2
sup |42 < Vu—= T,d —|—(u L T,dy,)+supl|A, ) ,
t6712| t] 7f\/m72,p( a) T Yop(T' dy,) tegl ol

which implies that

) + V(1))

sup\At|/ —sup|A (t|/ <f\/>

In conclusion, if © > 2, then

(Sup|At|1/2—Sup|A \(#) \/ >f(\ﬁ727P(T dy,) + (85\? 72,p(T,d¢2))1/2)>
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< cexp(—pu/4).

Since the random variable
sup |At|1/2 — sup |Am(t)|1/2
teT teT
is clearly positive, we can now apply Lemma A.5 (with o = 2) to obtain

(E<§§$‘At|w*jggh“m(t)lm) ) <C(\FV2,p(T dy,) + (SM\/%”WQ,F(T,%))W).

We use the triangle inequality to write

85A,,
Jm

1/p
+ (Esup|A,rl(t)|p/2) . (5.10)
teT

1/p 25
(]E sup |At|p/2) < C—="2,p(T,dy,) + C(
teT

Jm

1/2
2Y2,p(T, dw2))

Finally, we use Lemma A.3, Bernstein’s inequality (5.1) and our assumption (5.6) to
obtain

2/p K
Esup |A,; 7’/2) <4su (EA p/2> +p—.
(Bsup |4nl2) " < 4sup (BIAI?) S Vo + 0

Taking squares on both sides in (5.10) and applying the latter estimate yields the
result. O

Let us now compare Theorem 5.5 with [19, Corollary 1.9]. We consider the following
situation. Let X1, ..., X,, be independent copies of a random variable X : Q — ©, where
O is a measurable space. Let ux denote the probability distribution of X. Suppose that
F is a set of real-valued measurable functions on © and consider the process (Z(f))er
defined by

£ =) - B
i=1

Theorem 5.6. [19] There exist absolute constants C, ¢ > 0 such that the following holds.
If || fllL2(ux) = 1 for all f € F, then with probability at least

1 —exp ( — cmin (maVS(}—’ d¢2)/522(}-)))

we have

_ 1 1
sup 2(f) < CBu(F) (B (Fodin) + oma(Fodis)

Moreover, if F is symmetric, then

1
ﬁw(ﬁ dwz)). (5.11)

Theorem 5.5 improves this result in several respects: we can assume the X; to be only
independent instead of i.i.d., we do not need to assume that F lies on the L?(ux )-sphere
and, most importantly, we get an optimal deviation inequality.

- 1
Esup Z(f) < Oy, (F) (13 (F, dy,) +
fer m

Corollary 5.7. There exist constants ¢,C' > 0 such that the following holds. Let X; :
) — 6,1 < i< m be independent random variables and let F be a set of real-valued
measurable functions on ©. Suppose that o, K are such that

sup — E q< 2K‘12 qg=2,3,...).
fefmz 72X ~ B < S ( )

EJP 20 (2015), paper 53. ejp.ejpecp.org
Page 19/29


http://dx.doi.org/10.1214/EJP.v20-3760
http://ejp.ejpecp.org/

Tail bounds via generic chaining

Then, for any u > 1,

P(sup 2(7) = O3 i)+ Sy Fid) +e(Vi rur ) <

Corollary 5.7 readily implies a deviation inequality for the sample covariance operator
(with respect to the true covariance operator) of a set of i.i.d. subgaussian vectors in
a Banach space, see [12, Theorem 9] for details. In [7], Corollary 5.7 is used to give a
unified approach to dimensionality reduction with subgaussian matrices (see in particular
[7, Theorem 4.8]). In both applications, the set F consists of linear functionals.

Remark 5.8. The main point of Corollary 5.7 is to establish an improved tail bound for
Z(f). We note, however, that substantial improvements have been made to the bound
for the expected value in (5.11) [18, 20]. In particular, a special case of [20, Theorem
5.23] (see also [27, Theorem 9.3.1]) shows that for any g > 4 there is a constant C; > 0

such that _
ALq (ux) (]:)

1
Esup Z(f) < Cy(—n3(F, dy,) + =45

(F.dy)).
fer

We also remark that a few months after this paper was finished, a different proof of
Corollary 5.7 was obtained in [3, Theorem 1].

6 Supremum of a second order chaos process

In this section we will make use of the Schatten spaces. For any m X n matrix A with
complex entries A;; we use

|Allse = (Tr(A* )Y (1<g<o0),  [|Alls= = |Alliz sz,
to denote the Schatten norms of A. We use
dg(A1, Az) = || A1 — Az sa

to denote the associated metrics on the m x n matrices. Accordingly, for any set A of
m x n matrices and 1 < ¢ < oo we define the radius

Ay(A) = :g\\AHSq-

Let £ be an n-dimensional random vector. For any n x n matrix B we define the associated
second order chaos by

Cp(§) = " BE—E(E"BE) = Y By(&€; — E(&E))).

4,j=1

The tail behavior of Cg(§) in the case that £ has subgaussian components was described
by Hanson and Wright [10], see also [23] for a modern proof.

Theorem 6.1. Suppose that &4, ..., &, are independent, mean-zero, real-valued random
variables and max; ||&;||y, < 1. Then, there is a universal constant ¢ > 0 such that for any

u >0,
2

P(|Cp(&)] > u) SQeXp(—cmin (ﬁ,ﬁ)) (6.1)
S2 i

In the terminology of Section 3, (6.1) implies that the process (Cp(£))ses has a mixed
tail with respect to the pair (d.,ds). Thus, by Theorem 3.5

(B sup [Co(©F) " £ 20(B. o)+ 12(B.de) + VFAa(B) + pBc(B).
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As it turns out, the occurrence of the +;-functional in this bound can lead to suboptimal
results in certain applications. To mend this, Krahmer, Mendelson and Rauhut proved
the following deviation inequality for chaos processes of a special form, which involves
only ~,-functionals.

Theorem 6.2. [13, Theorem 3.5] Let A be a set of m x n matrices. Set{ = (&1,...,&),
where &4, ... ,&, are independent, mean-zero, unit variance, real-valued, subgaussian
random variables. Define

E= 73(-’47 dOO) + AQ(‘A)W?(Av doo)
V = Ao (A)(A2(A) +72(A, de))
U =A% (A)
Then, there exist constants ¢y, cy > 0 depending only on ||&1 |y, - - - |6y, Such that for
allu >0,
2
2 2| < _ LUt u _
P(jléa ‘||A§||2 IE)||A§||2’ > clE—l-u) < 2exp ( czmln{ v U})

As discussed in [13], this result has interesting applications in compressed sensing
with structured random matrices.

Note that due to the appearance of the v,-functional in the factor V/, the bound
does not exhibit the correct tail behavior for large u. In fact, one would expect from
Lemma A.3 and the Hanson-Wright bound that V' can be replaced by the smaller, and in
general optimal, factor A3(A). In Theorem 6.5 we show that this is indeed possible. Our
proof follows in general lines the proof of [13], with some simplifications. For example,
we completely avoid the use of the majorizing measures theorem.

The main chaining argument in the proof is contained in the following lemma. We
follow the proof of [13, Lemma 3.2].

Lemma 6.3. Fix 1 < p < oo. Let& = (&,...,&,) be a random vector of independent,
mean-zero random variables with max; |||, < 1 and let ¢’ be an independent copy of
¢ defined on a probability space (', F',P’). Setl = |log,(p)]. Let A be a collection of
matrices, let (A,)n>0 be an optimal admissible sequence for 2 ,(A, dx) and define an
associated sequence of maps m, : A — A, by m,(A) = argming 4d (A, B). Then,

p\1/p 1/p
(B sup [¢7 (474 = m(a) m(A)E|") ™ < Crap( A doc) (B sup [ 4¢]E)
AeA AeA
Proof. We make the decomposition
§ (A" A —m(A)'m(A))E
= Zg*ﬂn(A)*Wn(A)fl — & mn-1(A) o1 (A)E
n>l
= & (ma(A) = T 1 (A) T (A)E + Y a1 (A) (a(A) — mp1(A)E
n>l n>l

=: 51(4) + S2(A).

Let us consider S;(A). Note that the terms £* (7, (A) — m,—1(A))* 7, (A)¢’ are subgaussian
in £ when we condition on £’. Thus, for any n > I,

P([€ (0 (A) = M1 (A) i (A)E'| = u2"2[|(mn (A) = mo—1(4)) w0 (A)E||2)
< 2exp(—u?2").

EJP 20 (2015), paper 53. ejp.ejpecp.org
Page 21/29


http://dx.doi.org/10.1214/EJP.v20-3760
http://ejp.ejpecp.org/

Tail bounds via generic chaining

Note that for any n > I,
{((a(4) = -1 (A)), T (A)); A € AY] < JAu| [Anoa| < 277277 <2277
Let 2, , be the event
Vn > 1,VA€e A | (mp(A) — mn_1(A)) . (A)¢]
< w22 (w0 (A) = mn1(A)) T (A)E||2.
By a union bound (cf. Lemma A.4),
P(Q;,) < cexp(—pu?/4)  (u>V?2).

If the event €, , occurs, then

|S1(A)] < D w2 || (ma (A) = w1 (A)) T (A)E 2

n>l

< D u2Pma(A) = w1 (A)l|s= [ (AE 12

n>l

< a1+ V2)r2,(A, doc) sup | AE'||2-
AcA

In conclusion, for any u > V2,

P((sup [S1(4)] > u(l +V2)12,(A, do) sup [ A€'2) < cexp(—pu?/4).
AcA AcA

By Lemma A.5,

D=

(B sup 1S1(A)])" < Crz (A, doc) st [ AL
AcA AcA
Taking the LP-norm over )’ yields

1

(E'E sup |S1(4))" < C(E sup [ AE[) " 72.p(A, dec).
AcA AcA

A very similar argument gives

1 1

(BB sup |S2(A)])" < C (B sup [ AE]5) " 72.(A, doc).
AcA AcA
The asserted estimate now follows by the triangle inequality. O

In the proof of the main theorem of this section we use the following decoupling
inequality due to Arcones and Giné.

Lemma 6.4. [2] Let g be an n-dimensional standard gaussian vector, let g’ be an inde-
pendent copy of g and let B be a collection of self-adjoint n x n matrices. There is an
absolute constant C' > 0 such that for any 1 < p < oo,
o\ 1/p , , 1/p
(IE sup ’g*Bg - E(g*Bg)l ) < C<1E1E sup |g* By Ip) ~

BeB BeB

We will also use the following decoupling inequality, which is elementary to prove (see
e.g. [8, Theorem 8.11]). Let &4, ... ,&, be independent, real-valued, mean-zero random
variables and let ¢1, . .., &/, be independent copies. Then, for any 1 < p < oo,

1/ 1/
p) p§4(EIE’ sup |§*B§’|p) " (6.2)
BeB

(E sup ‘ ;é-ingij
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Theorem 6.5. Let A be a set of m x n matrices. Suppose that &y, ...,&, are independent,
real-valued, mean-zero random variables, let { = (&1,...,&,) and set €|y, = max; |||y,
Forany1l <p < oo,

9 9P\ 1/P < 9 9 _
(B sup [14€13 ~ BIACIB]") ™ < el (12, (A, doo) + Ba(Apr2 (A doc)
+VPA3(A) +pAL(A).  (63)
As a consequence, there are constants ¢, C > 0 such that for any u > 1,
P sup [14¢13 — BIIACI3| = CllelZ, (1(A, doc) + Ba(A)72(A, dec) )
AcA
+elll?, (Vadi(A) + ub (4))) < e

Proof. By dividing both sides of (6.3) by ||{||, if necessary, we may assume that ||£]|,, < 1.
Let ! = |logy(p)]. Let (Ay,)n>0 and (7, ),>0 be as in Lemma 6.3 and write

sup £* AT AE — (¢ A AE)
AcA
< sup CAAL — Em(A)'m(A)E — E(ETA"AL — £'m(A)" m(A)E)
+ sup {'m(A)*m(A)§ — E( m(A) m(A)E).
AcA

We continue by estimating the first term. We write B = B(A,1) := A*A — m(A)*m,(A) for
brevity. By the triangle inequality and the decoupling inequality (6.2),

(B sup ¢ Be ~ B BO)) "
AcA
< (B[ sem, N

p) v (6.4)

p\ 1/p o .
) ( jgg\gjﬂa E|&:[*)By:

1/p
< |EE' sup |¢*B¢'|P + (Esu ‘ iI? — E|&|*)Bii
< (B sup 6 BEP) 4 (s [ 2061 - Bl )

Let € be a Rademacher vector and let g be a standard Gaussian vector. By symmetrization
[17, Lemma 6.3], the contraction principle [17, Lemma 4.6] and de-symmetrization [17,
Lemma 6.3],

p) 1/p

p) 1/p

p) 1/p

p\ 1/p

) + (EE sup ‘ ZE,»BZ-Z»

AeA

( 3up | 06 ~ Bl 5

< 2<EE5 sup ’ &i|&)? B
o | S

< (EEE sup ‘ ;51‘9? Bi;

p) 1/p
p) 1/p

< (E sup ’ ;(g? —1)By;

p\ 1/p
N (E sup ’g*Bg - E(g*Bg)’ ) + (E j‘éﬂ‘ > " 9i9;Bij
i#]

AcA
p\1/p
+ (EE sup ‘Zé‘iB“' )

AcA
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p) 1/177 6.5)

1/p
S (EE/ sup |9*Bgl|p) + (]Es sup ‘ZgiBii
AcA e

where in the final step we used the decoupling inequality (6.2) and Lemma 6.4. We first
estimate the second term on the far right hand side. By Khintchine’s inequality, for any
C,D e A,

(k-

Let C(;) denote the i-th column of C'. Then we can estimate

(Z (€7 Cii - (D*D)ii|2) -

N <Z (”C@‘)H% - ||D(i)‘|§>2)1/2

3

= (Z (HC@HQ - IID(i)\|2>2(||C(i)||2 + HD(i)||2)2)1/2

3

1/2

S a(c*c - DDyl

)" < Va3 10 - (0 Dl?)

1/2
< (31w - D BUICH I + 1D 2)?)

2

Moreover, for any fixed ¢,

ICiy — Doy ll3 = I1(C = D)y I3
= ((C = D)*(C = D))y <||(C = D)*(C = D)||s= = ||C = D||Zw-

In conclusion, we find

(EE p) 1/p

o\ /2 _
< 2yec (€, D) sup (D214 ) T = 2/pBs(A)d (O, D).

Thus, by Lemma A.1 the process
(21: ( ) AcA
is subgaussian with respect to the metric As(A)d,, and Theorem 3.2 immediately yields

(Ea sup ’ ZeiBii

n1/p
) S B A ).
AcA

By Lemma 6.3 and the (quasi-)triangle inequality in L?/2,
1/p
(BE' sup l¢*BEP?)
AcA
2\ /P
S 72(A, doo) (E sup || 4¢]15)
AcA

9 9 o|P/2\1/P
S 12.0(A, doo) (E| sup |1 4€13 — EI|AEI| + sup EJlAg)3[)
AcA AcA

p\1/2p
< 7204 do) ((E sup 14615 - Bl A¢IB] )

+AAAD.
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This bounds the first term on the right hand side of (6.4) and, specialized to £ = g, the
first term on the far right hand side of (6.5). Finally, by Lemma A.3, the Hanson-Wright
bound (6.1) and Lemma A.2,

p\1/p p\ 1/p
(B sup [IIm(A)EI13 — Bllm(A)l3] ) " <2 sup (|43 - El4g)]”)
AcA AcA
S VPA3(A) + pAZ(A).

Collecting our estimates, we find
p\1/p
(e sup | 14113 - Bl 4€13])
AcA
9 o|P\1/2p
< 720(A de) (B sup [|14€]3 — Bl Ac)3])

9 5|\ 1/2p
+2.0(A, dec) (B sup [[[4g]13 ~ Ell Ag]3)")
AcA
+ Y2,p(A, doo) Aa (A) + /pAS(A) + pAZ (A).
Since this estimate in particular holds for £ = g, we obtain a quadratic inequality
max{z,y} < amax{z, y}1/2 + 0,

where

1/p
b

9 5P\ 1/P 9 5|P
o= (B sup [I4¢3 — BIAg3]) 7, v = (Esup|I4g13 - ElAg)3])
AcA AcA

a="2p(Ads),  b=72,(A doc)Do(A) + v/PAT(A) + pAL(A).

By solving this inequality, we obtain the result. O
An application of Theorem 6.5 to dimensionality reduction with sparse Johnson-

Lindenstrauss transforms can be found in [5] (see in particular section 2 there).
A Appendix

In this appendix we collect some elementary observations that are used throughout
the paper. The first lemma states how to pass from moment to tail bounds. The proof is
a straightforward consequence of Markov’s inequality, see e.g. [8, Propositions 7.11 and
7.15].

Lemma A.1. If X is a complex-valued random variable satisfying
(B|IX[P)YP < ap'/® +b, forall p > 1,
for some 0 < a,a < oo and b > 0, then
P(|X| > e'(au+b)) < exp(—u/a)  (u>1).

If X satisfies
(E|X[P)YP < aip + as/p + as, for all p > 1,

for some 0 < aq,as,a3 < oo, then
P(|X| > e(aiu+ asv/u + az)) <exp(—u)  (u>1).

The following observation is a converse statement.
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Lemma A.2. Let 0 < a < 0o. If a random variable X satisfies

P(IX| > e'u) < be ""/*  (u>0),

(BIX ") < 61/2€a<\/Q—Weo‘/ubf/ppl/“.
(67

P(|X| > aju+ asvu) <exp(—u)  (u>0) (A.1)

then for anyp > 1,

If X satisfies

for some 0 < a1,a9 < oo, then forallp > 1
(E|X|P)YP < a12eY 29 (vV2mel/(12P))/Pe=1y 4 GQQ(QB)—1/2€1/(2G)(ﬁel/(ﬁp))l/p\/];_

Proof. For a proof of the first statement, see [8, Proposition 7.13]. For the second
assertion, note that (A.1) implies

67“2/a§, if 0 <u<a/ay;

1
P(LIX] > u) S{ e~u/a | if u> a3/ay.

Using integration by parts and a change of variable we find
2 PE|X|P = p/ W P(LX] > ) du
0

a2/ay 2 2 0o
< p/ uP~lemw /a2 du—l—p/ uP~le W9 gy
0 a?/ay
o0

1 e, 1
zipag/ vz le ”dv—&—pa’f/ VP e do
0 a3/a?

< 3pasT(p/2) + paiT (p),

where I'(p) = fooo vP~le™v du is the gamma function. The result now readily follows using
Stirling’s formula, which states that

T(p) = V2rpP=1/2e 7Pl @)/ 120
for some 0 < 6(p) < 1. Indeed,
pL(p) < pPV/2m/pe et/ (12P)

and therefore
(pL(p))Y/? < p(v/2mel/(12P))H/pe—1 1/ (2€),

where we used that p'/(??) < ¢!/(2¢) if p > 1. In the same way,

(%pr(p/Q))l/P < (26)71/261/(26)(\/%61/(617))1/17\/]’1

The following three lemmas are used in every chaining argument in this paper.

Lemma A.3. Fix 1 < p < oo, set ! = |log,(p)] and let (X;);er be a collection of complex-
valued random variables. If |T| < 22', then

1/p
(Bsup |X,|7) " < 2sup(E| X, P)1/7.
teT teT

EJP 20 (2015), paper 53. ejp.ejpecp.org
Page 26/29


http://dx.doi.org/10.1214/EJP.v20-3760
http://ejp.ejpecp.org/

Tail bounds via generic chaining

Proof. Since |T| < 2P,

Esup [X|” <Y B|IX;|” < [T|sup E|X; [P < 2”sup B|X,[".
teT teT teT teT

O

Lemma A.4. Fix 1 <p < o0, 0 < a < 0o, u > 2/ and set | = |log,(p)|. For everyn > [
let (Q(-"))ZEI“ be a collection of events satisfying

P(Q") < 2exp(~2"u®),  foralli € I,,.

If|1,,| < 22""" then for an absolute constant ¢ < 17,

IP( U U an)) < cexp(—pu®/4). (A.2)

n>li€el,

Proof. By a union bound, using that u® > 2,

IP( Uu Qg">) <3 22" 2exp(—ut2")

n>li€l, n>l
=2 Z exp(2(log 2)2™) exp(—u*2")
n>l
<2 Z exp((log2 — 1)u*2™).
n>l
Clearly,
Z exp((log2 — 1)u®2") = exp(—2'u®/2) Z exp((log2 — 1)u®2" + 2'u®/2)
n>l n>l
< exp(—2'u®/2) Z exp((log2 — 1)u*2™ + 2"y /4).

n>0

Since log 2 — % <0and —2! < —g, we conclude that (A.2) holds. Note that

¢ <2 exp(2'(2(l052 ~ 1) + 1)

n>0
2
<2) exp(n(2(log2—1)+ 1)) < -2<17

Lemma A.5. Fix1 <p< oo and 0 < a < 0. Let v > 0 and suppose that ¢ is a positive
random variable such that for some ¢ > 1 and u, > 0,

P(£ > yu) < cexp(—pu/4)  (u > u.).
Then, for a constant ¢, > 0 depending only on «,
(EEP)P < y(Cac + u.).

Proof. By integration by parts and a change of variable,

EEP = /Ooopup_llP(f > u)du
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= 7”/ poP I P(E > vy)dv
0

S’yp(/ pvp_lcexp(—pvo‘/él)dv—!—/ pvp_ldv)
u 0

s

=P (c/ poP~ exp(—pv® /4)dv + uﬁf).

To complete the proof, observe that by another change of variable

/ pvp_le_p”a/‘ldvZp_p/QZP/O‘zp/ u e 2y
0 @ Jo
pJaop/a 2D V2T 2

bl

where ¢ is a standard Gaussian. If p > « then

2 1
Elg|* < (Z-1)" 7,

and therefore

/oopvpfle*p”aﬂldv < V2T op/e (g)§+§pl/2.
0 - 2 o

On the other hand, if p < a, then we can trivially estimate the integral by 2v/27. The
result follows by combining all of the above estimates. O
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