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Abstract

Small-space and large-time estimates and asymptotic expansion of the distribution
function and (the derivatives of) the density function of hitting times of points for
symmetric Lévy processes are studied. The Lévy measure is assumed to have com-
pletely monotone density function, and a scaling-type condition inf £¥” (¢) /¥’ (£) > 0
is imposed on the Lévy-Khintchine exponent W. Proofs are based on generalised
eigenfunction expansion for processes killed upon hitting the origin.
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1 Introduction and statement of the results

Let X be a one-dimensional Lévy process, that is, a real-valued stochastic process
with stationary and independent increments, cadlag paths, and initial value Xy = 0. The
process X is completely characterised by its Lévy-Khintchine exponent ¥, which is given
by the Lévy-Khintchine formula:

V(€)= — log(Be'X1) = ag” — ib¢ + / (1= € €21y 1y (2)(d2)
R\{0}
for £ € R, where a > 0 is the Gaussian component, b € R is the drift coefficient and v is
a non-negative measure such that fR\ (0} min(1, 2?)v(dz) < oo, called Lévy measure. The
first hitting time of a point x € R is defined by the formula

T, = inf{t > 0: X; = x}.

In this article estimates and asymptotic formulae, in terms of the Lévy-Khintchine
exponent W, for the tail and the density function of 7, are derived, under a number of
conditions on the process X.
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Hitting times of points for symmetric Lévy processes

The distribution of 7, plays an important role in various contexts: local times and
excursion theory ([2, 7, 18, 29]), potential theory ([3]), penalisation problems ([19, 28,
30, 31]). The estimates of 7, may also prove useful in the study of one-dimensional
unimodal Lévy processes, developed recently in [5, 6, 9]. More precisely, description
of 7, is the limiting case of a more general problem of finding the time and place the
process X first hits a (small) ball, see [6] and a recent preprint [10].

Surprisingly little is known about the properties of 7, for general Lévy processes.
By [23, Theorem 43.3 and Remark 43.6], if 1/|¥| is integrable at infinity, then

—1
i€ — ATy — A 3 — 71 1.1
/}Re Ee dz T with ¢, </]R)\+\Il(£)d§) . (1.1)

The inversion of the Laplace and Fourier transforms in (1.1) is often problematic. An
application of the inverse Fourier transform to both sides of (1.1) leads to an expression
for Ee~*"» in terms of an oscillatory integral. In fact,

uy(z) = ¢ 'Ee ™ (1.2)

is a well-studied object, the A-potential density of X. Nevertheless, a closed-form
expression for u) is known only in some special cases, e.g. when X is stable and A = 0,
or when X is relativistic with 8§ = 2 (with the notation of Example 1.4 below) and
A = 1. Therefore, in order to invert the Laplace transform in (1.2), one needs additional
regularity of U. This is the rough idea of the proof of the main result of [13], which is
recalled as Theorem 1.9 below, and which is the starting point for our development.

There are essentially two classes of Lévy processes for which the description of 7,
simplifies dramatically and has been studied. When X is an a-stable process, 7, is equal
in distribution to z“m (scaling), so the originally two-dimensional problem becomes
one-dimensional. Numerous results are available in this case. In particular, a complete
series expansion of the distribution function of 7,. is known (see [20] for processes with
one-sided jumps, [4, 7, 21, 30] for the symmetric case, and [11] for the general result).
Other closely related results for the stable case (unimodality, distributional identities,
applications) can be found in [16, 26, 31].

The distribution of 7, for 2 > 0 is rather well-studied also for Lévy processes with
negative jumps only (also known as spectrally negative processes). Then 7, is equal
to the first passage time through the level z, 7, = inf{t > 0 : X; > 2}, and fluctuation
theory for Lévy processes can be used to study the properties of 7,. We refer to [23,
Chapter 9] for more information.

For non-stable Lévy processes with two-sided jumps, we are aware of no estimates or
asymptotic formulae similar to the main results of this article.

Throughout the article, X is assumed to be symmetric, thatis, b = 0 and v(F) = v(—F)
for all Borel E C R. In this case ¥ is a real function with non-negative values. We impose
two additional restrictions: we require X to have completely monotone jumps and satisfy
a certain scaling-type condition. These notions are briefly discussed below.

Recall that a function f : (0,00) — R is said to be completely monotone if it is infinitely
differentiable and (—1)"f(™(¢) > 0 for all ¢ > 0 and n = 0,1,2,... By Bernstein’s
theorem, this is equivalent to f being the Laplace transform of a non-negative Radon
measure on [0, 00). Similarly, we say that a process X has completely monotone jumps
if its Lévy measure v is absolutely continuous with respect to the Lebesgue measure,
and its density is a completely monotone function on (0, o0). Note that due to symmetry,
the density of v on (—o0,0) is absolutely monotone: its derivatives of all orders are
non-negative.

Lévy processes with completely monotone jumps (without the symmetry condition)
were introduced by Rogers in [22], see also [14]. In the symmetric case, an equivalent
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condition can be given in terms of U. Recall that ¢’ is a complete Bernstein function if
and only if

d
1&(6):014—0254—‘/(0 )Sigﬂ(ss)

for ¢ > 0, where ¢1,c2 > 0 and p is a non-negative measure for which the above integral
converges (see [24]). A symmetric Lévy process X has completely monotone jumps if
and only if ¥ (&) = (£2) for a complete Bernstein function v (see [12, 22]). The most
prominent examples of symmetric processes with completely monotone jumps are stable
processes, with ¥(§) = ¢[¢|* for some ¢ > 0 and « € (0,2]. This class includes also
mixtures of stable processes and relativistic Lévy processes (discussed later in this
section), as well as variance gamma process and geometric stable processes (which with
probability one do not hit single points and thus are not considered here; see [25] for
definitions and properties of these processes).
The aforementioned scaling-type condition of order « requires that

§v"(€)
>a—1 (1.3)
v'(g)
for all ¢ > 0. Here « is an arbitrary real number, although in our main theorems we

assume that a € (1, 2]. The scaling-type condition plays a crucial role in our development.
By integration, (1.3) implies that (and in fact, it is equivalent to)

vz ()

for all &, > & > 0. In Lemma 2.2 we will see that (1.3) also gives (but it is essentially

stronger than)
¥(&2) ( & ) “
V(&) = &1 (1-4)

for all & > & > 0. This explains why we call (1.3) a scaling-type condition.

We note that the scaling-type condition of order o > 1 implies that P(7, < oo) =1 for
all z € R. Indeed, by (1.4), 1/|¥| is not integrable near 0, so X is recurrent by Chung-
Fuchs criterion ([23, Theorem 37.5]). Furthermore, again by (1.4), 1/|¥]| is integrable
at infinity, so P(7, < oo) > 0 by [23, Remark 43.6]. Now P(7, < co) = 1 follows by [23,
Remark 43.12].

The scaling-type condition (1.3) with « € (1, 2] is satisfied by the typical examples of
symmetric Lévy processes with completely monotone jumps which hit single points with
probability 1: stable, mixed stable (see Example 1.5) and relativistic (see Example 1.4).
An equivalent form of (1.3), as well as a sufficient condition in terms of the Lévy measure,
are given in Remark 1.8. Nevertheless, (1.3) is rather restrictive, see Example 1.7.
We conjecture that the estimates of P(7, > t) hold in greater generality, for example,
with (1.3) replaced by ¥(&2)/T(&1) > C(&2/&1)* for some C > 0 and o > 1 (a more

general version of (1.4), see [5, 6, 9]). However, with the present methods, we were
unable to significantly relax the assumption that (1.3) holds with o > 1.

For symmetric processes with completely monotone jumps, ¥ is an increasing function
on (0,00). Let ¥~! denote the inverse function of the restriction of ¥ to (0, cc). Our first
main result provides large ¢ and small x estimates of P(r,, > ¢) and its time derivatives.
A corollary that follows extends the estimate of P(7, > t) (with no time derivative) to the
full range of t > 0 and = € R\ {0}. The constants in these estimates are given explicitly,
see Remark 5.5.

Below we state the main results of the paper.
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Theorem 1.1. Suppose that X is a symmetric Lévy process with completely monotone
Jjumps, which satisfies the scaling-type condition (1.3) for some « € (1,2]. Then there
are positive constants Cy(a,n), Co(a,n), C5(c,n) such that

Cl(a’n) _d\n T CQ(OZ,’H)
P (1) o1 (17 <~ ) P > D S G e (1

foralln >0,t>0andx € R\ {0} such that t¥(1/|z|) > Cs(a,n).

Corollary 1.2. Forn =0, thg conc]usiqn of Theorem 1.1 can be rewritten as follows:
there are positive constants C}(«) and Cs(«) such that

Ci(a) Cy(a)
T A2 w (et = 7 DS T ) e (1)

forallt >0 andz € R\ {0}.

Under an additional regularity condition, the above two-sided estimates can be
turned into asymptotic formulae for (7, > t) as t — oo or  — 0. Recall that a function
¥ : (0,00) — R is regularly varying at infinity with index « if limg_, o ¥(k)/¢(§) = k*
for all k¥ > 0. If the same equation holds with the limit as ¢ — 07 instead of £ — oo,
1) is said to be regularly varying at zero with index a. Observe that if ¥ satisfies the
scaling-type condition (1.3) and it is regularly varying with index y at infinity or at zero,
then, by (1.4), we have v > a.

(1.5)

(1.6)

Theorem 1.3. Suppose that X is a symmetric Lévy process with completely monotone
Jjumps, which satisfies the scaling-type condition (1.3) for some « € (1, 2].

(a) IfV is regularly varying at infinity with index v € (1, 2], then the limit
lim (|2 ¥(i) (— )" P(r, > 1))
exists and belongs to (0,00) for alln > 0 and ¢ > 0.
(b) If ¥ is regularly varying at zero with index ¢ € (1,2], then the limit
Jim (7 (1) (- )P, > 1)
exists and belongs to (0,00) for alln > 0 and z € R\ {0}.

The limits in the above theorem are given explicitly by rather complicated expressions,
see Remark 5.6. In the following examples, application of Theorems 1.1 and 1.3 to three
types of symmetric Lévy processes with completely monotone jumps is given. Technical
details, such as verification of (1.3), are left to the reader.

Note that our main results for symmetric stable processes follow immediately from
the full series expansion given in [11]: Theorem 1.3 gives the first term, and two-sided
estimates of Theorem 1.1 follow easily by a scaling argument. On the other hand,
Theorems 1.1 and 1.3 seem to be completely new for non-stable processes.

Example 1.4. Suppose that 1 < o < § < 2 and let X be the Lévy process with Lévy-
Khintchine exponent ¥(¢) = (1 + |¢]%)*/# — 1 (sometimes X is called the relativistic Lévy
process). Then

alamfe* (L2 _ [ d
tn—i—l—l/a(l + t)l/a—l/ﬁ - dt

ca(a, )|t (1 + |=)7 e
t71,+1—1/(x(1 + t)l/(x—l/ﬁ

)nIP(TJc >t) <

foralln > 0,¢ > 0and z € R\ {0} such that ¢/ min(|z|%, |2|®) > ¢3(a, n). Furthermore,
finite and positive limits

lim (Jo]' (= )" P(r, > 1), Jim (£ ()R, > 1))
EJP 20 (2015), paper 48. ejp.ejpecp.org
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exist foralln >0, ¢ > 0and z € R\ {0}. Note that the restriction « > 1 is required by
the scaling-type condition (1.3). Otherwise, if & < 1, we have that P(7, < o0) = 0.
Example 1.5. Suppose that 1 < a < 8 < 2, and let X be the Lévy process with Lévy-
Khintchine exponent ¥(¢) = |¢|* + |¢|? (that is, X is the sum of independent stable Lévy
processes). Then

c1(a,n)|z|P~1(1 4 )/ a1/ < d n]P
tnF1=1/8(1 + |2|) o =\ at (

ca(a,n)|zP~1(1 + t)l/“_l/ﬁ
tn+171/ﬂ(1 + ‘xDﬁfa

foralln >0, > 0and x € R\ {0} such that ¢/ max(|x|, |z|?) > c3(a,n). Furthermore,
finite and positive limits

lim (|x|17ﬁ(—%)nﬂ)(7x > t)) , lim (t"Jrl*l/o‘(f%)nIP(Tx > t))

z—0 t—o0

exist foralln >0, ¢ > 0and z € R\ {0}. As in the previous example, the restriction a > 1
is required by the scaling-type condition (1.3). If « <1 < 3, then 0 < P(7,, < o0) < 1 and
the estimates of P(7, < t) are unknown. When § < 1, then P(7, < c0) = 0.

Example 1.6. Let X be the pure-jump Lévy process with Lévy-Khintchine exponent
U(€) = &2 (log(1 + €)=t — 1 (see [17]). Since V¥ is regularly varying with index 2 both at
0 and at infinity, it can be checked that both large-time and small-time scaling limits:

(kY2 Xy, ot >0) as k — oo,
((2k) ™2 X 10g(1 0y + > 0) ask — 0%,
are standard Wiener processes (cf. [8]). Let ¢(t) = 1 for t > L and ¢(t) = (te="W-1(=1))1/2
when 0 <t < % (where W_; is the lower branch of the Lambert W function). We have
c1(n)|z|log(2 + ﬁ) . d\" B ) ca(n)|z|log(2 + ﬁ)
t”+1/2g0(t) dt Tx tn+1/2§0(t)

foralln >0,¢t>0and z € R\ {0} such that t/(|z|* log(2 + \TII)) > c¢3(n). Furthermore,
finite and positive limits

; li (t”“/Q — A\ P(r, > t)
250 |z|log(2 + ﬁ) oo (=&)"P(7= > 1)

exist foralln >0, ¢ > 0and z € R\ {0}.

Example 1.7. Let X be the sum of a standard Wiener process and a compound Poisson
process with Lévy measure ce|?/dz. Then X is symmetric, has completely monotone
jumps and ¥(¢) = 2£2 + c€2/(1 + £€2). By a direct calculation,

§9(6) 8c€”

vE) ()2 +20)(1+8%)

The right-hand side decreases with ¢ > 0, and for ¢ = 2 we have

O o )
o { ey €< 0090} = Ty =0

It follows that X satisfies the scaling-type condition (1.3) with « € (1, 2] if and only if
¢ € [0,2). We remark that the restriction ¢ < 2 is apparently the limitation of our method,
there is no reason to believe that for ¢ > 2 the conclusions of Theorems 1.1 and 1.3 no
longer hold.
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Remark 1.8. The scaling-type condition (1.3) with « € (1,2] is easily shown to be
equivalent to concavity of ¥(£17¢) for some ¢ € (0, %] (with o — 1 = $%2). A sufficient
condition for (1.3) with a € (1,2] in terms of the Lévy measure of X is described below.

Let X be a symmetric Lévy process with completely monotone jumps, and denote the

density function of the Lévy measure v of X by the same symbol v. Then

U(€) = at® + 2/000(1 —cos(€2))v(2)dz = at? + 2/000(1 — cos s)%u(é)ds

Assuming that d—‘é(%u(%)) >0 and %(%1/(%)) > 0, differentiation in £ under the integral

sign is permitted. It follows that
20" () — (a = 1)V (€) = 2a(2 — a)¢?
+ 2/0 (1 — cos s)%((f)zu”(g) +B+a)(3) + (1 +a)(s))ds.

The right-hand side is non-negative if 220" (2) + (3 + a)zv/(2) + (1 + a)v(z) > 0 for all
z > 0, which is equivalent to j—;(z*l/au(zfl/a)) > 0. This condition alone implies that
dd—;(%u(g)) >0, and if z~"/*v(>~1/*) is increasing, then also f&(zv($)) > 0.

The above argument shows that if o € (1,2] and z~'/“(2~'/) is convex and nonde-
creasing in z > 0, then (1.3) holds.

Since the proofs of main theorems are rather technical, below we outline the main
idea and briefly discuss the structure of the article. Our starting point is the following
generalised eigenfunction expansion, proved in [13]. Note that in the original statement
the condition {U”(§) < U/(¢) was erroneously given as 2§0”(§) < ¥/(£) (the proof,
however, used the correct condition). In the statement, as well as in the remaining
part of the article, by Ff(¢) = [~ f(s)e ***ds we denote the Fourier transform of
an integrable function f. Occasionally, the distributional Fourier transform is used:
if f is a Schwartz distribution, then Ff is again a Schwartz distribution, defined by
(Ff,p) = (f, Fo) for all ¢ in the Schwartz class.

Theorem 1.9 ([13, Theorem 1.1 and Remark 1.2]). Suppose that X is a symmetric Lévy
process. If 1/V is integrable at infinity and

/ §v"(§)
(&) >0, <1 1.7
forall ¢ > 0 (cf. (1.3)), then
(=Pt < 7 < 00) = %/ cos Ure YW (N (T(N)"LE, (2)dA (1.8)
0

foralln > 0 andt > 0, and almost all x € R. Here F) is a bounded, continuous function,
defined by

Fy(z) = sin(A|z] + 9)) — Ga(z)

for all x € R, where

o =anctan (2 [ Gy —ve ~ o) %) (-2

and G, is an L*>(R) N Cy(R) function with (integrable) Fourier transform

T'(\) 2\
U(E)-v(N) - A?)

FGA(&) = cos Iy (
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for all £ € R\ {—\, A\}. The distributional Fourier transform of F is given by

(FFx, ) =cos?y pv/:>o m

for ¢ in the Schwartz class (here pvf stands for the Cauchy principal value integral).

dé + wsindy (@A) + @(—N))

As it is explained right after formula (1.11) below, symmetric Lévy processes with
completely monotone jumps automatically satisfy (1.7), so Theorem 1.9 can be applied
whenever 1/¥ is integrable at infinity. The latter condition holds, for example, if the
scaling-type condition (1.3) is satisfied with a € (1, 2].

The main idea of the proof of Theorems 1.1 and 1.3 is taken from [15], where a similar
problem for first passage times was studied. The generalised eigenfunctions F(z) are
oscillatory due to the sin(A|z| 4+ 9,) term, but F)(xz) > 0 when A|z| is small enough, and
two-sided estimates for F)(x) can be given in this case. Thanks to the exponential term
e~t¥(M) in (1.8), the main contribution to the integral comes from X € (0, ﬁ), provided
that ¢ is large enough, or |z| is small enough. This essentially gives Theorem 1.1. The
proof of Theorem 1.3 requires in addition an asymptotic expression for F\(x) as z — 0
or A — 0.

We collect some simple technical results in Section 2, so that they do not distract
attention of the reader at a later point. In Section 3 the properties of 1, are studied. In
Lemma 3.1 it is proved that the scaling-type condition (1.3) implies ¥, < - — 7 for all
A > 0. The asymptotic behaviour of ¥, as A — 0T or A — occ is given in Lemma 3.2.

The estimates and asymptotic properties of F'\ are given in Section 4. Lemma 4.3
contains a rather general estimate, which is then simplified in Lemma 4.4 for processes
satisfying the scaling-type condition (1.3). Asymptotic expansions of F) are given in
Lemmas 4.5 and 4.6.

The final Section 5 contains proofs of main theorems, preceded by two propositions
of more general nature and two technical lemmas. Proposition 5.2 extends (1.8) to all
z € R\ {0}. Lemmas 5.4 and 5.3 contain estimates of the main part (A < rs7) and the
remainder part (A > I%\) of the integral in (1.8).

Instead of using the Lévy-Khintchine exponent ¥, it is convenient to work with
P(€) = ¥(1/€). Recall that when X has completely monotone jumps, then ¢ is a complete
Bernstein function. In the remaining part of the article ¥ is virtually dropped from the
notation. For reader’s convenience, we note that

§V'(§) A S (3] £29"(€2)
(&) = (&2 =2 =1+2>"2>2 1.10
=V N e v T e (10
so that the scaling-type condition (1.3) translates to

—€(§) _2-a

) T2

To facilitate extensions, all intermediate results are stated for rather general functions .
For this reason, statements of the results often contain assumptions, such as differen-
tiability or monotonicity of v, which are automatically satisfied when ¢ corresponds to
a symmetric Lévy process with completely monotone jumps (that is, ¢ is a complete
Bernstein function). In particular, in this more general setting, a two-sided scaling-type
condition

2-p < 51//1 (€ < 2—a
2 V(&) 2
is often imposed. When v is a complete Bernstein function, the lower bound in (1.11)
always holds with 5 = 2 (see [12, Proposition 2.21]).

(1.11)
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It should be pointed out that although we follow closely the approach of [15], there
are essential differences between the present problem and the one considered therein.
The overall form of the generalised eigenfunctions is similar (sine term plus completely
monotone correction ), but the expressions for ¥, and G are different, and thus
require different methods. For example, the estimates of (), in [15] follow easily from
the expression for the Laplace transform of G,. We were unable to follow the same
approach and needed to use Fourier transform instead. Also the technical details of the
arguments are different, so virtually no part of [15] can be re-used in our setting.

2 Preliminaries

Throughout the article, by ¢, ¢;, c3, etc. we denote positive constants. Dependence
on a parameter « is always indicated by writing ¢(«), etc.

Following [15], for A > 0 and a continuous function ¢ : (0,00) — (0,00) such that
P(€) #1(A?) when € # A2, we define

for ¢ > 0, & # \2. This definition is extended continuously at ¢ = A% by ) (A\?) =
¥(A?)/(A%9’(\?)) whenever ¢ is differentiable at A\* and ¢’ (A?) > 0. In this case we say
that v, is well-defined.

If for some \ > 0 the function v, is well-defined and ) (£) # ¥A(A?) for £ # A2, then
(1) can be defined, and

1 _ )\2w/()\2) B /\2 (2 1)
(Ua)a(€?)  ¥(E) —p(A?) &£ -N ’

for £ > 0, £ # A2, Note that if ¢ : (0,00) — (0, 00) is twice differentiable and v’(£) > 0,
P"”(€) < 0 for all £ > 0, then v, is strictly increasing for every A > 0, and hence
(¥a) is well-defined and positive. Furthermore, if ¢ is a complete Bernstein function
(equivalently, if U(¢) = (£?) is the Lévy-Khintchine exponent of a symmetric Lévy
process with completely monotone jumps), then also ¥, and (1), are complete Bernstein
functions (see [13, 24]).

Below we list some rather elementary results used in the proofs of main results.

Lemma 2.1. If ¥, 1 (0,00) — (0,00) are twice differentiable, v/'(£),¢'(€) > 0 and
"(€),¢"(§) <0 forall ¢ > 0, and furthermore

") _ () 2.9
Y'(§) Y'(§)
for all ¢ > 0, then
(@A) = (Da)a(€?) (2.3)

for all A, > 0.

Proof. Integration of (2.2) in ¢ gives

v'(¢) zﬁ (©)
(&) 1/; (&1)
when 0 < & < (. By another integration in ¢,
V(&) —¥(&) | P(&) — P(&)
V' (&1) - ' (&)
EJP 20 (2015), paper 48. ejp.ejpecp.org
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when 0 < & < &. Substituting ¢, = A2 and & = £2, one gets

)\2w/(}\2> A2 - )\21;/(/\2) A2

Y(E) = (W) 2N T () —g(n) &2 -\
that is, (2.3), provided that 0 < A < £. A similar argument can be given when 0 < £ < .
The case A = £ > 0 follows by continuity. O

Lemma 2.2. Ify : (0,00) — (0, 00) is twice differentiable, 1)'(¢) > 0 for all ¢ > 0, and the
scaling-type condition (1.11) holds for some «, 8 > 0 and all £ > 0, then

§U' () ﬁ

(0%
— < <= 2.4
5 < (2.4)

P& —¥(0F)
for all ¢ > 0, and

@) 9@ (@) (@) e

whenever 0 < &; < &s.

m
o

Proof. By (1.11),if 0 < & < &,
&Y 7 [l “ —¢"(Q) V(&)
1 = — =1
% (a) [ [ g =
proving the lower bound in the first part of (2.5). Hence,
& _ [® (52)1 e s [TV Y(E) w07
=) (&) e G-

which shows the lower bound in (2.4). Furthermore,

& & g & ' (€) 1o P(&) —P(0T)
1°g<51> = TS e U0 = e0m) C T ) e

proving the other lower bound in (2.5). The upper bounds are proved in the same way. O

2

When (£2) is the Lévy-Khintchine exponent of a Lévy process, then (07) = 0.
Hence, the latter part of (2.5) takes the simpler form

(6 =5f=(8)

(h)ﬁ _ M) (t) (2.6)
t1 ~Y(t) T\t

for all t1,t5 > 0 such that ¢; < t5.

Note that in this case

Lemma 2.3. If g : (0,00) — (0,00) is integrable and decreasing, then

lim (£9(¢)) = 0.

£—o0

Proof. As an integrable and decreasing function, ¢(£) converges to 0 as £ — co. Since
9(€)10,6)(¢) < g(¢) forall £, ¢ > 0, by the Dominated Convergence Theorem,

oo

Jim (€9(9) = Jim [ g(©)1L./(Q)dC = 0. 0

§—o00 Jo
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Lemma 2.4. If g : R — (0,00) is integrable and decreasing on (0, c0), and g(§) = g(—¢)
for £ > 0, then

3 i@ g€ < Fo0) - Fole) < [ min@atagode @)
for all x € R. Furthermore,
|Fg(z1) — Fg(zo)| < /0 min(§|z1 — x2[, 2) min(§|z1 + 2, 2)g(£)d¢ (2.8)

for all x1,x2 € R.

Proof. Fix z > 0. By symmetry of g,
Fol0) = Fa(w) =2 [ (1 = costemae)ac.

Clearly, 1 — cos(éx) < 2 and 1 — cos(éz) = 2sin(5)? < 1¢222. Therefore,

1
2
e’}

Fg0) — Folx) < /0 “2a2g(e)de + / 4g(€)d.

2
z

For the lower bound, integration by parts gives

Fo(0) - Fole) =2 Jim (6 ~ Lsin€a)g(©) +2 [ (€~ Lsin(en))(~dg(c)

where the integral in the right-hand side is a Lebesgue-Stieltjes one (if g is differen-
tiable, then (—dg(§)) = (—¢'(£))d¢). By Lemma 2.3, the limit in the right-hand side is 0.
Furthermore, (—dg(&)) is a non-negative measure on (0, c0), and one easily verifies that
&€ — Lsin(éx) > §&3% for £ € (0,2) and € — Lsin(éx) > & — L for & € (2,00). Hence,

2 63,2
Fg(0) - Fg(z) > / ¢

[ e+ [ 206 D)

The function 383271 (92/4)(&) + 2(§ — L)1j2/4,00)(€) is continuous at & = 2. Therefore,

another integration by parts gives

E1S

o0

3e2a%g(6)de + / 2g(€)de.

2
z

Fg(0) - Folz) > /

0

It follows that

o0

Fo(0) ~ Folx) > < | e+ |

2
z

4g(£)d€> ;

as desired. The estimates (2.7) for z < 0 follow by symmetry.
In a similar manner, for x1,z2 € R,

|Fg(x1) — Fg(xz)| < Q/OOOICOS(EM) — cos(§x2)|g(£)dE

oo
= 4/ |sin &15&2 [|sin &“erf‘m lg(§)dE,
0

and (2.8) follows from [sin s| < min(s, 1) for s > 0. O
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Lemma 2.5. If ¢ : (0,00) — (0,00) and &/ (&) is increasing in £ > 0, then
13 <2 ) o) 1
d —d 2.9
[o@e=e] wm® @9

Proof. When 0 < ¢ < &, then ¢?/9(¢?) < €2/4(£2), and so

£ 42 13 52 53
d .
/0 P Rl AR (Rl =

When 0 < € < ¢, then ¢/v(¢?) > €2/1(£%), so that

© e
/,E 1/2(4%0142/5 @ “ =y

Formula (2.9) follows. O

forall ¢ > 0.

Lemma 2.6. If g : R — R is integrable and regularly varying at infinity with index —y
for~ € (1,3), and g(z) = g(—=x) for z > 0, then

Lm( (757 P90 =700 =

Proof. Clearly, Fg(z) =2 [, g(£) cos(éx)d. By [27, Theorem 5],

2, (m 5 (Fala) = F(0)) =201 = )sin %,

where for v = 2 it is understood that the right-hand side is equal to n. Furthermore,
I'(1=~)l(y) = n/sin(ym). O
3 Estimates of 9,

Recall that

1 [ 2 1
¥, = arctan (77/0 X 0o (52) d§> (3.1)

for A > 0.

Lemma 3.1. If ¢)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
Y'(€) > 0 for all £ > 0 and the scaling-type condition (1.11) holds for some «, 3 € [1,2]
and all £ > 0, then

<y <

sam
w\=1

T
2

mm

forall A > 0.

Proof. If 1;(5) = £%/2, then —51&”({)/1/;’(5) =1- 5. Hence, by Lemma 2.1,

(a)A(E2) > (ha)a(€?)

for all A, & > 0. By (3.1), it follows t}}at ¥y < 15» where 1§>\ is defined as 1), but using 7];
instead of ¢. By [15, Example 5.1], 9\ = Z — 7. This proves the upper bound. The lower
one is obtained in a similar manner. O
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Lemma 3.2. Suppose that 1)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy
process, ' (§) > 0 for all £ > 0, and the scaling-type condition (1.11) holds for some
a,f € [1,2) and all £ > 0. If ¢’ is regularly varying at zero with index g — 1 for some
0 €[1,2], then

Proof. Suppose that 1)’ is regularly varying at zero with index g — 1 and let 12(5) =

£€2/2, so that —51@”(5)/1/;’(5) = 1 - §. By Karamata’s theorem [1, Theorem 1.5.11],
limy 0+ (A2 (A2)/4(A?)) = £ and ¥ is regularly varying at zero with index 2.
By a substitution £ = As,

. 1. i 2
AEE}#» 19)\ = arctan <7‘r )\lig)l+ ) W d5>

= ( 2P ()P 2 > ds)
0 PY(A2s?2)/p(N2) -1 2 -1 '
As A — 0%, the integrand converges pointwise to §/ (s — 1) —2/(s> — 1). Furthermore, it
is positive and bounded above by 2/(1x)A(A\2s?) = a/(s* — 1) — 2/(s* — 1) by Lemma 2.1.
Note that this upper bound does not depend on A > 0 and it is integrable in s € (0, c0).
Hence, by the Dominated Convergence Theorem and [13, Example 5.1],

lim 9s — arct 1/°° ) 2 )T
Ao A T AR o 0 $-1 2-1)%)75 2

The other statement is proved in an analogous way. O

1 .
—arctan | — lim
T A—0+

4 Estimates of F)(7)
Recall that
_ 2cos?y 1 , 1 AN B A2
FOO="700n@E "™ @ v -0 @

for A >0, € R, and

Fi(z) =sin(A|z| +Yx) — Gia(x)

for A >0,z €R.

Lemma 4.1. If ¢)(£?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1 + v (&?)) is integrable, X > 0 and ())x(€) is well-defined and increasing in ¢ > 0,

then
1 > . 2 2 1 o . 2 2
= [ min(€a?, 9)FGA(€)dE < Gr(0) ~ Ca(a) < o / min(£222, 4) F G (€)de
v[8 0 ™ 0

for all x € R. Furthermore,
1 [ . .
|Gx(z1) — Ga(z2)| < %/ min(§|z1 — z2[, 2) min(§|z1 + z2|, 2) FGA(§)dE
0

for all x1,x2 € R.
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Proof. Due to symmetry of G, F(FG)) = 2nG,. Furthermore, 7G, is differentiable
and decreasing on (0, 00). Hence, the result follows by Lemma 2.4. O

Lemma 4.2. If ¢)(¢2) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1+9(&?)) is integrable, A > 0, () (€) is well-defined and (¥x)x(§) and &/ (1x)A(€)
are increasing in ¢ > 0, then

L)L Foez a0 —aw s [ Foeue

lz]

forall x € R.

Proof. Since £/(1x)x(€) is increasing in £ > 0, by Lemma 2.5,

/' T2 FG (6)de < /OO AFG(€)de.
0 5

The result follows now from Lemma 4.1. O
Lemma 4.3. If 1)(£?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1 4 +(£2)) is integrable, A > 0, (1) (€) is well-defined and (1)) (€) and &/ (1\)x(€)

are increasing in ¢ > 0, then
2>\¢ )\2
dé < Fi( / d¢
A 2 (&) —9(N?)

cos 19,\ / 2/\’(/J )\2
¥(€
for \,x > 0 satisfying Ax < 5§ — . The upper bound holds when \r < 2.

2 A?)

Proof. Suppose that A,z > 0 and write
Fy(z) = (sin(Ax + 9y) —sin(dy)) + (GA(0) — Ga(x)). 4.1)
By Lemma 4.2, G»(0) — Gx(z) is bounded below and above by a constant times (see (2.1))

/:O]:G,\(f)dfzcosﬂA/QM (WQ @

- %A (N?) 2\
_Cosm/g <w<52> TR A?) “

Observe that - (log(1 + s) — log(1 — s)) > 2 for s € (0, 1). Therefore, if Az < 2, then

/2 522—7)\)\2% =log(1 4+ &%) —log(1 — &%) > Az > sin(Az + ¥)) — sin(¥,).

4cosz9,\ 2
/2 52 e / m) @ *

.
/352 v“/zw e /;iwwvﬁ

The lower bound is found in a similar manner. Observe that log(1 + s) — log(1 — s) is
convex on (0, 1) Hence, 1f - < 7, then

Hence,

< (log(1+F) —log(1 — §))2 4 = 2(log 25 Aa.
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Furthermore, by concavity, sin(s +9) —sind\ > s(1 —sindy) /(5 —9\) for s € (0, 5 — ).
It follows that if Az < § — 9, then

< 2) o 3 Ux :
L mdf (log 447 ) 12_ST19>\ (Sln()\x + 7.9)) - Sln(ﬂ)\))
< —T (sin(Az + ¥y) — sin(9)));

the last inequality follows from the 1nequahty 1—coss > 75 sins for s € (0, ) (which is

easily proved by differentiation) with s = T — J,. This gives the desired lower bound,
T cosdy cosﬁ,\ /°° 2
F d
Me) 2 4log 1 [, 52 )\2 = o oo ®

cos ¥y cos ¥y 0o 2
d d
o /2 52—/\2 e /2 A(ha)a(62) :

cos 19,\ / 2)\w /\2
2 Y€ A?)
Lemma 4.4. If1)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process, A > 0,

(Va)a(€) and &£/(¥x)A(€) are increasing in £ > 0, and the scaling-type condition (1.11)
holds for some «, 5 € (1,2] and all £ > 0, then

a—1 M/(A2) i 0 W02
P V) Ik e o e )

for \,x > 0 satisfying Ax < m — Z. The upper bound holds when \x < 2. Furthermore,

de. O

(4.2)

2\ (A2) % min(€|xy — 2|, 2) min(€é|zy + 12, 2)
™ 2\ ¢(§2)

‘F)\(.Tl)—F)\(l‘gﬂ §3>\|1‘1—1‘2|+ d§
(4.3)

for A\ >0 andxl,arg € R.

Note that the scaling-type condition (1.11) implies that 1/(1 +(£2)) is integrable (by
Lemma 2.2) and that (¢))x(€) is well-defined.

Proof. By Lemma 3.1, ¥, < 1 — 3. Hence, by Lemma 4.3,

mp (A2) 2mp (A2)
d d
é bEe -y © = L wEn) — o0 ©

for A,z > 0 such that Az < 7 — Z. In this case { > 2 implies { > 2(7 — Z)~!A > 2, and
hence, by Lemma 2.2, ¢(A\?) < (5)*4(&?). Therefore,

% I\ (A2) © 9 (A2) 1 % o\ (A2)
/ e < w(@)—w(v)d“l—(z)a/ we) ©

Finally, again by Lemma 2.2,

E1M]
E1M]

o

1 1 > 1 1
/ b s ¢(1/x2)/§ € © T a2 Tau(i/ay)

and a similar lower bound is valid with « replaced by 8. By combining the above
estimates, one obtains

\in T 1()\2 1(\2
sin = 21" (\%) < Fi(z) < 4 1 20" (A%) 7
T (B—1)2°"1ay(1/2?) 1= (3)* (a—1)20"1zy(1/a?)
EJP 20 (2015), paper 48. ejp.ejpecp.org
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and (4.2) follows by elementary estimates: sin
1—(5)*>1-%>1.

Formula (4.3) is proved in a similar way. By Lemma 4.1 and (4.1), for A > 0 and
1,22 € R,

> (a—1), (B-1)2°1 <2207 >1,

s
«@

A(a)a(€2)

where for brevity @ = |z1 — z2| and y = |1 + z2]. Since (¥a)r(€) > (¥a)r(0) = 1 for
€ €(0,2)), and 1/(¥a)a(§) < N2/(¥(€?) — (N?)) for £ > 2],

2 251, 1 00 )\w/()\2)
™ et /Qk HE) — 907

[Fa(w1) — Fa(z2)| < Az + i/ min({z, 2) min(£y, 2)d¢
0

2

|Fy\(z1) — Fa(z2)| < A& —|—/ min(¢x, 2) min(&y, 2)d¢
0

<34t )\w’(l)\2) /°° min(¢z, 2) r;lin(&y, 2) dc
(1= (3)*)m Jax P(&?)
here the last inequality follows by Lemma 2.2. O

Lemma 4.5. If ¢)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
A >0, (¥a)r(§) is well-defined, and v is regularly varying at infinity with index 3 for
some v € (1,2], then

(A% cos Uy

xli%a(m/)(l/x VM=) L(7y)|cos B[

Note that 1/(1 + 1(&?)) is integrable, because it is regularly varying at infinity with
index —v.
Proof. Recall that

_ 2cos Uy 1 20" (A?) cos )y ~ 2XAcosy
OO G@ T @ e e ow

and that G = ;- F(FG,). Let a = lime o0 (¥(£2)/£2); necessarily a € [0,00). Then

lim (1 (§%)FGA(€)) = 2M(¥'(\*) — a) cos .

£—o0

Therefore, FG (&) is regularly varying at infinity with index —v, and by Lemma 2.6,

Tim (@0(1/2%)(GA(0) = (@) = 21 (%) — @) cos v, lim. x(G}(g)@ /G;)(x»

_A@W'(A?) — a) cos U
~ T(y)[eos |

Furthermore,

lim (z¢p(1/2%)(sin(Az +9,) — sindy)) = Aacos ¥y,

z—0*t

and F)(z) = (sin(Azx + ¥)) —sindy) + (GA(0) — Gi(x)). The result clearly follows when
a = 0. If a > 0, then necessarily v = 2, and hence I'()|cos 37| = 1. O

Recall that the compensated potential kernel v of X is defined by

v(z) = / " (pr(0) - pila)),

EJP 20 (2015), paper 48. ejp.ejpecp.org
Page 15/24


http://dx.doi.org/10.1214/EJP.v20-3440
http://ejp.ejpecp.org/

Hitting times of points for symmetric Lévy processes

where p;(z) is the density function of the distribution of X;. Since Fp.(£) = et the
distributional Fourier transform of v satisfies

(Fu, ) = /OOO /,Oo e~V (p(0) — (€))dedt

= /000 /ODO e—tw(€2)(2(p(0) (€)= p(—&))dedt

_/°° 20(0) = (&) = o(=¢)
0 $(€?)

for ¢ in the Schwartz class (the Fubini theorem is used in the last equality).

3

Lemma 4.6. If1)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process, A > 0,
(Va)a(€) and £/(¥x)A(€) are increasing in £ > 0, and the scaling-type condition (1.11)
holds for some «, 5 € (1,2] and all £ > 0, then

lim —FA(m) =v(x)
A—=0+ 2X)7(A2) cos Iy

locally uniformly in « € R, where v(z) is the compensated potential kernel of X .

Noteworthy, convergence in the space of tempered distributions holds in full gen-
erality, that is, with the hypotheses of Theorem 1.9. Under the assumptions of the
lemma, one also has ¥, — % —Fas\A— 0" by Lemma 3.2. As before, the scaling-type
condition (1.11) implies that 1/(1 +(£?2)) is integrable (by Lemma 2.2) and that (1)) (&)
is well-defined.

Proof. By Theorem 1.9, for ¢ in the Schwartz class,

i — 92y >~ (&) mtan 9y B
(o ®) =2 e+ s ) + o)

P B (9 B S a2 O 2l GV
wf o a2, fow e
_y /°° p(€) = e(A) + o(=£) = v(=A)
0 V(A?) = P(€2)
As A\ — 07, the integrand converges pointwise to (2¢(0) — p(£) — o(—£€))/1(£?). We claim
that the Dominated Convergence Theorem applies to the above limit. Indeed,

de.

(&) = p(A) + o(=&) — p(=A)| < € = Alsup{|¢’(s) = ¢'(=5)[ : 0 < s <&+ N}
<[E=AE+Ne" lso = 1% = A[l1¢" [l oo,

for all \,¢ > 0, and since 1’ is decreasing,
(%) = (€] > [€2 = N[9'(2)
forall A € (0,1) and ¢ € (0,2). Hence,

’90(6) — PN +o(=8) — (=) ‘ < 1€"lo0

P(A?) —(€?) Y2
forall A € (0,1) and £ € (0,2). On the other hand,
‘w(é) —p(N) +9(=§) w(M‘ < Alelle
P(A?) —¥(€) ~Y(€) —¥(1)
EJP 20 (2015), paper 48. ejp.ejpecp.org
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forall A € (0,1) and ¢ > 2. The upper bound found above is integrable in £ € (0, c0), and
the claim is proved. It follows that

FFy
lim (22 oV —2
A0+ <)\z//()\2)cos19,\’<p> (Fv.e)

for every ¢ in the Schwartz class. This proves the desired result, but with locally uniform
convergence replaced by convergence in the space of tempered distributions.
By Lemmas 4.4 and 3.1, forall A > 0 and x1,22 € R,

|[F\ (1) — Fx(x2)] < 3|z — 2 2 * min(&|xy — 22|, 2) min(§|zy + 22/, 2)

A (A2)cosdy  — /(N)sinZ  owsin T,y (&) d€.

Hence, if A € (0, o) and x1, 25 € [—z0, xo), then

|Fy(z1) — F)(x2)] < 3|1 — 22| / min(|z; — x2|,2) min(2€xg, )df
msin T

AY'(A2)cosdy T /(Ao)sin X ¥(£2)

The right-hand side is finite and converges to 0 as |r2 — 21| — 07 by the Dominated
Convergence Theorem. Hence, the functions Fy(x)/(\)'(A?) cos ¥, ) are equicontinuous
inz € [—xo,zo] for A € (0, A\g). It remains to note that on a bounded interval, distributional
convergence and equicontinuity imply uniform convergence. O

5 Estimates of hitting times

We begin with two technical results.

Proposition 5.1. If X is a symmetric Lévy process with Lévy-Khintchine exponent ¥,
and 1/(1 + ¥ (&)) is integrable, then P(t < 7, < o0) is jointly continuous in ¢t > 0 and
x € R.

Proof. By [23, Theorem 43.5 and Remark 43.6], Ee~*™= is a continuous function of z € R
for every A > 0. Therefore, the distributions of 7, are continuous in = with respect to
vague convergence of measures. It follows that the function P(¢ < 7, < c0) is continuous
in x at every point (¢, z) at which it is continuous in .

Since P(r, = t) < P(X; = z) = 0, the function P(¢t < 7, < c0) is continuous and
non-increasing in ¢ > 0 for every x € R. This implies that it is in fact jointly continuous
int>0andzx € R. O

Proposition 5.2. If(¢2) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1+(&?)) is integrable, (1), is well-defined and (1)) (&) and £/(15) (&) are increas-
ing in £ > 0 for all A > 0, then equation (1.8) in Theorem 1.9 holds for all x € R (and not
just for almost all x € R).

Proof. It suffices to consider n = 0, the result for n > 0 follows then by differentiation,
see [13, Remark 1.2]. Let ¢t > 0. By Proposition 5.1, the left-hand side of (1.8) is a
continuous function of z € R\ {0}. For each ¢ > 0, the integrand in the right-hand side
of (1.8) is continuous in « € R\ {0}. Therefore, it remains to show that the Dominated
Convergence Theorem can be applied to prove continuity of the right-hand side of (1.8)
in z > 0 (equality for = = 0 is trivial, and the result for < 0 follows by symmetry).

Fix [a,b] C (0,00). By Lemma 4.3, for z € [a,b] and A € (0, ),

dg,

B B 4 ( 2)«/) )\2
cosae” DAY (W) (0(N%) T A (2)| < = /i (€)= o(1/b%)
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while for z € [a,b] and A > 1,

2 / 2 2
’COSW‘“"“ 200 (0)(B(N) " ()| < %e%(A "

because |Fy(z)| < Fy(z)| <14 |Ga(z)]; (§) > 0forall £ € R, one
has |G (z)] < GA(0); finally, G,\( ) =sinv) < 1; see [13, Theorem 1.9(a)]). Clearly,

o 4 1(\2 2 o0 2 —ts
/ L(;\)e_w’(’\ Jd\ = / € ds < .
(N2 p(a/p?) 8

Furthermore, A\?9'(\2)/1(\?) = 1/ (A\?) < 1/9,(0) = 1, and therefore

/0 (W (22 ( A2 / E R g) dA

b

</¢)\2d)\/% o= 1/b2)d§<oo,

which completes the proof. O

By Proposition 5.2, under appropriate assumptions, forn > 0, ¢ > 0 and = € R\ {0},

<_;t) ]P(t < Ty < OO) = %/{; CcOs 19)\6_“’[’()‘2)/\,(/)’()\2)(w()\2))n—1F>\(x)d)\.

Throughout this section we denote

I(t,x,a) = % / s Ine PO NG (A2) (1h(A2)" LRy (2)dA,
a (5.1)
Jult,w,0) = 2 / cos Dre~ DN (A2) ((A2))" L Fi () dA.
0

In the remaining part of the article, v(k; z) and I'(k; z) denote the lower and the upper
incomplete gamma functions, respectively.

Lemma 5.3. If ¢(¢2) is the Lévy-Khintchine exponent of a symmetric Lévy process,

1/(1 + +(&2)) is integrable, (1x)(€) is well-defined and () (&) and &/(a)A(€) are
increasing in £ > 0 for all A > 0, and the scaling-type condition (1.11) holds for some
a,B € (1,2] and all € > 0, then

[T, (t,z,a)| < %t‘"F(n; (a — 1)Bt1/)(1/1:2))
foralln >0,t,z >0anda > (7 — T)/x.

Proof. Fix t,z > 0 and let ag = (7 — Z)/z and by = t¢(ad). Using |F)(z)| < 2 (see the
proof of Proposition 5.2) and a substitution s = t1)(\?), one finds that

oo 2 2 o0 20'(n: b
e <2 [T et enta - 2 o5 s = 2LMibo).
™ ag bO

Tt" Al

Furthermore, by = ti(a3) > t1p(1/2%) if @ > =, and by = t¥(ad) > (7 — Z)Ptp(1/a?)
otherwise (by Lemma 2.2). In either case, by > (a — 1)5t(1/2?). O

Lemma 5.4. If 1)(£2) is the Lévy-Khintchine exponent of a symmetric Lévy process,
(Wxa)x(€) and &/(Ya)aA(§) are increasing in & > 0 for all A > 0, and the scaling-type
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condition (1.11) holds for some «, € (1,2] and all £ > 0, then there are constants
c1(a, B,m), ca(a, B,n) > 0 such that

c1(a, B,m)
ey (1/22) /1 (1/1)

forn > 0 and t,x > 0 such that t1)(1/z%) > 1. Here

CQ(aa 57 n)
trHlag(1/22) /P~ (1/t)

<tz (m— ) /x) <

(a—1)%y(n+1— (a—l))

ci(a, B,n) = o2 )
1 1 (5.2)
O(y(n+1-3:1)+T(n+1-51))
62(04567”): 7_‘_2(04_1> .

As before, the scaling-type condition (1.11) implies that 1/(1 + 1(£?)) is integrable
(by Lemma 2.2) and that (¢))x(€) is well-defined.

Proof. Fix t,z > 0 and let a = (7 — Z)/z and b = ty(a*). Denote J = J,,(t,x,a). Observe
that when A < q, then Az <7 — 7 and Lemma 4.4 applies. Hence,

% /OacomeW*)Aw’(AQ)(w(V))" 12;/21(?;2))

Using cos ¥\ > cos(Z—%) > (a—1), A2¢'(A?) > $4(A?) (by Lemma 2.2) and a substitution
s = th(A\?),
ala - 1) ¢ —tp(A2), 11\ 2 2\\n afa—1)° /b e *s"
> —
> vt [, OO = s | = rn

By Lemma 2.2 and (2.6),

J 2> dA.

I ala—1)?2 e 9s" ds
- 27T2tn+1$’l/1 1/"E2 \/ma,X s2/B 32/a) *1(]_/t)
ala—1)2%y(n+1— B,mm(b, 1))

om2tn+lpyh(1/22) /= 1(1/t)

Finally, as in the proof of Lemma 5.3, b > (a — 1)?t(1/2?). This proves the desired lower
bound. The upper bound is shown in a similar manner,

0 [T ot a0R)
T% oot 1)/0 cos a0 (2)(w(02)" ! D i
4053 b w0, n
i L w0 ay
408 /b e %s™
72 (a — D)tntlay(1/22) Jo 2/4 s/t
208 e=sgn N

: 72 (o — Dt lay(1/2?) \/mln s2/P s2/a)h=1(1/t)
- 208(y(n+1—-%;1) +F(n+ 1- ;1))
m(a = it lap(1/22)\ /= (1/t)

O

As observed in the introduction, with the hypotheses of Theorems 1.1 and 1.3,
(&) = ¥(\/€) is a complete Bernstein function (see [24]), and hence v, and (¢)), are
complete Bernstein functions (see [13]). In particular, (¢)), is well-defined and (5 ) (€)
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and &/(1x)x(§) are increasing in £ > 0 for all A > 0. Furthermore, if ¢ is regularly
varying at zero or at infinity with index £, then ¢’ is regularly varying at the same point
with index % — 1. The scaling-type condition (1.3) implies the upper bound of (1.11), and
the lower bound is automatically satisfied with § = 2. Finally, ¥~ (t) = (1x~'(¢))'/2, and
the relation between the derivatives of ¢ and V is given in (1.10).

Observe that the distributions of 7, and 7_, are equal, and F) are even functions.
Hence, only « > 0 needs to be considered in the proofs of main theorems.

Proof of Theorem 1.1. Let 8 = 2. Choose ¢ > 1 large enough, so that for s > ¢,
%s I'(n; (o — 1)/33) < %cl(a,ﬁ,n),

where ¢ (a, 3,n) is defined in (5.2) in Lemma 5.4 (this is possible, because I'(n; (a —1)”s)
decays exponentially fast with s at infinity). Fix ¢,z > 0 such that t(1/2?) > ¢, and let
a = (m — Z)/x. Observe that

TN VD)
Y (p(L/22)) — A He/t)
Hence, by Lemmas 5.3 and 5.4, if ty)(1/2%) > ¢, then

22yl () = L.

IN

Cl(avﬁvn)
= 20(1/a)
thn<t x Cl) > Cl(aaﬁvn) > Cl(a767n)

T tay(1/22) /011t - tp(1/a?)

so that |1,,(t, x,a)| < 3J,(t,2,a). It follows that

(Lt 2, 0)] < 2T(ns (o — 1)°t(1/2%))

(SIS

d n
Jn(t,x,a) < (_dt) Pt <7, <o0)< %Jn(t,x,a),
and the theorem follows now directly from Lemma 5.4, with C;(a,n) = %cl(a,ﬁ,n),
Cs(a,n) = 3ea(e, B, n) (see (5.2) in Lemma 5.4) and C3(a, n) = c. O

Proof of Corollary 1.2. For brevity, denote the constants of Theorem 1.1 by C; = C;(«, 0)
for j = 1,2, 3; recall that C5 > 1. Suppose first that t¢(1/2?) > C3. By (2.6),

LD (/%) o iefa
W1/ = e e = O

Hence, estimate (1.6) follows from (1.5) with arbitrary C’l(a) < (Cj and C‘Q(a) > 2Cs.
Consider now the case t1(1/2?) < Cs. Again by (2.6),

teyp(1/2%) /=1 (1/t) = ty(1/2?)

> 1.

>

SN 2y [ ¥ (Cs/t) tp(1/2?)
VT S O\ o a ) = o /e e =
Hence,
2C5
Y e I N
Finally, by (1.5),
2 Ch
P(r, > t) > P(r, > C3/¢(1/27)) > C3x\/¢—1(1/)(1/x2)/03)
o[ vy ol I
Cs \| =1 ((1/22)/C3) = O3 = C3 1 4 tap(1/22) /=1 (1]t)
Therefore, (1.5) holds with arbitrary C,(a) < C;/Cs and Cy(a) > 2Cs. O
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Remark 5.5. From the proof of Theorem 1.1 it follows that the constants in this result
are given by

Cl(a,n) _ (O{ - 1)2»-)/(TL =+ %7 (O( _ 1)2) |

472
60(y(n+1—21;1)+T(n+3;1))
Calenn) = Pla-1

and Cs(a,n) > 11is large enough, so that for s > Cs(a, n),
25T(n; (a — 1)%s) < Ci(a, ).
In a similar way, in Corollary 1.2,

éﬂa%zé&iﬁ; Cy(a) = 205 (e, 0) + 2C5(ex, 0).

Proof of Theorem 1.3. Part (a). As before, let § = 2. We claim that by the Dominated
Convergence Theorem,

(@(1/2®) Jn(t, 2, 2))

lim
z—0t

2 /C>O 2 —tp(A2) 2/ (1 21\ 2 2\\n—1
= cos¥y)7e NN (YN PY(A)) T A
e J, (€50 (WO
forallm > 0 and t > 0. Indeed, the left-hand side is the limit of integrals (see (5.1)), with
integrands convergent pointwise to the integrand in the right-hand side by Lemma 4.5.
Furthermore, by Lemma 4.4, the integrands in the left-hand side are bounded by

80 2
9 —tp (A )AQ / )\2 2 )\2 n—1
s conte OO (PO
which is easily shown to be integrable in A € (0, 00), because A?y’(\?) < 54(\?). The
claim is proved.
On the other hand, by Lemma 5.3, for z € (0,1),

ap(1/2?)|L,(t,z, 2)| < 2x¢(1/x2)F(n;7(§n— 1)Ptap(1/x2)) .

(a, By n,t)x.
Part (b). Againlet § = 2. Fixx > 0and a = % Observe that

t" /=1 (1/t) T (t, 2, a)

= 2T [ e O 000" D osan)? S ay

foralln > 0 and ¢t > 0. By Lemmas 4.6 and 3.2, and Karamata’s theorem [1, Theo-
rem 1.5.11],

. Fy(x) . T T A (NS
lim ——2 2 — 1 = —— lim =222 =~
N ) cosdy C@ =50 lim e =3

We claim that

. 4 —tp(N%) 7 (12 2 2P(n+1-3)
Jim (= ¢TI/ O () () L 0,0 (A | = 5= 5y (dN),
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with the vague limit of measures in the left-hand side. Indeed, the density function
converges to 0 uniformly on [e,a) for every ¢ > 0. Furthermore, by a substitution

s = thp(\?),
lim <;4T thrl\/W/oa etw(AQ)qp/()\Z)(w(AQ))nd)\)

t—o0
9 [té(a®) —1(1/¢ 9 [ oT 11
— lim 7/ l/f ( /)efssnds :7/ efssnfl/éd!s: (’I’L+ 5);
t—oo \ T Jo Yv=1(s/t) T Jo us

the second equality follows by the Dominated Convergence Theorem, because 1! is
regularly varying at zero with index Z, and ¢~ !(1/t)/¢~!(s/t) < max(s~%*,s=2/) for
s,t > 0 by Lemma 2.2 and (2.6). The claim is proved.

It follows that

lim (¢ VT (/0 u(t2,0) ) = 200+ 1= Hu(@)(cos(3 — 3))°

t—o00

N[,

Finally, by Lemma 5.3,
N1/ L (8, 2, a)| < 260/ (1/0) T(n; (o — 1)t (1/27)),
and the right-hand side converges to 0 as ¢t — co. O
Remark 5.6. From the proof Theorem 1.3 it follows that in part (a),
: 1 d\n
tim (¥ () () "B (7 > 1))

1

27T (3)Jeos /ooo(COS19026‘“””(w’(A))Q(\D(M)”‘ldx,

with ¢, given by (1.9). Also, in part (b),

lim, (#7707 (1) )P (r, > ) = St L))

t—o0 ™

v(x),

foralln > 0 and x € R\ {0}, where v(z) is the compensated potential kernel of X.

Remark 5.7. The proofs clearly indicate that the hypotheses of Theorem 1.1 can be
slightly relaxed to the following: 1(£?) is the Lévy-Khintchine exponent of a symmetric
Lévy process; 1/(1 + 9(£2)) is integrable; ())r(€) is well-defined and (), (£) and
&/(x)x(€) are increasing in £ > 0 for all A > 0; scaling-type condition (1.3) holds for
some « € (1,2] and all £ > 0, and a similar upper bound {U”(£)/%'(§) < 8 — 1 holds
for some § € (1,2] and all £ > 0 (the upper bound is now non-trivial also for § = 2).
Apparently, these conditions can be further weakened at the price of more technical
arguments. Since many important examples already belong to the class considered in
this article, we decided to focus on simplicity rather than complete generality.
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