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Abstract

We consider a supercritical branching process (Z,) in a random environment £. Let
W be the limit of the normalized population size W,, = Z,/E[Z,|£]. We first show a
necessary and sufficient condition for the quenched L? (p > 1) convergence of (W,,),
which completes the known result for the annealed L” convergence. We then show
that the convergence rate is exponential, and we find the maximal value of p > 1 such
that p"(W — W,) — 0in LP, in both quenched and annealed sense. Similar results
are also shown for a branching process in a varying environment.
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1 Introduction and main results

Branching process in a random environment (BPRE), is an important extension of
the Galton-Watson process in the aspect of random environments. This model was first
introduced by Smith & Wilkinson [18] in the independent and identically distributed
environment case, and then by Athreya & Karlin [3, 4] in the stationary and ergodic
environment case. As it is a fundamental process for branching systems such as branch-
ing random walks, branching Markov processes in random environments, where the
offspring distributions vary according to a random environment, the asymptotic proper-
ties of BPRE received many authors’ attention recently, see for example [6, 7, 8, 12, 15].
Meanwhile, during our previous related works, we notice that many limit behavior
such as large deviations of branching systems in random environments may rely on
the convergence (especially the LP convergence) and its rates of the martingale of the
corresponding BPRE. For this reason, in this paper we focus on the LP convergence and
its exponential rates of the martingale for a supercritical BPRE. We study the sufficient
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LP convergence for BPRE

conditions for the LP convergence (at an exponential rate), and find the critical value
of the rate, in both quenched and annealed sense. Our results complete the annealed
convergence of Guivarc’h & Liu [11], and extend the corresponding ones of Liu [17] and
Alsmeyer & Iksanovet al. [1] on the Galton-Watson process.

Let us give a description of the model — a branching process in a stationary and
ergodic random environment. Let £ = (&y,&1,&2,- -+ ) be a stationary and ergodic process
taking values in some measurable space (0, £). Without loss of generality we can suppose
that ¢ is defined on the product space (O, £®N 7), with N = {0,1,2,---} and 7 the law
of £. Each realization of £, corresponds to a probability distribution on IN, denoted by

p(€n) = (Pk(&n)) ke, where

pk(gn) >0, Zpk(gn) =1 and kak(gn) € (0,00)
k k

The sequence ¢ = (&,) will be called random environment. A branching process (Z,,)
in the random environment £ is a class of branching processes in varying environment
indexed by &. By definition,

Zn
Zo=1, Zpn=» Xni (n>0), (1.1)
i=1

where X,, ;(¢ = 1,2,---) denotes the number of offspring of the ith particle in the nth
generation. Given ¢, {X,,; : n > 0,4 > 1} is a family of (conditionally) independent
random variables and each X, ; has distribution p(¢,,).

For each realization ¢ € ON of the environment sequence, let (I',G,P¢) be the
probability space under which the process is defined (when the environment ¢ is fixed to
be the given realization). The probability P¢ is usually called quenched law. The total
probability space can be formulated as the product space (OF x I', N @ G, P), where
P = E(é¢ ® P¢) with ¢ the Dirac measure at £ and IE the expectation with respect to the
law of &, so that for all measurable and positive g defined on O x T, we have

/ g(z,y)dP(z,y) =E/g(£,y)d1Ps(y)-
oNxI T

The total probability P is usually called annealed law. The quenched law P, may be
considered to be the conditional probability of P given £. The expectation with respect
to IP will still be denoted by IE; there will be no confusion for reason of consistence. The
expectation with respect to P, will be denoted by IE,.

Let Fo = 0(§) and F,, = 0(&,(Xp;: 0<1<mn-1,4i=12,---)) be the o-field
generated by ¢ and X;; (0<I<n—-1,%=1,2,---). Forn >0and p > 1, set

Ma(p) = ma(p, &) = > Kpi(&n), ma = ma(1), (1.2)
k
and
n—1
Po=1, Py=]]mi (n>1). (1.3)
=0

So mn(p) = E¢ X} ; and P, = E¢Z,. It is well known that the normalized population size

W, = Zn (1.4)

EJP 19 (2014), paper 104. ejp.ejpecp.org
Page 2/22


http://dx.doi.org/10.1214/EJP.v19-3388
http://ejp.ejpecp.org/

LP convergence for BPRE

is a non-negative martingale with respect to F,, both under P, for every ¢ and under P,
hence the limit
W = lim W, (1.5)

n—oo

exists almost surely (a.s.) with EW < 1 by Fatou’s lemma. Assume throughout the paper
that the process is supercritical in the sense that [Elog m is well defined with

Elogmg > 0.

Here we are interested in the LP convergence rate of W,, to W both in the quenched
sense (under PP¢) and in the annealed sense (under P).

We first show a criterion for the quenched LP convergence of W,.

Theorem 1.1 (Quenched L? convergence). Let p > 1. Consider the following assertions:
P
(i) Elog Fe (Zl ) < o0; (ii) sup, BeW? < 00 a.5.;

mo

(43¢) Wy, — W in L? under P, for almost all {; (iv) 0 < EW? < o0 a.s..

Then the following implications hold: (i) = (ii) < (iii) < (iv). If additionally (&,,) are i.i.d.
and [Elogmgy < oo, then all the four assertions are equivalent.

For the almost notion in (ii)-(iv), we mean that the concerned statement holds for
almost every realization ¢ € OF, that is, it holds for 7- almost every ¢ € OV (recall
that we use the same letter £ to denote both the random variable and a realization), or
equivalently, the statement holds for P-almost every (0,7) € (0" x I', P) if we regard
¢ = £(0,~) as a random variable defined on the total probability space (6" x T, P). The
equivalence can be easily seen by the definition of IP.

The implications (ii) < (iii) = (iv) are direct consequences of the L? convergence
theorem for martingales. The non evident part is the sufficiency of the condition (i)
for the quenched LP convergence of W,,, which is also necessary in the independent
environment case.

It can be easily seen that Vp > 0, Elog Eg(%)p < oo if and only if Elog™* ]Ed% -1 <
oo, where and hereafter we use the following usual notations:

logt # = max(logz,0), log~ = = max(—logz,0).

Next we give a description of the quenched LP convergence rate, with the notations
a Ab=min(a,b), aVb=max(a,b).
Theorem 1.2 (Exponential rate of quenched LP convergence). Letp > 1, p > 1 and

m = exp(Elogmg) > 1.

p
(a) IFE log (Zl ) < o0, then

mo

lim p"(Ee|W — Wn|p)1/p =0 a.s. forp < min{ml_l/p7m1/2}.

n—o0

PA2 pv2
() IFBlog™ Be | £ — 1| < 0o and Blog™ B¢ |2 — 1] < o, then a.s.

, , =0 ifp<p
: n W — W, |P 1/p P Pecs
117I1n_>sooup,0 (Ee| nl”) { >0 ifp > pe,

1/2

where p, = m'/? = exp(3Elogmg) > 1.
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We mention that the theorem is valid with evident interpretation even if Elog mg = oo
(so that m = o0).

Theorem 1.2(a) shows that W,, — W in L? under P at an exponential rate; Theorem
1.2(b) means that p,. is the critical value of p > 1 for which p"(W — W,,) — 0 in L? under
P, for almost all &.

For the classical Galton-Watson process, Theorem 1.2(a) reduces to the result of Liu
[17] that if EZ? < oo, then p"(W — W,,) — 0in L? for 1 < p < min{m!'~1/?,m!/2}, where
m =1EZ; € (1,00); Theorem 1.2(b) can be obtained by a result of Alsmeyer & Iksanov et
al. [1] on branching random walks.

Recall that for a Galton-Watson process with m = EZ; € (1,00) and P(W > 0) > 0,
Asmussen [2] showed that for p € (1,2), W — W,, = o(m~"™/9) a.s. if and only if EZ < oo,
where 1/p + 1/¢ = 1. As an application of Theorem 1.2, we immediately obtain the
following similar result for a branching process in a random environment.

Corollary 1.3 (Exponential rate of a.s. convergence). Letp € (1,2) and m = exp(IE log my)
(0,00). If]ElogIEg(%)p < 00, then Ve > 0,

W —W, =o(m 7:) a.s., (1.6)

wherel/p+1/q=1.

In fact, to see the conclusion, let p; = ma+s and take p satisfying p; < p < m'/4. By
Theorem 1.2(a), p"(E¢|W — W,,|P)}/? — 0, so that

p\ 1/p
E5 (ZP?|W_W7L|> (EE (ZP?|W_W7L|> )

n

IN

IN

Therefore the series ) p}'|W — W, | converges a.s., which implies (1.6).

Corollary 1.3 has recently been shown by Huang & Liu [13] by a truncating argument.
The approach here is quite different.

We now turn to the annealed LP convergence of W,,. When the environment is i.i.d.,
a necessary and sufficient condition was shown by Guivarc’h and Liu ([11], Theorem 3).

Proposition 1.4 (Annealed L? convergence [11]). Assume that (§,,) are i.i.d. and p > 1.
Then the following assertions are equivalent:

mo

(iii) W, — W in LP under P; (iv) 0 < EWP < oo.

P
(i) E (é) <ooand Em{ " < 1; (ii) sup, EW? < oo;

We shall prove the following theorem about the rate of convergence.

Theorem 1.5 (Exponential rate of annealed LP convergence). Assume that (§,,) are i.i.d..
Letp>1andp > 1.

p
(a) Assume that E (@) < o0 and Emy " < 1. Then

mo
lim p"(E|W — W,|P)/? =0 forp < po,
n— oo

where pg > 1 is defined by

| Bmg)p ifpe(1,2),
PO\ min{(Eml?)~7, (Emg?/?)-/P} ifp > 2.
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(b) Assume that P(W; = 1) < 1 and that either of the following conditions is
satisfied:

2 p/2
@Hpe(l,2),E (Eg (%) ) < 00, ]Emap/2 logmgy > 0 and Emap/27121 log™ Z; < oo;
(i) p > 2 and B(ZL)P < oo,

Set
B (Emap/Q)_l/” ifpe(1,2),
pe min{(Emé_p)_l/”,(Emap/Q)_l/p} ifp>2.
Then

. =0 ifp<p
EIW — W, |P 1/p ()
1171111_>Sooupp (El nl”) { >0 ifp > pe.

Remark 1.6. By the convexity of the function Em*, the condition Em, " /2 logmg > 0
implies that I&m,, * is strictly decreasing on (—oo, £]. Thus ]Emgp/2 <Emy P forp e (1,2),
so that pg < pe.

Theorem 1.5(a) implies that W,, — W in L? under P (annealed) at an exponential rate.
Theorem 1.5(b) shows that under certain moment conditions, p. is the critical value of
p > 1 for the annealed L? convergence of p" (W — W,,) to 0, while Theorem 1.2(b) shows
that p. is the critical value for the quenched L? convergence. Notice that by Jensen’s
inequality,

IEme/2 = Eexp(—g logmg) > exp(—gElog mo),

so that (Emap/Q)‘l/p < exp(3Elogmyg). This shows that p. < p..

Finally, thanks to the exponential rates of W,, to W, we get the convergence of the
series ) |W — W, | by arguments similar to (1.7).

p
Corollary 1.7 (Convergence of the series). Let p > 1. If Elog IE¢ (%) < o0, then the

0
series ) |W — W,,| converges a.s. and in L? under P for almost all £. If additionally

p
(&) are iid. and E (%) < o0, the convergence also holds in L? under P.

The rest of this paper is organized as follows. In Section 2, we consider the LP
convergence of the martingale W,, and its exponential rate for a branching process in a
varying environment. In Sections 3 and 4, we study the random environment case, and
give the proofs of the main results: in Section 3, we consider the quenched case and
prove Theorems 1.1 and 1.2; in Section 4, we consider the annealed case and give the
proof of Theorem 1.5.

2 Branching process in a varying environment

In this section, as preliminaries, we study the LP convergence and its convergence
rate for a branching process (Z,,) in a varying environment (BPVE). By definition,

Zn
Zo=1, Znp1=» Xpi (n>0), (2.1)
=1

where X, ;(i = 1,2,---) denotes the number of offspring of the ith particle in the nth
generation, each X, ; has distribution p(n) = (px(n))rew on N = {0,1,--- }, where

pr(n) >0, Zpk(n) =1 and kak(n) € (0,00);
k k
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all the random variables X,, ;(n > 0,7 > 1) are independent of each other. Let (I', P) be
the underlying probability space. Forn > 0 and p > 1, set

mn(p) = EXE kapk My = mn(1), (2.2)

and

Xn i
M (p ‘ - pe(n). (2.3)

Z ‘k mn

Let Fo = {§,T'} and F,, = o((X;; : 0<I1<n-1, i =1,2,---)) be the o-field
generated by X;;, (0<!I<mn-—1, i=1,2,---). Similarly to the case of BPRE, set

n—1
Pyo=1, P,= H m; (n>1). (2.4)
i=0
Then the normalized population size W,, = Z,,/P,, is a non-negative martingale with

respect to the filtration F,,, and lim, ., W, = W a.s. for some non-negative random
variable W with EW < 1. It is well known that there is a non-negative but possibly
infinite random variable Z., such that 7, — Z in distribution as n — oco. We are
interested in the supercritical case where P(Z,, = 0) < 1, so that by ([14], Corollary 3),

oo
either > (1 —pi(n)) < oo, or hm P, = co. Here we assume that lim P, = cc.

n=0 n—roo

We are interested in the Lp convergence of the martingale W, and its convergence
rate. We have the following theorem.

Theorem 2.1 (Exponential rate of L convergence of W,, for BPVE). Let (Z,,) be the BPVE
defined in (2.1) and let p > 1.

l/rfl)m

(i) Letp € (1,2). If the series ), pPn P o (r)P/T < oo for some r € [p, 2], then

(B|W — W, |P)Y/? = o(p™™). (2.5)
Conversely, if hrn 1nf (’gn > 0 and (2.5) holds, then we have for any s > 0, the
series > P, °" v, M (p) < 00, and 3, p1P" P """ m,, (p) < oo for all py € (1, p) if
p> 1.
(i) Let p > 2. If the series Y., p*" P, 'm, (p)*? < oo, then (2.5) holds. Conversely,
if (2.5) holds, then we have for any r € (2,p|, the series Pﬁ(l/T_l)mn(r)p/’" < 00,
and Y, py?" PEY TV, (r)P/T < oo forall py € (1,p) if p > 1.

When p = 1, Theorem 2.1 actually show a criteria for the LP convergence of W,
or equivalently, sup, EW? < oco. In particular, for p = 2, one can see that sup,, EW? =
1+ Y P;'m,(2). Sosup, EW? < oo if and only if ), P, 'm,(2) < co, as shown by

n=0
Jagers ([14], Theorem 4).

2.1 The martingale {4, }

To estimate the exponential rate of LP convergence of W,,, following [1], we consider
the series -
Alp) =D p"(W =W,) (p>1). (2.6)
n=0
Here A(p) denotes the series; it will also denote the sum of the series when the series
converges. The convergence of the series A(p) reflects the exponential rate of W — W,,.
More precisely, if the series A(p) converges a.s. (resp. in L?, p > 1), then p"(W-W,,) = 0
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a.s. (resp. in LP). Conversely, if p*(W — W,,) — 0 a.s. (resp. in LP), then for p; € (1, p),
the series A(p;) converges a.s. (resp. in LP). Moreover, according to Remark 2.2 below,
we shall see that the L? convergence of the series A(p) implies its a.s. convergence.

As in [1], we introduce an associated martingale {fln} Let p > 1, and define

n

A = P Wis — Wh), Zp W1 = Wy). (2.7)

k=0 n=0

As in the case of A(p), here A(p) also denotes the series and it also denote the sum of the
series when the series converges. It is easy to see that {(An, Fn+1)} forms a martingale.
In particular, for p =1, A, = Wy+1 — 1. By the convergence theorems for martingales,
sup,, ]E|An|p < oo implies that the series fl(p) converges a.s. and in LP. Therefore the L”
convergence of A(p) is equivalent to sup, E|A,|? < co. Moreover, if A(p) converges in
LP, then it also converges a.s..

It is known that the series A(p) and A(p) have the following relations.

Lemma 2.2 ([1], Lemma 3.1). Let p > 1 and p > 1. The series A(p) converges a.s. (resp.
in LP) if and only if the same is true for the series A(p).

Remark 2.3. According to the relations between A, and /Al(p) stated above, Lemma
2.2 in fact tells us that A(p) converges in L? if and only if sup,, E|4,|? < co, and the L?
convergence of A(p) implies its a.s. convergence.

We shall study the L? convergence of A(p) through the existence of the pth-moment
of the martingale {4, }. The main tool is Burkholder’s inequality for martingales.

Lemma 2.4 (Burkholder’s inequality, see e.g. [9]). Let {S,,} be a L' martingale with
So=0.Let Qn = (31 (Sk — Sk—1))? and Q = (307, (Sn — Sn—1)?)"/2. ThenVp > 1,

& | @n o<l Sn llp< Cp || Qn lp,
& | Qllp<sup || Sn [,< Cp [ Q llps
n

where c, = (p — 1)/18p%/2, C,, = 18p%/2 /(p — 1)'/2.
Put » »
ap = [(p=1)/182]  and b, = [1872/(p - 1)/?]

The following lemma gives the relations between sup,, |4, |? and E[W,,; — W,,|P that
we shall use later.

Lemma 2.5. Let p > 1. Then:

(i) Forp € (1,2) and N > 1,

N—-1
apNP/27E N " P B Wy — W [P < bupIE|A P <b, pr E|W,q1 — Wo|P. (2.8)
n=0 n=0

(ii) For p = 2,
SupE|A |? = 2,02"1E|Wn+1 W% (2.9)

n=0

(iii) For p > 2,

oS p/2
ap ZPP E[Wq1 — Wy P < SUPE|A P <by (Z P (B[ Wiga — W, [P)/P :
n=0 n=0

(2.10)

EJP 19 (2014), paper 104. ejp.ejpecp.org
Page 7/22


http://dx.doi.org/10.1214/EJP.v19-3388
http://ejp.ejpecp.org/

LP convergence for BPRE

Proof. Firstly, (2.9) is obvious by the orthogonality of martingale. The upper bound in
(2.8) and (2.10) are directly from Burkholder’s inequality. The lower bound in (2.8) can
be obtained following similar arguments in [1] (p.25). O

Remark 2.6. For a BPRE, notice that {I¥,} is a martingale under both P, (for every
£) and P, and the same is true for {A,}. Thus Lemmas 2.2 and 2.5 hold for both
expectations E; and IE.

Let

v an v o
Xpi="", X,=Xn.1. (2.11)
My

From the definitions of Z,, and W,,, we have

1 _
Whgr — W, = N ;(Xm- —-1). (2.12)

This fact leads us to estimate E|W,,.1 — W, |P through the moments of X, — 1.
Lemma 2.7. Letp > 1, n > 0. Then:
(i) Forp € (1,2) and r € [p,2],

ap PTPPPEWP/PE| X, — 1P < B[W,y 1 — W, [P < b, PPA/T"D(E|X,, — 1|)P/". (2.13)

(ii) For p = 2,
EW,y1 — W,|> = P, EIX, — 1% (2.14)
(iii) Forp > 2 and r € [2,p],

ap, PPYTD(B| X, — 1|")P/" < B|W, 11 — W, [P < b, P7PPEWP/?E|X,, — 1P, (2.15)

Proof. We first prove (ii). By (2.12),
1 &
EW, 1 — W, = EEZ(XM - 1)?2 =P 'E|X, — 1)~

We then prove (i) and (iii). Let p > 1. Fix n > 0 and let

k
S() - O, Sk- - P,;l Z(XnL - 1)1{Z,LZ’L}

i=1

Let Gy = F,, and Gy, = o(F,,, Xn,i, 1 <@ < k). It is not difficult to verify that {S;} forms
a martingale with respect to gk and {Sk} is uniformly integrable, so that sup, E|S;|P =

P77 (X, —1) = W, 11 —W,,. By Burkholder’s inequality,
0o p/2 50 /2
PB D (Sk = Sko1)? §E|S|pgbp1EZSk—Sk1 :
k=1 k=1
which means that
1 Zn p/2 1 T p/2
B |55 ) (X0 =17 <E[Wpq —WolP <bE |55 ) (Xni—1)° (2.16)
n =1 n =1
EJP 19 (2014), paper 104. ejp.ejpecp.org
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For p € (1,2) and r € [p, 2], by the concavity of z7/2, /" and xP/?, we have

p/2 VA

]' - Ve — - Ve r ™ r— Ve T r

E EZ(XM-— 12 <PPEY X — 1) < PROTTOEX, — 177, (2.17)
n =1 =1

and

| Zn p/2 Zn

E|—0 Y (Xni— 1?2 =P PEZE?7 Y | X, — 1P = PyPPEWEPE|X, — 1[7.(2.18)
n =1 =1

Combing (2.17), (2.18) with (2.16), we obtain (2.13).
For p > 2 and r € [2,p], since 2"/2, 27/" and xP/? are convex, (2.17) holds with ” < ”
replaced by 7 > 7, while (2.18) holds with ” > ” replaced by ” < 7. O

2.2 Moments of {4, }; Proof of Theorem 2.1
In this section, we study the pth-moment of {An}, and prove Theorem 2.1.
Proposition 2.8 (Moments of An for BPVE). Let p > 1.

(i) Letp € (1,2). If Y, pP" PEY/"Vm, (r)?/7 < oo for some r € [p, 2], then

supIE|/1n|p < 00. (2.19)

Conversely, if lim inf log% > 0 and (2.19) holds, then )", pP" PSP m, (p) < oo for
any s > 0. e
(i) Let p > 2. If>", p*" P Y, (p)?/P < oo, then (2.19) holds. Conversely, if (2.19)
holds, then for anyr € [2,p], >, pPn PP T ()P < o0,
Before the proof of Proposition 2.8, we give another lower bound of sup,, E|4,, | for
€ (1,2), which is different from (2.8).
Lemma 2.9. Letp € (1,2) and s > 0. If n =n(s) := >, P,® < oo, then

sup E|An|p > apnp/zfl Z pp"P,f(p/2*1)E|Wn+1 — Wy|P. (2.20)

n=0
Proof. Applying Burkholder’s inequality and Jensen’s inequality, we get

p/2
supB|A, [P > a,F

o0
Z an(Wn-&-l - Wn)2
n=0

o p/2
1 S n
= gl <§ , nPs (ﬁPnP2 Wiyt — Wn|2)>

n=0 n

oo 1 .
> ok Z nbs (nPyp* W1 — Wn|2)p/2
n=0 n
o0
= aunP/?7? Z PRSP VRIW, L — WP
n=0
So (2.20) is proved. O

Proof of Proposition 2.8. (i) By Lemmas 2.5 and 2.7, for r € [p, 2],

supBIA, [P < O pPE[Wpr — WalP <C > p PPY/TI(EIX, — 1]7)P/

n=0 n=0
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Here and throughout this paper C' denotes a general positive constant (maybe different
from line to line). Hence sup, E|A,[P < oo, if 3, pp PP " Vi, (r)P/7 < oo for some
r € [p,2]. Conversely, assume that sup,, E|4,|? < co. For any s > 0, let s’ = 22%]0 > 0.
Since n = n(s’) < oo, by (2.20) and Lemma 2.7,

sup]E|A [P > Cnp/?- 11nf]EWP/QZp;ImP—9 P2, (p).
n=0

Thus 3, pP" Pr* " * i, (p) < oo, Vs > 0.
(ii) For p = 2, by (2.9) and (2.14),

sup BA, | =Y p™ P EIX, — 12 =Y p™" Py ma(2).
n n=0 n=0
Thus sup,, E|A,|> < oo if and only if 3 p** Py ', (2) < oo.
Let p > 2. We first assume that >, p*" P, (E|X,, — 1|))¥? (= 3, p?" Py timn(p)?/?)
< 0. By (2.10 ) and (2.15),

0o p/2
supE|A,[P < C (Z P (B|Wyp1 — Wnp)Q/p>
n n=0

p/2
< (Zﬁ“”P (BWE2)2/P (X, —1|”>2/”>
n=0
p/2
< CbupIEWp/Q (Z,&”P (E|Xn—1|p)2/”> <oo, (2.21)
n=0

provided that sup,, ]EW%’/ ? < 00, which holds obviously when sup,, EW? < oco. Therefore,
it suffices to prove that for every integer b > 1,

supEWp<oo if ZP (E|X, — 1|P)?/? < 00, Vp e (2°,2°+1]. (2.22)
We shall prove (2.22) by induction on b. For b = 1, we consider p € (2,2%], so that
p/2 € (1,2]. By Holder’s inequality,

ZP 'BIX, -1 < ZP (E| X, — 1|P)?/? < .
Hence sup, EW? < oo, so that sup,, EW%/? < co. By (2.21) (with p = 1),

p/2
supE|W —1P < CsupIE)VV”/2 (ZP (E|X,, — 1|p)2/p> < 00. (2.23)
n=0

So (2.22) holds for b = 1. Now assume that (2.22) holds for p € (2b, 2b+1} for some integer
b > 1. For p € (2b+1,25%2], we have p/2 € (2°,2°+1]. By Hélder’s inequality,

ZP E|X |P/2 4/p < ZP E|X 1|p)2/p < 0.
Using (2.22) for p/2, we obtain sup,, IEVV}Z/2 < 00, so that sup,, EW? < oo from (2.23).

Therefore (2.22) still holds for p € (2! 2°+2], which implies that (2.22) holds for all
integers b > 1.
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Conversely, assume that sup,, ]E|fln|p < c0. Notice that by (2.10 ) and (2.15), Vr € [2,p],

sup B|A, [P > C Y~ prrPr/mD(BLX,, — 1)

n=0
This implies that ), pPr PP T D (1P < 00, Y € [2,p]. 0

Now we give proof of Theorem 2.1.

Proof of Theorem 2.1. For p = 1, notice that W,,.1 — 1 = A,(1) and W,, — W in L? is
equivalent to sup, EW? < co. For p > 1, notice that the assertion sup,, E|A,|? < oo is
equivalent to the L? convergence of fl(p), which is also equivalent to the L? convergence
of A(p) by Lemma 2.2. Applying Proposition 2.8 yields Theorem 2.1. O

3 Quenched moments and quenched L? convergence rate for BPRE;
Proofs of Theorems 1.1 and 1.2

Let us return to a BPRE (Z,,). Notice that for each fixed &, (Z,,) is a BPVE. So all the
results for BPVE can be directly applied to BPRE by considering the quenched law PP
and the corresponding expectation IE;. The following lemma will be used to prove our
theorems for BPRE.

Lemma 3.1. Let (o, 5n)n>0 be a stationary and ergodic sequence of non-negative
random variables. If Elog ag < 0 and Elog™ 8y < oo, then

o0
2@0"'0411—1571 <00 a.s.. (3.1)
n=0

Conversely, we have:

(@) if (tn, Bn)n>0 arei.i.d. and Elog ag € (—o0,0), then (3.1) implies that Elog™ 3y <
00;
(b) if E|log By| < oo, then (3.1) implies that Elog oy < 0.

Proof. The sufficiency is a direct consequence of the ergodic theorem and Cauchy’s test
for the convergence of series, remarking that if Elogay < 0 and Elog max(8p,1) < oo,
then

1
lim sup - log(ag -« - a1 max (B, 1)) < 0.

n— oo

For the necessity, part (a) was shown in the proof of ([10], Theorem 4.1). For part (b),
again by Cauchy’s test, if (3.1) holds, then

lim sup(ag - - - an,lﬂn)l/" <1 a.s.,
n—0o0

which is equivalent to
n—1

1 1
limsup(ﬁ Z log ov; + - logf,) <0 a.s..
i=0

n—oo

By the ergodic theorem,

n—1

nlgrolo - ZO log a; = Elog avg a.s.,
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and
1 1 n 1 n—1
lim - log f, = lim_ <n Zolog B; — - z; logﬁl) =Elogfy —Elogfy =0 a.s..
1= 1=
Hence Elogay < 0. O

Applying Proposition 2.8 to the case in random environment, and thanks to Lemma
3.1, we obtain the following results for the quenched moments of A,,.

Proposition 3.2 (Quenched moments of A,,). Let p > 1 and m = exp(Elogmg) > 1.

() Let p € (1,2). If Elog™ B¢|Z- — 1] < 00 and p < m!' ™'/ for some r € [p, 2], then
supIEdfln\p <00 a.s.. (3.2)
Conversely, if ’10g Eg\% — 1|P| < co and (3.2) holds, then p < ml/2,

(ii) Let p > 2. If Elog™ Ed% —1|P < o0 and p < m'/?, then (3.2) holds. Conversely,
ifE ‘logEd% —ay

< oo for some r € [2,p] and (3.2) holds, then p < m'~1/".

Proof. (i) Let p € (1,2). Suppose that Elog™ Eg\% —1]" < oo and p < m'~Y/" for some
r € [p,2]. Then by Lemma 3.1, the series }_, prn PP T Dm (7P/T < o0 as.. Thus
sup,, E¢|A,|? < co a.s. by Proposition 2.8.

Conversely, suppose that | ‘log E5|% — 1P| < oo and sup, E¢|A,|P < co a.s.. By
Proposition 2.8, we have Vs >0, Y pP”Pn_S_p/zmn (p) < > a.s.. Hence by Lemma 3.1,
p < ml/?ts/P Letting s — 0, we get p < m'/2.

(i) Let p > 2. Suppose that Elog™ Ed% — 1|P < 00 and p < m'/2. Then by Lemma
3.1, the series Y, p*" Py ', (p)*/? < oo a.s., which implies that sup,, E¢|A, [P < oo a.s.
by Proposition 2.8.

Conversely, suppose that I |log ]E§|,,% —1|"| < oo for some 7 € [2, p] and sup,, E¢|A, [P <

o a.s.. Proposition 2.8 shows that 3>, pP" PE/""Vim, (7)P/" < o0 a.s., which implies that
p < m'~!/" by Lemma 3.1. O

Proof of Theorem 1.1. The implications "(ii) = (iii) = (iv)" are evident. And the implica-
tion "(i) = (ii)" is directly from Proposition 3.2 (with p=1). We prove that (iv) implies (ii).
Notice that forn > 1,

z
1 «— .
W = P—n ;21 W(n,1) a.s., (3.3)

where under Pg, (W(n,7));>1 are independent of each other and independent of Z,,
with distribution P¢(W(n,4) € -) = Pyne(W € -). Here the notation 7' denotes the shift
operator such that 7"¢ = (&, &nt1, -+ ) if € = (€0, &1, - - - ). Taking conditional expectation
at both sides of (3.3), we see that

EgW = ]ETWLEW a.s..

Therefore, by the ergodicity, EcW = c a.s. for some constant ¢ € [0,00]. As EcW? > 0
a.s., we have ¢ > 0. Again by (3.3) and Jensen’s inequality,

P
.7-"n>> =cPWp a.s.,
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so that
EWP < cPE WP a.s., Vn>1.
Therefore, sup,, EcW? < ¢ PE.WP < 0o a.s. (so that ¢ =1 as then W,, = W in L” under
Pe).
We finally prove that (ii) implies (i) when the environment is i.i.d.. Assume that
(€n)n>0 are iid, Elogmg < oo and sup,, E-W? < oo a.s.. By Theorem 2.1, we have

ZPS”/Q (p) < ©a.s.,Vs >0, ifpe(l,2),

and
Z P, (p) < ocoa.s. if p>2.

As (£n)n>0 are i.i.d. and Elogmg € (0,00), by Lemma 3.1, Elog™ E¢|Z- — 1P < oo, so
that Elog IE¢ (Zl) < 00. O

By the relations among A,, A(p) and p"(W — W,,) (discussed at the beginning of
Section 2.1), together with Proposition 3.2, we immediately obtain the following criteria
for the quenched LP convergence rate of W,,.

Theorem 3.3 (Exponential rate of quenched LP convergence of W,,). Let p > 1 and
m = exp(Elogmg) > 1.

(i) Letp € (1,2). If Elog E¢ (Zl) < oo and p < m'~'/" for some r € [p,2], then
(Ee|W — W, P)'P =0(p™)  a.s. (3.4)

Conversely, if E |1og Ee ’i - 1’ ( < o0 and (3.4) holds, then p < m'/2.
p
(ii) Let p > 2. If E log [ (—) < o0 and p < m'/2, then (3.4) holds. Conversely, if

E 'ngs ’57 - 1’ ] < oo for some r € [2,p] and (3.4) holds, then p < m!~Y/".

Proof of Theorem 1.2. The assertion (a) is a direct consequence of Theorem 3.3(i) with
r = p for p € (1,2) and Theorem 3.3(ii) for p > 2.

For the assertion (b), since the LP norm (E¢|X|?)!/? is increasing in p and the function
log™ 2 is increasing in x, we have p%]Ong B¢/ X|Pr < ilogJr Ee|X P2 if 1 < p1 < po.
pV2

— 1| < oo ensures that Elog® E¢ | Z

Tno

Thus the condition Elog™ ]Eg

mg

1’ < oo and

2
Elog" Ee ’Tﬁ—o . 1’ < c0. If p < m"/2, applying Theorem 3.3(i) with » = 2 for p € (1,2)
and Theorem 3.3(ii) for p > 2, we have

lim p"(Be|W — W, )P =0 a.s.
n—oo

1/2

Now consider the case where p > m'/“. Denote

D={¢: lim p"(Ee|W — W,[?)/? = 0}.

First, we show that P(D) = 0 or 1. By the ergodicity, it suffices to show that 7-'D = D
a.s.. By (3.3),

1 1
W=— Wi(l,q a.s..
e ; (1,4)
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Similarly, we can write W,, as

Zy

1
W, = — Wa_1(1,1 a.s., (3.5)
_ ; 1(1,4)
where W, (k,i) = —Zu(kd)  yith Z,(k,i) denoting the branching process starting

My MEgfn—1

with the ith particle in the kth generation. Under P, the sequence (W, (k,));>1 are
independent of each other and independent of Z;, and have a common conditional
distribution P¢ (W, (k,4) € -) = Prxe(W,, € -). Therefore,

Z1
1 . .
wW-Ww, = o ;:1 (W(1,4) — Wp_1(1,4)) a.s.. (3.6)

By (3.6) and the convexity of zP, we have

Z P
1 . .
E§|W— Wn|p < WEg <Z|W(1,2) — Wn_1(1,2)>
0 i=1
1 &
< SBZPTY W) = W (1)
0 i=1
Z1\?
- E o Ere|W — W,_4[. (3.7)

Therefore for almost all ¢, if T¢ € D, then ¢ € D. So we have proved that T-'D c D
a.s.. On the other hand, notice that by Theorem 1.1, EcW = 1 a.s.. Using (3.6) and
Burkholder’s inequality, we get

Zy p/2
C . )
Ee[W —W,|P > WES (Z(W(lvl) - Wn—l(lvz))2>
0 i=1
C 21
> —Belizzy Y WL = Waa (L))
0 i=1
1
= C%ETAW —Wya? a.s.. (3.8)

0

Notice that po(§o) < 1 since mg € (0,00). It follows from (3.8) that for almost all ¢, if
€ D,thenT¢ € D. Hence D C T~'D a.s.. So we have proved that T-!'D = D a.s..

For p > m!/?, assume that P(D) = 1, so that lim, . p"(E¢|W — W,|P)Y/? = 0
a.s.. Since the LP norm is increasing in p and the function log™ x is decreasing in
x, we have pilog_ E¢|X|P2 < pl—llog_ E¢|X|P* if 1 < p; < pe. Therefore the condition

2

mo

PA2 P 2
Elog™ ¢ ‘7% - 1‘ < oo ensures that Elog ™ IE¢ ‘@ —1| <ocandElog™ E¢ ‘% — 1‘ <

»
00. So we have]E‘log]Eg ‘% — 1‘ ‘ <ocand E

2
log E¢ ‘% — 1‘ ‘ < 0. Applying Theorem

3.3(i) for p € (1,2) and Theorem 3.3(ii) with » = 2 for p > 2, we get p < m'/2. This
contradicts the condition that p > m'/2. Thus P(D) = 0, which implies that

P <limsupp”(]E§|W — WL [P)VP > 0) =P(D°) = 1.

n— oo

So the proof is finished. O
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4 Annealed moments and annealed .” convergence rate for BPRE;
Proof of Theorem 1.5

In this section, we consider a branching process in an :.:.d. environment: we assume
that (&, )n>0 are i.i.d.. We also assume that

PW,=1)<1, (4.1)
which avoids the trivial case where W,, = 1 a.s..
Let us study the annealed moments of fl at first. We shall distinguish two cases: (i)

p € (1,2); (ii) p > 2. Our approach is inspired by ideas from [1] and [16], especially for
the case where p > 2.

4.1 Annealed moments of fln: case p > 2
We first consider the case where p > 2.
Proposition 4.1 (Annealed moments of An forp > 2). Letp > 2 and p > 1. Then
~ p
sup,, E|A,,|P < oo if and only if E (%) < 00 and pmax{(Emi™")V/?, (Emg"/?*)V/?} < 1.
To prove Proposition 4.1 for p > 2, we need two lemmas below. Denote
up(s,r) =EP W) (se€R,r>1). (4.2)
Lemma 4.2. Forr > 2, u,(s,r) satisfies the following recursive formula:

Un (8, r)ﬁ < (]Eméfrfs)r%lun,l(s,r)%l + (EmaSW{)ﬁun,l(s,r - 1)5. (4.3)

Proof. Denote o) (t) = Eriee™ and ¢, (t) = oV (1) = Eee™n. By (3.5), we get the
functional equation

t
-F 1 btz .
90 (S) Espnfl(mo) a.s
By differentiations, this yields
Zl 1 t - 1 t !
Pn(t) = EE* <90£L)1(mo)> goilll(m—o) a.s.. (4.4)

Recall that E¢W,, = 1 for all £ and all n. Therefore we can define a random variable V,,
whose distribution is determined by

Egg(Vn) = ESan(Wn)

for all bounded and measurable function g. For each k£ > 1, let V,Sk) be a random variable
with law P (Vy *) ¢ € ) = Prre(Vi, € -). Let M, be a random variable independent of V,fl_)l
under IP¢, whose distribution is determined by

Z1—1
Ecg(M, —g Wh—1(1,4) |,
atan) = ey (32w
for all bounded and measurable function g. (The probability space (I', G, IP¢) can be taken
large enough to define the random variables V,,, V,gk) and M,,.) The Fourier transform of
Vi is
Eee'Vr = BeW,e™n = —igl (t).

So (4.4) implies that

(1)
vV M,
EE Vn = [Ece (55 Vo ) a.s.,

EJP 19 (2014), paper 104. ejp.ejpecp.org
Page 15/22


http://dx.doi.org/10.1214/EJP.v19-3388
http://ejp.ejpecp.org/

LP convergence for BPRE

which is equivalent to the distributional equation
1
v, L —v® + M,
mo
under P¢. Therefore,
Uy (s,r) = EP, W) = EP,*EW! =EP, *E V!
r—1
1
= EP,°E: (Vn@l + Mn)
mo
_ s _ s r—1
- F (Pn g v + P, HMn) .

By the triangular inequality in L™,

1
r—1\ r—1 1
Un(5,7) =T < (EPn_Smér (V;?l) > + (EP7sMI—1) 7 (4.5)
We now calculate the two expectations of the right hand side. We have
s 1— @\t s 1— -1
EP,*my" (Vn—1> = EP " my "EreV,
= Emy "°EP, V)|
= Em(l)_r_sun_l(s,r), (4.6)
and
EP,*M!:™' = EP,;*E;M.™*
Z1—1 r—1
71 1
= EP°E— [ — Wno1(1,1
< EBP; " mg e Z{Epe W1
_ Zl " _ —1
= Em;°|— ) EP W'
mg (mo) n—1"pn_1
s Z1\"
= Em, (mz) Un—1(s,7 — 1). (4.7)
So (4.3) is a combination of (4.5), (4.6) and (4.7). O

Remark 4.3. In particular, u,(0,r) = EW. By Lemma 4.2, we can obtain the recursive
formula for EW:

1

=T (BW]) 7T (EW,-H 7T (r > 2).

(EW;)™T < (Emj~")

Lemma 4.4. Let s € R and r € (b,b+ 1], where b > 1 is an integer. If Em;*® < oo and
Emg® (@) < oo, then
mo
’U,n(S,’I") _ O(nl-i-(b—l)r—(b—l)b/2(Inax{lrgaiib]E,'néf'r‘fs7 Emas )n)

Proof. We shall prove this lemma by induction on b. For b = 1, let r € (1,2]. By
Burkholder’s inequality,

n—1
EW, < 14supBEeW, — 1" <14+ CY P Ee|X, — 1" as..
" k=0
EJP 19 (2014), paper 104. ejp.ejpecp.org
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Hence
un(s,r) = EP °EW,

n—1

< EP;® (1 +C>  PUTEX, - 1|T>
k=0
n—1

= (Bmg*)" + C Y (Bl (B ) g % — 117
k=0

(Emg *)" + Cnmax{Emj "%, Emg*}" !
O(n(max{Em§~""%, Emg*})™).
So the conclusion holds for b = 1.

Now we assume that the conclusion is true for r € (b,b + 1] for some integer b > 1.
Then forr € (b+1,b+ 2], r — 1 € (b,b + 1]. By Holder’s inequality,

7 r—1 o N/ r—1 7 r (r—=1)/r
Emas (1) — Emo 6/7Tn0 s(r—1)/r <1> S (EmES)l/r (Emo—e (1> > ,

Mo mo

which implies that Emas(%)“l < 00, since Emy® < oo and Emgs(%)r < oo. By the
induction assumption,

un—l(87 r— 1) O((n _ 1)1+(b_1)(r_1)_(b_1)b/2(maX{lrEazibEmé’H_T_S, Emgs )n—l)

- 0 14+(b—1)(r—1)—(b—1)b/2 Emi "5 EmI51)"). 4.8
(n (max{, max Emg ", Bmg*H)").  (4.8)

It is easy to verify that any solution to the recursive inequality
en <acp—1 +0NB") (a,B8,7>0) (4.9)

satisfies ¢, = O(n? ™! max{«, 8}"). Lemma 4.2 and (4.8) show that un(s,r)ﬁ is a so-

lution of (4.9) with a = (Emé_r_s)ﬁ, g = max{maxQSiSbH(Emé_r_s)ﬁ, (Emo_s)ﬁ}

14+(b—1)(r—1)—(b—1)b/2 Thus
r—1 :

and v =

1

Up(s,7)71 = O(n"™ max{a, B}"). (4.10)

Notice that v +1 = W and

maX{Ox, ﬂ} = HlaX{1<I£1<ag:_1(Em8—T‘—S)flly (Emag)ﬁ}

Hence (4.10) becomes

— 14+br—b(b+1)/2 E i—r—s Em=s)™
un(s,7) =0(n (max{lgr?ga}ﬁl mg , Emg®H)™).

So the conclusion still holds for » € (b + 1,b + 2]. This completes the proof. O
Remark 4.5. In Lemma 4.4, since 1 — (b — 1)b/2 < 0 for b > 2, we in fact obtain
Un(s,7) = O(n(max{Em§~""%, Emgy*})™) forr € (1,2],
and for any integer b > 1,
br i—r—s —s1\n
n(s,7) = E , E f b+1,b+ 2.
Un(s,r) =0(n (max{lgr?gﬁl my mo* ") forre (b+1,b+ 2]
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Proof of Proposition 4.1. For p = 2, by Lemmas 2.5 and 2.7,
sup B[A, |7 = p"EB(P; B | X, — 1) = E[Xo — 11> > (p"Emg )" (4.11)
n n=0 n=0
Therefore, sup,, E|A,|? < oo if and only if E(Z-)? < oo and p(Emg')Y/2 < 1.
p
Now we consider the case where p > 2. Assume that E (%) < ooandp max{(]Em(l)fp)l/p,

(Emg®/?)}/P} < 1. By Lemma 2.5,

0 p/2
sup E|A,|P <C (Z P (B|Wyp — Wn|p)2/p> .

n=0

To prove sup,, B|A,|P < oo, it suffices to show that

> PP (BWapy — Wi|?)?P < oo,

n=0
By Lemma 2.7,
E|Wn+1 - Wn|p S CEPn_p/2]E§WTIZ/2]EE‘Xn _ 1‘]7
= CEP**WiE|X, - 1)

Notice that

—p/2 (21 i —p r7p/2 —P 7P Z\*
Emo mio :Emo Zl 1{2121} SIEmO Z1 1{Z121} SE mio < 00,

and Emg?/? < 1 < co. Remark 4.4 shows that

_ 0% i—p —p/2y\n
un(p/2,p/2) = O(n” (max{ max Bm, ", Em,""})")

forp/2 € (b+1,b+ 2] with v =1 for b = 0 and v = bp/2 for b > 1. Notice that Em is log

convex. Therefore we have

max{ max Emy?, Bmg”?} < suwp {Bm} = max{Emy ", Emy "'},
lsisbtl 1-p<z<-p/2

Thus

00 o
szn(E\WnH _ Wn‘p)Q/p < CZpZ"nQV/p(maX{(Em(l)_p)Q/p, (Emap/2)2/p})n.

n=0 n=0

The series in the right side of the above inequality is finite if and only if p max{(]Em(l)_p /e,
(Emg?/?)1/P}< 1.
~ p
Conversely, assume that sup,, E|4,|P < co. Obviously, E (%) < o0, since IE|% —

1|? = E|4y|? < co. By Lemmas 2.5 and 2.7, we have Vr € [2,7],
oo
supB|A, [P > O p""E[Wopq — Wl
" n=0

Y BRI (Bl K, 1)

n=0

v

C o Emp Y E(E Ko = 117)7
n=0
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Thus p(EmE"/"~)1/P < 1 holds forall r € [2, p]. Taking r = p,2, we get pmax{(Emi?)1/7,
(Emg™/?)1/r} < 1. O

4.2 Annealed moments of A,: case p € (1,2)
For the case where p € (1,2), we have the proposition below.

Proposition 4.6 (Annealed moments of A, for p € (1,2)). Letp € (1,2) and p > 1. If
r\ p/T
E (IEE (%) ) < oo and p(EmZ/ ™" VY\1/P < 1 for some r € [p, 2], then

supE|A,|P < co. (4.12)

Conversely, if (4.12) holds, then E(%)p < o0 and p(Em§)~1/?* < 1 for all s > 0, so that
p < exp(LElogmy); if additionally Emy "/ * log mg > 0 and Emy ™ * ™' Z, log* Z; < oo, then
p(Emapﬂ)l/p <1

r\ P/T
Proof. Suppose that |E (]E5 (%) ) < oo and ,o(]Emg(l/“l))l/P < 1 for some r € [p,2].
By Lemma 2.7,
Ee|Wo1 — Wal? < CPI/TD(Eg|X,, — 177777,

Taking expectation we obtain

E[Wyi1 — Wa|P < CEmEY D) E(E| X, — 1]7)7/". (4.13)
Notice that
_ Zi\" p/r

By Lemma 2.5 and (4.13),

SupE|An|p S C Z pan|Wn+1 - Wn|p
n n=0

CE (E¢[Xo — 1) 3" p (Bmf /™ D)" < .

n=0

IN

Conversely, assume that sup,, | A, [P < cc. It is obvious that ]E|7% —1]P = E|4q|? < .
By Lemmas 2.5 and 2.7, we have VN > 1,

N-1

supBlA, [P > CONPLN " pPrE|W, gy — WP
n n=0

N-1
CNP/2UN " pPrEP P PEWE P Ee| X, — 1|7

n=0

N-1
= CNPP7LN" " EP, PPWEPE| X — 17 (4.14)

n=0

%

The assumption P(W; = 1) < 1 ensures that E|X, — 1| > 0. For a > 0, Holder’s
inequality gives

EWS = EWS P, “PS < (EW2P: P, or )/ (Epen )t/ (4.15)
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where p1,q1 > 1 and 1/p; +1/¢1 = 1. For s > 0, take a = % p1 = 14 p/2s and
¢1 =1+ 2s/p. Then (4.15) becomes
(EWS)Pr < BWE/2PP/2(Bmg)Pr/2s. (4.16)

Combing (4.16) with (4.14), we get

N-1
SUPE‘AHP > CNP/21 Z ppn(Emg)_p”/Qs(EWg)Pl
" n=0
Nl n
> C(inf BWg)P NP1 Y (pp(EmS)fp/zﬁ '
n=0

Hence sup,, E|4,|? < oo implies that p(Emg)~1/2* < 1 for all s > 0, so that logp <
£ log Emg for all s > 0. Notice that (Em§)'/* is increasing as s increases. We have

1 L1 1 L
logp < ;r>1f(; % log Em{ = 3 S1_1)1})1+ 5 log(Emg) = §E10g mo,
so that p < exp(3IElog my).

If additionally ]Emap/2 log mg > 0 and ]Emap/Q_lZl log" Z, < 0o, we introduce a new
BPRE. Denote the distribution of &, by 7p. Define a new distribution 7, as

m(z) P/ 1o (dx)

7o (dl‘) - Em*P/?
0

)

where m(z) = E[Z1|§ = z] = Y, kpr(z). Consider the new BPRE whose environ-

ment distribution is 7 = %{?N instead of 7 = T(;@IN. The corresponding probability and

expectation are denoted by P and E, respectively. Then
EP;P2WP/2 = BW?/2(Emg"/*)". (4.17)

Combing (4.17) with (4.14), we obtain

N-1
sup E| A, [P > C'inf EWE/2NP/271 ) 7 (pPEmgP/Q) .

n=0
Notice that
]Elogmo = Em&pmlogmo > 0,
and

_ 7 o
Bl logt 7y = Bmg?/* ' Zy logt 7y < 0.
mo

Hence W is non-degenerate under P, i.e. INP(W > 0) > 0 (cf. e.g. [5], [19]), so that
inf, EW?/?> = EW?/2 > 0. Therefore, sup, B|A,[P < oo implies that p(Emg”/?)1/? <
1. O

4.3 Exponential rate of W,

Again, by the relations of A,,, A(p) and p"(W — W,,) , combined with Propositions 4.1
and 4.6, we obtain the following criteria for the annealed LP convergence rate of W,.

Theorem 4.7 (Exponential rate of annealed LP convergence of W,). Let p > 1.
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r\P/T , .
(i) Let p € (1,2). IfIE(]Eg (%) ) < oo and p(Em?Y" NP < 1 for some
r € [p, 2], then

(B|W — W, [P)YP = o(p™™). (4.18)

Conversely, if (4.18) holds, then p < exp(%]Elog my); if additionally ]Emgp/2 log mg >
0 and Emg "' 7, log* Z; < oo, then p(Emg*/?)1/P < 1.

(i) Let p > 2. If B(Z:)? < oo and pmax{(Em)™)/?, (Emy"/?)!/P} < 1, then
(4.18) holds. Conversely, if (4.18) holds, then pmax{(Em}?)V/? (Emg*/?)1/P} < 1.

Note that p?"E|W — W, |’ — 0 implies that Vp; € (1, p), p{"E¢|W — W, [P — 0 a.s. by
Borel-Cantelli’s lemma and Markov’s inequality. So under the conditions of Theorem
4.7, we can also obtain (3.4). However, by Jensen’s inequality, it can be seen that the
conditions of Theorem 4.7 are stronger than those of Theorem 3.3.

The proof of Theorem 1.5 is now easy.

Proof of Theorem 1.5. Theorem 1.5 is a direct consequence of Theorem 4.7: taking r = p
in Theorem 4.7 gives (a), and taking r = 2 yields (b). O
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