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Abstract

We give estimates of the distance between the densities of the laws of two functionals
F and G on the Wiener space in terms of the Malliavin-Sobolev norm of F' — GG. We
actually consider a more general framework which allows one to treat with similar
(Malliavin type) methods functionals of a Poisson point measure (solutions of jump
type stochastic equations). We use the above estimates in order to obtain a criterion
which ensures that convergence in distribution implies convergence in total variation
distance; in particular, if the functionals at hand are absolutely continuous, this implies
convergence in L' of the densities.
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1 Introduction

In this paper we give estimates of the distance between the densities of the laws of
two functionals F' and G on the Wiener space in terms of the Malliavin-Sobolev norm
of F' — (. Actually, we consider a slightly more general framework defined in [5] or [6]
which allows one to treat with similar methods functionals of a Poisson point measure
(solutions of jump type stochastic equations). Such estimates may be used in order to
study the behavior of a diffusion process in short time as it is done in [3]. But here we
focus on a different application: we use the above estimates in order to obtain a criterion
which guarantees that convergence in distribution implies convergence in total variation
distance; in particular, if the functionals at hand are absolutely continuous, this implies
convergence in L' of the densities. Moreover, by using some more general distances,
we obtain the convergence of the derivatives of the density functions as well. The main
estimates are given in Theorem 2.1 in the general framework and in Theorem 2.14 in
the case of the Wiener space. The convergence result is given in Theorem 2.11 and, for
the Wiener space, in Theorem 2.20.
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On the distances between probability density functions

The reader interested in the Wiener space case may go directly to Section 2.4. For
functionals on the Wiener space we get one more result which is in between the Bouleau-
Hirsch absolute continuity criterion and the classical criterion of Malliavin for existence
and regularity of the density of the law of a d dimensional functional F': we prove that
if F € D*? with p > d and P(detor > 0) > 0 (o denoting the Malliavin covariance
matrix of F') then, conditionally to {oF > 0} the law of F is absolutely continuous and
the density is lower semi-continuous. This regularity property implies that the law of
F' is locally lower bounded by the Lebesgue measure and this property turns out to be
interesting - see the joint paper [4].

In the last years number of results concerning the weak convergence of functionals
on the Wiener space using Malliavin calculus and Stein’s method have been obtained by
Nourdin, Peccati, Nualart and Poly, see [16], [17] and [19]. In particular in [16] and [19]
the authors consider functionals living in a finite (and fixed) direct sum of chaoses and
prove that, under a very weak non degeneracy condition, the convergence in distribution
of a sequence of such functionals implies the convergence in total variation. Our initial
motivation was to obtain similar results for general functionals: we consider a sequence
of d dimensional functionals F},,n € IN, which is bounded in D3 for every p > 1. Under
a very weak non degeneracy condition (see (2.39)) we prove that the convergence in
distribution of such a sequence implies the convergence in the total variation distance.
Moreover we prove that if a sequence F,,,n € NN, is bounded in every D3?, p > 1,
lim, F,, = F in L? and detor > 0 a.s., then lim, F,, = F in total variation. Recently,
Malicet and Poly [15] have proved an alternative version of this result: if lim, F,, = F in
D!2 and det o > 0 a.s. then the convergence takes place in the total variation distance.

The paper is organized as follows. In Section 2.1, following [5], we introduce an
abstract framework which permits to obtain integration by parts formulas. In Section
2.2 we give the main estimate (the distance between two density functions) in this
framework and in Section 2.3 we obtain the convergence results. In Section 2.4 we
come back to the Wiener space framework, so here the objects and the notations are the
standard ones from Malliavin calculus (we refer to Nualart [18] for the general theory).
Section 3 is devoted to the proof of the main estimate, that is of Theorem 2.1. Finally, in
Section 4 we illustrate our convergence criterion with an example of jump type equation
coming from [5].

2 Main results

2.1 Abstract integration by parts framework

In this section we briefly recall the construction of integration by parts formulas for
functionals of a finite dimensional noise which mimic the infinite dimensional Malliavin
calculus as done in [5] and [6]. We are going to introduce operators that represent
the finite dimensional variant of the derivative and the divergence operators from the
classical Malliavin calculus - and as an outstanding consequence all the constants which
appear in the estimates do not depend on the dimension of the noise. So, given some
constants ¢; € R,i = 1,...,m we denote by C(cy, ..., ¢;,) the family of universal constants
which depend on ¢;,i = 1,...,m only. So C € C(cy,...,¢) means that C depends on
¢;,t = 1,...,m but on nothing else in the statement. This is crucial in the following
theorems.

On a probability space (2, F,P) we consider a random variable V = (14, ..., V) which
represents the basic noise. Here J € N is a deterministic integer. Foreach i =1,...,J
we consider two constants —oo < a; < b; < oo that are allowed to reach co. We denote

O, ={v=_(v1,.,v5) 1a; <v; <b;}, i=1,...,J. (2.1)
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The basic hypothesis is that the law of V' is absolutely continuous with respect to the
Lebesgue measure on R’ and the density p; is smooth with respect to v; on the set O;.
The natural example which comes on in the standard Malliavin calculus is the Gaussian
law on RY, in which a; = —c0 and b; = +oc0. But we may also (as an example) take V;
independent random variables of exponential law and here, a; = 0 and b; = .

In order to obtain integration by parts formulas for functionals of V, one performs
classical integration by parts with respect to p;(v)dv. But in order to nullify the border
terms in a; and b;, it suffices to take into account suitable “weights”

o RT = [0,1], i=1,..,.J

We give the precise statement of the hypothesis. But let us first set up the notations
we are going to use. We set C*(R?) the space of the functions which are continuously
differentiable up to order k and C>°(R¢) for functions which are infinitely differentiable.
We use the subscripts p, resp. b, to denote functions having polynomial growth, resp.
bounded, together with their derivatives, and this gives C}(R%), C3°(R?), CF(R?) and
C°(RY). For k € N and for a multi index a = (ay, ..., ax) € {1,...,d}* we denote |a| = k
and 0, f = Oge1...0zer f. The case k = 0 is allowed and gives d,f = f. We also set
N* =IN\ {0}.

So, throughout this paper, we assume the following assumption does hold.

Assumption. The law of the vector V = (V,..., V) is absolutely continuous with

respect to the Lebesgue measure on R’ and we denote with p; the density; we assume
that py has polynomial growth. We also assume that

(HO) forallie {1,...,J},0<m <1, m € C;° and there exist —oco < a; < b; < 400 such
that, with O; defined in (2.1), {m; > 0} C O;;

(H1) the set {p; > 0} is open in R/ and on {p; > 0} we have Inp; € C*°.

We define now the functional spaces and the differential operators.

[J Simple functionals. A random variable F' is called a simple functional if there ex-
ists f € Cp°(R”) such that F = f(V). We denote through S the set of simple functionals.

O Simple processes. A simple process is a random variable U = (Uy,...,Uy) in
R’ such that U; € S for each i € {1,...,J}. We denote by P the space of the simple
processes. On P we define the scalar product

J
()P xP =8, (UV)=(UV),=> UV

i=1
0 The derivative operator. We define D : S — P by
DF = (DiF%:lw,,J € P where D, F .= W,(V)(?J(V) (2.2)

O The divergence operator. Let U = (Uy,...,U;) € P, sothat U; € S and U; =
u;(V), for some u; € C3°(R7), i=1,...,.J. We define § : P — S by

J
S(U) =Y _6i(U), with 6;(U) := —(y, (mius) + miuilo, 0y, Inpy)(V), i =1,...,J. (2.3)

i=1

Clearly, both D and § depend on 7 so a correct notation should be D™ and §”. Since
here the weights 7; are fixed, we do not mention them in the notation.
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O The Malliavin covariance matrix. For F' € 8¢, the Malliavin covariance matrix
of F'is defined by

J
op = (DFSDFY)y =3 DiFF DY kK =1 d

j=1

We also denote
Yr(w) = opt (W), w e {detop > 0}.

[0 The Ornstein Uhlenbeck operator. We define L : S — S by
L(F)=46(DF). (2.4)

O Higher order derivatives and norms. Let a = (a1,...,a;) be a multi-index,
with o; € {1,...,J}, fori=1,...,k and |a| = k. For F € S, we define recursively

»F) and DWF = (D, (2.5)

Tyeens )aie{l,...,J}'

We set DOF = F and we notice that DV F = DF. Remark that D®F € R/®* and
consequently we define the norm of D*) F' as

. J N\ 12
DOF = > D FP) (2.6)

al,‘..,akzl
Moreover, we introduce the following norms for simple functionals: for F' € S we set

l l
Flrg =Y [DWF|=>"IDWF|,  |F;=|F|+]|F|1, (2.7)
k=1 k=0

and for F = (F',...,F%) € 8%, |F|y; = X.¢_, |F"|,, and |F|, = X.%_, |F"|,. Finally, for
U= (Uy,...,Uy) € P, weset DWU = (D® U, ... D®U;) and we define the norm of
DW®U as

J 1/2
DW= (Y IpMui2)
=1

We allow the case k = 0, giving |U| = (U, U>1J/2. Similarly to (2.7), we set |U|; =
ko DN

[J Localization functions. As it will be clear in the sequel we need to introduce
some localization random variables as follows. Consider a random variable ® € S taking
values on [0, 1] and set

dPe = OdP.

Pe is a non negative measure (but generally not a probability measure) and we set Eg
the expectation (integral) w.r.t. Pg. For F' € S, we define

I1E]lp.0 = Eo(| FIP)!/”

and
IF} 0 =Ee(IFI{;) and [F|], e =IFl)e +IFI],e- (2.8)

thatis || - ||,e and || - ||;p,e are the standard LP Sobolev norms in Malliavin calculus with
IP replaced by the localized measure Pg. Notice also that || ||}, ) o does not take into
account the L? norm of F itself but only of the derivatives of F. This is the motivation of
considering this norm.
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Since |F|o = |F
standard notation:

, one has || Flop@ = ||F||p,e. In the case ® = 1 we come back to the
[Fllp = E(F|7) and

IFNT,, =E(FIT,) and |[F|},=E(FP+|F[7,). (2.9)
Notice also that since ® < 1 we have

1F|

1ip© <[[Flip and [[Flipe <[[Flp- (2.10)

For p € IN we set
my (@) :=1V|[In®li,,e- (2.11)

Since ©® > 0 almost surely with respect to IPg the above quantity makes sense.
We will work with localization random variables of the following specific form. For
a >0, set Yy, ¢, : R — R4 as follows:

2
'l/)a(x) = 1|x|§a+exp 1_(12_(‘(;W)1a<\x|<2a7

(2.12)
0.2
$a(x) = lg>a+exp(1- 4(2\x\*a)2)1a/2<\1|<a'

The function v, is suited to localize around zero and ¢, is suited to localize far from zero.
Then ¢,, ¢, € C5°(R), 0 <9, < 1,0 < ¢, < 1 and we have the following property: for
every p, k € IN there exists a universal constant C}, , such that for every z € R

» C r_C
ba() | (In1pe)® (x)‘ <H and u(a) ‘(mqf)a)(’f) ()] < <22 (2.13)
We consider now ©; € S and a; > 0,7 =1,...,] + I’ and define
1 1+
© = [[va(®) x [ ¢a.(0:). (2.14)
i=1 i=l+1
As an easy consequence of (2.13) we obtain
I+
1
mq,p(Q) <1v]| ln@”l,q,p,@ <1V, Z ?H@i”l,q,n@- (2.15)
i=1 ¢
In particular, if ||©;/1,4p < 00,4 =1,...,1 + ' then
I+ 1
mgp(@) <1+Chg Y —l18ill1,0p < 0. (2.16)
i=1 1
Moreover, given some ¢ € IN,p > 1 we denote
Ugpe(F) :=max{l,Ee((detor) ")([|F[, ;10,0 T ILFl,,0)} (2.17)
In the case ® = 1 we have m, ,(®) =1 and
Ugp(F) := max{1, E((det op) ") (| Flly g4, + ILF, )} (2.18)

Notice that U, , e(F) and U, ,(F) do not involve the L? norm of F' but only of its
derivatives and of LF.
We are now able to state the main result in our paper.
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Theorem 2.1. Let g € IN,. We consider the localization random variable ® defined in
(2.14) and we assume that for every p € IN one has ||©;/4+2, < 00,i = 1,...,1+1'. In
particular mg; 5 ,(©®) < co. Let Uy, o (F) be as in (2.17).

A. Let F € 8% be such that U, ;, (F) < cc for every p € N. Then under Pg the law of

I is absolutely continuous with respect to the Lebesgue measure. We denote by pr e its

density and we have pre € C9~(RY). Moreover there exist C,a,b,p € C(q,d) such that

for every y € R? and every multi index a = (o, ..., o) € {1,...,d}*, k € {0, ...,q} one has
a a b

|0apre(y)] < CUL, o(F) xmi,, (0) x (Pe(|F —y| <2)). (2.19)

q,p,©

B. Let F,G € 8¢ be such that Uy.1,e(F), Ugt1pe(G) < co for every p € IN and let
pr.e and pc.e be the densities of the laws of F' respectively of G under Pg. There exist
C,a,b,p € C(q,d) such that for every y € R? and every multi index o = (avy, ..., 1) €
{1,...,d}*, 0 < k < q one has

|0apFr0(Y) — dapce(y)| < CU3+1,p,®(F) x U;+1,p,®(G) X m2+2,p(@)><
X(P@(|F—y| <2|)+P®(‘G—y| <2))b>< (2.20)
X (|IF = Gllg+2,p0 + |ILF — LG|[gp0) -

Remark 2.2. The above result can be written in the case ® = 1. Here, mg12,(®) =1
and the quantities ||F — G||4+2,p.0 and |LF — LG||, e are replaced by ||F — G|/442,, and
|LF — LG, respectively.

Remark 2.3. Since Pg(4) < P(A), in (2.19) and (2.20) one can replace Pg with P.
Remark 2.4. Estimates (2.19) and (2.20) may be rewritten in terms of the queues of
the law of F' and G by noticing that if |y| > 4 then {|F — y| < 2} C {|F| > |y|/2} and
{|G—y| <2} C {|G| > |y|/2}. But we can do something else. In fact, by using the Markov
inequality, for every ¢ > 1 and for |y| > 4 we get Pe(|F — y| < 2) < Pe(|F| > |y|/2) <
CTEe(|F|*)/(1+ |y))¥, C denoting a universal constant. And by taking into account also
the case |y| < 4, for a suitable C' we have

1V Ee(|F|%)
(1 lyh*

and similarly for G. Then, the second factors in formulas (2.19) and (2.20) may be written
in terms of the above inequality as follows: for every ¢ > 1 and y € R¢,

Pe(|F—y[<2)<C

) . (L4 1Flo)"
apro )l < CUqp0(F) X Mg, () X == = @D
and
10apr0(y) = dapco(y)l < CUGy ,e(F) X Uiy, e(G) X mg,, ,(©)x
¢ ¢ \b
1+[Flre +IGlze) (2.22)

(14 [y
X (IF = Gllgr2p0 + [LF = LG4 p0) -

The proof of Theorem 2.1 is the main effort in our paper and it is postponed for
Section 3 (see Proposition 3.8 C. and Theorem 3.10).

As a consequence of Theorem 2.1 we obtain the following regularization result. Let
s be the density of the centred normal law of covariance § x I on R%. Here § > 0 and [
is the identity matrix.
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Lemma 2.5. There exist universal constants C, p,a € C(d) such that for everye > 0,6 > 0
and every F € 8% one has

E(HF) ~ B( 25| < C 1l (Blor <)+ o1+ [Pl + 1LFI,)7) @29

for every bounded and measurable f : R* — R. Moreover, if f € L'(R%)

Vo a
[Ef(F) = E(f v (F)| < C(lf ]l + ||f||1)(1P(0F <e)t o M+ IFl s, +ILF],) )
(2.24)
Notice that in the rh.s. of (2.24) [|F'[|; , is replaced by | F||, 5 , so ||F'||,, is not involved.

)

The price to be paid is that we have to replace | f||__ with | f[| + || f],-

Proof. Along this proof C' denotes a constant in C(d) which may change from a line to
another. We construct the localization random variable ©. = ¢.(det o) with ¢. given in
(2.12). By (2.15) forevery p > 1

g C

| det 0F||q7p7®s <

m, ,(©.) < IFNS g1 (2.25)

el el
We fix § € (0,1) and we define F5 = F + /6 A where A is a standard Gaussian random
variable independent of V. We will use the result in Theorem 2.1, here not with respect
to V = (W1, ..., Vy) but with respect to (V,A) = (V4,...,V;, A). The Malliavin covariance
matrix of F' with respect to (V,A) is the same as the one with respect to V' (because
F does not depend on A) so on the set {®. # 0} we have detop > . We denote by
o, the Malliavin covariance matrix of F; computed with respect to (V,A). We have
(op€,8) = 5|§|2 + (op&, &) . By Lemma 7-29, pg 92 in [9], for every symmetric non
negative defined matrix ) one has

1 d _
—_<cC Q&8 ge < ¢
detQ = 1/Rd‘5| ¢ e

where C; and C; are universal constants. Using these two inequalities we obtain
det oy > & detop > &e on the set ©, > 0. So for ¢ € (0,1) we have

[(detor) " lp0. + [[(det o) o, < Ce™t
It is also easy to check that
HF6||1,3A,p,®£ + ||LF5||1,p,®€ < C(l + ||F||1,3,p,95 + HLFHLp,G)E)
so finally we obtain

Uip.e.(F)+Uipe.(F5) < C+e?([Flispe. TILFlpe.)
CA+eP(IFlly 5, + ILFl; 5))-

A

By using (2.25), we apply Theorem 2.1 and we obtain

lpre.(y) —prre.(W) < COA+eP([Flls,+ILFI;,))" x (2.26)
X (I1F = Fsllzp + [LF = LE5llo,p) -

The r.h.s. of the above inequality does not depend on y, so its integral over R? is infinite.
In order to obtain a finite integral we use inequality (2.22) discussed in Remark 2.4 with
¢ large enough: we may find C, p,a,b € C(d) such that

pre.(y) —pre. () < COA+eP([Fls, + ILF[; )" x x (2.27)

X (IF = Fsllop + [[LF = LEslo,p) -

-
(1+ [y[)*
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But now |[|F'[|,, comes on and this is why we have to replace |[F|, 3 , by [ F]l; -
Moreover one can easily check using directly the definitions that

IE = Fsll2.p + |ILF — LEs o < C5'/2.

So finally we obtain

C a
lpre.(y) — prse.(y) < W(l + ||F||3,p + ||LF||1,p)) x V. (2.28)

We are now ready to start the proof of our Lemma. We take f € C(R?) with || f|| , < oo
and we write

E(f(F)) = E(f *vs(F)) =E(f(F)) — E(f(F5))
[E(f(F)(1 - )) —E(f(F5)(1-©.))]+
+ [E(f(F)®:) — E(f(F5)©.)]

A(6,¢e) + J(6, a).

We have
11(6,e)] < 2| flloo E(1 = Oc|) < 2] f[|, P(detor < e).

We use (2.28) in order to obtain
|J(d0,e)] = |Ee.(f(F))—Ee.(f(Fs))]
- ’ [ t@)bro. ) - pryo.(x))ds

<l / pre. () - pry 0. () d

||f|| L+ 1F 5, + ILFly )" X”X/Td

and (2.23) follows. We write now

|J(d,¢e)] = ’/f (pre. () — prs0.(2))dx

< llpre. —prse.ll If; -

A

Using (2.26) we obtain (2.24). O

In the one-dimensional case, the requests in Lemma 2.5 can be weakened: only the
Malliavin derivatives up to order 2 are required. And moreover, precise estimates can
be given. In fact, one has:

Lemma 2.6. Let d = 1. There exists a universal constant C' > 0 such that for every
€> 0,0 >0 and every F € S one has

Ve
[Ef(F) = E(f *75(F)] < Cllfll (IP(UF <e)+ Z(IFlE2n + IILFII)) (2.29)
for every bounded and measurable function f : R — R.

Proof. The statement can be proved in several ways, we propose here a short proof
that makes use of integration by parts formulas and weights that are developed in next
Section 3.1.

We use notations as in the proof of Lemma 2.5. So, we take f with || f||,, < oo and we
write

E(f(F)) = E(f *75(F)) =[E(f(F)(1 - ©.)) = E(f *75(F)(1 - ©.))]+
[ (f(F) s) E(f*Vé(F)@E)]
=:1(5,¢) + J(4,¢).
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The term (9, ¢) is handled as before, so
1100 €)] < 2] fllo B(L = ©c]) <2[[f[l o P(det o < ).

As for J(6,¢), we set Ws(z) = ['(f — f *7s)(y)dy, with the convention ff() =— [0
when a > b. We also note that

0

wse) = [ ( [ 0 - 1= Nan)iz= [ [ s [ stan)e

so that

Wl <21l [ lehaz)dz < 2V5
R
Now, by using the (localized) integration by parts formula in Proposition 3.5, we have
J(d,¢) = Ee. (V5(F)) = Eeo. (¥s(F)He. (F, 1)),

where
He_ (F,1)=~ypLF — (Dyp,DF); —yr(D(In®.), DF) s, (2.30)

in which v = 0131. Therefore, we can write

[7(8,)] < 5]l Eo. (|He. (F,1)]) < 2V5 || | Ee. (| He. (F, 1)]).
The estimate of the last expectation is developed for general values of d and general
localizations © in Section 3.1. But for d = 1 and ® = ©,, very precise estimates can be

given. In fact, since Dyp = —0>Dor and since on the set {®. # 0} one has o > 2/e,
(2.30) gives

[Ho, (F,1) < S (ILF| +|Dor| [DF| + |D(n©,)| IDF])
< SULFI+1FR o+ [DIn©.)[[Fly ).
Now, by using (2.13) we have
0.1D(1n8.)] = 6-(7r)|(1n62) (o) Dore] < Pl

Therefore,

< S(ILF| + 13 2)

C
Eeo.(|He.(F,1)]) < ZE(ILF| + [Flis2)- <

Ul QA

and the statement holds. We finally note that in dimension d > 1, a similar reasoning
would bring to take primitives of f — f x 75 in all the directions of the space and in the
end one has to do d integration by parts in order to remove the derivatives, and this
needs Malliavin derivatives for F' up to order d + 1. The use of the Riesz transform can
actually overcome this difficulty. O

2.2 Distances and basic estimate

In this section we discuss the convergence in the total variation distance defined by

drv (F,G) = sup{[E(f(F)) = E(f(@)] - |l <1}
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The convergence in this distance is related to the convergence of the densities of the laws:
given a sequence of random variables F,, ~ p,(z)dz and F ~ p(x)dx then dry (F,, F) — 0
is equivalent to

i [ |p(e) = pu(o)] o =0,

We also consider the Fortet-Mourier distance defined by

dpam(F, G) = sup{[E(f(F)) = E(f(G))] : [l + [Vl <1}

and the Wasserstein distance

dw (F, G) = sup{[E(f(F)) = E(f(G))] : [Vfll < 1}.

The convergence in dy is equivalent to the convergence in distribution plus the
convergence of the first order moments. Clearly dpy(F, G) < dw (F,G) so convergence
in distribution plus the convergence of the first order moments implies convergence in
dppr. One also has dpy (F,G) < dry (F,G). The aim of this section is to prove a kind of
converse type inequality.

We will be interested in a larger class of distances that we define now. For f € C/"(RY)
we denote

oo = 1l + D N10af -

1<|a|<m

Then we define
A (F, G) = sup{[E(f(F)) = E(F(G))] : | f |00 < 1}- (2.31)

So
dFJVI = d1 and dTV = do.

Our basic estimate is the following. For F € S we denote
Al(F) = [|Fll5, + ILF (2.32)

Theorem 2.7. Let k € N. There exist universal constants C,l,b € C(d, k) such that for
every F, G € 8% with A,(F), A,(G) < 00,Vp € N, and every € > 0 one has

¢ =
(14 A(F) + AG) d (F.G)+
+CP(detop < ¢) + CP(det o < €).

do(F,G) < (2.33)

Proof. Let § > 0 and let f € C(R?) with || f||, < 1. Since ||f * 75/ .. < C6~*/2 we have
[E(f * 75(F)) — E(f #75(@)| < C5~"2dy(F,G).
Then using (2.23)

E(f(F)) —E(f(@)] < CO*2d(F,G)+ CP(detop < &) + CP(det o < ) +
051/2

cb

_|_

(1+ A(F) + A(G))".
We optimize over ¢: we take

§FHD/2 = gy (F,G) (gip(l + Ai(F) + Az(G))“)_l-

We insert this in the previous inequality and we obtain (2.33). O
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As a consequence, we have

Corollary 2.8. Let F,G € S% and suppose that there exists a > 0 such that for every
€ > 0 one has
P(detop <¢e) +P(detog <¢e) <. (2.34)

Then under the hypotheses of Theorem 2.7 one has
do(F,G) < C(1+ A(F) + A(G))=5 dZ 1 (F,G).
Proof. It suffices to apply Theorem 2.7 and then to optimize w.r.t. € > 0. O

Remark 2.9. When d = 1, in the proof of Theorem 2.7 and Corollary 2.8 we can use the
precise estimate in Lemma 2.6. Therefore, in the one-dimensional case we set

A(F) = ||F]

22+ [|[LF|

and Theorem 2.7 becomes: for k£ € N, there exists a universal constant C' > 0 such that
for every F,G € S and every € > 0 one has

do(F,G) < 893(1 + A(F) + A(G))*dFT (F,G) + CP(op < &) + CP(og <¢).  (2.35)

Similarly, Corollary 2.8 can be rephrased as follows: under (2.34), for k£ € IN, there exists
a universal constant C' > 0 such that for every F,G € S one has

2a o
«@

do(F,G) < C(1 + A(F) + A(G)) =5 &7 ¥ (F, Q). (2.36)

2.3 Convergence results

In the previous sections we considered a functional F' € S¢ with S associated to
a certain random variable V = (V1,...,,V;). So F = f(V). But the estimates that we
have obtained are estimates of the law and so it is not necessary that the random
variables at hand are functionals of the same V. We may have F = f(V) and F = f(V)
with V = (V4, ..., V). Having this in mind, for a fixed random variable V = (V1,..., V)
we denote by S(V) = {F = f(V) : f € C{°(R”)} the space of the simple functionals

associated to V. We denote by oz (V') the Malliavin covariance matrix and
Ap(V,F) i= [ Fllg,, + ILF I, 2.37)

Here the norms HF”ql and the operator LI are defined as in (2.7) and (2.4) with respect
toV.

In the following we will work with a sequence (F},),cn of d dimensional functionals
F, = (Fp1,..., Fnq). For each n, F,,; € S(V;,)), i = 1,...,d for some random variables
Viny = V)15 -+ Viny, 1, )- We will use the following two assumptions. First, we consider
a regularity assumption:

Fy = sup Ap,(Vin), Fr) < o0, Vp > 1. (2.38)
The second one is a (very weak) non degeneracy hypothesis:

e—0

limn(e) =0  with () := limsup P(det op, (Vin)) <€) (2.39)

One has
Lemma 2.10. Let F, be as in (2.38). If 1 < cc then (2.39) is equivalent to

e—0

lim7(e) =0  with  7(e) := limsup P(A\(F,,) < ¢) (2.40)

where \(F,) is the smaller eigenvalue of o, (V{;,)).
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Proof. The statement is trivial for d = 1, so we consider the case d > 1. Since
det op, (Vin)) > A(F,) we have P(detop, (Vin)) < ) < P(A(F,) < €'/9) so that n(e) <
n(e¥/4). If y(F),) is the largest eigenvalue of o, (V{,,)) then det o5, (Vi) < A(Fn)v4 1 (F)
so that

P(A(F,) <) < P(detop, (Vin) < ey (Fn))
P(yY(F,) > e7V2) + P(det op, (Vi) < €'/?)

Py YF,) > e V%) < 574(d171>E(|DFn|) < 7@ .
We conclude that 7j(¢) < g4<dlfT>F1 +n(e'/?). 0

Theorem 2.11. We consider a sequence of functionals F,, = (F,,1,...,F,4) € Sd(V(n))
and we assume that (2.38) and (2.39) hold. Suppose also that lim,, F;, = F' in distribution
and lim,, E(F,,) = E(F). Then

han dry(F, F,) =0. (2.41)

In particular if the laws of F' and F,, are absolutely continuous with density pr and pr,
respectively, then

i [ Ipe(z) ~ pr, (2)] do = .

Proof. Using (2.33) with £ = 1 we may find some C,l,b € C(d, k) such that for every
n,meN

¢

dO(FnaFm) S b

(1+F) dy/*(Fu, Fn) + CP(det o, (Viny) < &) + CP(det g, (Vim)) < €)-

V)

Since lim,, F;, = F in law, one has that limsup,, ,,, . d1(Fy, ) = 0, so that

lim sSup dO(Fna Fm) < 077(5)

n,m—00
This is true for every ¢ > 0. So using (2.39) we obtain limsup,, ,,, ,o, do(Fy, Frn) =0. O

As a consequence, we can state a similar result under a stronger non degeneracy
hypothesis:

Corollary 2.12. Let F,, = (F,1,...,Fh4) € Sd(V(n)) be a sequence of functionals such
that (2.38) holds and such that there exists o > 0 with

supP(detor, (Vi) <¢e) <&, (2.42)

for every € > 0. Suppose also that lim,, F,, = F in distribution and lim,, E(F,,) = E(F).
Then
lim dpv (F, F,) = 0. (2.43)

Proof. Since (2.42) implies (2.39), the statement follows by applying Theorem 2.11. We
also note that, by applying Corollary 2.8 with £k = 1, we can also state that

do(Fo, F) < (1 + F)& a2 *(F,, ). (2.44)

O
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Note that (2.44) gives an estimate of the total variation distance in terms of the
Fortet-Mourier distance starting from the non-degeneracy condition (2.43). A similar
non-degeneracy request has been already discussed in [17], where the convergence in
total variation is studied for sequences in a finite sum of Wiener chaoses that converge
in distribution. We also note that (2.44) can be generalized to functionals that are not
necessarily simple ones by passing to the limit (for this, it is crucial that constants are
“universal”, that is independent of the functionals).

Remark 2.13. In the one-dimensional case, in the proof of Theorem 2.11 we can use
(2.35) instead of (2.33). This gives

C
do(Fr, Fn) < 5 (1+ A(Fy) + A(E))* i/ (Fy, F) + CP(det o, (Vi) < <)
+ CP(detor,, (Vim)) <€),

where A(F) = ||F||22 + ||[LF||. Therefore, for d = 1 Theorem 2.11 holds with (2.38)
replaced by the following weaker assumption:

F =sup (| Fullaz + | LE,||) < oc. (2.45)
n

Similarly, in dimension 1 Corollary 2.12 continues to hold if we ask (2.45) instead of
(2.38).

2.4 Functionals on the Wiener space

Let (Q, 7, P) be a probability space where a Brownian motion W = (W, ..., W¥) is
defined. We briefly recall the main notations in Malliavin calculus, for which we refer
to Nualart [18]. We denote by D™ P the space of the random variables which are m
times differentiable in Malliavin sense in L” and for a multi-index a = («a1,...,a;) €
{1,...,N}*, k < m, we denote by D*F the Malliavin derivative of F' corresponding to
the multi-index «. Moreover we define

ID®F? = Z/ D2 L F| dsi,...ds; and |FP2, =|FP+> " |DWPF?. (2.46)
[0,1)*

S815--435k m
|a|=k k=1

So, D™ P is the closure of the space of the simple functionals with respect to the Malliavin
Sobolev norm
IFI7, = E(FPE,) (2.47)

We set D™ = N,51D™? and D® = N,,>;D™>. Moreover, for F € (D'?)¢ we let ox
denote the Malliavin covariance matrix associated to F':

N 1
oy = (DF', DFJ) = Z/O DEF'DEFIds, ij=1,...,d.
k=1

If or is invertible, we denote through vr the inverse matrix. Finally, as usual, the
notation L will be used for the Ornstein-Uhlenbeck operator and we recall that the
Meyer inequality asserts that | LF |/ < Crp||F|lm+2,p, for F € (DmFT200)d,

Our aim is to rephrase the results from the previous sections in the framework of the
Wiener space considered here. We introduce first the localization random variable ©.
We consider some random variables ©; and some numbers a; > 0,7 = 1,...,l + !’ and we

define
I+

l
O =[] va(®) x [ ¢a.(0:) (2.48)
i=1

i=l+1
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with 1,,, ¢,, defined in (2.12). Following what developed in Section 2.1, we define
dPg = OdP

and
IF|l} e =Ee(|F|?) and |[F[], e =Ee(|F[}). (2.49)

In the case ® = 1 we have || F|,.e0 = ||F|l, and ||F|i .0 = || F|i - Moreover, given some
q € IN,p > 1, we denote
mgp(©) =1V [ InO|gpe

and
Ugpe(F) =max{l,Ee((detor) ")([|F|l 12,6 + ILF],, o)} (2.50)

In the case ® = 1 we have m, ,(®) =1 and

Ugp(F) := max{1, E((det o) ") (| Fll 10, + I1LF )} (2.51)

< Cmax{1, E((det op) ) [[Fl10,}

the last inequality being a consequence of Meyer’s inequality.
We rephrase now Theorem 2.1:

Theorem 2.14. Let ¢ € IN,. We consider the localization random variable ® defined
in (2.48) and we assume that for every p € IN one has ||0;/+2, < 00,i =1,..., 0+ 1. In
particular mgy; 2 ,(©) < oo.

A. Let F € (D972>°)4 be such that U, , ¢(F) < co. Then under Pg the law of F is
absolutely continuous with respect to the Lebesgue measure. We denote by pr e its
density and we have pre € C9~(RY). Moreover there exist C,a,b,p € C(q,d) such that
for every y € R and every multi index a = (o, ..., o) € {1,...,d}*, k € {0, ...,q} one has

0apr0(y)| < CUL, o(F) x mi,,(©) x (P(F —y| < 2)". (2.52)

B. Let F,G € (D972°°)4 pe such that Uyi1 pe(F), Ujt1pe(G) < oo for every p € N
and let pre and pg,e be the densities of the laws of F' respectively of G under Pg.
Then there exist C,a,b,p € C(q,d) such that for every y € R? and every multi index
a=(ag,....,a) € {1,2,..}* 0 < k < q one has

0apre(y) —dopce)l < CUGL ,o(F) X Ugyy , o(G) X mg,, ()X
x (P(|F —y| < 2) + P(|G —y| < 2))"x (2.53)
X (|IF = Gllg+2,p0 + |ILF — LG|[gp,0) -

Remark 2.15. The arguments used in Remark 2.4 can be applied here: the second
factor in the estimates (2.52) and (2.53) can be replaced, as |y| > 4, with the queue
of the law of F' and (. Also, by using the Markov inequality, such factors can be over
estimated by means of any power of (1 + |y|)~!, for every y € R

Proof of Theorem 2.14. One may prove Theorem 2.14 just by repeating exactly the same
reasoning as in the proof of Theorem 2.1: all the arguments are based on the properties
of the norms from the finite dimensional calculus and these properties are preserved
in the infinite dimensional case. However we give here a different proof: we obtain
Theorem 2.14 from Theorem 2.1 by using a convergence argument.

We fixn > 1. Fork =1,...,2" we denote
AR = (ARLARNY where AR = W:% — W}‘%l, i=1,...,N.

n
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So, by taking A¥, k = 1,...,2", as the underlying noise Vi, ...,V  and by taking the
weights m,; = 27"/2, k =1,...,2" and i = 1,..., N, it is easy to see that the finite di-
mensional Malliavin calculus in Section 2.1 and the standard Malliavin calculus coincide
for simple functionals (see e.g. [1] for details). So, we set S,, = {F = ¢(AL,...,A2"):
¢ € CI?O(RNQ")} and we take F,,G,,0,; € Sp,n € N,i =1,...,1 + 1’ which approximate
F,G,0; € D9t2> =1, ...,1+1'We use Theorem 2.1 for them and then we pass to the
limit in order to obtain the conclusion in Theorem 2.14. The fact that the constants
which appear in Theorem 2.1 belong to C(g, d), so do not depend on n € IN, plays here a
crucial role. O

We give now a regularity property which is an easy consequence of the above theorem.
Theorem 2.16. A. Let I € D??,p > d such that P(det o > 0) > 0. Then, conditionally
to {detor > 0}, the law of F is absolutely continuous with respect to the Lebesgue
measure and the density is lower semi-continuous.

B. In particular the law of F' is locally lower bounded by the Lebesgue measure A in
the following sense: there exist § > 0 and an open set D C R? such that for every Borel
set A

P(Fe A >3XAND,).
Remark 2.17. . The celebrated theorem of Bouleau and Hirsch [10] says that if F' € D2
then, conditionally to {det o > 0}, the law of F' is absolutely continuous. So it requires
much less regularity than us. But the new fact is that the conditional density is lower
semi-continuous and in particular is locally lower bounded by the Lebesgue measure.
This last property turns out to be especially interesting - see the joint paper [4].

Proof of Theorem 2.16. For ¢ > 0 we consider the localization function . defined in
(2.12) and we denote ©. = ¢).(det o). By Theorem 2.14 we know that under Pg_ the law
of F'is absolutely continuous and has a continuous density pe_. Let A be a Borel set with
A(A) = 0 where ) is the Lebesgue measure. Since O, 1 © := 1y4et 0,0} We have

1
]P@(F S A) = ]P{detap>0}(F € A) = P

(detop > O)E(l{FGA} x )

1
= B oy dm (1 —o.
P(detop > 0) =30 (I{reay x O) =0

So we may find pe such that
E(f(F)6) = [ f@lpo(w)ds.

For f > 0 we have

[ e, @ = E((FI0.) < B(FO) = [ rwpela)ds,
so that pe > pe, a.e. This implies that pe > sup..pe.. We claim that
Pe = Suppe.
e>0
which gives that pg is lower semi-continuous. In fact, set A = {z : pe(x) > sup.-ope. (z)}.

If A\(A) > 0 then we may find § > 0 such that A\(As;) > 0 with 4s = {z : pe(zx) >
0 + sup.~.qpe.(x)}. Then

. 1 '
/Aé pe(r)dr = IP{det op>0}(F € As) = m Ehg}) E(I{FeAa} x O¢)

—tim | pe.(z)dz < / (po(x) — 8)da

e—0 As As
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and this gives A(4s) = 0.

The assertion B is immediate: since pg = sup,.qpe, is not identically null we may
find ¢ > 0 and 2y € R such that pe.(zo) > 0. And since pe, is a continuous function we
may find r,§ > 0 such that pg_(x) > 0 for z € B,(xo). It follows that

P(FeA)>P({F € A}nN{F € B.(zg)} N{or > 0})

=P(op > 0)/ pe(z)dx
AmBr(xO)

>Plor > 0)/ po.(x)dx > §P(op > 0)A(A N By (x0)).
ANBy(xo)

O

We rephrase now other consequences of Theorem 2.14. We begin with the regu-
larization Lemma 2.5. We recall that s is the centred Gaussian density with variance
0> 0.

Lemma 2.18. There exist universal constants C, p, a € C(d) such that for everye > 0,9 >
0 and every F € (D*>)? one has

V5
=

[B(f(F)) —E(f *75(F))| < C|lfllo (P(or <e) L+ [1Fs5)") (2.54)

for every f € Cp(RY).

Proof. The proof is identical with the one of Lemma 2.5 so we skip it (an approximation
procedure may also been used). We mention that due to Meyer’s inequalities | LF|, ,
does no more appear here. O

We consider now the distances d,,, defined in (2.31) and we rewrite Theorem 2.7:

Theorem 2.19. Let k € IN. There exist universal constants C,p,b € C(d, k) such that for
every F,G € (D>°)? and every ¢ > 0 one has

do(F,G) < 3p0)° 4 (F,G)+CP(det o < )+CP(det o < €). (2.55)

% Q

(I+[[Fllsp+IG

Proof. The proof is identical with the one of Theorem 2.7 so we skip it. O

We give now the convergence results.

Theorem 2.20. We consider a sequence of functionals F,, = (F,, 1, ..., F},.4) € (D>*)% n €
IN and we assume that

i) sup,, HFn”s,p < 00, Vp > 1,
i) lim sup limsup P(det o, <€) = 0. (2.56)
e—0 n—00

Suppose also that lim,, F,, = F' in distribution and lim,, E(F,,) = E(F'). Then
lidev(F, Fn) =0.

In particular if the laws of F' and F,, are absolutely continuous with densities pr and pp,
then

i [ Ipe(z) ~ pr, (2)] do = .

Proof. The proof is identical with the one of Theorem 2.11 so we skip it. O
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In the framework of Wiener functionals we are able to obtain one more result:

Corollary 2.21. Let F,, € (D*>)% n € IN such that sup,, || Fy |5, < oo for every p € IN.
Consider also F € (D*2)¢ such that det or > 0 almost surely. Iflim,, F,, = F in L? then
lim, F, = F in dgy.

Proof. We will prove that lim,, (DF}, DFJ) = (DF’, DF7) in probability for every i, j =
1,...,d. This implies lim, det o, = det o in probability so that limsup,, P(detop, < ¢) <
P(detop < 2¢). And since lim,_,o P(det o > €) = 1, we obtain (2.56) 4¢) and this enables
us to conclude by applying Theorem 2.20.

We denote by fi, k € IN, respectively by f. ,,k € N, the kernels of the chaos expansion

of F, respectively of F},. So we have
F=> IL(fs) and F,=> L(frn)
k=0 k=0

where [, denotes the multiple integral of order k. For N € IN we write F' = Sy + Ry
with Sy = Z,ICVZO I (fr) and Ry = ZszNH I (fr). With similar notations, we set F,, =
SN + Ry n. We write

|(DF,, DF}) = (DF', DF’)| < (IDF| + [DF,[) x |D(F — F,)] .

Since the sequence |DF,|,n € N is bounded in L' our conclusion follows as soon as we
check that lim,, |D(F — F,,)| = 0 in probability. We fix ¢ > 0 and we write

1 1
P(D(F — Fy)| > 2) < P(ID(Sy — Swn)| 2 56) +P(ID(Ry = Ryl 2 55)
=: IN,s,n + JN,5,77,~
Using Chebyshev’s inequality

4
INen < ZE|D(Ry — Ryn)° <
E

| oo

(E|DRy|* + E DRy ).

[\

€

Since E|DI(fi)|* = k x k! ||kaiz[07T]k we obtain

oo 1 o0
E‘DRN‘z = Z k x k! ||fk||2L2[071]k < N 12 Z (k+1) x k x k! ||fk'||i2[o,1]k
k=N+1 k=N+1
1
< — E(|D*F]*) < F|2
< 5 BUDPFP) < 5 IFIE,

and a similar inequality holds for E |DRN,n|2 . We conclude that

INen < |Fll30 +sup[[Full0)-
n

8
(N+2)€2(|

Moreover, since lim,, ||F' — F, ||, = 0 we have lim,, || fx — fkm”iqo T = 0 for every k € IN

and this implies lim,, E |D(Sy — SN,n)|2 = 0. Finally limsup,, Iy = 0 for each fixed N
and . So we obtain

. 8
limsup P(ID(F = F,)| 2 £) < 555 (1F o + 500 [ Full )

Since this is true for each N the above limit is null. O
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Remark 2.22. As an immediate consequence of Corollary 2.21 one may obtain the
following result. Let X; be a diffusion process with coefficients in C}° and suppose
that the weak Hormander condition holds in x = X. Consider also the Euler scheme
X} of step % Then for every ¢ € IN one has d_,(ux,, uxy) — 0. This type of result has
already been obtained in [7], [8] and in [12]: there, under more restrictive assumptions
(uniform Hoérmander condition) one obtains the above result and moreover, one gives a
development in Taylor series of the error.

3 Proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. We are in the framework defined
in Section 2.1 and we use all the notations introduced there. In the following subsection
we recall and develop some basic results concerning integration by parts formulas from
[5].

3.1 Integration by parts formulae

By using standard integration by parts formulas, one gets the duality between ¢ and
D and the standard computation rules (see [5], Proposition 1 and Lemma 1): under our
assumption, for every F € 8¢, U € P and ¢ : R? — R smooth,

E((DF,U),) = E(FS§(U)), (3.1)
D¢(F) = zd: d.¢(F)DF", (3.2)
§(FU) = ;:c;(U) —(DF,U),, (3.3)
Lé(F) = iardj(F)LF" - i Oy d(F)(DE", DF"), (3.4)

= el

with the convention that d = 1 in (3.1) and (3.3). Once the above equalities are done, the
integration by parts formulas can be stated (see [5], Theorem 1 and 2):

Theorem 3.1. Let F € S? be such that
E(|detyr|") < oo Vp=>1, (3.5)

v denoting the inverse of the Malliavin covariance matrix or. Then, for every G € S
and for every smooth function ¢ € C3°(R%) one has

E(0,¢(F)G) =E(¢(F)H.(F,G)), r=1,..,d, (3.6)

with

d d
H.(F.G) =Y 6(Gyp"DF") = 3" (Gi(vp "DF") =45 "(DF" ,DG);).  (3.7)
r’=1

r'=1

Moreover, for every ¢ € IN* and multi-index 8 = (f1,...,84) € {1,...,d}? then
E (956(F)G) = E (6(F)HJ(F,G)) (3.8)
where the weights Hg(F7 G) are defined recursively by (3.7) if¢g =1 and for ¢ > 1,

HE(F,G) = Hg, (K. H;' 5 (F,G)). (3.9)
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3.2 Estimates of the weights

In this section we give estimates of the weights HI(F, G) appearing in the integration
by parts formulae of Theorem 3.1 using the norms introduced in (2.8). We first deal with
useful estimates for the inverse of the Malliavin covariance matrix. For F € S¢, we set

mp = max (1,@). (3.10)

Proposition 3.2. A. If F € S? then VI € N one has

el < Cramp™ 11+ |FIFTY). (3.11)

B.IfF,F € S then VI € N one has
e =gl < Cramf mE (1 + [Flyag + [Flug) 9 | F - Fl (3.12)

Proof. A is proved in [5], Proposition 2. As for B, we use the following estimates proved
in [5] (see Lemma 2 and the proof of Proposition 2):

[(DF,DG) ;i < 2" > [Flui+1|Glsta, (3.13)
li+12<l

FxGl <2 Y |F|,|Gl, (3.14)
li+l2<l

(detop) e < Comi (14 [FIFGE), (3.15)

|detop| < Ci(1+ |FIT1E) (3.16)

So, by (3.13), we have

ohr U%T"l < Cral|F = Fl 0 (Fl e+ [Pl

and then, by (3.14) and (3.16)

|det o — det o], < Cra |[F = F[, oy ([Fly g + [F[ )% (3.17)
~r,r’ ~r,r’ Fal nl 2d—3
9r T 9% |, <Cra |F - F}1,z+1 (IF[y g + |F|1,1+1) ’

in which o denotes the algebraic complement of . Then, by using also (3.15)
|(det o)t — (det Jf)*1|l <Cjq|(det ap)*1|l |(det crf)*l’l X
X |det oF — det o,

— — \20+1)d
SCz,dml;rlm%rl|F = Flis1 (L4 [Flig + [Fliy) (e

Since ™" (F) = (det o)~ 16" (F), (3.12) follows by using the above estimates. O

We define now

d d
LY(F)=>"06(yp " DF") =" (vp"LF" — (Dy"", DF")). (3.18)
r’'=1

r'=1

Using (3.12) one can easily check that for every [l € IN

LY(F)], < Claml (1+ | FRETY + (L) (3.19)
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And by using both (3.12) and (3.18), one immediately gets

|LY(F) = LY(F)|i < CLaQu(F,F)(|F = Fli142 + |L(F — F))]1), (3.20)
where
= 2d(l14+4 —2d(l+4) —12
QuF.F) = mF2m2(1+ [P + L)} + s + L@, (3.21)

For F € 8¢, we define the linear operator 7,.(F,-) : S — S,r = 1,...,d by
T.(F,G) = (DG, (ye DF)") ,

where (ypDF)" = Zf,zl 7; "DF"'. Moreover, for a multi-index 8 = (31, .., 3,) we denote
|3| = q and we define by induction

Tﬁ(Fv G) = T,Bq (Fa T(Bl,A..,quﬂ(Fv G))
For! € N and F, F € 8¢, we denote
Ou(F) = mb(1+ |FI79FY)  and (3.22)
OU(F, F) = mlemk(1 + ||} + [F770F). (3.23)

We notice that ©;(F) < 6;(F, F), ©;(F) < 0,.1(F) and ©,(F,F) < ©,,1(F, F).

Proposition 3.3. Let F, F € 8% and G, G € S. Then for every | € IN and for every multi
index 8 with || = ¢ > 1 one has

Ts(F, G, < COy,(F) G114 (3.24)

and

|Ts(F,G) —Ts(F,G)|, < C@l+q (F F)(14|Gl14q + [Gliisq) x  (3.25)
X |F*F|1,z+q+|G*G|1,l+q

where C € C(l,d, q).

Proof. (3.24) follows from [5] (see (26) in the proof of Theorem 3 therein). We prove
(3.25) by recurrence. Hereafter, C' denotes a constant in C(I, d, q), possibly varying from
a line to another. For |5| = ¢ = 1 we have

|T.(F,G) - T.(F,G)|, < |G —é|l+1 (g + |F|1,l+1)(wF|l +hel) +
+[F = F[, 11 (Gl + (Gl ) (el + el +
+|vr — VF\I (|F|1,z+1 + |F|1,l+1)(|G|1J+1 + |6|1,l+1)'

Using (3.12), we obtain (3.25). The case || = ¢ > 2, easily follows by induction. O

We can now establish estimates for the weights H?. For [ > 1 and F,f € 8%, we set
(with the convention |- [o = |- |)

AF) = mi (14 [P + |LFI ) (3.26)
AR, F) = mi m (1 + [FRETY + FRETY + LR, + |LF,). (3.27)
EJP 19 (2014), paper 110. ejp.ejpecp.org
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Theorem 3.4. A. For! € IN and ¢ € IN* there exists C € C(l,d, q) such that for every
F € 8%, G € S and for every multi-index 8 = (51, .., B;)

‘Hg(F, G)‘l < CAp(F)|Glisq, (3.28)

Ai14(F) being defined in (3.26).
B. There exists C € C(l,d,q) such that for every [, F € S, G,G € S and every
multi-index 8 = (B, .., Bq)

-\ 2(a+1)

HA(F.G) — Hg(ﬁé)]l < CAL(FF) ™ X (14 |Glig + [Clirg) ' x

_ _ _ (3.29)
><(|F7F|l+q+1+\L(F7F +|G—G|l+q).

)‘H—q—l
Proof. A. Suppose ¢ =1 and § = r. Then,

|H,(F,G)|i < CIGL|LI(F)|: + C|T,.(F, G)i.
By using (3.19) and (3.24), we can write

2d (142 2d(1+3
|H,(F.G)ly <Om* (L4 [FETY + ILFR) |G+ mit (14 |FRSSY) Gl
<A1 (F)[Glisa-

So, the statement holds for ¢ = 1. And for ¢ > 1 it follows by iteration and by using the

fact that A;41(F) < Ajyq(F).
B. Suppose ¢ = 1 and 8 = r. Then,

|H,.(F,G) — H.(F,G)|; <C(ILY(F)i|G = Gli + |G[i| L} (F) — LY (F)[1+
+|TH(F.G) - T,(F,G)])).

Now, estimate (3.29) follows by using (3.19) and (3.20), (3.25). In the iteration for
g > 1, it suffices to observe that Aj(F) < A(F,F), A(F) < Ai11(F) and Ay(F, F) <
A (FF). O

3.3 Localized representation formulas for the density

In this section we discuss localized integration by parts formulas with the local-
ization random variable © defined in (2.14). We will use the norms ||F|,.e and
| Fll1,i,p,0; || F|li,p,0 defined in (2.8). We also recall that m,,(®) is defined in (2.11)
and that an estimate of this quantity is given in (2.15).

We give now the integration by parts formula with respect to Pg (that is, locally) and
we study the regularity of the law starting from the results in [2].

Once for all, in addition to m, ,(®) we define the following quantities: for p > 1,
geN, Fesd,

Sre(p) = max{l,||(det UF)_al,@}’
QF,@(q7p) = 1+ HFHl,q,p,@ + ||LFHq727p,® o _ (330)
QF,F’@)((LP) = 1+ HF”L«MLG + ”LFHQ—Q»P,@ + HFHl,q}p,@ + HLFHq*Zn@

with the convention Sge(p) = 400 if the r.h.s. is not finite.

Proposition 3.5. Let x € N* and assume that m,, ,(®) < oo forallp > 1. Let F € S be
such that Spe(p) < oo for every p € IN. Let vr be the inverse of o on the set {® # 0}.
Then the following localized integration by parts formula holds: for every f € C$°(R?),
G € § and for every multi index « of length equal to g < x one has

Ee (0o f(F)G) =Ee(f(F)H, o(F,G))
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whereasr=1,...,d

d
H,o(F,G) = Y Gyp"LF" —(D(Gy}p"),DF"); — Gy (D(In©), DF" )(3.31)

r'=1

d
= H.(F,G)~G Y 4" (D(n®),DF"),

r’'=1

and for a general multi index 8 with |8| = ¢

-1
Hg@(F, G)=Hg, e (F, Hgﬁl,...,ﬁq_l),(a(F’ G)).

Proof. For |3] = 1, the integration by parts formula immediately follows from the equality

Ee(0:f(F)G) = E(0,f(F)GO®) = E(f(F)H;(F,G®)), so that H; o(F,G) = %Hi(R GO),

and this gives the formula for H; ¢ (F, G). For higher order integration by parts it suffices

to iterate this procedure. O

We give now estimates for the weights in the integration by parts formula.

Proposition 3.6. Let k € IN* and [ € IN be such that m;; 41,(©) < oo forallp > 1. Let
F, F ¢ 8%, with Sre(p),SFe(p) < oo for every p, and G,G € S. For q < , let Hj g (-, ")
be the weight of the integration by parts formula as in Proposition 3.5. Then for every
p > 1 one may find two universal constants C,p’ € C(k,d) such that for every multi index
Bwith [B| =q <k

|Hf o(F,G)lip,0 < CBiigp,e(F)|Gllitqp.0; (3.32)
and
HHg,@(F7 G) - Hg,e(F7é)”l’p’® <
< CBiyqp,o(FF)1 9D/ 2 (1 4+ ||Glisgp + [|Gllitqp) < (3.33)
X(IF = Fllitg+1,p,0 + |1LF = LE|i4g-1p0 + [|G = Glli4gp.0)

where
Bipe(F)=Sre®) ™Qre(+1,p)* " m; (©) (3.34)
Bipe(F,F)=Sre®) " 'Sse®) ' Qpr.el +1,p)* " m, ,(©) (3.35)

S.e(), Q. e(l,p) and Q.. e(l,p) being defined in (3.30).

Proof. By using the same arguments as in Theorem 3.4, one gets that there exists
C € C(q,d) such that for every multi index f of length ¢ then

|HS o(F,G)|1 < C Ay (F)1(1 + |DIn®l11q-1)"|Glisg

and

a(g+1) alat1)

HY o (F,G) — HY o (F,G)i <C Ay o(F,F)* 5 (14 [DIn @iy 1) 7 x
% (14 |Glisg + [Glitq)
X (IF = Flivgt1 + [L(F = F)|i4g-1 + |G = Gli1q),

where A;(F) and A;(F, F) are defined in (3.26) and (3.27) respectively (as usual, |-|o = |-|).
By using Holder inequality one gets (3.32) and (3.33). O
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In next Lemma we study properties of Hg o(F,G) in the case G is a special function
of F. We denote with B, (0) the ball with radius r centered at 0.

Lemma 3.7. Let ¢ € C;°(R?) be such that 15 () < ¢ < 1p,(0) and set ¢,(y) = d(z — y).
ForleN,p>1andF, F € S% one has

¢2(F)llipo < C(L+ [|Fll112p,0) Po(F € Ba(x)), (3.36)
162 (F) = ¢ (F) Flli2p.0(1+ 1 F]10.2p, o), (3.37)

l,p,

in which C € C(l,p,d). Moreover for every F € S and V € S one may find universal
constants C,a,p’ € C(q,l,p,d) such that for every multi index 8 with || = q

175 e(F,Vée(F)lipe < Sre(@)'Qre(l+q+1,p) miyep(©)"x

N (3.38)
xPo(|F — x| <2)7 x [V]ip.e0,

where Sr o (p), Qre(l,p) and m; ,(©) are defined in (3.30).

Proof. We prove (3.37), (3.36) following with similar arguments. First, for a multi-index
a with |a| = k, one has

(x¢1 Z¢l) ) Z D51FDﬂlF
=1 B1s-,B1EBA

where C' > 0 depends on [,d only and “f1,...,5; € B,” means that ;,...,; are non
empty multi indexes of a running through the list of all of the (non empty) “blocks” of a.
So, straightforward computations give

D¢ (F) — Doty (F)

k
Z ¢(l ¢(l Z Dy, F--- Dg F+
=1

51’ ,/3165

+;¢g>( 3 Z(Hpﬁk F)(Dg, F - Dy, F)( H Dy, F)

B1,-,BLEBaj=1 k=1 k=j+1

with the convention that [[}_,(-)y = 1= HL:ZH(')k‘ Since ¢ is Lipschitz continuous,
with a Lipschitz constant independent of z, it follows that

¢ (F) = ¢o(F)|; < CIF = F|(L+ |Fl1)" + C|F = Fly(1 + |Flyg + [Fl) ™
< OIF —F[;(1 +|F|1s+ [Fl1)"

and by using the Holder inequality one gets (3.37).
As for (3.38), we first note that since ¢, (y) =0 for |y — x| > 2 then (3.31) gives

DaHg’@(Fv V(bl(F)) = D(ng’@(Fa V¢L(F))1{\F7w\<2} (3.39)
for every multi index «. So, for ! € IN we can write
|Hf o (F. Vo (F)) = Hf o (F,Vu(F)iL{r_si<ay-

Therefore, (3.38) is a consequence of the use of the Holder inequality and of the estimate
(3.32). O
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We recall that the Poisson kernel @y is the solution to the equation AQ, = dy in R?
(09 denoting the Dirac mass in {0}) and has the following explicit form:

Qi(x) = max{z,0}, Qa(z)=ay'In|z| and Qu(z)=—a;'|zl"*,d>2  (3.40)
where a4 is the area of the unit sphere in R?. By using the result in [2], we have the

following

Proposition 3.8. Let ¢ € C°(R?) be such that I, (0) < ¢ < 1p,(0) and set ¢,(y) =
#(z —y). Let x € N* and assume that m,, ,(©) < co for every p > 1. Let F € S¢ be such
that Spe(p) < oo for everyp > 1.

A. Let Q; be the Poisson kernel in R? given in (3.40). Then for every p > d there
exists a universal constant C' € C(d,p) such that

IVQa(F —2)||_z;.v < C|[He(F, Dy (3.41)

where ky, 4 = (d — 1)/(1 — d/p) and He(F, 1) denotes the vector in R? whose ith entry is
given be H; ¢ (F,1).

B. Under P, the law of F is absolutely continuous and has a density pre € C* }(RY)
whose derivatives up to order v — 1 may be represented as

Dapr.e(x ZE@ 0:Qa(F = 2)H{' ) o(F.¢.(F))) (3.42)
=1
for every multi index o with |o| = ¢ < k — 1.

C. Let V a random variable taking values in (0,1) and such that m, ,(V) < oo for
every p > 1. Then for |a| = ¢ < k — 1 one has

Daprov(z)] < CSre ()" Qre(q+2.p ) M1,y () [Vl 11,y e X Po(lF — 2| <2)°,
(3.43)
in which C,a,b,p’ € C(k,d).

Proof. A. This point is actually Theorem 5 in [2] (recall that ||1]|,,1» < ||[H(F,1)
rF
Remark 17 in [2]) with P replaced by Pg.
B. Set ur e the law of F under Pg and let a denote a multi index with |a| = ¢. By

using the arguments similar to the ones developed in Proposition 10 in [2] one easily
gets (notations from that paper)

p, S€€

Dapre (@) ‘f"“z / DiQaly — 2)0S 6, (y)pr.e(dy)-

And by recalling that (— )‘“'“8”@%( )= (Hgfal) o(F,¢.(F)) | F) (see Section 3 of
[2]), (3.42) follows. '

C. We first note that mey (k,p) < C(me(k,p) + my(k,p)). So, we can apply (3.42)
with localization ®V and we get

daprov(z ZE@ 0,Qu(F — 2)VH{ o (F, 6. (F))).

i=1

Now, from (3.31) one has VH; ov (F, ¢, (F)) = H; o (F, V¢, (F)) and by iteration it follows
that VHS oy (F, ¢2(F)) = Hj (F,V¢.(F)). Therefore,

d
daprov(®) =Y Ee(0:Qu(F —2)H{' ) o(F,Vé,(F)))
=1
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and, by using the Holder inequality, for p > d we have
1
|Oaprov(z)| < Z IVQa(F = 2)|| 2, ol H{) o (F Véu(F))llpe

< ZIIH@ F D) IIHE o (. Vée(F))pe

in which we have used (3.41). Now, by using (3.32) to estimate the first term and by
applying (3.38) to the second one, (3.43) follows. O

3.4 The distance between density functions and their derivatives

We compare now the probability density functions (and their derivatives) of two
random variables under Pg. In a different setting, this problem has already been
considered in [13].

Proposition 3.9. Let ¢ € N and assume that m,;5,(®) < oo for every p > 1. Let
F,G € S be such that

SF,G,@(}?) =1+ 021)1\21 H(det JGJ’_)\(F_G))_IHP’@ < oo, VpelN. (3.44)

Then under Pg the laws of F' and G are absolutely continuous with respect to the
Lebesgue measure with density pr e and pg e respectively and for every multi index «
with |«| = ¢ there exist constants C,a,b,p’ € C(q,d) such that

|0apF0(y) — Oapce(y)] < CSrce(@)*Qrcelq+3,p)'mg, ,,(0)x
X(|IF = Gllg+2p.0 + [|[LF — LG| ¢ p0) % (3.45)
x(Pe(|F —y| <2)+Pe(|G —y| <2))"

with my ,(®) and Qr¢ e(k,p) given in (2.11) and (3.30) respectively.

Proof. Throughout this proof, C,p’,a,b € C(g, d) will denote constants that can vary from
line to line. By applying Lemma 3.8, under Pg the laws of F' and G are both absolutely
continuous with respect to the Lebesgue measure and for every multi index o with
|a] = ¢ one has

d
Oapr0(y) — Oupc,e(y) = ZEG((and(F —y) — 0;Qa(G — y))qu;) o(G,0y(@)))+
d

+Y Fe(9;Qu(F —y)(HE o(F y(F)) = HITL o(G,6,(G))))

Jj=1
d d
=:> Li+> Jj
j=1 j=1
By using (3.41), for p > d we obtain

;] < CIVQa(F — )]l ey 0 lHEL o(F, 6y (F)) = HEY o(G,6y(O)) 0
< C||Ho(F1)|[EGIHEL o (F 6, (F) — HIFL o(G,6,(G))]0-
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Now, from (3.39) (with @ = 0) it follows that the above term is null on {|F —y| >
2} N{|G —y| > 2}. So

HE ) ooy (F) — HE 6(GL6y(G))]

(4,2),© (4,2),®
<|HE ) o(Fidy(F)) — HEF ) o(G, oy (G| 1 (pyj<ay+

+HIY o (Fdy(F) = HEL 0(G.6,(G)) 116y <2)
so that the Holder inequality gives
k p
T3] <C||Heo (B, 1)[|F4 [ HIL o(F.6,(F)) — HEHL o(G, 6,(G)llapwx

x (Po(|F — 2| < 2) + Pe (|G — x| < 2))%.

So, by applying (3.32) and (3.33), there exists p’ > p > d such that

+1)(qg+2
p+<q )2(q )

‘Jj‘ SCBHLP’,@(R G)kd'
X (IF = Gllgr2p.0 + | LIF = G)lgp,0 + 16y (F) = 6y (G)llg+1,,0) X
X (IP@(\F —z|<2)+Pe(|G—1z| < 2))27’,

Byt1,,0(F, G) being defined in (3.34). By using (3.37) and the quantities Sy ¢ o(p) and
Qr.c,e(k,p), for a suitable @ > 1 and p’ > d we can write

|J;] <CSpce()*Qrae(q+2,p) ' mgr,y (©)*x
X (IF = Gllgr2.p.0 + IL(F = G)llgp.0) %

x (Po(|F — 2| < 2) + Pe (|G — x| < 2))™ .

We study now I;. For A € [0,1] we denote F = G + A(F — G) and we use Taylor’s
expansion to obtain

d 1
I; =) Ry, with Ry;= /0 Ee (0x0;Qa(Fx — y)H{) o(G, ¢y (G)(F — G)i)d.
k=1

Let Vi; = HI ) (G, 6,(G))(F — G)y. Since for A € [0, 1] then Ee((det o, ) 7)) < oo for

every p, we can use the integration by parts formula with respect to F), so

1
Re, = / Eo (9;Qu(Fx — y)Hy.o(Fx. Vi) dA.
0

Therefore, by taking p > d and by using again (3.41), (3.32) and (3.33), we get
1
| R 51 é/ 10;Qa(Fx = y)|l .2, @l Hk.e (Fx, Vi ;)llpedA
0
1
<C [ I1Ho(F DI | Hio(Fs. Vi) )
0

1
SO/ Bip o) Vi sl pre dA
0
in which we have used (3.32). Now, from (3.44) and (3.34) it follows that

Bipe(F)) < CSrae()'Qrae(2,p)® xm;,(O).

Moreover,

1 1
Viilhipe = 1H ) (G oy (G (F=Gilhipe < 1H ) oG dy (@) 2p.0lF~Gli2pe
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and from (3.38) and (3.32) we get

1
Viillip0 < C Byrap oG |6y (G)llgr2,0Pe (|G =yl < 2)7 |F = Glipy.e
By using (3.34),

Bq+2,p’,®(G) < SF,G,@)(p)2q+4QG,®(q + 3’p/)2d(q+3) X mq+2,p’(®)7

Qc¢.e(l,p) being given in (3.30). We use also (3.36) and, by inserting everything, we can
resume by writing

1I;| < CSre.e() Qrael(q+3,p) M2y (©)F - Gl e x Pe(lG — x| <2)°
and the statement follows. O

Using the localizing function in (2.12) and by applying Proposition 3.9 we get the
following result.
Theorem 3.10. Let ¢ € N. Assume that m, 2 ,(®) < oo for everyp > 1. Let F,G € §¢
be such that Spe(p),S¢,e(p) < o for every p € N. Then under Pe, the laws of F' and
G are absolutely continuous with respect to the Lebesgue measure, with densities pr,e
and pg e respectively. Moreover, there exist constants C,a,b,p’ € C(q,d) such that for
every multi index « of length q one has

|0apr.@(y) — Oarce(y)l < CSre()Sce®)'Qrcel(q+3,p)'my , (©)x
X(”F - G||q+2,p’,® + ”LF - LG”q}p’,@)X
x(Pe(|F —yl < 2)+Pe(|G—y| <2))°
(3.46)
with my ,(®) and Qr,¢ e(k,p) given in (2.11) and (3.30) respectively.

Proof. The proof consists in proving that (3.45) holds.
Set R = F' — (G. We use the deterministic estimate (3.17) on the distance between the
determinants of two Malliavin covariance matrices: for every A € [0, 1] we can write

|det ogiar — det og| < Cyq |DR| (|DG| + ‘DF|)2d_1
< (ag| DRI>(|DG|? + |DF2) ")/,

so that s
det ogiar > det o — aa(|DRI2(|DGI? + |DF|?) )"/, (3.47)
+
For v, as in (2.12), we define
. DG|? + |DF|?)*%*
V= H th H = |DRJ? ( ,
w1/8( ) wl ‘ | (detO'G)2
so that 1
VA0 = detogiar > §det(fg. (3.48)

Before continuing, let us give the following estimate for the Sobolev norm of H. First,
coming back to the notation | - |; as in (2.7), by using (3.14) one easily get

|H| < C|(det o) "7 (1+ [|DF?|, + ||DG?|,) ‘[ DRI,

By using the estimate concerning the determinant from (3.15) and the straightforward

estimate || DF|?|, < C|F|{,,, we have

8dl

[H| < Cl(det o) P (L4 [Fligr +1Glhus) RIS

1,1+1°
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As a consequence, by using the Holder inequality we obtain

|H|ip0 < CSc,0(P)*Qre.el+ 1,5 |F -Gt o (3.49)

where C, p,a depends on [, d, p.

Now, because of (3.48), we have Spc.ev(p) < CSge(p), C denoting a suitable
positive constant (which will vary in the following lines). We also have my ,(©V) <
C(my p(0) + mg ,(V)). By (2.15) and (3.49) we have

myi2,(V) < CSee()Qraelq+3,p)"

for some p, @, so that m,42,(OV) < CS¢.e(P)*Qrce(q+3,p) " my s 5(0)*. So, we can
apply (3.45) with localization ®V and we get

|0apr@v(y) — dapcev(y)l < CSce@)'Qrcel(q+3,p)'my ., ,(©)x
X(HF - G||q+2>p’7® + ”LF - LGHq,pQ@)X
x(Pe(|F —y| <2)+Pe(|G -yl <2)°

with p’ > d and C,a,b > 0 depending on ¢, d. We write now

10arF,0(Y) — Oapc,e ()| <|0aprev(y) — dapc.ev ()| +
+ |0apre1-v)(¥)| + 10apc.ev (¥)l,

and we have already seen that the first addendum on the r.h.s. behaves as desired. So,
it suffices to show that also the remaining two terms have the right behavior. To this
purpose, we use (3.43). We have

10apro0-v) (@) < CSpe(P)"Qre(g+2,p) mei1,(©) |1 = V1,0 xPe(|F—z| <2)".
Now, we can write
1=VIiip0 =Ee(l = V[P) + [ DV]gpe-

Butl -V 75 0 implies that H > 1/8. Moreover, from (2.13),
< C||H||%? . So, we have

p,® < HV”qul,p,@
q+1,p(q+1),©
1= Vlg+1p0 < C(Po(H >1/8) ®)

+1 +1
< C(IHlpe + 1HITL oo o) <CIHITL o

and by using (3.49) one gets
_ _ +1
11 =Vlgt1p0 < C(Se0@* T Qra.eld+2,p)* "V |F -G o)
But [|F — Gllg+2,50 < Qrce(q¢+2,p), and we get

|0apr01-1) ()| <C(Sre @) VSc.e®)) Qre.e @) Mty (©)|F — Gllyt2y.0x
x Pe(|F —z| < 2)°

for p’ > d and suitable constants C > 0 and a > 1 depending on ¢, d. And similarly we get

|0arc.01-v)(¥)| <CSc.e()*Qrae(q+2,0) mer2y (0)|F — Gl g2, .0 ¥
x Pe(|G — x| < 2)°,

with the same constraints for p’, C, a. The statement now follows. O
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4 Stochastic equations with jumps

In this section we consider a jump type stochastic differential equation which has
already been considered in [5]. It is closely related to piecewise deterministic Markov
processes (in fact it is a particular case of this type of processes). We consider a
Poisson point process p with state space (E,B(E)), where E = R? x R,. We refer to
[14] for the notations. We denote by N the counting measure associated to p, we have
N([0,t) x A) = #{0 < s < t;ps € A} fort > 0 and A € B(E). We assume that the
associated intensity measure is given by N (dt, dz, du) = dt x p(dz) x 110,00) (u)du where
(z,u) € E =R x R, and u(dz) = h(z)dz.

We are interested in the solution to the d dimensional stochastic equation

t t
X, ==z +/ / (2, Xs— M jucry(z,x, 13N (ds, dz, du) +/ g(Xs)ds. (4.1)
0o JE 0

We remark that the infinitesimal generator of the Markov process X; is given by

Li(a) = (@) V6(@) + [ (Wle+e(z,)) ~ $(@) K (2. d2)
where K (z,dz) = v(z,x)h(z)dz depends on the variable » € R?. See [11] for the proof of
existence and uniqueness of the solution to (4.1).

We describe now our approximation procedure. We consider a non-negative and
smooth function ¢ : R — R, such that ¢(z) = 0 for |z| > 1 and [, ¢(z)dz = 1. And for
M € N we denote ®/(z) = ¢ x 1,, with Byy = {z € R? : |2| < M}. Then &), € C° and
we have 1p,,_, < &y < 1p,,,,. We denote by XM the solution of the equation

¢ ¢
XM=+ / / c(z,Xﬁ)l{u<7(Z}XM 3@ (2)N(ds, dz, du) + / g(XM)ds. (4.2)
0o JE o 0

In the following we will assume that |y(z,z)| < C for some constant C. Let Ny (ds, dz, du) :=
1By, (2) X 19 5 (u)N(ds, dz, du). Since {u < 7(z, X1)} C {u < 2C} and ®p(2) = 0 for
|z| > M + 1, we may replace N by N, in the above equation and consequently XtM is
solution to the equation

t t
Xthx—i—/ /cM(z,Xﬁvf)l{ucy(z_’XM)}NM(ds,dz,du)—|—/ g(XM)ds, with
0o JE T 0
CJM(Zax) = (I)M(Z)C(Z7m)

Since the intensity measure N M is finite we may represent the random measure Ny,
by a compound Poisson process. Let Ay = 2C x p(Bpry1) = t 'E(Ny (¢, E)) and let JM
a Poisson process of parameter \j;. We denote by T,iw, k € N the jump times of JM.
We also consider two sequences of independent random variables (2,34 Jrew in RY and
(Uk)rew in Ry which are independent of J™ and such that

1

T
" u(Bars1)

1
— ]. [0726] (u)du.

1BM+1(Z)d/J‘(Z) and Uy ~ 20

To simplify the notation, we omit the dependence on M for the variables (T}*) and (ZM).
Then equation (4.2) may be written as
JM t
XM =2+ er(Ze, X1t ), 00)(V(Zi, X7 )) +/ g(X3")ds. (4.3)
k=1 0

In [5] it is proved that X} — X, in L'. We study here the convergence in finite
variation. Let us give our hypothesis.
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Hypothesis 4.1. We assume that v, g, h and c are infinitely differentiable functions in
both variables z and x. Moreover we assume that g and its derivatives are bounded and
that In h has bounded derivatives

Hypothesis 4.2. We assume that there exist two functions 7, : RY — R, and a
constant C such that

C>7(2) 27(z,2) 2 4(2) 20, Vo e R

Hypothesis 4.3. i) We assume that there exists a non negative and bounded function
¢:R% — Ry such that [, ¢(z)du(z) < oo and

[Vae x (I+Vae)™ (z,2)|| +|c(z,2)| + 0002 c(z,2)| < &(2) Vz,2 € R

ii) There exists a non negative function c : R¢ — R such that for every z € R¢

d
Y (0:e(2,2),6)" > (=) 67, VEeRY

r=1

and we assume that there exists 8 > 0 such that
. 1
hima—>+oom l(z)du(z) =0. (44)

Hypothesis 4.4. We assume that

1) sup sup |0g,.Invy(z,z)| < oo,
2,2 1<|B|<l

i) s [ @) < o,
z*€R4 J B(z*,1)

i) /]R A E)d(z) < oo

with iﬁ;l(z) = sup, sup; <)< 198, m¥(2, )|
We are now able to give our convergence result.
Theorem 4.5. Suppose that Hypothesis 4.1-4.4 hold. Then for every t > 0 one has
lim dry(Xy, XM) =0.

M—o0

Proof. The proof is an easy consequence of the results from [5], we use the estimates
obtained there.

Step 1. In[5] Lemma 4 one proves that X} — X, in L' and then lim; o dq (X¢, X¥)
=0.

Step 2. Following [5], we consider an alternative representation of the law of XtM .
The random variable X}/ solution to (4.3) is a function of (Z; ..., ZJtm) but it is not a
simple functional, as defined in Section 2.1, because the coefficient cis(z, )1 (y,00) (7(2, 7))
is not differentiable with respect to z. In order to avoid this difficulty we use the following
alternative representation. Let 2}, € R? such that |z},| = M + 3. We define

(JJV[(Z, 1') = QD(Z - Z}k\i)gM,’Y(x) 1B1M+1 (Z)’Y(Z? :C)h(Z)

1 1
m /{|z|<M+1} (1 - ﬁv(z,x»u(dZ)-

+_
2Cu(Bar+1)

Ony(2)
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We recall that ¢ is a non-negative and smooth function with [ ¢ = 1 and which is null
outside the unit ball. Moreover since, 0 < 7(z,z) < C and then 1 > 6,,.,(z) > 1/2. By
construction the function ¢, satisfies f gm(z,z)dz = 1. Hence we can easily check (see
[5] for a complete proof) that

E(f(X%) | X%7 =zx)= /]Rd flz+cenm(z,2)qm(z, x)dz. (4.5)

From the relation (4.5) we construct a process (Yﬁw ) equal in law to (XM) in the following
way. We denote by U, (x) the solution of ¥;(z) = x + fot g(V(x))ds. We assume that the
times Ty, k € N are fixed and we consider a sequence (z;)ren with 2, € R Then we
define x4,t > 0 by o = x and, if xp, is given, then

e = Wp (rn,) Tk <t <Tgyr,

Ty = .’I,‘TI:+1 “+cpr (Zk+1, $T1;+1 )

We remark that for Tj, <t < Tj41, x4 is a function of zy, ..., z;. Notice also that z; solves

the equation
I t
Ty =2x+ ZCM(Zk, :cT];) + / g(xs)ds.
0

k=1

We consider now a sequence of random variables (Z),k € IN* and we denote G, =

o(Ty,p e N)Vo(Zy,p<k)and 7?/[ = 2¢(Z1,..., Z ). We assume that the law of Zj, 1,
conditionally on Gy, is given by

— — —M

P(Zrsr€dz | Gr) = qu(p (Z1y s Zi), 2)dz = qu (X, 2)dz.

k1 k41’

Clearly Y? " satisfies the equation

M
"]t

t

M — —M —M

X, =z+ E CM(Zk7XTk_)+/ g(X; )ds. (4.6)
k=1 0

Notice that Yiv ! is a piecewise deterministic Markov process, but not a completely
general one because the intensity of the law of the jump times 7}, k € IN does not depend
on the position of the particle Y? ! We think that the more general case may also be
considered using similar arguments but we leave this out here.

Step 3. We will use the integration by parts formulae from Section 2.1 with the
random variable V = (V4,...,V;) replaced by (71, ...,7JtM) with fixed M and ¢t > 0. We
use the weight 74, = ®p(Z), k € N,r = 1, ..., d and the Malliavin derivative is

Dk,r - 7Tk77‘822 .

In fact we will work conditionally to the time grid 7%,k € IN but all the constants coming
on are independent of the time grid (as well as on M and ¢ > 0) so we do not mention
this in the notation.

We will use several estimates obtained in [5]. First, by Lemma 7 and Lemma 13 in
[5], for every p > 1,1 € IN we have

—M —M
E(|Xt |f) + E(‘LXt |§)) < Chp (4.7)

with C; , € C(d,l, p). So hypothesis (2.38) holds for every r.
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We discuss now the non degeneracy property. We consider the tangent flow Y,

solution to
JM

t
YM =14+ Vaenr(Zi, Xqp VA + / Vog(X )Y Mds. (4.8)
k=1 0
Since ||Vye x (I + V,c)7'(z,2)|| < @(2) it follows that Y} is invertible; we denote by

YM its inverse. Then it is proved in [5] that D;W.Yiw’r =m(YMV cp (Z,Yﬁé)),.,,. and

. . .. . . —M
moreover, if \; denotes the lower eigenvalue of the Malliavin covariance matrix of X,
we have

JM
piM > ||Y;5M||_2 Z 131»171(719)22(716)'
k=1
Then
JM
P(ogu <) <P(IVM72 1p,,_, (Zi)*(Zk) < ')
k=1

JM

<P(D 15y (Z0)E(Zh) < €120) + P(ITM)|72 < /%)
k=1
JI\/I

< P(Z(bhj(?k)QZ(Zk) < 51/2(1) + IP<||}/tM||2 > El/zd),
k=1

In [5] one proves that sup,, E||Y;||?’ < oo for every p > 1 so that

lim sup lim sup P(HYtMHQ > el/2dy = .
e—0 M—0

M J— —
One also proves in Lemma 5 from [5] that Z,i‘zl @) (Zk)c?(Z)) has the same law as

M
Jt

Z D (Zi) S (Zi) Lio,0 (IV(Zks X2 ),
k=1

SO
JM JM

IP(Z(I)M(ZJQ%ZJ < 61/2d> = IP(Z s (Z) e (Z) o0 (|7 (Zk, X2 2)|) < 51/2d).
k=1 k=1

Let us denote

I
Nar(t) =Y @a(Z1)E(Zi)Loua (1 (Zr, X2, -)|) and UM(t):t/ A (2)(2)du(2).
k=1

B 1
In the final part of the proof of Lemma 16 in [5] one shows that if p/t < 6 (with 6 from
(4.4)) then E((Na(t) +Un(t))"P) < Cp. Since limps—, o0 Unr(t) = 0 one has for every fixed
e>0
limsupP(Na(t) < €) = limsup P(Nps(t) + Un(t) < €) < ePE((Nar(t) +Uni(t))F) < CpeP.

M —o0 M— o0
So if § > 0 we take p < 0t and we obtain
lim sup limsup P(Ny (t) <€) =0
e—0 M—o00

so that hypothesis (2.39) is also verified. Now the conclusion follows from Theorem
2.11. O
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