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Variance-Gamma approximation via Stein’s method
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Abstract

Variance-Gamma distributions are widely used in financial modelling and contain as
special cases the normal, Gamma and Laplace distributions. In this paper we extend
Stein’s method to this class of distributions. In particular, we obtain a Stein equa-
tion and smoothness estimates for its solution. This Stein equation has the attractive
property of reducing to the known normal and Gamma Stein equations for certain pa-
rameter values. We apply these results and local couplings to bound the distance be-

m,n,r

tween sums of the form 3"} "", XixYjr, where the X, and Yjy. are independent and
identically distributed random variables with zero mean, by their limiting Variance-
Gamma distribution. Through the use of novel symmetry arguments, we obtain a
bound on the distance that is of order m ' + n~! for smooth test functions. We end
with a simple application to binary sequence comparison.
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1 Introduction

In 1972, Stein [41] introduced a powerful method for deriving bounds for normal
approximation. Since then, this method has been extended to many other distributions,
such as the Poisson [10], Gamma [27], [29], Exponential [9], [31] and Laplace [13],
[34]. Through the use of differential or difference equations, and various coupling
techniques, Stein’s method enables many types of dependence structures to be treated,
and also gives explicit bounds for distances between distributions.

At the heart of Stein’s method lies a characterisation of the target distribution and a
corresponding characterising differential or difference equation. For example, Stein’s
method for normal approximation rests on the following characterization of the normal
distribution, which can be found in Stein [42], namely Z ~ N(u,o?) if and only if

E[o?f(Z) = (Z — ) f(Z)] =0 (1.1)

for all sufficiently smooth f. This gives rise to the following inhomogeneous differential
equation, known as the Stein equation:

o*f'(a) — (x — ) f(z) = h(z) — EA(Z), (1.2)
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where Z ~ N(u,0?), and the test function  is a real-valued function. For any bounded
test function, a solution f to (1.2) exists (see Lemma 2.4 of Chen et al. [11]). There are
a number of techniques for obtaining Stein equations, such as the density approach of
Stein et al. [43], the scope of which has recently been extended by Ley and Swan [24].
Another commonly used technique is a generator approach, introduced by Barbour
[3]. This approach involves recognising the target the distribution as the stationary
distribution of Markov process and then using the theory of generators of stochastic
process to arrive at a Stein equation; for a detailed overview of this method see Reinert
[36]. Luk [27] used this approach to obtain the following Stein equation for the I'(r, \)
distribution:

zf"(z) + (r — \z) f'(z) = h(z) — Eh(X), (1.3)

where X ~ T'(r, A).

The next essential ingredient of Stein’s method is smoothness estimates for the so-
lution of the Stein equation. This can often be done by solving the Stein equation using
standard solution methods for differential equations and then using direct calculations
to bound the required derivatives of the solution (Stein [42] used the approach to bound
the first two derivatives of the solution to the normal Stein equation (1.2)). The genera-
tor approach is also often used to obtain smoothness estimates. The use of probabilistic
arguments to bound the derivatives of the solution often make it easier to arrive at
smoothness estimates than through the use of analytical techniques. Luk [27] and Pick-
ett [33] used the generator approach to bound k-th order derivatives of the solution of
the I'(r, \) Stein equation (1.3). Pickett’s bounds are as follows

2 2 ,
1F® < {\/ T r}h(k_1)||7 k> (1.4

where || f[| = || flloo = sup,eg |f(2)| and h(*) = .

In this paper we obtain the key ingredients required to extend Stein’s method to the
class of Variance-Gamma distributions. The Variance-Gamma distributions are defined
as follows (this parametrisation is similar to that given in Finlay and Seneta [17]).

Definition 1.1 (Variance-Gamma distribution, first parametrisation). The random
variable X is said to have a Variance-Gamma distribution with parametersr > 0, 0 € R,
o >0, u € R if and only if it has probability density function given by

r—1
1 8 (o |z — z V62 + o2

B _ o Gy O N el o B Kra| V— |z — 1.5

pVG1(I7T7 ?U7ILL) Uﬁr(%)e (2 92+0_2) 21( 0_2 |£Z: H| ) ( )

where x € R, and K, (z) is a modified Bessel function of the second kind; see Appendix
B for a definition. If (1.5) holds then we write X ~ VGy(r,0,0, ).

The density (1.5) may at first appear to be undefined in the limit ¢ — 0, but this limit
does in fact exist and this can easily be verified from the asymptotic properties of the
modified Bessel function K, (x) (see formula (B.4) from Appendix B). As we shall see in
Proposition 1.2 (below), taking the limit ¢ — 0 and putting ¢ = 0 gives the family of
Gamma distributions. It is also worth noting that the support of the Variance-Gamma
distributions is R when o > 0, but in the limit ¢ — 0 the support is the region (u, co) if
6 >0, and is (—oo, p) if < 0.

The Variance-Gamma distributions were introduced to the financial literature by
Madan and Seneta [28]. For certain parameter values the Variance-Gamma distribu-
tions have semi heavy tails that decay slower than the tails of the normal distribution,
and therefore are often appropriate for financial modelling.
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The class of Variance-Gamma distributions includes the Laplace distribution as a
special case and in the appropriate limits reduces to the normal and Gamma distribu-
tions. This family of distributions also contains many other distributions that are of
interest, which we list in the following proposition (the proof is given in Appendix A).
As far as the author is aware, this is the first list of characterisations of the Variance-
Gamma distributions to appear in the literature.

Proposition 1.2. (i) Leto > 0 and p € R and suppose that Z, has the VG1(r,0,0/+/7, 11)
distribution. Then Z, converges in distribution to a N (u, 0?) random variable in the limit
7 — OQ.

(ii) Let 0 > 0 and u € R, then a VG4(2,0, o, ) random variable has the Laplace(u, o)
distribution with probability density function

pvgl(x;Q,O,U,,u):lexp<—|x_'u|), reR. (1.6)
20 o

(iii) Suppose that (X,Y) has the bivariate normal distribution with correlation p
and marginals X ~ N(0,0%) and Y ~ N(0,0%). Then the product XY follows the
VGi1(1,poxoy,oxoy+/1 — p?,0) distribution.

(iv) Let X1,..., X, andY,...,Y, be independent standard normal random variables.
Then pu+0 Y., _, XiY) has the VG4 (r,0, o, i) distribution. As a special case we have that
a Laplace random variable with density (A.1) has the representation p+o(X1Y1 4+ X2Y5).

(v) The Gamma distribution is a limiting case of the Variance-Gamma distributions:
forr > 0 and X\ > 0, the random variable X, ~ VGi(2r,(2)\)"!,0,0) convergences in
distribution to a I'(r, \) random variable in the limit o | 0.

(vi) Suppose that (X,Y) follows a bivariate gamma distribution with correlation p
and marginals X ~ I'(r,\1) and Y ~ I'(r, \2). Then the random variable X — Y has the
VG1(2r, (201) 7" — (222) 71, (M A2)~Y2(1 — p)/2,0) distribution.

The representations of the Variance-Gamma distributions given in Proposition 1.2
enable us to determine a number of statistics that may have asymptotic Variance-
Gamma distributions.

One of the main results of this paper (see Lemma 3.1) is the following Stein equation
for the Variance-Gamma distributions:

o%(x — ) f" (@) + (0% + 20(z — ) f'(@) + (10 — (z — p)) f(x) = h(z) = VGZLh,  (L.7)

where VG;’Z’h denotes the quantity EA(X) for X ~ VG;(r, 60,0, ). We also obtain uni-
form bounds for the first four derivatives of the solution of the Stein equation for the
case 0§ = 0.

In Section 3, we analyse the Stein equation (1.7). In particular, we show that the
normal Stein equation (1.2) and Gamma Stein equation (1.3) are special cases. As a
Stein equation for a given distribution is not unique (see Barbour [2]), the fact that in
the appropriate limit the Variance-Gamma Stein equation (1.7) reduces to the known
normal and Gamma Stein equation is an attractive feature.

Stein’s method has also recently been extended to the Laplace distribution (see
Pike and Ren [34] and Dobler [13]), although the Laplace Stein equation obtained by
[34] differs from the Laplace Stein equation that arises as a special case of (1.7); see
Section 3.1.1 for a more detailed discussion. Another special case of the Stein equation
(1.7) is a Stein equation for the product of two independent central normal random
variables, which is in agreement with the Stein equation for products of independent
central normal that was recently obtained by Gaunt [20]. Therefore, the results from
this paper allow the existing literature for Stein’s method for normal, Gamma, Laplace
and product normal approximation to be considered in a more general framework.
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More importantly, our development of Stein’s method for the Variance-Gamma dis-
tributions allows a number of new situations to be treated by Stein’s method. In Section
4, we illustrate our method by obtaining a bound for the distance between the statistic

W, = Z XinYie =Y <\/1ﬁ E;sz> <\}ﬁ ,Zlyj’“>’ (1.8)
1= J=

1,5,k=1 k=1

where the X;;; and Y}, are independent and identically distributed with zero mean, and
its asymptotic distribution, which, by the central limit theorem and part (iv) of Proposi-
tion 1.2, is the VG;(r, 0, 1,0) distribution. By using the VG4 (r,0, 1,0) Stein equation

zf"(z)+rf'(z) —xf(z) = hiz) — VG;’Bh, (1.9)

local approach couplings, and symmetry arguments, that were introduced by Pickett
[33], we obtain a O(m’1 + nil) bound for smooth test functions. A similar phenomena
was observed in chi-square approximation by Pickett, and also by Goldstein and Reinert
[21] in which they obtained O(n~!) convergence rates in normal approximation, for
smooth test functions, under the assumption of vanishing third moments. For non-
smooth test functions we would, however, expect a O(m~'/2 + n~'/2) convergence rate
(cf. Berry-Esséen Theorem (Berry [6] and Esséen [16]) to hold; see Remark 4.11.

The rest of this paper is organised as follows. In Section 2, we introduce the
Variance-Gamma distributions and state some of their standard properties. In Sec-
tion 3, we obtain a characterising lemma for the Variance-Gamma distributions and a
corresponding Stein equation. We also obtain the unique bounded solution of the Stein
equation, and present uniform bounds for the first four derivatives of the solution for
the case # = 0. In Section 4, we use Stein’s method for Variance-Gamma approximation
to bound the distance between the statistic (1.8) and its limiting Variance-Gamma dis-
tribution. We then apply this bound to an application of binary sequence comparison,
which is a simple special case of the more general problem of word sequence compari-
son. In Appendix A, we include the proofs of some technical lemmas that are required in
this paper. Appendix B provides a list of some elementary properties of modified Bessel
functions that we make use of in this paper.

2 The class of Variance-Gamma distributions

In this section we present the Variance-Gamma distributions and some of their stan-
dard properties. Throughout this paper we will make use of two different parametri-
sations of the Variance-Gamma distributions; the first parametrisation was given in
Section 1, and making the change of variables

— 2 2
Dt S L e S 2.1)
2 o2 02

leads to another useful parametrisation. This parametrisation can be found in Eberlein
and Hammerstein [15].

Definition 2.1 (Variance-Gamma distribution, second parametrisation). The ran-
dom variable X is said to have a Variance-Gamma distribution with parameters v, o, S, 1,
wherev > —1/2, u € R, a > ||, if and only if its probability density function is given by

(® — g2 /2 (lx —u
VL (v +3) 2

If (2.2) holds then we write X ~ VG (v, a, 5, 11).

pvas, (T v, o, B, p) = ) PEWEK, (alr —pl), z€R.  (2.2)
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Definition 2.2. If X ~ VGy(r,0,0,u), for r, o, and p defined as in Definition 1.5 (or
equivalently X ~ VGa(v,«,0,p)), then X is said to have a Symmetric Variance-Gamma
distribution.

The first parametrisation leads to simple characterisations of the Variance-Gamma
distributions in terms of normal and Gamma distributions, and therefore in many cases
it allows us to recognise statistics that will have an asymptotic Variance-Gamma dis-
tribution. For this reason, we state our main results in terms of this parametrisation.
However, the second parametrisation proves to be very useful in simplifying the calcu-
lations of Section 3, as the solution of the Variance-Gamma Stein equation has a simpler
representation for this parametrisation. We can then state the results in terms of the
first parametrisation by using (2.1).

The Variance-Gamma distributions have moments of arbitrary order (see Eberlein
and Hammerstein [15]), in particular the mean and variance (for both parametrisations)
of a random variable X with a Variance-Gamma distribution are given by

(2v+1)B
EX = N+m:ﬂ+?"9, (2.3)
2v+1 232
VaX = <1+ = —62) =r(0” 4 26°).

The following proposition, which can be found in Bibby and Sgrensen [7], shows
that the class of Variance-Gamma distributions is closed under convolution, provided
that the random variables have common values of # and o (or, equivalently, common
values of a and $ in the second parametrisation).

Proposition 2.3. Let X; and X, be independent random variables such that X; ~
VGi(r,0,0,u;), i = 1,2, then we have that

X1+ Xo ~VGi(r1 +1r2,0,0, u1 + pa).

Variance-Gamma random variables can be characterised in terms of independent
normal and Gamma random variables. This characterisation is given in the following
proposition, which can be found in Barndorff-Nielsen et al. [5].

Proposition 2.4. Letr > 0,0 € R, 0 > 0 and u € R. Suppose that U ~ N(0,1) and
V ~T(r/2,1/2) are independent random variables and let Z ~ VGy(r,0, 0, 1), then

ZE2 440V +oVVU.

Using Proposition 2.4 we can establish the following useful representation of the
Variance-Gamma distributions, which appears to be a new result. Indeed, the represen-
tation allows us to see that the statistic (1.8) has a limiting Variance-Gamma distribu-
tion.

Corollary 2.5. Letf € R, 0 > 0, u € R, and r be a positive integer. Let X1, Xo,..., X,
and Y1,Ys,...,Y, be independent standard normal random variables and let Z be a
VGi(r,0,0,u) random variable, then

Z2u+0> X240 XY
i=1 i=1
Proof. Let X1, X5,..., X, and Y7,Y5, ..., Y, be sequences of independent standard normal
random variables. Then X?, i = 1,2,....,m, has a X%n distribution, that is a I'(1/2,1/2)
distribution. Define

Zi=pu+0X+oX\Y1, Zi=0X?+0X;Y;, i=2,3,...,r
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Note that X;Y; 2 |X;|Y;. Hence, by Proposition 2.4, we have that Z; is a VG1(1,0, 0, i)
random variable and Z;, i = 2,...r, are VG{(1,0,0,0) random variables. It therefore
follows from Proposition 2.3 that the sum 7 = 2221 Z,; follows the VG4 (r, 6,0, 1) distri-
bution. O

3 Stein’s method for Variance-Gamma distributions

3.1 A Stein equation for the Variance-Gamma distributions

The following lemma, which characterises the Variance-Gamma distributions, will
lead to a Stein equation for the Variance-Gamma distributions. Before stating the
lemma, we note that an application of the asymptotic formula (B.4) to the density func-
tion (2.2) allows us to deduce the tail behaviour of the VGs(v, «, 5, 1) distribution:

2 _ p2\vt3
1 (0‘ —5> (NN

Mv+1 2«
pVG2($;V70‘7Bhu)N " ( 2) 9 g\ vt1 (3.1)
L (0‘ 5) C(Ca) @R o
(v +3) 2a

Note that the tails are in general not symmetric.

Lemma 3.1. Let W be a real-valued random variable. Then W follows the VG (v, «, 8, 1)
distribution if and only if

E[(W ) f (W) + 20+ 142B(W — ) f (W) +((20+1)B—(a® = 8) (W —)) f(W)] = 0 (3.2)
for all piecewise twice continuously differentiable functions f : R — R that satisfy

lim f®) (z)zv3/2e=(@=A* =0 and lim ) (z)(—x)/T3/2elethr =0 (3.3)

T—00 T——00
fork =0,1,2, where f(©) = f.

Proof. To simplify the calculations, we prove the result for the special case © = 0,
a=1 -1< B <1 For W = a(Z — i) we have that W ~ VGy(v,1,5,0) if and only if
7Z ~VGa(v,a,af, 1), and so we can deduce the general case by applying a simple linear
transformation.

Necessity. Suppose that W ~ VGa(v, 1,3,0). We split the range of integration to
obtain

E[W f"(W) + (2v + 1+ 26W)f' (W) + (20 + 1)B = (1 = )W) f(W)] = I + I,

where
I = /Om{xf'%x) + (20 + 14 262)f/(2) + (20 + 1) — (1 - 2)2) f(2)}pla) de,
0
I = / {af"(x) + 2v + 1+ 282) f'(2) + (2 + 1)B — (1 — f2)a) f(2)}p() da,

and p(z) = K, sz”e’ K, (r), where k, g is the normalising constant, is the density of W.
The integrals I; and I, exist because f is piecewise twice continuously differentiable
that satisfies the conditions of (3.3), which on recalling the tail behaviour of p(x) given
in (3.1) ensures that, for k = 0, 1,2, we have that zp(z) f*) (z) = o(|z|~!) as |z| — oo.
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Firstly, we consider I. Let A(x) =z, B(z) =2v +1+2fx and C(z) = 2v + 1)8 —
(1 — 8%)z. Then applying integration by parts twice gives

f= LA @) + 24 - B (@) + (4(@) = B(a) + Cla)p(w)} ) d
[A(z)za(x)f’(x)}f + [(B@p@) - (A@p@) 1 @)
= [ @)+ (2t 1= 28000 4 (20 = DB - (1 o) ) d
+ [mp@) £/ @)] "+ [y + 280p() 1 @) — v (@)f@)]

.
Straightforward differentiation of the function p(z) = k, gx”e’* K, (z) shows that the
integrand in the above display is equal to

fvpa” P {2 K (o) + 2K (2) — (2 + v?) K, (2)} f(2) =

as K, (z) is a solution of the modified Bessel differential equation (see (B.10)).

We now note that p(z) = O(z¥~'/2e~(1-)%) as  — oo (see (3.1)), and by differentiat-
ing p(x) and using the asymptotic formula (B.4) for K, (z) we can see that p’(z) is also of
order z¥~1/2¢=(1-5)% a5 1 — co. Hence, zp(z)f'(x), p(z)f(x), zp(z)f(z) and zp'(z) f(x)
are equal to 0 in the limit © — oo. The terms zp(x)f’(z) and zp(x) f(z) are also equal to
0 at the origin, because f and f’ are continuous and thus bounded at the origin. Hence,
1, simplifies to

I = —lim{(2v + 282)p(x) — o' (2)}/ (2)- (3.4)
Using formula (B.7) to differentiate K, (z) gives
I =~y lim f(@){(20 +202)a" ¥ K, (x) — 2" () (2) + VK, (x) + Pk, (x))}
= —ruplima’ fa){=aK] () + (v + Br) K, (x)}
= —ruplimae’ f(2){32(Kv1(z) = K1 (@) + (v + fo) Ko (2))-

We now calculate the limit in the above expression. We first consider the case v > 0.
Applying the asymptotic formula (B.2) gives

I = —kug li\ILI&{QUilF(Z/ + 1)+ 2T (W)} (%) = —ku g li%l+ 2T (v + 1) f(z),
T T—

since vI'(v) = I'(v + 1). Now consider the case v = 0. We use the fact that K;(x) =
K_4(z) to obtain

I, = —noﬁliﬂ} f(@)zKi(z) = —kop lim I'(1)f(x) = —kKop lim+ 2°T(1 + 1) f(x),
T z—0

z—0t

since I'(1) = I'(2). Therefore we have

I = —kup lifrol 2T(v+1)f(x) forallv>0.

Finally, we consider the case —1/2 < v < 0. We use the fact that K_y(z) = K,(z) to
obtain

I = —kKup hm{1 ”+1(Ky+1(l’) + Kyi(z) + vV K, (x)} f(x)
= —tiv,p {2 T +1) + 2771 (T(1 —v) = (~)0(-v))z*} f(z)
= —Fup 1701%2”_1I‘(V +1)f(z) for —1/2<v <0.
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A similar argument (with the difference being that here p(z) = k, g(—z)"e’* K, (—z))
shows that

[ limg40 2"T (v + 1) f (), v >0,
2T kg limero 21 T(v + 1) f(z), —1/2<v <0.
As f is continuous, it follows that I; = —I5 (and so I; + I = 0), which completes the

proof of necessity.
Sufficiency. For fixed z € R, let f(z) := f.(x) be a bounded solution to the differen-
tial equation

af" (@) + 2v+1+4262) f'(x) + (2v + 1)B — (1 = B%)2) f(2) = X(—c0,21(#) — Kip(2), (3.5)

where K, g(z) is the cumulative distribution function of the VGy(v, 1, 5,0) distribution.
Using Lemma 3.3 (below) with A(z) = x(—o,-)(z) We see that a solution to (3.5) is given
by

folw) = — 2D / "By L () ooy () — Ko (2)] dy

= D [ B ) () — Ko )]

This solution and its first derivative are bounded (see Lemma 3.3) and is piecewise
twice differentiable. As f, and f, are bounded, they satisfy the condition (3.3) (with
a =1) and f/ must also satisfy the condition because, from (3.5),

| f2 (2)] < 1(2v + 1+ 262) fL(2)| + [((2v + 1)B — (1 = f%)2) fo(2)| + 2 < A+ Blz|

for some constants A and B. Hence, if (3.2) holds for all piecewise twice continuously
differentiable functions satisfying (3.3) (with a = 1), then by (3.5),

0=E[W [/ (W) + (2v +1+28W)fL(W) + (2v + 1)B — (1 = 52)W) f.(W)]
= E[X(-oc,2)(W) — Ky 5(2)]
=P(W <z2)— K, g(z).
Therefore W has the VG3(v, 1, 3, 0) distribution. O

Lemma 3.1 suggests the following Stein equation for the VGs (v, «, 8, 1) distribution:

(2= ) £ (2) + 2+ 1428(2— ) f (@) + (20 4+ 1)~ (0® — ) (@ — ) f(x) = hx) ~ VGl uh,
(3.6)
where {/E;Zh denotes the quantity E(h(X)) for X ~ VGa(v, o, B, ).

In order to simplify the calculations of Section 3.2, we will make use of the Stein
equation for the VGy(v,1,5,0) distribution, where —1 < § < 1. Results for the full
parametrisation can then be recovered by making a simple linear transformation. For
the VGa(v, 1, 8,0) distribution, the Stein equation (3.6) reduces to

zf’(x) + Qv+ 1+282)f (x) + (v +1)8 — (1 — H)x) f(z) = h(z) — {/\é;th (3.7)

Changing parametrisation in (3.6) via (2.1) and multiplying through by ¢? gives the
VGi(r, 0,0, 1) Stein equation (1.7), which we presented in the introduction.

Remark 3.2. The VG;(r, 0,0, 1) Stein equation has the interesting property of being a
(true) second order linear differential equation. Such Stein equations are uncommon
in the literature, although Pekéz et al. [32], Gaunt [20] and Pike and Ren [34] have
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obtained similar operators for the Kummer densities, the product of two mean zero nor-
mals, and the Laplace distribution, respectively. Gaunt [20] and Pike and Ren [34] used
the method of variation of parameters (see Collins [12] for an account of the method)
to solve their equations, whereas Pekdz et al. used a substitution to turn their second
order operator into a first order operator, which leads to a double integral solution.
We attempted to follow this approach but the double integral solution we obtained was
rather complicated. However, solving using variation of parameters lead to a represen-
tation of the solution (see Lemma 3.3) that enabled us to obtain uniform bounds for the
solution and its first four derivatives (see Lemma 3.5 and Theorem 3.6).

We could have obtained a first order Stein operator for the VG (r, 0,0, u) distribu-
tions using the density approach of Stein et al. [43]. However, this approach would
lead to an operator involving the modified Bessel function K, (x). Using such a Stein
equation to prove approximation results with standard coupling techniques would be
difficult. In contrast, our VGq(r, 0,0, 1) Stein equation is much more amenable to the
use of couplings, as we shall see in Section 4. Peké6z et al. [32] encountered a similar sit-
uation (the density approach would lead to an operator involving the Kummer function)
and proceeded as we did by instead considering a second order operator with simple
coefficients.

3.1.1 Special cases of the Variance-Gamma Stein equation

Here we note a number of interesting special cases of the VG4 (r, 0, 0, 1) Stein equation.
Whilst the Gamma distribution is not covered by Lemma 3.1, we note that letting » = 2s,
6 = (2\)7!, u = 0 and taking the limit & — 0 in (1.7) gives the Stein equation

MYz f (2) + (s — Ax) f(z)) = h(x) — VG376(2)\)—1h’

which, recalling (1.3), we recognise as the I'(s, \) Stein equation (1.3) of Luk [27] (up
to a multiplicative factor).
We also note that a Stein equation for the VGy(r, 0,0 //r, u) distribution is

T (e = w)f"(@) + 0% (@) = (x = p) f (@) = h(z) = VG 1 b,

which in the limit » — oo is the classical N(u,0?) Stein equation.

Taking r = 1, 0 = oxoy and p = 0 in (1.7) gives the following Stein equation for
distribution of the product of independent N (0, 0% ) and N (0, 0% ) random variables (see
part (iii) of Proposition 1.2):

oxovaf! (@) + oxoy f'(x) — wf(z) = h(z) = VG, oh-
This Stein equation is in agreement with the Stein equation for the product of two
independent, zero mean normal random variables that was obtained by Gaunt [20].

Finally, we deduce a Stein equation for the Laplace distribution. Recalling part (ii)
of Proposition 1.2, we have that Laplace(0,0) = VG1(2,0,0,0). Thus, we deduce the
following Stein equation for the Laplace distribution:

o’z f"(x) + 202 f (x) — xf(z) = h(z) — EA(X), (3.8)

where X ~ Laplace(0,0). Pike and Ren [34] have obtained an alternative Stein charac-
terisation of the Laplace distribution, which leads to the initial value problem

f(x) = a?f"(x) = h(z) —ER(X),  f(0)=0. (3.9)
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They have also solved (3.9) and have obtained uniform bounds for the solution and its
first three derivatives. Their characterisation was obtained by a repeated application
of the density method, and is similar to the characterisation for the Exponential distri-
bution that results from the density method (see Stein et al. [43], Example 1.6), which
leads to the Stein equation

() = Af(z) + Af(0+) = h(z) — ER(Y), (3.10)

where Y ~ Exp(A). Since Exp(A) = I'(1,\), equation (3.10) and the Gamma Stein
equation (1.3) (with » = 1) give a choice of Stein equations for applications involving
the Exponential distribution. Both equations have been shown to be effective in the
study of Exponential approximation, but in certain situations one equation may prove
to be more useful than the other; see, for example, Pickett [33] for a utilisation of (1.3),
and Pekoz and Roéllin [31] for an application involving (3.10). We would expect a similar
situation to occur with the Laplace Stein equations (3.8) and (3.9), although we do not
further investigate the use of these Stein equations in Laplace approximation.

3.1.2 Applications of Lemma 3.1

The main application of Lemma 3.1 that is considered in this paper involves the use of
the resulting Stein equation in the proofs of the limit theorems of Section 4. There are,
however, other interesting results that follow from Lemma 3.1. We consider a couple
here.

Suppose W ~ VGy(v,,3,0). Then taking f(z) = e'®, where |t + 8| < a (which
ensures that condition (3.3) is satisfied), in the charactering equation (3.2) and setting
M(t) = E[e'"], we deduce that M (t) satisfies the differential equation

(t* 4+ 28t — (a® — BA)M'(t) + (2v + 1)(t + B)M(t) = 0.

Solving this equation subject to the condition M (0) = 1 then gives that the moment
generating function of the Variance-Gamma distribution with y = 0 is

2 _ 2 v+1/2
o’ —p )2> = (1 —20t + o2t?)7"/2.

M(t) = (a—(ﬂ—i—t

Similarly, taking f(z) = 2* and setting M; = EW* leads to the following recurrence
equation for the moments of the Variance-Gamma distributions with ¢ = 0:

(@ — B2) My 41 — B(2k +2v + 1) My, — k(2v + k)M, = 0,
which in terms of the first parametrisation is
M1 — 9(2k + T‘)Mk - JQIC(’I“ + k— 1)Mk,1 =0.

We have that My = 1 and M; = (2v + 1)8/(a? — %) = 70 (see (2.3)), and thus we
can solve these recurrence equations by forward substitution to obtain the moments
of the Variance-Gamma distributions. As far as the author is aware, these recurrence
equations are new, although Scott et al. [40] have already established a formula for the
moments of general order of the Variance-Gamma distributions.

3.2 Smoothness estimates for the solution of the Stein equation

We now turn our attention to solving the VGs(v, 1, 3,0) Stein equation (3.7). Han-
dling this particular set of restricted parameters simplifies the calculations and allows
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us to write down the solution of VG;(r, 0,0, 1) after a straightforward change of vari-
ables.

Since the homogeneous version of the VGy(v, 1, 8,0) Stein equation has a simple fun-
damental system of solutions (see the proof of Lemma 3.3 in Appendix A), we consider
variation of parameters to be an appropriate method of solution. We carry out these
calculations in Appendix A and present the solution in Lemma 3.3. We could also have
solved the Stein equation by using generator theory. Multiplying both sides of (3.7) by
% we recognise the left-hand side of the equation as the generator of a Bessel pro-
cess with drift with killing (for an account of the Bessel process with drift see Linetsky
[25]). The Stein equation can then be solved using generator theory (see Durrett [14],
pp. 249). For a more detailed account of the application of the generator approach to
Stein’s method for Variance-Gamma distributions see Gaunt [18].

In the following lemma we give the solution to the Stein equation. The proof is given
in Appendix A.

Lemma 3.3. Let h : R — R be a measurable function with E|h(X)| < oo, where
X ~ VGy(v,1,6,0), and v > —1/2 and —1 < 8 < 1. Then a solution f : R — R to the
Variance-Gamma Stein equation (3.7) is given by

*ﬂ:erU x o
) = m(') / ey I, (jy))[h(y) — VCj ohl dy
_ﬂx > -V,
- e|i|yu(|x|)/ e yl” K, ([y)[h(y) — Vi oh] dy, (3.11)

where the modified Bessel functions I,,(x) and K, (x) are defined in Appendix B. Sup-
pose further that h is bounded, then f(x) and f'(x) and are bounded for all + € R.
Moreover, this is the unique bounded solution when v > 0 and —1 < 8 < 1.

Remark 3.4. The equality

z —v,1 o0 —v,1
/ Yyl Ko (ly)[h(y) — VGgoh] dy = —/ Uyl K (ly)[a(y) — VGgohldy (3.12)
— 00 xr

is very useful when it comes to obtaining smoothness estimates for the solution to the
Stein equation. The equality ensures that we can restrict our attention to bounding the
derivatives in the region x > 0, provided we obtain these bounds for both positive and
negative f3.

By direct calculations it is possible to bound the derivatives of the solution of the
VGs (v, 1, 8,0) Variance-Gamma Stein equation (3.7). Gaunt [18] carried out these (rather
lengthy) calculations for case 8 = 0, to obtain uniform bounds on the solution of the
Stein equation (3.7) and its first four derivatives. By a change of variables it is then
possible to establish smoothness estimates for the solution of the VG;(r, 0,0, 1) Stein
equation (1.7).

Bounds on the first four derivatives of the solution of the VG4 (r, 0,0, u) Stein equa-
tion are sufficient for the limit theorems of Section 4. However, it would be desirable to
extend these bounds to the general case of the VGy(r, 0,0, 1) Stein equation. Another
open problem is to obtain uniform bounds for the derivatives of all order for the solution
of the VG4 (r,0, 0, 1) Stein equation. This has been achieved for the normal and Gamma
Stein equations (see the bounds of Goldstein and Rinott [22] and Luk [27])) using the
generator approach. Gaunt [18] made some progress towards the goal of achieving
such bounds via the generator approach, but the problem remains unsolved.

The following smoothness estimates for the solution of the VGs(v, 1,0, 0) Stein equa-
tion were established by Gaunt [18].
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Lemma 3.5. Let v > —1/2 and suppose that h € C}(R). Then the solution f, as given
by (3.11), to the VGy(v, 1,0,0) Stein equation, and its first four derivatives are bounded
as follows:

e (2 L T - Gl

|h ~VGoohl.

17 < 5

s 1 r —,1
171 = (Gl + ey ) [0+ b = V],

1 r —~u,1 —v,1
1191 < (522 ) [0+ 18100 + 1810 = VG hl] + o - VG,

1
2\/7 2v+1 ()

1 r . ——,1
(4) <( VT + )8h(3) + 52| || + 123K + 123 h—VG’h}
£ < NSV RS _|| [ (ol 1Al | 0.0nll

1 —v,l
+ (Il + 1A = VGoehl],

v(v)
where v(v) is given by
() = 22 yl(v + 2)1(2v + 1), veN,
~Usin(m)22T(v + )P(v +4)(2v +1), v>-1/2andv ¢ N.

The bounds given in Lemma 3.5 are of order v~/ as v — oo, except when 2v is not

equal to an integer, but is sufficiently close to an integer that
sin(7)2%T'(v 4+ )T (v + 4)vv = o(1).

Gaunt [18] remarked that the rogue 1/sin(7v) term appeared to be an artefact of the
analysis that was used to obtain the bounds.

It is also worth noting that the bounds of Lemma 3.5 break down as v — —1/2. This
is to be expected, because in this limit the VG5(v, 1,0, 0) distribution approaches a point
mass at the origin.

The bounds simplify in the case that v € {0,1/2,1,3/2,...}, and from these bounds
we use a simple change of variables to obtain uniform bounds on the first derivatives
of the solution of the VG1(r,0, o, 1) Stein equation (1.7) for the case that r is a positive
integer. These bounds are of order »—'/2 as r — 0o, which is the same order as Pickett’s
[33] bounds (1.4) for the solution of the I'(r, \) Stein equation (1.3).

Theorem 3.6. Let r be a positive integer and let o > 0. Suppose that h € C,f’(]R), then
the solution of the VG1(r,0,0, 1) Stein equation (1.7) and its derivatives up to fourth
order satisfy

1F®) < ME(h),  k=0,1,2,3,4,

where
ML) < 1 (3 g - Vel
ML) < —ollh - VGO,
zm < ([ law+ §||h - VG;:zh},

IN

1 T 1\ ”
M0 < (o 1) e S+ Sin - versal],

1 1\ [ 124
M;,(h) < 2<\/W+> 8||h(3)||+ IIh“||+ = IIh/||+ 5 Ih = VGE hl}
’ o 2r  r /)|
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and f© = f.
Proof. Let gj (x) denote the solution (3.11) to the VGy(v, 1,0,0) Stein equation (3.7)

—v, 1~

zg" () + (2v + 1)¢' (x) — zg(x) = h(z) — VG oh.

Then f;,(z) = 1g; (£=£) solves the VG (r, 0,0, 1) Stein equation (1.7)

o = p)f"(w) + 0% f' (@) = (@ = 10 (@) = hlw) = VG5,

~ ——v,1~ . ——vv,1~
where r = 2v + 1 and h(z) = h(*2), since VG9,h = VG oh. That VGL9,h = VG oh is

o s
verified by the following calculation:

vor [ 1 (la—p\T e — 4l _
VGJ’”h_/—oc /AT (D) 5 Koo . h(z)dz

- /O:C m ('Z')VKu(ul)ﬁ(u) du

— 1~
== \/(}070}17
where we made the change of variables v = *-*. We have that ||f}(lk) | = o k1 ||g}(~zk) || for
- — 1~ -
k€N, and ||h — VG yh|| = |h — VG9,h| and |h®) || = o*||n*)|| for k > 1, and the result
now follows from the bounds of Lemma 3.5. O

4 Limit theorems for Symmetric-Variance Gamma distributions

We now consider the Symmetric Variance-Gamma (f = 0) limit theorem that we
discussed in the introduction. Let X be a m x r matrix of independent and identically
random variables X;; with zero mean and unit variance. Similarly, we let Y bean x r
matrix of independent and identically random variables Y}, with zero mean and unit
variance, where the Y;, are independent of the X;;. Then the statistic

1 m,n,r

W, = E XYk
vmn <

i,7,k=1

is asymptotically VG4 (r,0,1,0) distributed, which can be seen by applying the central
limit theorem and part (iv) of Proposition 1.2. Pickett [33] showed that the statistic
LS (3, X)? where the X;;, are independent and identically random variables
with zero mean, unit variance and bounded eighth moment, converges to a X% ) random
variable at a rate of order m~! for smooth test functions. We now exhibit a proof
which gives a bound for the rate of convergence of the statistic W,. to VG1(r,0,1,0)
random variables, under additional moment assumptions, which is shown to be of order
m~! 4+ n~! for smooth test functions, using similar symmetry arguments to obtain this
rate of convergence.

4.1 Local approach bounds for Symmetric Variance-Gamma distributions in
the caser =1

We first consider the case r = 1; the general r case follows easily as W, is a linear
sum of independent ;. For ease of reading, in the statement of the following theorem

and in its proof we shall set X; = X;;, ¥; = Y;; and W = W,;. Then we have the
following:
EJP 19 (2014), paper 38. ejp.ejpecp.org
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Theorem 4.1. Suppose X, X1,...,X,,, Y,Y:,...,Y, are independent random variables
with zero mean, unit variance and bounded ijth moment, with X; e X for all i =
1,...,mandY; 2Y forallj=1,...,n. Let W = S X,Y;. Then, for h € C3(R),

\/m
we have
[ER(W) — VGyohl < 1 (X, Y)MT (h) + 72(X, V)M (h) + 73(X, V)M (h), (4.1)

where the M} (h) are defined as in Theorem 3.6, VG1 Oh denotes the expectation of h(Z)
for Z ~ VG4(1,0,1,0), and

10 11
1 3 3 3 4
X,Y) = —|EY3E|Y? + —|EX?|EY
T (X, Y) = BV EY?| 4 s [EXEY,
2 (XY = Y EXEY + @|1EY3|1EY4 IEX3|E|Y?| + 4—1E|X3|\1EY3\1EY4
m,n ’ m n \/7 \/7
1 148
3 (X,Y) = f]EX4IEY4(1 + 15|EY?)) + —|1EX3|E|X3|1EY6 EX4|EY3|E|Y5\
’ n m
\EX3|1EX4E|Y3| ;28 ——EXYEY?
\/ mn '

Remark 4.2. Notice that the statistic W = T Z” 1 X;Y; Is symmetric in m and
n and the random variables X; and Y}, and yet the bound (4.1) of Theorem 4.1 is not
symmetric in m and n and the moments of X and Y. This asymmetry is a consequence
of the local couplings that we used to obtain the bound.

In practice, when applying Theorem 4.1, we would compute y,ljlyn(X, Y) for k =
1,2,3, and wﬁfm(Y, X) for k = 1,2,3, which would yields two bounds for the quantity
ER(W) — VG oh. We would then take the minimum of these two bounds. We proceed
in this manner when applying bound (4.1) to prove Theorem 4.12.

Before proving Theorem 4.1, we introduce some notation and preliminary lemmas.
We define the standardised sum S and 7" by

1 — 1 &
=—) Xx; d =—Y Yy,
\/rn; an T \/ﬁ; f

and we have that W = ST. In our proof we shall make use of the sums

1 1
which are independent of X; and Y, respectively. We therefore have the following
formulas

1
W—ST = ST—S8T= ﬁXZ-T (4.2)
W— ST, = ST—ST;= f Y;S

In the proof of Theorem 4.1 we use the following lemma, which can be found in
Pickett [33], Lemma 4.3.

Lemma 4.3. Let X, X;,...,X,, be a collection of independent and identically dis-
tributed random variables with mean zero and unit variance. Then, ES? = O(1) for
all p > 1. Specifically,

ES? = 1,
4

1 E
ES* = —[3(m —1) +EXY <3+
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1
ES® = W[B(m —1)(m —2) +10(m — 1)(EX?)? + 15(m — 1)EX* + EX°]
10(EX3)?  15EX* EX©
15 + + + =
m m m

and B|S| < (ES?)'/2, E|S3| < (ES*)%/4, E|S°| < (ES%)%/6, by Holder’s inequality.
We will also use the following lemma.
Lemma 4.4. Suppose p > 1, then E|S;|? < E|SP.
Proof. Applying Jensen’s inequality gives
E|S|P = B(E(|S; +n 2 X7 | S1)) > E[E(S; + n~ /2 X, | 8;)]P = E|S, 7,
as required. O

Using the VG1(1,0,1,0) Stein equation (1.9) (with » = 1), we require a bound on
the expression E[W (W) + f/(W) — W f(W)]. We split the proof into two parts. In
the first part of the proof, we use use local couplings and Taylor expansions to bound
EW " (W) + f/(W) — W f(W)] by the remainder terms that result from our Taylor ex-
pansions. Most of these terms are shown to be of the desired order of O(m~! +n=1),
but the bounding of some of the terms is more involved. The second part of the proof is
devoted to bounding these terms to the required order.

4.1.1 Proof Part I: Expansions and Bounding

Due to the independence of the X; and Y; variables, we are in the realms of the local
approach coupling. We Taylor expand (W) about S;T to obtain

E[W (W) + f/(W) - Wf(W )]

= ESTf" (W) +Ef (W ZIEX T( T) + (ST — S;T)f'(S;T)

l\DM—l

(ST — S;T)2f"(S;T) + 6(ST — 8;T)? f(3)(SZ[1]T)),

where S}l] = S; + 61(S — 5;) for some 6; € (0,1). Later in the proof we shall write
TJ[Q] =T;+0,(T — Tj), where §, € (0,1). Using independence and the fact that EX; = 0,
we have . .

S EXTf(ST) => EX;ETf(S;T) = 0.

i=1 i=1

As ST — S;T = ﬁXiT, we obtain
E{W f"(W) + f'(W) = W f(W)} = N1 + Ri + Ry,

where

N, = ESTf'(W)+Ef (W ZEX T2 (8T,

1 33 g1
R = 2mWZ]EX T3 f"(S;T),
_ 44 £(3) ¢ ql1]

Ry = 6m2 Z:IEXi T O (S7T).
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We begin by bounding R; and R,. Taylor expanding f”(S;T) about W and using (4.2)
gives

IEX?| |
Bl =5 57 Z]ET3 f(S;T)
|EX3 - 3 // 1« 4 £(3) ( ol2]
=537 Z]ET —WZ;EXin (SET)
|1EX3| 3 o I EX3] EY*
< ET? f"(W 3
< Q\ﬁl "W+ 5 +t=—)

where we used that the random variables X, X;,... X,, are identically distributed. In
obtaining the last inequality we used that ET* < 3 + ETW and that E|X;| < VEX? = 1.
Bounding the term ﬁ\ET3 f"(W)] to the desired order of O(m~! + n~!) is somewhat
involved and is deferred until the part II of the proof.

The bound for R, is immediate. We have

IFOU S~ s < P g a5, BV
Ro| < —=— > EX"ET* < ———EX*({34+ —|.
IRl < 6m?2 ; - 6m + n
We now consider N;. We use independence and that EX? = 1 and then Taylor
expand f/(S;T) about W to obtain
l - 22 £1( Q. _ 2 ¢/ 1 - 3 el
—~ ZEXiT F(ST) = BT2f' (W) = — ;EXZT F1(w)

— 55 O BXIT (ST,
m
i=1

Taylor expanding f” (W) about S;T gives
1« 3 1 3 1 4 4(3) (gl4]
—m > BXT (W) = 3/2ZEXT F1(S:T) +—Z]EX TS (ST
=1 =1
1 « 4
= ZEX T3 (ST,
where we used independence and that the X; have zero mean to obtain the final in-
equality. Putting this together we have that
= EST["(W) + Ef' (W) — ET?f (W) + Rs,

where

|Rs| < ZEX2T4 FO (BT ’ +

i=1

1| 3] £ EY*

. 2m n
i=1

2m?2

Noting that 7% = —= 377, ;T = —= 37, Y;( 7 Y; + T;), we may write N as
N1 = Na + Rs + Ra,

where

N, ESTf" (W

En: EY;T; f'(W
Ry = Ef’(W)—;ZEYff’(W
j=1

S\
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We first consider R4. Taylor expanding f’(W) about ST} and using that ST — ST =
J=Y;S gives

Re= 23 B0 vAOm)

1y 2 1 L oc2s (5]
! ZE(l -v) (1) + ﬁYij”(STj) b oyestpo st
n 1 n
= /2 ZIES F"(STj) + 5 Z —Ys2 @ (st

where we used independence and that EY; = 0 and IEY]-2 = 1 to obtain the final equality.
Taylor expanding f”(ST;) about W gives

- EY3 EY3 -

EY? ——ESf"(W) - § EY;S?f® (ST,
Vn
j=1

—73 D BSf(ST) =
j=1

Putting this together we have the following bound for Ry:

IEY?
f

Hf3 I

|Ry| < ||]ESf”( W) + (1+2|BY3| + EY?).

As was the case with the term ﬁ|ET3f”(W) , (W)] to

the desired order of O(m~! + n~!) is somewhat involved and is deferred until part II of
the proof.

We now consider N;. Taylor expanding f'(W) about ST}, then using independence
and that EY; = 0 and EY? = 1 gives

=ESTf"(W \FZ]EYT< (ST;) + \/lﬁYij”(STj)

1 1
+ 5 YPs? FOSTy) + 368 f(4)(Sij)>
= Rs5 + Rg + Ry,
where
EY3 2 4(3
Ry = S/ZZES T £3)(STy),
1

EX4 3/4
6n m

o Z]E}/;453Tj FOST| <
j=1

R, = ESTf”(W)—%ZESTj F(STy).

j=1
Using independence and that the Y; have zero mean and then Taylor expanding f ) (ST;)
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about W gives

n

[EY?] ZES2Tf (ST;)

‘ 5| on3/2

V3| & ,
:gis/z ZE[sszu)( )fyjss< Vlﬁ’G)fm(ST}s])”
Jj=1

< BY?| o) LF9EY?| 1 EX1\
ES“T 1% 1 .
- Qf‘ ST+ 2n * Vn 3+ m

The term - |ES2T £ (W) is bounded to the required order of O(m~! +n~') in part II
of the proof.

To bound R; we Taylor expand f” (W) about ST, and use independence and that the
Y; have zero mean to obtain

|Rr| = % > EST[f"(ST) - f”(STj)]‘
J=1
1] & 1 1
= ;IES(Tj +Yj)(\/ﬁYj5f(3)(STj) + %szszf(z;)(ST][g]))’
:% ZE{ Y2S2f@) (ST, + Y2(T +\1f -)S3f(4>(STj[9])”
LFOL 9N (L BXNY L BY
L Y )

To summarise, at this stage we have shown that |EA(W) — VG%:8h| < 22:1 |Ry|. We
have also bounded all terms to order m~! + n~!, except for the terms ﬁ|ET3f”(W) ,
ﬁ|IESf”(W)| and ﬁ|IESQTf(3)(W)|. In part II of the proof we shall use symmetry
arguments to bound these terms to the required order. But before doing so, we obtain a
useful bound for ES?T () (W) that will ensure that our bound for |EA(W) — VG}jgh| will
only involve bounds of the first four derivatives of the VG, (1,0, 1, 0) Stein equation (1.7),
and hence will only involve the supremum norm of the first three derivatives of the test
function h. The bound is given in the following lemma, which is proved in Appendix A.

Lemma 4.5. Let f : R — R be four times differentiable, then

[[Ead]

ESPTS O (W)| < [BST2 " (W)] + [BS (W) + =1+ BJY?)
£ EY* EX*\ !
+ NG (2+I+E|Y3|+ ﬁ><3+ p- ) .

4.1.2 Proof Part II: Symmetry Argument for Optimal Rate

We now obtain bounds for ﬁESf”(W), ﬁESTzf”(W) and \/%]ETgf”(W). To obtain
the desired rate of convergence we shall use symmetry arguments, which are similar to
those used in Section 4.1.2. of Pickett [33] to achieve the optimal rate of convergence
for chi-square limit theorems.

We begin by considering the bivariate standard normal Stein equation (see, for

example, Goldstein and Rinott [22]) with test functions g¢;(s,t) = sf”(st), g2(s,t) =
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st?f"(st) and g3(s,t) = t3f”(st). The bivariate standard normal Stein equation with test
function gx(s,t), k = 1,2, 3, and solution v is given by

%Yy, oy, Oy

82
O (s,t) + BIe (s,t) —s—4— 95 (s,t) —tﬁ( 1) = gi(s,t) — Egr(Z1, Z»), (4.3)

0s2

where Z; and Z, are independent standard normal random variables.

For large m and n we have S ~ N(0,1) and T" ~ N(0,1), so we can apply the
O(m~'/?+n~1/2) bivariate central limit convergence rate (see, for example, Reinert and
Rollin [38]) to bound the quantities |lEg, (S, T) — Egx(Z1, Z2)|,
test functions g;, are odd functions (gx(s,t) = —gr(—s, —t) for all s,t € R), the following
lemma ensures that Egi(Z1, Z2) = 0, meaning that it should be possible to bound the
expectations gy, (S, T) to order m~/2 +n~'/2, which would yield O(m~' + n~!) bounds

for ﬁESf”(W), ﬁESTQf”(W) and ﬁETBf”(W).

Lemma 4.6. Suppose g(z,y) = —g(—x, —y), then Eg(Z1, Z3) = 0 where Z,, Z, are inde-
pendent standard normal random variables. In particular, if Z, and Z, are independent
standard normal random variables, then Eg(Z1Z5) =0, for k = 1,2, 3.

Proof. Let Z, = —Z; and Z, = —Z,. Then Z, 2 Z, and Z, £ 7}, so Eg(Z1,Z,) =
-Eg(Z1,Z) = —Eg(Z1, Z5), and therefore Eg(Z,, Z2) = 0. O

We now apply Lemma 4.6 and then perform Taylor expansions to bound the expec-
tations Egx(S,T). Providing that a solution 1), exists for the test function g;, we have

P 0%y, M 31/%

= R{ + R§ + Ri, + R,

(S, 7)+

(S.7) = S5 E(S.T) -

where

Ry = ms/zz Xdawk<s+¢1\r ),

Y,
koo ) J
Ry = n3/2 Z J’ 8t3 <S7 Tj + ¢2 \/ﬁ>’

RIICO = mg/QZ Xad)k(S +¢3\/* )7

O3y Y;
k
Rll = ’I’L3/2 E Y 5‘t3 <57Tj+¢4\/]ﬁ>a

with ¢1, ¢2, ¢3, ¢4 € (0,1).

Before we bound the remainder terms, we need bounds for the third order partial
derivatives of the solution ;. in terms of the derivatives of f. We achieve this task by
using the following lemma, the proof of which is given in Appendix A. Before stating
the lemma, we define the double factorial function. The double factorial of a positive
integer n is given by

1-3-5----(n—2)-n, n>0o0dd,
nll = (4.4)
2:4-6---(n—2)-n, n>0even,
and we define (—1)!! = 0!! = 1 (Arfken [1], p.547).
EJP 19 (2014), paper 38. ejp.ejpecp.org
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Lemma 4.7. Suppose that f : R? — R is four times differentiable and let g(s,t) =
5% f"(st), where a,b € IN. Then, the third order partial derivatives of the solution 1) to
the standard bivariate normal Stein equation (4.3) with test function g are bounded as
follows

3
Sol s TN + a2+ o 1
a2 PO (5] 4 (@ = D)+ b1
tala— D252 4+ = 2P+ G- DD} @)
3
Sol < TSI (a0

+520 T £ (|52 + @) (JP + (b — DI
+b(b — D274 #1114 + (@ — DI (Jt)P72 + (b—2)!) ). (4.6)

With these bounds it is straightforward to bound the remainder terms. The following
lemma allows us to easily deduce bounds for the remainder terms R, RE, RY, and R¥,,
k=1,23.

Lemma 4.8. Suppose that f : R? — R is four times differentiable, and let g(s,t) =
52t f"(st), where a,b € IN, then

EIX a+3

mlﬂ} + anEX|3] (BT + b+ 1))

s
IRE| < {2“”’||f<4)| [2“ [E|X3E|S“ T
8vm a
E|X|a+2
m(afl)/2
E|X|a+1
m(a72)/2

+a2e T f ) [2@2 [EX|3ES|G1 + } + (a— 1)!!E|X|3} (E|T|"* + b1

+ a(a — 1)29T0=4| 7] {2“‘3 {E|X|3]E|S|“_2 + } + (a— 2)!!EX|3]

x (E|T|® + (b — 1)!!)},

E|Y|b+3
nb/2
E|Y|b+2
n(b—1)/2
E|y|b+1
n(b=2)/2

|RE| < 8:}{2““’”#4) | {zb—l [E|Y|31E|Tb + ] + b!!E|Y|3] (E|S|*T? + (a+ 1))
n

+ 52001 £ [zb—2 [E|Y|3ET|”—1 + } +(b— 1)!!]E|Y|3] (E|S|“T! + all)

+b(b — 1)29 4 £ {2173 [E|Y|3E|Tb2 + } +(b— 2)!!]E|Y|3}

x (E|S|* + (a — 1)!!)}.

The bound for R¥, is similar to the bound for R but with EX? and E|X?| replaced with
EX?~2 and E|X?~2| respectively. The bound for R, is similar to the bound for RE but
with EY? and E|Y?| replaced with EY?~2 and E|Y?~2|. respectively.

Proof. We prove that the bound for R% holds; the bound for RE then follows by symme-
try. We begin by defining S} = S; + %Xi. We note the following simple bound for |S}|?,
forp > 1:

b1
S '
Sl+\ﬁXl

Using our bound (4.5) for the third order partial derivative of 1) with respect to s, we

i =

? p—1 p ¢117 p p—1 p |Xi|p
<2 S|P + ey | X7 ) <2 S|P + it ) (4.7)
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have

|8_ 3/2

Z]EXE‘Z%’ T)’

< o SR s a7+ 0 0
i=1

+a2 P FON (ST + (a = I(TI + ol
+aa = 1278572 4 (@ = )T + (b= 1)}

Ty . e [ Xl
SW_X;E‘X?{Q U0 {2 1[Si| +m;/2]+a!!}(|T|b+2+(b+ 11

|X¢‘a_1 ]

a+b—1(| £(3) a—2 Ja—1
+aze st 0] 22 i+ T

+a!!} (|T|°F! + bl

Xi a—2
+a(a — 1)29F=4 1 #7| [2@‘3 [|SZ-|‘1—2 + M} + a!!] (T° + (b — 1)!!)}’7

where we used (4.7) to obtain the final inequality. Applying the triangle inequality, that
X, and S; are independent and that, by Lemma 4.4, E|S;|? < E|S|? gives the desired
bound. The final statement of the lemma is clear. O

We can bound RE, RE, RY, and R, by using the bounds in Lemma 4.8. We illustrate
the argument by bounding R},. In this case we have g¢;(s,t) = sf”(st), that is a = 1 and
b= 0. We have

|Ry| <

(4) 3 E7X4 2 (3) 3
\F{?IIf ||<2X|+ﬁ)(ET +11) + | P (2E[X |)(IE|T|+0!!)}

- o= { e (i + EX) o),

where we used that 0!l = 1!! = 1, and E|T| < vET? = 1 to obtain the second equality.
Continuing in this manner gives the following bounds:

| f@) EX4>3/4]
2/n ’

oo 4 BEX* Evy* ()1l 3 EY4\ %4
r < 2o (2o + B0 (64 B ) oo+ (s 25) ]
5 4\ 3/4

g1 < 2o (zmve + EED) (24 (50 22 )

} n |f”|E|Y3},

|R3| < IE|Y3|[2+ <3+

4

EY
G| 2EY?
#7928+

2m || F@ 10(EY3)?  15EYY  EY©\*/°
R < =R IX3(8+ (15
|Rg| < NG | X718+ + - t—at 3 ,

EY*\**]  EY®
3 3
B < s e s a4 5o ) ]+

E|Y?® EY*
+24) @ {2E|Y3| L E ] + 3|1 [2E|Y3 + } }
f
The bound for Rf, is similar to the bound for R% but with EX? and [E|X?| replaced with
EXP~2 and E|X?2| respectively. The bound for R¥, is similar to the bound for R} but
with EY? and E|Y?| replaced with EY?~2 and E|Y?~2|. respectively.
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We have therefore been able to bound the terms ﬁESf”(W), ﬁESTQf”(W) and

\/%IETij’ f"(W) to order m~1/2 4 n=1/2, It therefore follows that the remainder terms
Ry,...,R; are of order m~* + n~!. We showed in part I of the proof that |EA(W) —
VG (m~! +n~!) bound. We

can now sum up the remainder terms to obtain the following bound:

[ER(W) = VG1ghl < Ay (X, Y)ME () + 3 (X, Y) M () + i (X, Y) M (),

where

A n(X,Y) = ”'IiYS' (E[Y3| +2) + ?’;;'E\/%j' {4 +2E|Y3| + \lﬁ 4 E\;ﬂ

T (X,Y) = %(9 +3[EX? + EX?) <3+ Ezﬂ) + ”“EnYS' {4+ 2E|Y 3| + \Qf + E\;T
“E;:” 1+ EY?) + ?% {4+ 2WY?| + 2|ETYS| 4 E':S]

7 EY3| 5 EY 4\ /4
2+ E|X -
+m GTEXCD(2+ (34— :

1 Ex4\** 4 EY*
o (X,Y) = <3+ ) (4EY4+6|1EY3|[4+1EY3|+ + D

24n NN
EX3 10(EY3)?2  15EY* EyS\/°
+TF|(E|X3|+2)<8+<15+ (BY7)”  LEY | EY ) )
m n n n

EY3 EX4 /4 8 . AE|Y®
+”<2+<3+ > ><18+<9+>Ey3|+||>
4n m n n

EX3 Ex+\ /4
4+ |(IE|Y3+2)<3+4(3+ m) >

vmn
5m|EY?| 3 2 Ex* EY*
44 2EB|X°) + —= .
t = ( +2E[X?[ + =+ —= |6+ —

To complete the proof of Theorem 4.1 we simplify this bound by using that m,n > 1, as
well as that for ¢ > b > 2 we have EX® > EX? > 1, and then round all numbers up to
the nearest integer. Doing so leads to bound (4.1), as required. O

4.2 Extension to the case r > 1
For the case of r > 1, we have the following generalisation of Theorem 4.1:
Theorem 4.9. Suppose the X, and Y;, are defined as before, each with bounded sixth

moment. Let W, = \/W ij’; ", XirY;i. Then, for any positive integerr and h € C3(R),
we have

[ER(W,) — VGToR| < r(71 (X, V)M (h) + 32(X, Y) M2, (h) + 73(X,Y)ME (R), (4.8)

where the Mﬁ’l(h) are defined as in Theorem 3.6, VGq’)gh denotes the expectation of
hZ) for Z ~ VG(r,0,1,0), and the ~; are as in Theorem 4.1.

Proof. Define W(;y = \/ﬁ o j=1 XirYjk, so that W, = > k1 Wk). Using the VG4(r,0,1,0)
Stein equation (1.9) we have

Eh(W,) — VGTOh = B{W, f"(W,) + ' (W,) — W, f(W,)]

—ZE Wo) + f/(Wy) = Wy f (W)
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:Z [[W(k)f( w) W) = Wiy (W) | Wy W(k—1),W(k+1)7~--,W(r)]]
k=1

Since ||¢(™ (z+c¢)|| = ||g"™ ()| for any constant ¢, we may use bound (4.1) from Theorem
4.1 and the bounds of Theorem 3.6 for the derivatives of the solution of the VG4 (r, 0, 1,0)
Stein equation to bound the above expression, which yields (4.8). O

Remark 4.10. The terms M}, (h), for k = 2,3,4, are of order r~1/2 asr — oo (recall
Theorem 3.6), and therefore the bound of Theorem 4.9 is of order r'/?(m~' +n~'). This
in agreement with bound of Theorem 4.7 of Pickett [33] for chi-square approximation,
which is of order d*/?m~"!

Remark 4.11. The premise that the test function must be smooth is vital, as a non
smooth test function will enforce a square-root convergence rate (cf. Berry-Esséen the-
orem). Consider the following example in the case of a VG1(1,0,1,0) random variable
with test function h = xyoy. Let Xy, i = 1,....m = 2k and Y;, j = 1,...,n = 2I,
be random variables taking values in the set {—1,1} with equal probability. Then
EX; =EY; =0, VarX; = VarY; = 1 and

:IP(ZM XY, = o)
(Z_Xi :o) +1P(Z_Yj :o) —P(ZiXi :O)IP(ZJ_Yj :o)

OGO
O

by Stirling’s approximation. Furthermore, VGijgh =TP(VG(1,0,1,0) = 0) = 0, and hence
the univariate bound (4.1) fails.

4.3 Application: Binary Sequence Comparison

We now consider a straightforward application of Theorem 4.1 to binary sequence
comparison. This example is a simple special case of a more general problem of word
sequence comparison, which is of particular importance to biological sequence com-
parisons. One way of comparing the sequences uses k-tuples (a sequence of letters of
length k). If two sequences are closely related, we would expect the k-tuple content of
both sequences to be very similar. A statistic for sequence comparison based on k-tuple
content, known as the D, statistic was suggested by Blaisdell [8] (for other statistics
based on k-tuple content see Reinert et al. [39]). Letting .4 denote an alphabet of size d,
and X,, and Y, the number of occurrences of the word w € A* in the first and second
sequences, respectively, then the D, statistic is defined by

Dy = Z XY

weAk

Due to the complicated dependence structure at both the local and global level (for
a detailed account of the dependence structure see Reinert et al. [37]) approximating
the asymptotic distribution of D is a difficult problem. However, for certain parameter
regimes D, has been shown to be asymptotically normal and Poisson; see Lippert et al.
[26] for a detailed account of the limiting distributions of D, for different parameter
values.
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We now consider the case of an alphabet of size 2 with comparison based on the
content of 1-tuples. We suppose that the sequences are of length m and n. We assume
that the alphabet is {0, 1}, and IP(0 appears) = (1 appears) = 3. Denoting the number
of occurrences of 0 in the two sequences by X and Y, respectively, then

Dy=XY+(m-X)(n-Y).

%
tively. Since EX? = W, it is easy to compute the mean and variance of D>, which
are given by

Clearly, X and Y are independent binomial variables with expectation 73 and 5 respec-

ED, = % and  VarD, = %.
We now consider the standardised D statistic,
W DED 19
- \/%<XY+(m—X)(n—Y)—W;n>
- \/%(ZXYanYJrn;n)

eI
T 1

By the central limit theorem, (X — %)/,/% and (Y — %)/,/% are approximately N (0,1)
distributed. Therefore W has an approximate VG1(1,0,1,0) distribution. We now apply
Theorem 4.1 to obtain a bound on the error, in a weak convergence setting, in approxi-
mating the standardised D, statistic by its limiting VG4 (1,0, 1,0) distribution.

Theorem 4.12. For uniform i.i.d. binary sequences of lengths m and n, the standard-
ised Dy statistic W, defined as in equation (4.9), based on 1-tuple content is approxi-
mately VG4(1,0,1,0) distributed. Moreover, for h € C}(R) the following bound on the
error in approximating W by its limiting distribution holds,

[ER(W) — VGygh| < min{A, B}, (4.10)

where 9 1 9 )
A= =M (h)+ =M} (h d B==M;,(h)+—M(h
m Ta( )+n 11(h) an " ia( )+m 11(h),

where the Mﬁl(h) is defined as in Theorem 3.6, and VGizgh denotes the expectation of
h(Z), for Z ~VG1(1,0,1,0).

Proof. We can write the number of occurrences that letter 0 occurs in the first sequence
as X = ) " I, where [, is the indicator random variable that letter 0 appears at
position ¢ in the first sequence. Similarly, the number of occurrences of letter 0 in the
second sequence is given by Y = Z?Zl J;, where J; is the indicator random variable
that letter 0 appears at position j in the second sequence. The standardised D- statistic
W may therefore be write as

Dy —ED X-2\/y-2 1 &
e = () (A ) =
VarDs = \/g mn 2=
where X; = 2(I;—1) and Y; = 2(J;—3). The X; and Y; are all independent and have zero
mean and unit variance. We may therefore apply Theorem 4.1 with EX} = ]E)Yj3 =0 and
EX;' = EY;* = 1 to obtain bound (4.10). O
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A Proofs from the text

Here we prove the lemmas that we stated in the main text without proof.
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Variance-Gamma approximation via Stein’s method

A.1 Proof of Proposition 1.2
For clarity, we restate the proposition.

Proposition A.1. (i) Let ¢ > 0 and i € R and suppose that Z, has the VG1(r,0,0//r, 1)
distribution. Then Z, converges in distribution to a N (i1, 0?) random variable in the limit
T — 0OQ.

(ii)) Let 0 > 0 and u € R, then a VG4(2,0, o, 1) random variable has the Laplace(u, o)
distribution with probability density function

pvgl(x;270,a7,u):1exp(—|$_ul), z € R. (A.1)
20 o

(iii) Suppose that (X,Y) has the bivariate normal distribution with correlation p
and marginals X ~ N(0,0%) and Y ~ N(0,0%). Then the product XY follows the
VGi(1, poxoy,oxoy+/1 — p?,0) distribution.

(iv) Let X1,..., X, and Yy,...,Y, be independent standard normal random variables.
Then p+o Y., _, XY, has the VG, (r,0, o, 1) distribution. As a special case we have that
a Laplace random variable with density (A.1) has the representation p+o(X;Y; + X0 Y5).

(v) The Gamma distribution is a limiting case of the Variance-Gamma distributions:
for r > 0 and A\ > 0, the random variable X, ~ VG(2r,(2\)~!,0,0) convergences in
distribution to a I'(r, \) random variable in the limit o | 0.

(vi) Suppose that (X,Y) follows a bivariate gamma distribution with correlation p
and marginals X ~ I'(r,A\1) and Y ~ I'(r, \2). Then the random variable X — Y has the
VG1(2r, (201) 71 — (222) 71, (M A2) " Y2(1 — p)1/2,0) distribution.

Proof. (i) Let X1, X5,... and Y7,Y5... be independent standard normal random vari-
ables, and define Z, = u + % 22:1 X,;Y;. Then by Corollary 2.5 it follows that 7, ~

VGi(r,0,0/+/r, ). Moreover, the products X;Y;, ¢ = 1,2,..., are independent and iden-
tically random variables with mean zero and unit variance, and by the central limit

theorem%zz  X;Y; B N(0,1). Hence, Z, E)N(/J,, o?)asr — oo.

(ii) This follows by applying the formula Ki( 1 \/ 35€ * to the density (1.5).
(iii) Let X = £ ~ N(0,1) and Y = ; ~ N(O7 1), and define the random variable W
by
1 - .
W= —=(Y - pX).

V1= p?
It is straightforward to show that W ~ N(0,1), and that I and X are jointly normally

distributed with correlation 0. We can therefore express the product Z = XY in terms
of independent standard normal random variables X and W as follows

Z=XY =oxoy XY = O'Xo'yX(\/l — p2W + p)z') =oxoyv1— pr(W + paxayf(z.

Hence, by Corollary 2.5, we have that Z ~ VG, (1, poxoy,ox0oy+/1 — p3,0).

(iv) Taking # = 0 in Corollary (2.5) leads to the general representation. The repre-
sentation for the Laplace distribution now follows from part (ii).

(v) This follows on letting ¢ — 0 in Proposition 2.4 and then using the fact that if
Y ~T'(a, 8) then kY ~ I'(«a, B/k).

(vi) Theorem 6 of Holm and Alouini [23] gives the following formula for the proba-
bility density functionof Z =U — V:

- st rvta) (a2
v f\/m (B1+ B2)? — 4B1B2p Ploa=p\ B~ B

K,_, (|x| \/(512;‘122 4/)31ﬁ2p), s R,
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where . .
51 = Tl and 52 = YQ
We can write the density of Z as follows
pz(x) = i < 1 > . exp <x M)
7 (r)v/m/B1Ba(1 — p) \ (B1 + B2)? — 4B1P2p B1B2(1 = p)
VB — B2)/22 — B1Ba(1 — P))
K, 1 <m| B 60— p) , z € R. (A.2)

Comparing (A.2) with the Variance-Gamma density function (1.5), we see that Z has a
VGi(2r,0,0,0) distribution, where 6 and o are given by

0 br—F 1 1
2 221 20y
L—p
= 1— ) =./—F
o VB1B2(1 = p) =4/ S
as required. O

A.2 Proof of Lemma 3.3

We begin by proving that there is at most one bounded solution to the Variance-
Gamma Stein equation (3.7) when v > 0. Suppose u and v are solutions to the Stein
equation that satisfy ||u(®||, |[v®)| < co. Define w = u — v. Then w satisfies ||w®|| =
[u) —v®)|| < Ju®||+|[v®)|| < oo, and is a solution to the following differential equation

zw” (z) + (2v + 1+ 2B8x)w'(x) + (2v + 1)8 — (1 — f*)z)w(x) = 0.
This homogeneous differential equation has general solution
w(z) = Ae P2 VK, (z) + Be P*x VI, (z).

From the asymptotic formula (B.3) for I, (x), it follows that to have a bounded solution
we must take B = 0. From the asymptotic formula (B.2) for K, (z), we see that w(z) has
a singularity at the origin if v > 0. Therefore if v > 0, then for w(x) to be bounded we
must take A = 0, and therefore w = 0 and so u = v.

We now use variation of parameters (see Collins [12]) to solve the Stein equation
equation (3.7). The method allows us to solve differential equations of the form

v"(2) + p()v'(z) + q(z)v(z) = g().
Suppose v1(x) and vo(z) are linearly independent solutions of the homogeneous equa-
tion
v"(z) + p(x)v'(z) + q(z)v(z) = 0.
Then the general solution to the inhomogeneous equation is given by

o) = —on(e) [ 2D gy [ 2000

where a and b are arbitrary constants and W (¢) = W (v1,v2) = v1vh — v} is the Wron-
skian.
It is easy to verify that a pair of linearly independent solutions to the homogeneous

equation
I e R R e o) O
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are e #?x VK, (z) and e #*2x7VI,(x). However, we take f;(x) = e 5%|z| VK, (|z|) and
fa(z) = e=P%|z|~VI,(|z|) as our linearly independent solutions to the homogeneous equa-
tion. It will become clear later why this is a more suitable basis of solutions to the
homogeneous equation. We now show that f; and f, are indeed linearly independent
solutions to the homogeneous equation. From (B.1) we have

L(z]) _ ii 1 a2 _ i 1 (g)% _ L(2)
|x|¥ |x|¥ prs Pv+k+ 1K\ 2 P F'v+Ek+ 1)k \2 v

Formula (B.6) states that K, (—z) = (—1)" K, (z) — mil,(x) and therefore

K, (—z) K,(z) mi I, (x)

(o e T e

and so
e K, (lz]) e 7K, (z) i e P, (x)

[ = v - (1) v X(=o0,0] ()

Since e #?2%],(z) is a solution to the homogeneous equation that is linearly indepen-
dent of e %2V K, (z), it follows that e~#|2|" K, (]z|) is a solution to the homogeneous
equation.

From (B.9) and (B.8) we have

d (KV(I$)> Kopi(lz])  d (Iu(xl)) _ Lvna(lz])

de \Jzv )~ ] alar=1

zlzlv=1 7 de

and therefore

W(x) = e 2P (I (|2 Ky (l2]) + Ky (|2 s (l2]) e
:L".’E|2V71 l".’b|2”’

where we used (B.5) to obtain the equality in the above display. Therefore the general
solution to the inhomogeneous equation is given by

e*ﬁr[(y T z 5 — 1

fa) = —W“') |l Ll bty) — VG ol dy
e 5, (|x v —a

i |<') / Yy K, (1y]) [h(y) — VGorwh] dy.

This solution is clearly bounded everywhere except possibly for x = 0 or in the limits
r — +o0o. We therefore choose a and b so that our solution is bounded at these points
and thus for all real z. To ensure the solution is bounded at the origin we must take
a = 0. We choose b so that the solution is bounded in the limits + — +o0o. If we take
b = oo then we obtain solution (3.11). Taking b = —oo would lead to the same solution
(see Remark 3.4).

Solution (3.11) is a candidate bounded solution, and we now verify that this solution
and its first derivative are indeed bounded for all x € R. Straightforward calculations
show that, for x > 0,

- e K, (x) [ 5 - le P, (x) [ 5
1= A [ e a4 1| [T e ) a)
0 T
- 1d (e PK, () v
M < Ja||l|— —== BT, (y) d
71 < vl (et ) [Cenrnia
= 1d (e P, (2) o
hl||— | —£=2 Pyy K, (y) d
sl () [T e wa)
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where h = h(z) — {/\C/};Eh From inequalities (B.11), (B.12) and (B.13) it follows that the
expressions involving modified Bessel functions are bounded for all + > 0. Recalling
Remark 3.4, it is sufficient to bound these expressions in the region x > 0 and then
consider the case of both positive and negative 3, and so we have shown the f and its
first derivative are bounded for all = € R.

A.3 Proof of Lemma 4.5
Taylor expanding f”(W) about ST} gives

1 1 - 1 1
BT ) = 2 S, (14 5715 )ssam)

1 — 1
= 75 2B (T + Yj>5<f”(STj)
Vin = vn
1 1
+IRYSFOST) 4+ 5 vPS? f<4>(5T;11>>
= Ri + N1 + Ra,

where

1 n
= = ESf'(ST:
Ry - E S (ST;),

j=1

12y L s
N = E;ES (YjTj+\/ﬁYj)f()(STj)7

n /4
17 s( v 1o D0 (s, EY? EX*\?
|Ry| < 2n3/2;ES YjTJ—f—%Yj <o JE|Y|+W 34— .

Here we used that EY; = 0 and ]EYj2 = 1 to simplify R;. To bound R; we Taylor expand
J"(ST;) about W to obtain

1]
+W.

We now consider bound ;. Using independence and that IEY; = 0 and IEYJ-2 =1 gives

|Ba| < [ESF" (W)

Ny = % iESQTf(?’)(Wj) + ]TELTi i ES?f3)(STy).
Jj=1 j=1
Taylor expanding the f(*) (ST};) about W allows us to write N; as
Ny = ES?*Tf3) (W) + Rs,
where

EY3 1 & 1
|Rs| = ‘W > ESPONST)) — =5 > EY;S? (Tj + \/EYJ) F@ (ST
Jj=1 j=1

IFOUEYS] I 1 Ex4\**
<ML )0+ )

Putting this together, we have shown that

EST?f"(W) = ES?’Tf®) (W) + Ry + Ry + Rs.
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Rearranging and apply the triangle inequality now gives
IES?Tf®(W)| < [EST?f"(W)| + |R1| + |Ra| + | R3],
and summing up the remainder terms completes the proof.

A.4 Proof of Lemma 4.7

We prove that inequality (4.5) holds; inequality (4.6) then follows by symmetry. We
begin by obtaining a formula for the third order partial derivative of i) with respect to
s. Using a straightforward generalisation of the proof of Lemma 3.2 of Rai¢ [35] it can
be shown that
0% e~ 02 ,

93 /0 /RZ ﬁ@g(zs,zt)gﬁ (z)¢(y) dz dy du, (A.3)

where z; = e7%s + V1 —e g, z; = e %t + V1 — e 2¥y, and ¢(x) = Fe 32° 50 that

d'(x) = —m( ). We now calculate the second order partial derivative of g with respect
to s. Since
Ozs 0z e and Oz Ozs
ds Ot ds ot
we have that
329 o—25(a b+2 (4) a—1 b+1 (3) a—2_b ¢y
952 {2 [(z52t) + 20z FO(zs2) + ala = 1)z 220 f" (2520}

We now use the simple inequality that [p+¢|™ < 2"~ (|p|™ + |¢|") to obtain the following
bound on z,

|Zn| _ |e_“s 4 1— e_gux|n < 2n—1(e—nu|s|n + (1 _ e—2u)n/2|$|n) < 2n—1(‘8‘n + ‘xln)
and a similar inequality holds for z;. With these inequalities we have the following
bound

< e 22 PO (|| + |2]*) (1142 + [y[*+2)

9%
0s?

+ 2027072 FO| ()77 + 2|+ [yl
+aa = D2 FN (17 + ") (8 + 1yl*)}-

Applying this bound to equation (A.3) gives the following bound on the third order
partial derivative of i) with respect to s:

83,(/) / / —u
03 Re VI — o 2¢ 832
< [ ] A @ Ut + el )
RO e+ )
+ala= 252 4 a2+ Iy Helole)o(w) do dy du
=5 [ IOl el )

+ a2 FO(fs " 4 2 ) (P gl
+ala— D2 (18] + 2l 2) (1 + [y} elo(@)dly) dedy,  (A4)

2 [216(2)6(y) dz dy du
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where the final equality follows from the formula [;* \/% du = 7 (see Gaunt [18], p.

19). We can now obtain the desired bound by using the following formula (see formula
17 of Winkelbauer [44]) to evaluate (A.4):

> 2k/27 (L 2, kodd
/ lz[fp(z)dz = 2rey) = (k-1 ™ o0
e VT 1, k even,

which completes the proof.

B Elementary properties of modified Bessel functions

Here we list standard properties of modified Bessel functions that are used through-
out this paper. All these formulas can be found in Olver et al. [30], except for the
inequalities, which are given in Gaunt [19].

B.1 Definitions

The modified Bessel function of the first kind of order v € R is defined, for all z € R,
by

)u+2k (B.1)

> 1 T
L) = kZ:O T(v+k+ 1)kl (5

The modified Bessel function of the second kind of order v € R can be defined in
terms of the modified Bessel function of the first kind as follows

™

K, (z) = m(l,u(x) —I,(x), v#7Z,z€eR,
K,(2) = lmK,(z)= lim %#w) I_,(x) - I,(z)), vEZ z€R.

B.2 Basic properties

For v € R, the modified Bessel function of the first kind 7,,(x) and the modified Bessel
function of the second kind K, (z) are regular functions of z. For » > —1 and = > 0 we
have I,(z) > 0 and K,(x) > 0. For all v € R the modified Bessel function K, (z) is
complex-valued in the region = < 0.

B.3 Asymptotic expansions

K, (x)

i1 vl
{2 Ly, 210, v#0, (B.2)

—logz, z]0,v=0,

e.’IJ

V oz

K, (zx) ~ 1/21]76_I, T — 00. (B.4)

L(z) ~ T — 00, (B.3)

B.4 Identities

1
IL(@)Kyp1(x) — Ly (0)K,(z) = = (B.5)
(1)K, (x) —mil,(x) = K,(—x). (B.6)
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B.5 Differentiation

1 ()
d

& (Kégx))

_%(le(g;) - K,_1(z)),

xl/

)

)

B.6 Modified Bessel differential equation

The modified Bessel differential equation is

2 f(@) +af' () — (2 +v*) f(2) = 0.

The general solution is f(z) = Al (z) + BK,(z).

B.7 Inequalities

Let—1<pfB<landn=0,1,2,..

d (e P"K,(z) r Bt
n —Bx 0
d (eI”(”T))/ PUYK, (1) dt| <

d$"

xl/

dzxm™ v

d® (e_ﬁxl”(’r)) /OoeﬂttVKy(t)dﬁ <

., then for z > 0 we have

%ml{”ﬂ@)h(m) <oo, V> 1
VL (v +1/2) 1
(1— B2y (v + 1) vz,
(e +1)22T(v +1/2) 1
e My

27

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)
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