n b
Electr® 8biljty

Electron. J. Probab. 18 (2013), no. 8, 1-15.
ISSN: 1083-6489 DOI: 10.1214/EJP.v18-2271
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in non-uniform metric spaces
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Abstract

We investigate the degree sequences of geometric preferential attachment graphs
in general compact metric spaces. We show that, under certain conditions on the
attractiveness function, the behaviour of the degree sequence is similar to that of
the preferential attachment with multiplicative fitness models investigated by Borgs
et al. When the metric space is finite, the degree distribution at each point of the
space converges to a degree distribution which is an asymptotic power law whose
index depends on the chosen point. For infinite metric spaces, we can show that for
vertices in a Borel subset of S of positive measure the degree distribution converges
to a distribution whose tail is close to that of a power law whose index again depends
on the set.
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1 Introduction

In [6] and [7], Flaxman, Frieze and Vera introduced a model for a growing graph
driven by geometric preferential attachment. In this model, which is a variant of the
Barabasi-Albert preferential attachment model introduced in [1] and analysed in [3, 4],
vertices are given a random location in a metric space S and the probability that a new
vertex is connected to an already existing vertex v depends on the distance between
them in space as well as on the degree of u. The aim is to combine the ideas of the
Barabaési-Albert model with some of those found in spatial graph models, for example
random geometric graphs, [11], online models such as the FKP model, [2], and its
special case the online nearest neighbour graph, [12], which is also a degenerate case of
geometric preferential attachment. A slightly different model of geometric preferential
attachment has been recently introduced and studied by Jacob and Morters in [8].

In [9], under a rather strong condition on the probability measure determining the
locations of the vertices and the strength of the effect of distance on the connection
probabilities, it was shown that the limiting proportion of vertices with degree d was
the same as that found for the Barabasi-Albert model in [4].
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Geometric preferential attachment

In this paper we consider one of the questions which was left open in [9], namely
what it is possible to say if we weaken the assumptions on the probability measure p
determining the locations of the vertices. In [9] it was required that for any fixed r,
(B, (x)) is constant as a function of z, where B,.(z) is the open ball (in the underlying
metric on S) of radius r centred on z, for example the case of Haar measure on a com-
pact group with an invariant metric. We will show that if this assumption is weakened
then the behaviour of the degree distribution of the model is similar to that found for
preferential attachment with multiplicative fitness, as investigated by Borgs et al in [5].
In that paper each vertex has a random fitness, and the probability of a new vertex con-
necting to an existing vertex is proportional to the product of its degree and its fitness.
We still assume certain conditions on the the strength of the effect of distance on the
connection probabilities and that the space is compact.

In addition we generalise the model of [9] so that the attractiveness of a vertex at
location x to one at location y is not necessarily the same as the attractiveness of a
vertex at location y to one at location x. We do this by replacing the attractiveness
F(p(z,y)) (where p is the metric on S) by a function of two variables «(z,y). This also
allows the preferential attachment with fitness model of [5] to be seen as a special case
of our model, by allowing a(z,y) to only depend on .

2 Our model and results

We assume S is a compact metric space with metric p and probability measure p;
the locations of the added vertices will be assumed to be independent random variables
(Xn)nen with law u. We denote the Borel o-algebra of S by B(S). We will use R* to
mean (0, 00).

Let o : S x S — R* be an attractiveness function; we will usually assume that « is
continuous. The interpretation of a(x,y) here is that it is the attractiveness of a vertex
at x to a new vertex at y. Note that the situation in [9], where the attractiveness was
defined as F(p(z,y)) with F being a function from RT — R™*, can be treated using the
formulation in this paper by letting a(z,y) = F(p(z,y)). Also note that the preferential
attachment with fitness model of [5] can be seen as a special case of this model with
S being the set of possible fitnesses, the “location” of a vertex being its fitness, and
alz,y) =z forall z,y € S.

Let m € IN be the number of vertices that each new vertex will be connected to when
it is added to the graph, which as in other papers, such as [1, 3, 9], will be a parameter
of the model.

In [9] it was assumed that the metric space S and measure p satisfied the condition
that, for any fixed r, u(B,(z)) is constant as a function of z, where B, (x) is the open
p-ball of radius r centred on x, a rather strict “uniformity” condition. The aim here is to
discuss what happens when this assumption does not hold.

To start the process, we let Gy be a connected graph with ng vertices and ey edges,
and we give each vertex v € V(Gp) a location X,, € S. Then, to form G, from G,,
we add a new vertex v, to the graph whose location X,,;; = X, , is a random
variable on S with law p independent of X;, X5,..., X,, and the structure of G,,. Let
IQ(n+1), 1 < ¢ < m be the random variables representing the m vertices chosen to be
neighbours of the new vertex v, ;1 at time n + 1. Conditional on X, ; and F,,, where

Fn is the o-algebra generat?d b)y the graphs Gy, G4, ..., G, and the location in space of
n+1

their vertices, we let the V be chosen independently such that for v € V(G,,) the
probability that VE(”H) =vis
dean (U)O‘(va Xn+1)
Dn(Xn—i-l) ’
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where deg(v) is the degree of the vertex v in the graph G and

Note that we allow that Vz(l’”l) = VE(Z"H) for some ¢; # {5, in which case multiple edges

will form; we do not allow loops in the sense of edges which have both ends at the same

vertex, although edges may be between two vertices at the same location in S.
Following [9], we define a sequence of (random) measures §,, on S by, for A € B(S),

A== S degg, (1),

2(mn + eo) VEANV (Gn)

so that §,(A) is the total degree in A, normalised to give a probability measure on S.

Then ( )
731 = a\Tr do,(x).
2(mn+eo) /S ( ’y) n( )

Thus the probability that Vi("H) = v given G, and X,,;1 = y can be rewritten as

degg,, (v) (X, )
2(mn + eq) [ga(z,y) don(x)’

and so the probability that VZ-("H) = v given G, is

degG 1)7 y
d . 2.1
mn + 60 / fs alr y disn ) M(y) ( )

Given the uniformity and symmetry assumptions in [9] §,, converges weakly to p,
and furthermore [ a(z,y) du(z) does not depend on y. This can be used to show that
the integral in (2.1) tends to 1, so for large n the probability of choosing v is close to
what it would be in standard preferential attachment.

Our aim is to show that if the uniformity assumption does not hold, then under
certain conditions §,, converges weakly to some measure v on S. If this holds then for
large n then IP(V;("H) = v) will be approximately

degc / my
du(y).
(mn o) Js Toal @ w(y)

We have the following theorem.

Theorem 2.1. Assume that « is a continuous function from S x S to R™, that log a is
Lipschitz in both components, and that there exists oy > 0 such that a(x,y) > «q for all
x,y € S. Then we have the following.

1. There exists a probability measure v on S such that 9,, converges weakly to v.

2. Define, foru € S,
a(u,y)
= | T s dny);
S et @

then, almost surely as n — oo

2(mn + ep)

PV = 0|7,
v; ) deggr. @)

= o(Xy) +o(1),
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Note that, unlike in [9], we do not allow «a(z,y) — oo as p(x,y) — 0 here. In the case
where S is a finite metric space, we do not require the conditions on «; in that case we
can simply assume that « is a function from S x S to R*.

That IP(V;("H) = v) is approximately proportional to a constant ¢(X,) times the de-
gree of v is reminiscent of the preferential attachment with fitness model of Borgs et al

n [5]. This suggests that in our model the quantity ¢(X,), which depends on the loca-
tion of the vertex v, might play a similar role to the fitness in the model of [5]. Indeed,
in [5] it is shown that vertices of different fitnesses have degree distributions following
approximately power law distributions where the index of the power law depends on
the fitness, and we will show similar results here, starting with the case where S is a
finite metric space.

Theorem 2.2. Assume that the metric space S consists of a finite number of points
21,22, ...,2nN, and that a(z,y) is a function from S x S to R™. Let pu; = p({z:}), and let

¢; = gb(zl) where ¢ is as defined in Theorem 2.1. Then if we let pg ") be the proportion of
vertices of G,, which are located at z; and have degree d, we have

m 2w T(m+2¢;)(d)
¢i T(m)T(d+2¢;* +1)’

almost surely, as n — oo.

In a similar way to in [5] this gives an asymptotic (in d) power law for vertices at the
same location. As in [5] the tail index of the power law depends on ¢;, and here is 2¢; !
Indeed we can think of ¢; as giving a “geometrical fitness” for a point at z;, thought of
as a multiplicative fitness in the sense of [5].

We can also obtain a result on the degree sequence in the case where S is infinite.

Theorem 2.3. Assume the same conditions as for Theorem 2.1. Let A € B(S) be a Borel
set with u(A) > 0. Let pEl ") be the proportion of vertices in G, which are of degree d
and have locations in A. Let ¢4 = Sup,ec4 ¢(x) and Y4 = infyca ¢(z).

Then, almost surely,

d d
" L 2T (m+2¢71) r'(k)
li f—- — ,
mint o 2 ST Y e

for any ¢ > ¢4, and

2T (m+2671) < T'(k)
, ¢ T(m) S T(+207'+1)

forany ¢ < 4.

This shows that for vertices in A the limiting tail behaviour of the degree sequence
is between those of power laws with tail indices 21/1;1 and 2(;5;11.

To prove the above theorems, we will start off by considering, in section 3, the case
where S is a finite metric space, where stochastic approximation techniques can be
used to show the convergence of the measures (which in the finite case are points in
a simplex). In section 4, we will then use a coupling between geometric preferential
attachment on S and a process closely related to the finite space case to show that
convergence of measures also applies in the infinite case, and deduce Theorem 2.3.
The arguments are to some extent based on those in [5] but use more general stochastic
approximation techniques. Before that, we will give some examples where the measure
v can be found explicitly.
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2.1 Examples

2.1.1 Uniform measure

In [9], it was assumed that for any fixed r, u(B,(x)) is constant as a function of z, where
B, (z) is the open ball (in the underlying metric on S) of radius r centred on z. This
includes for example the case of Haar measure on a compact group with an invariant
metric. It was also assumed that a(z,y) = F(p(x,y)) for some function F. Under these
assumptions, the results in [9] imply that the measure v in Theorem 2.1 is equal to u.
As a result the function ¢ defined in the statement of Theorem 2.1 is 1 everywhere on
S, and all subsets of S with positive measure under ;. have the same limiting degree
distribution for their vertices.

2.1.2 Preferential attachment with fitness

As mentioned above, the preferential attachment with fitness model of [5] can be con-
sidered as a special case of our model by letting the set S be a subset of R, the location
of a vertex being equal to its fitness, and taking a(z,y) = «, so that the attractiveness
of a vertex does not depend on the location of the new vertex but simply on its own
location, that is its fitness. (Note that for Theorem 2.1 to apply to this model as stated,
we require that the set of fitnesses be bounded away from zero and to be contained
within a compact subset of RT.)

This model is analysed in detail in [5], considering finite, discrete countable and
continuous fitness distributions separately. For example in Theorems 6 and 7 of [5] it
is assumed that the fitness distribution is defined by a probability density function g(x)
on an interval [0, k], and that g(x) is non-zero on (0, k). It is also assumed that m = 1.
Under these assumptions they show that, if M,, |, the number of edge endpoints in G,
with fitnesses in [a,b] then for 0 <a < b < h

Mn,[a,b]

7 Vla,b]
n

almost surely as n — oo, where an explicit formula for v, ;) is given. For example if
there is a solution \g > h to

h
/ 29@) 51 (2.2)
0 AO — X
(this is described in [5] as the “fit get richer” phase) then vy, ;) is defined as )¢ ff qu(i)z
In our notation, this shows that the measure v satisfies v([a, b]) = “1%2.

In what is described in [5] as the “innovation pays off” phase, where there is no
solution to (2.2), the results given in Theorem 7 of [5] show that the measure v has an
atom at h. More generally, it is possible that in our setting there may be subsets of .S
for which the measure v is positive but u is not, indicating that a proportion of vertices
tending to zero have a positive proportion of the edge ends, the innovation pays off
phase of [5] being the simplest example where this happens.

2.1.3 A two-point metric space

We let S = {0,1}, «(0,0) = a(1,1) = 1 and «(0,1) = «(1,0) = a > 0. We define the
measure g by p({0}) = p and p({1}) = 1 — p, with 0 < p < 1. This is then a special case
of the framework in section 3, with N = 2. In this setting the simplex can be represented
as [0, 1], and the Lyapunov function which we use in section 3 can be written as

Viy)=1- % [p(log(y) + log(y + a(1 —y))) — (1 — p)(log(1 — y) + log(1 — y + ay)] .
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Let yo be the unique root in (0, 1) of

1 1—-a 1 1-a
P +>:(1—P)< + >7 (2.3)
(y y+a(l—y) l—y l-y+tay
which gives the location of the minimum of V(y) in [0, 1]; then Theorem 2.1 applies with
the measure v being defined by v({0}) = yo and v({1}) = 1 — yo. We can also calculate

p (1—-pa
yo+ (1 —yo)a 1—yo+yoa

$(0) =

and

1—p pa

+ .

L—yo+yoa yo+(1—yo)a

We note that if y = p then (2.3) only holds if either a = 1 (which would be equivalent
to standard preferential attachment) or p = 1/2 (in which case the uniformity assump-
tion of [9] would hold) so if neither of these two conditions hold the measures v and p
are different.

o(1) =

3 The finite case

This section will prove Theorem 2.1 in the finite case and Theorem 2.2. We assume
the metric space S consists of a finite number of points z1, 22, ..., z2n. Let u; = p({z:}),
and let A5 = Oé(Zi, Zj).
Let Y, be the number of edge ends at point z; in G,,, i.e. the sum D 0eV(Gr), X o=z 468 (V).

~ n . )
Then let Yi( ) = on({zi}) = 2(mnteo)’

at z;, and let Y™ be the point (}71("), 172("), e YJE,”)) in the N-simplex.
Then we can write

i.e. the proportion of edge ends which are located

dean (U)a(Xw Zj )

IP(vé(n-‘rl) — U‘fn,Xn-i-l — Zj) — -
Ziv:l akvjyk( )

and so the probability that V("Jr )isat z;, conditional on F,, and on the new vertex being
at z;, is
VW Y "ay
N n - N (n :
D k=1 Yk:( )ak,j > k=1 ch( )ak,j
Then
(n+1) (n) ﬁ(n)ai,j
E(Y; [Fn) =Y, +mﬂi+mz,ujw7
o1 k=1 Yk Ok
and so
E(Y/(W'H) \F,) = y (") 2(mn + eo) T m + m iv: Yi(n)am
‘ YT 9(m(n+1) +e) 2(m(n+ 1)+ eo)uZ 2(m(n+1) + eo) ~ Zk . Y(")ak J
giving
~ ~ 2 . a =~
EEIR) - = o L g Z PR -y
2n+1+eo/m) ot Vi Van,
2 - -
= — (g y(n) _Y_(")>7
2(n+ 1 + eo/m) (9( )Y
EJP 18 (2013), paper 8. ejp.ejpecp.org
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where g is a map from the N-simplex to itself given by the ¢ co-ordinate being

Qi,5Y5
gi(y) .Uz +5 D) Mi=N
Z S Yk

Alternatively
YO0 £y g 2 a(y™
( | ) 7, 2(n—|—1+60/m) 7/( 2 )

where G(y) = g(y) — y and so its components are given by

A5,5Yi
Gi ( ,uz + = %7 — Yi-
Z Zk 1 YkOk,j

Proposition 3.1. There exists v in the interior of the N-simplex such that as n — oo
we have Y™ — v, almost surely.

Proof. For y in the interior of the N-simplex, let
1 N
Vi) =1-5> (log y; +log ) ykak,j> :
j=1 k=1
Then (using 1 = Z;yzl Yi),
0
Gi(y) = —viz—V(y),
W) =—4i5, VW)

and as y; > 0 this means that V' is a Lyapunov function for G. By concavity of the
logarithm V is a convex function and it tends to infinity near the boundary of the N-
simplex, so it has a unique minimum, at a point which we will call v, in the interior of
the N-simplex.

Proposition 2.18 of [10] now gives Y (") — v a.s. as n — oc. O

Proposition 3.1 corresponds to Proposition 2 in Section 3 of [5].

Proposition 3.2. If vertex v is at location z; then, as n — oo,

2(mn + €o) 1 1 (n+1)
P(V, =v|Fn) = ¢; +0(1),
dean (1}) ( 4 ‘ ) ( )
where
Pi
¢1 = 1% =2-—
Z TR
Proof. By Proposition 3.1,
2(mn + eq) (n+1) Qi
P(V, =0 Fpn, Xny1 = 25) = . +o(1),
degg, (v) ¢ ! ij:l Ak, iV
giving
2(mn + ep)

PV = o) F,) Zu; Yd 1 o(1) = ¢ +o(1).

degg (v) Ek 1 k,jVk

To show that ¢; = 2 — %, we note that the probability that VZ("’H) is a vertex at
location z; is then, using Proposition 3.1, v;¢; + o(1), which implies

N

> vigi =1. (3.1)

=1

EJP 18 (2013), paper 8. ejp.ejpecp.org
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and, because each edge has one end at a new vertex (location chosen with law u) and
one end at a vertex Ve(”) for some n and 4, also implies

1
v, = 5(/% + Vi) (3.2)
and from (3.2) we get ¢; = 2 — ’lj— O

Propositions 3.1 and 3.2 prove Theorem 2.1 in the finite case.
Let pgfi) be the proportion of the vertices of G,, which are located at z; and have
degree d. We will use the above to show an asymptotic power law for pfﬁ). We will need

to use the following lemma based on Lemma 2.6 and Corollary 2.7 of [10].

Lemma 3.3. Forn € N, let A,, and B,, be random variables taking non-negative values,
¢, R, random variables taking real values, and a and k positive constants, such that

1
Bn+1 - Bn = ﬁ(An - an + fn) + Rn+1

and

1. A, — a as n — oo, almost surely;
2.3 | R, <oo;
3. E(¢,) =0 and &, is bounded.

Then B, — § asn — oo, almost surely.

Proof. Fix § > 0and € > 0 with 2(§+€) < a. We note that if [4,, —a| < eand B,, < % — %£€

then A, — kB,, > §. The proof of Lemma 2.6 of [10] and the fact that |4, — a| < € if

n is large enough now shows that (B, ).cn cannot visit [0, ¢ — 25:5] infinitely often.

Similarly if |4, —a| < eand B, > ¢ + 52”6 then A,, — kB,, < —0 and so (B,,),en Cannot

visit [£ + 2526700) infinitely often. Hence, B,, — {, almost surely. O

We can now prove Theorem 2.2.

Proof of Theorem 2.2. We start by showing that, when m > 1, the probability of a
multiple edge being formed at time n from a vertex of degree d is O(n~!). Conditional
on F, and X, = z;, the probability that a vertex u is connected to the new vertex at
least twice is bounded above by

2
<m> (degG" (w)a(Xu, zﬂ)
2 Zgﬂ ak,jyk(n)

so, conditional on F,,, it is bounded above by

2
(m) ( degg, (1) )2E o(Xu, Xoi1) 7
~ (. n )
2 ) \2(mn + eo) SNz Xni) V™
and Proposition 3.1 ensures that the expectation here is bounded above by a constant

for sufficiently large n, as }7,6(”) —, #0asn — oo.
Using Proposition 3.2, for each d,

n+1) o 1 n) d n) d—1 —
E(p((i,i |Fn) = P—— <p¢(1,i <n+n0 - ¢z§ +0(1)> +p((1_17i <¢12 +o(1) | + pidm,q | +O(n )
(3.3)
EJP 18 (2013), paper 8. ejp.ejpecp.org
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(where 6,, ¢ = 1if d = m and is zero otherwise) and so

(n+1) (n) _ 1 (n) (n) d-1 A 9
B 1715 = g (o (14 0 o)) +02 (0555 +o0) + i) +O(7),
(3.4)
If d = m (3.4) becomes
<n+1 (n) _ 1 (n) m , 2
BtV — o = e (v (L 0 +0(1) +m) + 0™,

so Lemma 3.3, with B,, = p;?y)i, A, = pito(l), k= 1+¢;2 and §, = pn’;ﬂzrl) E(p n+1)|]: )
gives
(n) _, 2
pm 7 Y

almost surely, as n — oco. When d > m (3.4) becomes

n n n d n d -1 —
B IFD) ) = ) (105 +o0)) 4 (65 + ot)) ) #0072,

di _n—i—no—i—l(

and repeatedly using Lemma 3.3, with B,, = pdi, A, = pi (095 +0(1)) and k =

P
1+ ¢;4, gives

d . _
2 H j—1  2u T(m+2¢"")T(d)

T R L 2T T e T 2T )

almost surely, as n — oo.

4 The infinite case

4.1 Coupling

We partition S into a finite set S = {S;,i = 1,2,..., Ns} with each S; € B(S). Later
on we will have each S; having diameter at most some small value.

We now construct a modified graph process, which will be similar to a finite space ge-
ometric preferential attachment, as in section 3, on a space {z, 21, 22, . . . , 2N }, Where
for 1 < i < Ng z; corresponds to the subset S; of S. The extra point z; will be used
to allow the construction of a coupling, similar to that in Appendix C of [5], with the
geometric preferential attachment on S.

For1 <i,j5 < Ng, define

a;,; = sup  a(u,w)
u€S;,weS;
b;: = inf a(u,w
J u€S;,WES; ( ’ )
Yij = bij/ai;
s = inf P
7 1<ig<ns 1™

Also define i = ,LL(Sl) fori = 1, 2, ey NS, Ho = O, h = SuplfiijNS Qj,5, and ;0 = Ao, = h
for all s.
We will construct a sequence of graphs (GSLS ))nelN whose vertices have locations in

{z0,21,22,...,2n5} as follows. We start with a graph Ggs), and construct GfL +)1 from
G%S). Let the total degree of vertices at location z; after n steps be Yl-(”’ ). At each step

we first add a new vertex, which is at location X,(fr)l, where Xr(i)l is a random variable

EJP 18 (2013), paper 8. ejp.ejpecp.org
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taking the value z; with probability p.;. Conditional on F,, and Xfi)l = z;, we then add m

edges from the new vertex which connect to m vertices V;"H S), ¢ =1,2,...,m which
are chosen independently of each other, with for a vertex v at location z;

 degs) (v)ai ;s

IP(‘/Z('VH-LS) _ =
(n,S)
k:SO Yk

Ak,j

for 0 < i < Ng. For each edge this leaves a probability (1 — vs) that it does not connect
to any existing vertex. If this happens, a new vertex is created at location zy, and the
edge connects there. The interpretation here is that each of the m edges from the new
vertex tries to connect to an old vertex with probability proportional to its degree times
an attractiveness factor based on the locations, but that the connection is only accepted
with probability vs, and if the connection is rejected then a new vertex is formed for

the connection. Note that the extra vertices added then behave as the other vertices,
(ns) _ vy

with attractiveness h to all other locations. Following section 3 let Y, SmnTes)’

the proportion of the total degree at location z;.
We now show that the geometric preferential attachment process (G, )nen On S can
be coupled to the above process. In the geometric preferential attachment process, let

. (n)
Yi(") be the total degree of the vertices in S;, and let Yi(n) = m = 6,(5;). We aim

to couple the two processes so that we always have Y;(”’S) < Yi(”) forall 1 <7 < Ng.
To start with, let Gés) and G be the same graph, with the location XT(,S) of a vertex v in
G(()S) being z;, with the i such that X,, € S; where X, is the location of the corresponding
vertex in Gy. This ensures Y;(O’S) = Yi(o) for 1 <i < Ng. Then, we claim that the coupling
can be done so that Yi("’s) < Y;(") implies that Yi("’Ll’S) < Yi("“) for 1 < i < Ng. Given
that X, 11 € S;, thatis that the new vertex in G7,+1 isin S}, which occurs with probability
wy, let X( )1 = z; so that the new vertex in GnJrl
and assuming Yi(" S) < Yi("), the probability that each new edge in Gi;i)l connects to a
vertex at location z;, 1 <i < Ng, is

is at location z;. Conditional on this

Y(n,S) (mS)b. ]

Aj,57YS
N, n,S N, n, 5 :
> k=0 Y( a Ak, j Zk ° Y( )ak,j

Now the numerator

e < by Y degE S dege a0 )
v: X, ES; vEV(Gr): X,ES;
For the denominator, define, for 1 < i < Ng, 2% = v — v»® which is non-

negative by our assumption. Then the total degree of G,, and G%S) is the same, so
v = 5°Ns 7(m9) and thus we can write

Ns NS
YV Va = Y+ Y vV,
k=1
Ns
BB SR
k=1
S

Y

Z degG (XU,Xn_;,_l).
veV (Gr)

EJP 18 (2013), paper 8. ejp.ejpecp.org
Page 10/15


http://dx.doi.org/10.1214/EJP.v18-2271
http://ejp.ejpecp.org/

Geometric preferential attachment

Hence
Yi("’s)az,ﬂs ZveV(G ):X,€S; degg, (v)a(Xy, Xnt1) — 5,(S)
lejs Y(ns ak,j o Zvev degG (v)a(Xy, Xnt1) e

which is the probability that each new edge in GG, 11 connects to a vertex in S5;. Hence,

for 1 < i < Ng, the increase in the total degree at z; from GS;S) to Ggi)l

y(n+LS) oy (o)

is at most the
increase in the total degree in S; from G, to G,,+1, so
Hence the coupling ensures that Yi(”’s) < Yi(") forall1 < i< Ng and all n.

4.2 Analysis of the coupled process

Similarly to the derivation in section 3, for 1 < < Ng

y(S)
(n (n 2 1 a; 7S (n,S
E Y( +1,8) . _Y'_( ,S) — ; »J _ Y( ,S)
; [Fn) =¥ 2(m+ 1+ eyg/m) 2M t3 ZMJE’CNS Y(”Sa y i
and
) ) 9 Y(n S)h Ns ?("’S)ae B
E(Y " F) V) = 77 S § WSS W p— U -
0 0 2(m + 1+ ep/m) Z J SNs § Sy, ; Ns 7S, 0
giving, for 1 <i < Ng,
- - 2 - -
E Y(nJrLS) ]:n _ Y(’hs) _ ( (3) Y(n,S) _ Y(”vs)) ,

where ¢(5) is a map from Vs := {y : y € RNs,y; > 0V i, 305 yp < 1} to itself given by
the ¢ co-ordinate being

(5) VsQi, ;Y
=gty Z .
k=1 ,J

Alternatively

. . 9 .
E Y("H’S) F) — Y.("’S) _ G(S) Y-("’S)
( 7 | ) 7 2(n + 1 _|_ eo/m) (3 ( K] )

where G (y) = ¢¥)(y) — y and so its components are given by
S VsQi,jYi
¢ = Lt L zj by,
Zk 1 Yk Ok, 5
(Note that Y™ — 3 Ns 3 (9,

Proposition 4.1. For eachi, 0 <1 < Ng, there exists ¢>§S) € R* such that, for a vertex
v at location z;, as n — oo we have

2(mn + eg)

(n+1,S) (S)
PV =v|F,) = ¢, +o0(1),
degG%a (’U) ( Y/ ‘ l) ¢ ( )

almost surely.
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Proof. Fory € Vs, let
Ns 1 Ns Ns
=D U5 D K <logyj + logZykak,]) :
k=1 j=1 k=1

Then for 1 <i < Ng, 9
Gi(y) = —Z/z‘afy.v(y),

and as y; > 0 this means that V is a Lyapunov function for G. Again V is a convex
function and it tends to infinity as y; — 0, so it has a unique minimum, at a point

which we will call v(5) € Vs, with co-ordinates ui‘”, ués), cey VI(\}?. We also take Vés) =
1= kasl VIES)-

Proposition 2.18 of [10] now gives Y ("5 — 1(5) a.s. as n — .
This shows that for vertex v at location z;, 0 < ¢ < Ng, recalling ag ; = h,

giving
MP(V(nH’S) — | F,) = i“‘% +o(1) = ¢(-S) +o(1)
deg s (v) ‘ vogY 2o ar vy l |

where we define

(8) i 7S
é; Z UJ S):

k %0 k.Y
O
Let i .
,_ nficigens biy _ infoyes afz,y)
h SUP, yes oz, y)
The conditions of Theorem 2.1 ensure that ¢ > 0.
Proposition 4.2. We have qb(()s) < TH and V(S) < %
Proof. We have 1
S 3) (S
v = (1= s) + 15766,
giving
) l—ns
W= e (4.1)
0
We also have
Ns
> ovel =1
i=0
and by the definitions of ¢ and qbl(-s) we have
S S
6 > tof”
By SN v!%) = 1 we obtain
oW + 11— ) < 1. 4.2)
EJP 18 (2013), paper 8. ejp.ejpecp.org
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Now, each new edge has at least one endpoint not at a vertex at location zg, so Vés) < %
Hence (4.2) implies
) o _2
00 =7 +t
and hence by (4.1)
1-— 1-— 1+t
S < 1705 ( 732)( +t)
2 — 1+t t
O

4.3 Approximating S
We use the coupling in the previous section to complete the proof of Theorem 2.1.

Proposition 4.3. Let A C S be a Borel set. Then there exists P(A) such that asn — oo
0n(A) — 0(A), almost surely.

Proof. Given ¢ > 0 we can construct a partition S = {51, 52,...,Sn,} of S where each
set S;,1 < i < Ng has diameter at most ¢ and such that A is the union of sets in S. Then
assuming log « is a Lipschitz function (in both components) with Lipschitz constant K,
we have for 1 < 4,5 < Ng that 0 < loga;; — logh;; < 2Ke and so vs > e 2K¢. The
analysis in section 4.2 shows that

1 (n) 1 (n,S)
Gu(A)= —— yWs_ - Y™
A= Smren 22 % Fmra 22"

and similarly that

1—6,(A4) > VAR
( )*Zmn—&—eo SEC:AC

Furthermore as n — oo
1 (n.5) (S)
YT — 12
2(mn + 60) i:,éA ' i:éz‘l '

and

1 (n,S) (8)
- VAR (8),
2(mn+eo) Z i — Z v,

i:S;CAe i:S;CAc

But by Proposition 4.2,

1- 1
Z Ui(S) 2 1— ( ’YS)( +t) _ Z Vi(S)
) , 2t )
i:S; C Ac :5;CA
1— —2Ke 1
> . (—e . )A+t) S .
t :5;CA

So, almost surely,
liminf 6, (A) > Z VZ.(S)

n—00
1:5;CA

and -
(I—e 2291+t
lim sup 6, (A E v; (S) —|— ¢ )L+ )

nreo i:5;,CA 2t

As t and K are constants, taking a sequence of partitions S such that ¢ — 0 gives us the
result, as there will be a subsequence such that ) ;. ¢ - 4 ul-(s) is convergent. O
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Proof of Theorem 2.1. Proposition 4.3 implies, by applying it individually to each
element in the set of closed balls with rational radii at points in a countable dense subset
of S (which exists because a compact metric space is separable) and using these to
approximate closed subsets of S, that, P-almost surely, that we have limsup,, . 0,(A) =
v(A) for all closed A C S.

Now, for closed subsets A of S, define

/! . A~
vi(4) = B Opg%’f,AgB v(B),
and for open subsets A of S define v/(4) = 1 — v/(A€). Then for closed sets A we have
V'(A) > P(A), and for open sets A we have v'(A) < 7(A). By compactness, there will be
a subsequence of (J,,)nen Which has a weak limit v which is a probability measure on S.
Now v/(A) > v(A) for all closed sets A, but if B is open with A C B then v(B) > v/(B),
giving v/(A) > v(A) on taking infima, hence v(A) = v/(A) for all open and closed subsets
of S. Hence, PP-almost surely, §,, converges weakly to v.

Finally, if we define
a(u,y)
w= [ Y g,
) /st a(z,y) dv(x) )

2(mn +eg)
degg (v)

then

4.4 Proof of Theorem 2.3

Let A € B(S) be a Borel set with p(A4) > 0. Let p(") be the proportion of vertices
in G,, which are of degree d and have locations in A. Let ¢4 = sup,ycq ¢(x) and Py =
infweA (b(x)

Fix ¢, and assume u(A) < % — 1. [If u(A) is larger than this, partition A into smaller
sets for which the condition does hold.] Then consider a graph process (én)nem where
if vertex v is located in A then IP(V[("H) =) = ¢2d(iiii(eo) for n large enough. (For any
e > 0, the total degree in A will be at most 2(mn+eq)(2 $(1+u(A))+e) for n large enough,
so the condition on p(A) ensures that this is possible.) We do not assume independence
of V("H) for different ¢ but do assume that IP(V(”H) VE(Q"H)) = O(n™1). Letting p(”)
being the proportion of vertices of G, which are of degree d and in A, then the same
argument as in the proof of Theorem 2.2 in section 3 shows that

21(A) T(m+2¢~)I(d)
¢ T(m)D(d+261+ 1)’

By —

almost surely.

If p4 < ¢, then we can couple the geometric preferential attachment process (G}, )nen
to a process of the above form such that for vertices in A the degree is always at least as
high in é as in G,,. (Give the new vertex the same location in each process, and then
it is always possible to ensure IP(V("H) v) > IP(VZ(”H) =) for v € A with (G,,)nen as
described above.)

This ensures that the proportion of vertices of G,, which are in A and of degree at
most d satisfies satisfies
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Hence, almost surely,

d
2u(A) T'(m + 2(/5

lim inf Z pk A > Z

noree k=m (b F k=mF k+2¢ + )
for any ¢ > ¢ 4.

Similarly, almost surely,
d
) D(m+2¢7") I'(k)

1 )

EENE Z Pia < Fm) 2 T(k+20 1 +1)
for any ¢ < ¥ 4. O
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