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noise-induced stabilization
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Abstract

We investigate an example of noise-induced stabilization in the plane that was also
considered in (Gawedzki, Herzog, Wehr 2010) and (Birrell, Herzog, Wehr 2011). We
show that despite the deterministic system not being globally stable, the addition of
additive noise in the vertical direction leads to a unique invariant probability mea-
sure to which the system converges at a uniform, exponential rate. These facts are
established primarily through the construction of a Lyapunov function which we gen-
erate as the solution to a sequence of Poisson equations. Unlike a number of other
works, however, our Lyapunov function is constructed in a systematic way, and we
present a meta-algorithm we hope will be applicable to other problems. We conclude
by proving positivity properties of the transition density by using Malliavin calculus
via some unusually explicit calculations.
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1 Introduction

Stabilization by noise is a mathematically intriguing phenomenon. For instance, in
the classic example of the inverted pendulum, the addition of noise opens up a small
neighborhood of local stability around a deterministically unstable fixed point [2, 17];
in the striking examples of [28], the addition of noise leads to global stabilization. In
general, however, there are few rigorous proofs of this phenomenon for specific sys-
tems, and most existing proofs depend upon correctly “guessing" a Lyapunov function
and then verifying that it satisfies the requisite properties.

In three recent, interesting works [16, 10, 11], a global Lyapunov function is con-
structed by patching together functions which are locally Lyapunov in a collection of
regions whose union covers all of the possible routes to infinity. These papers are con-
cerned with specific examples in which the stabilization by noise is a property of the
global dynamics rather than the local dynamics near a fixed point. As such, they are
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closer in spirit to [28] than to examples such as the inverted pendulum. In these ex-
amples, the noise is only important in localized regions of phase space, but its effect
is global, in that it changes the global nature of the flow. This nature is hinted at in
the patchwork constructions used in [16, 10, 11]. In [11], this structure is the most
explicit; there, local asymptotic expansions are used to construct a patchwork of local
Lyapunov functions. Still in all three works, the local constructions have mainly the
flavor of “guess—and-check" with some information of the presumed overall structure
of the transport in phase space.

Here we take a more systematic approach to proving global stabilization by noise;
we outline a meta-algorithm which we hope can be used to produce Lyapunov functions
in a number of different dynamical systems. Inspired by the examplesin[16, 10, 11], we
apply our meta-algorithm to a system of stochastic differential equations in the plane
whose underlying deterministic dynamics display finite-time blow-up for certain initial
conditions, but in which the addition of an arbitrarily small amount of noise leads to
an invariant probability measure. We consider essentially the same system as in [16]
and one of the examples in [10] with the specific choice of parameters a; = as = 1 and
the change of coordinates induced by (z,y) — (—z,—y). The choice of parameters is
representative of the stable regime we are interested in. We demonstrate the existence
of an invariant measure by constructing a Lyapunov function. Our general approach
is to build local Lyapunov functions as solutions to associated partial differential equa-
tions (PDEs), where the PDEs are defined in regions delineated by different asymptotic
behaviors of the flow. While it is related to that in [16, 10], the Lyapunov function we
construct might better be called a “super” Lyapunov function, in that it enables us to
prove a stronger form of convergence than in [16, 10]. Our exponential convergence
results apply equally well to the case of degenerate stochastic forcing while those in
[10] only prove exponential convergence in the uniformly elliptic setting. Our analysis
also adapts to the specifics of the problem and is likely to produce closer-to-optimal
results.

In [14, 23, 15, 27], the scaling limit of a discrete time Markov chain, called the “fluid
limit” in the context of these works, is used to build a Lyapunov function. In some ways
this is related in spirit to our work in this paper. However, we are explicitly interested
in the case where the noise and its fluctuations are fundamentally important to the be-
havior at infinity. The naive fluid limit model, however, is a singular limit and hence
does not capture the behavior of those systems in which noise plays an essential role.
We will see in our example that the naive fluid limit—which is the underlying unper-
turbed dynamical system—is in fact unstable. Our constructions capture the essential
stochasticity in the regions where it matters at infinity.

Combining our Lyapunov function with a result on the positivity of transition densi-
ties, we prove a strong result on the convergence to equilibrium of our specific dynam-
ical system. Though the positivity result is neither the most general nor the most pow-
erful, it is nevertheless of independent interest, since the proof employs sophisticated
ideas from control theory and Malliavin calculus in a very concrete and transparent
way. We hope that it will help develop the readers intuition in such matters.

2 Lyapunov Functions

We are interested in the stability of a Markov process (X, Y;) which is the solution
to a stochastic differential equation (SDE) on the state space R? with generator L. In
the deterministic setting, a Lyapunov function is a positive function of the state space
which decreases, often exponentially, along trajectories. In the stochastic setting, one
requires that the function decrease on average. More precisely, we define a Lyapunov
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function V on an unbounded set R C R? as follows:
Definition 2.1. A C? function V : R — (0, 0) is a Lyapunov function on R if

1. V(z,y) — o0 as |(z,y)| — oo with (z,y) € R,
2. there exist constants m,b > 0 and y > 0 such that for all (z,y) € R,

(LV)(z,y) < —mV(z,y) +b.

We say that V' is a super Lyapunov function on R if v > 1 and a standard Lyapunov
function on R if v = 1. We call v the Exponent of the Lyapunov function. If R is a strict
subset of R?, we say that V is a local (super/standard) Lyapunov function; if R is all of
R2, we say that V is a global (super/standard) Lyapunov function.

We remark that there are several different notions of a Lyapunov function in the
literature, but the one above will be used in this particular paper. See for example
[22, 26, 28, 29, 30].

Remark 2.2. Notice that the continuity of V coupled with its growth at infinity implies
that the sub-level sets {(z,y) € R : V(z,y) < R} are compact for all R. In a certain
sense, this is the more fundamental condition, but we will not belabor this point here.
See, for example, Proposition 5.1 in [20] for more details.

It is well-known that the existence of a global Lyapunov function satisfying the prop-
erties in Definition 2.1 implies the existence of an invariant measure [22, 28, 26, 20]. If
one adds a mild mixing/minorization condition and assumes that the Lyapunov function
is a standard Lyapunov function, it is possible to prove exponential convergence to this
invariant measure[26, 18]. If the Lyapunov function is weaker (v < 1), then the conver-
gence is generally slower [26, 29, 30, 13, 19]. in this case, one might rightly call V a
sub Lyapunov function.

For the system considered in this paper, we show the existence of a global super
Lyapunov function, along with needed mild mixing/minorization conditions. Together,
these imply that the rate of convergence to equilibrium is not only exponential, but also
independent of initial condition.

2.1 General Construction Strategy

We now give an outline of our general approach to constructing a Lyapunov function.
Since many of the details of the implementation depend on the specific example under
consideration, this outline is meant as an overall rubric. On first reading, this section
may seem rather heuristic and overly vague. We encourage the reader to take it as
motivation at first and then reread this section after Section 8 and Section 9; in these
later sections, the following abstract discussion is made concrete.

In our general construction algorithm, we begin by identifying a region in phase
space where there is an obvious choice of a Lyapunov function. We refer to this region
as the “priming” region; it is often characterized as a subset of phase space in which
the deterministic flow is directed toward the origin. We refer to the associated local
Lyapunov function in this region as the “priming” Lyapunov function. Next, by con-
trast, we identify the region in which the deterministic dynamics exhibit instability—for
example, blow-up in finite time—and for which noise is essential to the stabilization, at
least insofar as the noise ensures that the system leaves this region. Since this region is
noise-dominated to some degree, we refer to this region as the “diffusive" region. The
construction of a local Lyapunov function in this diffusive region is a key component of
our methodology. We then “propagate” the priming Lyapunov function, from the prim-
ing region to the diffusive region, through a series of intermediate regions of phase
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space, which we call “transport" regions, until we have covered all possible routes to
infinity. Following this prescription, we obtain a sequence of local Lyapunov functions,
which we mollify to obtain a global Lyapunov function. Beyond this general, overarch-
ing strategy is a philosophy of determining the relevant scaling at infinity in each of the
above regions and systematically producing local Lyapunov function which respect this
scaling.

To determine more precisely the boundaries of these regions, we study the scaling
of the generator L of the SDE as |(x,y)| — oo. Each region corresponds to a different
dominant balance of the terms in the generator. (See [9, 31] for a discussion of the
concept of dominate balances in asymptotic analysis and Section 8 for the details in
our setting.) In order to facilitate the mollification of the local Lyapunov functions, we
choose the regions so that the intersection between adjoining regions is both nonempty
and unbounded. Neglecting all but the terms involved in the associated dominant bal-
ance, each region also has a differential operator associated to it which captures the
dominant behavior of the generator in the region as |(z,y)| — co. Beginning with the
region adjacent to the priming region, we propagate the priming Lyapunov function
through the adjacent region by solving an associated Poisson equation of the form

{ (Lv)(z,y) = —f(z,y)

v(z,y) = g(x,y) on the boundary .

The differential operator L is governed by the dominant balance in the region under
consideration. Since it represents a dominate balanced at infinity, it is necessarily an
operator which scales homogeneously. Hence if the righthand side and the boundary
conditions are chosen to scale homogeneously at infinity in a compatible way the so-
lution v will also scale homogeneously at infinity. The boundary data g for the Poisson
equation is given by the dominant behavior/scaling of the priming Lyapunov function
on the boundary between the priming and adjacent region. The right-hand side, f, of
the Poisson equation is chosen to be a positive definite function which grows unbound-
edly and satisfies certain scaling properties that we specify in Section 9.3 and that are
compatible with the scaling of the region.

We iterate this procedure to construct local Lyapunov functions as solutions to asso-
ciated Poisson equations in each of the transport regions. Furthermore, we construct a
Lyapunov function in the diffusive region by solving a Poisson equation as well, again
with the boundary data determined by the dominant behavior of the local Lyapunov
function in the adjacent transport region. An advantage of this approach, therefore, is
its consistency: the same procedure is used to construct local Lyapunov functions in all
but the priming region (where the local Lyapunov function is usually straightforward to
deduce).

As we solve the sequence of Poisson equations, we encounter boundaries without
boundary data. While a priori this could be an issue, we will see that in our model prob-
lem, in all but the diffusive region, the deterministic dynamics are dominant. Hence the
associated Poisson equations are governed by first-order operators requiring only one
boundary condition. This is consistent with the idea of the priming Lyapunov function
being propagated through a sequence of transport regions. Again, a priori this could
lead to an incompatibility between two different boundaries of a given region, partic-
ularly if the relevant operator in a region is only first-order and cannot accept generic
initial data on two boundaries. However, in our model problem and all of the other
problems we have explored, sequences of compatible transport regions are separated
from each other by diffusive regions. Since the associated differential operator in the
diffusive region is second-order, the associated Poisson equation produces a smooth
solution even with all of its boundary data specified.

EJP 17 (2012), paper 96. ejp.ejpecp.org
Page 4/38


http://dx.doi.org/10.1214/EJP.v17-2410
http://ejp.ejpecp.org/

Propagating Lyapunov function

3 The Model Problem

As our model problem, we consider essentially the same problem as in [16, 10] and
which was suggested to us by one of the authors:

dX, = (X2 = Y2)dt + 20, dW”
dY; = 2X,Yidt + /20, AW

with ¢, > 0 and o, > 0. Notice that when

(6z,04) = (0,0), the resulting deterministic equation blows up in finite time if 2y > 0
and yo = 0. In light of this, it is striking that for any o, > 0, system (3.1) has a unique
invariant probability measure 7. This was first proven in [16] and is also a consequence
of one of our main results, which is given below in Theorem 3.2. In the sequel to [10],
the authors prove exponential convergence to equilibrium. The principal difficulty in
both of these works was the establishment of a standard Lyapunov function.

Let P; be the Markov semi-group associated to the process (X;,Y;) and defined by

(Pro)(2,y) = Ea,y[¢(Xe, V1)) - (3.2)

Define the action of P; on a probability measure p by (uP;)(A) = [ Pi(z, A)p(dz) for any
measurable set A. An invariant probability measure y is any measure such that uP;, =
for all ¢.

We prove the following theorem, which is stronger than the previously cited results
on the existence of a standard Lyapunov function.

(3.1)

Theorem 3.1. There exists a C? function V : R? — (0,00) which is a super Lyapunov
function for the dynamics given by (3.1). More exactly, for any choice of § € (0, %)
the super Lyapunov function V can be chosen to have an exponent g’g—ﬁ and satisfy

(@, )| < V(z,y) < C|(x,y)|2°F2 for some positive constants ¢ and C.

The existence of an invariant measure p is an easy consequence of this theorem.
To determine rates of convergence to the equilibrium measure p, we introduce the
following family of weighted total variation metrics. For 5 > 0 and probability measures
w1 and pe, we define

pp(p1, p2) = sup /czﬁ(Z)(ul*uz)(dZ) (3.3)
ll¢lls<1
where
Iolls = sup 320 -

Notice that py is just the standard total-variation norm.
The standard Lyapunov function and supporting estimates developed in [10] essen-
tially show that there exists positive C' and 7 so that

p1(pa Py, poPr) < Ce ™ py(pa, pi2)

for any probability measures p; and uo. Using Theorem 3.1 on the existence of a super
Lyapunov function, we establish the following stronger convergence result:

Theorem 3.2. Ifo, > 0, then for any 8 > 0 there exist positive C' and n so that for all
probability measures pq and s one has

pp(p1 Py poPy) < Ce ||y — pollry

for all t > 0, where ||7v represents the total variation norm. Here the constant C
depends on the choice of 5 but the constant n does not.
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The strength of this result is that the dominating norm on the right-hand side is
scale and translation invariant. As we will see, when a super Lyapunov function exists,
one can usually prove a stronger result than the standard Harris-type ergodic theorem
associated to a standard Lyapunov function.

Remark 3.3. As already mentioned, the existence of an invariant measure p follows
quickly from Theorem 3.1 or Theorem 3.2. The fact that there is only one invariant
measure is immediate from Theorem 3.2.

One consequence of our estimates is the following information on the unique invari-
ant measure p. The proof of Theorem 3.4 below is given in Section 11.3.

Theorem 3.4. As long as o, > 0, then p has a smooth density with respect to Lebesgue
measure which we denote by m(z). If 0,0, > 0, then m(z) > 0 for all z € R%. Ifo, =0
and o, > 0, then m(z) =0 if z = (x,y) withx > 0, and m(z) > 0 if z = (x,y) withx < 0.

4 Outline of Paper

In Section 6, we show how the existence of a super Lyapunov function leads to a
strong regularization of moments. In Section 7, we discuss further the properties of
the deterministic model problem. In Section 8, we perform an asymptotic analysis of
the generator associated with (3.1). In Section 9, we use associated Poisson equations
to construct local super Lyapunov functions in the different regions whose boundaries
are determined by the asymptotic analysis. In Section 10, we patch the local Lya-
punov functions together to construct the global Lyapunov function and thereby prove
Theorem 3.1. In Section 11, we prove, under various assumptions,the existence of a
smooth transition density with various positivity properties. Our approach here invokes
methods from geometric control theory and Malliavin calculus in a manner which, we
hope, will be of independent interest. In Section 11.3, we transfer the smoothness
and positivity results to the invariant measure and in doing so prove Theorem 3.4. In
Section 12, we prove that Theorem 3.1, when combined with a standard minorization
condition, implies Theorem 3.2. In Section 12.1, we show how in the uniformly ellip-
tic setting, namely o,,0, > 0, the needed minorization condition follows immediately
from the strong from of positivity which holds in that setting. In Section 12.2, we show
how the weaker positivity properties which hold when o, = 0,0, > 0 are sufficient to
prove the minorization condition. In Section 13, we make a few concluding remarks.
The Appendix contains a relatively standard comparison result which we include for
completeness. It is used in Section 6 about the Super Lyapunov Structure.
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6 Consequences of Super Lyapunov Structure

We begin with a lemma, whose proof is given at the end of the section, which is a
simple translation of the bound on the generator for the definition of a global super
Lyapunov function to a bound on the action of the semigroup. Despite its simplicity,
it is nonetheless the key to all of the enhanced results that are a consequence of the
existence of a super Lyapunov function (as opposed to merely a standard Lyapunov
function).

Lemma 6.1. Suppose that V : R? — (0,00) is a super Lyapunov function for the SDE
corresponding to a Markov semi-group P,. Then for every t > 0, there exists a positive
constant Ky, such that ¢t — K, is a continuous, monotone decreasing function on (0, c0)
with K; — (2b/m)'/7 ast — oo, and

PV)(2) <K, forall zeR?andt>0.
(

Recalling the definition of pg from (3.3), Lemma 6.1 implies the following result.

Proposition 6.2. If'V is a super Lyapunov function and K, is the constant defined in
Lemma 6.1 then for anyt > 0, 8 > 0, test function ¢, and probability measures p; and
L2, we have

[Peollo < (1 + BE)(I¢lls  and  pg(pa Py poPr) < (1+ BKG) 1 = pofl7v -

Remark 6.3. It is clear that po(p1, pi2) = |1 — p2||/7v and furthermore if 0 < a, > 0
and K = sup, %, then one has ||¢||s < K||¢||o, which implies

{¢:llolla <1/K} CH{o: [[0lls <1},

which in turn implies po (g1, t2) < Kpg(pa, n2). Thus as long as « and § are both posi-
tive, the associated norms and metrics are equivalent. However, if one of them is zero,
the needed inequalities only go in one direction. Nonetheless, Proposition 6.2 allows us
to use the action of P, to recover the missing inequality.

Proof of Proposition 6.2. By similar reasoning to that used in the second part of Re-
mark 6.3, we see that if one assumes that ||P,¢llo < (1 + SK;)||¢||s for some con-

stant K;, then {¢ : |¢|lg < 1/(1 + BK)} C {¢ : ||Pidllo < 1} which then implies
that pg(u1 Py, poPr) < (1 + BK¢)po(pa, p2). Since as noted in Remark 6.3 po(p1, p2) =
llir — pzllrv, the proof of the second quoted inequality is now complete provided we
prove the first.

Now since |¢(z)| < ||¢]|g(1 + SV (2)) for all z, one has

[(Pe)(2)| < N18lls (1 + BPV)(2)) < llgllp(1+ BEK) .

Since the right-hand side is independent of z, we obtain the desired result by taking the
supremum over z. O

Remark 6.4. In light of Remark 6.3 and Proposition 6.2, to prove Theorem 3.2 we
need only prove the more standard Harris chain-type geometric convergence result of

ps(p Py, paPy) < Cexp(—nt)ps(pr, p2) for some > 0.
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Proof of Lemma 6.1. Let V; = V(Z;), where Z, is the solution to the SDE corresponding
to ;. Let L denote the generator associated to the SDE corresponding to P;. Since V'
is a super Lyapunov function, there exist constants m,b > 0 and v > 1 such that

LV, <—mV,”+0b forall t>0.

By Dynkin’s formula,
t t
(PV)(2) =E,[V)] =V(2) + E, [/ LVSds] <V(z)— m/ E.[V)]ds+ bt
0 0
t
<V(z) - m/ E.[Vs]" +bt by convexity.

For simplicity of notation, let ¢,(t) = (P;V)(z) = E,[V;]. Then ¢.(t) satisfies the follow-
ing differential inequality:

¢L(t) < —mlop=(t)]” +b

<o) i @(ﬂz(%)i-

m

Let R = (2£)7 and let 7 = inf{t > 0 : ¢.(t) < R}. Since ¢,(t) < 0 if 6.(t) > R,
this implies that once ¢,(t) < R, ¢,(t) remains less than or equal to R for all times
afterward. Thus, for all ¢ > 7, ¢.(t) < R. Now suppose v, (t) satisfies the following
differential equation:

YL(t) =

—%[wz(t)]7 forall e [0,7]

Then by Proposition A.1 in the Appendix, ¢.(t) < ¢.(t) for all ¢ € [0,7]. Now the differ-
ential equation for t) can be solved explicitly to obtain that for all ¢ € [0, 7]:

a(t) = (W+V(z)<vl>)_”l‘l < <m(72—1)t)_w1—1 |

Defining the constants K as follows

() (52 )

we conclude that ¢, (t) < K; for all ¢ > 0, which completes the proof. O

7 Deterministic Equation

To better understand the context of our results for the stochastically perturbed sys-
tem, we pause for a moment and highlight some properties of the underlying determin-
istic dynamics:

b= =y (7.1)
Yt = 224y -

The trajectories of the system are shown in Figure 1, from which the dynamics of the
system can be quickly and easily understood.
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Figure 1: A number of representative orbits of the deterministic dynamics governed by
(7.1).

For any initial condition (¢, yo), the solution (z,y;) to this system is given by

xo — (23 + y3)t

_ 2 2
(1 xothO‘F (yof) (7.2)
1 —xot)? + (yot)?

Ty =

th:<

In particular, the system exhibits finite-time blow-up (at time ¢ = %) for initial condi-
tions (zo,0) on the positive z-axis. For all other initial conditions, the w-limit set w(xg, yo)
is simply the origin, which is the unique fixed point of the system. We note that the ori-
gin is not reached in finite time by any trajectory with initial condition (zo,yo) # (0, 0).

Now, for any choice of initial condition (zg,yo) not on the z-axis, the trajectories of
the deterministic system are circles centered at the point C(xg, yo) with radius R(zq, yo)
given as follows:

2, .2
o + Yo

(7.3)
2\y0|

2 2
C(z0,90) = (07 %), R(z0,90) =
Yo
Furthermore, for all choices of initial conditions (xg,yo) not on the positive z-axis,
the time to return to a fixed ball of radius R about the origin is uniformly bounded by
%. In Section 12.2, we employ this uniform bound to prove a positivity and minorization
condition on the transition density for the stochastically-perturbed system.

8 Dominant Balances of Generator

We now begin the program laid out in Section 2.1. We begin by considering the
dominant operators in various regions of the state space.
Associated to the SDE (3.1) is the generator L defined by

L= (z*—y*)0, + 22Yy0y + 040pz + 040y, . (8.1)

In order to prove that the addition of noise arrests the blow-up on the x-axis sufficiently
to produce an invariant probability measure, we need to understand the behavior of the
dynamics at infinity. There are many different routes to infinity and we now consider
the various possible dominant balances associated with different routes.

To help identify the relevant scaling, consider the behavior of L under the scaling
map (z,y) — (fx, Py) which produces

(220, — P71 Y20, + 02290y + 072 0,000 + L7 0,0y, .
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If p = 1 the first three terms balance and dominate the remaining terms as ¢ — oo. If
p > 1 then the second term dominates. If p = —% then the first, third and fifth balance
and dominate all other terms as ¢ — co. These balances cover all of the routes to infinity
except for those which approach or rest on the y-axis and identify p = —1/2 as a critical
scaling. (The routes near the y-axis are captured by p = —1/2 and ¢ — 0 but these will
not play an important role in our analysis.)

If |z|y? < oo as |(z,y)| — oo with z > a > 0, the dominant part of L is contained in

A =220, + 2xy0, + 0,0y, . (8.2)

If |z|y*> — 0 as |(z,y)| — oo with z > a > 0, then the dominant part is only d,,. Notice
that J,, is contained in A, so we can still choose to use A this region. In all other
relevant cases as |(z,y)| — oo, the dominant part of L is contained in

T = (22 — y*)0y + 2xy0, .

We have neglected the term ¢,0,, in the operator 7' which scaling analysis suggests
might be relevant in neighborhood of the y-axis. However its inclusion does not quali-
tatively change the behavior in a neighborhood of the y-axis. The same can not be said
of the term o,0,, in a neighborhood of the z-axis.

8.1 Scaling

To better understand the structure of the solutions in the various regimes, we inves-
tigate the scaling properties of the various operators introduced in the previous section.
We introduce the scaling transformations

Sél): (z,y) — (ﬁxlf%y) and SéZ): (z,y) — (bx, ly) .

Observe that operator A scales homogeneously under the scaling Sél), while the opera-
tor T scales homogeneously under the scaling SéQ). We would also like the operator T'

to scale homogeneously under the scaling Sél) ; however, this does not hold for all of the
terms in 7. We remedy this by introducing a non-negative parameter )\ and defining the
family of operators

Ty = (2% — \y?)0, + 22y, (8.3)
and extending the definition of the scaling operators by

S (@, y, A) > (€, 073y, 2X) and S (2, M) > (Lx, Ly, N) .

Now T} scales homogeneously under the scaling map Sél) and A remains invariant

under Séz). This gambit of introducing an extra parameter to produce a homogeneous
scaling was also used in a similar way in [12].
Given a function ¢ : R x [0,00) — R, where R C R?, we say that ¢ scales homoge-

neously under the scaling Séi) if o Séi) = (%¢ for some §. In this case, we say that ¢
scales like ¢° under the i-th scaling. We write this compactly as ¢ ~ £9.

Proposition 8.1. If ¢ ~ (° then 8,¢ ~ (°~! and d,¢ ~ (°*2. Similarly, if ¢ > (° then
Oz 2 51 and Oy 2 %=1 In both cases, if one side is infinite, then so is the other.

Proof of Proposition 8.1. We only show one case; all others follow similarly. If ¢ A 0,
then ¢((z, (~2y, (3)\) = (O¢(z,y, \). Differentiating in z, we obtain

U(D00) (b, € 3y, 3X) = £2(D,0) (9, ) -

Dividing through by ¢, we conclude that 9,¢ Lot O
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In the next section, we decompose the plane into regions where the different dom-
inant balances hold. These regions are defined by boundary curves which are well-
behaved under one or both of the scalings. To facilitate the construction of these re-
gions, given g9 > 0,90 > 0, A > 0 and p € R, we define the following “elementary”
regions:

2 by 2 2 A 2
A(I07y07)\):{x + Ay Zz0+ yO}
lyl Yo
Ty (20, 40) = {+x > wo, |2["|y| < 2fyo} - (8.4)

Observe that for any ¢ > 0, we have to following scaling relations

ST (20, y0)) = Tk (o, € 2 o), S(TE (20, y0)) = Tk (€0, tyo),
Slgl) (A(‘T07y0a )‘)) = A(€I07€7%y07£3>\)7 552)(A(x07y05 A)) = A(EZEOaEyOv )\)7

and lastly I'; (€xo, £ Pyo) C Iy (o, o) for £ > 1.

9 Construction of Local Lyapunov Functions

Based on the discussion in the previous section, we will divide the plane into three
regions R;(«), where « is a positive parameter that we specify later. As described in
Section 2.1, we call these regions the “priming," “transport," and “diffusive" regions, re-
spectively. We now describe the placement of these various regions which are indicated
pictorially in Figure 2.

Our priming region, R;(«), is a subset of the left-half plane, and here there exists
a very natural Lyapunov function, because in this region, the deterministic drift is di-
rected toward the origin. On the other hand, the diffusive region, R3(«), is a funnel-like
region around the positive x-axis where there is finite-time blow-up in the determinis-
tic setting. Demonstrating the existence of a local Lyapunov function in the diffusive
region is a key piece in proving noise-induced stabilization in our model problem. The
transport region Rs(«) is governed primarily by deterministic transport from the dif-
fusive region to the priming region. In this section, we focus on the construction of a
local Lyapunov function in each of these three regions.

9.1 The Priming Region

When looking for a priming Lyapunov function, it is natural to consider the norm
to some power. In this specific example, we expect the norm to some power to be
a Lyapunov function in the left-half plane since the drift vector field points at least
partially towards the origin; see Figure 1.

3
2

For § > 0, we define v; (z,y) = (22 + y?)2 and observe that

D) =5o(a® + 398 +5(3 =D +2)8 200t + 2057

+ (04 +0,)6(2 +y?)2 7L
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Ra

R R3

Ro

Figure 2: The different regions in which local Lyapunov functions are constructed. R,
is the priming region. The two regions labeled R. are transport regions. And Rj is
the diffusive region which connects the two transport regions in which information is
propagating in different directions.

In particular, if (z,y) € I'_;(§,1), we get that

ad St 022 + o, y> oz +o0o
Lvp)(x,y) € — ——— (2% +y*) 2 +6(6 —2)— Y L
() o) S = ot 4y a0 -2 T s et
ad 2 9 341
:—7{,[]4— 2
a2+4( v
1 a2+4<[5—2](0$x2+0yy2)+ Oy + 0y )
a @it @i/

This implies that for any ¢ > 0 and a > 0, there exists an R; sufficiently large so that
if |(z,y)| > R1, then the term in the square brackets is greater than ;. Hence v; is a
super Lyapunov function in the region

with exponent ‘5%1 As we will see later, we will have to restrict J to the interval (0, %)
and this automatically implies that § € (0,2). In turn, this guarantees that § — 2 < 0 and
that the term in the square brackets above is greater that % provided

Oz + 0y <1 o
(22 +y2)3  2Va2+4

We formalize this observation in the following proposition.

Proposition 9.1. For any « > 0 and ¢ € (0,2), if (z,y) € R1(«) with |(x,y)| > Ri, then
vy satisfies

(Lvl)(x,y) S —my 1)1’Yl (l’,y)

EJP 17 (2012), paper 96. ejp.ejpecp.org
Page 12/38


http://dx.doi.org/10.1214/EJP.v17-2410
http://ejp.ejpecp.org/

Propagating Lyapunov function

1

>0,71=%>1,R1: 2(U$+ay)ﬂ}§.

where my = a

ad

2v/a%4+4

Our choice of the region R;(«) is motivated by the following. From (9.1), it is clear
that we need to define a region in the negative half-plane bounded away from the y-
axis. Furthermore, in order to guarantee that v; is super Lyapunov, we need to ensure
a region in which |(x,y)| — oo implies |z| — oco. Note that Ri(«a) is a subset of the
left half-plane, in which the dominant dynamics at infinity are given by 7" and hence
the relevant scaling transformation is S,EQ). For this reason, it is desirable to define the
boundary of the region so that it behaves well under Sf). From the previous section,
we see that

ST, (w0, 90)) = T2, (£, Lyo) C T2 (w0,50) for €>1

which motivates our choice of R («) and the shape of its boundary in particular.

9.2 Decomposition of Remainder of Plane

We will now propagate the priming Lyapunov function through a sequence of regions
until all of the routes to infinity are covered.

As mentioned above, near the boundary of R;(a) and away from the z-axis, the
operator 7' is dominant. This holds true until one enters the region defined by the curves
xy? = c where c is a sufficiently large positive constant and x > 0 is sufficiently large. At
this point, the dominant balance changes and the operator A becomes dominant. Hence
we define the transport region, R2(«), with one boundary inside the region R, («) which
is invariant under the scaling Sf), and one boundary which is defined by the curve
|z|y? = c for some constant. As we make precise in the definition below, we will choose
c=a.

We set Ra(a) = Ra(w, 1) where for a, A > 0, we define

Ra(a,\) = F%‘(aﬁ, DenA(avA, 1,0 NI (VA 1)e.

Now, observe that outside of R (a)UR2 () all of the routes to infinity have |z]y? < cc.
Hence the operator A is dominant in this entire region and we do not need to further
subdivide the remainder of the plane. To define R3(«), recall that we need nontrivial
overlap with the transport region Rs(a). Hence we again chose a boundary curve of
the form |z|y? = c but with ¢ > a. In particular, we define R3(a) = I'T(2a,1). Note
that R3(«) is the diffusive region: the diffusion term in the operator A isZCI“itical to the
stabilization of the process here.

In summary, for each a > 0, we have defined three regions

Priming Region: Ri(a) =T'_(5,1)
Transport Region: Ro(a) = Ra(a, 1)
Diffusive Region: R3(a) =T'T(2a,1).
2

Notice that R (a)NRa(a) and Ra(a)NR3() are nonempty and that R?\(R;(a)UR2(a)U
Rs3(a)) is a bounded set. We construct a local super Lyapunov function in each of
the three regions and then smoothly patch them together to form one global super
Lyapunov function on the entire plane.

9.3 The Associated Poisson Equations

We now propagate the priming Lyapunov function v; which is defined in R4 («) to
the other regions by solving a succession of Poisson equations. Throughout most of our
construction, a will remain a free parameter; we specify a later to ensure a number of
necessary estimates. We begin with the transport region Rs(«).
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9.3.1 The Transport Region Ry («)

For § > 0 and « > 0, we define vs(x,y) as the solution to the following Poisson equation:
2+ y2

N
va(x,y) = v1(z,y) on 0B («)

541
) on Rao(a) 9.2)

where 0B; (o) = {x < —ayly| = ;:d}

The rationale for this is as follows. We wish to propagate the priming Lyapunov
function through the region Ry(a), so we need to take it as the boundary condition.
Since the operator T represents one of the dominate balances, it necessarily scales ho-
mogeneously. In this case, T scales like £* under the scaling transformation S,EQ). Hence
if vy is to scale homogeneously under S,EQ) as (P for some power p then the righthand
side must scale like /’T! and the boundary conditions must scale like #? both under Sf’.
(Notice the boundary 0B, is invariant under Séz).)

Notice that our choice of right-hand side scales as /! and the boundary conditions
scale as would be consistent with a solution which scales like #° under Sf). The form
of the boundary conditions are dictated by our choice of v;. The exact from of the
righthand side was chosen so that it was constant along trajectories of the limiting
dynamics in Rz (a)) which are the characteristics of 7.

9.3.2 The Diffusive Region R3(«)

For § > 0 and « > 0, we define v3(z,y) by the following Poisson equation

A y) = —c12°tt on R
(Avs)(z,y) oz 3(@) 9.3)
v3(z,y) = coa® on 0B;(«)
where 0B;(a) = {z > o, 2y = 2a},
2 D 3
0= 56 +3 (9.4)

and cq,co; > 0 are constants which will be chosen later. We remark that the values of
c1 and ¢y do not affect the local super Lyapunov property of vs, but rather are chosen
in order to facilitate the patching of the local super Lyapunov functions into one global
super Lyapunov function in Section 10. As before, we have chosen a right-hand side
which is negative definite, scales homogeneously under the appropriate scaling, namely
S(gn’ and has unbounded growth in the region. We use a constant multiple of z° as the
boundary condition rather than the function v, from the neighboring region because
we want a function which scales homogeneously under Sél). However, 2° is in fact
the asymptotic behavior (up to a constant multiple) of va(z,y) as |(z,y)| — oo on the
specified boundary.

In Section 9.5, we verify that v, and v3 are super Lyapunov functions in the regions
in which they are defined. However, we first establish a number of preliminary results.

9.4 Existence of Solutions and Their Properties

The scaling properties of the solutions to the above Poisson equations are one of
main tools we use to show that they are local Lyapunov functions. This is because,
with one exception, points at infinity in a given region can be scaled back to points in
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the same region by the scaling transformation under which the associated differential
operator is homogeneous. As we discuss below, the exception is the subregion of Ry («)
which lies near the boundary of R3(«).

9.4.1 Properties of the Solution in the Transport Region

Care must be taken when scaling the points in the subregion of R2(«) which lie close
to the boundary of R3(«). The points in this region naturally scale with Sél) while the

operator 7" which is associated to R2(«) scales homogeneously under Sf). This issue
was also addressed in Section 8.1 where we introduced the parameter )\ to generate a
family of operators T which scale homogeneously with Sél).

With this mind, it is natural to introduce the function vs(x,y, A) which, for a given
A € (0, 1], solves the following family of auxiliary Poisson equations in Ra(a, A):

{ (Thvo)(x,y,\) = —h(z,y,\) on Ra(a, )

9.5
va(z,y,A) = f(z,9,A) on 9B, (aV\) ©:9)

where we define

22 + \y? > ot 541

W,y \) = ( . o0 = N5 @ 4 a?)h

For ease of notation, we write
h(z,y) = h(z,y,1) and f(z,y) = f(z,y,1).

Notice that h ~ 91, f L ¢5, h 2 ¢5+1 and f 2 ¢% where § was defined in (9.4). Also
observe that vy (z,y, 1) coincides with the vy (z,y) defined by (9.2).

9.4.2 Properties of the Solution in the Diffusive Region

The dynamics associated to the operator A, which is dominant in R3(«), should be un-
derstood as having one diffusive direction and one deterministic direction which is un-
coupled from the diffusion and acts as the “clock” of the diffusion. To see this, observe
that A is the operator associated to the system of SDEs given by

dX, = X2dt Xo=1
N I R (9.6)
dYy, =2X,Ydt + /20, dW, Yy =1y.
Now, let (Xo,Yy) = (z,y) lie in R3(a) and define 7 = inf{t > 0 : (X,,Y;) € dBs(c)}. Then
vs(x,y), which was defined in (9.3), can be represented probabilistically as

sl =l )+ [ 1%

= (% + ) Eay [X2] — 22° 9.7)
provided that, first, the expectation is finite; and second, that the right-hand side of
equation (9.7) depends in a C? fashion on (x,y) € R3(«). Both of these facts will follow
from Proposition 9.2, which we present below, and are made formal in Proposition 9.3,
which appears in the next section.

Since Xt is deterministic, this representation of v3 amounts to a deterministic func-
tion of 7. To better understand the properties of 7, we introduce the time change

T(t) = fot X.ds = —In|1 — xt| and the process Zpwy = Xt% Y;. Due to the scaling of the
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boundary of R3(w), if we define 7 = inf{T > 0 : |Zr| > V2a} then # = L(1 —¢™7),
X, = 2¢T®, and Z satisfies the SDE

5
AZy = 5 ZrdT + /20, dWr,  Zp= T2y, (9.8)

Since Zr is the solution to a Gaussian SDE, the following proposition follows easily.

Proposition 9.2. For{ < 5 and (z,y) € R3(a), Eqy) [657] < oo and the map (z,y) —
E(l‘,y) [657] is 02.

Proof of Proposition 9.2. To see the finiteness of the expectation, observe that

IP(%y)(eST > 8) = IP(w,y)< sup |Zr| < \/204) <Py <|Z% sl <V 204)

0<T<ns
- — 9

iins 1
10 3
:IP()\/ZJ'Z/ 525 ’ efg’“dWT‘ <v2a) < (72)2.
0 oym(s5/0 —1)
Hence for § < 3, this decays sufficiently rapidly in order to guarantee that E, [657] is
finite. The continuity properties now follow from the continuity properties of 7. Specifi-
cally, E(, . [¢°"] = g(v/z y) where g(z) solves the following ordinary differential equation

{oyg%z) +320/(2) + dg(2) =0 for g € (—v/20,/2a) ©.9)

9(v2a) = g(—v2a) = 1.

Since by standard results on the regularity of ODEs, ¢(z) € C?([-v/2a,v/2a]), we con-
clude that E, ., [¢°"] = g(v/z y) € C*(R3(«)) as desired. O

We remark that this proposition imposes a further restriction on the size of the
parameter ¢, which previously was only required to be positive. Observe that in light of
(9.4) the requirement that 6 < % forces ¢ € (0, %)

9.4.3 Principal Result on Existence and Scaling of Solutions

We consolidate these observations and now state and prove our principal existence and
scaling result.

Proposition 9.3. For every § € (O,%), there exists a strictly positive C? function
v3: R3(a) — (0,00) which solves (9.3). For every A\ € (0,1], there exists a strictly
positive C? function vy: Ra(a,\) — (0,00) which solves (9.5). In addition, vy L,
va 209, vy A 0% and (z,y,A) — va(x,y, A) is continuous on Rj(«) x [0,1] where Rj(a) =
Naefo,1]R2(, A). In fact, v, has an explicit formula given in (9.11) below and v3 a semi-
explicit formula given in (9.10) also below.

Proof of Proposition 9.3. We begin with v3. The preceding discussion all but gives the
existence proof. In particular, it shows that if ¢ is defined by (9.9) and ¢ by (9.4) then
the map

(CC, y) = E(a:,y) [Xé] = xSE(Ly) [637] = xsg(ﬁy)

is well-defined, positive, and C? for § € (0,2) and (z,y) € R3(). Returning to (9.7),
classical results (see, for example, [4]) allow us to justify the stochastic representation

formula for v3, which now can be rewritten as

v3(z,y) = 2 [(%1 + ¢2)E(z ) [687—] — %1} =20 [(% + c2)g(Vry) — ik (9.10)
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As a consequence of this formula, to prove the scaling it suffices to show that

5r1 1 40
Eay) [¢7] ~ £
This is clear, since the only dependence of 7 upon x and y results from Z;, and 7, =
z2y = (fz)2(yl~2) is invariant under Sél). We now turn to vy. While in light of the
scaling and continuity properties of T, h, and f this result could be obtained by ab-
stract means, we employ the method of characteristics to produce an explicit solution.
Namely,

2 4 A2\ 6 1 5

Va2, 9, A) = (u) [3+a\ﬁ+ ﬁ(zi)z] 9.11)
[yl ly| a?+1

The scaling properties, regularity, and positivity follow by direct calculation with (9.11).

O

Remark 9.4. As A\ — 0, vo(x,y, \) given in (9.11) converges to 29t |y|~(*+1), This was
expected since formally taking A — 0 in (9.5) produces the equation

£2(0+1)

(220, + 22y0y)v = — on Ra(a, 0)

ly[>+ (9.12)
v(z,y) =0 on B (aV)\).

The solution to this simplified equation is easily seen to be x?°*'|y|~(+1), Even in a
setting where (9.5) cannot be solved explicitly, this simplified equation may well be
easier to solve. We will see in Section 10 that the most delicate parts of the patching
require precise information about the limit of v5 as A — 0. This suggests that the
analysis may be feasible even when (9.5) is not solvable.

Remark 9.5. For both v, and v3 we have used specifics of the solutions to verify the
scaling. It is possible to derive the results just from the scaling of the operators, right-
hand sides, and boundary conditions. The positivity for both solutions also follows from
the positivity of the boundary data and the negative definiteness of the right-hand sides.

9.5 Proof of Local Super Lyapunov Property

Letting Br(z) = {(z,y) € R?: |(z,y) — 2| < R}, we state the following proposition
which establishes that v, and v3 are local super Lyapunov functions.

Proposition 9.6. Fix any § € (0, %) then for all « > 0 sufficiently large, there exist

constants m; > 0 and R; > 0 so that if (z,y) € R;(«) with |(z,y)| > R;, then v; satisfies

(Lvi)(w,y) < —mv]" (2,y)

for i = 2,3 where v, = 73 = 233, In addition, we have the following refined estimate

in the second region which emphasizes its transitional nature and which will be of later
use. Defining

RV () = Ra(@) NRP (a)e and RP(a) = Ra(a) NTT,(a, 1), (9.13)

ifj =1,2 and (z,y) € RY’, we have

()
(Lva)(z,y) < —mav;* (2,y)

(1) _ . _ 5545 (2) _ . _ o+1
where v, ' =3 = %52 and v, = = &5
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Proof of Proposition 9.6. We begin with v3 since it is more straightforward. Observe
that for any v > 1, using equation (9.3) and the positivity of vs, one has

(Lvs)(x,y) = (Avs)(2,y) — y*0pv3(2, y) + 020203(2, )
S+1 _ .2 ) _ ]
< —'Ug(x,y) [Clx Y |81v3(x,y)| leazzwd(xay)|1

v3 (,Yy)
< —mvg (1[,’, y)

where we define

m =

(1 = 4210,05(2, )| — 7Ot y>']

inf
(,9)€Rs(@)NB5(0) vz (,9y)

If for some choice of v > 1 and R > 0, one has m > 0, then it is clear that vs is a local
super Lyapunov function. To prove that such v and R exist, we use the scaling and
continuity properties of v which were proven in Proposition 9.3. Observe that every
point (x,y) € R3(a) can be mapped back to a point (2«,b), where (z,y) = Sél)(Qa,b),
{=3-,and b= Viy € [—1, 1]. Therefore v satisfies the following scaling relations:

vs(@,y) = v (20, b) (9evs)(,y) = €77 (9,03) (201,)
20t = (51 (24)5H1 (Drav3) (@) = £02(Dyavs) (20, b) .
These scaling relations lead us to choose v = igig which is the ratio of the exponents

of ¢ in Avs and v3. With this choice of v, we obtain

c12°tt — y210,v3(2, y)| — 02|0nev3(2,y)]

v3 (z,9)

1(20)0+1 — 073(12]0,05(20x, b)| + 04 |0pav3(20r, b))
vy (2a, b)

Hence if we define ¢, = inf{z/(2a) : (z,y) € R3(a) N B%(0)} and

M = sup b2|3m03(2047 b)‘ + 0z|3m03(2047 b)' + U3(2a7 b) )
be[—1,1]

the preceding estimate and the strict positivity of v imply that
e1(2a)+ — 073 M
M~ '

Since vz is C?, we know that M < oo (the supremum is over a compact set). Further-
more, observe that ¢/, — oo as R — oo. Combining these last two observations with the
above estimate, we can choose R sufficiently large to ensure that

m >

01(204)‘§+1 —073M >0

and hence that m > 0. We define R3 and 3 to be the above choices of R and ~,
respectively, which are valid in R3(«). Substituting these values in the expression for
m, we obtain mg. This completes the proof of the local super Lyapunov property for vs.

We now turn to proving the corresponding property for v,. We start as we did for vs,
by noting that for any v > 1

(Lv2)(x,y) = —h(x,y) + (0205002 + 0yOyyv2) (2, y)

h — 04|0z2v2| — 0y|0yyv2|

v (Ivy) S 7mvg(xay)
Ua
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where in this case we define

h— Ux|8mv2| — O'y|ayy'l}2|

m = inf T,Y).
(,y)€R2(a) vy @)
l(z,y)|>R

As before, we need to show that there exist v > 1 and R > 0 such that m > 0. Since
Ra2(«) has two different natural scalings, we decompose this region and handle each
subregion separately. Recall the definition of Rgl) and RéQ) from (9.13) and observe
that Rél)(a) scales well under Sél) and RéQ) (o) under Sl@. We define m(?) as

h — ox\amvg\ — O'y‘ayy’ljg‘

@ — inf (
m inf z,y).
(2)ERS () vz
[(z,y)|>R

We begin with Rf) () since the analysis in this subregion is very similar to the previous
analysis for vs.

First, note that the circle of radius r = 2(a? + 1) centered at the origin is contained
in A(o,1,1). Hence any point in Rg) (o) can be connected by a radial line contained
in Rg)(a) to the part of this circle contained in Rgz)(a). It follows from this that any
(z,y) € Rg) (o) can be written in the form (z,y) = Sf) (a,b) where ¢ = |(x,y)|r~! and
(a,b) is a point on the circle of radius r centered at the origin. Therefore,

va(z,y) = Lva(a,b) (Ozav2) (2, y) = £ (Dz0v2)(a,b)

h(z,y) = €6+1h(aa b) (ayyv2)(ma y) = 6572(8?”’02)(&, b).
Again, by analogy to the previous case, these scaling relations lead us to choose v =
%, which is the ratio of the exponents of ¢ in Tvy and vy. With this choice of ~, if

(z,y) = S,SQ) (a,b), we have that

h— 81 _ p) h—0"30..10.... — (3 0,
O';z| - ,UQL Uy| yyU2:| (x’ y) _ |: Uﬁ‘ am’UQ"Y O'y| yyUQ] (a7 b) )
Uy U2
. 5(2) (2) . —
Setting Ry~ = {(a,b) € Ry (a) : |(a,b)| = r}, we define
h n
p= inf M and M = sup {01|3m112| taywyywq (a,0).
(a,b)eRD Vg (a,b) (a,0)ERSY V2

Letting £, = inf{|(z,y)|/r : (z,y) € R (a) N B4(0)} = R/r, we observe that m® >
p—{;3M. Because h and vy are C? in (z,y) and strictly positive and 7%%2) is a compact
set, we conclude that p > 0 and M < oo. Hence one can choose R sufficiently large in
order to ensure that m(?) > p — ¢;3M > 0. Again, we denote these specific choices of
R and ~, which are valid in R?) (), by Rg) and 752). Substituting these values in the
expression for m(?), we obtain mf). This completes the proof that v, is a local super
Lyapunov property in the subregion Rg) ().

We now turn to region Rgl)(a). Every point (x,y) € Rgl)(a) can be mapped back

to a point (a,b) on the curve {ab = a} such that (z,y) = Sél)(a,b), where ¢ = (aiy)§

a=a?(zy?)?, and b= a3 (zy?)3. Hence we get the scaling relations

vo(z,y,1) = Esvg(a, b,073) (Ozzv2)(x,y,1) = 65_2(8”1)2)((1, b,073)
h(w,9,1) = £ h(a, b, £7) (Dyyv2)(@,y,1) = 71 (Dy05) (a,b,075)
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Now using the scaling map S,S” to map (a,b) — (o, 1) we obtain
va(a,b,07%) = bovg(a, 1,07%) (Ozav2)(a,b,673) = b"72(Dpgv2) (av, 1,£77)
h(a,b,073) = 0°F 1 h(a,1,073) (Dyyv2)(a,b,073) = b2 (dyyva)(a, 1,£73) .

Again, these scaling relations in R () lead us to choose = 2942, which is the ratio

of the exponents of ¢ in Tv, and v,. Combining these two sets of scaling estimates and
setting ¥ = 6(1 — v) + 1, we get that

h — 04|0ppv2| — 0y|0yy 02|
[ o ](:cyy, 1)
_3 -3
_ b,_y |:h - (bﬁ) U:c|aa:rv’y2| -b JyayyUQ] (Oé; 17673)
Vg

— [iv (1 - (bz)—%w@ - b—%yhﬁ)] (@, 1,077).

Vg
We have organized this calculation a bit differently for reasons which will become clear

momentarily. Based on the preceding calculation, we define
|02 (a, 1, X))

h(a,1,\) . |
—_— d M;(\)= f ———-
,\’»ler[lo,A] vy (o, 1, \) an 1) A’»ler[lO,A] (o, 1, \)

: |Oyyv2(a, 1, \)|
d My(\) = —_—
an (V) x»ler[lo,A] hia, 1, \)

p(A) =

Notice that, unlike the previous calculations, we have made the constants p, M;, and
M, depend on the maximal value of A. This is because in our current setting we require
more precise information about these constants than merely that they are finite and
positive.

We set £, = inf{(z/ay)3 : (z,y) € Rél)(a) N B%(0)} and we observe that since b > 1,

m 2 p(t-) (1 = €20, M (67) = 0, Ma(£;?))

We wish to conclude that the right-hand side of the above expression is strictly positive.
To conclude this, however, we need to understand the behavior of M;()\) and M»()\) as
A — 0. By direct calculation from the explicit formula for vs, we see that

20(20 +1 4+ 1)(6+ 2

M;(0) = ¥ and M,(0) = M
@ @
Since M;(\) and M (\) are both continuous functions of A on (0, 1] with finite limits as
A — 0, and since ¢, can be made arbitrarily large by choosing R sufficiently large, for
any € > 0 we can choose R large enough to ensure
oy(0+1)(6+2)

L= (20 M) — oy Mp(6%) > 1 - PSRBT

We conclude that as long as W < 1, we can always choose R large enough

to guarantee that m() is positive. This last inequality holds whenever « is sufficiently
large. Again, we denote these specific choices of R and ~ , which are valid in Rél)(a),
by R{" and 7{". Substituting these values in the expression for m(), we obtain mS".
Choosing my = min{mél),mg)}, Yo = min{vél)mé?)}, and Ry = max{Rél),Rf)} com-
pletes the proof that v, is a local super Lyapunov function in the entire region Ry(«).
The more detailed statements of the behavior in Rél) and R;m merely serve to summa-
rize the above points. O
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10 Construction of a Global Super Lyapunov Function

We now patch together the three local Lyapunov functions that are defined in distinct
regions of the plane in order to produce one smooth, global Lyapunov function defined
on the entire plane. To do this, we use the standard mollifier ¢(¢), a smooth, increasing
function which varies from 0 to 1 and is suitably normalized to integrate to unity on the
whole real line. Specifically, we take ¢(t) = L= ffoo ¢(s)ds with m = [*_4)(s)ds where

—=1 ) for0<t<1
»(t) = {eXp(1—<2t—1>2)

0 otherwise .

Next, we define the functions ki (x,y) and hs(x,y) as follows:

2

alyl ho(z,y) =2 — —.

hl (1'7 y) =2+ —
The function h,(z,y) = 0 on one boundary of the wedge-shaped region R;(a) N Ra(a);
hi(z,y) = 1 on the other boundary of this region; and h; varies smoothly between 0
and 1 in the interior. Similarly, ha(z,y) = 0 on one boundary of the funnel-like region
Ra(a) N R3(a) and ha(x,y) = 1 on the other boundary. Thus, outside of a fixed ball,
we define our global Lyapunov function V' to agree with the local Lyapunov functions
in subregions of their domains of definition and to be a smooth, convex combination of
the two local Lyapunov functions in regions of intersection. In particular, let V(m, y) be
given by

vi(z,y) for (z,y) € Ri(a) N Ra(a)
Vi(z,y) for (z,y) € Ri(a) N Ra()
7 y) = va(z,y) for (z,y) € Ra(a) NRi(a)* N R3()®
’ Va(z,y) for (z,y) € Ra(a) NRa(w)
vs(z,y) for (z,y) € Ra(a) N Ra(a)®
0 otherwise

where

We then choose V (z,y) € C?(R?) to satisfy

Vie.y) V(x,y) for 2% + y% > p?
Z, =
Y arbitrary positive and smooth  for 2% + 3% < p?

where p will be specified below.

Remark 10.1. At the start of the Lyapunov construction in Section 9.1, we fix a choice
of § > 0 when defining v;. This choice is then propagated through our construction and
is explicitly present in the definition of v, and vs. During the analysis of vs, we note
in Proposition 9.2 and Proposition 9.3 that we must choose § € (0, %) Except for this
one restriction, we are free to choose 6. Hence our construction of V depends on two
parameters ¢ and p. As we will summarize in Proposition 10.2 below, § gives the power
of the polynomial growth in all but the pure, positive x-direction. On the other hand, p
sets the distance from the origin past which the Lyapunov estimates are valid.
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Consolidating our results on the scaling behavior of the functions v;, i = 1,2,3, we
obtain the following:

Proposition 10.2. Fixing a ¢ € (0, %), there exists positive constants ¢ and C, so that

cl(@,y)” < V(x,y) < Ol(x,y) = Cl(z,y)| 23,

Proof of Proposition 10.2. After observing that § < ¢ = 34 + 2 on (0, 2), the result
follows quickly from Proposition 9.3 and the definition of v; from Section 9.1. On the
right half-plane, the result follows from the definition of v;. On the left half-plane, one
can either use the the scaling relations or the explicit representations given in (9.11)
and (9.10) to obtain the desired inequalities. O

The following proposition states that V' is a super Lyapunov function. Therefore, one
of our main theorems, Theorem 3.1 from Section 3, is an immediate consequence of this
proposition.

Proposition 10.3. For any ¢ € (0, %) there exists a p from the definition of V so that
V(x,vy) is a global super Lyapunov function on R?.

In light of Proposition 9.1 and Proposition 9.6, the main missing ingredient in the
proof of Proposition 10.3 is the verification that V is a local Lyapunov function in the
patching regions. This is the content of the next proposition; we prove it before return-
ing to the proof of Proposition 10.3 at the end of the section.

Lemma 10.4. Foranyé € (0, 2), Vi(z,y) is a local super Lyapunov function on Ry (c) N
Ra(a) and Va(x,y) is a local super Lyapunov function on Ra(a) N Rs(a).

Proof of Lemma 10.4. Let m;, R; and ~; for i = 1,2,3 be the constants from Proposi-
tion 9.1 and Proposition 9.6. Next define m, = min{m,,mg, m3}, R* = max{R;, R2, R3}
and 7. = min{v,v2,73} = fgig We further increase R, so that if (z,y) € R; and
|(z,y)| > R. then v;(z,y) > 1. In proving that V% is a local super Lyapunov function we
need to recall the more refined version of the super Lyapunov property in R, given in
Proposition 9.6.

We address each of the claims in the lemma separately. We begin with the proof that
V1 is super Lyapunov since it is the most straightforward. If p > R*, we have that for all

(z,y) € Ri(a) NRa(a) N B5(0)

(LVi)(z,y) = (1= ¢(hi(z,y)))(Lv2) (@, y) + ¢(ha(z,y))(Lvi)(z,y) + Er(z,y)
—m[(1 = ¢(ha(z,9)))vs" (z,y) + d(ha(z,y))v]" (z,y)] + Er(2,y)
—m.[Vi(z,9)]" + E1(z,y) by convexity

—ms (1 = M) [Vi(z, y)|™

ININ TN

where M; and E(z,y) are defined as

El (‘Ta y) :|
M, = sup [
' (2.9)€R1 ()R () LMx[V1 (2, y)]
[(z,9)|>p
and
Er(z,y) = Lp(hi(z, y)])(vi(2,y) — va2(z,y))
0 0
+ 200 2 0 (@) 5 [0 (.9) — va(ay)]
0 0
+ QUyaiy [¢(h1 (Iv y))]% [Ul (Ia y) - 'UQ(.’,E, y)] .
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If we can choose p sufficiently large so that M; < 1, then V;(z,y) will be a local super
Lyapunov function on R4 («) N Ra(«). To show M; < 1, we use the scaling properties of
vy and v, to map back to a circular arc of radius r = va? + 4. Let

= VEAY

, , a:%, and b:%.

Then
(2,y) € Ri(@) NR2(a) N B0) = (2,y) =S (a,b) with ¢>1
Note that hq(z,y) = h1(a,b), so
Vi(z,y) = °Vi(a,b) and [Vi(z,y)]" = £ [Vi(a,b)]™.

As a consequence of these scaling relations, we get that for all (x,y) € R1(a) NRa(a) N
B¢(0),
P

Ey(z,y) = 0 ag¢' (hi(a,b))|b] (1 + 22> [v1(a,b) — va(a,b)]
o|b] N oysgn(b)

—}—E‘Sfla(gﬁ”(hl(mb)) (_ ) [Ul(avb) —Uz(a,b)]

+ 0°2a¢/(h1(a, b))

+ 007 2a¢/ (hy(a, b)) — e % v1(a,b) — va(a,b)])

+ 0°72a¢/(h1(a, b))

Hence we have that

€1 1(a, b) €1 2((1, b) :|
M, < sup { : + : (10.1)
LS aers () Rate) L [Vi(a, )] 2m[Vi(a,b)]m
[(z,y)|<r

where

e1,1(a,b) = ad (hn (a,0))b] (1 + Zé) [v1(a,b) — va(a, b)]

e12(a,b) = ad” (b (a, b))(‘i”;'b' + ”ysin(b) )lv1(a,b) = va(a,b)]
+ a0/ (a,0) 275 o1 (0,) — v, 1)
+ ! (0, 0) 22 oy (a,) — wa(a, )
+ad (h(a, b))wgy[m(a, b) — va(a,b)].

By explicit computation with v; and v2, we can show that e; 1(a, b) is always negative for
(a,b) in the desired region. The second term of the sum in (10.1), the upper bound for
M, can then be made arbitrarily small by choosing ¢ large enough; this corresponds to
choosing p sufficiently large. This establishes that M; < 1, which completes the proof
of the lemma.

EJP 17 (2012), paper 96. ejp.ejpecp.org
Page 23/38


http://dx.doi.org/10.1214/EJP.v17-2410
http://ejp.ejpecp.org/

Propagating Lyapunov function

We now turn to proving that V; is super Lyapunov. If p > R*, then for all (z,y) €
Ra(@) NRa(ar) N B (0)

(LVa)(2,y) = (1 — dlha(e, y)))(Lva) (2, y) + b(ha(z,y))(Lvs) (2, y) + Ealz,y)
—m[(1 = @lha(e, )03 (@, y) + d(ha(w, y))o3* (@, y)] + Ea(e,y)
—m.[Va(a,y)]"* + Es(x,y) by convexity

—ma (1 — My)[Va(z, y))®

ININIA

where

E
M2 _ sup |: 2 (117, y) :|
(z,y)ER2(a)NR3(a)NBE(0) LT [Va(z,y)]

and
Ey(z,y) = L[g(ha(z,y))]|(vs(z,y) — va(z,y))

+ 20 [9lha(, )] 5l ) — (2, 9)

+ 2ay§y[¢<h2<x, y))]a%[vg(x, y) — a(a.y)].

If M5 < 1, then Va(z,y) will be a super Lyapunov function on Rs(a) N R3(a). To show
Ms < 1, we use the scaling properties of v, and v3 to map back to a vertical line. Let

:i, a = 2aq, and b:y\/z.
2c0

Then
(z,y) € Ra(@) NRa(a) N BE(0) = (w,y,1) = S5 (a,b,07%)

where |b] € [%,1] and ¢ > 1. Note that ha(x,y) = ha(a,b), so Va(z,y) = Va(z,y,1)
satisfies

Va(w,y,1) = OVa(a,b,07%) and  [Va(x,y, 1)) = 0¥} [Va(a, b, £73)]

where
Va(,y,A) = [1 = ¢(ha(z, y))|va(z,y, A) + d(ha(z, y))vs(z,y) -
Now we have that for all (z,y) € Ra(a) N Ra(a) N B5(0),

Es(z,y) = ESHM(—&L%Q — 2a0,)[vs(a, b) — va(a, b, £73)]

iy M (_4abay)a%[v3(a, b) — vs(a, b, £7?)]
3 2102000 o Vv (ab) — va(a, b, )
(—b%0,)[vs(a,b) — va(a, b, £73)]

b4 [vs(a, b) — va(a, b, £73)]
(721)2%)%[1;3(@ b) — va(a, b, €]

Define N(\*) as follows:

N(/\*) o sup 6271((1, b, /\) 6272((1, b, )\)
plera LmsVa(a, b, )P Vim, [Vo(a, b, X))
AE(0,M7]

(10.2)
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where
eo.1(a,b,0) = M(—L’)a?b? — 2a0,)[v3(a, b) — va(a,b,\)]
n W(—4abay)§y[v3(a7 b) — va(a, b, \)],
e2,2(a,b,\) = M(—%Lbay)[vg(a,b) —va(a, b, A)]
N M(waz)[vg(a, b) — va(a,b, V)]
N Mzﬁ [v3(a, b) — va(a, b, \)]
n M(—Ziﬂox)%[vs(a, b) — va(a, b, A)].

Note that for any A\* > 0, we can choose p sufficiently large to force M, (which, we
recall, depends on p) to be less than N(A*). Ultimately, we will choose \* sufficiently
small so that N(\*) < 1. The second term of the sum in (10.2) can be made arbitrarily
small by increasing the size of /; again, increasing the size of ¢ corresponds to increas-
ing p. We now address the first term of the sum in (10.2). From Lemma 10.5 which is
stated and proven bellow, we see that we can chose the parameters to make this term

negative.
Combining all of these observations, we have demonstrated that M, < 1, which
completes the proof of the lemma. O

Lemma 10.5. There exist positive constants c¢; and cy in the definition of the Poisson
equation for vs(x,y), and positive « and A\* such that for all A € [0, \*], the following

inequalities hold for a = 2« and |b| € [%, 1]:
vs(a,b) — va(a,b,\) >0 (10.3)
81}3 81}2

Proof of Lemma 10.5. Recall that, from (9.10), vs(z,y) can be represented as
va(,y) = 2 (2 + €2) Bay [7] - 2] (10.5)

where 7 = inf{t > 0: |Z;| ¢ [-V2a, v2a]} and Z, is the process given in (9.8). Note that
the expectation in (10.5) can be written as the solution to a second-order ODE, namely:

Eoy [e"7] = ge(vez 1)
1

where g.(z) solves the following boundary value problem with € = 5-:

eaygl (z) + %zgé(z) + Sgg(z) =0 forze(-1,1)
ge(=1) =g (1) =1.

Define go(z) to be the solution to the limiting ODE in (10.6) when ¢ = 0 and note that

go(z) can be computed exactly for initial conditions z # 0:

1

(10.6)

90(2) = PR (10.7)

Now, let vg(z, y) be defined as
B ) =2 (4 +e2)go(Ver y) — ] (10.8)
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We address the first difference between v3 and vy in (10.3) as follows. We write

v3(a,b) — va(a,b) =vs(a,b) — vi(a,b) (10.9)
+v3(a,b) — va(a,b,0) (10.10)
+ va(a,b,0) — va(a, b, A). (10.11)

To show that this difference is positive, we will show that v{(a,b) — v2(a,b,0) > 0 and
that the other two differences are small in comparison. Similarly, for the difference
between the y-derivatives of vs and v in (10.4), we write

Ovs Ovy Ovs 8113
b %, (0:0) = 5 b, A)} b[a (a,0) = 5 @ b)} (10.12)
v Ovy
+b[ 52 5 (00— 5 ah 0)] (10.13)
8’02 81}2
+b[ 5y (@0:0) = F (b, A)} (10.14)

and again, we will show that b[av" (a,b) — ‘9”2 (a b,0)] > 0 and the other two differences
are small in comparison. Spemﬁcally, we demonstrate that there exist positive constants
¢, and ¢y in the Poisson equation for v3 such that the differences in (10.10) and (10.13)
are positive; and then, that there exists a sufficiently large such that the differences on
the righthand sides of (10.9) and (10.12) are comparatively small; and last, that there
exists a \* such that (10.11) and (10.14) are comparatively small for all A € [0, \*]. For
the first of these claims, note that

(2a)26+1
|b|6+1

v Vs q)20+1
b[%; (a,b) — %y (a,0,0)] = (2|b|)§+1q(b)

v9(a, b) — va(a,b,0) = q(b) (10.15)

where ¢ and ¢ are given by
16116 | ~yvi2 Cl
q(b) = 23%F3 [(g +6)[b|F — §|b|5+1] ~1

qb) = —(5+ )23 (2 1+ &) bl F +5+1

and ¢; = - and ¢y = We note that ¢; and ¢y are chosen to scale with « so

1 5+ 1 5+ -
a2
that v5 and v3 have 1dentlcal scahng in a. Moreover, as we demonstrate below, ¢; and ¢,

can be chosen independently of a. It is clear that ¢ is a monotone decreasing function

=1.
Thus if we can show ¢(1) > 0, then it follows that
8’1)0 8’02
b| =2 (a,b b,0 10.16
[y (@) = 5, (@ b0)] > (10.16)

for all |b| € [272,1]. If we can also show ¢(22) > 0, then from (10.15), we conclude that
vg(a,Q_%) — vg(a,Q_%,O) >0.

Combining this with (10.16) gives the desired positivity of (10.10) on the whole interval
|b] € [272,1]. Hence, we need only verify that there exist positive values of ¢ and ¢
such that

g(2-%) = 280+% [(? + )27 - %2—(%6%)} 10 (10.17)
g1 =—(6+2)22°"2 (2 + ) +0+1>0. (10.18)
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The verification of this is elementary and we omit the details.

We remark that ¢; and ¢» can be chosen independently of «, since the above inequal-
ities have no dependence on «. Thus, choosing positive ¢; and ¢; such that (10.17) and
(10.18) are both satisfied, we get that for all |b| € [2*%, 1],

v9(a,b) — va(a,b,0) > a®+1230+3¢(273) > 0

0
b[%(a,w -9, 0)] = a®+122714(1) > 0.

dy dy
We turn our attention to making the differences
) 0
vs(a,b) — v9(a,b) and b[%‘(% b) — %(a, b)]

comparatively small. Note that
vs(a,b) — v§(a,b) = @ T123975 (2 4 6)[g.(b) — go(b)]

Ovs o)
5y @0 -5,

To be precise, we will show that

[og(a.B) = §(a, )] < §[a®*1230 (27 )]

(a, b)} = a®H1230F5p(2 4 &) [gl(b) — g(b)]

ov v ~
‘b[a—;(a,b) — —;(mb)” < % [a25+122‘5+1q(1)} .

This is equivalent to establishing that
0412894 (% 4 ) [0.(0) - go(8)]| < 4 [ +1285 Fg(a)] (10.19)
2128982 4 ) [g1(6) — gy )] < 4 [a2H1225414(1)] | (10.20)

Observe that the same powers of a appear on both sides of each of the above inequal-
ities. Therefore, to prove (10.19) and (10.20), it suffices to show that g.(b) and g.(b)
converge uniformly to go(b) and g} (b), respectively, for |b| € [272,1] as e = > — 0. Both
of these uniform convergences follow from classical results; see, for example, [1].
Since € = i we can choose « sufficiently large to guarantee that both (10.19) and
(10.20) hold and that v, remains a local super Lyapunov function on Rs(«) (recall that
in Proposition 9.6, a lower bound on the size of a« was imposed). Finally, by choosing
A* sufficiently small, the differences in (10.11) and (10.14) can be made small for all
A € [0, A\+]. This is an immediate consequence of the fact that vo(a, b, \) is a C? function

of A € [0,1]. O

Having established the super Lyapunov property in the patching region, we return
to the proof of the main result of this section.

Proof of Proposition 10.3. The local super Lyapunov condition has now been proven in
regions; namely, for v; in Proposition 9.1, for vy and vs in Proposition 9.6, and for the
patched functions V; and V5 in Proposition 10.4. All that remains is to make a global
choice of constants. The constant p from Proposition 10.4 was chosen to be valid in all
regions. It is sufficient to choose

M = min {m*(l — My),m,(1— Mg)} < My,
b= sup {|(LV)(z,)] ca? 4yt < pz}, and

50 +5
50 + 3

v = min{yi, 72,73} =
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These choices guarantee that for all (z,y) € R?

(LV)(z,y) < =M [V (z,y)]" +b.

11 Existence and Positivity of Transition Density

Having established the existence of a global super Lyapunov function, we now make
a small detour to prove the existence of a smooth density with appropriate positivity
properties. These results provide the missing ingredient to prove the ergodic result
stated in Theorem 3.2, namely a minorization condition. It is worth noting, however,
that proving the minorization condition is not our sole goal. Indeed, if it were, we
would not need all of the results of this section: we could simply use smoothness and
appropriate open set controllability results. See for example [25, 24].

Instead, our interest is larger, motivated by two concerns. First, we wish to un-
derstand the general structure of the invariant measure, not merely its uniqueness.
Second, we want to take this simple example to highlight some techniques, different
than those often used, which can be applied in more general situations to address ques-
tions of positivity. We feel that these methods convey more intuition and better allow
for the inclusion of a priori facts about the dynamics.

11.1 Positivity when o, > 0

When o, > 0 (since we always assume o, > 0), the system is uniformly elliptic, and
everything is relatively straightforward. Since the diffusion associated with (3.1) has
a constant, positive definite diffusion matrix, classical results guarantee the existence
of a function p : (0,00) x R? x R? — (0, c0) such that p is jointly continuous, p;(z,?’) is
strictly positive for all (¢, z, 2), and such that for all measurable sets A

Pi(z, A) :/Apt(z,z’)dz’. (11.1)

We summarize these results for future reference in the following Proposition.

Proposition 11.1. Ifo, > 0 and o, > 0 then for allt > 0, P; has an everywhere positive
density p;(z, z’) with respect to Lebesgue measure which is smooth in both z and 2’.

11.2 Positivity when o, =0

When o, = 0 (but o, still positive), the situation is more delicate. We begin by
observing that the generator of the associated diffusion is still hypoelliptic; to see this,
we write the generator of the diffusion as

1
L=X+50,0;.

Observe that [[X, 9,], 9,] = —2 and hence the relevant ideal in the algebra generated by
X and 9, is of full rank. In turn, this ensures the existence of a continuous function p
so that (11.1) holds. The main difference between this and the setting of Section 11.1
is that it is no longer immediate that p;(z, z) is positive for all t+ > 0 and z,2’ € R2. In
fact it is not true.

Intuitively, it is clear that if z is in the left-half plane and 2’ in the right-half plane
then p;(z, z’) should be zero, since there is no way to move across the y-axis. On the
other hand, it is reasonable to expect that given any 2’ in the left-half plane, there exists
a T = T(z') such that p;(z,2') > 0forallt > T and z € R?.
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There are a number of ways to prove such a result. The most generally applicable
and powerful technique is to leverage geometric control theory to show that the support
of P(z, - ) contains a sufficiently large, bounded region of the left-half plane for any z
and ¢ sufficiently large. From this, for example, one can show that (X, Y;) is sufficiently
smooth in the Malliavin sense (which it is), and deduce that p;(z, 2’) is strictly positive
in the interior of the support.

Alternatively, one can use sufficiently quantitative open-set controllability results to
extend the very local positivity which follows just from the joint-continuity of (z,z’) —
pt(z,2"). This is the method employed in [25, 24] in various forms.

Here we take an approach most consonant with the first option. However, rather
than merely citing the appropriate geometric control theory results, we construct an
explicit series of simple controls to prove the positivity condition we require. The sub-
sequent discussion is lengthier, but we feel that it is more intuitive and is a useful com-
plement to more general control theoretic arguments, especially for the uninitiated.

Before turning to the existence of a positive density for (3.1), we first consider an
analogous calculation in a simpler setting. Consider a smooth map ¢: R™ — R? where
m > d and let I' be a non-degenerate Gaussian probability measure on R™. Consider
the push forward of I by ¢, denoted by I'¢p~! and defined by I'¢~!(A4) = I'(¢p—*(A)). For
the measure I'¢~! to be absolutely continuous with respect to Lebesgue measure, it is
necessary and sufficient that

I'{z € R™ : Det|(D¢)(z)(DpT)(z)| =0} = 0.

(See [5, 6] for more details.) Supposing that this condition holds, we let 4 denote the
density of I'¢p~! with respect to Lebesgue measure. We are interested in when #(z) is
positive at a given point z € R?. It is a simple exercise in calculus to see that §(z) > 0
if and only if there exists a x € R™ with v(z) = 2 and for which (D¢(z))(D¢” (z)) is a
non-degenerate matrix. The first condition ensures that there is a way to reach z; that
is to say, z is the image of R? under ¢. The second ensures that an infinitesimal piece of
volume, and hence probability, is brought with x when it is mapped by ¢.

This intuitive fact has a counterpart in stochastic analysis. While these ideas rest on
the foundation of Malliavin calculus, the closest analogue is found in the work of Ben
Arous and Leandre [8, 7] and the subsequent presentation by Nualart[3]. We begin by
identifying the map in question.

To any U € L%([0,T],R%), we associate {(X",Y,Y) : t € [0,T]} which solves the
system of equations

X =(x{)? - (v")?

vV =o2xVvV+u,
In the following discussion, we will refer to U as the control and denote by (X¢,Y,?)
the solution to the deterministic system of equations (7.1); that is, the system (11.2)
with U(z,y) identically zero. It is also worth mentioning that for U € L2([0,T],R),
t — (XY, YY) is continuous on [0, 7.

In analogy to the discussion at the start of the section, for T > 0 and z € R?, we will
consider the map ®7.: L2((0,T];R) — R? defined by U (<I>(Tl,)z, @g?)z) = (X¥,Y}) and
(X, YY) = 2. Translating [3] to our current setting, we obtain the following theorem:

Theorem 11.2. pr(z,2') > 0 if and only if there exists a U € L?([0,T],R) so that
®r ,(U) = 2’ and furthermore the matrix

(11.2)

| DD (V)13 (D) (U), DO (U) 2
MT,z(U) = (1) ® (2) # (2) ’22 (11.3)
(DOy . (U), D7 (U)) > [1D®y . (U)]|72
is nondegenerate. Here D represents the Frechet derivative.
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The condition from [8, 7, 3] that the SDE under consideration have coefficients which
are bounded with all derivatives bounded can be removed by a standard localization
argument. The key step is knowing that |(X;,Y;)| is almost surely finite which follows
from the Lyapunov function we constructed in the preceding sections.

This matrix M is just the product of the Jacobians introduced in the motivating
discussion at the start of this section, translated to our current setting. To facilitate
calculations and to better see this connection, it is useful to observe that for any n € R2

T
(Mo (U, m) = / (IUpea,m)ds (11.4)
0

where e; = (0, 1) and Jgt is the Jacobi flow (the linearization of the SDE/controlled ODE)
defined by

02{(U)  99;(U)

9eLL(U)  92LL(U)

U __

Js,t_
el (U) vl (V)
ool (U) 000 (U)

We now state a simple condition which ensures the nondegeneracy of M. It captures
the fact that as long as there is some twist in J; ;1. then J ; ez and e; will not be co-
linear, and hence (Js ste€2,m) + (e2,n) # 0 for any n # 0. Combining this with the
continuity of s — Jyr produces the desired nondegeneracy of (11.4). The following
lemma follows this outline, providing a condition which ensure such that the system
has the desired twist.

Proposition 11.3. To ensure the nondegeneracy of My .(U), it is sufficient that there
exist a tg € [0,T] so that Oy, ,(U) # 0.

Proof of Proposition 11.3. Since t — ®, .(U) is continuous, we can without loss of gen-
erality assume that ¢y € (0,7") and pick an € > 0 so [ty — €,to] C (0,7) and @, ,(U) > 0
forallt e [t() — €, t()].

The nondegeneracy of Mr .(U) is equivalent to

inf  (My.(U)n,n) >0.
ne]RIQI:l\n\:1< 7.:(U)n,m)

In light of (11.4), we see that

to to
<MT»Z(U)773 77> Z / <JgT627 T]>2dt = /

to—e to—e

(Jihoez, (Jig r) ) dt

where (Jt[g )" is the adjoint of the matrix Jg - Combining these two observations, we
see that for some positive constant ¢, depending on U,

to+e
nf / (I e2,m)%dt .

My . (U)n,n) > c 1
(o) ze it [

inf
neER?:|n|=1
Since (t,n) — (J, €2,n) is jointly continuous, it is sufficient to show that
(JZ, e ex) #0  forallt € [ty — e, to) (11.5)

for some positive ¢ where ey is the standard choice of vector perpendicular to e,. Since
Jtl[ito e2 = eg, this guarantees that for every given n # 0, one has <Jg€062, 1) # 0 for ¢ in
some open interval of [ty — ¢, to]. The continuity in 7 then ensures the infimum over all 5
with |n| = 1 is still positive.
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To establish (11.5), we appeal directly to the equations. We see that as long as
®,.(U) # 0tot € [ty — € to] then (Js,n,n") # 0 for all s,r with tg —e < s <7 < tg
and all n # 0. This is due to the fact that as long as the trajectory is not at zero,
the linearization rotates any vector a nontrivial amount over any interval of time. In
particular, the linearization satisfies the equation 0;J, ; = A.J,; for t > s with J, ; equal
to the identity matrix and

O (2X, =2\ costy —sinb;
At(m 2Xt>2Rt<sin9t cos&t> (11.6)

where (Xt, }/t) = (Rf COS Gt, Rt sin 9,) O

Remark 11.4. The proof of Proposition 11.3 gives very appealing intuition concerning
the positivity of the transition density. Stochastic variation is injected at every moment
of time in the y-direction. However, the deterministic part of the flow is rotating at
every point except the origin, as is seen from the calculation in (11.6). This rotation
ensures that there is stochastically independent variation in two linearly independent
directions.

As a consequence of Proposition 11.3, to invoke Theorem 11.2 to prove the positivity
of py(z,2') for two given points z, 2’ € R?, we simply need to find a control U for which
®, .(U) = 2’ and for which the path does not spend all of its time at the origin. Since
the path is continuous in time, this last condition poses no restriction if either z or 2z’
is not the origin. If both z and 2’ are the origin, it is still elementary to find a control
satisfying the second condition which still also satisfies &, ,(U) = 2.

We collect these last observations in the following lemma which combines Proposi-
tion 11.3 and Theorem 11.2.

Corollary 11.5. The transition density p; satisfies pr(z,y) > 0 for a given T' > 0 and
z,y € R? if there exist a U € L?*([0,T],R) such that ®r,(U) = y and there exists an
s € [0,T] so that ®, ,(U) # 0. Similarly, pr(z,y) = 0 if there exists no U € L*([0,7],R)
such that &7 ,(U) = y.

We now build the required controls. All the controls we design will take the form
Uy = u(XU,YV,t) for some piecewise smooth u : R? x [0,7] — R. At first glance,
this might seem an implicit specification which risks being ill-defined, since (X7, YY)
depends on the function U; we define through (11.2). However, a moment’s reflection
shows this not to be the case, since in this setting (XU,Y;V) can be defined in a self-
contained way as the solution to the ODE

X7 =X - )’
VY =2x7YY +u(xy, Y 0.
Then, with this solution in hand, one can define U; = u(XY, VY, t).

Lemma 11.6. Let z, = (z.,y.) with z. < 0 be fixed. There exists a finite T (z,) > 0
such that for all 29 = (xo,y0) € R? and for all T > T.(z.), there exists a control U €
L?([0,T],R) for which the controlled system (11.2) satisfies

(X5 YY) = 20, (X7, Y7) = 2

and such that Mr ., (U) is nondegenerate.
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(Tary) *

(w0, y0)

Figure 3: A representative example of a control path used to move from any point in R?
to any point in the left-half plane.

Proof of Lemma 11.6. We begin with the case of z, = (2, y.) with y. # 0. The remain-
ing case will be considered at the end of the proof. The critical feature of z, with y, # 0
is that there exists a deterministic orbit which begins on the y-axis and flows in finite
time to the point z,.

Let B be the closed ball of radius |z.|/3 about the origin intersected with the negative
half-plane {(z,y) : * < 0}. We begin by setting U; = sgn™(yg) for ¢t € [0,1]. (Here
sgnt(z) = z/|z| for x # 0 and 1 if z = 0.) Define 7 to be the first time ¢ > 1 such that
(XY, YY) € Bwhere (X,YV) = 2. We will set U; = 0 for t € [1,T; + s] where s > 0
is a parameter we will vary in our construction. By driving with |U;| = 1 on the time
interval [0, 1], we have ensured that Y}V # 0, which in turn implies that 7} < T} for some
finite, zp-independent constant 77. (In light of the discussion at the end of Section 7,
7 <1+ %.) Let C, be the orbit of the deterministic system which passes through
the point z, but which is not contained in the set . Recall that this orbit is a circle
tangent to the origin. We now define 75 to be the infimum over time ¢ > T} + s such that
(XU, YY) € C.. If we define U, = sgnT (YY)M — 2XVYV fort € [T} + 5,T], then YV =
sgnt(V;')M, and Y,V =Y + Msgnt(Yf ) (t — Ty — s) for t € [T} + s, T»]. Hence for
M large enough, we can ensure that X; moves very little in the time it takes Y; to grow
sufficiently to cross C.. This allows us to prove that 75 — (7} + s) is bounded from above
for any sufficiently large fixed choice of M with a bound which is independent of s and
2o since (X}’ﬁs, Y:,’{Jrs) € B. For the same reason, by choosing M large enough we can
ensure that [ X7 | < 2|z,|/3. Fixing such an M, we define T to be the infimum of times
t > Ty such that (X7, V,V) = 2,. Fort € [I», T3], we set U; = 0. Since M is fixed and
| X%, | < 2|z.|/3, clearly T5 — T, is bounded uniformly for all s > 0 and z, € R?. If we view
T3 — (11 + s) as a function of (X¥1 Le YT({ +,), then it is continuous, since the governing
ODEs depend continuously on their initial conditions. Since (X ,,Y} ) € B, which
is a compact set, we know that there exists a finite bound 7* so that 75 — (71 +s) < 7*
forall (X% ., Y . ,) € B. Because (X7, Y[ ) is a continuous function of (z, s) and
T, an continuous function of zy, we see that (zg, s) — T3 is a continuous function. Since
Ty and T3 — T are bounded uniformly in (2o, s), we conclude that if T : (zg,s) — T3,
then there exists a T so that T'(zy,0) < T, for all zy. Since s — T'(zg,s) is continuous
and T'(zg, ) — oo as s — oo, we conclude that for any ¢ > T, and z € RR2 there exists a
s(t, z0) so that T'(zo, s(t, z0)) = t. The control U constructed corresponding to this choice
of s is the desired control. It is clearly in L2([0,t]; R) since it is uniformly bounded.

We now return to the case of z, = (z.,y.) where y, = 0. Let (X7, Y,V) be the
solution with control U; = —2X,Y; — 1 and initial condition (X{,Y) = z.. Since this
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is in fact a flow, its solutions also exist backward in time. It is clear from the choice U
that Y'Y, = 1 # 0. For future reference, define z; = (XY;,YY)). Hence by the first part
of the proof, there exists a T, so that for any s > T, there exists a control U so that
(XJ, YY) = 29 and (XY, YY) = 2;. Thus if we define

U o Ut ift e [0, S]
Tl —2X,Y, —1 ifte (s, s+ 1]
By the choice of z1, (X:[Z, YTU) = z, as required if we set T' = s + 1.
Lastly we observe that none of the control paths employed are identically zero for
all time. Hence Lemma 11.3, implies that My, (U) is non-degenerate. O

Combining the results from this section, we get the following Proposition which is
the analogue of Proposition 11.1.

Proposition 11.7. Ifo, > 0 but o, = 0, then for any z, = (z.,y.) € R? withz, < 0 there
exists a T, so that for any t > T, one has p:(z,z.) > 0 for any z € R2. Furthermore,
if z0 = (z0,90) € R? with 9 < 0 and z; = (v1,71) € R? with x; > 0 than one has
pt(20,21) =0 for any t > 0.

Proof of Proposition 11.7. As already outlined, the positivity claim follows from The-
orem 11.2, because Proposition 11.6 guarantees the existence of a control with the
needed properties. The fact that p:(z9, 21) = 0 when z; is strictly positive also follows
from Theorem 11.2, provided we can show that there is no control which moves one
from 2y to z1. To see this, observe that except for the fixed point at the origin, the vec-
tor field for any control always points toward the left half-plane along the y-axis. Hence
it is impossible to leave the left half-plane. The fact that p:(zo,21) = 0 when z; = 0
follows from the strict positivity of p;(zo,21) when z; < 0 and from the continuity of

Pe(20, 21). O

11.3 Positivity of the Invariant Measure: Proof of Theorem 3.4

Assuming that o, > 0, we know that P,(z, -) is absolutely continuous with respect to
Lebesgue measure and has a smooth density. Hence if i is an invariant measure (and
therefore we have p = pP; for any ¢t > 0), we see that p also has a smooth density, m,
with respect to Lebesgue measure. The invariance implies that for all z € R? and t > 0

m(z):/ (2, 2)m(2")dz’ (11.7)
R2

where p; is the density of F;.

Let z be a point such that for some ¢t > 0, p;(2/,2) > 0 for all 2/ € R?. Since m
integrates to one and is smooth, there must exist some open set A such that m(z’) > 0
for all 2/ € A. Combining this observation with (11.7), we get

m(z) > /Apt(z’,z)m(z’)dz’ >0.

Hence we deduce that m(z) is positive at any point z which satisfies the stated assump-
tion. Applying this result to the information on the positivity of p; in Proposition 11.1
and Proposition 11.7, we obtain the conclusions about the positivity of m(z) in Theo-
rem 3.4.

To deduce the statements that m(z) = 0 for z = (z,y) with z > 0if o, > and o, = 0,
we use Proposition 11.7, which states that if w € H, = {z = (z,y) € R? : > 0}, then
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pe(C,w) =0forallt > 0if ( € H_, where H_ is defined to be the complement of H, .
This implies that if z € H, then

m(z) = / pe(w, z)m(w)dw .
Hy
Integrating this expression over H, and interchanging the order of integration, we get
/ m(z)dz = d(w)m(w)dw .
Hy Hy

where ¢(w) = fH+ pi(w, z)dz. Since m(z),¢(z) > 0 for all z, this implies that for
Lebesgue-almost-every z € H,, either m(z) = 0 or ¢(z) = 1. Yet from Proposition 11.7,
we know that given any w € H_, there exists a time ¢ > 0 so that p;(z,w) > 0 for all
z € R?. Because z — p;(z,w) is continuous, we know ¢(w) < 1 for every w € H,. This
implies that m(z) = 0 for almost every z € H,. Since m(z) is continuous, this forces
m(z) = 0 for all z € H,. This completes the proof of Theorem 3.4.

12 Minorization and Geometric Ergodicity

We now establish the minorization condition we need to complete the proof of Theo-
rem 3.2. Specifically, we seek a probability measure v and positive constants «, R, and
T so that

{zelRi2I:1|£\§R} Pr(z, - )>av(-) (12.1)
and R > K7 where Kr is the constant from Lemma 6.1. This condition is a localized
version of the classical Doeblin condition and central to the theory of Harris chains
[21, 26, 18]. While the Lyapunov condition ensures the existence of an invariant mea-
sure and guarantees sufficiently rapid returns to the “center of phase space” to produce
geometric mixing, the minorization condition ensures the existence of probabilistic mix-
ing.

To summarize our current situation, we pause to prove the following intermediate
result.

Theorem 12.1. If the minorization condition holds from (12.1), then the Markov semi-
group P, generated by (3.1) satisfies the conclusions of Theorem 3.2.

Proof of Theorem 12.1. By Theorem 1.3 in [18], there exist constants & € (0,1) and 8 >
0 such that pg(u1 Pr, uoPr) < apg(ui, p2). Results such as this are quite classical. Other
proofs can be found, for example, in [26]. Combining this estimate with Proposition 6.2
immediately implies that for any n € {0} UIN

~n— —n 1+ BK:
p5(p11 Pur, pi2Par) < @™ g1 Pr, paPr) < a (ﬁ)po(m,uz). (12.2)

(0%
To extend this estimate to an arbitrary ¢ > 0, we define a nonnegative integer n and
7 € (0,1) so that ¢ = nT + 7 and observe that

1+ BK
pp(p1 Pr, poPy) = pp(p1 PrPors po Pr Pyr) < @ (TT)pO(MIPTmU/QPT)

1+ BKr 1+ BKr

_ _t
< an(f)po(ul,m) <ar ( =2

a )Po(ul,m)

As noted in Remark 6.3, for any 8’ > 0 there exists a constant C' so that pg (v1,12) <
Cpp(v1,v2) for all probability measure v;. This completes the proof. O

EJP 17 (2012), paper 96. ejp.ejpecp.org
Page 34/38


http://dx.doi.org/10.1214/EJP.v17-2410
http://ejp.ejpecp.org/

Propagating Lyapunov function

12.1 Minorization when o, > 0

Now since for each t > 0, (z,2') — p¢(z,2') is continuous and everywhere positive,
it is elementary that for any R > 0 there exists a positive constant o = a(R,t) > 0
so that inf{p;(z,2') : 2,2’ € R% |z],|2/| < R} > a. The minorization condition follows
immediately from this, since for any measurable set A

Pz, A) = / el 2)d=' > aLeb(AN Br(0)) = aLeb(B(0))v(A)
A
where Leb is Lebesgue measure and v(A) = Leb(A N Br(0))/Leb(Bg(0)).

12.2 Minorization when o, =0

We now state and prove a lemma which shows that the needed minorization condi-
tion follows quickly from continuity and a relaxed positivity assumption. In Section 11.2,
this relaxed positivity assumption was shown to hold by using a very explicit control the-
ory argument coupled with some stochastic analysis.

Lemma 12.2. Let P(z,dz') be a Markov transition kernel on R¢ such that P(z,dz') =
p(z,2")dz" with p: R? x R? — [0,00) jointly continuous. If there exists z* € R? and a
compact set B such that for all z € B, p(z,z*) > 0 there exist a € (0,1) and a probability
measure v such that
zuellg Pz, ) >av().

Proof. Since z — p(z,z*) is continuous, it achieves its minimum on the compact set
B. Since p(z, z*) is strictly positive for all z € B, we know that for some a € (1/2,0),
p(z,2*) > 2« for all z € B. By the joint continuity of p, for each z € B there exists a
0, > 0 be such that p(y,x) > a for all (y,x) € Bs,(2) X Bs,(z*). Since {Bs,(z): z € B}
is an open cover of the compact set B, we can extract a finite subcover. Let K be the
collection of points z associated with this finite subcover. If § = min{¢, : z € K}, then
6 > 0 since §, > 0 and K is finite. Now since

Bc | Bs.(2)

zeK

we have that p(y,z) > a for all (y,r) € B x Bs(z*). Then P(y, A) > aleb(B;(.)(2))v(4),
where v(A) = Leb(AN Bs(z*))/Leb(Bs(.)(z)) and Leb is Lebesgue measure on R?, since

P(y,A) = / p(y, z)dx > / p(y, z)dz > aLeb(AN Bs(z")).
A ANBs(z*)

13 Conclusion

We describe a general methodology for building a Lyapunov function in a setting
where the global stability of the systems requires flux of probability into regions which
are clearly dissipative from the rest of phase space. We are most interested in problems,
like the example considered here, where the noise plays an essential role in creating
this transport is some regions. The algorithm makes use of local Lyapunov functions,
which are constructed as solutions to Poisson equations in different regions, and are
then patched together to form one global Lyapunov function. We apply these tech-
niques to one specific example in the plane to illustrate how the addition of noise gives
rise to an invariant probability measure for a system whose purely deterministic dynam-
ics exhibit instability. Furthermore, our resulting “super” Lyapunov function enables
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us to extract a stronger convergence than what is usually proved in the Harris-chain
setting—indeed, an exponential convergence independent of initial condition—to this
equilibrium measure. En route to proving this convergence, we employ explicit control-
theoretic constructions and we rely on the tools of Malliavin calculus. It is our hope
that the simple and specific applications of control theory and Malliavin calculus in our
model problem will be of independent interest.

Of course, further work remains to be done: the application of these methods to
other examples, for instance, and the development of more general theorems about
noise-induced stabilization. In particular, in the planar system we consider, patching the
local Lyapunov functions turns out to be one of the most delicate and important parts of
the proof. Therefore, it would be especially interesting to find more general approaches
to the problem of patching Lyapunov functions, and more general conditions under
which it can be done successfully.

When our construction works, it is likely to produce a Lyapunov function which
provides strong control over the excursions towards infinity and a nearly sharp rate
for the convergence to equilibrium. However, the construction of such a function is
laborious. It would be interesting to obtain a simpler “partial fluid limit” which captures
only the minimal stochasticity at infinity needed to stabilize the system. This may arise
as an extension to our work in the direction of [14, 23, 15, 27]. Such an approach might
allow simpler proofs of stabilization without necessarily proving the existence of strong
Lyapunov function.

A Comparison Proposition

Proposition A.1. Suppose f € C(R) is a non-increasing function and that ¢(t) and ¥ (t)

are C' functions on R satisfying ¢(0) = ¢(0) and ¢'(t) < f(¢(t)), ¥'(t) = f(¥(t)) for all
t > 0 then ¢(t) < ¢(t) forallt > 0.

Proof of Proposition A.1. For all 0 < r <t, we have that

/f ))ds and (t) /f

which implies

Let Ty = inf{t > 0 : ¢(t) — ¢(t) < 0}. Suppose for contradiction that 7} < co. Then by
continuity, ¥(7T1) — ¢(T1) = 0 and there exists T, € (T}, 00) such that for all ¢t € (T3, T5),
¥(t) — ¢(t) < 0. Then for all t € (T1,T>),

t

Bt — Bt) > (H(T1) — B(T)) + / (F((s)) — F((s)))ds A1)

T

Now since f is non-increasing, ¥(t) < ¢(¢) implies that f(¢(¢)) > f(¢(¢t). Hence this
combined with (A.1) implies that for all ¢ € (T3,T%), ¥(t) — ¢(¢t) > 0. This is a contradic-
tion. Hence 77 must be infinite and ¢(¢) < ¢(¢) for all ¢ > 0. O
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