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Abstract

We consider a discrete time analog of G-expectations and we prove that in the case
where the time step goes to zero the corresponding values converge to the original G-
expectation. Furthermore we provide error estimates for the convergence rate. This
paper is continuation of Dolinsky, Nutz, and Soner (2012). Our main tool is a strong
approximation theorem which we derive for general discrete time martingales.
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1 Introduction

In this paper we study numerical schemes for G-expectations, which were intro-
duced recently by Peng (see [7] and [8]). A G-expectation is a sublinear function which
maps random variables on the canonical space 2 := C([0, T]; R?) to the real numbers.
The motivation to study G-expectations comes from mathematical finance, and in par-
ticular from risk measures (see [6] and [9]) and pricing under volatility uncertainty (see
[2],[6] and [12]).

Our starting point is the dual view on G-expectation via volatility uncertainty (see
[1]), which yields the representation £ — suppcp Ep[¢] where P is the set of probabili-
ties on C([0, T]; R?) such that under any P € P, the canonical process B is a martingale
with volatility d(B)/dt taking values in a compact convex subset D C $¢ of positive def-
inite matrices. Thus the set D can be understood as the domain of (Knightian) volatility
uncertainty and the functional above represents the European option (with reward &)
super-hedging price. For details see [2] and [6].

In the current work we assume that ¢ is of the form F (B, (B)) where F is a path-
dependent functional which satisfies some regularity conditions. In particular, £ can
represent an award of a path dependent European contingent claim. In this case the
reward is a functional of the stock price, which is equal to the Doolean exponential of
the canonical process, and so quadratic variation appears naturally.

In [4] the authors introduced a volatility uncertainty in discrete time and an ana-
log of the Peng G-expectation. They proved that the discrete time values converge to
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the continuous time G-expectation. The main tools that were used there are the weak
convergence machinery together with a randomization technique. The main disadvan-
tage of the weak convergence approach is that it cannot provide error estimates. In
order to obtain error estimates we should consider all the market models on the same
probability space, and so methods based on strong approximation theorems come into
picture.

In this paper we consider a different (from the one in [4]) discrete time analog of G-
expectation and prove that in a case where the time step goes to zero the corresponding
values converge to the original G-expectation. In the current scheme, the discrete time
martingales that we consider have an explicit representation, and so we can write a
dynamical programming for the discrete time analog of the G-expectation and for the
corresponding optimal control. For the scheme that was introduced in [4] dynamical
programming is not available. Furthermore, by deriving a strong invariance principle
for general discrete time martingales, we are able to provide error estimates for the
convergence rate of the current scheme.

The paper is organized as following. In the next section we introduce the setup and
formulate the main results. In Section 3 we present the main machinery which we use,
namely we obtain a strong approximation theorem for general martingales. In Section
4 we derive auxiliary lemmas that are used in the proof of the main results. In Section
5 we complete the proof of Theorems 2.3 and 2.5, and remark why our estimates are
also valid for the approximations which were considered in [4].

2 Preliminaries and main results

We fix the dimension d € IN and denote by ||-|| the sup norm on R?¢. Moreover, we de-
note by $¢ the space of d x d symmetric matrices and by Si its subset of nonnegative def-
inite matrices. Consider the space $¢ with the operator norm ||A|| := SUp||y(=1 ||A(V)]].
We fix a nonempty, convex and compact set D C Si ; the elements of D will be the pos-
sible values of our volatility process. Denote by Q = C([0,T]; R?) and I = C([0, T]; $%),
the spaces of continuous functions with values in R? and $¢, respectively. We consider
these spaces with the sup norm [|z|| := supg<;<r ||z¢||. Let F : @ x ' — R be a function
which satisfies the following assumption. There exist constants H 1, H> > 0 such that

[F(ur,01) = F(ug, vo)| < Hyexp (Ha(||ur]| + [Jusl| + [for]] + [[eal)) x  (2.1)

(||U1 —UQH + ||’U1 —’U2H>, uy, ug € Q, v,v9 €T,

Without loss of generality we assume that the maturity date 7" = 1. We denote by
B = (By)o<i<1 the canonical process (on the space Q) Bi(w) = w;, w € Q and by
Fi = 0(Bs, 0 < s < t) the canonical filtration. A probability measure P on ( is called
a martingale law if B is a P-martingale (with respect to the filtration F) and By = 0
P-a.s. (all our martingales start at the origin). We set

Pp := {P martingale law on Q : d(B)/dt € D, P x dt a.s.}, (2.2)

observe that under any measure P € Pp the stochastic processes B and (B), are ran-
dom elements in ) and I', respectively. Consider the G-expectation

V = sup EpF(B,(B)) (2.3)
PcPp
where Ep denotes the expectation with respect to P. A measure P € Pp will be called
e-optimal if
V <e+ EpF(B,(B)). (2.4)
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Our goal is to find discrete time approximations for V. The advantage of discrete time
approximations is that the corresponding values can be calculated by dynamical pro-
gramming. Furthermore, we will apply these approximations in order to find e—optimal
measures in the continuous time setting.

Remark 2.1. Let S = {(S}, ..., Sf)}izo be the Doolean’s exponential £(B) of the canon-
ical process B, namely S; := S{exp (Bj — (B');), i < d, t € [0,1]. The stochastic process
S represents the stock prices in a financial model with volatility uncertainty. Clearly any
random variable of the from g(S) where g : C([0,T]; R%) — R, is a Lipschitz continuous
function, can be written in the form ¢(S) = F(B, (B)) for a suitable F which satisfies
(2.1). Thus we see that our setup includes payoffs which correspond to path dependent
European options.

Remark 2.2. In general it can be shown (see [1]) that there is no loss of generality in
assuming that D is convex. Namely, any G-expectation can be represented by the right-
hand side of (2.3) for a compact convex set D. The proofin [1] relied on PDE technique,
however let us briefly explain the probabilistic intuition behind the result. Assume that
we start with a compact (not necessarily convex) set D. Let D be the convex hull of D.
Clearly, Disa compact convex set. It can be shown that the set of probability measures
Pp is the closure (with respect to weak convergence) of the convex hull of Pp. This
together with the regularity of F(B, (B)) yields

sup EpF(B,(B)) = sup EpF(B,(B)).

PePp PEPp
Let us emphasis that in the proof of our main results we will use the fact that the set D
is convex and compact.

Next, we formulate the main approximation results. Let v be a distribution on R?
which satisfies the following

/ xdv(z) =0 and / xixjdu(x) =05, 1<4,5<d (2.5)
R4 R4

where §;; is the Kronecker-Delta. Furthermore, we assume that the moment generating
function ¢, (y) = [, ga exp(NL, #iy)dv(z) < oo exists for any y € R% and for any
compact set K C R?
nf Y
b A (ﬁ) = 20

Observe that the standard d-dimensional normal distribution v = N(0, I) is satisfying
the assumptions (2.5)-(2.6).

Let n € IN and Y7, ..., Y, be a sequence of i.i.d. random vectors with £(Y;) = v, i.e.,
the distribution of the random vectors is v. We denote by .A” the set of all d-dimensional
stochastic process M = (M, ..., M,,) of the form, M := 0 and

7 1 .
M, ;:;ﬁqu(yl,..‘,yj_l)yj, 1<i<n (2.7)

where ¢; : (R?)7~! — /D := {/A : A € D} are measurable functions (which can be
chosen arbitrary) and Y7, ..., Y, are column vectors. As usual for a matrix A € S‘i we
denote by v/A the unique square root in Si. Observe that M is a martingale under
the filtration which is generated by Yi,...,Y,,. Let (M) be the ($¢ valued) predictable
variation of M. In view of (2.5) we get

k
1
(M) = 5;&(3@7...%71), 1<k<n (2.8)
p=
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and we set (M)o = 0. Let W, : (R%)"*! x ($9)"*+1 — Q x T be the linear interpolation
operator given by

Wha(u, v)(t) := ([nt] + 1 —nt) (upg, Vpng) + (0t — [08]) (Upg+1, Ving+1), t € [0,1]

where u = (ug, U1, ..., Up), v = (Vg, V1, ..., ) and [z] denotes the integer part of z. Namely,
we consider a continuous time polygonal curve which is defined by the vectors u,v.
This operator gives a natural way to map discrete time processes such as M and (M),
to continuous time processes, and this is essential since the function F' is defined on
Q xT. Set
Vi = sup EF (W,(M,(M))), (2.9)
MEAY,

we denote by IE the expectation with respect to the underlying probability measure.

The following theorem which will be proved in Section 5 is the main result of the
paper.

Theorem 2.3. For any € > 0 there exists a constant C. = C.(v) which depends only on
the distribution v such that

VY —V|<Cn V8 Vnel. (2.10)

Furthermore, if the function F' is bounded, then there exists a constant C = C(v) for
which
VY —V|<CnV/8 ¥neN. (2.11)

Next, we describe a dynamical programming algorithm for V;” and for the corre-
sponding optimal control, which in general should not be unique. For the later we will
need the following definition.

Definition 2.4. Let (X, B) be a measurable space, m € IN and let K C R™ be a compact
set. Consider a measurable map H : X x K — R such that H(z,:) : K — R is a
continuous function for any x € X. Define arg maxycx H(z,y) : ¥ — K by

arg mea%]H(x,y) = max{z € K|H(z, z) = H(z)}
y

where H(z) := sup,; H(z,u) and the maximum in the above right-hand side is taken
with respect to the lexicographical order - on R™. Namely, for any u,v € R™ we
define u = v if there exists k > 0 such that u; = v; for i < k and u, > vi. From the
continuity of Il in the second variable we get that H: X — R is a measurable function
and the set {z € K|H(z, z) = H(z)} is a non empty compact set. Thus, the above map
is well defined. Next, let us briefly verify that the defined map is measurable. Let
argmax,ec g H(z,y) := (H;(z),...,H,,(z)). By applying the continuity of H in the second
variable it follows that

{z € X|H(z) >a} = {x € X| max H(z, 2) = ﬂ(x)} ,
z€KN[a,00) xR™—1
since a € R was arbitrary, we conclude that H; is a measurable function. Finally, to
complete the argument, we assume by induction that H, ..., H; are measurable func-
tions, and we show that Hy, is measurable. Let J C K be a countable set that is

dense in K. Choose a € R. For anyn € N and u = (uy, ..., un,) € J define the function
H,,:X — R by

]Hu,n(l‘) = IH(Q?, U)HZLI |u; —H; (@)|+max(0,a—uiy1)<1/n +
(H(2) = DIgt |y @) +max@.a—uir)21/m0 € X
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where for any event A we set 4 = 1 if an event A occurs and 5 = 0 if not. From the
induction assumption it follows that for any n €¢ IN and v € J, the functionH,,,, : X — R
is measurable. From the continuity of H in the second variable we get

{z € X|Hypyi(z) > a} = {z € X| inf Sggﬂu o(z) = H(z)}.

Thus {x € X|Hy,(x) > a} is a measurable set, and the argument is completed.

Now we are ready to introduce the dynamical programming for VY and for the
corresponding optimal control. Fix n € IN and define a sequence of functions J,"" :
(RF+L x (§9)k+1 5 R, k = 0,1, ...,n by the backward recursion

JET (UG, ULy eeny Uy V0, U1y oey U ) = F W (u,v)) and (2.12)

v,n I
J " (0, wr s ooy U, V0, VT, oy V) 1=

v,n ’YYk+1 'YZ —
sup, ¢ /p I (Jk+1 (uo,ul, ooy ks Uk =2, 00, ULy oy Uk, Uk + 0 ) ) =

sup, c /p Jra Tk i1 (Uo,u1, ceey U, U %7U0,Ul, ey Upey U + L ) dv(x)
for k=0,1,...n—1.

From (2.1) and (2.6) it follows that there exists a constant H such that
k
Jllg/m (u07 ey Uk, VO, "'71}76) < Hex H2 + 1 Z |ut|| + HUZH )7 VE, g, .o, U, V0, -ny V.
1=0

Fix k. By applying (2.6) again we conclude that for any compact sets K; C R? and
K> C Si, the family of random variables

2
v,n YYk41
Jk+1 (UO;-- Uk, Uk + NG 7v07"'avktavkt+%) )

vy e VD, ug,...,ur € K1, vo,...,v; € Ko

is uniformly integrable. This together with the fact that the set D is compact gives (by
backward induction) that for any k, the function J. ,’: '™ is continuous. Thus (following Def-
inition 2.4) we introduce the measurable functions h}™ : (R%)**+! x (§¢)k+1 — /D, k =
0,1,...,n—1by

B (U0, ooy Uk VO, ey V) = (2.13)

v,n 2
argmax_ . /5 Jra Ty (uo,uh.. Up, U + T2, 00, V1, oy Vg, U + L ) dv(2).

Finally, define by induction the stochastic processes {M;"},'_  and {N,"};_,, with
values in R? and $¢, respectively by M;" := 0, N;"" := 0 and for k < n

Ny = NY™ A LR (MY MY NG N (2.14)
and My, =M™ + 2R (M, MY NG NS s

Observe that M""™ € AY and N*" = (M""). From the dynamical programming princi-
ple it follows that
VY = JU™(0,0) = BF (W, (MY", (M"™))). (2.15)

n

In the following theorem (which will be proved in Section 5) we provide an explicit
construction of e-optimal measures for the G-expectation which is defined in (2.3).
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Theorem 2.5. Let (O, FW PW) be a complete probability space together with a
standard d-dimensional Brownian motion {W;}.c[0,1] and its natural filtration FYV o=
o{W (s)|s < t}. Consider the standard normal distribution v, = N'(0,I). For any n € NN,
let f, : (RY)™ — R be a function which is satisfying f,(Y{,...,Y,9) = M;*", where

YY?,..,Y¢ are iid. and L(Y{) = v,. Observe that f, can be calculated from (2.12)-

o n

(2.14). Define the stochastic process {Mt"}i:0 by

n n

My =B (fo (VAW VAW = W), V(W = W) ) [FY), £€[0,1] (2.16)

where EV denotes the expectation with respect to P". Notice that since M™ is a mar-
tingale with respect to Brownian filtration, its a continuous stochastic process. Thus,
let P, be the distribution of M"™ on the canonical space ). Then P, € Pp, and for any
€ > 0 there exists a constant (fe such that

V < E,F(B,(B)) +Cn '8 vn (2.17)

where F,, denotes the expectation with respect to P,,. If the function F' is bounded then
there exists a constant C for which

V < E,F(B,(B)) +Cn~8, vn. (2.18)

Remark 2.6. One question which remains open is whether the estimates of Theorem
2.3 are sharp. Another unanswered question is which distribution v provides the best
estimates in Theorem 2.3. In this paper we do not study the dependence of the con-
stants which appear in (2.10)-(2.11), as functions of the distribution v. The Gaussian
distribution v, = N(0, ) is the most natural for establishing Theorem 2.5. In fact, we
will use the Gaussian distribution and the martingale representation theorem on the
Wiener space in order to establish Theorem 2.5 and one side of the estimates in (2.10)-
(2.11). Another interesting choice of the distribution v is a purely atomic distribution
which is supported by d+ 1 points (for the exact construction see Remark 5.1). It seems
that the later choice of v is the most efficient for the implementation of the dynamical
programming which is give by (2.12). Another application of this choice is explained in
Remark 5.1.

3 The main tool

In this section we derive a strong approximation theorem (Lemma 3.2) which is the
main tool in the proof of Theorems 2.3 and 2.5. This theorem is an extension of the
main result in [11].

For any two distributions v, > on the same measurable space (X, B) we define the
distance in variation

p(v1,v2) := sup [v1(B) — v2(B)|. G.1)
BeB

First we state some results (without a proof) from [11] (Lemmas 4.5 and 7.2 in [11])
that will be used in the proof of Lemma 3.2.

Lemma 3.1.

i. There exists a distribution . on R? which is supported on the set (—1/2,1/2)% and has
the following property. There exists a constant C; > 0 such that for any distributions
v1, 5 on R? which satisfy

f]Rd xdvy (x) = f]Rd xdvy(x) and for 1 <i,j <d (3.2)

f]Rd rizddv () = f]Rd w2 dvy ()
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we have
pon 1y 5 1) < Cr (/ el ) + [ |x||3du2<w>) (3.3)
R4 R4

where v x 1 denotes the convolution of the measures v and .
ii. Let (Q F , P) be a probability space together with a d-dimensional random vectorY,
a m—dimensional random vector Z (m is some natural number), and a random variable
« which is distributed uniformly on the interval [0, 1] and independent of Y and Z. Let
v be a distribution on R¢ and let ¥ be a distribution on R™ x R? such that 7(A x R?) =
P(Z € A) for any A € B(R™), i.e. the marginal distribution of 7 on R™ equals to L(Z).
There exists a measurable function ¥ = ¥, ; 7 vy : R™ x R? x [0,1] — R% x R such
that for the vector

(U,X)=9(2,Y,a) (3.4)

we have the following: L(U) = v, £(Z,X) = ¥, U is independent of X, Z and
PU+X #Y|Z) = p(LU) * L(X|Z2),L(Y|Z)). (3.5)

Now we are ready to prove the main result of this section. For any stochastic process
Z = {Zy}}_, we denote AZy, = Zy — Zy_, for k > 0, where we set Z_; = 0. Fix
n € IN and consider a d-dimensional martingale {M}},_, with respect to its natural
filtration, which satisfies My = 0. For any 1 < k£ < n, there exists a measurable function
o - (R)F — 87 such that

l/c 0’{M0,M17...7M]€,1}) = (36)
br(AMo, AMy, ..., AM;_1),

where {(M);}7_, is the predictable variation ($% valued) of M and the symbol . denotes
transposition. We assume that there exists a constant H for which

E (||AM[]*|o{Mo, ..., Mx_1}) + ||/ A(M)i|> < H, a.s. V. (3.7)
Lemma 3.2. Let v a distribution on R® such that

Jpazdv(z) =0, [pax'aidv(x) =6; Vi,j<d (3.8)
and fu JolPdv(z) < .

For any © > 0 its possible to reconstruct the martingale {M}},_, on some probability
space (Q F, P) (namely we construct a martingale which has the same distribution as
the original martingale M, and for simplicity we denote the new martingale also by M)
together with a sequence ofi.i.d. random vectors Y1, ..., Y,, with the following properties:
i. E(Yl) = V.

ii. For any k, the random vectors M, ..., My_1 are independent of Y.

iii. There exists a constant Cy = Cy(v) which depends only on the distribution v such

that
b CoHn
=~ 2
P 121]?§n\|Mk—§1:./A<M>]—Yj|| >0 | <5 (3.9)

Proof. Fix © > 0. For any k let v, be the distribution of the random vector 1 5(AMy, ..., AMjy).
Let (Q, F , P) be a probability space which contains a sequence of i.i.d. random vectors
Y1, ..., Y, such that £(Y1) = v, a sequence of i.i.d. random variables «;, ..., a,, which are
distributed uniformly on the interval [0,1] and independent of Y7, ...,Y,, and a random
vector Uy which is independent of Y7, ..., Y,,, a1, ..., , and satisfies £(Uy) = u, where the
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distribution 4 is defined in the first part of Lemma 3.1. Define the sequences {X;};,
and {U;}._, by the following recursive relations, X, = 0 and

1.
(Uk,Xk) = \I/;L,I/k,ﬁk(Xm~--7Xk—17Uk—1+6¢k(@X07~-~7@Xk—1)Ykaak)7 1<k<n (3.10)

where 7y is the distribution of (Xo,..., Xp—1,Uk—1 + %J)k(@X@, oy ©®X;_1)Y:). Recall,
that the function ¥ was introduced before (3.4) and the functions q@k, k < n were
introduced before (3.6). From the definition of the map ¥ it follows (by induction)
that £(0Xy,...,0X,) = L(AMy,...,AM,). We conclude that the stochastic process
© Zf:o X;, 0 <k <nis distributed as {M; }Z:O, and so we set (on the current probabil-

ity space (Q, F, P)),
k

M, ::@ZXi, 0<k<n. (3.11)
i=0
Let 1 < k < n. From (3.10)-(3.11) and the fact that Y} is independent of Y7,...,Yr_1,
ay, ..., a1 it follows that Y} is independent of My, ..., M} _1. Thus in order to complete
the proof, it remains to establish (3.9). Set

Op = Up + X — U1 — égf;k(@Xo, ~~,®Xk71)Yk; and pk(xo, ...,xkfl) (3.12)
= ﬁ((;k 7£ 0|X0 =Xy ey Xl = mk—l), 2Oy ooy T—1 € RY 1 <k<n.

From the properties of the map ¥ it follows that for any &, Uy, is independent of X, ..., X
and L£(Uy) = p. This together with (3.5) and (3.10) gives

P (@0, oy Ti—1) = p(L(Xk|Xo = T0, o, Xpm1 = Tp—1) * 1, (3.13)
E(%(b(@xo, ey O _1)Yy) * ,u) 20, Th_1 €ERY, 1<k <n.
From (3.3), (3.6)-(3.7), (3.11) and (3.13)

CoH

03’
for some constant Co = C2(v) which depends only on the distribution v. From (3.11)-
(3.12), (3.14) and the fact that maxo<i<, ||Uk|| < & a.s. we obtain

P (0, oy Th—1) < 20, xp-1 ERY, 1<k <n (3.14)

P (maxi cpen |[My = Sy V/ADD;Y;| > ©) =
p (max1§k§n My = Y520 65(AMo, ..., AM;)Yj 4| > @) =

p (maX1§kgn@|\ S 8+ Uo — Uil > @) <3 P(6 £ 0) < Gin

and we conclude the proof. O

4 Auxiliary lemmas

In this section we derive several estimates which are essential for the proof of The-
orem 2.3 and 2.5. We start with the following general result.

Lemma 4.1. Let {Mt}izo be a one dimensional continuous martingale which satisfies
% < *H a.s. for some constant H. Consider the discrete time martingale Ny := My,
0 < k < n together with its predictable variation process {(N)y},_, which is given by
(N)o := 0 and
E
(N) := > E((AN;)?|o{No, ..., Ni-1}), 1<k <n.

i=1
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There exists constants Cs,C4 (which depend only on H) such that

IE( max max |M; — Nk|4> < % (4.1)
0<k<n—1k/n<t<(k+1)/n n
and c

E M), — (N2 ) < =2, 4.2

(ogrl?gz,{—l k/ngg?ﬁl)/nK Jo = (Nl ) —Vn (4.2)

Proof. From the Burkholder-Davis—-Gundy inequality it follows that there exists a con-
stant ¢; such that

E (maxogkgn,l Maxy /n<i<(k+1)/n | Me — Ni ) (4.3)
Sonzo B (maxy, /<< (er1y/m | Me — Myynl?) <
&1 Sr 0 B (M) 1/ — (Mhyal?) < enly = o2
this completes the proof of (4.1). Next, we prove (4.2). Define the optional variation of
the martingale {Ny},_, by [N]o := 0 and

k
[Nk =) (AN;)?, 1<k<n. (4.4)

i=1

From the relation E(A[N]k|o{No,...,Nx_1}) = A(N); and the Doob-Kolmogorov in-
equality we obtain

E (maxo<k<n [Nk = (N)&|?) < 4E (|[N], — (N)a]?) = (4.5)
AE (| 32321 AINT = AN)i|?) =430 B (JAIN] — AN)?) <
42?:1 E((A[N]l)2) - 42?:1 E (|Mi/n M(z 1)/n| ) < 1:-[

where the last inequality follows from the Burkholder-Davis-Gundy inequality. Next,
observe that

k/n
[N]y = NZ — 2ZN i1 —N;) =N —2 NpgdM,;, 1<k <n. (4.6)
0

From the Doob-Kolmogorov inequality and Ito’s Isometry we get

E (supg<<i |y (M = Np)dM,[*) < 4.7)
4B (| fy (My = Ny )My |?) = 4 ( [, (M; = Ny )2d(M), ) <
AHE (maxo<p<pn—1 Maxy/n<i< (k1) /n | M — Ni|?) < %;

the last inequality follows from (4.1) and Jensen’s inequality. From (4.6)-(4.7) and the
equality 2 fok/n MydMy = N2 — (M)}, it follows that

This together with (4.5) and the inequality (a + b + ¢)? < 4(a? + b2 + ¢?) yields

P (s, IV~ (O

E (maxo<k<n—1 Maxg /n<i<bi1)/m (M) — (N)i|?) < (4.8)

B 1 4R (maxy<kzn [Nk — (Mi/nl?) + 4B (maxy<p<n |[N]k — (N)e]?)

4H? | 64H/Cs 16¢1H>
< n2 + vn + n

and the proof is completed. O
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Next, we apply the above lemma in order to derive some estimates in our setup.

Lemma 4.2. Let n € N and P € Pp. Consider the d-dimensional martingale Ny :=
By, 0 < k < n together with its predictable variation {(N)},_,, under the measure
P. There exists a constant Cs (which is independent of n and P) such that

P (IWn(N) = BJ]?) < (4.9)

it

and
Ep ([Wal(N)) — (B)?) < 55

In the equations (4.9) and (4.10), VW, is the linear interpolation operator which is de-
fined on the spaces (R4)"*! and ($¢)"*!, respectively.

(4.10)

Proof. Inequality (4.9) follows immediately from (4.1) and the relation

d
(N)— B|| <2 Ni — Bi|.
IWa(N) — B|| < ;1?13§nk/ngtm§?é‘+1>/n| i — B

Next, we prove (4.10). For any 1 < 4,j < d denote by (N).’ and (B).7, the i—th row
and the j—th column of the matrices (/V); and (B);, respectively. Notice that (B);”’ =
1((B'+ B7)y — (B%); — (B%);) and (N)}’ = L((N" + N7), — (N*), — (N7),). Thus (4.10)

follows from (4.2) and the inequality

5 <2 N) —(B)}7].
[Wa((N) = (B)]] Z;; odax | omax o |(N) - (B)|
O
We conclude this section with the following technical lemma.
Lemma 4.3. Let A > 0. Then we have:
i
sup Epexp(A sup [|B:]]) < . (4.11)
PePp 0<t<1

ii. Let n € N and v be a distribution which satisfies (2.5)-(2.6). Consider a filtered
probability space ({2, F, {ﬁk}gzo, I:’) together with a sequence of i.i.d. random vectors
Y1,..., Y, which satisfy £(Y1) = v. Assume that for any i, Y; is _7:]- measurable and inde-
pendent of F;_,. Let {Mk}’;;;o be a d-dimensional stochastic process of the following

form: My := 0 and
k
1
My =4/ — Y, 1<k< 4.12
b \/;27 n (4.12)

where for any i, ~; is F;,_, measurable random matrix, which takes values in v/D. There
exists a constant Cs (which may depend on A and v) such that

exp (Aorél]?%(n |Mk||) < Cg. (4.13)

Proof. i. Let P € Pp. From the Novikov condition it follows that for any 1 < ¢ < d and
a € R, Epexp (aB{ — “2—2<BZ>1) = 1. Thus

a2
B (explal 1) < Bp(exp(aB)) + Er(exp(-aB)) < 2exp (5 D))
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where ||D|| = suppcp ||D||. This together with the CauchyU-Schwarz inequality and the
Doob-Kolomogorov inequality for the sub-martingale exp(A||B:||/2), t € [0, 1] completes
the proof of (4.11).

ii. Consider the compact set K := {2 € R? : ||z|| < ||[V/D||}. Clearly, the rows of the
matrices v;, 1 < j <narein K. Fix 1 <7 < d and consider the i—th component of the
process M, namely we consider the process (M¢, ..., M:). From (4.12) we get that for
anya € R

E (eXp(a(Mzi - Mli—l))|~7:-k71) < ;g}g ¥y (%)

where 1, is the function which is defined below (2.5). This together with (2.6) gives

E (exp(aM;)) < sup sup 1, () < 0. (4.14)
( ( )) nelNye K \/’H
From the inequality Eexp(|aM|) < E (exp(aM})) + E (exp(—aM})) and the Cauchy-
Schwartz inequality it follows that there exists a constant ¢s (which may depend on A
and v) such that
E(exp(A||My,]]) < ca. (4.15)

Finally, since for any i the process M}, k < n is a martingale with respect to the fil-
tration {7, }7_, we conclude that the stochastic process {exp(A||My]||/2)};_, is a sub-
martingale and so, from (4.15) and the Doob-Kolomogorv inequality IE exp(A maxo<k<n || Mg|]) <
4c9 and the proof is completed. O

5 Proof of the main results

In this section we complete the proof of Theorems 2.3 and 2.5. Let v be a distribution
which satisfies (2.5)-(2.6). Fix € > 0. We start with proving the following statements

V>V —CnYVE YneN (5.1)

and for a bounded F
VY>>V —Cn Y8 VYnel. (5.2)

Choose n € IN and § > 0. There exists a measure ) € Pp for which
V <6+ EQF (B, (B)). (5.3)

Consider the stochastic process Ny := By, 0 < k < n together with its predictable
variation {(N);};_,. From (2.2) and the fact that D is a convex compact set (notice
that convexity is essential here) we obtain that there exists a sequence of measurable
functions ¢~>j : (R%)7 — /D, 1 < j < n such that

VAN, = \/E (ANLAN,|o{No, N1, ..., Np_1}) = (5.4)
%ngz(No,...,Nkf1)7 Vk a.s.

From the Burkholder-Davis—-Gundy inequality it follows that there exists a constant cs3
for which
Eq (|AN]1*|o{No, .... Ni—1}) < esn™/2, Vk aus. (5.5)

By applying (2.1), Lemmas 4.2-4.3 and Cauchy-Schwartz inequality we get

EqQ|F(B,(B)) = F(Wa(N), Wa((N)))| < can™V/* (5.6)
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for some constant ¢4 (which depends only on the distribution »). From (5.5) and Lemma
3.2 we obtain that there exists a probability space (Q, F, 15) which contains the martin-
gale N, a sequence of i.i.d. random vectors Y7, ..., Y, and satisfies, £(Y;) = v, for any k
the random vectors Ny, ..., Ni_; are independent of Y}, and

k —3/2

B _ v -1/8 Gn n_ . -1/8

P 1r§1f1ka%<n||N;C 2\/A<N>jﬁ\|>n < amo = o (5.7)
i=

for some constant c; which depends only on the distribution v. Denote M}, := Z?zl VA(N);Y;,
1 <k <nand A := {maxi<g<n ||[Nx — My|| > n~/%}. From (2.5) and the fact that

Ny, ..., Ni_1 are independent of Y, we obtain that M is a martingale, and (M) = (N).

Next, from Lemma 4.3, the Cauchy-Schwartz inequality and the simple inequality exp(Ax)z? <
exp((A+ q)z), A, q,z > 0 we get that for any A,¢ > 0

n q
B ((exw (ACam 111+ s 19110 ) DV 9]+ W, 001)" ) < oc

where E denotes the expectation with respect to P. This together with (5.7), the Markov
inequality and the Holder inequality (for p = ;25 and ¢ = g-) yields that there exists
constants cg, c; which depend on ¢ and v such that

E|F(Wa(N), Wa((N))) = F(Wa (M), Wy ((M)))] < (5.8)

H1E<exp (Hz(maxi <k<n |[M||x + maxi<k<n || N[k + 2|/D]])) x

(7 4 TN+ I GD) ) <
< cg(n~ V8 4+ P(A)ﬁ) < ene 18,
If the function F' is bounded, say F' < R, then we have
E[F(Wu(N), Wa((N))) = FOWa (M), Wa((M)))| < RP(A) + Hin™ /3 (5.9)
x E (exp(Ha (maxi<p<n || M|[ + maxi<i<n [|N||x + 2D|]))) < cgn /8

for some constant cg which depends only on v. Since § > 0 was arbitrary, then in view
of (5.3), (5.6) and (5.8)-(5.9) we conclude that in order to prove (5.1)-(5.2) it remains
to establish the following inequality

VY > EF(W, (M), W, ((M))). (5.10)

Define a sequence of functions L, : (R%)¥*! x (§9)*+! — R, k = 0,1, ...,n by the back-
ward recursion
L (ug, ooy Upy 00y ooy U ) := F (Wy(u,v)) and (5.11)
Lk('LL(], ceey Uk, VO, ...,’Uk) =
E L1 (w0, oo g, upe + ﬁ(bkﬂ(uo, ooy W) Yig 1,00, ey Vs
v + 262 (ug, ...yur)) for k=0,1,...,n—1.
From the fact that Y, is independent of Y7, ..., Yy, Vi, ..., Ni_; it follows (by backward
induction) that for any k,
E(F(WH(M),Wn(<M>))|a{N1, vy Np—1, Y1, .., Y ) = (5.12)
Lig (Mo, ..., My, (N)o, ..., (N)i)
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Finally, from (2.12), (5.11)-(5.12) and the fact that (;Ek takes values in v/D for any k, we
obtain (by backward induction) that L;, < J;"", k < n, and in particular

VY = J57(0,0) > Lo(0,0) = EF(W, (M), W, ((M))). (5.13)

This completes the proof of (5.1)-(5.2). Next, fix n € IN, a distribution v which satisfies
(2.5)-(2.6) and consider the optimal control M*™ which is given by (2.12)-(2.14). By
applying Lemma 3.2 for the standard normal distribution v, it follows that there exists
a probability space (Q,]:' , 15) which contains the martingale M*'", a sequence of i.i.d.
standard Gaussian random vectors (d-dimensional) Ylg ,..., Y9 such that for any k the
random vectors M;"", ..., M;"" are independent of ¥}/, and

k

~ vn v\ V9 71/8 71/8

P\ max ||My Z A Y| > n < con (5.14)
J:

for some constant ¢g. Denote M), := Z?:l VAMY); Y, 1 < k < n. Observe that

(M) = (M*"™). Thus by using similar argument to those as in (5.8)-(5.9) we obtain that
there exist constants c1g, ¢11 such that

|EF (W, (M), W, ((M))) = VY| < (5.15)
E|F(Wy (M), Wy, ((M))) = F(Wy (M¥"), Wy ((M¥™)))] < c1gnc=1/3

and if the function F' is bounded,

EFW, (M), W, ((M))) = V| < (5.16)
E|F (W (M), Wy ((M))) = FOWa(M¥™), Wo ((M¥™)))| < crn= /5,

By applying similar arguments to those as in (5.11)-(5.13) we conclude that
VVa = JYo"(0,0) > EF(Wa (M), W, ((M))). (5.17)

Next, since the functions hzg’", 1 < k < n—1 are measurable there exists a measur-
able functions z; : (RY)* — VD, 1 < k < n—1 such that forany 1 < k < n — 1,
2e(YY, L YE) = R (Mg, M NG N, "), where the terms MYs™ NVa:n
are given by (2.12)-(2.14). From the martingale representation theorem if follows that
the martingale M,, which is defined by (2.16) equals to

Mtn = hgg’n(O, O)Wt —+ ]It>1/n X
t
fl/n Z[nu](\/ﬁwl/n, \/ﬁ(Wg/n — Wl/n), N \/E(W[nu} — W[nu]_l))dWm t e [07 l]

and so we obtain that P,, € Pp. As in (5.6) we have
E,|F(B,(B)) — FOVu(N), W, ((N))| < can™t/* (5.18)

where, recall, N, = By/,, 0 < k < n. Finally, observe that the distribution of N under
P,, equals to the distribution of the martingale M¥s". Thus from (2.15) and (5.18) we
conclude that

V > Ep F(B,(B)) > VY —¢yn~ Y4,

This together with (5.1)-(5.2) and (5.15)—(5.17) completes the proof of Theorems 2.3-
2.5. O
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Remark 5.1. In [4], the following analogue of the G-expectation was presented. Given
n € IN we consider (R%)"*! as the canonical space of d-dimensional paths in discrete
time k = 0,1,...,n. We denote by Z" = {ZI?}Z:O the canonical process defined by
Z7(2) == 2, for z = (20,21, ..., zn) € (RY)"TL. Denote by Py the set of all measures P on
the space (R?)"*1 which satisfy the following:
i. The canonical process 7 is a martingale under P and Zy =0 P a.s.
ii. For any k,

nE (AZR)(AZY) |o{Z},....Z;1}) €D, P as.
and

d? inf ||[Y7Y|7 < n|AZP? < d®sup ||Y]], P a.s.
YeD ) YeD

where we set infyep||Y~t||™! = 0 if D has an element which is not invertible. The
n-step discrete time version of the G-expectation is defined by

Vi := sup EpF W,(Z,(Z))). (5.19)
PePy
We want to establish
|V, — V| < Cens /8 (5.20)

and if the function F' is bounded
[V, — V| < Cn™V/8, (5.21)

By using Lemma 3.2 (in a similar way to above) we can prove that for any distribution
v which satisfies (2.5)-(2.6),
VY >V, —Con

and if the function F' is bounded, then
VY >V, —Cn"1/8.

Thus, in view of Theorem 2.3, in order to establish (5.20)-(5.21) it is sufficient to find
a distribution v which is satisfying (2.5)-(2.6) and the inequality V;¥ < V,,. Let A be an
orthogonal (d+1) x (d+1) matrix whose last raw is equals to (ﬁ, - ﬁ) and letv; €

R? be column vectors such that [v1, ..., v44+1] is the matrix obtained from A by deleting
the last row. Consider a random vector Y which values are v/d + 1vy, ..., V/d + 1vgy1, and
the probability of each value is equal to d%rl. It is straightforward to check that the the
distribution v := L(Y') is satisfying (2.5)-(2.6) and for any M € A", the distribution of M
(on the space (R%)"*1) belongs to Py, and so VY <V,.
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