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Approximative solutions of best choice problems
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Abstract
We consider the full information best choice problem from a sequence Xi,..., X,

of independent random variables. Under the basic assumption of convergence of
the corresponding imbedded point processes in the plane to a Poisson process we
establish that the optimal choice problem can be approximated by the optimal choice
problem in the limiting Poisson process. This allows to derive approximations to the
optimal choice probability and also to determine approximatively optimal stopping
times. An extension of this result to the best m-choice problem is also given.
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1 Introduction

The best choice problem of a random sequence X1, ..., X, is to find a stopping time

7 < n to maximize the best choice probability P(X, = M,,), where M,, = maxj¢;<n Xi,

under all stopping times 7 < n. Thus we aim to find an optimal stopping time 7T}, < n
such that

P(Xp, = M,) =max P(X, = M,) (1.1)

over all stopping times 7 < n.

Gilbert and Mosteller (1966) [9] found the solution of the full information best choice
problem, where Xi,..., X, are iid with known continuous distribution function F. In
this case the optimal stopping time is given by

Tn = min{k’ < n | Xk == Mk, F(Xk) 2 bnfk} (1.2)

where by =0, S5, ()0 =171 =1, i=1,2,...

The asymptotic behaviour of b; is described by b; 1 1, i(1 — b;) — ¢ = 0.8043... The
optimal probability v, = P(Xr, = M,,) does not depend on F, is strictly decreasing in
n and has limiting value v,

Up, — Voo = 0.580164. .. (1.3)

*University Freiburg, Germany. On June 30, 2011, Andreas Faller died completely unexpected. He was an
extraordinary talented young researcher.
T University Freiburg, Germany. E-mail: ruschen@stochastik.uni-freiburg.de


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v17-2172
mailto:ruschen@stochastik.uni-freiburg.de

Approximative solutions of best choice problems

A continuous time version of the problem with random number of points given by
a homogeneous Poisson process with intensity A was studied in Sakaguchi (1976) [21].
As \ — oo the same limit v, appears as limiting optimal choice probability as observed
in Berezovskil and Gnedin (1984) [1] and Gnedin and Sakaguchi (1992) [13]. In Gnedin
(1996) [12] this limiting optimal choice probability v., was identified as optimal choice
probability in an associated plane Poisson process on [0, 1] x (—oo, 0] with intensity mea-
sure Ajg,1] ® A(_c0,0- The link with the original problem was established by an explicit
imbedding of finite iid sequences in the Poisson process. Multistop best choice prob-
lems for Poisson processes were considered in Sakaguchi (1991) [22] and Saario and
Sakaguchi (1992) [19].

The approach in Gnedin (1996) [12] was extended in [KR]! (2000c) [16] to the best
choice problem for (inhomogeneous) discounted sequences X; = ¢;Y;, where (Y;) are iid
and c; are constants which imply convergence of imbedded normalized point processes
N, Zl 1 5( i Xizbn to some Poisson process NV in the plane. The proofs in that paper

make use of Gnedln s (1966) [12] result as well as of some general approximation re-
sults in [KR] (2000a) [15]. The aim of this paper is to extend this approach to general
inhomogeneous best choice problems for independent sequences under the basic as-
sumption of convergence of the imbedded point processes N,, to some Poisson process
N in the plane. Subsequently we also consider an extension to the m-choice problem,

where m choices described by stopping times 1 < 7T} < --- < T, < n are allowed and
the aim is to find m stopping times 77" < --- < T"' < n with
P(Xqp V-V Xpm = M,,) = sup P(\/ X, = M,,) (1.4)
i=1

the sup being over all stopping times 7} < --- < T, <n

For the corresponding generalized Moser problem of maximizing F X, resp.
E \/:”’ 1 X+, a general approximation approach has been developed in [KR] (2000a), [FR]
(2011) [7] for m = 1, resp. in [KR] (2002) [18] and [FR] (2011) [6] for m > 1; see also
Goldstein and Samuel-Cahn (2006) [14]. For a detailed history of this problem we refer
to Ferguson (2007) [8] for m = 1 resp. to [FR] (2011) [6] in case m > 1. Our results for
(1.3) are in particular applicable to sequences X; = ¢; Z; + d; with 11d random sequences
(Z;) and with discount and observation factors ¢;, d;. The corresponding results for the
Moser type problems for these sequences can be found in [FR] (2011) [6, 7].

There are further interesting types of choice problems as e.g. the expected rank
choice problem (see Bruss and Ferguson (1993) [3], Saario and Sakaguchi (1995), [20]),
multiple buying selling problems Gnedin (1981) [10], Bruss and Ferguson (1997) [4],
Bruss (2010) [2] or multicriteria extensions Gnedin (1992) [11] which are not dealt with
in this paper.

2 Approximative optimal best choice solution

We consider the optimal best choice problem (1.1) for a sequence (X;) of indepen-
dent random variables, i.e. to find optimal stopping times 7}, < n such that

P(Xr,

n

= M,) =sup P(X, = M,), (2.1)

TN

IKiithne and Riischendorf is abbreviated within this paper with [KR], Faller with [F], Faller and Riischendorf
with [FR].

EJP 17 (2012), paper 54. ejp.ejpecp.org
Page 2/22


http://dx.doi.org/10.1214/EJP.v17-2172
http://ejp.ejpecp.org/

Approximative solutions of best choice problems

over all stopping times 7 < n. The basic assumption in our approach is convergence in
distribution of the imbedded planar point process to a Poisson point process NN,

No=Y"00s xn AN (2.2)

i=1

on M. = [0,1] x (¢, 0]. Here X" = % is a normalization of X; typically induced from

a form of the central limit theorem for maxima where a,, > 0, b, € Rand ¢ € RU {—o0}.
We consider Poisson processes N restricted on M. which may have infinite intensity
along the lower boundary [0, 1] x {c}. We assume that the intensity measure p of N is
a Radon measure on M, with the relative topology induced by the usual topology on
[0,1] x R and with x([0, 1] x {c0}) = 0. Thus any subset of M, bounded away from the
lower boundary has only finitely many points of N and N has no points with value co.

Convergence in distribution ‘N, “ N on M. means convergence in distribution of
the point processes restricted on M.. This convergence is defined on the Polish space of
locally finite point measures supplied with the topology of vague convergence. Since the
Poisson limit N has no points with infinite value this definition prevents that records of
N, may disappear to infinity, when N, 4 N. For some general conditions to imply this
convergence and examples see [KR] (2000a,b) [15, 17] or [FR] (2011) [7]. The typical
examples from extreme value theory concern the case ¢ = —oo and ¢ = 0. We generally
assume that the intensity measure p is Lebesgue-continuous with density denoted as
f(t,x). Thus the Poisson process

N =Y 6,y on M, (2.3)
k=1

does not have multiple points.

We consider also the best choice problem for the limiting continuous time Poisson
process N. An N-stopping time 7 : 2 — [0,1] is a stopping time w.r.t. the filtration
A == o(N(-N[0,t] x (¢,])), t € [0,1]. For an N-stopping time 7" we define

Yr=Y, ifT =7, for some k and Y = —cc else.

For stopping problems with guarantee value x > ¢ we define the stopping value Y; = =
for T' = 1 which corresponds to replacing all random variables X' by X"V x in the point
process N,.

An N-stopping time 7' is called ‘optimal best choice stopping time’ for NV if

P(Yr =supYy) =sup P(Ys = sup Yy) (2.4)
k k

the supremum being taken over all N-stopping times S. This definition of optimality
implies that only those stopping times are of interest, which stop in some time point 7%
of N.

In the following theorem we derive the optimal stopping time T for the continuous
time best choice problem for the Poisson process N. Further we show that the best
choice problem for X;,..., X,, is approximated by the best choice problem for N. This
allows us to get approximations of the best choice probabilities v,, = P(Xr, = M,,) and
to construct asymptotically optimal best choice stopping sequences Tn. Our approxima-
tion result needs the following intensity condition, which is not necessary, when dealing
only with the limiting best choice problem (see Section 3).

(I) Intensity Condition: Forallt € [0,1) let u((¢,1] X (¢, 00]) = oc.
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Theorem 2.1. Let the imbedded point process N,, converge in distribution to the Pois-
son process N on M, and let the intensity condition (I) hold true. Then we get:

(a) The optimal best choice stopping time T for N is given by

T=inf{r, | Y= sup Y}, Yy >v(rg)}, inf:=1 (2.5)
75 €[0,7%]

where the threshold v : [0,1] — [c, 00) is a solution of the integral equation

1 0
/ / e”((r’l]x(”(t)’y”u(dr, dy)=1 Vtel0,1);
(t)

v(l)=c¢

(2.6)

v is monotonically nonincreasing and can be chosen right continuous. The optimal
probability for the best choice problem for N is given by

s1 = P(Yr=supYy)
k

1 [ee)
_ / o <[0r1x<coo}>/ eI w05]) (g ) 2.7)
(")

v(r’)
/ / / —p([0,r] x 7/,00])/ —u((ral]X(yﬁoo])u(dndy)u(dr/,dy’).
y'Vo(r)

(b) Approximation of the optimal best choice probabilities holds true:

lim v, = hm P(Xt, = M,) = s1.
n—r oo
(c) T, =min{l <i<n|X;,=M,X; > anv(L) +b,} defines an asymptotically optimal
sequence of stopping times, i.e.
lim P(Xp = M,)=s1.
n—oo
Proof. For (t,x) € [0,1) X [¢,00) we consider the stopping problem after time ¢n with
guarantee value x. We want to determine optimal stopping times 7}, (¢,x) > tn for X7,

1 < 57 < n, which maximize
P(X7 =2V max X[)

T tn<j<n
under all stopping times 7 > tn. For the proof of convergence properties we consider
the stopping behaviour after time ¢n here (and not only after time zero) in order to make
use of the recursive structure of the optimal stopping times. Define for ¢ > tn
20t z) = P(X" — 2V max X7 | Xl,...,XZ-”).
tn<j<n

Then we have to maximize EZ"(t,z) = P(X" = 2 V maxy<j<n X7). By the classical
recursive equation for optimal stopping of finite sequences the optimal stopping times
T, (t,x) are given by (see e.g. Proposition 2.1 in [FR] (2011) [6]) T,,(¢,z) := T,;"(t, x)
where 77" (t,x) := n and

T7F(tx) = min{k<i<n|PX]=2V max XJ'|X],...,X]")
tn<j<n

> P(XJsi, y =2V max X7 | X7, X]"),X'=2V maXX}

Ty " (t,x) tn<j<n tn<j<i

= min{k <i<n|P(X]'> max X} |X])
’ i<j<n )

>P(X;>7.( o = XV max X7 | XP,..., X]"), X" =2V max X'}

<j<n tn<j<t
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By backward induction in [ = n — 1,..., [tn] we obtain for tn < i < [ that 7,J!(¢,z) =
T7HE, X]) on {X]' = &V maxs,<j<; XJ'} and further that 7,7!(t,z) is independent of
o(X7,..., X[}, - Thus

To(t,z) = min{tn <i<n|P(X]> max X' | X]")
i<j<n
> P(X%l(%’,X?) =X \/Z_I<nja<XnX}l | X71), X = x\/tﬁz}éiX}’}
= min{tn <i<n|hy(L,X]") > gn(L, X1, X]' = X7
m1n{n<z n| hn(2, X)) > gu(5, X7), X, x\/tﬁ%}éi J}
where
gn(t, ) 1= P(XT, 0) = 2V max X7') (2.8)
hn(t,z) == P( max X7 < z). '

tn<j<n

h., is monotonically nondecreasing in (¢,z). As consequence we obtain from point pro-
cess convergence that h,, converges uniformly in compact sets in [0, 1] X (¢, o0] to

hoo(t,2) := P(N((t, 1] x (2, 00]) = 0) = e~ #{(L1x(@0e]),

To prove that g,(¢,x) also converges uniformly on compact sets in [0,1] X (¢, o0] we
decompose g,, into two monotone components.

_ n __ n
gn(t,x) = sup P(X} =2V max X7)
T>tn tn<j<n
stopping times

= sup  P(X} =2V max X!, max X! >u)
T>tn tn<j<n tn<j<n
stopping times
= sup  P(X7Vz= max (X]Vz), max X >z)
T>tn tn<j<n tn<j<n
stopping times
= sup P(X?Ve= max (XjVz))-P( max X! <)
T>tn tn<j<n tn<j<n
stopping times

= gn(t,z) — hy(t,x). (2.9)

By assumption the pointprocess N has only finitely many points in any subset bound-

ed away from the lower boundary c. In consequence point process convergence N, L\
N implies that g,(¢,2) converges pointwise for all ¢, = to a limit o (¢,2). A detailed
argument for this convergence has been given for the related case of maximizing FX"
in [FR] (2011) [7, Theorem 4.1] resp. [F] (2009) [5, Satz 4.1]. This argument transfers
to the optimal choice case in a similar way. Using monotonicity properties of g, (¢, z) in
t, x we next prove that §., is continuous which then implies uniform convergence. On
one hand side we have for s <t and x > ¢

gn(s,x) < sup P(X]'Vz> max (X]'Vux))

T>sn tn<j<n
stopping times
< sup P(X'Vzx> max (X’Vzx), max (X'Vzx)< max (X'Vzx
= 7—>£;/ ( T ~ tn<j§n( J )7sn<j§tn( J ) = tn<j§n( J ))
stopping times
+ P( max (X} Vwz)> max (X]'Vz))
sn<j<itn tn<j<n
< go(t,z) + P( max X7 >x).
sn<j<in
EJP 17 (2012), paper 54. ejp.ejpecp.org
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On the other hand

gn(s,z) > sup  P(X7Vz> max (Xj'Vux))
T>sn sn<j<n
stopping times

> sup  P(X7Vz> max (X]'Vx))
T>sNn tn<j<n
stopping times
- P X'V X"V
(MLrgjagtn( J JI) - tnné?gn( J .T))
> nlbw) = P ong, X5 > o)

This implies
|Gn(5,2) — Gn(t, )] < P(y;g?gm X7 >uz).
and thus using that x > ¢ continuity of §.. (¢, ) in ¢.
To prove continuity of g, in x let x < y. Then

0 < gn(t,y)—gn(t,l‘)
< P(X% = X7 X7 Xr
< sup (X7 Vy t;g?gn( i Vy), TVx<mrg?§n( ; V)
stopping times
< Pz < max X;-‘ <y).

tn<j<n

In consequence (o (¢, x) is continuous and g, — goo uniformly on compact subsets of
[0,1] x (¢, 00). Point process convergence and the representation in (2.8) imply that

Joo(t, ) = P(YT(M) =xV sup Yk)
t<TR<1

with the N-stopping time

T(t,z) = inf {Tk >t|Ys=aV sup Y, hool(Ts,Ys) > goo(Tk,Yk)}.
t<‘rj<7'k.

The argument above also applies to the modified random variables

X':= sup Yj.

i
i—1 i
7 <TeS7

Defining go., h as above we obtain in this case g, (¢, z) | goo(t, z) since the discrete
stopping problems majorize the continuous time stopping problem. In consequence
T(t,x) are the optimal stopping times for N, i.e.

Joo(t, ) = sup P(YT =xV sup Yk),
T>t t<t<1
N-stopping time
Details of this approximation argument are given in [KR] (2000a) (proof of Theorem
2.5). As a result we get the following estimate

gn(t,x) = P(Xan(t,m) =zV tﬁ%}én X7) = go(t, 2),

with the stopping times

Tn(t,x) ‘= min {tn <i<nl|X'= xvtﬂa}’é,-X?’hw(%’Xm > gm(%,Xf)}.

Thus the limit g (¢, z) is the same for (X*) and for (X).
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The arguments above in the case x > ¢ can also be extended to the case z = c. Note
that forz > ¢

9oo(t,z) < P(Yp(z) = sup Yi)
t<1p<1

< sup P(YT = sup Yk) < goo(t, ) + hoo(t, ).

T>t t<r<1
N-stopping time

From the intensity assumption (I) and since h(t,¢) = 0 we obtain

Joo(t, C) gggm(t,x)=P(YT<t,c>= sup Yy)

t<tr <1
= sup P(YT: sup Yk).

T>t t<t<1
N-stopping time

Since for x > ¢
gn(t; 33) < gn(t7 C) < gn(ta x) + hn(t7 JU)
it follows that
lim g, (t,¢) = gool(t, ©).

n—oo

By assumption (I) P(N((¢,1] x (¢,00]) = 1) > 0 for¢ € [0,1). Thus ge(t, ) is mono-
tonically nonincreasing in = with g (¢,¢) > 0 and goo(¢,00) = 0. Also by (I) hoo(t, ) is
monotonically nondecreasing in x with he(¢,¢) = 0 and hs(t,00) = 1. In consequence
there exists v(t) € (¢, 00) with

heo (£, 0(t)) = goo (£, v(2)). (2.10)
This implies the representation

T(t,z)=inf{r, >t| Yy =2V sup Y; Y, >v(m)}
t<Ti<Th

We next prove that v is monotonically nonincreasing. Since go(t,2) — hoo(t, ) is
monotonically nonincreasing in x for any ¢ it is sufficient to show that for s < ¢

Goo(8,0(t)) — hoo(s,0(t)) = 0. (2.11)
To that aim we get for s < ¢

Joo(t, ) = goo(8,2) < P(Yp(tz) =2V sup Yy) — P(Yp ) = 2V sup Yy)

T >t Tk >S
< P(xVv sup Yp > Ypu,) =V sup Yy)
s<TR <t Tr >t
< P( sup Yy >x)goo(t7x)'
s<TL<t

The first inequality results from definition of g, (s, x), the second inequality is immedi-
ate and the third inequality is a consequence from independence of the (Yj). On the
other hand

hoo(t, ) — hoo(s,2) = P( sup Yy > 2)hoo(t, ).

s<TR <t
Building the difference of these (in-)equalities and using (2.10) we obtain for x = v(t)

the claim in (2.11).
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Monotonicity of v allows us to determine g (¢, z). Note that for = > v(t)
goo(t,z) == P(3ng:Yn=ng: 355 € (t,1]: 3 >a: N((52,

= o) < (G ) =1,

N((¢ Q} (»’8,00])*0 and N((zr, 1] x (35, D 0)

s on A
1 0
_ / (] (,00]) / =1%oy, dy),
t T

and in case z < v(t)

goo(t,2) = P(3ng :¥n = mng : Ik € (4,1] : Ik >
N((F, 2in] ( o 3e]) = fOF 3w > v(gx), N((t, 55H] x (@,00]) =0,
and N((gw, 1] % (g, 00]) = 0)
+ P(3ng : ¥n > E|t<2%<— 1,3z < 45 <%5
N((’;,}, =] x (]2,}, 2£]) =1for & > 'U(Qn),

/

N((52, 2] x (572, 42)) = 1 for 4 < w(4r),
N((t, 352 % (4¢,00]) = 0,and N((gk, 1] x (g, 00]) = 0)

) 2n on

1 o
_ / = (6] (2,00)) / e—u((nllx(ym])u(dn dy)
t xr

Vo(r)

v Hz) o) pl , S
n / / / o—n((tr]x (00 / ()efu«r,ux(y,oo])u(dr, dy)ldr, dy').
t T r’ y'Vo(r

This implies

1 [e%s}
goo(t7v(t)) — / e—lt((t,T]X(v(t),oo])/ e—p,((r,l]x(y,oo])l/c(dr, dy)

t v(t)

From condition (2.10) this is equal to A, (t, v(t)) = e~ #((L1x@(#).]) "and as consequence
we obtain equality from (2.6). O

Remark (triangular sequences) As remarked by a reviewer the proof of Theorem
2.1 extends in the same way to the optimal stopping of triangular sequences (X*) and
point process convergence as in (2.2). The asymptotically optimal sequence of stopping
times in Theorem 2.1, (c) then is given by

Tp=min{1<i<n|X!'=M" XI>v(i)} (2.12)
i.e. lim P(X; — Mn) — 51 (2.13)
n—oo n

Here M,, = max X and M]' = max X”
1<i< 1<j<i

In general the optimal best choice probability s; in (2.7) has to be evaluated numer-
ically. Certain classes of intensity functions however allow an explicit evaluation.

Example 2.2. Consider densities of the intensity measure yu of the form

f(t,y) = —a(t)F'(y), (2.14)

where a : [0,1] — [0,00] is continuous and integrable, a is not identical zero in any
neighbourhood of 1 and F : [c,o0] = R monotomcally nonincreasing, continuous with

limg . F'(z) = oo and F(co0) = 0. Defining A(t ft s)ds, we obtain
1 roo A)F(z) by _ 1
/ / en((r,l]><(:167y])’u(dr7 dy) = / e dy.
t Ja 0 Y
EJP 17 (2012), paper 54. ejp.ejpecp.org
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In consequence v solves the equation

d
F = — 2.1
(v) = 4 (2.15)
where d = 0.8043522 . .. is the unique solution of
d v o_ 1
/ T tay=1. (2.16)
0 Y

The asymptotic optimal choice probability can be obtained from (2.7) by some calcula-
tion as

00 o=y

slze_d—l—(ed—l—d)/

d

dy = 0.5801642.. ..

This is identical to the asymptotic optimal choice probability in the iid case (see
(1.3)). In particular in case of the three extreme value distribution types A, ®,, and V,,,
one gets for the limiting Poisson processes intensities with densities f(¢,z) of the form
f(t,x) = —F'(y) with F(z) = e " in case A, F(z) = 2~%, = > 0in case ¥,, o > 0, and
F(x)=(—x)*forx <0, F(x) =0, x > 0in case ¥,, a > 0. Thus, these cases fit the form
in (2.14). Also the example of a best choice problem for X; = ¢;Y; for some iid sequence
dealt with in [KR] (2000c¢) fits this condition.

3 Poisson processes with finite intensities

Gnedin and Sakaguchi (1992) [13] considered the best choice problem for iid se-
quence (Y;) with distribution functions F' arriving at Poisson distributed time points.
For continuous F' this can be described by a planar Poisson process N with density
f(t,y) = a(t)F'(y) where a : [0,1] — [0,00] is continuous integrable. N does not fulfill
the infinite intensity condition (I) in Section 2. For the best choice problem in Pois-
son processes our method of proof can be modified to deal also with the case of finite
intensity.

Let N = ), = 65y, be a Poisson process on [0,1] x (¢,oo] with finite Lebesgue
continuous intensity measure, i.e. u satisfies

(I¢) Finite Intensity Condition: 4([0,1) X (¢, x]) < 0.

Then the following modifications of the proof of Theorem 2.1 allow to solve this case.
Note that under condition (I¢) no longer ho(t,¢) = 0 and thus in general no longer one
can find to any ¢ € [0,1) an > ¢ such that ho (¢, 2) < goo(t, z). This property holds true
only in [0, tp) with

1 e}
to := sup {t €1[0,1] | / / e (r X (ewl) )y (dr, dy) > 1}. (3.1)
t c

This can be seen as follows: For ¢ € [0, %) and for x close to ¢ holds

9oo(t, @) 2 P(Yy 1y = sup Vi V&) > hoo(t, 2)
’ T >t

with stopping time T'(t, ) := inf{r, > t | Y}, > x}. If for some ¢ ¢ [0, ;) there would exist
some v(t) € (¢, 00) with heo (¢, v(t)) = goo(t, v(t)), then v(t) = c would give a contradiction.

So far we have obtained optimality of the stopping times T'(¢,z) for x > ¢. We next
consider the case « = ¢. Since N has only finitely many points in [0, 1] x (¢, c0) it follows
that

goo(t,x) =  P(Ypuy = sup Yy > x)
T >t
g P(Yr(,ey = sup Yy > ¢) = P(Yr(,c) = sup Vi) — heo(t, €).
T >t T>1
EJP 17 (2012), paper 54. ejp.ejpecp.org
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The inequality

sup  P(Yr = supYy)

T>t >t
N-stopping time
< sup PYrVax=sup Yy V)= golt,z) + heolt, x)
>t >t

N-stopping time
then implies optimality of T'(¢, ¢c) and we obtain the following result.

Theorem 3.1. Let the Poisson process satisfy the finite intensity condition (Iy). Then
the optimal choice stopping time for N is given by

T=inf{r | Yy = sup Y;,Y;>v(m)},
75 €[0,7k]

where v : [0,1] — [¢, 00) is a solution of the integral equation

1 o
/ / e“((r’l]x(”(t)’y”u(dr, dy) =1 Vte|0,t),
t Jou(t)
v(t) =c Vte€ [to, 1]

v is monotonically nonincreasing and can be chosen right continuous. The optimal
choice probability is given by

s1 = P(Yp=supV;,T<1)
k

1 oo
_ / o~ ([0.]x (e,00)) / 0] i, i)
0 v(r)

to po(r) 1 , o)
+/ / / e~ (0] (y 700])/ e~ P (W0l 1y (e dyy) (i’ | dyf').
0 c r! y'Vou(r)

Example 3.2. In case of the finite intensity measure p with density f(t,y) = a(t)F'(y)
as in Gnedin and Sakaguchi (1992) [13] let F(c) = 0 and A(t) := j;l a(s)ds. Then we

obtain
L poo AD(A-F(2) oy _q
// 6“(<T’”X(z’y])u(dr,dy):/ C .
t x 0 Yy

Thus we get to = 0 and v = ¢ if A(0) < d where d is the constant given in (2.16).
If A(0) > d, then t, is the smallest point satisfying A(ty) = d, and fort € [0,t,) v(t) is
a solution of the equation

Some detailed calculations yield in this case the optimal choice probability s as

A0) oy _q
e A0 / T if A(0) < d,
S1 = 0 Y
1 A0) o~y
e—d+(ed—1—d)/ . ifA0) >
d

This coincides with the results obtained in Gnedin and Sakaguchi (1992) [13].
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4 The optimal m-choice problem

In this section we consider the optimal m-choice problem (1.4) for independent se-
quences (X;). Let X' = a Xi—bs denote the normalized version as in Section 2. Similarly
we consider the optimal m-choice problem for continuous time Poisson processes in the
plane defined by

\/ YTm = sup Yk) sup \/ Yr, = Sup Yk) =S, 4.1)
A OSTi<<Tp<l Y
T;,N-stopping times

and call (T)™) = (T;"™) optimal m-choice stopping times. The condition t < 7} < -+ <
T, <1meansthatT;,_y <T;on{T;_y <1l}and7T; =1on {T;_; = 1}.

The following lemma gives a characterization of optimal m-choice stopping times in
the discrete case.

Lemma 4.1. Define for (t,z) € [0,1) X [¢,o0)

gn(t,z) == sup P(X7, V---VXp =zV max X7)
tn<T1 <--<Tp<n tn<j<n
stopping times

and
1 o— n
h,(t,x) = P(tgréfjwénX < ),
Rt ) = g™t x) + ALt 2).
Then

m _ n .. n.. — TL
' (t,2) = P(Xfmm oy VooV Xpnmy oy =2V pax X7

with optimal stopping times given by

17" (t,z) :=min{tn <i<n—m+1|

h?(ﬁ,Xi”)>gn( X", X =2V max X ‘1

n’ tn<j<i

(4.2)
Ty (b ) = mind T () < i <= m -1 |

hot= l+1( J X)) > g0 H'1( ,X7), X' =2V max X7 }
tn<j<i

for2 <l <m.

Proof. Let tn < S < n —m+ 1 be a stopping time and Z < maxin<;<s X]’-L be a random
variable. Furthermore let for 1 <i < n, M]* be o(X[ ,..., X)) measurable with M <
Xt v M, and P(M = x) = 0 for all z > ¢. In order to maximize P(Z V X}V M} =
TV maXin<j<n X ) w.r.t. all stopping times 7', S < T < n —m + 1 we define

Yii=P(ZVX!VM! =2V max X'|X[,...,X[).

tn<j<n

Thus we have to maximize EYy = P(ZV X}V M} = x V maXin<j<n X7 ). The optimal

EJP 17 (2012), paper 54. ejp.ejpecp.org
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stopping times are given by T,,(¢,z) = T.;t"(t, ) with

T7H ()
= minfk<i<n-m+1|PZVX!VM'=2xaV max X7 XY, X
tn<j<n
>P(Z\/XT>1(M)\/MT>1(M)—x\/tﬁ?)énX | X7, ..., XM,

X'=2xV max X[}
tn<j<i

= min{fk <i<n-m+1|PX]VM'=X"V max X7 |X]")

1<j<n
> P(X;T?’(t,x) V Mn>l(t 2 = X V ZI<Ilja<Xn X" | Xn)
X'=2zV max X}
tn<j<t

For the second equality we use that P(X]' = X7 > ¢) = 0 for i # j and thus X} =
x V maxim<j<; X > w is strictly larger than Z. Thus Z can not be the maximum. In
consequence we get fork > S

T7%(t, x) :min{k<i<n—m+1|ﬁn(%,Xf) In(L, X)), X =z V max X7}t (4.3)

tn<j<i
where
ho(t,z) = PlaVvVM!, = xr
(t, ) (@V Mg, =2V, max Xj)
— n — n 1
= P( Lmjfx\/mnéz;)énX )+ h,(t,x),
gn(tw) = P(Xp (4 0) VME, 10y =2V max XF).

By induction we obtain from (4.3) the representation in (4.2). Define for m = 1: M* :=

—oo, form =2: M := X;m(t ny etc. =

Theorem 4.2 (Approximative solution of the best m-choice problem). Let N, % N on
M. =1[0,1] x (¢,o0] and let N satisfy the intensity condition (I).

a) The optimal m-choice stopping times for N are given by 17"(0,c), ..., T, (0, c), where

T(t,x) = inf{m,>t|Ye =2V sup Y;, ¥, >0v"(m%)},
T €(t,7k)
" (t,xz) = inf{m, >T" (t,z)|Ys =2V sup Y;Y¥;> o™ ()Y,
T €(t,71)

for 2 <1 < m. The thresholds v™(t) are solutions of the equations

g (t,v™(t) = hZ(t,v™(t)) forte[0,1) (4.4)
v™(1) = ¢
with
9oo(t,x) = P(Ypm(pa) VooV Yrm(p o) =2V sup Yg)
t<tr <l

and

hl(t,x) = e rix(@eol) form =1,

R (tx) = g™ Nt x) + Al () form > 2.

v™ :[0,1] — [e,00) is monotonically nonincreasing and can be chosen right continu-
ous. Furthermore, v™(t) < v™~1(t) fort € [0,1] (m > 2).
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b) lim P(Xpnom VooV Xpnom = M) = s = g25(0, ¢)

n— oo

c) The stopping times T)" = T;""™ defined by

T =min{l <i <n—m+1]X; =M, X; > a,v™(L) +b,},

L . (4.5)
™ =min{T"7 <i<n—m+1|X; = My, X; > a,o" (L) +b,}
for 2 < | < m are approximative optimal m-choice stopping times, i.e.
hm P(X,Z"wz,nz V.-V X‘n,nl = Mn) = Sm.- (4.6)
n—oo 1 m

Proof. The proof of b), c) is similar to the corresponding part in Theorem 2.1. We
therefore concentrate on the proof of a).
As in the proof of Theorem 2.1 we obtain

goe(t,x) = sup PYp, V---VYp =xV sup Yg). (4.7)
t<Th,...,Tm<1 t<7r <1
N-stopping times
Furthermore we note that v™ is continuous in 1, lim;4; v™(t) = c. If not, then v™(¢,,) —
d > c for some sequence t,, T 1 and thus ¢ (t,,,v™(t,)) — 0. The inequality hZ (t,, v™(tn))
> hl (tn,v™(tn)) — e % =1 > 0 then yields a contradiction.
We have to show that for m > 2, v < v™ L Using the characterization of v in
(4.4) this inequality follows from

gt @) — hig(t,x) < gt (tx) — hil ' (t @), (4.8)
for x = v™(t). For m = 2 we obtain from (4.7)

9% (t,7) < 293, (t, @),

which implies (4.8). For m > 3 (4.8) is equivalent to

g (t,x) — gm (tx) < gt @) — g2 (8, ). (4.9)

We prove (4.9) by induction. By induction hypothesis we assume that v™ ! < v™ 2 <
. < v! and all of the v’ are monotonically nonincreasing. Also we have lim; v (t) = c.
Assume that v"™(s) > v™~!(s) for some s € [0,1). Since limy1 v™(t) = limyq v 1(E) = ¢
and since v~ ! is monotonically nonincreasing, there exists some t € [s, 1) with v™(t) >
v™~L(t) and v™(t) > v™(r) for all r > t. We establish (4.9) for z = v™(t).
From the definition of the thresholds follows T} (t,z) < T} *(t,x) < Ty 2(t,z) for
all 1 <k <m — 2. We define the stopping time

T(t,z) = 17"t )X{T’”(tm)<T’” 2(t,z)}

m—

Z (3 )X (ym (1,2) =172 (1,0) y - AT (1) =T (1)} T () <2 (1))
1=2

+ T o1 (6 )X gy (,0)=T7 2 (1,00} Ty (60) =T =2 (6,2}

T(t,x) only stops at time points T}"(t,z), ..., T/ (t, ) but not at time points 77"~ %(t, z),

EJP 17 (2012), paper 54. ejp.ejpecp.org
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..., T™=2(t, x) when these are < 1. We now obtain from (4.7) the inequality

gcig(t’ .1‘) - gg_l(ta m)

< P(YT{”(LJL’) VeV YT:nn(t}E) =xV sup Yk)
t<tp <l

- P(YTlm—2(t,$) VooV Ypmoa oy =@V sup Yi) = P(Yp =2V sup Yi)

t<7<1 t<Tp <1
= P(Yrm@a)y V- VYrme =2V sup Yk7YT(t,z) <xzV sup Yi)—gm %(t,x)
t<Tp <1 <7 <1
< P(Yrw) V- VY1, e =tV sup Yi)— gt 3(t, )
t<tr <1
< goné_l(tv .23) - gglo_Q(ta Z‘),
with the stopping times
Ti(t,x) = TG 2)X g a) 27 (ta)y T 12 (62X prp (t2)=F (1,00}
Ti(t,x) o= T (62X (1,0) 2T () b (T (b) 27 (112}

+Tﬁl(tvx)X{Tlm(t,x):T”(t,m)}u.--u{T;n(t,x):T(t,z)}

fori=2,...,m—1.

Thus (4.9) holds true for x = v™(t) and, therefore, v (t) < v™1(t), a contradiction.
This implies the statement v™ < v™ 1.

In the final step we prove that v is monotonically nonincreasing. Since g2 (¢, x) —
h7 (¢, x) is monotonically nonincreasing in z for any ¢, it suffices to prove that for s < ¢

g (s, 0™(t)) — hZ(s,v™(¢)) = 0. (4.10)
We define for (s,x) € [0,1) x (¢, 0]

A(S,(E) = {YT{”(S,I) VeV YT,T(S,I) =xV sup Yka YT{"’*I(

s<Tp <1l 52)
Ve VYo oy <aVoosup Y5}
m—13% s<TR<1
Then
g;no(s7x) - gg_l(svx) = P(A(S’E))
and for s < ¢t
P(At)) — P(A(s,2))
= P(A(s,2), N((s,t] x (x,00]) = 0) + P(Ag,5)) P(N((s,t] x (z,00]) > 1)
— P(A(s0))
= —P(A(s2), N((5,1] x (2,00]) = 1) + P(A(s,0)) (1 — e (st]x(@ool)y
P(A(t,a:)) 1 1
< W(hoo(tvx) — heo(s,7)).
With 2 = v™(t) we obtain the inequality in (4.10) and thus monotonicity of v™. O

To calculate the optimal thresholds we need to calculate the densities of record
stopping times with general threshold v.

Lemma 4.3. Let v : [0,1] — [¢,00) be monotonically nonincreasing, right continuous
with v > ¢ on [0,1). Define the record stopping time associated to v for (t,x) € [0,1) X
(¢,00) by

T(t,x):=inf{m, >t | Yy =2V sup Y;,Yi>v(m)},
‘rje(tﬂ'k]
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(@) If x > v(t), then (T(t,x), Yr(t,.0))x{T(t,z)<1} has Lebesgue density

e~ r((bslx(@.o0]) £t ) ifs € (t,1),y > z,
Fo,z)(s,y) = 1(9) ) (& 1.y (4.11)
0, ifsel0,tjory <z
on [0,1) x R.
(b) Forx < v(t), (T(t,), Yrz)X{rz)<1} has Lebesgue density
Fi0)(5,9) (4.12)
sAvTH(z)  pyAvu(r)
<1 —|—/ / e (sl @ 2D) (., dz))
— t T
B e s @0l £t 9 v (5,9), ifse(tl),y >z,
0, ifsel0,tjory <z
on [0,1) x R.
Proof. (a) If z > v(t), then for s € (¢,1) and z € (z, )
P(T(t,ﬂj‘) < 57YT(t,a:) < Z)
= P(EInO:Vn>nO:E|LE( }'Hie( ,2]
N((t, 5] x (2, 00]) = 0, N((', 5] % (g, 00]) =0,
N((52, 3] % (2, %52]) = 0,and N((5, 55] x (G, 5= = 1)
/ / —p((t,r]x (z,00]) p(dr, dy).
(b) If z < v(t) then for s € (¢,1) and z € (z, c0) holds with M, = {¢,z) : x > v(¢)}
P(T(Ll’) < S75/T(t,$) < Z) = A1+ Ay
where
A1 = P(Eno:Vn2=no:35% € (1 ]'EILE( ,2]
N((t, 5] x (2, 00]) = 0, N(('5, 5] % (g, 00]) =0,
N((52, 3] % (2, 52]) = 0,and N((%5, =] x (5, =] N M) = 1)
= / / oDy, (r, y)p(dr, dy)
and
Ay = P(HnO:Vn2n0:3t<2%<2%<s:3x<2j—;<2%<2
N((E, 2] x (572, 40)) = 1 for 4= < o(4e) and £ < v~ (2),
N((tv 127711] X (%700]):051\7( (2%1700]):03
) J

and N((Z;Tlv 27] X ( ‘2—7117 2Jn

s pz prAavTHz)  pyAu(r) , 0
- J [ e D ey s, ) ).

Conditioning f)y (’T1 T YTm(t E))X{Tm(t z)<1} we obtain for x > v™(t) as conse-
quence a formula for goo( ,x) using that v”* is monotonically nonincreasing

3
5‘
I

et = [ e O
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This allows to calculate the optimal threshold v™. Finally we can calculate g7 (¢, x) for
x < v™(t) using that

1 [e's)
g (b 7) = / / B (s, g)e U S1X 0D (¢ ) dyds,
t xT

Here [y}’ ) is the density of (77" (¢, ), Y1y (¢, ))x{7;" (t,0)<1} from Lemma 4.3 involving
the optimal thresholds v™.

For certain densities f(¢,z) the optimal stopping curves can be determined directly.
To that purpose define constants d,, and functions H,, in the following way: Let for
m € IN d,,, be the uniquely determined constant with

drn x €T
e=dm / c / H™(y)dydz = H™ (do). (4.13)
0 T Jo

Here the functions H™ for z > 0 are inductively defined by H'(z) := ¢~* and

z T xr
e+ e_z/ %/ H™ (y)dydz, 2z < dpm—1,
0 0

d

m—1

H™(z)

= 1 zZNA = )
e ? + / / Hm_l(xy)R(xa Y, z, dm,]_)dydl', z > dmfl
0 Jo

for m > 2, where

-1
e—(l—a:)y + zV (dZ ) — ire—(l—a:)z
1-— 1— )
Vi(dz=1) e Tt e
R(x Y,z d) — _ Lz)e zv(dfl)d_d/ (@ e—du, ify >d,
IR ENad) ll—l'd (1—2)y U
—— —u —1
d / AET T g TVET) O ey g
(1-z)d u 1-z

In the following theorem we given an application to the case where the intensity
measure p of the Poisson process N has a density of the form

f(t,y) = —a(t)F'(y)

with a continuous integrable function « : [0,1] — [0, co] not identical zero in any neigh-
bourhood of 1 and with a monotonically nonincreasing function F : [¢, 0] — R, contin-
uous with lim, . F'(x) = co and F(oc0) = 0.

In this situation we get the following result for the optimal m-choice problem for N.

Theorem 4.4. Under the conditions stated above the optimal threshold v"™(t) fort €
[0,1) is a solution of

F™(t)) = jg) with A(t) ::/t a(s)ds. (4.14)

Further h (t,x) = H™(A(t)F(z)) and the optimal m-choice probability is given by
Sm = H"H—l(OO).
Proof. At firstlet v(t), t € [0,1) be a solution of

PO (®) = 405
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where d > 0 and T'(t, z) is the record stopping time associated to v. Let v : [0, 1] — [¢, 00)
be chosen right continuous. To calculate F\; ., the density of (T(t,),Yp(,.)) in case
x < v(t) we have to calculate

sAv T (z) Av(r)
/ /y e,u((t s]x (z,2]) (dr dZ)
t T
For y € (z,v(t)] holds

AT W)y
/ / (12D 1y, d2)
t T

sAvT " (y) Y
_/ a(r>/ AW =AE)F@~FE) B () dzdy
t T

v () v
/t a(r)dr / i e” AD-ACDFE) £o(AD-AG)F )
x

_ AD-AGVGER) (A - A(s)F(x) (67<A<t>fA<s>>F<y> _ e%A(t%A(s))F(m))
A(D)—A(s)

_ AWO-AGV(r) (6<A<t>—A<s))<F<w)—F(y>> _ 1)
= A(D)—A(s) ‘

Using some substitutions we obtain further

sAv Y (z)  po(r) (tas] (o)) sAv 1 (x) v(r) . 5
/ / et HSPAT2D ) (dr, d2) :/ a(r)/ OO
shv—(y) Jaz sAv—1(y) T

sAvT(z)
_ / a(r) (e—(A() A 3ty _ g (A= A()) F( z)) dr e(Al;t()t)A:)()SF)(x)
sAv=1(y)

m 1 o~ (A= A(5))dz g, LAD=ADIFE) A(V(FEy) —AG)V (wy)
A(t)—A(s) A(t)—A(s) ’

Als >v<F(y>>

With the substitution 2’ = (A(t) — A(s))z this is identical to

TP it AV (L)~ AV (Fiy)
ANVER) e 1 ge(AD—AE) F(z) ) F(z)
aiy-ae) 4 ? A~ A()
AEV(EEY)

= {1

__AM)— A(S) _ A= A(S)
{ A(s)\/(pm)e A(s)V( d A()V(wgy) AV (L d

de(AD—AG)F(@) _ AV (EGy) Z ANV ()
A()—A(s)

F( )) u))

= T AW —A(s) AW —A(s) ©
AB-AG) g
_ g [ szz}e(A(t)—A(s))F(m) ()V(Ff(xy()ti AES;V(M))
AW-AG) g
AGV(FED
Together we obtain for s € (¢,1) and y € (z,v(t)]
A(t)—A(s)

V() AVl ¢ | AOV(EE)—AE) _(A(t)-A(s)F(a
F(t,z)(say) = {_ A(t) F((s)) e A(s) (F(,J)) + A(tiix)q(s) e (A(t) A( ))F( )

AM=As) 4

£ A —aw-amnrm) _g [P g,
-A0) (A()—-A()F(y)

a(s)(—F'(y))xn, (5,9)
)

— R(A

AL AW F(y), A F (), d) als)(=F(5): xon, (5. ).
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Similarly we obtain for y > v(t)

sAv Y (z)  po(r)
/ / H(ta1x @2 (g, dz)
t x

Aoty € e A=A (@) _ AD—AG)V(5ts)
A(tz?tf);(s)d 2 A(t)—A(s)

In consequence also in this case for s € (¢,1) and y € [v(t),00) (thus A(t)F(y) < d) holds

Fua(s:0) = R (501 AOFG) AOF@).d) als)(~F ), (5:0).

This representation of F{; ;) allows to prove the statement by induction. The case m =1
has already been given in Example 3.2.

For the induction step m — 1 — m we get for x > v™ 1(¢) (thus A(#)F(z) < dp_1)
using the induction hypothesis

1 e’}
ol (te) = / / B (s, e @Ix oD (s dy)
- / / H™ 1 (A(s) F(y))e~AO-ACNF @) o) (— F/(y))dyds

als) A(s)F(2)
_ / A(s F(x) / Hm—l(z)dzdse—A(t)F(m)
A(S 0

BF()
= / /Hm Y(2)dzdyeAOF @)
0

In the last equalities we used the substitutions z = A(s)F(y) resp. y = A(s)F(x). Thus
for x > v™~1(t) we have
his(t,x) = H™ (A(t)F ().

Similarly in the case z < v™ 1(¢):

1 o)
) = [ e R s duds

_ / /Iwm . H™ Y (A(s)F(y ))R(ﬁ%g,A(t)F(y),A(t)F(x)vdmil)

a(s)(= F( ))dyds

A
/ /(A t)F(x s) = 1) Hm-1 (f‘igz)

R (Agzg 1% A(t)F(x)7 dm—l) %dZdS

1 (A()F(z )A(dmyfl)
/ / H™ (=) Ry, 2, A(D) (), dyy_1)d=dy.
0 0

In the last equalities we used the substitutions z = A(¢)F(y) resp. y = ﬁ(j). Thus for

x < v™~1(t) (and, therefore, A(t)F(x) > d,,_1) holds
hii(t,x) = H™(A(t)F(x)).

Thus for « > v™(t) we have

AWDF() Ly
gé”o(t,x):/ /Hm )dzdye_A(t)F(’”).
0
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Equalizing this with A (¢t,2) = H™(A(t)F(x)) it follow that the optimal threshold
v™(t) is determined by
AR F™ () = dm (4.15)

with d,,, as determined in (4.12). This completes the induction. O

Remark As remarked by the reviewer a nonlinear monotone transformation reduces
the product case f(t,y) = —a(t)F’'(y) to the Poisson process in [0,1] x [—o0,0]. This
reduction allows to reduce the calculations in the proof of Theorem 4.4 and also those
in Example 3.2. Since we are convinced that also some examples not in product form
can be dealt with by our method we kept the somewhat more involved calculations for
use in possible extensions and examples.

We next will determine the solution of the optimal 2-choice problem for this type of
densities. The constant d; is given by

dy = 0.8043522. .., (4.16)
the unique solution of
d1 ey
/ —dy =1. (4.17)
o Y
With some detailed calculations we obtain
—z —z (% e¥—1
H () = e F+e ) dy, o if z < dy,
e+ e h 4 (et —1—d1)fd1 < if z > dy.
This implies the optimal one-choice probability
2 d d eV
= H*(c0) = e % + (e —1—d1)/ dy = 0.5801642. .. (4.18)
di
The calculation of H? is involved. We obtain
H%( ey ; Tl Jyda — N eyyldydx}, if z < dy,
H3(z) = ! '
H2<Z)+€7Z K, fdzl eyy_ldy+K2}, ifdi <z < dg,
where

dl )
K, = 1=c ¥y = 0.6676616. . .
0 Yy

(11 dl
Ky, = / 7/ dydx—/ / e Ldydr = 0.2144351 ..
0

The case dy < z is left open. In consequence we obtain
do = 1.5817197. ..

is that constant > d;, which solves the equation

do
Kl/ & gy — 1og( )+K2—1
4 Y
Numerical calculation yields the optimal two-choice probability
sy = H3(00) = 0.8443. ..

The functions H™, m > 4 seem to be too difficult to be calculated explicitly and the
corresponding optimal m-choice probability can only be calculated numerically (and
even that is a challenge).
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Example 4.5. Let (X;) be iid with continuous standard normal distribution function
F = ®. Then normalizing constants from extreme value theory are given by

1 loglogn + log 4w
n = ———, br, =+/21 — .
¢ v2logn o8 n 2y/2logn

Then we obtain that

(Xgnm VooV Xgnom = My,) = 5 = H™ ! (00).

Tln’m = {1 <i<n—m+1|X; =M, F(X;) ><I><anlog<1d_m"> —|—bn>}, (4.19)

= {Tl“;" <i<n—-m+l|X;=M;,F(X;)>® (an log ( " ) +bn>} (4.20)

A —141

define for 2 < | < m an asymptotically optimal sequence of m-choice stopping times.

As in Section 3 for one-choice problem the proof of optimality of the stopping times
" (t,xz),..., T/ (t,x) in Theorem 4.2 can be modified to hold true for Poisson processes
N with finite intensity measure pu. As result we obtain

Theorem 4.6. Let the Poisson process N on [0,1] x (¢,00] fulfill the finite intensity
condition Iy.

a) The optimal m-choice stopping times for N are given by (T7" ..., T™) .= (T7*(0,¢), .. .,
T (0, ¢)) with

IM(t,xz) = inf{my>t|Ye=2V sup Y, Yy >0v"(m%)},
7 €(t,7k)
I"(t,xz) = inf{m>T"(tz)|Yy=aV sup Y, Y,> vm*lH(Tk)},
T €(t,7k)

for 2 < I < m. The corresponding stopping thresholds v are determined as solu-
tions of

gr (0™ (1)) = K (6, 0™(1)  fort € [0, 8), (4.21)
v (t) =c fort € [tg", 1], (4.22)

where t7' := sup{t € [0,1] | g2 (t,c) > hZ:(t,¢)}.

The functions g7}, h} are given by

9oo(t,x) == P(Yrm(sa) V-V Yrm(p o) =2V sup Yj)

t<tp <1
and
Bl (t,z) = e~ 11X (@] form =1,
R (t,x) = g™ (t, ) + hi (¢, ) form > 2.

v™ : [0,1] — [c, 00| is monotonically nonincreasing and can be chosen right continu-
ous. Furthermore,
™ (t) <™ (t) fort € [0,1],m > 2.

b) The optimal m-choice probability is given by

Sm = P(Ypm V- VYrm =sup Yy, T1" < 1) = liinggno(t,x).
k xic
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Theorem 4.6 allows to generalize the optimal (one-)choice results in Gnedin and
Sakaguchi (1992) [13] resp. Example 3.2 for iid sequences with distribution function
F' arriving at Poisson distributed time points to the m-choice case. Let the intensity
measure p of a Poisson process IV have Lebesgue density

f(t,y) = a(t)F'(y) (4.23)

with continuous and integrable function a : [0,1] — [0, 0] and continuous distribution
function F. Define A(t) := ftl a(s)ds and let the constants d,, and the functions H™ be
defined as in (4.13). The point ¢i* is defined as for m = 1 in Example 3.2.

Theorem 4.7. Let N be a Poisson process with finite intensity (4.23). Then we have
a) If A(0) < dy,, thentj’ =0 and v™ = c.

b) If A(0) > d,,,, then ¢} is the minimal solution of A(t7') = d,,. Fort € [0,t")v™(t) is a

solution of
dm

F™ (1) =1- S,

(4.24)
c) hZ2(t,x) = H™(A(t)(1 — F(x))) for x > —oo and the optimal m-choice probability is

given by
Sm = H™H(A(0)) — e~ A0, (4.25)

Proof. The proof is similar to that of Theorem 4.4 replacing the decreasing function F'
there by the decreasing function 1 — F here. O

Acknowledgments. Many thanks are due to a reviewer for his careful reading of the
manuscript and for several useful suggestions.
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