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Abstract

In this article, we study predictable projections of stochastic integrals with respect
to the conformal Brownian motion, extending the connection between powers of the
conformal Brownian motion and the corresponding Hermite polynomials. As a con-
sequence of this result, we then investigate the relation between analytic functions
and LP-convergent series of Hermite polynomials. Finally, our results are applied to
Widder’s representation for a class of Brownian martingales, retrieving a character-
ization for the moments of Widder’s measure.
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1 Introduction

The purpose of this article is to introduce some complexification techniques for
stochastic processes, that allow to consider real-valued processes as appropriate pro-
jections of corresponding complex-valued, conformal stochastic processes. As an ap-
plication of our complexification techniques, we derive a characterization of Widder’s
integral representation for Brownian martingales, which is obtained by adapting to the
probabilistic setting a classical result for the heat equation [15].

We start by studying predictable projections in a conformal Brownian setting. Con-
formal martingales have been introduced by Getoor and Sharpe [4] to prove the duality
between the Hardy space H! and the space BMO in the martingale setting: conformal
martingales later played an important role in the probabilistic study of analytic func-
tions as well as in the derivation of the conformal invariance of Brownian motion (see
for instance the survey article [2]).
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Predictable projections of conformal stochastic integrals

While stochastic integration with respect to conformal martingales is particularly
interesting because of the properties of the complex plane, to our knowledge there has
not been any attempt to introduce a notion of projection of such integrals on the real
line. As a first step in this direction, we consider the predictable projection on the
real component of a conformal Brownian motion. It turns out that such a projection
behaves well under integration, and in particular powers of the conformal Brownian
motion project onto the corresponding Hermite polynomials. Such a remarkable prop-
erty stresses once more the importance of Hermite polynomials in stochastic analysis
(which is due especially to their close relation with iterated stochastic integrals and the
Wiener chaos decomposition, see for instance Nualart [11]), and it motivates the sub-
sequent study of series of Hermite polynomials, allowing us to obtain, in a stochastic
setting, interesting connections to analytic functions.

In the second part, the techniques derived previously are applied to a wide class of
Brownian martingales, obtaining a further characterization of Widder’s representation.
We recall that, by the results of Widder [15], any positive solution of the heat equation
can be rewritten in terms of a Laplace-Stieltjes integral with respect to some measure
1, which however remains undetermined. We will show that the quadratic exponential
moments of i can be characterized by applying our results on series of Hermite poly-
nomials and related power series of conformal Brownian motion. Moreover, we obtain
a relation between Widder’s representation and a particular class of analytic functions.

The article is organized as follows. In Section 2, we recall the notion of predictable
projections of stochastic processes and show how stochastic integrals with respect to
the conformal Brownian motion are projected on the real line. Then, in Section 3 we
derive LP-convergence properties for series of Hermite polynomials from well known
LP-estimates on the Wiener chaos. Section 4 is dedicated to the presentation in a
purely probabilistic setting of Widder’s representation result as well as its extension
to L'-bounded martingales. Finally, we derive in Section 5 the characterization of the
moments of Widder’s measure u, as well as the aforementioned connection to analytic
functions.

2 Predictable projections of stochastic integrals

We begin by introducing some notation. Let ({2, F, P) be a complete probability
space, and assume that X, Y are two independent, d-dimensional Brownian motions
on (2, F, P). We denote by Z the conformal d-dimensional Brownian motion given by
Z = X +1iY. Furthermore, let F = (F;);>0 be the augmented filtration generated by Z,
and let FX = (FX);>0, FY = (FY);>0 denote the filtrations generated by X, respectively
Y, and augmented by the P-nullsets from IF. Unless otherwise stated, we will always
define stochastic integrals with respect to the filtered probability space (2, 7, T, P). We
denote by blL the space of all adapted processes with bounded caglad paths, and by vP
the space of all bounded predictable processes. Moreover, we define as usual

H(Z) = {H :Qx[0,T] — C¢ | H predictable with respect to P¥, and

)
HHH%Q(Z) =F [/ |Ht|2dt:| < OO}7
0

where | - | is the Euclidean norm, and similarly for /#?(X). Finally, we denote by II*
the orthogonal projection from .7#2(Z) onto the space .%#%(X). We shortly recall the
definition of the predictable projection of a measurable process:

Definition 2.1. Let G be a filtration on (2, F, P), and let P¢ denote the predictable
o-field with respect to G. Then, for a measurable process L such that L is positive or
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bounded, there exists a unique process Z measurable with respect to P& such that, for
every predictable G-stopping time T,

E[L7|Gr_] = Ly P-a.s. on {T < co}.
L is then called the predictable projection of L on G.

An easy calculation shows that, for stochastic processes H that are optional for IF#
and such that E| fOT |H,|? du] < oo, the predictable projection on ¥ is a version of the
projection IIX (H). There is a slight distinction that shows that the predictable projec-
tion is a finer object than the orthogonal projection. Indeed, the predictable projection
is a process, defined up to evanescent sets, whereas the orthogonal projection is a class
of random variables defined up to sets of dP x dt measure zero.

In the following, we will concentrate our attention on the predictable projection on
FX: because of the properties of the Brownian motion X, this actually coincides with
the optional projection on FX. To simplify our notation, the predictable projection of L
on FX will be denoted by L?" .

We can now prove our first main result: the predictable projection on F¥X maps
stochastic integrals with respect to Z onto stochastic integrals with respect to X. More-
over, we also obtain a relation between the integrand processes.

Theorem 2.2. Let H be a process such that H € #%(Z). Then, the predictable projec-
X
tions ([ HdZ)"" exists, and

pX t
( / HdZ) = / X (H)dX P-a.s. forallt > 0.
t 0

Proof. First of all, we observe that both stochastic integrals can be realized on the
filtered probability space (2, F,TF, P), as X and Z are both continuous martingales on

it. Moreover, we notice that the existence of ([ HdZ )PX is a consequence of classical
results on filtration shrinkage, which can be found for instance in [13].

We first assume that H € blL. Fix ¢t > 0, and consider a sequence (7"),cn of parti-
tions of [0, t] such that || — 0. Because of classical convergence results in stochastic
analysis (see [13]), we have that

t
H,dZ, = lim Z H,(Zy,., — Zy,) in A7,
0 n—oo tigmn

and hence there is a subsequence (7"*)ren so that >, . Hi,(Zy,,, — Zi,) converges

i+1
to fot H,dZ, P-a.s. as k — oo. Since H is bounded, the bounded convergence theorem

gives that

x
(/ HdZ>Z) = E[/Ot H,dZ, ]-‘tX} = lim t; EH,(Zy,, — Zu,)|F]
= lim_ EZ (BH:, (Xey = Xe)|FX) +§ B[Hy, (Yo, = Yo)IFY).
We compute the first term. Consider for ¢ > 0 the class
Ci:={CeF|3Aec FX BecF) suchthat C = AN B},
EJP 17 (2012), paper 22. ejp.ejpecp.org
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which is stable under intersection. Because of the independence of X and Y, we can
compute that, forall F € L'(F) and C = AN B € Cy,,

E[E[F|F¥|1c] = B[E[F|F}]1415]
= E[E[F|F}X]14] E[15]
= E[E[F|F{114] B[l 5] = E[BIF|F{]1c].

Therefore, by the Dynkin class theorem,
E[E[F|FX]|F?] = EIF|F{]

since FZ = o(Cy,). This implies that E[H,,|F*] = E[E[H,,|FZ]|F¥] = E[H,|F}] =
1% (H),,, and therefore

E[Hy,(Xy, ., — X4,)|F] = E[Hy, | FX (X, Xy,) =% (H), (X, Xi.)-

i+l i i+l i

i1

On the other hand, we have for the second term that

= E[H, E[(Ys,,, — Yo)|F, vV FF] =0,

i+1

and we can hence conclude that

pX t
(/HdZ)t :leI{:o Z HX(H)ti(Xti+l_Xti):A HX(H)dX,

t, ek

since I1% (H) remains bounded and left continuous by the general theory of stochastic
processes. This proves the claim for H € blL. The result is extended first to H €
bP and then to H € s#?(Z) by applying respectively the bounded and the monotone
convergence theorem. As this procedure is fairly standard, the details are left to the
reader. O

In particular, if the predictable projection H?" exists for H € J#2(Z), then we have

X
that ( HdZ)Z3 = fot HP"dX P-a.s. for all t > 0. We end this section by observing that
Theorem 2.2 immediately gives us an explicit expression for the predictable projection
on F¥X of two important classes of stochastic processes.

Corollary 2.3. For anyt > 0, the following assertions hold:

() (e%)”" = €(a-X), P-as. foralla e R andt > 0.
(i) Leta = (a1, - ,aq) € IN? denote a multi-index. Then, fort > 0,
(24P = H,(t,X,) P-a.s.,
where z% = Hle z* and H, denotes the d-dimensional generalized Hermite poly-
nomial of degree «, defined by

d
Ho(t, Xy) == [ [ Ha, (. X).

i=1

In other words, the powers of the conformal Brownian motion project onto the
corresponding Hermite polynomials.
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3 Expansions in Hermite polynomials

The result of Corollary 2.3 (ii) is particularly interesting because of the importance
of Hermite polynomials in stochastic analysis, in particular in regards to their connec-
tion to iterated stochastic integrals and to the Wiener chaos expansion. Thus, expan-
sions in Hermite polynomials and some of their properties will be examined more in
detail in this section.

In the following, we denote by K,, the homogeneous Wiener chaos of degree n gener-
ated by (X;).e[0,1]- First of all, we recall that the Ornstein-Uhlenbeck semigroup (7%):>0
is defined, for t > 0 and F € L*(0(X1)) by

T,F := Z e ™I, F,
n=0

where 7, denotes the orthogonal projection on K,. It is well known that the proper-
ties of the Ornstein-Uhlenbeck semigroup lead to useful comparison results about the
LP-norms on the Wiener chaos. In particular, (7;);>0 enjoys the following hypercontrac-
tivity property:

Proposition 3.1. Assume that we have constants 1 < p < ¢ < oo and t > 0 such that

N\ 1/2
el > <q1) .
“\p=1

Then we have that, for all F' € L”(0(X1)),
1T Fllg < [1Flp-

The result can be found, for instance, in Nualart [11]. It is then possible to derive
the following estimate:

Lemma 3.2. LetV,, be a random variable in K,,. Then, for1 < p < q < oo we have that

/2
g—1\"
Wl < (£=5) " 1l

Proof. It is well known that, by applying the operator 7; to V,,, we get that

TV, = eV,
We now choose t > 0 such that ¢! = (g%i) 2 Then, Proposition 3.1 implies that
q— 1 —n/2 .
<pl> [Vallg = 7™ IVallg = 1 TeVallqg < [Vallp- 0

Moreover, with the help of the well known interpolation of Holder’s inequality, we
can derive from Lemma 3.2 the following inequality.

Lemma 3.3. LetV,, is a random variable in K,,, and p > 1. Then:
Vallp < e™2(| Va1
Proof. Let q > p be arbitrary, and let § = (p,q) € (0, 1) be such that % = 1%9 + 6. Then,

the interpolation of Holder’s inequality and Lemma 3.2 yield that

1-0 0 g—1\"702 1-0 0
Vol < IVl < (221) Il VAl
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By rearranging the terms, this gives us that

n(1-0)

AN
Wl < (2=1) 7 I

The claim then follows by observing that

n(1—6(p,q)) n(1—0(p,q))

-1 26(p.q) -1 20(p.q)
inf - SR lim - S P/ O
q€(p,o0) \p — 1 q—=pt \p—1

Even though the constant e™?/2 could be further optimized, it is sufficiently small for
our purpose. From now on, we will write L? for the space LP(Q2, F, P), p > 1. Because
of the well known fact that (H,(t, X;))ocne forms a complete basis of L?(0(X,)), we
will consider in the sequel series associated to the system (H, (¢, Xt))qene. The hyper-
contractivity allows to find good estimates for ||H, (¢, X;)||,: indeed, for p > 2 we have
that

| Ha(t, X0l < /*P/2(attlel) 2,
whereas for 1 < p < 2 we get that
1Ha(t, Xo)llp = [ Ha(t, Xo) 1 > eIV (attlol) 12,

As a consequence of the hypercontractivity, we can now derive the second main
result of this chapter: this extends, via the corresponding Hermite series, the explicit
expression of Corollary 2.3 to a class of LP-martingales.

Theorem 3.4. Forp > 1 and T > 0, let (M;),c|o,r] be an LP-martingale such that M, is
o(X¢)-measurable for all t € [0,T] (i.e. M, is of the form ¢(t, X:) for some function g).
Moreover, define b,, for a € IN%, by

y . EDMHA( X)) _ E[MHa(t, X,)]

T T HL XD allel
Then, the function f : C — C, f(2) := Y, cna baz®, is well defined, is analytic of order
2 and can be represented for € C% and t € [0, T as

T

f(z):E{Mtexp(i(z Xt—ZQZ))]. (3.1)

Moreover, let S < (pVp*)~' T, where p* = ]% is the conjugate exponent of p. Then,
(f(Zs))selo,s) is an LP-martingale such that
pX
(f(Zs)) = Ms; s € [07 S]
Proof. First of all, we show that the series )y« bo2® is absolutely convergent for all

z € C%. Since Hle |z;|* < |z]l%l, it is sufficient to prove that

> (3 ol ) <.

n=0 ‘al:n

By Holder’s inequality and Lemma 3.2, it is easy to verify that

( > ba> < 3 ”Mt“p”ikj X)) )1/n

laj=n |a]=n
" jal/2 | Ha(t, Xo)ll2\ "
< (thuplZ (" 1y vyl Helt 2
1/(p—1)v1\"? 1\
- (A=), Y )
lal=n al
EJP 17 (2012), paper 22. ejp.ejpecp.org
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Therefore, by the multinomial theorem,

S pol) </ LE=DVE (STl =
t

lal=n
< L (g, 22 |§|_3<Z>>

- 2= gy, f>1/n.

The last term converges for n — oo to 0 because of Stirling’s approximation. This shows
that f is well defined and analytic. We now prove the representation (3.1). By applying
Corollary 2.3 and the dominated convergence theorem, it is easy to check that, for all
t>0,

1

1
[ = Y o EMH (LX) 2% = Y — o EM.Z7] -
aclNd acNd
247
=L M Z altlel
aclNd

Hence, by the multinomial theorem,

—plu Y S | < ey

1 "\ ara
nltn Z (oz)z Zt]

neN |a|=n nelN laj=n
(Z . Zt)n
=F|M —_—
|: t Z nlgn ’
neN

and the desired representation follows by computing that

1 (-2) - (-2} o229

:E{Mtexp(i(z Xt—iz))].

On the other hand, by applying Holder’s inequality to this representation we can verify

that
1 2T 2
exp (t (ZXt—2)>

|f(2)] < (1Ml

p*

— M, B [exp (Pt | Xt) y - (_ R(th)
- e (21t((p ~DRe(2)* + hn(z)?))

(3.2)

*—1)vi1
< Kiexp ((p)|,22>7

2t

where K, := ||M,|,, and hence f is analytic of order 2. It remains to consider the
process (f(Zs))se[o,s]- Because of the choice of S, we get that f(Z,) € L? forall s € [0, S];
namely, by taking some ¢ € [0, 7] such that ¢ > (p V p*)s, the estimate (3.2) implies that

B[11(20r) < K| exp (i1 ) <

EJP 17 (2012), paper 22. ejp.ejpecp.org
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X
Then, the fact that (f(Zs))seo,s) is @ martingale such that (f(Zs))p = M, for s € [0, 5]
is obtained by applying Fubini’s theorem and Corollary 2.3 to the integral representa-
tion (3.1) for f: the details are left to the reader. O

As a consequence, we obtain the following result for martingales on [0, c0):

Corollary 3.5. Letp > 1, and assume that (M;)c|o,~) is an LP-martingale such that M;
is 0(X;)-measurable for allt < [0,T], and let f as in Theorem 3.4. Then, (f(Z;)):e[0,00) IS
an LP-martingale such that

(F(Z)" =M, te0,0)

By analyzing the proof of Theorem 3.4, we immediately notice that the result cannot
hold for p = 1, due to the unboundedness of the Hermite polynomials. It is however
possible to relate the convergence in L! of an Hermite series to that in L?, p > 1.

Proposition 3.6. Let t > 0, and assume that the family (bo Ho(t, Xt))aene is bounded
in L'. Then, forp > 1, 3" i baHa(s, X;) converges absolutely in L? for s < 5.

Proof. Let s > 0be arbitrary. As a consequence of the estimates on Hermite polynomials
and of the scaling property of Brownian motion we obtain that

Y ballHa(s, Xl < Y lbalel®'?’2) Ha(s, X,)lla

aclNd aclNd

L5\l
= ) |balle - | Ho(t, X)) (3.3)

aceNd

Let K denote the L'-bound on the family (boHa (t, X¢))aewa, and assume that s < .
As a consequence of (3.3), we then obtain that

lal/2
S
H < p_
Z ‘baHI a(saXs)”p_K E (e t)

a€elNd acNd

oo n/2
ng(epj> [{a € N[ |a] = n}|
n=0

< KZ (ep/Qd\/f) < o0,

n=0
because of the choice of s. This proves the desired absolute convergence. O
As a consequence of Proposition 3.6, we also obtain:

Corollary 3.7. Assume that, for allt > 0, the series ) .xa boaHa(t, X;) converges, for
some rearrangement of the terms, in L'. Then, > aend baHo(t, Xt) converges absolutely
in L? forallt > 0andp > 1.

4 Widder’s representation for Brownian martingales

As an application of the above properties, we derive a characterization of Widder’s
theorem about the representation of positive martingales. First of all, we recall how
the classical formulation of Widder translates in a probabilistic setting. A purely prob-
abilistic proof of this theorem can be found in [10], but we prefer to include a different
presentation for the convenience of the reader. Moreover, we observe that our result
hold for any dimension d € IN.
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Theorem 4.1. Let X be a d-dimensional Brownian motion, and suppose that M, =
g(t, X;) is a continuous martingale such that ¢(0,0) = 1 and g(¢t, X;) > 0. Then, there
exists a probability measure y on R¢ such that, for allt > 0,

M, = E(w-X) p(dv) P-as..
R4

Proof. Let f: R? — C be a bounded, continuous map. Then, for s > ¢ one has that

oo ()] = e ()] = s (5 (=)

Note that the random variables (% — XT) and XT are independent as they are un-

correlated in a Gaussian space. Therefore, by conditioning on % one gets that

Blag (2 =\ [ f( 24 i-te de.
s (2)] o o (5 i3

We can now proceed with the construction of the measure p. By taking f(z) :=
exp(iu - ), the previous equality yields that

o 3)] £ o 5 (-2

On the other hand, the process (M;);>o is by assumption a density process, and is
therefore associated to a measure @ on C(R*,R¢) with Q| 7 << P| 7, Via the Radon-
Nikodym theorem. This gives us that

B s (i Y] = e [ i ) (=5 (- ).

By taking ¢ = 1, this implies in particular that

e, = L wep (-5 (1-1) 1),

where gag denotes the characteristic function of the random variable Y under the mea-
sure Q.
As a consequence, we get that <p X (u) converges pointwise for s — oo to a con-

tinuous function <pX1( u) exp (3]ul?). Therefore Lévy’'s continuity theorem yields the
existence of a measure p such that X? converges weakly to x4 under @ as s — oo.

We now have to check that p satisfies the desired property. By the above conver-
gence in distribution, we have that, for any f bounded and continuous and for any fixed

t>0,
X, 1 —|z|?/2 —le /2
/]Rdf(s+ - ) d/?d“’} Ll (”*[)( a7z 47 )

when s — co. Since the left hand side equals E [M, f (£t)] for any s > t, we get that

oot ()] = [ fo? (o) Tt o,

EJP 17 (2012), paper 22. ejp.ejpecp.org
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On the other hand, by using Girsanov’s theorem one can easily check that, for any f
bounded and continuous,

X X
p| [ ewxnnans ()] = [ 8 lewx s (5] wia
R4 t R4 t
X
LG
R4 t
\/T e—lz?/2 p p
_/IRd/IRdf U+ ;J}' W.’L‘M(U)
By approximation arguments, this equality can then be extended to any f bounded

and measurable, obtaining the desired representation for M;. O

The condition that ¢(¢, X;) forms a martingale on the whole interval [0, o) is essen-
tial. This can easily be shown by separation arguments: let d = 1, T" > 0, and denote by
K the set of all the martingales having the desired representation, i.e.

K= {N = (Np)o<i<T ‘ There is a probability measure p such that

Nt:/E(vX)t u(dv),0 <t <TY.
R

Clearly, K is a convex set. Now, for an arbitrary f € L>°(R¢) and any N € K we have
that

Elf(X)N] = / /R F(X)E(0X), p(dv)dP
- /}R E [f(X)E(wX),] u(dv)
:/E[f(Xt-‘rUt)] p(dv).

R

The choice fi(z) := sin(kz) gives

E[fiu(X)Ny] = /]RE [sin(kX: + kvt)] p(dv)

:/E[cos(kXt)] sin(kvt)p(dv)
R

> E [cos(kXy)] ig}%sin(kvt) = e K2,

However, by defining
]l{sin(kXT)<7e*k2T/2}

P(sin(kX7) < —e k*T/2)
and by setting M; := E[Mr|F:] = g(¢, X+), we get a martingale on [0, 7] of the desired
form and such that E [f;(X;)M,] < —e~**t/2. This proves the claim.

On the other hand, Theorem 4.1 can easily be extended to any continuous L!-
bounded Brownian martingale on [0, 00). First of all, we recall the well known Kricke-
berg decomposition for L!-bounded martingales:

Mr =

Theorem 4.2. Let M denote a martingale on [0,00). Then M is L'-bounded if and
only if it can be written (P-a.s.) as the difference of two positive martingales MY, M2,
Moreover, one can choose M', M? so that

sup [ M|y = E[Mg] + E[Mg],

EJP 17 (2012), paper 22. ejp.ejpecp.org
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and the decomposition is then given by

M} =sup E[M}|F,], M?=supE[M;|F;)] P-as., t>0.
s>t s>t

The proof of this well known result can be found for instance in [3]. Krickeberg’s
decomposition allows us to extend Widder’s representation theorem, obtaining the fol-
lowing result:

Proposition 4.3. Let (M;);>o be a continuous, L'-bounded martingale of the form M, =
g(t, X;). Then there is a signed measure ;. on R such that

M, = / E(w- X)) p(dv) P-a.s. forallt> 0.
Rd
Moreover, we have that
sup || Me|lr = ||pl[-
t>0

Proof. We apply the Krickeberg decomposition to M, obtaining two positive martingales
M?*, M? such that M = M' — M? and sup, || M|y = M} + M¢.
By construction, M? is of the form M* = fi(¢, X;): indeed,

M} = sup E[M}|F;] = sup E[]M[| X,
s>t s>t

since M is o(X,)-measurable. We can assume, without loss of generality, that M{ #

0. Then, we can apply Widder’s representation to the positive martingales % %;
obtaining two probability measures /i', /1* such that

M} ,

. = E(w-X)e p*(d P-as..

3= | B X0t

We thus set ' := M}’ and p := p' — p?. Then, for all ¢,
My=M! —M? = | E(w-X); u(dv) P-as..
Rd
On the other hand, we have that
Pas < [ ] g X0 ul@)ap = [ B X0 lul(de) =l
Q JRA R4
so that we finally get that
|+ Nl = Mg + M§ = sup 1Ml < Nl < Nl 1+ 162 m

5 A characterization of Widder’s measure

We now present the aforementioned characterization of the measure ;. appearing in
Proposition 4.3. To the best of our knowledge, this characterization is new and shows
interesting analogies with results from Fourier analysis.

Theorem 5.1. Let (g(t, X;)):>0 be a continuous L'-bounded martingale on [0, c0) with
Widder’s representation g(t, X;) = [p.E(v- X); p(dv). Then, the following assertions
hold:
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(i) If the measure |u| has quadratic exponential moments of all orders, i.e.
/ MNP |(dv) < oo for all A > 0,
]Rd

then there is a family (by).ene Of coefficients in R such that, for all t > 0, the
series . baHa(t, X;) converges absolutely to g(t, X;) in L', and therefore in
LP for all p > 1. The coefficients b, can be represented as

bo = — v p(dv), o€ N9
al R4

(ii) Conversely, if i is positive and there is a family (by).ene Such that the series
> aend baHo(t, X;) converges, for some rearrangement of the terms, to g(t, X;) in
L' forallt > 0, then u has quadratic exponential moments of all orders. Moreover,

the function f(z) := [y, € *u(dv), z € €%, is well defined, analytic of order 2, and
can be represented, for z € C* andt > 0, as

=3 b= { tXf)expC(z-XtZT;))].

aclN?

Proof. We can assume, without loss of generality, that |u| has total mass 1. We first
show (i): clearly, we have that

tXf ‘/ vX,,udv)
Rd

< /R CE(v X2 [pl(dv),

so that

Bllatt X0 < [ Blet- X2 lelido) = [ e fulid) < o0

for all ¢ > 0. Hence, g(t, X;) is the limit in L? of the series Yy baHa(t, X;), where
bo = Elg(t, X¢)H,(t, X:)]. A simple application of Fubini’s theorem then gives that

E[( fqa - X); p(dv)) Ho(t, X,)]
altlel
= [ BlE X)uHa(, X)) o) = / o u(dv).
R4 Rd

altlel

_1
altlel

ba =

We now prove the second implication. Since the series ) s boHo(t, X;) converges
for some rearrangement to g(¢, X;) in L!, Corollary 3.7 implies that the same series
converges absolutely in L? to g(t, X;) for all t > 0. Hence, we get that

oo > Eg(t, X;)?] E[(/}Rdg(v X))o dv) } /Rd /Rd et (dv) p(dw)

for all ¢ > 0. This is enough to show the existence of quadratic exponential moments of
p: indeed, by setting C; := ||g(¢, X¢)||2 we obtain that, for all K > 0,

(@ p)(v-w>K) < Crexp(—tK). (5.1)

On the other hand it is easy to verify that, fori € {1,--- ,d} and (1, -+ ,&q4) € {—1,1}7,
the set

Ak ier ea) ={v € RY |v;] > VK, sign(v;) =¢; V j}
x {w € RY Jw;| > VK, sign(w;) =¢; ¥ j}
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is a subset of {(v,w) € R x R¢|v-w > K}. Thus, (5.1) implies that, fori € {1,--- ,d}
and (g1, ,&q4) € {—1,1}4,

n({v € RY |v;| > VK, sign(v;) = ¢, Vi) < C’tl/2 exp ( - ;K) (5.2)

Now, if v € R? is such that |v|?> > K, then there is an i € {1,--- ,d} such that |v;| >
v/ K/d: hence, (5.2) gives that

t
u(jo?> > K) §d2dCt1/gexp<2dK>.

Since t > 0 is arbitrary, this finally implies for all A > 0 that

/ eM”F,u(dv) < o0. O
Rd

We conclude this article with an example illustrating the fact that the quadratic
exponential moments of i are needed in order to have an expansion in Hermite series
of the corresponding martingale. Let p denote the standard Gaussian measure on R:
we can then verify that, for ¢ > 0,

2
ott.3) = [ €0 X0 = 2 e (5755 ).

Since not all the quadratic exponential moments of i exist, Theorem 5.1 implies that
g(t, X;) cannot be represented as an Hermite series in L!. Moreover, it is easy to check
that g(¢, X;) corresponds to the counterexample introduced in a deterministic setting by
Pollard [12] in order to prove that the Hermite polynomials do not form a basis of L? for
p # 2, and his conclusions can then be recovered from the results on LP-convergence
proved in Section 3.

We can therefore observe that Theorem 5.1 gives a full explanation of Pollard’s coun-
terexample: namely, the non-convergence of the corresponding Hermite series is sim-
ply due to the non-existence of quadratic exponential moments of any order for the
corresponding Widder’s measure. This observation allows us to construct several other
counterexamples whose Hermite series do not converge in L': after choosing a mea-
sure on R which does not have quadratic exponential moments of all orders, it suffices
to consider the martingale given by the corresponding Widder representation.

Recently, there was a renewed interest in Widder’s representation in connection
with boundary crossing problems for Brownian motion, see Alili and Patie [1].
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