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Abstract

We investigate the asymptotic behavior of the eigenvalues of spiked perturbations of Wigner
matrices defined by My = \/LNWN + Ay, where Wy is a N X N Wigner Hermitian matrix whose
entries have a distribution u which is symmetric and satisfies a Poincaré inequality and Ay, is a
deterministic Hermitian matrix whose spectral measure converges to some probability measure
v with compact support. We assume that Ay has a fixed number of fixed eigenvalues (spikes)
outside the support of v whereas the distance between the other eigenvalues and the support of
v uniformly goes to zero as N goes to infinity. We establish that only a particular subset of the
spikes will generate some eigenvalues of My which will converge to some limiting points outside
the support of the limiting spectral measure. This phenomenon can be fully described in terms
of free probability involving the subordination function related to the free additive convolution
of v by a semicircular distribution. Note that only finite rank perturbations had been considered
up to now (even in the deformed GUE case).
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1 Introduction

In the fifties, in order to describe the energy levels of a complex nuclei system by the eigenvalues of
large Hermitian matrices, E. Wigner introduced the so-called Wigner N x N matrix Wy. According
to Wigner’s work [I36], [[37] and further results of different authors (see [3]] for a review), provided
the common distribution u of the entries is centered with variance o2, the large N-limiting spectral
distribution of the rescaled complex Wigner matrix Xy = ﬁWN is the semicircle distribution
whose density is given by

du 1
z — V40?2 — x21(_y5 257(x). (1.1

dx ()= 2

Moreover, if the fourth moment of the measure u is finite, the largest (resp. smallest) eigenvalue
of Xy converges almost surely towards the right (resp. left) endpoint 20 (resp. —20) of the
semicircular support (cf. [[7]] or Theorem 2.12 in [3]]).

Now, how does the spectrum behave under a deterministic Hermitian perturbation Ay? The set of
possible spectra for My = Xy + Ay depends in a complicated way on the spectra of Xy and Ay (see
[21]]). Nevertheless, when N becomes large, free probability provides us a good understanding of
the global behavior of the spectrum of My . Indeed, if the spectral measure of Ay weakly converges
to some probability measure v and ||Ay|| is uniformly bounded in N, the spectral distribution of My
weakly converges to the free convolution u,, B v almost surely and in expectation (cf [1], [27] and
331, [19] for pioneering works). We refer the reader to [I35] for an introduction to free probability
theory. Note that when Ay is of finite rank, the spectral distribution of My still converges to the
semicircular distribution (v = 6, and u, Bv = u,).

In [I30], S. Péché investigated the deformed GUE model Mﬁ = WI\? /VN + Ay, where W]\? is a
GUE matrix, that is a Wigner matrix associated to a centered Gaussian measure with variance o2
and Ay is a deterministic perturbation of finite rank with fixed eigenvalues. This model is the
additive analogue of the Wishart matrices with spiked covariance matrix previously considered by J.
Baik, G. Ben Arous and S. Péché [8]] who exhibited a striking phase transition phenomenon for the
fluctuations of the largest eigenvalue according to the values of the spikes. S. Péché pointed out an
analogous phase transition phenomenon for the fluctuations of the largest eigenvalue of Mﬁ with
respect to the largest eigenvalue 6 of Ay [30]]. These investigations imply that, if 6 is far enough
from zero (6 > o), then the largest eigenvalue of Mﬁ jumps above the support [—20,20] of the

limiting spectral measure and converges (in probability) towards pgy = 6 + %2. Note that Z. Fiiredi
and J. Komlds already exhibited such a phenomenon in [22]] dealing with non-centered symmetric
matrices.

In [20]], D. Féral and S. Péché proved that the results of [30] still hold for a non-necessarily Gaussian
Wigner Hermitian matrix Wy, with sub-Gaussian moments and in the particular case of a rank one
perturbation matrix Ay whose entries are all 1% for some real number 6. In [[18], we considered a
deterministic Hermitian matrix Ay of arbitrary fixed finite rank r and built from a family of J fixed
non-null real numbers 6, > --- > 6; independent of N and such that each 0; is an eigenvalue of Ay
of fixed multiplicity k; (with ijl kj =r). In the following, the 6;’s are referred as the spikes of Ay.
We dealt with general Wigner matrices associated to some symmetric measure satisfying a Poincaré
inequality. We proved that eigenvalues of A, with absolute value strictly greater than o generate
some eigenvalues of My which converge to some limiting points outside the support of u,. To be
more precise, we need to introduce further notations. Given an arbitrary Hermitian matrix B of size
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N, we denote by A,(B) = --- > Ay(B) its N ordered eigenvalues. For each spike 6;, we denote by
nj_;+1,...,n5_1 + k; the descending ranks of 6; among the eigenvalues of Ay (multiplicities of
eigenvalues are counted) with the convention that k; +--- +k;_; = 0 for j = 1. One has that

nj_1:k1+"'+kj_1 lf9]>0 and nj_1=N—r+k1+--~+kj_1 1f91<0

Letting J,, (resp. J_,) be the number of j’s such that Qj > o (resp. 9j < —0), we established in
[[18] that, when N goes to infinity,

a) for all j such that 1 < j <J,, (resp. j =J —J_; + 1), the k; eigenvalues (lnj_lﬂ-(MN), 1<
i < k;) converge almost surely to Po; = 0;+ % which is > 20 (resp. < —20).
J

a.s. a.s.
b) Ak1+---+kj+g+1(MN) — 20 and AN—(kJ+---+kJ_J_o+1)(MN) — —20.

Actually, this phenomenon may be described in terms of free probability involving the subordination
function related to the free convolution of v = &, by a semicircular distribution. Let us present it
briefly. For a probability measure 7 on R, let us denote by g, its Stieltjes transform, defined for

ze€ C\R by
gr(z) = J dT(X)~
R

z—X

Let v and T be two probability measures on R. It is proved in [[13]] Theorem 3.1 that there exists an
analytic map F : C* — CT, called subordination function, such that

Vz € C+, gTEEV(Z) = gV(F(Z))J

where C* denotes the set of complex numbers z such that 3z > 0. When T = u,, let us denote
by F, , the corresponding subordination function. When v = &, and © = u,,, the subordination
function is given by F, 5 = 1/g, . According to Lemma 4.4 in [18], one may notice that the
complement of the support of u, B dy(= u, ) can be described as:

R\ [-20,20] = {x,Ju € R, |u| > o such that x = H, 5 (u)},

2
where H,; 5 (2) = z+ % is the inverse function of the subordination function F, 5 on R\[-20,20].
Now, the characterization of the spikes of Ay that generate jumps of eigenvalues of My i.e. |6;| > o
is obviously equivalent to the following

6; € R\ supp(6,)(=R*) and Hclf,5o(91') > 0.

Moreover the relationship between a spike 6; of Ay such that |6;| > o and the limiting point Po;
of the corresponding eigenvalues of My (which is then outside [—20;20]) is actually described by
the inverse function of the subordination function as:

pGj = Ha,éo(ej)-

Actually this very interpretation in terms of subordination function of the characterization of the
spikes of Ay that generate jumps of eigenvalues of My as well as the values of the jumps provides

1753



the intuition to imagine the generalization of the phenomenon dealing with non-finite rank pertur-
bations just by replacing &, by the limiting spectral distribution v of Ay in the previous lines. Up to
now, no result has been established for non-finite rank additive spiked perturbation. Moreover, this
paper shows up that free probability can also shed light on the asymptotic behavior of the eigenval-
ues of the deformed Wigner model and strengthens the fact that free probability theory and random
matrix theory are closely related.

More precisely, in this paper, we consider the following general deformed Wigner models My =
Xy + Ay such that:

v
variance 02 and mean zero:

(Wa)iis ﬁm((WN)ij)i<j, ﬁS((WN)U)Kj are i.i.d., with distribution y which is symmetric and
satisfies a Poincaré inequality (the definition of such an inequality is recalled in the Appendix).

e Xy = =Wy where Wy is a N x N Wigner Hermitian matrix associated to a distribution u of

e Ay is a deterministic Hermitian matrix whose eigenvalues )/EN), denoted for simplicity by 7;,

are such that the spectral measure u, = %Zil 6., converges to some probability measure
v with compact support. We assume that there exists a fixed integer r > 0 (independent from
N) such that Ay has N — r eigenvalues f3;(N) satisfying

max_ dist(;(N), supp(v)) = 0,
where supp(v) denotes the support of v. We also assume that there are J fixed real numbers
6, > ... > 0; independent of N which are outside the support of v and such that each 0; is

an eigenvalue of Ay with a fixed multiplicity k; (with Z]J:l kj =r). The 6,’s will be called the
spikes or the spiked eigenvalues of Ay.

According to [[1]], the spectral distribution of My weakly converges to the free convolution u, Hv
almost surely (cf. Remark below). It turns out that the spikes of Ay that will generate jumps
of eigenvalues of My will be the 6;’s such that H (’”(9]-) > 0 where H,, ,(2) =z + 02g,(2) and the
corresponding limiting points outside the support of u, B v will be given by

pej = HU,V(Qj)'

It is worth noticing that the set {u € R \ supp(v), H(’M(u) > 0} is actually the complement of the
closure of the open set
dv(x) 1

:

U,, =3uelR,| ——m=>—
av { ru—x3? o

introduced by P Biane in [[12]] to describe the support of the free additive convolution of a probability
measure v on R by a semicircular distribution. Note that the deep study by P Biane of the free
convolution by a semicircular distribution will be of fundamental use in our approach. In Theorem
which is the main result of the paper, we present a complete description of the convergence
of the eigenvalues of My depending on the location of the 6;’s with respect to m and to the
connected components of the support of v.

Our approach also allows us to study the “non-spiked" deformed Wigner models i.e. such that r = 0.
Up to now, the results which can be found in the literature for such a situation concern the so-called
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Gaussian matrix models with external source where the underlying Wigner matrix is from the GUE.
Many works on these models deal with the local behavior of the eigenvalues of My (see for instance
[14], [2] and [15] for details). Moreover, the recent results of [[26] (which investigate several
matrices in a free probability context) imply that the operator norm (i.e. the largest singular value)
of some non-spiked deformed GUE Mﬁ = W]\f /N + Ay converges almost surely to the L*-norm of
a (U B v)-distributed random variable. Here, we readily deduce (cf. Proposition [8.1] below) from
our results the almost sure convergence of the extremal eigenvalues of general non-spiked deformed
Wigner models to the corresponding endpoints of the compact support of the free convolution u,Hv.

The asymptotic behavior of the eigenvalues of the deformed Wigner model My actually comes from
two phenomena involving free convolution:

1. the inclusion of the spectrum of My in an e-neighborhood of the support of u, B u,, , for all
large N almost surely;

2. an exact separation phenomenon between the spectrum of My and the spectrum of Ay, in-
volving the subordination function F, , of u, Hv (i.e. to a gap in the spectrum of My, it
corresponds through F; , a gap in the spectrum of Ay which splits the spectrum of Ay exactly
as that of My).

The key idea to prove the first point is to obtain a precise estimate of order % of the difference
between the respective Stieltjes transforms of the mean spectral measure of the deformed model
and of u, B uy,. To get such an estimate, we prove an “approximative subordination equation"
satisfied by the Stieltjes transform of the deformed model. Note that, even if the ideas and tools
are very close to those developed in [[18]], the proof in [18] does not use the above analysis from
free probability whereas this very analysis allows us to extend the results of [[18]] to non-finite rank
deformations. In particular, we didn’t consider in [[18] u, B us, Whose support actually makes the
asymptotic values of the eigenvalues that will be outside the limiting support of the spectral measure
of My appear.

Note that phenomena 1. and 2. are actually the additive analogues of those described in [4]], [5] in
the framework of spiked population models, even if the authors do not refer to free probability. In
[9]], the authors use the results of [4]], [I5] to establish the almost sure convergence of the eigenval-
ues generated by the spikes in a spiked population model where all but finitely many eigenvalues
of the covariance matrix are equal to one. Thus, they generalize the pioneering result of [8]] in
the Gaussian setting. Recently, [28]], [6] extended this theory to a generalized spiked population
model where the base population covariance matrix is arbitrary. Our results are exactly the additive
analogues of theirs. It is worth noticing that one may check that these results on spiked population
models could also be fully described in terms of free probability involving the subordination function
related to the free multiplicative convolution of v by a Marchenko-Pastur distribution.

Moreover, the results of E Benaych-Georges and R. R. Nadakuditi in [[11]] about the convergence of
the extremal eigenvalues of a matrix Xy + Ay, Ay being a finite rank perturbation whereas Xy is
a unitarily invariant matrix with some compactly supported limiting spectral distribution u, could
be rewritten in terms of the subordination function related to the free additive convolution of &, by
u. Hence, we think that subordination property in free probability definitely sheds light on spiked
deformed models.

Finally, one can expect that our results hold true in a more general setting than the one considered
here, namely only requires the existence of a finite fourth moment on the measure u of the Wigner
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entries. Nevertheless, the assumption that u satisfies a Poincaré inequality is fundamental in our
approach since we need several variance estimates.

The paper is organized as follows. In Section [2| we first recall some results on free additive convo-
lution and subordination property as well as the description by P Biane of the support of the free
convolution of some probability measure v by a semicircular distribution. We then deduce a char-
acterization of this support via the subordination function when v is compactly supported and we
exhibit relationships between the steps of the distribution functions of v and u, Bv. In Section[3] we
establish an approximative subordination equation for the Stieltjes transform g, of the mean spec-
tral distribution of the deformed model My and explain in Section[4/how to deduce an estimation up
to the order # of the difference between gy and the Stieltjes transform of u, Bu,, when N goes to
infinity. In Section |5, we show how to deduce the almost sure inclusion of the spectrum of My in a
neighborhood of the support of u, Bu,, for all large N; we use the ideas (based on inverse Stieltjes
tranform) of [23]] and [31]] in the non-deformed Gaussian complex, real or symplectic Wigner set-
ting; nevertheless, since u,Hu,, depends on N, we need here to apply the inverse Stieltjes tranform
to functions depending on N and we therefore give the details of the proof to convince the reader
that the approach developped by [23]] and [131]] still holds. In Section [f] we show how the support
of u, B ua, makes the asymptotic values of the eigenvalues that will be outside the support of the
limiting spectral measure appear since we prove that, for any € > 0, supp(uy B U4, ) is included in

an e-neighborhood of supp(u, Bv)|J {pgj, 0; such that H(’M(Qj) > 0}, when N is large enough.

Section [7]is devoted to the proof of the exact separation phenomenon between the spectrum of My
and the spectrum of Ay, involving the subordination function F, , . In the last section, we show how
to deduce our main result (Theorem [8.1)) about the convergence of the eigenvalues of the deformed
model My. Finally we present in an Appendix the proofs of some technical estimates on variances
used throughout the paper.

Throughout this paper, we will use the following notations.
- For a probability measure T on R, we denote by g, its Stieltjes transform defined for z € C\ R

by
gr(z) = f dT(X)
R

z2—x

- Gy denotes the resolvent of My and gy the mean of the Stieltjes transform of the spectral
measure of My, that is
gn(2) = E(tryGy(2)), 2 € C\ R,

where try is the normalized trace: try = ]%Tr.
We recall some useful properties of the resolvent (see [25]], [[17]).

Lemma 1.1. For a N X N Hermitian or symmetric matrix M, for any z € C\ Spect(M), we
denote by G(z) := (zIy — M)™! the resolvent of M.
Letz€ C\ R,

@) |G|l < |3z|~! where ||.|| denotes the operator norm.
(i) |G(z);5] < |32|7! foralli,j=1,...,N.
(iii) For p = 2,

1 N
~ 216Gyl < 137y (1.2)
i,j=1
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(iv) The derivative with respect to M of the resolvent G(z) satisfies:
G, (2).B=G(2)BG(z) for any matrix B.

(v) Let z € C such that |z| > ||M||; we have

1
IGEN < ———.
|z| — [IM]]

- gy denotes the Stieltjes transform of the probability measure u, B u,,, -

- When we state that some quantity Ay(z),z € C\ R, is O(%), this means precisely that:

P(|3z1™1)
A << _—
|Ay(2)] < NP s
for some polynomial P with nonnegative coefficients which is independent of N.

- For any set S in R, we denote the set {x € R, dist(x,S) < e} (resp. {x € R, dist(x,S) < e}) by
S+ [—e,+€] (resp. S + (—e€,+e€)).

2 Free convolution

2.1 Definition and subordination property

Let 7 be a probability measure on R. Its Stieltjes transform g. is analytic on the complex upper
half-plane C*. There exists a domain

Dyp={u+iveCl,lul <av,v> B}

on which g is univalent. Let K be its inverse function, defined on g (D, g), and

1
Ri(z) =K(z) ~ —.
Given two probability measures 7 and v, there exists a unique probability measure A such that
R; =R;+R,

on a domain where these functions are defined. The probability measure A is called the free convo-
lution of T and v and denoted by T Hv.

The free convolution of probability measures has an important property, called subordination, which
can be stated as follows: let T and v be two probability measures on RR; there exists an analytic map
F :C* — C7" such that

VzeCh, g (2) =gy (F(2).

This phenomenon was first observed by D. Voiculescu under a genericity assumption in [34], and
then proved in generality in [[13]] Theorem 3.1. Later, a new proof of this result was given in [[10]],
using a fixed point theorem for analytic self-maps of the upper half-plane.
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2.2 Free convolution by a semicircular distribution

In [12], P Biane provides a deep study of the free convolution by a semicircular distribution. We
first recall here some of his results that will be useful in our approach.

Let v be a probability measure on RR. P Biane [[12] introduces the set
Qo i={u+iveCrv>v,, (W}

where the function v, ,, : R — R* is defined by
) dv(x) 1
va’v(u) =inf{ v > O, " m < ;

Proposition 2.1. [12l] The map

and proves the following

Hy,:iz—2z+ 02g,(2)
is a homeomorphism from Q,, ,, to C* UR which is conformal from Q,,,, onto C*. Let F,, : C' UR —

Q4 be the inverse function of H, ,. One has,

Vg € (D+, g%aav(z) = gv(Fa,v(Z))

and then
Fo,(2)=2— ozg%m(z). 2.1
Note that in particular the Stieltjes transform gy of u, B u,,, satisfies
VaeCt, gy() =g, (5 0%E()). 2.2)

Considering H,, , as an analytic map defined in the whole upper half-plane C, it is clear that

Qo =H,(Ch). (2.3)
Let us give a quick proof of (2.3). Let v > 0. Since
dv(x)
SHy,(u+iv)=v(1— f m),
we have
dv(x) 1
JHov(u+lV)>0<=>J m<;. 2.9

Consequently one can easily see that Q, ,, is included in H (C+) Moreover if u +iv € H_ ! (C+)
then (2.4) implies that v > v, , (u). If we assume that v = Ve V(u) then v, , (u) > 0 and ﬁnally
dv(x) 1

g (@ —x)?*+v? T o2

by Lemma 2 in [[12]. This is a contradiction : necessarily v > v, , (u) or, in other words, u+iv € Q, ,,
and we are done.

The previous results of P Biane allow him to conclude that u, B v is absolutely continuous with
respect to the Lebesgue measure and to obtain the following description of the support.
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Theorem 2.1. [[12]] Define ¥,, , : R — R by:

(u—x)dv(x)
r @=x)?+v,@)?

¥, (W) =H,,([u+iv, (W) =u+o?

W, , is a homeomorphism and, at the point ¥, ,(u), the measure u, Bv has a density given by

Poy (\Po,v (u)) = V(;VO-(:)

Define the set
dv(x) 1

—>_
g W—x)" o2

Usyi= {uER, }: {ueR,vU,v(u)>0}.

The support of the measure u,Hv is the image of the closure of the open set U,, ,, by the homeomorphism
Y, . W, is strictly increasing on U, ,,.

Hence,

R\ Supp(“cr BHv)= \PO',V(]R'\ Ua,v)-
One has ¥, , =H,, on R\ U,, and ¥} =F,, on R\ supp(u, Bv). In particular, we have the
following description of the complement of the support:

R\ supp(us B V) :HU,V(R\E)- (2.5)

Let v be a compactly supported probability measure. We are going to establish a characterization
of the complement of the support of u, B v involving the support of v and H, ,. We will need the
following preliminary lemma.

Lemma 2.1. The support of v is included in U, ,,.

Proof of Lemma Let x be in R\ U, ,. Then, there is some € > 0 such that [x, — €,x¢+ €] C
R\ U, ,. For any integer n > 1, we define a; = xo — € + 2ke/n for all 0 < k < n. Then, as the sets
[ay, ag41] are trivially contained in R \ U, ,, one has that:

1 >Ja"“ dv(x) >V([ak»ak+1])

Vue [og, 1], — > .
% (u—x)? (ap41 — a)?

o~

This readily implies that

=
|
-

(2¢)?

V([Xo_e;x0+6])5 v([ak,ak+1])§ o2
0

,\N
Il

Letting n — oo, we get that v([xy — €, x¢ + €]) = 0, which implies that x, € R \ supp(v). O

From the continuity and strict convexity of the function u — R % on R\ supp(v), it follows
that
dv(x) 1
Uy = supp(v)U fu € R\ supp(v), | ——to > —} 2.6)
r (W—x) o
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and
— dv(x) 1
R\ Uy, ={ue R\SUPP(VLLRW < ;}-

Now, as H,, ,, is analytic on IR \ supp(v), the following characterization readily follows:
R\T,, = {u € R\supp(v), H,, (u) > 0}.
and thus, according to (2.5]), we get
Proposition 2.2.
x € R\ supp(, Bv) < Ju € R\ supp(v) such that x = H, ,, (1), H(’m(u) > 0.

Remark 2.1. Note that H, , is strictly increasing on R \ U, ,, since, if a < b are in R \ supp(v), one
has, by Cauchy-Schwarz inequality, that

dv(x)
x)(b— X)}

(b—a) [1 - 02\/(—g§(a))(—gé(b))} :

Hoy(b) = Hoy(@) = (b—a) f .

v

which is nonnegative if a and b belong to R\ U, ,..

Remark 2.2. Each connected component of U, , contains at least one connected component of supp(v).

Indeed, let [s;,t;] be a connected component of U, ,. If 5; or t; is in supp(v), [s;,t;] contains at
least a connected component of supp(v) since supp(v) is included in U, ,,. Now, if neither s; nor ¢,
is in supp(v), according to (2.6), we have
dv(x) dv(x) 1
]R(Sl_x)z ]R(tl_x)z 0-2'

Assume that [s;,t;] € R \ supp(v), then, by strict convexity of the function u — fIR (ii(;))z

R \ supp(v), one obtains that, for any u €]s;, t; [,

dv(x) 1
L{ w—x2 o2

which leads to a contradiction. J
Remark 2.3. One can readily see that
m C {u, dist(u, supp(v)) < o}
and deduce, since supp(v) is compact, that U, , is a relatively compact open set. Hence, m has a

finite number of connected components and may be written as the following finite disjoint union

1
= U [si,61] withsy, <tp, <...<s; <t;. 2.7)
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We close this section with a proposition pointing out a relationship between the distribution func-
tions of v and u, B v.

Proposition 2.3. Let [s, t;] be a connected component of U, ,,, then
(o BVI([¥o (51, Voo (t)]) = v([sp, 11]).

Proof of Proposition 2.3; Let ]a,b[ be a connected component of U, ,. Since a and b are not
atoms of v and u, Hv is absolutely continuous, it is enough to show

(b BVI([¥o,(a), Vo, (b)]) = v([a, b]).

From Cauchy’s inversion formula, u, B v has a density given by p,(x) = —%S( gv(F, »(x)) and

1 ¥y (D)
(AU’O' H V)([“I}U,v(a): ‘I!U,v(b)]) = _%S (f gv(Fv,O'(x))dx) .

¥Vyo(@)
We set z = F,; , (x), then x = H, ,,(2) and z = u + iv, , (u). Note that v, , (u) > 0 for u €]a, b[ and
V(@) =v,,(b) =0 (see [12]]). Then,

(e BY)([¥sy(a), Vg, (D)])

b
_%3 ( f gy U+ vy IH,, | (u+ ivg ()1 + ivc’m(u))du)

Il
2

—J
7'c

b
(J g(u+ivg, ()1 +o0%gy (u+ivy, ())(1+ iV(/,,V(U))dU)

M|QN

b
- (.sf &+ iV, (W)L + v, (w)du+ s[gﬁ(uﬂva,v(u))]s)

b
1 1
= _%SJ gv(u + ivo,v(u))(l + iv(;’v(u))du = _%SJ gV(Z)dZ,
a Y

where
y={z=u+iv,,(u),u€ [a,bl}.

Now, we recall that, since a and b are points of continuity of the distribution function of v,

b
1 1
v([a,b]) =lim ——35 (J gv(u+ie)du) =lim ——% (J
e—=0 TT a e—~0 TT v

where v, = {z =u+i€,u € [a, b]}. Thus, it remains to prove that:

li_r)% (S (J gv(z)dz) ) (J gv(z)dz)) =0. (2.8)
s Te

Let € > 0 such that € < sup, p] Vv (). We introduce the contour

gV(Z)dZ) ,

€

Ve={z=u+i(vs, (W) Ae),ucla,bl}.
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From the analyticity of g, on C*, we have

J gv(z)dz :J gv(z)dz.
Y Te

Let I, = {u € [a, b], v, ,(u) < €} = UC;(€), where C;(€) are the connected components of I.. Then,
I, le_o {a,b}. Foruel,,

Belutiol=e | —) < <
Sg,(ut+ie)=¢€ (u—x)%+e2 =€ (u—x)2+vg-,v(u) "o’

and

€
J 13g,(u+ie)ldu < —(b—a).
I o

On the other hand, foru eI,

~ . dv(x) €
138, (v, () = Vo, ) | Gy~ < o7
Moreover,
. / \I’O',V (u) —u /
Rgy(u+ive, W)y, , (W)= g2 Vow (u)
and
. / \Ila,v(u) —u /
mgv (u + lva,v(u))vo-’v (u)du = TVU’V (u)du
I I

€

16
- p Z [(\Ija,v (W) - u)vUﬂ’ (W] Ci(e)

1
__ZJ (¥, , (@) = v, (u)dy,
o .
by integration by parts. Now (see [[12] or Theorem [2.1J),

J‘ ‘Ijzf,v(u)va',v(u)du = 770'2(.“’0 H V)(\IJO',V(IG)) _O)O
I €=

€

f Vo y(w)du < e(b —a).
I

€

Since ¥,, , is increasing on [a, b],

Z[\Ijo,v (u)vo,v (u)] C;(e) = e(qjcr,v(b) - \Ijo,v(a))

1

and

2o, (g < e(b—a).

The above inequalities imply (2.8). O
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3 Approximate subordination equation for g,(z)

We look for an approximative equation for gy(z) of the form (2.2). To estimate gy(z), we first
handle the simplest case where Wy, is a GUE matrix and then see how the equation is modified in
the general Wigner case. We shall rely on an integration by parts formula. The first integration
by parts formula concerns the Gaussian case; the distribution u associated to Wy is a centered
Gaussian distribution with variance o2 and the resulting distribution of X5 = Wy /N is denoted
by GUE(N, 02/N). Then, the integration by parts formula can be expressed in a matricial form.

Lemma 3.1. Let & be a complex-valued 6 function on (My(C),,) and Xy ~ GUE(N, ‘7—2). Then,

B[0/(Xy).H] = 5 B[00, X H)), 3.1

for any Hermitian matrix H, or by linearity for H = Ej, 1 < j,k < N, where (Eji)1<jr<n s the
canonical basis of the complex space of N X N matrices.

For a general distribution u, we shall use an “approximative" integration by parts formula, applied
to the variable & = v2R((Xy )i;) or v23((Xy)i), k <1, or (Xy)xk- Note that for k < [ the derivative
of ®(Xy) with respect to v2R((Xy i) (resp. v23((Xy i) is &' (Xy).exq (resp. ' (Xy).fx), where
ex = %(Ekz + Ej) (resp. fiy = ﬁ(Ekz — E;i)) and for any k, the derivative of ®(X, ) with respect
to (Xn ik is &' (X )-Ei-

Lemma 3.2. Let & be a real-valued random variable such that IE(|E|[P*2) < co. Let ¢ be a function
from R to C such that the first p + 1 derivatives are continuous and bounded. Then,

p
Ka
E(EG(E) =), ——E($(E) +e, (3.2)
~ a!
where Kk, are the cumulants of &, |e| < C sup, | PV E(|E|PT2), C only depends on p.

Let U(= U(N)) be a unitary matrix such that

Ay = U*diag(yy,...,yn)U

and let G stand for Gy(z). Consider G = UGU*. We describe the approach in the Gaussian case and
present the corresponding results in the general Wigner case but detail some technical proofs in the
Appendix.

a) Gaussian case: We apply (3.1) to ®(Xy) =Gj; , H =E;, 1 <i,j,l <N, and then take %VZI to
obtain, using the resolvent equation GXy = —I + 2G — GAy (see [[18])),

Now, let 1 < k,p <N and consider the sum ), i U} Up;Z;;. We obtain from the previous equation

T*E[Gortry(G)] + 6,k — 2E(G 1) + 1k E[Gpi ] = 0. (3.3)
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Hence, using Lemma[9.2)in the Appendix stating that

~ ~ 1
IE[Gprtry (G)] — E[Gp JE[try (G)]] = O(F)’

we finally get the following estimation

E(Gp0) oLy (3.4)
k)= 7270 .
P -ofen@ -1 N?
1 e |1
where we use that |m| < |3z|™", and then
1S 1 1
en(z) = =D ElGu]l=+ +0(=)
N; N;z—ang(z)—yk N2
ity () + Op)
= X —_—
RZ—0%gy() —x Hay N2
1
— 2
= 8, (F=07en(z) +0(3)-
In the Gaussian case, we have thus proved:
Proposition 3.1. For z € CT, gy(2) satisfies:
9 1
gn(z) =gy, (2 —0%gn(2))+0 Nz ) (3.5)

b) Non-Gaussian case: In this case, the integration by parts formula gives the following general-

ization of (3.4):

Lemma 3.3.
. Opk K4 E[A(p, k)] 1
E(G,,)= b + +0(—), 3.6
() = 2@ 1) T INZ G —ogn@) 1) | N2 (3.6
where
Alp,k) = ZUijpj{ZGﬂGﬁJrZGﬁGuG“Gu 3.7)
i,j l l

+ Z Gj1GiiGiiGy + Z GjiGiiGlzl}
1 z

~ o4
and #A(p, k)<cC I“sill .

Proof Lemma readily follows from (9.4), Lemma and (9.3) established in the Appendix. O
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Thus,

N 1 1
z) = — Y EGyl=—
gn(z) N 2 [Gra] N;z—ang(z)—yk
N .
K E[A(k, k 1
+ [2( )] +0(=).
2N° =z —ogn(z) — 1k N

Let us show that the first three terms in Ilvzk]E[A(k, k)]/(z — 02gn(2) — v4) coming from the
decomposition (3.7) are bounded and thus give a O(%) contribution in gy(z). We denote by Gp
1

the diagonal matrix with k-th diagonal entry equal to Py -
P

2 Uil ——

i,k

B[) GG}l = |E[D.(U'G,UG)Gy]
il

O-ng(Z) ~— Yk 1

A

[
1321 2B0) 16311
il
< I327°N,
using Lemma The second term is of the same kind. For the third term, we obtain
1> (U GpUG*G )Gyl < |32 °N
i

where G@ is the diagonal matrix with [-th diagonal entry equal to Gj;.
It follows that

B (2) =y, (5~ 02gy() + 1 L) +0(),

where

~ K4
In@) =503 Z U U E[G;;G;G2]. (3.8)

i,j,k,l z = O-ng(Z) — Yk
It is easy to see that Ly(z) is bounded by C|5z| ™.

Proposition 3.2. Ly defined by (3.8) can be written as

Ly(z)=Ly(z)+ O(]%), where Ly(z) =

oz 2L (G (& = 2@ 1ulGay (2 = gy (Ni([Ga, (5 — 0w 3.9)
il

Proof of Proposition [3.2}
Step 1: We first show that for 1 <a,b <N,

1
E[Gap] = [Ga, (z — 0%gn(2)]a +0(5)- (3.10)
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From Lemma|3.3] forany 1 <p,k <N,

Opk Y E[A(p, k)]
o2gy(z)—711)  2N?(z—o2gn(z) — 1)

- 1
E[G = +0(—
[Gpe) = 5= (57
Let1<a,b<N,
E[Gyp] = Y. ULB[G,]Ug
D,k

:ZU* 21
k

U
*(z—o2gyE) -7

K4 * E[A(p:k)]
+ 2 Uap 2 kb
2N? 27 (o2 ()~ 1)
+oo(s)
N b

since Zp,k IU;kp Uiyl < N. The first term in the right-hand side of the above equation is equal to
[Ga, (2 — 02gn(2)]4p- It remains to show that the term involving E[A(p, k)] is of order 1% Let us
consider the “worst term" in the decomposition (3.7)) of A(p, k), namely the last one.

U U,

2
ik Up; LG} GGy ]

1
—_— U*
2N* p,;;,z P (z—0?gn(2) = 7i)

1 1
= WE[Z G —oZen@) —10)

UpU;3.GaiGiiGH ]

2N2 E[Z(U GDU)lealGuGlzl]

1
2E[Z(GG(‘”U GpU)ayGal < = 32| 7°.

2N 2N

Step 2: Ly defined by (3.8) can be written as

2N2 Z E[(U GDUG)llGuG[zl]

First notice the following bound (see Appendix)
1
E[(U*GpUG);;G;GE] — E[(U*GpUG);IE[G,IE[Gy]* = O(ﬁ). (3.11)

Thus, )
@) =55 ZE[(U GpUG)JELGJE[Gu]* +0(3).
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Now, note that E[(U*GpUG);;] = E[(U*G,GU);;] and, according to Lemma

E[(U*GpGU),] = D (U*Gp)ypBlGy Uy
p,k

= UG+ 5 Z(U*GD)ipE[A(p, 1(GpU i

+Z(U GD)lp pk( )Ukl

D,k

Thus
s 2 EL(U*GpUG),1E[G,]E[Gy]?

% Z[(GAN (z — o?gn(2)))* 1 E[G;1E[Gy]?
il

2
+ond le(U Gp)ip ELA(P, K)1(Gp U ELGyE[Gy ]
LLp,
+_ Z (U GD)lP Pk( )UklE[Gu]E[Gll]z
i,l,p,k

The last term (3.14)) can be rewritten as

N2 Z(UE[G(d)]U Gplip pk( )E[Glz]
L,p,k

so that one can easily see that it is a O(I%).
The second term (3.13)) can be rewritten as

i ZtlSE[Gll]
x{[U*GpUE[G VU GpUGl [ G}, + Gr, Gy s

+[U*GpUE[GPIU*GpUG [Grs Gy Gys + G G21}

which is obviously a O(%).

Hence, Proposition [3.2|follows by rewriting the first term (3.12) using (3.10). O

From the above computations, we can state the following :

Proposition 3.3. For z € C*, gy(2) satisfies:
) 1 1
gN(z)ngAN(z—U gN(Z))+ﬁLN(Z)+O N2

where Ly(2) is given by (3.9).
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4 Estimation of gy — &y

Proposition 4.1. For z € C™,

EN(Z) _ 1
N _O(F)’ “4.1)

gn(z) = &n(2) +

where Ey(z) is given by
Ey(2) = {0?8y(2) — 1} Ly(2) (4.2)

with Ly(z) =

s 216, (& = 2B () LilGa, (2 — 2 en i([Ga (2~ GNP (43)
i,l

Proof of proposition : First, we are going to prove that for z € C,

E 1
gn(z) —&n(z) + n(z) :O(F)’ (4.4
where Ey(z) is given by
En(2) = {o?g,(z) — 1}Ly(2). (4.5)

For a fixed z € C*, one may write the subordination equation (2.2) :

gN(Z) = gMAN (FO',[,LAN (Z)) = g;_LAN (Z - Ong(Z)):

and the approximative matricial subordination equation (3.15) :

en(z) =gy, (z - o?gn(2))+ ]%LN(Z) +0 (1%) .

The main idea is to simplify the difference gy(z) — gy(z) by introducing a complex number 2’ likely
to satisfy
FU,MAN (2) =2 —o2gy(2). (4.6)

We know by Proposition that FU’MAN is a homeomorphism from C* to QU,HAN whose inverse

Ho,uAN has an analytic continuation to the whole upper half-plane C*. Since z — 02gy(2z) € CT,

z" € C is well-defined by the formula :

2 = Ho (z — o2gy(2)).

One has
2 -z = —0%(gn(z) gy, (- 0’gy(z))
Ly(2) 1
= ot Ol
= (ﬁ)
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There exists thus a polynomial P with nonnegative coefficients such that

P(1%z -1
o 2| < (13=7)
N
On the one hand, if
P15 -1 ~
(3=l | 1351
N 2

or equivalently
2% —1P o |1
1< 327" P(132] )’
N

4.7)

it is enough to prove that

En(2)
N

gn(z) = &n(z) + =0(1). (4.8

Indeed, if we assume that (4.7) and (4.8) hold, then there exists a polynomial Q with nonnegative
coefficients such that

En(2)

len() —an(@) + ——1 < QI3zI™)
o 1213217 P(132) )
< Q3™ .
e |—1 e |1
< qQU3e 12 Z('“sz' )z,
Hence,
E 1
gn(z) — En(2) + N(z)zo%.

To prove (4.8), one can notice that both g, (z) and gy (2) are bounded by é, and that

2

|32[?

|Ey(2)] < { S 1} ILy(2)],

where Ly(z) = O(1).
On the other hand, if

P(|3z]7") _ |32
- @@ S _
N 2
one has : |5z
3z
32" — 3z < |2/ —z| < BN

which implies Sz’ > % and therefore z’ € C*. As a consequence of ID ,z2—02gy(z) € QG,MAN and
(4.6) is satisfied. Thus,

L P(I% -1
(@) — (2 — 2N L PU3E)

N N2
or, in other words,
(&) - i)~ 28 o L (4.9)
&N &n N N2 . .
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On the other hand,

d(u, B
@) - ) = (-2 J (1 8 13, JO)
g & —x)(z—x)
= (z—2) d(u, H .U«AN)(X)
B R (—x)?

d(po B pa, )(x)

2
iz =2) r (& —x)(z—x)?

Taking into account the estimation of z’ — z above, one has :

/ d(nu'a EEMAN)(X) _ 9 s LN(Z) 1
(z—2 )J}R G x? —02gy(2) N +O(F
e A1t B 1, )(5)
N2 Us AU’AN X _ i
(=) g (& —x)(z—x)? _O(Nz)'
Hence
~ / ~ 2~/ LN(Z) 1
En(z') —8n(z) + 078y (2) N O(F . (4.10)
follows from and since
E Z
lgn(2) — &n(2) + N(Z)| = |gN(Z)—§N(Z/)_LNT()|

+Han () — gn(2) + 028 ()2,
Now, since Ey(z) = O(1), we can deduce from || that gy(z) — gy(z) = O(%) and then that
Eyx(2) —Ey(2) = O(Z%). || readily follows. O

Remark 4.1. By combining the estimation proved above for the difference between gy and the Stieltjes
transform of u, B u,, with some classical arguments developed in [29]], one can recover the almost
sure convergence of the spectral distribution of My to the free convolution u, Bv.

5 Inclusion of the spectrum of M, in a neighborhood of the support
of Mo H lu’AN

The purpose of this section is to prove the following Theorem [5.1
Theorem 5.1. Ve > 0,

IP( For all large N , Spect(My) C {x, dist(x, supp(u, B ua,)) < €}) = 1.
The proof still uses the ideas of [23] and [31] but, since u, B u,, depends on N, we need here to

apply the inverse Stieltjes tranform to functions depending on N. Therefore we give the details of
the proof to convince the reader that the approach still holds.
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Lemma 5.1. For any fixed large N, Ey defined in Proposition is the Stieltjes transform of a com-
pactly supported distribution Ay on R whose support is included in the support of s B s,

The proof relies on the following characterization already used in [31]].

Theorem 5.2. [32]]

e Let A be a distribution on R with compact support. Define the Stieltjes transform of A, 1 : C\R —

C by
1
Z(Z)ZA( )
g —X

Then [ is analytic on C\ R and has an analytic continuation to C \ supp(A). Moreover

(cy) 1(z) = 0 as |z| — oo,
(cy) there exists a constant C > 0, an integer n € IN and a compact set K C R containing
supp(A), such that for any z € C\ R,

[1(2)| < C max{dist(z,K)™",1},

(c3) for any ¢ € €°(R,R) with compact support
1
A(p)=—— lim SJ ¢ ()l(x+1iy)dx.
T y—0* R

e Conversely, if K is a compact subset of R and if l : C\ K — C is an analytic function satisfying
(cy) and (cy) above, then 1 is the Stieltjes transform of a compactly supported distribution A on
R. Moreover, supp(A) is exactly the set of singular points of l in K.

We use here the notations and results of Section If u € R is not in the support of u, B Uy,
according to ([2.3), u — o?gy(u) = Fo i, (u) belongs to R\ m
Spect(Ay) since Spect(Ay) C UCWAN. Hence the singular points of Ey are included in the support of
Mo B U, -
Now, we are going to show that for any fixed large N, Ey satisfies (c;) and (c,) of Theorem Let
C > 0 be such that, for all large N, supp(uy B ua,) € [—C; C] and supp(us, ) € [-C; C].
Let a > C + 0. For any z € C such that |z| > «,

o? o? (a—C)? B

25 < < < =a-C
lo gN(z)|_|z|—C_a—C a—C “

and then cannot belong to

and
|z — 0?8y ()| = |2 — |o%gn(2)]| > 2] — (a — C) > C.

Thus we get that for any z € C such that |z| > a,

1
G (2 — 0285 (=) < _
An & 5 — 02gy(®)| - C
1
<
|zl —(a—=C)—C
1
< .
2 —a
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We get readily that, for |z| > «a,

2
)< <41 o 1),
2 (gl —a)F \ (5[—C)?

Then, it is clear than |Ey(z)] — 0 when |z| — 400 and (c;) is satisfied.
Now we are going to prove (c,) using the approach of [31]](Lemma 5.5). Denote by &y the convex
envelope of the support of u, B u,, and define

Ky := {x € R;dist(x, &y) < 1}

and
Dy ={z € C;0 < dist(z,Ky) < 1}.

e Letz € Dy N(C\R) with R(z) € Ky. We have dist(z, Ky ) = |3z| < 1. We have
~ K4 2 1 1
EN@I S —|o"——=+1| ——=.
vl =3 ( 3217 )|3z|5

Noticing that 1 < |Si|2 , we easily deduce that there exists some constant C, such that for any

z € Dy NC\ R with R(2) € Ky,

< Col3z”
< Cydist(z,Ky) 7
< Cymax(dist(z,Ky)~7;1).

|En ()

e Letz € Dy N(C\ R) with R(z) ¢ Ky. Then dist(z, supp(us B ua,)) = 1. Since Ey is bounded
on compact subsets of C \ supp(u, B ua, ), we easily deduce that there exists some constant
C;(N) such that for any z € Dy with R(z) ¢ Ky,

|En(2)] < C1(N) < C;(N)max(dist(z,Ky) 73 1).

e Since |Ey(2)| — 0 when |z| — 400, Ey is bounded on €\ Dy. Thus, there exists some constant
C,(N) such that for any z € C \ Dy,

|En(2)] < Co(N) = Cy(N) max(dist(z, Ky)~7; 1).

Hence (c,) is satisfied with C(N) = max(C,, C;(N), C,(N)) and n = 7 and Lemma [5.1] follows from
Theorem[5.2] O

Proof of Theorem 5.1} Using the inverse Stieltjes tranform, we get respectively that, for any ¢y in
% (R, R) with compact support,

An(on)
N

Eltry (on(My))] — J ond(Uo B pa,) —
R

1
T y—>0+ R
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where ry(2) = gy(2) — gn(2) + zlvEN (z) satisfies, according to Proposition foranyz € C\ R,

1
Im(@)] < 5 P32 7).

We refer the reader to the Appendix of [[17]] where it is proved using the ideas of [23] that if h is an
analytic function on C \ R which satisfies

|h(z)| < (2] + K)*P(I3z] 1)

for some polynomial P with nonnegative coefficients and degree k and for some numbers K > 0 and
a > 0, then there exists a polynomial Q such that

limsup| | @n()h(x +iy)dx|
y—=ot JRr

+00
sj J (1 4+ D)oy (0)](x] + V2t + K)*Q(t) exp(—t)d tdx
RJO

where D stands for the derivative operator. Hence, if there exists K > 0 such that, for all large N, the
support of gy is included in [-K,K] and supy sup,e[_g k] [P ¢n(x)| = C, < oo for any p <k +1,
dealing with h(z) = N2ry(z), we deduce that for all large N,

. . C
limsup| | @on()ry(x +iy)dx| < e

y—0t R
and then (ox)
A 1
E[trN(«pN(MN))]—f ond(ug By, ) — NN?” N =0(=3). (5.1)
R

Let p > 0 be in ¥*°(R, R) such that its support is included in {|x| < 1} and fp(x)dx = 1. Let
0 < e < 1. Define

2 2x
pe(x)="p(—),
€ €
Ky(€) = {x,dist(x, supp(uy B ua,)) < €}
and

fn(e)x) = f Ty ()P (x = y)dy.
R

the function fy(€) is in ¥*°(R,R), fy(e) =1 on KN(E); its support is included in Ky (2€). Since
there exists K such that, for all large N, the support of u, B u,, is included in [—K; K], for all large
N the support of fy(¢€) is included in [-K — 2;K + 2] and for any p > 0,

K+1
sup  [DPfy(e)(x)[ < sup J IDPpe(x = y)ldy < Cp(e).
x€[—-K—-2;K+2] xe[-K—-2;K+2] J —_g-1

Thus, according to (5.1,

A 1
Elty(fy(e)(My))] — J fn(e)d(pg B pa,) — w = OE(F (5.2)
R
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and
An((fy(€)®)

1

E[try ((fy(€))*(My))] — f (fu(€))?d(uo B pg,) —
R

Moreover, following the proof of Lemma 5.6 in [[31]], one can show that Ay(1) = 0. Then, the
function Yy (€) =1 — fy(€) also satisfies

A 1
Eltry (¢ n(e)(My))] — J Yn(€)d(ps B ua,) — W = Oe(m . (5.4)
R

Moreover, since vy (€) = —fy(€), it comes readily from (5.3) that

Ay (1, (€))? 1
Eltry (¢ (€))*(My))] - J (Y (€))?d(uo B ugy) — w = Oe(m :
R
Now, since Yy (€) = 0 on the support of u, B u,, , we deduce that
1
Eftry (yn(e)(My))] = Oc(17) (5.5)
and 1
Eltry ((yy(€))*(My))] = Oe(m)- (5.6)
By Lemma (sticking to the proof of Proposition 4.7 in [23]]), we have
CE / 2
V[try(Yn(e)(My)] < N2l [ty (€)(My)*}] -
Hence, using ((5.6), one can deduce that
1
V[rn (n()(My))] = Ou(5): (5.7)
Set
Zy e = try (Y (€)(My))
and

_4
QN,E = {ZN,e >N s }
From (5.5) and (5.7), we deduce that

9 1
IED{|ZN,6| } = OE(]F)

Hence 1
8
P(Qy,e) S N3E{|Zy ([} = 0 (—5).

N3

By Borel-Cantelli lemma, we deduce that, almost surely for all large N, Zy . < N ~3. Since Ine 2
TR\k, (2¢)» it follows that, almost surely for all large N, the number of eigenvalues of My which are

in R\ Ky(2¢) is lower than N =3 and thus obviously has to be equal to zero. The proof of Theorem
is complete.(]
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6 Study of u, Hu,,

The aim of this section is to show the following inclusion of the support of u, B us, (see Theorem
[6.1] below). To this aim, we will use the notations and results of Section[2] We define

©=1{0,,1<j<J} and ©,,=0n(R\U,,). 6.1
Furthermore, for all 6; € @ ,,, we set
Po, = H,,(0;)=0;+ ozgv(Gj) (6.2)

which is outside the support of u, Ev according to (2.5), and we define

Koy (Or,--,6,) = supp(uo 8| {po,, 6, € O, }. 63)
Theorem 6.1. For any € > 0,
supp(Uy B pa,) € Ky oy (01, ...,05) + (€, €),

when N is large enough.

Let us decompose 4, as
Ua, = BN T+ Hon,

1 N—r 1 J
where (ig y = N E 5,3j(N) and gy = N E k}-59]_.
j=1 j=1

In the following, we will denote by D(x, 6) the open disk centered on x and with radius 6. We begin
with a trivial technical lemma we will need in the following.

Lemma 6.1. Let ¢ be a compact set included in R \ supp(v). Then g"lﬁN (which is well defined on A
for large N) converges to g/, uniformly on .

Proof of Lemma 6.1} We first prove that for all u € ¥/,

! N dv(x)

B g“ﬁN N JZ (u— ﬁ])z Noteo (u— X)2 =-g,W). (6.4)

Let € > 0 be such that dist(#,supp(v)) > e. For all u € &, let h, be a bounded continu-

ous function defined on R which coincides with f,(x) = 1/(u — x)? on supp(v) + [—5 %]. As

max; <j<y—_, dist(3;(N),supp(v)) tends to zero as N — oo, one can find Ny such that, for all
N > Ny, B;(N) € supp(v) + [—5 5] forall 1 £ j < N —r. Since the sequence of measures

fig y weakly converges to v, (6.4) follows, observing that —g:]ﬁN(u) = fhu(x)d,aﬁ’N(x) and
—g/ (W) = [ h,(x)dv(x).

The uniform convergence follows from Montel’s theorem, since g; and g/ are analytic on D =

{z € C, dist(z, supp(v)) > } and uniformly bounded on D by for N > Ny. O
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We are now in position to give the proof of Theorem We recall that, from (2.5)),
R \ SUPP(MG H .U’AN) a May (R\ Ua ) (65)

In the proofs, we will write for simplicity Uy, Hy and Fy instead of Uopusy, > Houg, and Fo ia,
respectively.
The main step of the proof consists in observing the following inclusion of the open set UU,MAN

Lemma 6.2. For any €’ > 0,

U,

O,layn

C {u, dist(u, U, ,) < €'} U {u, dist(w, ©,,) < €}, (6.6)

for all large N (since the compact sets U, ,, and ©,, , are disjoint, the previous union is disjoint once €’
is small enough).

Proof of Lemma [6.2: Define
Fe ={u, dist(u, U, ,) > €'} N {u, dist(u,0,,) > €'}.

We shall show that for all large N, Z., C R\ Uy.
Since max; <j<y_, dist(3;(N),supp(v)) — 0 when N goes to infinity, there exists N, such that for
all N > N, the §;(N)’s are in supp(v) + (—€’,€"). Since supp(v) C U, ,, it is clear that for all
N > Ny, Z. is included in R \ SpectAy. Moreover, one can readily observe that if u satisfies
dist(u, supp(v) + (—€’,€’)) > o and dist(u,®) > o then, for all N > N,, —g;AN (w) < % This
implies that, for all N > N, the open set Uy is included in the compact set

F!, = {u, dist(u, supp(v) + (—€’,€’)) < o} U {u, dist(u, ©) < o'}.
Hence, it is sufficient to show that for N large enough, the compact set %, := Z ./ 096’, is contained
in R\ Uy.
As v is compactly supported, the function u — —g; (u) = f ]Rdv(x)/ (u — x)? is continuous on
R \ supp(v). Hence it reaches its bounds on the compact set #., (which is obviously included in

R\ U, ,) so that there exists o > 0 such that —g; (u) < ﬁ —2a for any u in .
According to Lemma [6.1] there exists Ny such that for all N > Nj, and for all u in #,/,

, , 3a
18, (W) — g, (W = - (6.7)

At last, one can notice that Ny may be chosen large enough so that

1 J a
VN >Ny, —g, 121] (u < 6.8)
This is just because for all u € Z,/, one has that: — g (u) < ,2 which converges uniformly on

2, t0 0 as N goes to infinity.
Combining all the preceding gives that, on .#_,, the function — g;A is bounded from above by # —a.
N

This implies that ¢, is included in R\ Uor i, which is what we wanted to show. [

Now we shall establish the following inclusion.
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Lemma 6.3. For all € > 0, for all € > 0 small enough,
R\ (Ky(61,...,0,) + [—€,€]) € Hy ({u, dist(w,0,, UT,,) > €'}), (6.9)
when N is large enough.

Combined with Lemma [6.2] this result leads to Theorem [6.1

Proof of Lemma [6.3} According to (2.5), (2.7) and Remark [2.1] we have that

R\ supp(u, Bv) =

2
100, Hy (5[ | (U ]HU,V(q),HU,V(sz_l)D T Ho (02), +o0
I=m

i.e.
1
supp(s, Bv) = | | [Ha,v(sz),Ha,v(rz)] . (6.10)

[=m

Note that there exists some finite integer q such that, for e small enough, R \
(Ky(64,...,0;)+ [—¢€,€]) is the following disjoint union of intervals

1—o00,hol ) Tk, hi[Ulkgss, 00l

where h; = H, ,(s,) — € and ki1, = H, ,(t,) + € for some p; or h; = H, ,(0;) — € and k;yy =
H, ,(6;)+ € for some 6; in ©, ,.

For such an € > 0, since H, , coincides on R \ U, , with the homeomorphism ¥, , defined in
Theorem [2.1, we can deduce in particular that H, , is right-continuous (resp. left-continuous) at
each t; (resp. s;) for 1 <1 <m, and H,, is continuous at each 6; in ©, . Thus, there exists ¢’ > 0
such that: forall 1 <1 <m,

€ €
HO’,V(Sl _6/) ZHO’,’V(SZ)_ E and HO’,V(tl +6/) SHU,V(Q)"‘E (6.11)
and for all 6; in @ ,,
€ €
H,,(0;—€)>H,,(6;)— 3 and H,,(0;+€)<H,,(6;)+ 5 (6.12)

Now Hy being increasing on R\ Uy, for N large enough, the image by Hy of
{fu,d(w,0,,)>etn{u, dw,U,,) > e} SR\ Uy

is the following disjoint union of intervals

1= 00,ho(N)L | Tki(N), y(N) [UTkg 1 (N, +o0,

i=1,....q
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where h;(N) = Hy(s,, — €') and k;1(N) = Hy(t,, +€’) or h;(N) = Hy(6; — €’) and k;1(N) =
Hy (0 +€').

One can see that it only remains to state that for all large N: V1 <1 <m,

Hy(s;—€)>H,,(s)—e and Hy(t;+€)<H,,(t;)+e. (6.13)

Hy(6; —€')>H, ,(0;)—€ and Hy(6;+€¢')<H,,(6;)+e. (6.14)

Moreover, as u,  weakly converges to v, it is not hard to see that for all 1 <[ < m, and all 6; in
Oy, Hy(s; — €'), Hy(t; + €'), Hy(6; — €') and Hy(6; + €’) converge as N — oo to H,, ,,(s; — €”),
H,,(t; +€), H,,(6; — €') and H, , (6; + €’) respectively. So, there exists Ny such that for all
N > No: Hy(s; —€') 2 Hy o (s —€') — £ and Hy(t; +€) < Hg , (t; +€') + £ as well as Hy(0; —€') >
H,,(0; —€')— ¢ and Hy(0; + €") <H, ,(0; + €') + 5. We can then deduce (6.13) and (6.14) from
and (6.12). O

7 Exact separation of eigenvalues

Before stating the fundamental exact separation phenomenon between the spectrum of My and the
spectrum of Ay, we need a preliminary lemma (see Lemma [7.1] below).
From Section |2 we readily deduce the following

Proposition 7.1.
R\ Ky, (61,...,0;) = {x €R,F,,(x) € R\{T,, u6}}

and F, ,, is a homeomorphism from R\ K, ,,(6;,...,0;) onto R \ {UG’V u @} with inverse H; ,,.

Remark 7.1. : For dall 6 < o, R\ U,, € R\ Us, so that it makes sense to consider the following
composition of homeomorphism

Hgy 0 Fgy: R\Kgy(01,...,05) = Hoy(R\ {Us, O € R\ Ky (64, 6)),
which is stricly increasing on each connected component of R\ K, ,,(61,...,0;).
Lemma 7.1. Let [a, b] be a compact set contained in R\ K, ,,(01,...,0;). Then,
(i) For alllarge N, [F, ,(a),F,,(b)] C R\ Spect(Ay).

(ii) For all 0 < & < o, the interval [Hs ,(F;,(a)),Hs,(Fs,(b))] is contained in R \
Kc"r,v(el: L) QJ) and Hd,v(Fa,v(b)) - H@',V(FO',V(a)) > b—a.

Proof of Lemma For simplicity, we define K§ ; = K;(6;,...,6;) + [—€,€]. As [a,b] is a
compact set, there exist € > 0 and a > 0 such that

[a—a,b+a]c R\KS, and dist([a—a,b+al;K;;)>a.
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As before, we let fiy = p By, . According to Theorem there exists some N, such that for
all N > Ny, supp(fiy) is contained in KS ;. Thus, using (2.5) and since Fy is continuous strictly
increasing on [a — a, b + a], we have

VN >N,, [Fy(a—a),Fy(b+a)]c R\UyC R\ Spect(Ay). (7.1)

As F, , is strictly increasing on the compact set [a — a,b + a] (supp(u, Bv) C K§ ;), one can
consider § > 0 such that

Foy(a—a)<F,;,(a)-6 and F,,(b+a)>F,,(b)+56. (7.2)

Now, the weak convergence of the probability measures fiy to u,Bv will lead to the result, recalling
from the definition of the subordination functions that for all x € [a —a,b + a]: F, ,(x) = x —
ozguamv (x) and Fy(x) =x — ozgﬂN (x) (at least for all N > Nj). Indeed, observing that for any x
in[la—a,b+a],themap h:t— i is bounded on Kfr’ ;> one readily gets the simple convergence
of g;, t0 g, mv as well as the one of the corresponding subordination functions, by considering
a bounded continuous function which coincides with h on Kg’ ;- We then deduce that there exists
Ng > Ny such that, for all N > N,

Fy(a—a)<F,,(a—a)+6 and Fy(b+a)=F,,(b+a)—23. (7.3)

Combining (7.1)), (7.2) and (7.3) proves that the inclusion of point (i) holds true for all N > N(;.

The first part of (ii) is obvious from Remark[7.1] The second part mainly follows from the fact that
F,, is strictly increasing on R \ supp(u, B v). More precisely, if we set a’ = H; ,(F, ,(a)) and
b' = Hé’,v (Fo,v(b)); then

b/ - a, FO',V(b) - Fo,v(a) + 6-2 (g'V(FO',’V(b)) - gV(FO','V(a)))
= Fa,v(b) - Fo,v(a) + 0-2 (g'V(FO',’V(b)) - gv(Fa,v(a)))
>

HU,V(FU,V(b)) _HO',V(FO',’V(a)) =b—a

since F,, ,(a) < F,,(b) and then g, (F, , (b)) — g,(F,,(a)) <0.O

The exact separation result involving the subordination function related to the free convolution of
U, and v can now be stated. Let [a, b] be a compact interval contained in R\ K, (6;,...,6;). By
Theorems[5.1]and almost surely for all large N, [a, b] is outside the spectrum of My. Moreover,
from Lemma (1), it corresponds an interval I = [a’, b’] outside the spectrum of Ay for all large
N i.e., with the convention that Ao(My) = A¢(Ay) = +00 and Ay, 1(My) = Ay41(Ay) = —00, there
is iy € {0,...,N} such that

Aip+1(Ay) <Fy(a):=da" and A; (Ay)>F,,(b):=Db". 7.4
The numbers a and a’ (resp. b and b’) are linked as follows:
a=pPqg = Ho,v(a/) =d + O'ng(a/),

b=py :=H,,(b)=b"+0%g, (D).

We claim that [a, b] splits the spectrum of My exactly as I splits the spectrum of Ay . In other words,
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Theorem 7.1. With iy satisfying (7.4), one has

P[A;,+1(My) < a and A; (My) > b, for all large N] = 1. (7.5)

The proof closely follows the proof of Theorem 4.5 in [[18]] by introducing in a fit way the subordi-
nation functions or their inverses. For the reader’s convenience, we rewrite the whole proof. The
key idea is to introduce a continuum of matrices M ]E,k) interpolating from My to Ay:

x _ 9k Wy
MY = —=—= Ay,
N o JN N
where 1
2 2
o =0(—),
k (1+kca,b)

and C, ; being a positive constant which has to be chosen small enough to ensure that the matrices

MIE,k) and M IE]kH) are close enough to each other. More precisely, C, j, is chosen such that

b—a

max (O-an,b |g,uUEEv(a)|; O'an,blg,uoEEv(b)l; 3O'Ca,b) < (7.6)

In particular, 0y = 0 and o} — 0 when k goes to infinity.
We first prove that the intervals [H, ,(F,,(a)),Hg, ,(Fs,(b))] split respectively the spectrum

of MIE,k) in exactly the same way. Moreover, we also prove that for k large enough, the interval

[Hy, (Fy, (@), Ho, o (Fo ,(b))] splits the spectrum of M as [F, (@), F,,(b)] splits the spectrum
of Ay, this means roughly that we extend the first statement to k = co and the result follows.

As in [[18]], this proof is inspired by the work [5]] and mainly relies on results on eigenvalues of the
rescaled Wigner matrix X, combined with the following classical result (due to Weyl).

Lemma 7.2. (cf. Theorem 4.3.7 of [24]]) Let B and C be two N X N Hermitian matrices. For any pair
of integers j,k such that 1 < j,k <N and j+ k <N + 1, we have

Ajtk—1(B+C) < A;(B) + A (C).
For any pair of integers j,k such that 1 < j,k <N and j+k > N + 1, we have

2A,(B) + 24(C) < Ajp_n(B+C).
Proof of Theorem 7.1} Given k > 0, define

ai = Hak,v(Fa,v(a)) and bk = Hak,v(Fa,v(b))-

Remark 7.2. Note that in [18] where v = &, we considered a; = z4, (g,(a)) where g, denoted the
Stieltjes transform of u, and z, the inverse of g,. Actually, when v = &,, then H,, ,(z) = z—I—O'i /z =
25, (1/2) and F,,, = 1/ g, so that 2,,(85) = Hy, (Fs ). This very interpretation of the composition
%5, ©8o In terms of subordination function allows us to extend the result of exact separation to non-finite
rank perturbations.
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The last point of (i) in Lemmal7.1]yields by — a; > b — a. Moreover

_ 2 2
Qg1 — A = (Gk+1 - O-k)g,ugEEv(a)

O.Z

—C
“P(1+kCqp)(1+(k+1)Cqp)

g,uaEEv (Cl),

so that |a;; —ai| < UzCa’blg%Eﬁv(a)l. Similarly |byq — bi| < OZCa,blgMUEEV(b)l. Hence, we deduce
from (7.6) that

b—a

4

b—a
lag+1 —axl < 7 and |bgyq — bl < (7.7

Now, we shall show by induction on k that, with probability 1, for large N, the M Is,k) have respectively
the same amount of eigenvalues to the left sides of the interval [ay, by ]. For all k > 0, set

E; = {no eigenvalues of M]E,k) in [ay, b ], for all large N'}.

By Lemma [7.1] (i) and Theorems[5.1] and we know that P(E;) = 1 for all k. In particular, one
has for all w € E; and for all large N,

Jjn(w) €{0,...,N} such that A; (,y41(My) < a and A;, (,y(My) > b. (7.8)

Extending the random variable jy, by setting for instance jy := —1 on the complementary of E,, we
want to show that for all k,

]P[?LjNH(MIE,k)) <a and A; (MIE,k)) > by, foralllarge N] =1. (7.9)

We proceed by induction. By (7.8), this is true for k = 0. Now, let us assume that (7.9) holds true.

Since
1 1

V1+(k+1)Cqp - V1+kCyy

(k+1) _ 5 (k)
My =My + (

)XN>
we can deduce from Lemma that
k k
A1 (M) < 25, (MG + (—An (X))Co -

Since, for N large enough, 0 < —Ay(Xy) < 30 almost surely, it follows using that

b—a
k N
leH(M]E, H)) <a;+ 2 :=a; a.s..
Similarly, one can show that
b—a .
25 (MED) > by — T =h as.

Inequalities (7.7) ensure that
[y, bi] C [aks15 byl

As P(E;, ;) =1, we deduce that, with probability 1,

QLJ-NH(MIE,’(H)) < a4 and A (M]E,kﬂ)) > by, foralllarge N.
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This completes the proof by induction of (7.9).

Now, we are going to show that there exists K large enough so that, for all k > K, there is exact
separation of the eigenvalues of the matrices Ay and M]E,k) ie.

P [AiNH(MIE,k)) < a; and ll-N(MIE,k)) > by, foralllarge N] =1. (7.10)

There exists a > 0 such that [a —a; b+ a] € R\ K, ,(6;,...,0;). Thus according to Lemma 6]
for all large N,
[Fa,v(a - a); Fo,v(b + a)] - ]R\ SpeCt(AN)-

Now, there exists €’ > 0 such that F, ,(a —a) < F,,(a) —€ and F, ,(b+a) > F,,(b)+ €. It
follows that, for all large N,

Ai+1(Ay) <Fg,(a)—€ and A; (Ay)>F,,(b)+€". (7.11)
Using Lemma|7.2] (7.11) and the fact that, almost surely, for all large N,

we get the following inequalities.

If iy <N, for all large N,

A

(k) Ok
Aiy+1(My™) Aiy+1(An) + ;M(XN)
., Ok
< F,,(a)—€ +FA1(XN)

2 O-k /
= ak_akgugmv(a)+?A1(XN)_€
< ag—0pg mv(a)+30;—€.

If iy > 0, for all large N,
(k) Tk
A, (M) = A (Ay)+ ?AN(XN)
;. Ok
> F,,(b)+e +;7LN(XN)

2 Ok ’
= by _ngugaav(b)ﬁL??LN(XN)ﬁLe
> b — Uigugaav(b) — 30, t€.

As o, — 0 when k — 400, there is K large enough such that for all k > K,
max(l - o'ig,uaEEv(a) + 30'k|’ | - O']%g,uaEEv(b) - Bakl) <€

and then, almost surely, for all N large enough

Ay M) <a, if iy <N, (7.12)
and A; (M{))> b if iy >0 (7.13)
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Since ANH(M]E,k)) = —kO(MIE,k)) = —o00, (7.12) (resp. (7.13)) is obviously satisfied if iy = N (resp.
iy = 0). Thus, we have established that for any iy € {0,...,N} satisfying (7.4), (7.10) holds for all
k > K when K is large enough. Comparing this with (7.9), we deduce that jy = iy almot surely and

P[A; +1(My) <a and A; (My)>Db, foralllargeN]=1.

This ends the proof of Theorem O

We readily deduce the following

Corollary 7.1. Let € > 0. Let us fixu in ©,, U{t;,l =1,...,m} (resp. in ©,, U{s;,[ =1,...,m}).
Let us choose 6 > 0 small enough so that for large N, [u+ 6;u+ 26] (resp. [u— 26;u— 6]) is
included in (R \ U, ,) N (R \ Spect(Ay)) and for any 0 < 6’ < 25, H, ,(u+ &) — H,, (u) < € (resp.
H,,(W)—H,,(u—358") <e). Let iy = iy(u) be such that

A‘iN-l-l(AN) <u+6 and A’iN(AN) >u+26
(resp. Ay +1(Ay) <u—26 and A; (Ay) >u—6). Then
P[A; +1(My) <H,,(u)+€ and A; (My) > H, , (), for all large N| = 1.

(resp. P[A; 11(My) < H, ,(u) and A; (My) > H, ,(u) — € for all large N] = 1.)

8 Convergence of eigenvalues

In the non-spiked case © =0 i.e. r =0, the results of Theorems [6.1]and [5.1|read as: Ve > 0,
P[Spect(My) C supp(u, BvV)+ (—¢,€), for all N large] = 1. (8.1)
This readily leads to the following asymptotic result for the extremal eigenvalues.

Proposition 8.1. Assume that the deformed model My is without spike i.e. r = 0. Let k > 0 be a fixed
integer.

The first largest (resp. last smallest) eigenvalues A1, (My) (resp. Ay_i(My)) converge almost surely
to the right (resp. left) endpoint of the support of u, Bv.

Proof of Proposition We here only focus on the convergence of the first largest eigenvalues
since the other case is similar. Recalling that supp(u, Bv) = Ullz mHow(s1),Hy o, (t7)], from (8.1,
one has that, for all € > 0,

P[limsupA,(My) < H, ,(t;)+€] =1.
N

But as H,; ,,(t1) is a boundary point of supp(u, B v), the number of eigenvalues of My, falling into
[H, ,(t1) —€,H, ,(t1) + €] tends almost surely to infinity as N — oco. Thus, almost surely,

lim inf 245, (My) = Hor,(£1) = €.

The result then follows by letting € — 0. O
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In the spiked case where r > 1 (© # 0), the spectral measure u,,, still converges almost surely
to u, Bv. We shall study the impact of the spiked eigenvalues 0,’s on the local behavior of some
eigenvalues of My.

In particular, we shall prove that once the largest spike 60, is sufficiently big, the largest eigenvalue of
My jumps almost surely above the right endpoint H,, ,(t;). Once m > 2, that is when supp(u, Bv)
has at least two connected components, we prove that there may also exist some jumps into the
gap(s) of this support. This phenomenon holds for any 6; € 8, ,,.

For 6; € ©,,, that is if 6; € m, two situations may occur. To explain this, let us consider
the connected component [slj,tlj] of m which contains 6;. If supp(v) N [6;, tl]_] = 0 (resp.
supp(v) N [slj, ;] = 0) then the k; corresponding eigenvalues of My converge almost surely to
the corresponding boundary point Ho‘,v(tlj) (resp. Hy, (s,j)) of the support of u, Bv. Otherwise,
namely when 6; is between two connected components of supp(v) included in [slj, tlj], the conver-
gence occurs towards a point inside the (interior) of supp(u, Bv).

Here is the precise formulation of our result. This is the additive analogue of the main result of [6]]
on the almost sure convergence of the eigenvalues generated by the spikes in a generalized spiked
population model.

Theorem 8.1. For each spiked eigenvalue 6;, we denote by nj_; +1,...,n;_; +k; the descending ranks
of 0; among the eigenvalues of Ay.

1) If 6; € R\ Uy, (ie. € ©,,), the k; eigenvalues (Anj_IH(MN), 1 < i < kj) converge almost
surely outside the support of u, B v towards po, =H o (6)).

2) If 6; € Uy, then we let [slj, tzj] (with 1 < [; < m) be the connected component of U, , which
contains ;.

a) If 0; is on the right (resp. on the left) of any connected component of supp(v) which is
included in [slj,tlj] then the k; eigenvalues (knj_lJri(MN), 1 < i < kj) converge almost
surely to Ha,v(tlj) (resp. Hy (Szj )) which is a boundary point of the support of u, Bv.

b) If 0; is between two connected components of supp(v) which are included in [slj, tlj] then

the k; eigenvalues (Anj_1+i(MN), 1 < i < kj) converge almost surely to the a;-th quantile

of He BV (that is to q,, defined by a; = (s Bv)(] — 00,4,,1)) where a; is such that

a; =1-limy %2 =v(] — 00, 6;]).
Proof of Theorem 8.1} 1) Choosing u = 6; in Corollary [7.1] gives, for any € > 0,
pe, —€< Anj_1+kj(MN) <...< Anj_lﬂ(MN) < peg, + ¢, forlarge N (8.2)

holds almost surely. Hence
. a.s.
Vi<i<kj, Anj_1+i(MN) — Pe;-

2) a) We only focus on the case where 6; is on the right of any connected component of supp(v)
which is included in [s,j, tlj] since the other case may be considered with similar arguments. Let us
consider the set {6; > ... > 9jp} of all the 6;’s being in [slj, tlj] and on the right of any connected
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component of supp(v) which is included in [slj, tlj]. Note that we have for all large N, for any
0<h<p,
nj-1+ kfh =nj,

and 0, is the largest eigenvalue of Ay which is lower than t,. Let e > 0. Applying Corollary
with u = ty,, we get that, almost surely,

knjoflﬂ(MN) < HU,V(th) + € and A'njo—l(MN) > HU,V(tl]_) for all large N.

Now, almost surely, the number of eigenvalues of My being in ]H, ,(t;,) — €,H, . (t;,)] should tend
to infinity when N goes to infinity. Since almost surely for all large N, Anjo_l(MN) > Ha,v(tlj) and
Anjo_lﬂ (My) < Hg,(t;,) + €, we should have

Ha,v(tlj) —€s Anjp_l-i-kjp (MN) =...= A'njo_1+1(MN) < Hcr,v(tlj) +e.

Hence, we deduce that: VO<[<pand V1 <i < kjp, lnjpflJri(MN) 25, Ha,v(tlj). The result then
follows since j € {jo, ..., jp}-

b) Let a; = 1—limy % =v(] — o0, 6;]). Denote by Q (resp. Q) the distribution function of u, Hv
(resp. of the spectral measure of My). Since u,, B v is absolutely continuous, Q is continuous on R
and strictly increasing on each interval [¥, , (s;), ¥, ,(t)],1 <1 <m.

From Proposition and the hypothesis on 6;, a; e]Q(\IJU,V(slj)),Q(\I/U’V(tlj))[ and there exists
a unique q; €]¥,, slj), W, (1) such that Q(q;) = a;. Moreover, Q is strictly increasing in a
neighborhood of g;.

Let € > 0. From the almost sure convergence of uy;, to u, BHv, we deduce

Qn(g; + G)NTO’OQ(C]]- +€)>aj;, as.

From the definition of a;, it follows that for large N, N,N —1,...,n;_y +kj,...,nj_; + 1 belong to
the set {k, 1,(M,) < q; + €} and thus,

limsupA, _ +1(My) <g;+e.

N —o0

In the same way, since Qn(q; — €) —N-0 Q(q; — €) < a;,

it o 0 24,

Thus, the k; eigenvalues (Anj_IH(MN), 1 <i <k;) converge almost surely to g;. O

9 Appendix

We present in this appendix the different estimates on the variance used throughout the paper. They
rely on the Poincaré hypothesis on the distribution u of the entries of the Wigner matrix Wy. We
assume that u satisfies a Poincaré inequality, that is there exists a positive constant C such that for
any 4> function f : R — C such that f and f’ are in L2(u),

V(f) < CJ IfIPdu,
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with V() = E(If - E(f)*).

We refer the reader to [[16] for a characterization of such measures on R. This inequality translates

in the matricial case as follows:

For any matrix M, define ||M||, = (Tr(M*M))% the Hilbert-Schmidt norm. Let W : (My(C),,) — RN
be the canonical isomorphism which maps a Hermitian matrix M to the real parts and the imaginary

parts of its entries M;

i1 <]

Lemma 9.1. Let My be the complex Wigner Deformed matrix introduced in Section [1| For any €%

function f : RN = C such that f and its gradient V(f) are both polynomially bounded,
¢ 2
VIfow(My)] < SELIV [f o w(My)] 1153
From this Lemma and the properties of the resolvent G (see Lemma [1.1]), we obtain:

o V((Gy(2));) < £P(132]™1)

* V((Gy(=))}) < R P>I32™)

e Let H be a deterministic Hermitian matrix with norm ||H||, then,

C
V((HGy(2))ii) < NIIHIIZP(ISZI_I)

* V(try(Gy(2))) < NzP(|JZ| D)

where P is a polynomial. It follows that:

1
EL(U"GpUG):GG]l = ELU GpUG)IE[GIBIGy]* + P35,

proving (3.11).

We now prove

Lemma 9.2. Let z € C\ R. Then,

P(13z]")

[E[Gprtry (G)] = ElGp ] Elery (@] < —3

Proof: The cumulant expansion gives

2E(Gj;) = 0 *E(try (G)Gj;) + &5 +E[(GAN)11]+ N E[T(, J)]+Oﬂ(

where

T(l:]) = { Z(G(l (ellﬂelliell)_l_ \/_G (fli:fli:fli))

l<1

Z (G](.?).(eil,eil,eiz) - \/_—1G§?)'(fil>fil,fil))

l>l

3
+G](~l)-(Eii:Eii’Eii)}-
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Straightforward computations give that

T(i,j)= 2.GiG + 25, GiGy GGy
+>,G1GiiG;;Gy + 2, G;:G,;Gh — 2G2G;.
We now compute the sum ) U}, U,; ... to obtain:
e —7OEGu]=  02Elty(G)Gpel + 6pk + 25 E[A(p, k)]
3G 1
Zl SJ Ul*kUPJE Gu ji + Zl JJ Ul*kUp]O]l(Nz ): (92)
where
Alp, k)= Z U3 UA(, §)
and
A, j) = 2.:GiGl + 25 GGy GGy

+2261GiiGGy + 2, GGy GF.

Since —% NZ Zl] Ul*kUpJGf’lGﬂ = ]%(UG(G(d))BU*)pk, this term is obviously a O(#).
Let us verify the following bound for A:
|32~

N

1.
IFA(p, k)l<cC (9.3)

Such a bound for the first term in the decomposition of A can be readily deduced from (1.2). We
write the computation for the fourth term in the decomposition of A, the other two terms are similar:

2
N2 ZUlkUP]GﬂG G
1]1

1
_ @ @2 —
= El (UGG U Giy = O(3)-

We prove now that the last term in (9.2) is of order O(#). This term is a linear combination of
terms of the form:

5
ZUijp]E G( ) vy, vl
i,j,l

where v, = E,,,, with (m,n) = (i,1) or (m,n) = (I,i). The fifth derivative is a product of six G. If
there are Gi21 or G;;Gy; in the product, we can conclude thanks to Lernrna The only term without
any Gy is

GGG GGGy

which gives the contribution

1 1
d)\2 3 _
Tl § (UG(GY2U") 4Gy, = 0(3)-
l
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The term with one G;; (or Gj;) will also give a contribution in # Hence

(z = Y)E[Gp] = 0°Eltry ()Gl + 8y + 55 2N E[A(p, k)] + O(—) CED

We now apply (3.1) (or its extension (3.2)) to ®(Xy) = G;;G,, and H = E;; and take the sum in [.

We obtain

ZE(Gjquq) = O'ZE(trN(G)Gﬁqu) + U_zE[qu(GZ)]q] + E[qu5l]]
+]E|:(GAN)]1 qq] + ZNzE[T(l ])G :|
+5:5 BB, j, )] + 0,:(52),

where B(i, j,q) stands for all the terms coming from the third derivative of the product (G;;Gy,)

3 1 . -
except Ggq G] ;- Now, we consider = 5 > q of the above equalities to obtain:

2E(Gjitry(G)) = 02E(try(G)2G;) + SE(GY);i] + Eltry (6)5,]
+E[(GAN)jitry (G)] + 55 EIT (i, j)try (G)]

+ads 3 BIB(, J, )] + 0;,(552)-

We now compute the sum ) U, . and obtain

ik PJ

(&= 1OEGutry(G) = 02E(try(G)?Gp) + LE(UG U]
+E[try ()6 ] + 5 BIA(p, K)try (G)]

+2’;\?213[ qE[B(Pak;CI)] +O(#)J

where
B(p,k,q) = U3U,;B(i,j,q)

and the terms 5% > U U, BI(T(i, ) — A(i, j)try(G)] and XU} Up;0;, l(NZ) remain a O(NZ) by

the same arguments used to handle the analogous terms in (9.2).

Now, consider the difference between the above equation and gy (2)x ([9.2):

(z = 7EL(Gpi(try (G) — Eltry (G)])] =
2
—EUG U )pi] + 0?Eltry (G)(try (G) — Eltry (G)])Gpr]

_|_2K—42E[A(p, K)(try (6) — Eltry (G)])]
+FNZE B(p,k,q)] +O(—)

and
(z — vk — 0%gn(2)E[ pk(trN(G) Eltry(G)D] =
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~ 0'2
oE[(try(G) — Eltry (G)])*Gpel + FE[(UGBU*)pk]

+’<_42E[A(p, k)(try (G) — E[try(G)])]

b Z]E [B(p, k)] + O(5).
We now prove that the right-hand side of the above equation is of order # This is obvious for the
second and first term (since V(try(Gy(2))) = O(#)). Now, we have seen that

C|%z|~*

N

1.

By Cauchy-Schwarz inequality;,

S BIA(p, by (6) ~ Bl (6)])] = O+ 5

It remains to study the last term

1 -
F;E[B(p,k,q)] = ZUlkUpJE [B(i, j,q)]-

i,j,q

This term contains derivatives of Gy, of order a with a strictly positive (a = 1,2,3) applied to a
3-tuple (v1,v,,v3) where v, = E;; or Ej; (with a product of the derivative of order 3 —a of Gj;).
Thus, the index q appears in B(p, k,q) under the form of a product GgmGnq With m,n € {i,1}. Thus,
the sum in q will give Gﬁm. Moreover, the term in j in the derivative appears as G;,, with m € {i, [}
and we can do the sum in j to obtain (UG),,,. Thus qB(p,k,q) can be written as % Zi’l of
terms of the form

1

> N3
U?k(GZ)ilh(UG)PJzGlst Gl4]4’
where i, j. € {i,1} and j, = [ for a = 3 (no derivative in G;;), j, = for a < 3. As in the previous
computations, either the product G2 (or G;;Gy;) appears and we can apply Lemma u (the others
terms are bounded). In the other cases, we can always perform one sum in i (or [) and obtain
% Zz( or i) Of bounded terms. Let us just give an example of terms which can be obtained (for
a=1):
U (G*):(UG) Gy Gy,

Then,

Z Ui(G*)(UG)p GG = 5 Z U (UGGDG2),G,,.
i

N3
Nll

Therefore, 75 Z E[B(p,k,q)] is of order —=. This proves Lemma since |
O

e |—1
102 gN(Z)| < [327
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