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Abstract

This paper concerns the first hitting time 7, of the origin for random walks on d-dimensional
integer lattice with zero mean and a finite 2 + 6 absolute moment (6 > 0). We derive detailed
asymptotic estimates of the probabilities P, [T, = n] as n — oo that are valid uniformly in x, the
position at which the random walks start .
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Introduction

Let ST = x +X; +---+ X, be a random walk on the d-dimensional square lattice Z¢ starting at x
where the increments X; are i.i.d. random variables defined on some probability space (2, Z, P)
and taking values in Z¢. Let X be a random variable having the same law as X; and 1(6) the
characteristic function of X: 1(8) = EeX"® 6 € T¢, where T stands for the d-dimensional torus
RY/(2nZ)? = [—m, n)? and E indicates the expectation by P. Throughout the paper we suppose
unless explicitly stated otherwise that the distribution of X is aperiodic (strongly aperiodic in the
sense of Spitzer [111]), i.e., [1(6)] < 1 for 6 € T\ {0} (which imposes no essential restriction) and
that

EX=0 and E|X|*"° < oo, 0.1)

for a constant § > 0.

This paper concerns the asymptotic evaluation of the hitting-time distribution
fx(k)=P[ry=k] (k=1,2,..))

as k — oo, where 75 = inf{n > 0 : S = 0}, the first time that S hits the origin after time O
(inf@ = o0o), which plays a fundamental role in the theory of random walk and its applications.
We derive asymptotic formulae of f, (k) with certain bounds for error terms valid uniformly in x
for each dimension d = 1,2,...: under 6 = 0, in particular, the asymptotic form is determined in
any parabolic region x? < ak. In general the estimates will depend on § and we shall mainly (or
essentially) consider the case 0 < 6 < 2 and only occasionally the case 6 > 2. For the computation
of f, (k) we use the Fourier analytic method as in [10].

When the walk is started at the origin there are several results. In Kesten [I0] it is proved, among
many other things, that if the walk is one-dimensional and aperiodic, and satisfies that for some
1<a<2,|0|7*1 —y(6)) converges to a positive constant, C say, as 0 — 0, then the asymptotic
form of fo(k) is C,k271/%(1 4 0(1)) if 1 < a < 2 (with C, = (a — 1)sin(n/a)C/*/T'(1/a)) and
nC[k(1gk)?]71(1 + 0(1)) if @ = 1; in the particular case a = 2 this implies in our setting that if
d =1, fo(k) = VEIX|2/2nk™3/?(1 4+ 0(1)). For the two dimensional walk satisfying with
& = 0 Jain and Pruitt show that fy(k) = c[k(Igk)?]171(1 + 0(1)) (Section 4 of [9]). (This result
actually follows from Kesten’s result (for a = 1), the latter being based only on an estimate of the
characteristic function of f,; (see Remark at the end of the subsection 4.1). The proof of [9] is rather
probabilistic and quite different from Kesten’s proof.). Combined with the ratio limit theorem ([[10],
[11]) these give the asymptotic form of the tail P[ty > k] (for each x) in the cases d = 1 and
2 (with & = 0) but there seems to be no results on estimation of f, uniformly valid for x except
for a few special cases. Recently Y. Hamana ([[7]]) has proved that for the simple random walk,
fo(2k) = n[klg? k] [1+0((glgk)/1gk)] if d = 2, fo(2k) = ck~4/2[14+0((gk)™)]if d > 3 (¢,
is a certain positive constant and N > 0 may be arbitrary) and applied these results to the study of
the range of the pinned walk. (In [6] the error term is improved to O(k~>/®) for d = 3.)

For d > 2 we have studied in [[15] the random variable Z, = ﬁ{SO,Sg,...,Sg}, the number of
sites visited by S° until the n-th step. The expectation EZ, is equal to egn + Y p_o F; where Fy =
Zj>kf0(j) and ej = 1 — F, and readily computed (up to O(Ilglgn) if d =2 and O(1) if d > 3) from
the estimates of f;(k) obtained in this paper. In [15]] we are interested in the conditional expectation
E [anSg = x], i.e. the expectation under the law of the random walk bridge, of which the asymptotic
evaluation, being made by means of Fourier analytic method, depends on several subsidiary results
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from the present paper. For d = 1 the estimate of f, (k) is effectively used to compute the transition
probability of one dimensional walk killed at the origin [[16]. One of the results obtained is applied
in a very recent work [[1I], where from it is deduced a precise asymptotic estimate for the coalescing
probability of a finite number of independent random walks.

1 Statements of Results

Let SY, X, y(0) and f, (k) be as in Introduction and suppose the condition (0.1) to hold true with
some 0 < § < 2 unless otherwise is stated explicitly. Set p"(x) = P[SS = x], p(x) = p'(x),
a(x)= ZEOZO [p™(0) — p™"(—x)] (cf. [I5], [11]] for convergence of the series) and

a(x) = 1y (x) + a(x) =1+ Y [p"(0) — p"(—x)],

n=1

where 1¢;(x) =1 or 0 according as x = 0 or x # 0. Denote by Q the covariance matrix of X and by
Q(0) its quadratic form: Q(0) =E(X - 0)>=0-Q6 (8 € R?). For x € Z4 put

X = Q_l/zx.

Ifd =1, let 0? = E|X|? so that ¥ = x /0.

The following notation will be used: sgnt = t/|t| (t # 0); a A b = min{a, b}, a V b = max{a, b}
(a,b € R); |6| denotes the Euclidean length of 8 € RY, 62 = |0|?; for functions g and G of a variable
£, g(&) = 0O(G(&)) means that there exists a constant C such that |g(&)| < C|G(&)| whenever &
ranges over a specified set; Ig* a =1g(a Vv 1) (a > 0) and

x| =[x|]V1 (xe yAS)

1.1. Here we consider the one dimensional case.

Theorem 1.1. Letd =1 and 0 < 6 < 2. Then, uniformly in x € Z, as k — o0

o a*(x) 1 |x|2

The estimate given in Theorem is poor in the case x? > k, when the second error term (repre-
sented by O symbol) is not smaller than the principal part. The following theorem is complementary
in this respect. If & > 1 and d = 1, define constants ;3 and C* by

—1E[X3] dC*—l ’ o 1 de 1.2)
/33_6 an T o _ﬁ[l—xﬂ(@) 1—c039:| ' (1.

The integral above is understood to be the principal value; the imaginary part vanishes and the real
part is absolutely convergent (see (3.5) in Section 3). For convenience sake we put 33 = C* = 0 if
o<1
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Theorem 1.2. Letd =1and 0 <6 < 3. Then, as k A |x| — oo

||e /2 [HPl(ch/k)+(sgnx)/sgpz(fcz/k)+J(x,k)} +O( 1 )

)=
flk) =" an ] k X2

where
Pi(2)=0"1C* (1 —2), Py(z)=-0"3(2—5z+22),

and J(x,k) = P3(%2/k) + (sgnx)BsP4(%2/k) with P and P, being certain polynomials of at most
degree 3. Moreover, in the formula above, the error term can be replaced by o(k™17%/2) if 0 < 6 < 1
(but not if & > 1), by o(|x|"1k~1=(6=1/2) if 1 < § < 2 and by k~3/2|x|20(k(1 =92 A |x |19 1g|x]|) if
2<0<3.

Theorems[1.1] and [1.2] together entails the following result.

Corollary 1.1. Uniformly in x as k — o0

ca*(x) .2 x|+ 1
k)= 22— /2k+o(_A_).
x V2rk3/? K32 |x3

REMARK 1. Theorem can be extended to the case & > 3 with a higher order expansion.

REMARK 2. (i) Suppose that 1 < § < 2. According to [[16] (Appendix) ca(x) = |%| + o 1C* —
2073Bysgn x + o(|x|*%)if d = 1. (ii) If p(x) = O either for all x < —2 (LC) or for all x > 2 (RC),
then C* = 20 2|B;] (the converse is also true [[16]). This is a consequence of the asymptotic form of
a(x) just mentioned together with the fact ([11]]:P30.3) that a(x) = |x|/o? for all x > 0 in the case
(LC) and for all x < 0 in the case (RC). If both (LC) and (RC) are the case, we have C* = 83 =0
and both P (z) and P,(z) disappear from the formula of Theorem [1.2] (otherwise C* > 0, provided
that E|X|? < 00).

REMARK 3.  The random walk on Z¢ with P[X = w] = 1/2d for all w € Z¢ with |w| = 1 is said
simple. The simple random walk is not aperiodic; it is of period v = 2. (The period is the smallest
integer r such that p"™(0) > 0 for all sufficiently large n). In general, if X is irreducible but not
aperiodic, we obtain the correct formula for f, (k) by simply multiplying by the factor

v1(p*(—x) #0) (1.3)

the leading term of the formulae obtained under aperiodicity assumption, where 1(<) is 1 or 0
according as the statement . is true or false. (For d = 1 this is, in effect, ascertained in [[16]]: page
692; for the case d > 2 see Appendix (D) of this paper.)

For the one dimensional simple random walk we have a simple explicit expression of f,.(k) (cf. [13]:
I11.4), from which, with the help of Stirling’s formula, one deduces that uniformly for x # 0 with
k + x even, as x*/k® = 0

(k)= 2l ez 1+1P X +0 xz+x6
Sk = o ame K\ k )]

where P(z) = —%{ + %z — %22. (The factor 2 is due to Il It is also remarked that fy(2k) =
f1(2k—1).)
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1.2. Next consider the case d = 2. In order to have a formula more or less parallel to that of
Theorem [1.1] we introduce the function

woy= [ A>0
=), tgree 470

We also bring in the constants

c ZLJ %t( ! — 2 )d@ (£00)
YT en? ). \1-9(8)  Q6) =

_lg(sz/2)+ 1 J 2
T 27(QI? T (2m)? e ggnre QUO)

where T? is the two dimensional torus (as in Introduction), |Q| = detQ and s is a positive number
chosen so small that {6 : Q(8) < s?} c T2, and define

Co do,

co = 27|QIY? (c; +¢p) if E[X?1gT |X]|] < 0.

The negative part of the integrand of the integral defining c, is integrable so that c; is well defined,
whereas c; itself (possibly +00) is finite if and only if E[X?1g" |X|] < oo (see [12]: proof of Theorem
1, p. 227); and ¢, does not depend on the choice of s. If Q(0) is of the form 0262, then, on
examining the proof of Proposition 12.3 of [11]],

no?c, =1g(nv2) —2¢(2)/m,
where ¢(2) = Zio:o(—l)”(Zn +1)2=0.9159... (Cataran’s constant) (see also REMARK 6 below).

In the case E[X?%1g" |X|] = oo ¢, may be any number and in what follows we put ¢, = 0 for definite-
ness.

Theorem 1.3. Letd =2 and 0 < 6 < 2. Then, uniformly in x € 72, as k — oo

L ] ~ x|
fell) = 271Q 2 a* () W (eI [ 140 (k772 ] +O(k2 1;k)'

REMARK 4. AW(A) admits the following asymptotic expansion in powers of 1/1g A:

1,2 2
1 2 -4 =3y
AW(A) = _ A2
(IgA)*  (Iga) (IgA)*
valid in the both limits as A — oo and as A | 0, where y = — f Ooo (lgu)e ™du (Euler’s constant). The
Fourier representation of W(A) takes the form
1 [ e W(A A>0),
— - u= { (A ) ( ) (1.4)
2r ) _ . lg(—iu) —e (A <0),

as is readily derived by Cauchy’s theorem (cf. Appendix of [17]). A class of integrals containing that
defining W(A) is studied by Ramanujan (cf. [8], sections 11.4 through 11.10 of Chapter XI, where

it is in effect shown that W(A1) = f;O[F(x)]_lk"_ldx —eM.

According to the rule (1.3)), a remedy for periodic walks, Theorem has the following corollary
(note that ¢, is well defined under irreducibility of the walk).
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Corollary 1.2. For simple random walk on 72, it holds that c, = lg8 (see REMARK 6 below) and
uniformly for x = (xq, x,) with x; + x5 — k even,

. |x |2
fr(k)=16ma*(x)W(8k) + O(kz lgk)'

The asymptotic form of f, (k) as |x| becomes large comparably to vk is provided not by Theorem
[1.3|but by Theorems|[1.4]and [1.5|given below. (But it should be kept in mind that for |x| much larger
than vk, the trivial upper bound f, (k) < p*(x) may provide fairly nice estimates (see REMARK 10
below).)

Theorem 1.4. Let d =2. Then as k A |x| — o0, in general

_ 21X ey 1 ( _k).
L= g€ gk UV )
andif 6 > 0,
2y1g(k/x?) 1 2
s B k(g k)? +O(k(lgk)3) for =<k ws)
T k(ig(ek))? O(ug(;cz/k)@) for ¥ k '
x?(lgk)? o=

REMARK 5. If d = 2, a(x) has the asymptotic form (leIl/z)_l(lg |%])(14+0(1)) as |x| — oo, ensuring
the consistency between Theorems [1.3] and The second term on the right side of (1.5) in its

first case is significant for properly evaluating the probability )’ i<k fx (j) = P[ty < k] so as to have
its correct asymptotic form that turns out to be (Igk)™! f: u‘le_xz/zudu(l +0(1)) as k — oo valid

uniformly at least for |x| < 4/3klglgk (see [[17] for more details).

In the formula the estimate does not depend on & > 0, although it is best possible for x? < k.
This is because the bottle neck for the estimate comes from a term that does not depend on ()
except via Q and ¢, (see Lemma[4.5). The situation becomes different if f, (k) is compared with the
corresponding Brownian object

1 f KoUxlV=i20) iy, (1.6)

V= 50r ) et

27
where q,.(t,x) is the density for Brownian hitting time of D(r) the disc of radius r > 0 centered at
the origin and K, is the modified Bessel function of order O (see (6.7) of Appendix B) . Define the
constant b; to be 1 if 6 > 1 and at least one of the third moments of X does not vanish, and to be 0
otherwise. The result is stated only in the case 6 = 2 (see Subsection 4.3 for more details).

Theorem 1.5. Letd =2, 6§ =2 and r, = v/2e~+%/2)_ Then as k A |x| — oo
0 =g, (ki) +0[ —— (L2 2
K= a0 O igr \ el 2 ) )
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REMARK 6. Of the radius r, defined in Theorem[1.5|we have another formula

my/[Qlalx) =1g(I%|/rs) +0o(1) as |x[— oo, (1.7)

provided E[|X|?1g" |X|] < oco. (This relation is essentially proved in [[11]] under the condition
E[|X|>"®] < o0, § > 0; see also [[12] and [4]; it also is a result of consistency between Theo-
rems and[1.4]) The function lg(|%|/r,) equals apart from a constant factor the corresponding
potential (Green’s function with pole at infinity) of the process Q/2B, killed on the ellipse Q*/2D(r,)
where B, is the standard two-dimensional Brownian motion. For the two dimensional simple ran-
dom walk we know that a(x) = 2n71g(v/8e” |x|;) + (8(x1x2)* — |x[1)/67|x|® + O(1/]x|%) (cf.
[4]). Comparing this with tb and, noting Q = %id and |%| = v/2|x|, we find that r, = e™"/2 and
c, =1g8.

Asymptotic form of the distribution function P[ty < n] = Y ey f(k) is easily computed from
Theorem if x2 is much smaller than n (it is sharper than one given in the next theorem if
n~!x2?1g|x|, — 0), while the corresponding computation based on Theorem is somewhat com-
plicated. The result becomes as follows.

Theorem 1.6. Let d =2 and 6 > 0 and write & = |X|/+/n. Then as n A |x| — oo,

1 { o(l1g 3& for
X

2

=

n,

P[t¥ <n]=D(e®n,&%/2)+ (1.8)

vV A

2

(1gn)® 0(|1g2&|?/&%)  for

=

n,

where

D)= —|1- A LI R R 0
= — —_—— —_ _— > .
@ Igt lgt] ), u . [gt]? ), u 8 u)

The following upper bounds are obtained as a corollary of Theorems [1.1| through

Corollary 1.3. For some constant C,

fulk) < K2 x e
T c [(lg(x]v2) vk P
klgk( gk A|x|+) (d=2)

1.3. Suppose d > 3 and let e, be the probability that the random walk starting at x escapes the
origin after time O:
ey =P[S; #0forall k > 1],

and G(x) =Y, P[S? = x]. It holds that

G(—x) 1

1—e, = G0) (x #0) and 602@

(1.9)
(cf. [11]) and G(x) = 0O(1/|x|y) for d = 3 (see [12] for d > 4).
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Theorem 1.7. Let d > 3. Then uniformly in x € Z¢, as k — oo

£ = o[ exp"(0) = pF(0)+pH(—) | (1.10)
k
- (1-6)/2 ; —
O(|x|+/\|x|+)+o(k ) fd=35<2
1 1/2 .

kl/Z d-3
0(1 A (W) ) i d>s.
+

REMARK 7. If x2 = o(k), the leading term in may be written as ege, pX(0)[1 + O(x?/k)]; in
view of lb it is also written as eop*(—x)[1 4+ O(|x|~42)] for 0 < |x| < MVk (for each M > 1),
provided that IS(l)I satisfies a sufficient moment condition so that G(x) = O(|x|jrd+2). It is noted that
a*(x) = 1503(x) + G(0) — G(—x) = e, /e, so the factor a*(x) persists to appear in the leading term
(for the case x2 = o(k)) in all dimensions.

For d = 3 our actual estimation yields a better error estimate than that in (1.10): the first one (i.e.
O term) may be explicit and the second one improved, and moreover it leads to the following
Theorem 1.8. Letd =3, 0 <8 <2 and r, = 1/27|Q|*/?>G(0). Then uniformly in x € Z3, as k — oo

fill) = et Tt 2B :

1 b0 1 1 1 k 111
+W 3 E/\W +o0 WA—MLZ:"S 5 (1.1

where P5(2) is the odd polynomial of degree 3 (involving the thirds moments of X) that appears in the
Edgeworth expansion of pX(x); bs is defined as in Theorem (i.e., by = 0 if either 6 < 1 or all the
third moments of X vanish and by = 1 otherwise).

22
roe X 12k ro|X% b —X O(1 + x*/K?
[eer 1% 3p ( )+ ( /k*)

REMARK 8. The asymptotic form of f,(k) given in Corollary is in good accordance with
(2m) "2 |x|t 73/ 2¢—x%/ 2t the density of corresponding distribution of the standard one dimensional
Brownian motion started at x € R. In the higher dimensions d > 2 let tgd) denote the Brownian hit-
ting time of the ball of radius r > 0 centered at the origin. The probability f, (k) is to be compared
with the density of the distribution of tgd). For d = 3 it holds (see Appendix B) that for |x| > r,

~(lxl-r2 /2t
Px[t@edt]/dt:re—(l—L). (1.12)
tv/2mt | x|

Taking r = r, exhibits a close similarity between this formula and that of Theorem Indeed, if
0 = 2, the latter implies

= T B ()] oAU,
VT wvamk | VR C\Wk sz )
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we also know e, = 1—|fc|_1r0+0(1/|x|i) (cf. [12]). In the case b; = O this is because e, +r,|X|/k =
e"l/ke 4+ 0(1/k) uniformly for |%| < k; the case by = 1 is dealt with in a similar way. Also note
that 1 — r/|x| is the Brownian escape probability from the sphere.

REMARK 9. The proofs of Theorems stated above largely depend on the expansion of the characteris-
tic function: e!‘4)(0) = 1+it— %Q(9)+o(|9|2+5)+0(t2+ |t|62) (if 0 < § < 1), and can be adapted
for finding the asymptotic form of the hitting distribution to the first coordinate axis x; = |x|e; for
the random walks that is biased to the direction e;, the present problem of hitting time being the
extreme case where the first coordinate of the walk deterministically increases by one at each step.
(Cf. [13] for the unbiased case.)

REMARK 10. When x2/k is large the trivial bound f,.(k) < p*(x) may be useful as noted previously.
For example, from the theorems above together with the estimate

e~ %"/2k 14 (x2/k)1Hir2 171 k
pk(x):—|Q|1/2(2nk)d/2 [1+o( Z — oz ﬂ +O(kd/2 [kﬁ/ZA |x|2+5D (1.13)

1<j<6é

valid under (0.1) with any & > 0 (cf. [[14]) one can readily deduce that as |x| — oo

[(3/e)*/2/v2m]|%| > if d=1,
max f, (k) ~ 8e 2(|x|*1glx])* if d=2,6>0,

[(d/zne)d/2/|Q|1/2G(0)] %7 ifd>3,6=d—2

(the bound (1.13)) is applied for k < ¥2/31glg|x| if d = 2 and for k < ¥2/61g|x| if d > 3).

The rest of the paper is organized as follows. In Section 2 we shall provide some preliminary
formulae and lemmas which will be applied throughout Sections 3, 4 and 5, where we shall give
proofs of Theorems above for the cases d = 1, d = 2 and d > 3, respectively. The final section
consists of four appendices: we shall prove a lemma of Fourier analytic nature in the first one and
give a simple comment on the formula and a Brownian counterpart of Theorem in the
second and third ones, respectively.

2 Preliminary formulae and lemmas

Set

1 e—ix-9 p
nX(t)_(Zn)d JTd 1_eit¢(9)d9 (t#0,xeZ)

and w
F0) =) fR)ekt,
k=1
Since p"(x) = (2m) ™ [, [4(6)]"e"*?d0, we have

o0
—1; n itn_.n
n"(t)_lrlﬁl;op (x)etrm.
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Substituting from the identity p"(—x) = Zk L fr(K)p™™ k(O) and making usual man1pu1at1on for the
convolution sum, we infer that for t # 0, m_,.(t) = 8, + f,.(t)7,(t), or on solving for f,(t),

50x n—x(t)_
mo(t)  mo(t)

fx(t) = -

2.1

in particular

. 1
fol=1-—.

Note that 7t,(t) is smooth in t € T\ {0} owing to the aperiodicity; also that since f, is a probability
supported on the positive integers we have three expressions of f, (k):

fx(k)zij fx(t)e_iktdtzlf fx(t){ coskt }dt 2.2)
2n ) _ . T -

isinkt

among which we may choose one that is suitable to each occasion.
Bring in the functions R,(t, 8) and R,(t, 8) by
R, = ‘1 - ! and R, = ! - !
1-efy(0) —it+1—1(6) —it+1-1(0) —it+3Q(6)

so that
1

1
1—eity(0) —it+ %Q(O) "
Observe that (—it +1 —1p) — (1 —eifep) = (e7it — 1)(1 —e'fap) — (e~ — 1 +it) to have

R +R,. (2.3)

22 —r3(0) —it +15(t)
Rl = . . + . )
[1—ep(ONI[—it+1-(6)]  —it+1-(0)
where ry(t) = e7'* — 1 +it and r3(t) = ry(t) + %tz = O(t®) (the contributions of r,,r; will be

negligible in our analysis); also

_WO)~1+3Q0)  9(8)—1+;5Q(6)

(—it+5Q(6)) —it+1Q(6)
The second fraction in tends to zero as |6 — O uniformly in t. Hence the first term on the

right side is the principal term, i.e., R, divided by it approaches 1 as |t| 4+ |6| — 0. Substituting into
(2.4) from the defining expression of R, (to eliminate 1) — 1+ it) as well as from (2.3]) yields

_ -1,.2 _ v )(;_ )
Ry = [27%t r3(t)](—it+%Q(9)+Rl+R2 S e

1
+ [—it +ryp(0)] (TlQ(m _Rl)
2

3t —it
= 2 - +R . 2.6
it la@p et o T ©) (2:0)

(2.4)

R,. (2.5)

The next lemma (or its variants), stating elementary results, will be repeatedly used throughout the
proofs of Theorems|[1.1]to
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Lemma 2.1. Let j and k be real constants such that j > 0 and 2k > —d and put a = j — k —d /2.
Then as t — 0+

CLit|*+0(1) if a>0
1 k
[7Q(0)]%d6 o 1 .
ri (it +5Q(6)) ' +n(t) if a<0
with d/2|cd—1 0 _2k+d—1
247218474 ! r —dr I 1 k—j
=— Ci=A — Ccl'= —-Q(0 de
QIt/2 7 o (Fi+r2)’ T [zQ( )]

(IS?71| is the hyper-area of d — 1 dimensional unit sphere if d > 2 and |S°| = 2) and for a < 0,

o([e]'*y if a>-1
n(t)=1 O(tlglt]) if a=-1
o(t) if a<-1.

Proof. Denote by V(t) the integral to be estimated. In the case a > 0 the change of variable (scaling
6 by +/|t|) then shows that

1Q1*d6 1Q1%d6
1f [3Q] 1 [;Q] o).
T

V(t)=—a : 1 - =—a - 1 -
|t] 4/ /1el (—ngl’lt-l—EQ)] |t] Rd (—lsgnt+§Q)J

In the case a = 0 we have only to replace the right most member above by Alg ||~/

Now consider the case a < 0. It follows that V(0) = C! < co and n(t) = V(t)—V(0) = fot V/(w)du.
The required estimates of 1 are then obtained by the result just proved (with j replaced by j + 1)
since it yields that V/(t) = O(|t|"* 1) if0 < —a < 1, V/(t) = 0(Ig|t]) if —a =1 and V'(t) = 0(1) if
—a > 1. The proof of the lemma is complete.

In the first case of Lemma the integral is unbounded and the order of growth as t — 0 is found
out by scaling the variable of integration by \/m , While in the third case the integral is bounded and
the convergence is trivial. In Lemma [2.1] the results are exhibited only on typical integrals of which
there are many variants we shall encounter in the proofs of the main Theorems. In dealing with
such variants, we shall refer to Lemma even if it is not directly applicable but the adaptation is
easy.

When d = 2 we shall need to evaluate integrals such that

I}?(k):zf 8(t) sinktdt and I]?(k):zf 8(t) cosktdt (j=0,1)

o tligelp o tillgtlp

where p is a positive constant, a is a constant from the unit open interval (0,1) and g is twice
differentiable in t > 0. The way of computation involved in the proof of the following lemma will
also be employed throughout the paper. The moral underlying therein will roughly be this: separate
the integral near the origin and for the rest, perform integration by parts repeatedly until the integral
becomes divergent if extended to the origin.
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Lemma 2.2. Let a be a constant such that 0 < a < 1 and suppose that g(a) = 0, g = O(t%)
and g'(t) = O(t* Y as t | 0. Then I;(k) = O(1/k*(1gk)?) (for k = 2); and if a > O, then I] =
O(1/k*(1gk)P) (as k — o0) and if p > 1 and a = 0, then I$ = O(1/(1gk)*™1). If g”(t) = O(t* ) in
addition, then Ij(k) = O(1/k***(1gk)?) and I§(k) = O(1/k'**(Igk)P).

Proof.  Splitting the range of integration and integrating by parts one obtains that
1/k
Hle@l g(1/k)|

15(R)] < kedt+ (04 8@ Yeoske
=) Tge M kgiy T ), @ Clger ) T

On using sinkt < 1 the first integral on the right side is evaluated to be O(1/k'*%(Igk)P). Integrating
the second one by parts once more shows that the last integral equals

a a 2 .
f ( a?  g(t) )smktdt
o 2 (_ P 2 ’
1/ 1k \dt? (=lgt) k

which we evaluate (by using |sinkt| < 1) to be O(k~1~%(Igk)P), the boundary contribution from
a being 0(1/k?), hence negligible since a < 1. Thus the required estimate of I o(k) obtains. Estima-
tions of I{(k) and Ij(k) are made in the same way (except that for I (k) we use the bound sinkt < kt
instead of sinkt < 1 in the case a = 0). The evaluation of I is also made in the same way if a > 0.

d g(t) sinkt
(E (—lgt)p) k2

k
If a =0 and p > 1, one has only to note that fol/ llgt|™Pt~1dt = (p — 1) '(Igk)P™L, the integral
on the interval [¢/k, a) being evaluated, by integrating by parts as above, to be O(1/|1gk|P), hence
negligible.

The following argument or its modifications will also be made throughout the paper. For simplicity
we consider f,(k) of the case d = 2. Let w = w(t) be a function on R that is even, smooth, equal to
1 in a neighborhood of the origin and identically zero for |¢t| > 1. Employing (2.1) we write the first

equality in (2.2) in the form

mo(t) - mo(t)

Since (1 — w(t))/my(t) may be regarded as a smooth (differentiable arbitrary times) function on
the torus R/2nZ, the second integral gives a rapidly decreasing function of k. On using the
principal part of 1/7,(t) takes on the form —C/[Ig(—it) — ¢,] (C = 27|Q|*/?) as we shall see in
Section 4. Writing h(t) for the remainder term and further decomposing the first integral above we

find that
2nfo(k) = ————dt - 1- — d
k) L,o i —c, ' LO( WO i =4t

T e_ikt T e—ikt
2nfo(k) = —J w(t) dt — J (1-w(t)) dt (k #0).
—r 0 .

ik

6_ t
dt. (2.8)
0

—f w(t)h(t)e *tdt —f (1- W(t))7T o

The first integral represents the principal part. The second one as well as the last one is rapidly
decreasing. Thus our task is to evaluate the third integral to reasonable accuracy.
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3 The case d=1

3.1. Letd = 1. We use the letter [ (|I| < m) instead of 0 for Fourier parameter. Let R,(t,1) and
R,(t,1) be the functions introduced in the preceding section and define A(t) by

Alt) = ! dl + ! Jn(R (t,1)+Ry(t,1))dl
=—-c= 1<t 5= (&, o8,
2n R\[—7,7) —it+ %Q(Z) 2n -7

so that
(t)= ! foo —dl + A(t)
7'C = .
T 2n ) —ir+ o)
From the formula f ;o (x2+a®)"'dx = /2a valid if Ra > 0 (R designates the real part) we derive
forn=1,2,...
o du A,
, = ) (3.1
w (—lt _|_u2)n ( /_it)Zn—l

where A; = 1,A, = % and in general A, = 27" (2n — 3)(2n —5)---1/(n— 1)!. This with n =1 and
a simple change of variable of integration give

1
- 42 0). 3.2
M) = == tAt)  (t£0) (3.2)

Moreover
A(t):a—zc*+o(|t|(5—1)/2)+o(|t|1/2) (t—>0) if 0<5<2, (3.3)

as will be verified shortly. Here C* is a (real) constant which may be arbitrary if 6 < 1 (since then it
may be absorbed in the first error term); in the case 6 > 1 it is given by

C_*__L+ TeO-1+3Q0 3.4)
o2 o2p? r 2(1—1/)(1))Q(l) ’ .

where the last 1ntegral (understood to be the principal value at 0: see (3.5) below) arises as the
limit as t — 0 of f R,dl (it comes out as a constant in the third case of Lemma if & > 1). This

constant agrees with that defined just before Theorem owing to the identity f 0 (1—cosl)™! -

21_2] dl =[—coty +y_1]§/:20Jr =2/m.

Proof of (3.3). In the expression defining A(t) the first integral defines a smooth function of ¢ which
is of the form ay +a;t +- -+ with ay = —2/(om)?, and we have only to examine the second integral,
of which one observes, using 1| that the contribution of R; to A(t) is O(|t|"/?) (actually of the

form 37(24/2|Q))"1(1 — i sgn t)|t|*2[1 + +0(|¢[° D).

Let 5 < 1. Theny — 1+ %Q = 0(]1|?>*%) and an application of Lemma (the first case) deduces
7T _ (6-1)/2 . . .

that [*_ Rydl = o(¢| ), which implies (3.3).

In the case 6 = 1, we need to verify the convergence of f fﬁ R,dl to ffn R,(0,1)dl as t — 0. To this
end we have only to deal with the first term of the expression (2.5) of R,, for if 6 =1, R, = O(1/1)
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so that the second one is bounded. By symmetry E[sinX1] involved in 1) then can be deleted from
the integrand. Now the dominated convergence theorem concludes that the integral thus modified
converges to the constant

" QP(Z)—1+%Q(1) s X7 cosu—l—l—%u2
f 224 :E[|X| f l—zdu} < 0. (3.5)
—r (GQM) xiz - (5QW)

Combined with the bounds |E[sinX1]| = O(1®) and (1) — (=) = O(1®) this in particular verifies
the existence of the integral in (3.4)).

If 1 <6 <2, then—1+3Q = —ifis1*+o(|[[**?), and follows from ID and Lemma (the
third case). It is readily seen that A(t) = o0 =2C* + 0(4/|t|) if § = 2. Thus |D has been proved.

We write down the estimate (3.3)) in the following form
1

mo(t) N

o —2it+i2C*t+o(|t|(1+5)/z)+O(|t|3/2) (t —0). (3.6)

3.2. Here the asymptotic estimate of f,(k) is obtained. Let 0 < § < 2. It follows that as t — 0,
(d/deY A(t) = o(|t|C V2|t )+ o(|t|7+2) for j=1,2,3. (3.7)

For the proof we have only to consider the second integral of the defining expression of A for
the same reason as noted in the proof of (3.3). By applying Lemma (the first case only) it is
readily obtained that f 9]Rydl = o(|¢|~/*t1/2). Also we evaluate fﬁt]Rldl to be o(|¢|@~V/2|¢|7))
if 0 < & < 2 and O(|t|7*1/2) if § = 2; here one needs to note that if § = 1, the even part of
P —1+ %Q(Z) is 0(1%) and the odd part makes no contribution.

From (3.2) and (3.7) we especially obtain that

() = m@ +o(It?/%) +0(1)). (3.8)
By fo(t) =1—1/my(t) and if n(t) is defined by
. 7'56(1‘.) ic .
folt) = (o (O2 = m+12C + n(t),

we infer from (3.6), (3.7) and (3.8) that for j =0,1,2.,
(d/dt)jn(t) = O(|t|(5_1)/2)|t|—j + O(|t|_j+1/2).

Let w(t) be a smooth cutoff function introduced at the end of Section 2. Then by Fourier inversion
and integration by parts

T

folk) = % fo(t)cosktdt

—T

1 (" ., .sinkt 1 (" ., .sinkt
= —— | fol®) dt=——| w(t)fj()——dt+e(k)
T . k T . k

G Jn w(®) kedt ! fﬂ (t)n(t)sinkt dt + e(k)
= —— sin - w sin &
nk )__ v/=2it rk )_. N

= K;+Ky+e(k) (say).
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Here, as well as in what follows, g(k) denotes any function approaching zero faster than k™" as
k — oo for all N that needs not be the same at each occurrence. On using f;o t~2sintdt = \/7/2

and 1/v—-2it =(1+isgn t)/2\/m,

g = O [ cisinke ()dt = + e (k). (3.9)
= — —w —_—— )
S W T: V2 k\/—

For 0 < 6 < 1, the estimation of K, is carried out as in the proof of Lemma |2.2| and it is found that
Ky, = o((1/ \/_ k)3*%). In the case 1 < § < 2 we perform integration by parts once more and use
n"(t) = o(|¢|(=5+8)/2) to have the desired estimate. Similarly, K, is easily evaluated to be 0(k=5/?)
if & = 2. Thus we have shown

Proposition 3.1. For0<6 <2, as k — 00

1 1 o 1
LONNER (W)* (E) |

3.3. In this subsection Theorem [1.1]is proved when 0 < § < 1. (The case 1 < § < 2 will be treated
in the next subsection.) Recalling f,(t) = m_,(t)/my(t) (x # 0) we introduce

e, (t) :==m_,(t) — mo(t) + alx)
so that o ()
e,(t a“(x
N CREENC)

The integral representation a(x) = (27)~* f_ﬂﬂ(l — )71 = e*D)dl yields

_ 1 i 1 1 ixl 1)dl
=20 _ﬂ(l—eitw(z)_l—wm)(e D

We make the decomposition (27)e,(t) = c,(t) +is,(t), where

" 1 1
c, (t)= J;n (1 EATANGS —1- w(l))(cosxl —1)dl

T 1 1 ,
s, (t) = J_n (1 o) —1C T/)(l)) sinxldl.

Lemma 3.1. There exists a constant C such that |c(l)(t)| < Cx2[t|7*V2 for j = 0,1,2. (Here ¢V
denotes the j-th derivative w.r.t. t.)

fx(t) =

Proof. Writing

e(0) = J (el — 1)1/)(1) cosxl —1 dl (3.10)

—eity(D)  (1—D)
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one applies Lemmatogether with |1 — e'fap| > C71(|t] +[2) to see that |c,(t)| is dominated by

Cx?|t| ffﬂ(ltl +12)71dl < C’x%4/|t|, hence the asserted bound of c,. Differentiating the defining
expression of ¢, we have

" ap(D(cosxI —1)
_x [1=etp(D)]?

which yields the second bound of the lemma similarly to the above. The third one is similar.

c.(t) =ie" dl,

Lemma 3.2. Let0<6 < 1. Then sgcj)(t)/x =o(|t| /%) ast — 0 uniformly in x #0 for j =0,1,2.

Proof. Write

I( ‘_l " sinxldl B 1 T 1 1 sinxldl
=2 Taen T [1—eit1/)(l)_1—e“1/)(—l)} x

_ J [E[sinX1] sin x1 dl 3.11)
B (1—eltp(D)(1 —eltp(=1))  xI '

Putting A(l) = E[sinX1]/I® so that [E[sinX1] = [*A(l) one observes that A(l) is integrable and
then applies the dominated convergence theorem to see thats,(t)/x =1,(t)—I,(0) - 0ast—0
uniformly in x. We also have A(l) = o(JI|®71) and |1 — ef4p(1)| > C~I(|t| + [?) and, employing
Lemma (the first case), obtain s, (t)/x = o(|¢t|%/?). Thus the first estimate of the lemma has been
verified. The other two are readily shown by differentiating the last expression of I,.(t) and applying
the estimates just obtained together with the inequality |1 — e!‘a(1)| > C!|t].

In the case 0 < & < 1 Theorem [1.1] is proved by the same argument as made in the proof of
Proposition [3.1] with the help of it as well as of Lemmas [3.1] and [3.2] The details are omitted.

3.4. We prove Theorem[1.1]in the case 1 < § < 2. We need to make more detailed estimation of ¢,
and s, than we have made above. We continue to suppose x # 0.

Lemma 3.3. Let & = 1. Then uniformly in x # 0, as k — oo
[ rwofin)
7'50( ) k2vk

Proof. Rewrite the expression of c, in (3.10) in the form

¢, (t)/x? = —i2mtmo(t)/o? 4+ ri(t) + ryo(t),

where

B T et =Dy —it cosxl—1 dl
ne 1—ep() 21 —y0)

B T it cosxl—1 1 dl.
2= _,Tl—e“w(z)[ 21—yQ) }

and
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Write (e!t — 1)y — it = (e'* =1 —it)yp —it(1 —1p). Then, using 1 — eifep = (—it + %Q)(l +0(1)),
we deduce that |r{| < C(|t]/|x]) f ;o (1 — cosu)u~2du for some constant C; similarly, by using

11— ey~ = o1t Ale]TTh, (3.12)
we obtain bounds for the j-th derivatives, yielding

ri=0(t/x), r;=0(1/x), r/=0(1/xt), r/"=0(1/xt?).
Also observe that
T cosxl—1+%(xl)2 T ¢—1+%Q

roy = it [

L X2 —et)(1 =) -t e (=) - w)azdl
= O(xt)+0(t), (3.13)

where the first and second terms in the last line represent the corresponding ones in the preceding
o0

line and we have used the integrability fo |cosl —1+ %lzll_“dl < oo for the first integral and ll

for the second (due to the condition 6 = 1), and similarly that

il < Clxl, |ryl<Clx/el,  |ry"| < Clx/¢?].

(Use (3.12) for the first integral; apply Lemma|[2.2]along with & = 1 for the second .) Now it is easy

to see
Cy . 1 o\ . x? ri+r\ .
ekt =— X ) eiktgr = — L2 etkege
g ik o ik o

2 "

b ry+r .

— - # e_lktdt.
kZ TTo

The integrand of the last integral is O(x/+/|t|) and in the same way as in the proof of Lemma
the integral itself is shown to be O(x/v'k). Thus we conclude the assertion of the lemma.

Lemma 3.4. Let 1 <& < 2. Then uniformly in x # 0, as k — oo

™ s (t) X x?
T emikidt =0 ——r | +0[ —= |.
Lno(r)e ‘molkeor ) T ek

Proof. Recalling (3.11) and s, /x =I,(t) —I,.(0) we write s, /x in the form

sic(t) . 4, T F(t,DI*AD) sinxl
=1ie , i .
x e (M=t = e P(=D)A =N —yp(=1)  xl
where A(1) = E[sinX1]/1® (as before) and
F(t,D) =1 =) —p(=D)) — e (1 — e (D)1 — e yp(~D)).

Observing F = 1 — e~ 4+ (1 — e!O)y(Ip(—1) as well as (1) (—1) = 1 — 2E[1 — cosX1] + O(1%),
one obtains the expansion

dl, (3.14)

F=t>+itQ(l) +O(t%1? + |t||1]**®) (3.15)
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and those of the derivatives ag' F; the contribution of the error terms of F in to the integral
above is readily seen to be O(|t|(*%)/2). In the denominator of the integrand in the first
two factors 1 — e'®2p(#£l) and the remaining two 1 — v(£1) may then be replaced by —it + Q(1)/2
and Q(1)/2, respectively, the error caused by the replacement being negligible. We wish further
replace sinxl/xl by 1. The error by this replacement is shown to be O(xt) in the same way as r,
is estimated in the preceding proof but this time using f ;O |sinu — ulu~3du < oo. Finally note that

A() = B3+ 0(]1]°~1). These considerations then lead to
s.(t) 4P f” t2 +itQ(1)
. (it + 1)

provided that 1 < 6 < 2. Here the last error term comes from the replacement of A(l) by 5. If
6 = 2, it may be replaced by O(t) (hence superfluous), as assured by the inequality f E|sinXI —

X1+ 2(XD?||1]7°dl < CE|X|*. Also the factor e'* that exists in (3.14) is replaced by 1 in (3.16),

causing only the error of the magnitude o(|t]*/?).

dl+0(|xt|) + o(|t]?7?), (3.16)

X

Differentiating the last expression of I, in (3.11]), we derive in the same way as above that for t # 0,
s’ (t) T 14
=2y | —————dl+0(Ix]) +o(|t|®~P/2). (3.17)
x (=it + 1)
From the formula (3.1) (with n = 1,2, 3) it follows that for any complex numbers a, f3,
JOO at2+[5tu2d A o d JOO atu2+[5u4d B 1
— S, au = a,f —1 an — ;L au = a,f =
o (it +u?)? o (it +u?)? V—=i2t
where A, g and B, g are certain complex numbers whose values are not important for our present
purpose. A simple computation then deduces from (3.16)), (3.17), (3.2) and (3.8) that

( > ) (0) = a. + (1)
XTCO

with some complex number a, and the remainder term r(t) = O (x v/ Itl) + o(|t|(®~D/2), 50 that

x(t) _1ktd i r(t)e_”“dt -0 Xz Yo L
_ ﬂ'o(t) Tk r o\ k52 ((6+3)/2 )’

where the estimation of the last integral is carried out by estimating the derivatives r’ and r” as
those of the corresponding ones in the preceding proof. The proof of the lemma is complete.

Theorem|[1.1]is now immediate from Lemmas|[3.3]and [3.4 and Proposition

3.5. Here we give a proof of Theorem [1.2] We apply the Fourier inversion formula as before,
but, unlike the proof of Theorem - here we make no use of the decomposition of fx given in 3.3
and rather directly evaluate the Fourier integral in (2.2)). We suppose 0 < § < 3.

We truncate the Fourier integral by a smooth cutoff function w(t) as in 3.2, with the remainder term
(the contribution of 1 — w) being plainly negligible. Here we also truncate the [-integral (i.e., the
integral w.r.t. the variable 1) by w(l) and define

Ae(t) = f Q-we=dl_ 1 foo ( —w)edl ,o fn(R +Ry)we™dl,  (3.18)
= _ 4+ — we S .
1-eltyp() 2nm o —it+3QM) 27 ), ree
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so that

0 1 foo cosxldl A (3.19)
i = - . .
Um0 7

The last integral can be explicitly computed (see (3.28))). The first and second terms on the right
side of (3.18) make only a negligible contribution to f, (k) (for the first one we use Lemma in
Appendix A; see the discussion around (3.26))), so that

fx(k) ! fﬂ W(t)e_iktdt[fo cosxldl +JH(R +Ry)w(1) i’ddl} +ngl, (3.20)
= _— w(l)e ngl, .
T2 ), m® it Q) S s

where the ngl designates the remainder term that is smaller or the same order of magnitude com-
. . . Y :
pared to the required error estimate. From ll one sees that the integral f R we*ld] would be

. n ;
much easier to evaluate than f _nsze”‘ldl (see the remark at the end of the next paragraph), and
we shall concentrate on the latter in what follows.

Let by = 2%{E[X“] if 6 = 2 and b, = 0 otherwise. Decompose

P-1+3Q  (Y-1+3Q° ryY-1+3;Q72
R2 - 1 + 1 + |: 1 i| 25
(—it+5;QM)  (=it+5QM)  L-it+5;Q0)
and write R, =T + U + V, where T = T(t,1), U = U(t,1) are defined by

s 3 4 __R216
T (—ipsl +1b4l w(l) 4 [J’gllw(l) ’ (3.21)
(it +1QW?  (~it+ i)

p o YO 1H QO+ BE bl
(—it+ QM)

and V is the rest. Put TxA(t) = ffn T(t,De™*dl etc., so that

s
f Rywe™!dl = TM(t) + UNt) + VA(¢).
-7

Changing the variable of integration, writing w(l) = w(l/o) and appropriately arranging the terms
we have
) = O —4iBPw(De dl (77 40°byl*(2it +1%) — 831
O (—2it +12)20* (—2it +12)30°

o dl
w(l)e™! — (3.22)

—O0T —O0T

The evaluation of the contribution to f,(k) of the two integrals on the right side will be made by
rather explicit computations as given shortly. For the evaluation of the error term we need some
estimates of U/ (t) and V/\(t). To this end we shall consider only U/ (t), V/*(t) being much easier
to deal with. It is incidentally remarked that the contribution of the leading two terms appearing in
the expression of R; is comparable to the second integral in (3.22)); that of R; defined there is
evaluated to be negligible similarly to V" (t).
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Computation of the error term corresponding to U. We begin with easy estimates of U (t) that lead
to the second assertion of Theorem Put

r()=y()—1+271Q) + B3 — byl*.
Then the j-th derivative r(1) is o(]1|**°~7) if j < 2+ & and it follows from it that
o(Jt]®1-D12)

UNt) = Jn L weldl=—————2 if j<5<j+1. (3.23)
(it +3Q(D)? |xl

(Perform integration by parts j times and apply Lemma [2.1]) We can differentiate w.r.t. t without
any cost, so that
O(|t|—m+(6—1—j)/2)

(d/de)"UL(t) = 7 if j<&6<j+1+2m. (3.24)
X1

Recalling the estimates of the derivatives of 1/, = 1 — f, obtained in 3.2 as well as 1/my(t) =
o+ —=2it+--- , we apply the method used for Lemma to conclude that for j = 0,1, 2,

U? 0 k—l (6-j)/2

J HE )W(t) lktdt—(—.) (G<&6<j+1). (3.25)
mo(t) |x|ﬂr

Note that the formula (3.24)) may become false if & > j + 1; in particular if 1 < § < 2, we must not

to take j = 0 on the right side of (3.25).

In the case 2 < § < 3, the estimate (3.25]) is not satisfactory, being not sharp when x2 = o(k). It
may be natural that the integration by parts is made just once w.r,t. each variables [ and t, which
yields

U2 (t) ikt lO'W(t) m i r(Dw(l) il 1
J mo(t )W(t)e dt_ Vv =2it e r (dl(_iH_%Q(Z))Z)e dl+o(k3/2|x|5—1)'

Here we have repeated the same argument made right above by using (3.24) with j =1,m =1 for
obtaining the error term. The double integral on the right side is evaluated by using Lemmal6.2] (see
Remark in Appendix A)) to yield the error term asserted at the end of Theorem

As for the error estimate o(|x|~27%) of Theorem we are to employ Lemma in Appendix A.
Remember that we have the three expressions of f, (k) given in (2.2). Here we use the last one of
them because of the better estimate of the second formula in Lemmal6.1l The estimate that we need
to verify may accordingly be written as

T UMD : 25

I(x,k):= ———w(t)sinktdt = o(|x]|™°7°). (3.26)
_ To(t)

(Synchronously we must replace e~ by —2isinkt in ll which causes no problem: see a

remark after (3.29).) For the proof of (3.26) suppose 6 > 0 and let m be the non-negative integer

such that m < § < m+1 so that r(1) is differentiable m + 2 times but may not be m + 3 times. Then

performing integration by parts m + 2 times for the integral that defines U} (see || results in

I(x,k)= %J SlnktdtfrE 40 e™*dl + ngl
T i o(0) - (it + 1) ®
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where v; = cjlj rm2=D() (= 0,...,m+2, c; are certain real constants) and the ngl arises by
differentiation of w(l). If v;’s satisfy the condition of Lemmawith v=6-—m+2(and B =2j),
then applications of Lemma [6.1] then will lead to the desired estimate. That this premise holds true
follows from r™+2(1 + k) — rm+2(1) = E[(iX)™2e!X (!X — 1)] = o(|h|") (h — 0) (see Remark in
Appendix A). The case = 0 remains to be considered, but this case is directly treated by integrating
by parts twice for the [-integral and then proceeding as in the proof of Lemma for the t-integral
(here also we need to work not with cos kt but with sinkt).

Derivation of the principal part.  In order to include the case 6 > 2 we need to know a precise
function form corresponding to O(|t|*/?) in the expansion of 1/, given in . This turns out
to be of the form B,(—i2t)*/? (if § > 2), where B, is some constant. We shall present this fact as
Lemma [3.5]at the end of this section. For simplicity we suppose & > 2 and in the expression (3.20)
we substitute the expansion of 1/7, given in Lemma That the contribution of the error term
in is negligible is shown in the same way as before. Also we may replace R; by T defined in
and R, by the sum of the two leading terms on the right side of as discussed above.
Now in the double integral that then comes out we replace two w’s by 1 and extend the range of
integration to the whole real line for both the inner and outer integrals, which results in

1 > : : * : —ikt
filk) = Wf [0\/—21t+12C t—I—B4(—21t)3/2]e ktqe

—00
[ 2cosxl N —4ipB,13 K4l i dl + el (3.27)
X e — +ngl, .
o L2t 2T (2t 12208 o T8
where K denotes the second fraction appearing in (3.22) and L the sum of the two terms from (2.6)
but with Q(1) replaced by 2.

The evaluation of the double integral above is performed by elementary calculus based on the
following formulae: for a > 0 and y > 0,

o0
cos yl T —y /=Tt

dl = e YV Tteat 3.28
f_oo —i2at + [? vV —i2at ( )

and

V2r
Joo ;e—y«/—izare—iktdt _ ﬁe_ayz/% (k > 0), (3.29)
—eo V—12at 0 (k <0).

The latter formula is the Laplace inversion of the well known formula for the resolvent kernel of
the one-dimensional Brownian motion ([2]], p.146 (27)). Since the real and the imaginary parts of
the function in are even and odd, respectively, we can replace e~*! by —2isinkt in all the
formulae given above (and also in below as is easily checked), so that the choice of sin transform
made at causes no problem.

Now, applying (3.28)) and (3.29) successively, we find that for « > 0, k > 0 and y € R\ {0},

) k T el " T lylv=i2at ,—ik
S =5, a) sz e’ tdtf —_ = f ————e WIVri2at =ikt gy
—00 —00 _lzat + 12 —o0 1/_12at
_ T Zne_ayz/Zk
vak ’
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and then on differentiating the two sides of the last equality

0.9) ) o0 i-yldl \/2_
e Tv2an
vV —i2ate ikt dt —————— =-sgnyd,S= —'yle_ayz/Zk, (3.30)
o Coo —12at+1 kvk
o0 0 iyl 2 oy
J ite_iktdtf .e—dlzz—iﬁzsz (1_&) Tv2n e—ayz/Zk’
oo oo 120t +1 2a Y k ) okvak

of which the first and second formulae give the principal term and the polynomial P;, respectively,
in the expansion of f, (k) in Theorem|[1.2] in view of (3.27).

Keeping (3.28) in mind we derive from (3.30) first

) vV —i2te ktdt T _ilevdl = —a 1?0 (sgnya S) =—a Y2sgny d2s
o o —i2at 412 Y Y y
2
y V2T __
= sgny|1l—=F—a e @ /2K,
eny (1-%a) 22
and then
00 00 13 iyldl
o, ikt il"e _ _ ~1/272¢Y _ 4—1/272
f_oo \ —i2te dtf_m Coait2F sgny[ ad,(a ayS) a 8yS]
= son 1_%(14-)/—4&2 7'[—27'Ee_ay2/2k
gny 2k ‘T 22 ) vk ’

and you see that in this last formula evaluates the contribution of +/—2it multiplied by the
second fraction in the square brackets, giving the polynomial P, in the expansion of Theorem (1.2
Those of the remaining terms together yield the term involving J(x, k) apart from some higher order
terms. Computation is made as above by differentiation of the formulae obtained above w.r.t. a,y
(in the last formula the double integral does not allow differentiation by y under the (inner) integral
symbol, so we truncate the integrand by w(l); note that the remainder is a nice smooth function of
a and y that together with derivatives rapidly approaches zero as k,|y| — o0). The further details
are omitted.

The proof of Theorem [1.2]is finished by proving

Lemma 3.5. For some constant By, 1/my(t) = ov/—2it +i2C*t —I—B4(—2it)3/2 + o(|t[2F1/2),

Proof. We can suppose 2 < 6 < 3. Remembering the procedure by which (3.6) is derived we have

only to show
m 3v=2it
f Ry(t,1)dl = Tl +o(|t]*?)

—T

and

f [Rz(t,l) —R,(0, l)] dl = b,Cy/ —2it + o(|t|5~1/?),

—T
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where C is a constant. For the first formula use tl and note that —it/v/—=2it = %\/ —2it and
%tz/ (—2it)3/2 = —%x/ —2it; estimation of the error term is made as before. By observing that

16b,14(itQ — t2)
(—2it +Q)*Q?
16b, it((—2it +Q) — 3t?

— 6—-2
= o Canaqr e,

Ry(t,1) = Ry(0,1) (1+o(l11°72))

the second one is obtained by the same argument as for the first formula.

4 The cased =2

This section consists of three subsections. In the first subsection we evaluate 7,(t) and derive an
asymptotic estimate of f(k). The second one is devoted to the proof of Theorem The proofs of

Theorems and|[1.6]are given in the third one.

4.1. Since (—it + %Q(@))_1 is not integrable on {# € R?} we proceed somewhat differently from
the case d = 1.

Suppose E[|X|?1g" |X|] < co. From (2.3) we deduce as in the case d = 1 that

1 1
() = o LZ _it+%Q(9)d9+c1+A(t), 4.1)
where
f R,(0,0)d0 = — w(e)_1+%Q(e)d9>
C1=—— , = —00
b ) @n) Jp2 (1-4(6))1Q(6)

and A(t) = (2m) 72 [, [R; +R,)(t,0) — Ry(0,0)]d6. We write

2 40t(1 - 1 —141
e ] f ([t +it(1 -y + LI +2Q)+Rl)d0. w
(27—5)2 T2

S(=it+1—)(—it +3Q)(1 — ¢¥)Q
The present moment condition guarantees that ¢; < oo as is verified in the same way as in (3.5]). It

follows that
() = o(It|°"*) + O(t1g]t]). (4.3)

Here the first (second) error term is superfluous if 6 = 2 (respectively if 6 < 2); if & = 1 there
appear the third order monomials of 6 as leading terms in the numerator, but they do not cause
the magnitude of O(|t|!/2) because they are odd; the contribution of R, is O(t 1g|t|), which the first
integrand in also contributes if 6 = 2. For the derivatives we have

A(6) = o(It]°*1) + 0(lg]);

(d/deyY A(t) = o(|t|*T)+0(t|7U7D) (j=2,3) (4.4)

as being shown below. The situation that if 6 > 2, the contribution from R; is dominant (which are
mostly estimated independently of ) remains true for the derivatives. The contributions from the
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other term or its derivatives are evaluated by the first case of Lemma giving the o(-) terms in
(4.4). As for R; the first fraction in is evaluated in the same way. The other fraction causes
the terms involving logarithm but only for the first derivative; indeed its second derivative is of the
form . » _
ry (t) 1+1iry(t) 2(—it +ry(t))
—it+1—v (—it+1—-2)2 (=it+1—1)>

of which the first term is plainly negligible and the other two terms only contribute the estimate
O(1/t), and similarly for the higher order derivatives.

Splitting T2, the range of integration, into two parts by the curve {Q(-) = a} with a constant a > 0
chosen arbitrarily so far as {Q(-) < a} € T?, we obtain

1 o (“? du 1
40 =5 . + ————do,
TZ _lt+§Q(9) |Q| 0 _lt+u {Q>a}ﬂTz _lt+EQ(9)

of which the first integral on the right side equals 1g(—it+a/2)—1g(—it) = —1g(—it)+lg(a/2)+0(t)
so that (271) 2 times the integral on the left side above may be written as — 1g(—it)/ 27|Q|/2 + cy+
1n(t) with the constant ¢, introduced in Section 1 and a smooth function n(t) which vanishes at

t = 0. Thus, with ¢, = 274/|Q| (¢; + ¢,) (also introduced in Section 1) and A(t) = A(t) + n(t),

—lg(—it)+c, =«
ﬁo(t) = W + A(t) (45)
Define h(t) via
1 _ —27T|Q|1/2 i(t) _ _27-5|Q|1/2
mo(t)  lg(—=it) —c, (1 B ”o(t)) T lg(—it) —c, + h(t). (4.6)

Employing ll and li , which are satisfied by A in place of A, we then see that for j =0, 1,2,

dj |t|5/2—j tl—f
qot= O((lgm)Z) +O(lgﬁ) @7

and, proceeding as in the subsection 3.2 (or rather by (2.8)), that

1 [ 2rQY? 1 ("
folk) = — —————cosktdt — — h(t)w(t)cosktdt + (k).
T J_o lg(=it) —c, TJ)_,

On changing the variable of integration the first term on the right side may be written as

|
|Q|1/2eCoJ g Cos(eknde,
which equals 27|Q| /2 e [W(ec°k) — efecok] as is easily deduced from the identity Il (cf. [17]

Appendix). The second term is easily evaluated by integrating by parts (cf. Lemma [2.2) and we can
conclude that if E[X?1g™ |X|] < o0,

£o(k) = 27|Q| M2 e W (e k) + otk + o( ! ) (4.8)
0 k(lgk)? K2lgk
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Without assuming the condition E[X?1g™ |X|] < oo it holds that if

1 1
g(t) = Lsz(t,G)de = Lz |:—it—|— TR R—— %Q(Q)]de’

g(t) =o(lg[t]) and g,(t)=o(1), (4.9)

as t — 0, where g, and g, denote the even and odd parts of g, respectively. In fact the odd part of
the integrand takes on the form

then

it ([2Q(0)) - [1 -y (0)]?)
=it +1—p(0) — it + 1Q(O)P

and an application of Lemma shows the second relation of (4.9); the first one is shown in
the same way. Similarly we obtain g’(t) = o(1/t) and g”(t) = o(1/t2). The integral ;2R1d0 s
negligible in comparison with g. With the term ¢; +A(t) in replaced by (27) 7! f Tz(Rl +R,)do
and with ¢, by 27|Q|*/?c, the functions h(t) and A(t) defined via (4.6) and , respectively, satisfy
(with 6 = 0) for j = 1,2 and A9)(¢t) = o(1/t?) (j > 0); on the other hand, for the even and
odd parts of h(t) we have

h,(t)=o0 (L) and h,(t)= O(

) 4.10
lg|t] ) (10

(glel)?
On using Lemma [2.2] the same argument as above shows (4.8) with the new c..
Thus the asymptotic formula of Theorem [1.3]have been verified for x = 0.

REMARK. The proof of for the case § = 0 given above is essentially the same as that in [[10]]
given to the one dimensional result mentioned in Introduction (the case @ = 1). The imbedded walk
that consists of traces on the horizontal axis of our walk on Z? is a one dimensional walk whose
characteristic function is |Q|*/2|¢|(1 + o(1)) as t — 0 ([[13]]), so that for its hitting time distribution,
fo(k) = m|Q|"?[k(lgk)*]~ (1 + 0(1)) according to Kesten’s result. It may be worth noticing that
this asymptotic form differs from the one for the two dimensional walk itself only by the factor 1/2
and this factor is the same as we might compute as if the successive time intervals spent outside the
horizontal axis were independent not only one another but also of the imbedded walk.

4.2. Define e, (t) as in the case d = 1, namely

ex(t) = m_,(t) = mo(t) +alx)

_ J( r 1 )(eiX'9—1)d9
(2n)? J2 \1—etp(8) 1—1(6) ’

so that f,.(t) = e, (t)/mo(t) + 1 — a*(x)/my(t), and c,(t) and s,(t) analogously to those given in
the subsection 3.3 so that e, = (27)2[c, +is,].

Lemma 4.1. There exists a constant C such that for 0 < |t| < 1/2,

D le@I<Cx®lellglel™ and e ()] < Cx*lglel™,
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(i) [l <Clx|*/It] and [() < Clx|*/|t]?,
(iii) c(t)/i=a(t,x)lg|t|"t +ib(t,x)sgnt

with the functions a and b both even in t and dominated by Cx? (in absolute value).

Proof. From the expression of ¢, corresponding to (3.10) we have

| (t)|<CJ [t|(1 —cosx-6)dO <c 2|t|1 |t|’1 4.11)
Cx = : = X g . .
Y-+ Laodee) T

where for the last inequality we have dominated 1 — cosx - @ by x262 and applied Lemma (the
second case). Thus the first bound of (i) is verified.

Differentiate the defining expression of c, we see that

SN i(cosx -6 —1)do 2R 0 0 — 106
SO | Tari—gor © R Olos 6=

On employing (2.4) and the inequality 1 — cosx - 6 < |x||6]| the second integral is evaluated to be
O(]x|). The first one being evaluated as above, this verifies not only the second bound of (i) but also
(iii). For the proof of (ii) we have only to observe the bound

olze [ Aoeesx 0,y L G
C < D TE————— sS—,
x e (e +62)3 |t]

and a similar one for c;” (t). The proof of Lemma is complete.

Lemma 4.2. Let 0 <6 < 1. Then, as t — 0, uniformly in x #0

I ()] = 0o(|t1°/%), s, ()] = o(|x[[t|®1/2), [s7(0)] = o(|x||¢|®~3/2).

Proof. The proof of the first bound is the same as that of Lemma except that we have |sinx - 6|
dominated by 1 (instead of |x - 8]). For estimation of s; we differentiate the analogue for s, of the
expression of I, given in (3.11)) to see that for any £ > 0,

S0 < C |E[sinX-9]sinx-9|d6+C
R P (RS 2

|9|3+5d9
g (1+0])°

< glx||t|@V/2 +C(¢e)

for some positive constant C(¢) depending on ¢ but not on x nor on t, showing the second bound.
The third one is proved in the same way. The proof of the lemma is complete.

In the second half of the subsection 4.1 it is noticed that the bounds for the derivatives of h/) and
AU)(¢) (j > 0) derived in its first half are valid without assuming E[X?1g|X|] < co. Taking this as
well as (4.10) into account we infer from Lemmas [4.1] and [4.2] the following
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Corollary 4.1. Uniformlyinx €Z,ast —0
7 (6) = =712 ) + o (1672711 + [x[|£]Y2)) + 0 (IxI2 1glel ).

In what follows of this section any estimates are insignificant unless k — 0o, so k is understood large
unless the contrary is explicitly stated.

T 2
c(t) _ip, x
2 miktgr — o —— .

J_ﬁ ()" K2lgk

Proof. Write g(t) for ¢, (t)/my(t). First we verify that

Lemma 4.3.

g'(t)y=a(t,x)+ f)(t,x) (sgn t_)/lg|t|_1 (0< |t <1/2), 4.12)

where both @ and b are even in t and bounded by Cx?. To this end we employ the estimate of h(t) in
together with Lemma (iii) to see that ¢} (t)/mo(t) may be written in the same form as the
right side of . On the other hand, using the estimates 7,(t) = Clg|t|+0(1) and 7 = O(1/t)
as well as the bound of ¢, (t) in Lemma (i), one infers that |cx(t)7r6(t)/n%(t)| < Ccx?/1g|t|7L.
Thus holds true.

Integrating by parts (once / twice), splitting the range of integration at t = +1/k, ¢ and letting
e | 0 with the help of lim,|,[g’(¢) — g'(—&)] = 0, which follows from (4.12)), one obtains

T ) 1 ) .
J g(t)e ktdt = — z[limJ e_lktdg'(t)—l—j g”(t)e_‘ktdt]. (4.13)
—n (k)= L 2o Jooo<an 1/k<|t|<n

The last integral is easily evaluated to be O(x?/lgk) by applying the bounds

Ig” ()] < Cx?/Itl1gltl ™, g7 (0)] < Cx?/t*1glt|™t (0 < |t] <1/2),

which follow from Lemma and the bounds ng )(t) = 0(t™), (j > 1). The limit on the right side
of (4.13) is bounded by

. 2C|1B||. x> Uk odt
/(17K — g'(~1/k)] + f 1 (olde < 20 +cX2kf _2dt_|
lt|<1/k g o lglt]

The integral in the right-most member being O(1/klgk), this concludes the assertion of the lemma.

" Sx(t) _'kt ( |x| )
2 ikt g — 0 .
f_ﬂ ()¢ K2lgk

Proof. We proceed as in the proof of Lemma4.1|starting with a two dimensional analogue of (3.14)
(instead of (3.10)) or with (3.11)) (for derivatives) to see that

Lemma4.4. If1<6<2,

|sin x - 0|

S, (t)] < Cq|t —
Is, ()] < Gyt L+ 0910]
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and similar bounds for the derivatives, which reduce to
sp(t) =0(Ix|tlgle|™"), s(t)=0(|x|/t) and s'(t)=0(x|/t?)

(for 0 < |t| < 1/2). Further employing (3.16) (of which only the term involving itQ is relevant
here) we also deduce (as in the proof of Lemma [4.1] (iii)) that

() —i2E[sinX - 0] ] 646 + 0(Ix|)

S = . . sinx - x

* r2 (L—ep(6))(1 —e'p(-6))Q(6)

= ia(t,x)lg|t|”! + b(t,x)sgnt,

where a and b are even in t and bounded by C|x| (see the proof of (iii) of Lemma . By these
bounds we derive that of the lemma as in the proof of Lemma

Proof of Theorem The case 1 < § < 2 is immediate from the last two lemmas (together with
the result on fy(k) in 4.1). For 0 < 6 < 1, the same argument as made in the proof of Lemma |4.3
deduces from Lemma [4.2] that

U0 g o (4.14)
_ To(t) kB+3)/21gk )’ ‘

which in turn shows the asserted estimate of Theorem[1.3|in view of Lemma [4.3]and the inequality
|x|/vk <1g|x|/1gk (3 < x? < k). The case § = 2 is similarly dealt with. The proof of Theorern
is complete.

4.3. Here we prove Theorems and Recalling (2.1)) we have

1 (7 —2nr|Q|Y? ke
fX(k):EJ (m+h(f))ﬂ?—x(f)el dt,

where h = h(t) is defined via (see the second half of 4.1 in the case E[X?1g" |X|] = 00).We
truncate this integral by w(t) (as in but with t in place of 0). The (1 — w) part is plainly
negligible, so that we may multiply the integrand by w(t). We further truncate the integral defining
7,.(0) by means w(|8|). The (1 —w(|8|) part that accordingly arises equals

1 " w(t) —ikt LW ix0 10 (;)
(2n)® J_ﬂ To(D)° dtJTz1—eif¢(9)e d0=o 2 Fok(gk)? )’ (4.15)

For the proof of this estimate we may replace 1 — e’y by 1 — 1) in the second integrand, the error
being of smaller order. This results in the product of two independent integral, of which the first is
already evaluated in 4.1 and the second is o(|x|~27%) (use a two dimensional analogue of Lemma
(cf.[[14]:Appendix) if § is not integral, otherwise Riemann-Lebesgue lemma disposes).

Let x # 0 and define

27‘C|Q|1/2 00 ekt gt X040
@ )yl —c, Jp —it+1Q(0)
and
— ix-0
re(t) = 2n)? Lz [R1(t,60) +Ry(t,0)]w(|6])e™ ™ db.
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Then, employing (2.3)) and (4.15) together with what is discussed preceding the latter, one deduces
that as |x| A k — oo,

Y

fx(k) = qx(k)‘l‘%f h(t)ﬂj_x(t)w(t)e—iktdt

—T

—_10|1/2 T (Ow(e K de ( 1 )
& f—n lg(—it) —c, +o x2tk(1gk)? : (4.16)

One can write g, (k) in the form

00 —ikt ix-0 00 = o
dt de 1 Ko(|%|vV—=i2t) _.
qx(k)=— ZJ - f ‘ — o] l)e‘”“dt
(2n)? J_o 1g(—it) —c,

. 1 = - —
g it +50% 27 ) o _lgy/—je ot

(K, is the usual modified Bessel function of order 0). The following lemma is proved in [[17].

Lemma 4.5. As kA |x| — o©

Ig(5e%%) -, 2r18k/x%) ( 1 ) for

o2 77 .
q.(k) = k(1g(ek))? k(g k)3 k(g k) X° < i
x lg(%ecofﬂ) 222k 1+ [lg(J?Z/k)]z . .
k(g(e=k))?2 O(w) for 2> k.

For the proof of Theorems|[1.4and[1.5|the two integrals in (4.16]) need to be evaluated and we prove
the following estimates (i) through (iii) valid whenever k A |x| — oo.

() IfE[|X|?1g" |X|] < oo, then

1
|X|k(5+1)/2(1g k)z

H:= J h(t)m_ (Ow(t)e *dt = o(

—T

1
In general, H=o (—)

) for 0<6<2.

|x|k1/21gk
(ii) )
T (Ow(te kede 1
R:= x — K(1-8)/2 1 ¢ - N
f lg(—it) —c, |x|klgk o( )+ b30(1) or 0<5<
(iii)

H o( 1 ) dR o( 1 (b3+1)) if §5=2
= _ an = — =+ — i =2.
|x|k3/21gk kigh \ x| |x/?

Proof of (i) through (iii).  Regarding (1- e“l/))_.leix'e as the inner product of the vector func-
tion (i|x|(1 — e'*4p)) " |x|1x and the gradient of e and noting that v is periodic we apply the
divergence theorem to find

n_(t)= et XY oy (4.18)
- i|x|(2m)? )2 (1 —eltah)? '
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and using this we deduce that 77_,.(t) = O(1/|x||t|*/?) and n ()= 0(1/|x]|t*/?). Combined with
the estimate of h given in (4.7) and (4.10) these yield the bounds of H in (i), in view of Lemma[2.2]

For the proof of (ii) first we see, by using Lernrna that for 6 <1,
re(£) = o([t|®Y72/|x]) and r.(t) = o(|t|®~32/|x]). (4.19)

Next let 6 > 1. Then

Y(0)—1+1Q(6) ‘ b;0(1) + o(1
T et dp = 20D (4.20
(—i2t +Q(0)) |x|
giving the estimate of the essential part of r,(t), so that
re(t) = b30(1/]x|) + o(1/]|x|). (4.21)

The proof of (4.20) may proceed analogously to that of Lemma : split the range T2 by means

of the circle |8| = 1/|x| and apply the divergence theorem twice for the integral on |8]| > 1/|x|, in

which the quantity arising in the last step is dominated by a positive multiple of
1 bs+o0(1) C bs+o0(1) bs+o0(1)
= — 5do<— —393 do=c2 2
X% J1yixi<tol<n | =126 +Q(6)] X* Jyyixi<ioren 161 x|

plus the two boundary integrals that admit the same bound as above. The first formula of (4.19)
does not hold for § > 1 (we have the third case of Lemma [2.1]), but we still have

r(6) = o(1t|®"¥/2/|x]) + bs0(1/|x|V/1¢]) (4.22)

as is readily seen. Now, (ii) follows from (4.19), (4.21) and (4.22) on using Lemma [2.2

For (iii), i.e. in case 6 = 2, first integrate by parts relative to 8, and then proceed as above.

Proof of Theorem In view of (4.16) the assertion is readily deduced from (i), (ii) and Lemma
if one also employs Theorem and the trivial bound f, (k) < p¥(x) (in disposing of the case
x? < k/1gk and of the case x2 > k(Igk), respectively).

Proof of Theorem This follows from (iii) given above and the following lemma.

Lemma 4.6. If r, = v/2e777%/2, then uniformly for |x| > r,, as k — oo

~ —_ 1 1
qro(k’x) - qx(k) - O(kZ(lgk) A |x|41g(|X| + 1))

Proof. This is Lemma 4 of [17].

Proof of Theorem [1.6] Let £2 = x%/n. We derive the formula (1.8) from Theorem if £2 <

1/(1gn)? and from Theorem if £2 > 1/(1gn)?. First let £2 < 1/(lgn)?. Then an elementary
o0

computation shows that 1 — D(e‘n, £2/2) agrees with 21g(|x|/r.) LCO W (u)du within the error of
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magnitude O((Ig&)/(Ign)?), where r, is given in Lemma (see Remark 4 of [17]). Now (1.8)
readily follows from Theorem Next let £2 > 1 and integrate the error term in (1.5)):

g0 1, ( ligep
L (g 0)? dt_oﬂmnfé)'

In view of the results of [[17] (as presented in Appendix (C) of this paper) this combined with
Theorem shows (1.8). A similar argument applies in the case 1/(Ign)? < &2 < 1. The proof of
Theorem [1.6is finished.

5 Thecased >3

This section is divided into three subsections. In the first one we provide some preliminary formulae.
Theorems and [1.8| will be proved in the second and third, respectively. Details of the proofs are
quite similar to that for the case d = 1 and only main steps of the proof will be indicated. Here,
however, we use the fact that

(2n)! f_ﬂ (e kdt = { gk(x) 82 i 8%’ (5.1)

(This holds true in all dimensions d > 1.)

5.1. Letd > 3. Since (1—1))~! is integrable over T¢, it is appropriate to subtract the term (1 —1))~"
from (1 — eif4p)~! and is accordingly convenient to bring in

1 4 1
1-4(8) * 1Q(6)

Ry =Ry(t,0) :=Ry(t,0) -

so that )
1 1 it

1—etp(0) 1—(0) (—it+ 3Q(6))3Q(6) ’

also

1 }nw—ugw 5:3)

1
fe= [é_QJr —it+1-9 | (1-y)(—it+1Q)
For computation of f, (k) we decompose
n_(t) G(=x) n_,(t)—mn_,(0) N ( 1
mo(t) — mo(t) G(0) mo(t)  mp(0)

where the identity G(—x) = n_,.(0) is used. The contribution of the first term on the right side to
f,(k) with x # 0 is —G(—x)fy(k) and that of the second term equals p*(—x)/G(0) (k > 0) owing

to (5.I). Hence putting

) (Tf,x(t) - H,X(O)),

= L o1 1 0 ik g
my (k) = ﬁj—n (no(t) - no(o))(n’_x(t)—n_x( Nw(t)e " dt,
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we have

fe(k) = egp(=x) = G(=x)fo(k) +my (k) + |x|'e(k)  (x #0), 5.4

where the error term is caused by truncation by means of w(t) (e(k) denotes a rapidly decreasing
term as in 3.2). Decomposing —7,(0)/my(t) in a similar way we also have

folk) = e2p*(0) + egmq (k) + £(k). (5.5)

5.2. Here we prove Theorem 1.7} First consider the case d = 3 and suppose 0 < § < 2. Put C° =0
if 6 <1and

1 (Y —14+3Q1 -9 +3Q)
C°= do 5.6
@y f - &0

P)Q]?
if § > 1. Then (27r) 2 ng R4dO =iC°t +0(]t|3+9)/2) 4 0(|¢[3/?). For verification we apply the third

case of Lemmas (with @ = (1 —6)/2) if 6 # 1 and an obvious analogue of (3.5)) if 5 = 1; the
last O-term needs to be given if § = 2 and is superfluous if § < 2. Likewise, (27)™3 fT3 R,dO =

—itG(0) + O(|t[*>?), as required.
For simplicity let 0 < 6 < 2; if 6 = 2 we have only to replace o-terms by the corresponding O-terms.

Then, taking what is obtained right above into account, we make the same manipulation with a
cutoff function w(6) as before and then apply the formula (3.1) with n =1 to find

Vv —i2t

mo(t) = G(0) — W

—iCot +0(Jt|3D/2)  (Cy:=—C° + G(0)). (5.7)

A little inspection assures that the derivative of the error term is o(] t|(6=1/2) hence

T (t) = —iCy + o(|t]|C~1/2); (5.8)

1 l
27|QIV2 V=i2¢
and similarly for 7ty (t), y’(t). Using ey = 1/G(0) as well as (5.7) one infers that

1 1 e2

— () 1= —0

— — i s (1+6)/2
mo(t)  mo(0) V —i2t —i2C;t + o([¢] ) (5.9)

with C; = —2Coed + [(2m)21QI] €.
Using (5.7) together with estimates of the derivatives of 7y(t) one can obtain (also using Lemma
in 5.3) m, (k) = 0(k™>?(|x|; A (k/]x]})) + o(k~>7%/2). (This will be refined in Lemma
below, so details are omitted.) From it in particular follows that

folk) = egp*(0) + o(k270/%) + O(k~>/?). (5.10)

Substitution of these estimates of m, (k) and fy(k) into (5.4) yields the formula (1.10) of Theorem
for d = 3 since in view of (1.9) the leading term of (1.10)) may be written as

e5 PX(0)140(x) + € p*(=x) — €5 G(—x)p*(0).
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In the same way the formula (1.10) for d > 4 follows if we prove that for some constant C,

ifd=4

Clgk (1 «/E)

k3 x|+

C vk 43
—|1IA| — if d>5.
k3 x|+

For the proof one has only to look at the main part of 7, (t) — 7y(0) which is a constant times

te* 0 T Lypd-s cos(|X|r cos a)
md@ =c4t sinada 2it—|—r‘2 W(r)dr—l-tn(t),
Ql/ZTd - 0 0 -

Im, (k)| < (5.11)

where 7)(t) is smooth and the cut-off is made with w(Q/260). It is easy to see that if d = 4,
[(elgle) A/ 1el/IxIDTlel ™ for j=0,1
el A C/Tel/1x ] for j=2,3,

from which one evaluates the integrand of the integral defining m, (k) and its derivatives to obtain
the estimate (5.11)) for d = 4; that for d > 5 is obtained similarly.

3} [m () — 770(0)]‘ < {

5.3. For the proof of Theorem[1.8|we need to find a finer evaluation of m, (k). To this end we make
an exact computation based on the formula

o
—yv/—=2it j—ikt 3, __ Yy 2/2k
e e dt=v2mr- ——e™Y (y >0), (5.12)
J kR 4

—00
which follows from (3.29). The result is formulated in the next lemma. Set
ite*0de

1
H(t,x) = (21)° Jps (—it +2Q(0))2Q(6)

(5.13)

Lemma 5.1. For x €eR® and k > 0,

1 (" . 1 1 ) 72 k
. Vv —i2t H(t, x)w(t)e *tdt = [1 _ e X%/2k (1 — x_)} + Q
TT
—T

QIY2Ix],  (2mk)?/? k x|y

where the first term on the right side is understood to be zero if x = 0.

Proof First we compute (27)3H(t, x), which may be written as

2 (7 4t y
sinada ———cos[|X|rcosa]dr.
0 0

|Q|1/2 —i2t +r?
Applying (3.28) to the inner integral above and then performing the outer integration we find
1 —
_ —/=2it |X|
H(t,x)=———>—|e -1 x#0 (5.14)
(6= 5o (¢ ) x#0)
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and by continuity H(t,0) = —(27|Q|"/?)~'v/—2it. The formula (5.12) as well as (3.9) (and its

cosine companion) is now used to verify that for x # 0,

n 22
J (V28— 1)/ —i2r w(t)e *tdr = % [1 — e Xk (1 - %)} + e(k),

showing the formula of the lemma. For the verification it suffices to see that for y > 0, the integral
fjooo(l —w(t))vV—=i2te ¥V 2ite~ikt gt is O(k™N) for any N, but its absolute value is indeed at most

Cyk™N [1 +yN f;o e YY1 - W(t/Z))dt] , which is O(k™). The proof of Lemma is complete.

The next lemma provides an asymptotic form of m, (k). It follows from (5.2) and (5.13) that

1 )
n_(t) —m_(0) =H(t,x)+ PI5E LS (Ry +Ry)we*?do +n,(t) (5.15)
where w = w(0) :=w(|0]) and
1 (1-w)et =1y ., it (1-w)eix?do
= : 040 )
M(t) (2n)® J;s (1 —eltyp)(1 - w)e " @) Jpe (—it+3Q)3Q

It is readily seen that the contribution of 1,(t) to m, is O(k=>/2|x|7%7%).

Lemma 5.2. Uniformly in x €R3, as k — oo

2 - 1
my(k) = % 1— e %/2 1—x—2) p OBk, 20
* 27|Q|(2mk)3/2| %, k 1Q|1/2(2m)3/2k5/2 x|
vk A x|, T
0 k2+5/2|x|+ lf <L
Vi A x| _5 51 k A x? )
WXOOXL_ 1g(|X| Ve))‘l‘bgO(W) lf].55<2,

where bs is the same as in Theorem 0 (lxl;‘s lg(|x|®1v e)) is bounded and approaches zero faster

than |x|~?1g|x|®~t as |x| — oo (uniformly in k).

Proof. Recall (5.9) as well as (5.15)) and observe that the preceding lemma gives the leading term.
The contribution to m, (k) of —i2C;t involved in (5.9) equals

Gy K . i ¢ 3 |>~C|2 _32 e(k)
— —i2t)H(t e kg =———— [ Z_ 2k 4 2 5.16
oy f_n( i2t)H(t, x)w(t)e Q22 (k 2 )e + L (5.16)

as is readily proved in a similar way to Lemma That of the error term in (5.9) is small enough
to be absorbed into the estimate of the one coming from R,.

It remains to appraise the contribution of the integral in (5.15) that involves Ry +R,. The contribu-
tion of R, turns out to be negligible. This is easily seen if 6 < 1. We verify thatif 6 > 1,

" 1 1 , . kA|x|?
—ikt ~ ix-0 +
_— = w(t)e dt Rywe*Yd0 =0 ———— |,
Lf(no(t) 77:0(0)) (2) Lg ! (k5/2|x|i)
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which is also negligible. Performing the same computation as before with the help of (5.9) and (2.4)
we observe that the case x2 > k is plain and the verification is reduced to verifying

17w g, w(6) ix-6 ( 1 )
— | —e —————e"Yd0 =0 ——— |. 5.17
k2 )__v/—i2t s —it+1—1(0) K5/2) x|, (>-17)

(This one is distinct from other similar integrals: the manner having been practiced above gives rise
to a term involving logarithm.) We can replace the denominator in the inner integral by 1 —e'‘4(0)
and express the resulting double integral in the form

00 s 1
(2n)? Z p"(x)J (el gy,

= _p V12t
Write the integral above as 2v/2n/+vk —n+¢e(k—n) if k —n > 0 and e(n — k) if k —n < 0. Then the
bound (5.17) is deduced by using the estimate of p™(x) as given in (1.13) (with § = 0) (cf. [11]:
Proof of P26.1).
We have to prove that the same double integral as above but with R, replacing R; is appraised with
the error term given in the formula of the lemma. Denote by I, (k) this double integral. Then on
integrating by parts

I(k):i ﬁw(t)e_iktdt ) LI R, |we™?do. (5.18)
TS I o L\mo(8)  7(0))

Note that R4—R; is independent of ¢ and integrable on T3. At first suppose that b; = 0if § > 1. Then
with the help of 3/R, = (Y —1+3Q)x O(|t|+]6]*)">7 for j = 0,1,2,... and ¢ —1+3Q = o(|6**®)
we apply Lemma [2.1] (the first case) to deduce that

J ajR4vT/eix'9d9 = O(t(1+5)/2—j) ( forj - 1, 2,3 if 6 <1 )
t
T3

for j=2,3 if1<6<2and by =0

and

R weixﬂde — O(|t|(1+5)/2)3 |X|;1 X O(|t|6/2) lf o<1
oo t x o(|x|101g(|x|°~ 1 ve)), |x|72 x o(Jt|®~1/2) if 1< <2

(for the latter (with x # 0) the integration by parts in 6 has been applied once if 6 < 1 and twice if
6 > 1 but further application is not allowed in each case; in the cases 6 = 0, 1 split the range of the
integral with the spherical surface |6| = 1/|x| for integrating by parts as in the proof of Lemma [2.2}
also, in the case § > 1, we have used an analogue of Lemma|6.1]of Appendix A (cf. [14]: Appendix)
as well as the fact that the integral defining C° in is absolutely convergent). From these it is

inferred that for 6 <1, I,(k)=o0 ((\/E/\ |x|+)/k2+5/2|x|+) and that for 1 < 6 < 2 with b3 =0,

1V1g|x|f5|__1

Ix(k) = 1572

1-6 2 1 2
XO(|X|+ )(X Sk) and =o m (X Zk),

which together imply the required estimates.
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In order to complete the proof we must deal with the part of the right side of (5.18) that involves
E[(X -0)?] in the case § > 1 with by = 1. Its essential term is

1(" y E[(X - 0)3]W(0)e*"?
J(k):== | +/-i2 ikt g f de;
® kL 2ewl0e Tt | T Ta)ee)1 — @)

the variants of this integral that we must actually compute are treated similarly to it. On further
integrating by parts in 6 (twice) as well as in ¢ this term is evaluated to be O(1/k%?|x|?); on ob-
serving that the inner integral is bounded uniformly for x and ¢ it is also evaluated to be O(1/k%/2).

Hence
)= b kA |x|%r
Jx( )_ 30 k5/2|X|i )

and this completes the proof of Lemma

Proof of Theorem From and the expansion of pX(0) it follows that
folk) = €21l 2(27k) ™2 1+ o(k /%) + 0(1/K) . (5.19)

First consider the case 6 < 2. We have

b L eTX by (% 1 1
S NECE T 1+ﬁp3(ﬁ) ol i@ " JinEe )’ (520
(mlQIY21%)™ = G(=x) = 0(1/1x["*?) + b50(1/|x[*) (5.21)

(cf. [14]). Substitute from (5.19) into the right side of the decomposition (5.4), Lemma and
(5.20), and you find that for x # 0,

_ €o _ G(=x) eolX| by (=X %22k
£k = |Q|1/2(2nk)3/2[(1 0) +zn|Q|1/2k+ﬁP3(ﬁ))e
60 . G(_X) _ —)?2/2]{
+(27r|Q|1/2|fc| G(0) )(1 ¢ )]

1 1 VEA x|y -
to k(3+5)/2/\«/%|x|2+5 to k2+5/2|x|+ (5.22)

(the bottle neck here is the error term in (5.20) for x? < k and that involved in G(—x)fy(k) for
x2 > k). In view of (5.21) the second term inside the big square brackets is at most

[1A (2710 % 0(1x[770) + b30 (ke A x?)/Klx ). (5.23)

In the region |X| < 44/klgk the error terms to f, (k) resulting from ll as well as the one
exhibited as the last term in (5.22]) are all dominated by the first error term in (5.22) (i.e. the one

in (5.20))), hence superfluous and may be deleted: note that for |¥| > 44/klgk, the latter error term

is dominant on the right side of ll hence in (5.22) since f,(k) < p*(—x), so that every other
term is superfluous. Consequently we have the formula of Theorem|[1.8]if § < 2.
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Finally consider the case § = 2. Then both (5.19) and (5.21) hold true. The expansion of p*(—x)
is also true if we add the third term of the Edgeworth expansion, which together with the quantities
evaluated in (5.16) and (5.21) constitute the term involving O(1+x%/k?) in the formula of Theorem
Terms of order at most O(k~5/2|x|~1) are absorbed in this one for the same reason as mentioned
at the end of the last paragraph.

The proof of Theorem [1.8]is complete.

6 Appendices

(A) Leta,f,jand v be real constants and v(l) a continuous function of [ > 0.

Lemma 6.1. Suppose that —f8 <1+4+v <2j—f <2a+ 3 <1+ 2j, or what is the same thing,
20 -2j+p>-3,2j—f—-v>L,v+p>-1,a—-j<—-1 (6.1)
and that 0 < v < 1, v(1) = O(1P*") and for some constant C
v(l+h)—v(D| < CIPRY  whenever 1>h>0. (6.2)

Let a(t) be a differentiable function of t > 0 such that a(t) = O(t%) and a’(t) = O(t*~!). Then there
exists a constant C’ such that for k >0, x €R

1 1 /
[ ) C 2
a(0) cgskt dt .V( ) eixlgy| < y Ig[(x*/k) Vv e]
o sinkt o (—it+12y [x|V+1 1;

if 2a—2j+4 8 > —3, then the logarithmic term above may be replaced by 1.

REMARK. (i) In our application we take a =1/2,2j— =4, j=2,3,4,5,6.

(ii) If B is a positive integer, v has continuous derivatives of order up to and including 8 whose
values at 0 all vanish, and the last derivative v\#) satisfies v{P)(1) = O(|1|"), then |v(I + k) — v(1)| <
ClPt"-1p (1 > h > 0), which is stronger than . It is warned that if B = 0, the condition
v(1) = O(|1]") is not sufficient for (6.2)).

Proof. Let g(t,1) = v(1)/(—it+1?)Y. Suppose that x > 1, which gives rise to no loss of
generality. We consider the critical case 2a — 2j + 3 = —3 only; the other case is easy. Then

2 2
[ laolde [ 1g(e,DIdL < € )7 7/271de = 0(x ™) (since v > 0) and

1 /x 1 /X
f |a(t)|dtj lg(t,D|dl < CJ tat_jdtf I"*Pdl =o(x™). (6.3)
1 0 1 0

/x2 /x2
From the first two inequalities it follows that a > —1, so that sup; /5 [g(¢,1)| is integrable on

(0,1). Since f; . g(t,De*ldl = — fol_n/x g(t, 1+ m/x)e*!dl and since the upper limit of the inner
integrals in (6.3)) may be 27/x instead of 7/x, we have

1 1 1 1-m/x
ZJ a(t)e_iktdtf g(t,Deildl = f a(t)e_iktdtf [g(t,])— g(t, 1+ m/x)]eXldl
1/x? 1/x?

/x /x /x t/x

+0(x™").
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By the hypothesis of the lemma we also have
1BA(x, D) Y T
——— XX~ f [>— 6.
Cict 2y X X or > < (6.4)
—ikt
ikt

glt,D)—g(t,l+n/x)=

where A is uniformly bounded. Up to now e may be replaced by either of coskt or sinkt. We
now evaluate the last double integral with e'** replaced by coskt and sinkt. To this end suppose
x2 > k in below; the case x? < k is easy to deal with. We make decomposition

1/k 1 1 B
P A(x, 1) .
(J +J ){ coskt }dtJ L(J;.)e“ddz:zﬂf (say).
1/x? 1k sinkt /x (=it +12)

From the hypothesis 2a — 2j + = —3 it follows that the inner integral and its derivative are
O(1/t) and O(1/t?), respectively. Then an integration by parts shows that II is bounded, while I is
dominated by a constant multiple of

J'l/k 1| coskt
— . dt
e b sinkt

This completes the proof of the lemma.

- { llg[(xz/k) vel

Lemma concerns the situation that the inner integral in its formula diverges for t = 0. The next
lemma deals with the case when it converges.

Lemma 6.2. Let a be as in Lemma and v satisfy v(1) = O(1P*") as well as the condition (6.1) as
in Lemma [6.1| but with 0 < v < 1. Suppose that —1 < a <0 and x := 3 —2j+1 > 0. Then there
exists a constant C’ such that

1 1
. v(l) , c’ Ig[lx|ve] if k=0
eklde | —————e¥dl| < X . ’
JO a(t)e JO (—it+lz)16 ‘—k1+a(|x|v+K+1) { 1 if x>0.
Proof Let g(t,1)=v(1)/(—it +1?) and k > 1,x > 1 as in the preceding proof. Then

m/x 1 : lgx (k=v=0)
lgldl < C VA2 < ¢ xR x ’ (6.5)
0 0

1 (v+x>0).

and from (6.4)), which is available here also,

1
f g(t,DeiXldl

T/x

lgx  (k=0),

1 (k >0). (6.6)

< Cox VTR x {

a(t)fo1 g(t,Det*!dl|dt. We must still exam-

ine the integral f 11 Ik ae*td¢ f 01 ge*!dl. To this end we integrate by parts w.r.t t. The boundary term
is easily disposed of by (6.5) and . Tt suffices to show that each of

1 1
1 / ixl 1
I=—J la’(t)] J g(t,De™'dl|dt II:—J
k 1/k 0 k
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These together gives the bound of the lemma for fol /

v(l)

lxl
(—ie+ 12y’ a

dt




admits the required bound. The first one is immediate from (6.5) and . For the second one
we see that its inner integral multiplied by |¢| admits the bounds in (6.5) and (6.6)), which gives the
required bound of I1.

(B) Letd >2and tgd) be as in REMARK 8. Then for |x| > r > 0,

Gallxlhr)  Kajpr (x| VZD 42
G}L(r: T') Kd/2_1(r\/ ZA)rl_d/z

E, [exp{-AtD}] = (A>0), (6.7)

where G, denotes the resolvent kernel for the d-dimensional Bessel process and K,, is the usual
modified Bessel function. For d = 3 the Laplace transform is easily inverted to yield the formula
(see (5.12)), which also follows from the one dimensional result since the three dimensional
Bessel process conditioned on its eventually arriving at r is a one-dimensional Brownian motion.

(C) Here we give an asymptotic estimate of P, [t&f) <t]= fot g, (s, x)ds for large t. Put

Joo e v 1
(@)= — lg(l——)dy (> 0),
1 Yy Y

and

1 Y * e p(x?/2t)
A0 = gty [1 ) lg(e%t)} f e @ T gl

so that D(e®n,x?/2n) = A,(t). (The function D(t,a) is defined in Theorem ) The following
result belongs to [[17]], but not explicitly stated there.

Theorem 6.1. Let & = |x|/+/t. Then, uniformly for |x| > r,, as t — 00

(6.8)

1 o(lgi 2<t
Px[tg)s t] =Ax(t)+ X{ (gzg) fOI” X

(Igt)? 0((1g28)*/&?)  for x*>1t.
Proof Immediate from Lemma 6 and Eq (26) of [17].

ReEMARK. (i) It holds that p(a) = O(ale *loga) as a — oo and p(a) = %7‘62 + alga+ O(a) as
al 0.

(i) On using the identities floo e uldu+ fol(e_“ —Du'du = —y and 2y =1g[2/e%r?]
2

0 —u &2/2 —u __ 2

e ) e X . g 4

du=—y—1g(&“/2) - du=y—1g— +l1gle“t)+ — +0(&").
52/2 u 0 u I”o 2

With the help of this we deduce that for x2/t < 1,

_21g<|x|/ro)[1 Y } s™mrt Eglx|+0(EY)

g0 | lgle0) | g0l | (g 0y

A(t)=1
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(iii) Integrating the formula of Theorem 1 of [[17]] leads to

1

21g(]x|/r.) Y = £21g|x|
(2) — _ _ 6
el >t =" [1 g0 Nglen? }+O((lgt)2)

(ro < |x| < +/t), which can be squared with the expression of 1 — A, (t) obtained from (ii). On
equating the error terms O(|lg%§ |/(1gt)®) and O(£21g|x|)/(1gt)?) the latter formula is sharper
than the former if t "*x21g|x| — 0.

(D) Suppose that the period v of the walk S,, is greater than 1. Let d = 2 for simplicity. Then,
because of the irreducibility of the walk, there exists a proper subgroup H C Z? and & € Z? such
that H 4+ j& = H if and only if j = 0 (mod v) and that P[SJ(.) € H+ jé] = 1. Let H be spanned
by hy,hy € Z* and determine A,,2, € R® by the condition A; - h; = 216;;. Then one may write
& = (ayh; + ayh,)/v with some integers a,, &y, so that £ - A; = 2ma; /v (I =1,2) and it holds that
for each j € {1,...,v — 1}, either ja; # 0 (mod v) or ja, # 0 (mod v). This condition implies that
three integers a, a,,v have no common devisor except 1, so that there exists two integers ki, k,
such that k;a; + kyay = 1 (mod v). Putting A = kyA; + kyA,, we have & - A = 27/v (mod 27),
hence x - A = j27/v (mod 2r) if x € H + j& and it follows that Y(6 + 1) = Qp(G)eiZ“/". The rest is
the same as in [[16].
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