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1 Introduction

This paper contains a pathwise differentiability result for the solution (X,(x)),>q of a stochastic dif-
ferential equation (SDE) of the Skorohod type in a smooth bounded domain G C Rd, d > 2, with
normal reflection at the boundary. The process (X,(x)) is driven by a d-dimensional standard Brow-
nian motion and by a drift term, whose coefficients are supposed to be continuously differentiable
and Lipschitz continuous, i.e. existence and uniqueness of the solution are ensured by the results of
Lions and Sznitman in [[18]].

We prove that for every t > 0 the solution X,(x) is differentiable w.r.t. the deterministic initial value
x in every direction v € R? and we give a representation of the derivatives in terms of an ordinary
differential equation. As an easy side result, we provide a Bismut-Elworthy formula for the gradient
of the transition semigroup.

The resulting derivatives evolve according to a simple linear ordinary differential equation, when the
process is away from the boundary, and they have a discontinuity and are projected to the tangent
space, when the process hits the boundary. This evolution becomes rather complicated because of
the structure of the set of times, when the process is at the boundary, which is known to be a.s. a
closed set with zero Lebesgue measure without isolated points. However, this evolution does not give
a complete characterization of the derivative process. Therefore, we establish a system of SDE-like
equations, whose pathwise unique solution is the derivative process in coordinates w.r.t. a moving
frame. This system is similar to the one introduced by Airault in [[1] in order to develop probabilistic
representations for the solutions of linear PDE systems with mixed Dirichlet-Neumann conditions in
a smooth domain in R?. A further similar system appears in Section V.6 in [[13], which deals with the
heat equation for diffusion processes on manifolds with boundary conditions. This situation has also
been considered in a more recent work by Hsu [12]], where similar to [[13] the associated matrix-
valued Feynman-Kac multiplicative functional is constructed which is determined by the curvature
tensor. The multiplicative functional associated with the pathwise derivatives obtained in this paper
is very similar and possibly identical to the multiplicative functional in [[12]]. Nevertheless, the
papers [[1], 12| [13]] deal with PDE systems or the heat equation, respectively, on smooth manifolds
with mixed Neumann-Dirichlet boundary conditions, such that the solutions can be interpreted as
the derivatives for the transition semigroup of the reflected Brownian motion. In this sense, our
result can be considered as a pathwise version of the results in [T}, [12, [13]] with additional drift
term.

In [11] Deuschel and Zambotti proved a pathwise differentiability result w.r.t. the initial data for
diffusion processes in the domain G = [0, 00)?. These results have already been transferred to SDEs
in a convex polyhedron with possibly oblique reflection (see [3]]). The proof of the main result in
[11]] is based on the fact that a Brownian path, which is perturbed by adding a Lipschitz path with
a sufficiently small Lipschitz constant, attains its minimum at the same time as the original path
(see Lemma 1 in [[11]]). This is due to the fact that a Brownian path leaves its minimum faster than
linearly. In [[11]] this is used in order to provide an exact computation of the reflection term in the
difference quotient via Skorohod’s lemma.

Our approach is quite similar: Using localization techniques introduced by Anderson and Orey (cf.
[2]]) we transform the SDE locally into an SDE on a halfspace (cf. Sectionbelow). Then, in order
to compute the local time we need to deal with the pathwise minimum of a continuous martingale
in place of the standard Brownian motion. Since the perturbations are now no longer Lipschitz
continuous, i.e. Lemma 1 in [[I1]] does not apply, and because of the asymptotics of a Brownian
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path around its minimum (cf. Lemma below) one cannot necessarily expect that an analogous
statement to Lemma 1 in [[11]] holds true in this case. Nevertheless, one can show that the minimum
times converge sufficiently fast to obtain differentiability (see Proposition (3.8]).

Another crucial ingredient in the proof is the Lipschitz continuity of the solution w.r.t. the initial
data. This was proven by Burdzy, Chen and Jones in Lemma 3.8 in [6] for the reflected Brownian
motion without drift in planar domains, but the arguments can easily be transferred into our setting
(see Proposition [3.2)). This will give pathwise convergence of the difference quotients along a sub-
sequence. In order to identify the limit, we shall characterize the limit as the unique solution of the
aforementioned SDE-like equation (cf. Section 4 in [[I]]).

A pathwise differentiability result w.r.t. the initial position of a reflected Brownian motion in smooth
domains has also been proven by Burdzy in [4] using excursion theory. The resulting derivative
is characterized as a linear map represented by a multiplicative functional for reflected Brownian
motion, which has been introduced in Theorem 3.2 of [[7]]. In constrast to our main results, the
SDE considered in [4] does not contain a drift term and the differentiability is shown for the trace
process, while we consider the process on the original time-scale. However, we can recover the
term, which is mainly characterizing the derivative in 4], describing the influence of curvature of
JG (cf. Remark[2.7] below).

In a series of papers [20, 21}, 22] Pilipenko studies flow properties for SDEs with reflection and
obtains Sobolev differentiability in the initial value, see [19] for a review of these results. In gen-
eral, pathwise differentiability of diffusions processes w.r.t. the initial condition is a classical topic
in stochastic analysis, see e.g. Theorem 4.6.5 in [[17] for the case without reflection. On the other
hand, reflected Brownian motions have been investigated in several articles, where the question of
coalescence or noncoalescence of the two-point motion of a Brownian flow is of particular inter-
est. For planar convex domains this has been studied by Cranston and Le Jan in [8]] and [9]], for
some classes of non-smooth domains by Burdzy and Chen in [5], and for two-dimensional smooth
domains by Burdzy, Chen and Jones in [|6]]. In higher dimension the case, where the domain is a
sphere, has been considered by Sheu in [24]] while the case of a general multi-dimensional smooth
domain is still an open problem.

The paper is organized as follows: In Section [2] we give the precise setup and some further prelimi-
naries and we present the main results. Section [3]is devoted to the proof of the main results.

2 Main Results and Preliminaries

2.1 General Notation

Throughout the paper we denote by ||.|| the Euclidian norm, by (.,.) the canonical scalar product
and by e = (el,...,e) the standard basis in R?, d > 2. Let G R be a connected closed bounded
domain with C3-smooth boundary and G, its interior and let n(x), x € dG, denote the inner normal
field. For any x € 9G, let

1.(2) =z — (z,n(x))n(x), ze€RY,

denote the orthogonal projection onto the tangent space. The closed ball in R¢ with center x and
radius r will be denoted by B,(x). The transposition of a vector v € R¢ and of a matrix A € R?*4
will be denoted by v* and A*, respectively. The set of continuous real-valued functions on G is
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denoted by C(G). For each k € IN, CX(G) denotes the set of real-valued functions that are k-times
continuously differentiable in G. Furthermore, for f € C'(G) we denote by V the gradient of f and
in the case where f is R%-valued by Df the Jacobi matrix. Finally, A denotes the Laplace differential
operator on C2(G) and D, := (v, V) the directional derivative operator associated with the direction
v € RY. The symbols ¢ and c;, i € IN, will denote constants, whose value may only depend on some
quantities specified in a particular context.

2.2 Skorohod SDE

For any starting point x € G, we consider the following stochastic differential equation of the Sko-
rohod type:

t t

b(X,.(x))dr +w, +J n(X,.(x))dl.(x), t>0,
- 0 2.1
X, (x)eG, dl(x)=0, f I, (X (x))dl(x) =0, t>0,
0

Xt(x):x+f

0

where w is a d-dimensional Brownian motion on a complete probability space (2, %,P) and I(x)
denotes the local time of X(x) in JG, i.e. it starts at zero, it is non-decreasing and it increases only
at those times, when X (x) is at the boundary of G. The components b’ : G — R of b are supposed
to be in C1(G), in particular b is Lipschitz continuous. Then, existence and uniqueness of strong
solutions of are guaranteed by the results in [25] in the case, where G is a convex set, and for
arbitrary smooth G by the results in [[18]. The local time [(x) is carried by the set

C:={s>0: X,(x) € dG}.

We define
r(t) :=sup(CnN[0,t])

with the convention sup® := 0. Then C is known to be a.s. a closed set of zero Lebesgue measure
without isolated points. Note that t — r(t) is constant on each excursion interval of X(x) and is
right-continuous. Moreover, for each t > infC we have X, )(x) € 3G.

2.3 Localization

In order to prove our main results we shall use the localization technique introduced in [2]]. Let
{Uy, Uy, ...} be a countable or finite family of relatively open subsets of G covering G. Every U, is
attached with a coordinate system, i.e. with a mapping u,, : U,, — R, giving each point x € U,, the
coordinates u,(x) = (ul (x),...,ul (x)) such that:

i) Uy € Gy and the corresponding coordinates are the original Euclidian coordinates. If m > 0
the mapping u,, is one to one and twice continuously differentiable and we have

UpNdG={x€Upy:ul(x)=0}, U,NGy={x€Up,: ul(x)>0}

ii) There is a positive constant d, such that for every x € G there exists an index m(x) € IN such
that BdO(X) nGc Um(x)-
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iii) For every m > 0, (Vuin(x), n(x)) = 64; forall x e U,, N 9G.
iv) Forevery m>0and i € {1,...,d}, the functions

bl : Up = R x — (Vi (x), b(x)) + 3 Au, (x),

ofn c U, >R x— Vufn(x),
satisfy

sup sup (|bl,(x)| + [loh,(0)) < oo,

m x€U,

and there exists a constant ¢, not depending on m and i, such that
by, () = b, (NI + oy, () =, <clx=yl,  Vx,y €Up.

Note that these conditions imply n(x) = Vu}n(x) for all x € U,, N dG. Since 9 G is supposed to be
C3, the functions b;'n and O'in are continuously differentiable. We extend the functions b;'n and ofn to
the whole domain G such that they are uniformly bounded and uniformly Lipschitz continuous on
G.

We will now define a sequence of stopping times (7,), in such a way that on each interval [T, T, 1)
the process X(x) and small perturbations of it are confined to one of the coordinate patches U,,.
Fix now an arbitrary T > 0 and any &, € (0,d,) and set dU,, := dU,,\dG if U, N3G # 0 and
dU,, := dU,, if U, C G,. Then, we define the sequence of stopping times (7,), by

To:=0, Topq :=inf{t > 7,: dist(Xt(x),éUme) <Op}AT, €20,
where, for every £ > 0, my := m(X,,(x)) € N such that By (X;,(x)) € Up,. Then 1, € C for every

¢ a.s. The dependence of 7, on x will be suppressed in the notation. Note that by construction
X (x) €Uy, forall t € [1y,7y41) and my # my,, for every £ since 6, < d,. For abbreviation we set

Co:=CN[7yTp1) =1{s €1y, Tp11) : Xi(x) € 9GE

Using Itd’s formula we get for t € [, T/11):

t

tyn, (X (%)) =ty (X, (%)) + J [(Vtty, (X, (x)), X, () + 28wy, (X, (x))] dr

Te

t
+ J Vit (X, () dw, +e* (1,(x) = 1, (x)) (2.2)
T
e t t
=umé(xw(x))+f bmg(xr(x))dwj O, (X () dw, + et (1,() — 1, () .
Te Te
For every { we define a continuous semimartingale (M, ’Z)t by
0 ift [0, Tg),
t t .
M= [ by (X dr+ [ o (X () dw, if t € [T, Ty4a], (2.3)
M;_C[’il if t > To41-

849



Furthermore, we set L,(x) :=1,(x) — l;,(x) if t € [Ty, T¢41), £ = 0, so that

up, (X (D) =ul, Ko, CN+M +L(x),  telr,Ten). (2.4)

By the Girsanov Theorem there exists a probability measure P;(x), which is equivalent to P and
under which M*! is a continuous martingale. The quadratic variation process is given by

t
(M, = f los, X CNNPdr, ¢ €[y, Tep1),
Te

which is strictly increasing in t on [7,,T;,1). We set pf ;= inf{s : [M*!]; > t}. We can apply the
Dambis-Dubins-Schwarz Theorem, in particular its extension in Theorem V.1.7 in [23]], since in our
case the limit lim,_,, [M*], = [M**], oy < 00 exists, to conclude that the process

X0 . arxl x,0 X0 . arx,t x,0
By =M fore<[M¥'], ., BSUi=MEIL forex[MY] (2.5)
is a IP;(x)-Brownian motion w.r.t. the time-changed filtration stopped at time [M*]. .., and we
have M** = B®  forall t € [7,7,,1). In particular, on [, T,4;) the path of M*{ attains a.s.

[Mx’e]t
its minimum at a unique time.

Finally we introduce a moving frame. On each coordinate patch U,, of G we define a mapping x —
0,,(x) taking values in the space of orthogonal matrices, which is twice continuously differentiable,
such that for x € dG N U, the first row of O,,(x) coincides with n(x). Moreover, there exists a
constant ¢, not depending on m such that

10 (x) =0l < cllx=yll,  Vx,y €Up.
Again we extend the functions O,, to the whole domain G such that they are uniformly Lipschitz
continuous on G.

Now we define the moving frame as the right-continuous process (O;)¢e[o,1] by O; := O, (X((x)),
t € [Ty, Ty41), which only jumps at the step times 7,.

We apply It6’s formula locally on each interval [7,, T,, ) to obtain

do,-0; ' =

d
k=

@ (X, () dwf + B(X,(x)) dt + y(X (x)) dl(x), (2.6)
1

for some coefficient functions a;, 8 and y depending on /.

2.4 Main Results

Theorem 2.1. For all t > 0 and x € G a.s. the mapping y — X,(y) is directional differentiable at x,
Le. the limit 1, := n/(x) := D,X,(x) = lim,_,o(X,(x + &v) — X,(x))/€ exists a.s. for every v € R4,
Moreover, there exists a right-continuous modification of mn such that a.s. for all t > 0:

t
n[=v+J Db(X,.(x))-n,dr, if t <infC,
0 . (2.7)

Ne= TCXr(f)(x)(nr(t)—) + f Db(Xr(x)) -mpdr, if t = infC.
r(t)
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Remark 2.2. If x € G, t = 0 is a.s. an accumulation point of C and we have r(t) > 0 a.s. for every
t > 0. Therefore, in that case ny = v and 1, = 7, (v), i.e. there is discontinuity at t = 0.

Remark 2.3. The equation (2.7) does not characterize the derivatives, since it does not admit a
unique solution. Indeed, if the process (1,) solves (2.7), then the process (1 + [,(x))n,, t > 0, also
does. A characterizing equation for the derivatives is given Theorem below.

Note that this result corresponds to that for the domain G = [0,00)? in Theorem 1 in [I1]. The
proof of Theorem|[2.1]as well as the proofs of Theorem [2.5|and Corollary[2.9below are postponed to
Section[3] As soon as pathwise differentiability is established, we can immediately provide a Bismut-
Elworthy formula: Define for all f € C;,(G) the transition semigroup P, f (x) := E[f (X.(x))], x € G,
t > 0, associated with X.

Corollary 2.4. For dll f € C(G), t >0, x € G and v € R? we have:

1 g
DPf(x)=<E {f(xt(x)) Z(HX(X),dwr)] , 2.8)
0 k=1
and if f € CY(G):
D,Pf(x)=E[Vf(X(x)) -n}(x)]. (2.9)
Proof. Formula (2.9) is straightforward from the differentiability statement in Theorem and the
chain rule. For formula (2.8) see the proof of Theorem 2 in [11]]. O

From the representation of the derivatives in it is obvious that (n,), evolves according to a
linear differential equation, when the process X is in the interior of G, and that it is projected to
the tangent space, when X hits the boundary. Furthermore, if X is at the boundary at some time ¢,
and we have r(ty—) # r(ty), i.e. ty is the endpoint of an excursion interval, then also  may have a
discontinuity at t, and jump as follows:

Ney = Tx, (0 (Meg=)- (2.10)

Consequently, we observe that at each time t, as above, 7 is projected to the tangent space and
jumps in direction of n(X, (x)) or —n(X, (x)), respectively. Finally, if X, (x) € G and t — r(t)
is continuous in t = t,, there is also a projection of 7, but since in this case 1, _ is in the tangent
space, the projection has no effect and 7 is continuous at time t,.

Set Y, := O; - 1, t = 0, where O, denotes the moving frame introduced in Section Let P =
diag(e!) and Q =Id —P and

v!=P.v, and Y2=Q-‘Y,

to decompose the space R into the direct sum Im P @Ker P. We define the coefficient functions c(t)
and d(t) to be such that

() 2(t) dl(t) d2(t)
;(cﬁ(t) cﬁ(t)) dw; + (dB(t) d‘*(r))‘“

d
= o (X (x))dwf + [0, - Db(X,(x))- O] + (X, (x))] dt.
k=1
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Furthermore, we set y2(t) := y(X,(x))- Q.

Theorem 2.5. There exists a right-continuous modification of n and Y, respectively, such that Y is
characterized as the unique solution of

Y =g cinec,) (Y +Zf ()Y} +c,f(s)Yf) dwk +J
Ty T
t
+ 11{t>1nfC[} (ZJ
.
t

) 2+ZJ (¥ + e 7) dwy J (6! +d*) V) ds
=1J7

e

(d's) v} +d3(s)v?) ds)

L

ck(s)Y1 +ck(s)Y2) dw +f

(d's) Y} +d3(s)v?) ds)
r(t)

(©)

+f (@2 +7%(9)) v2di(x),

for t € [Ty, Ty41), where
<I>f :=Q-0,-Dn(X(x))- Ot_1 -Q, teC =suppdl(x),

with the initial condition Yflé =P -0y, O;ll_ -Y,,_ and eré =Q- 0y, ~OT_[1 Y.~ for £ =1 as well as
YO1 =P - Op,(x)-vand YO2 =Q: Op,(x)-v for £ =0.

Remark 2.6. Here and in the sequel integrals of the form f :(t) &(s)dw, are understood as follows:
Let H : C([0,00)) — D([0, 00)) be the random map defined by (Hf )(t) := f(t) — f (r(t)). Then,

t

E(s)dw := (HI)(t)
r(t)

where I(t) is the continuous process I(t) = fot E(s)dws.

The equations in Theorem show that on every interval [7,,7;,,) the decomposition of Y is
a decomposition into a discontinuous and continuous part. The discontinuous part Y! becomes
zero whenever X hits the boundary, which corresponds to the projection of 7 to the tangent space
described above. On the other hand, Y, is continuous which shows that only the component of 7 in
normal direction is affected by the projection.

Remark 2.7. Note that for all t € C = suppdl(x),
cI>? :=Q-0;-Dn(X,(x))- 0;1 Q=-Q- 0, 'S(Xt(x))'O;I -Q,

where for every x € dG, S(x) denotes the symmetric linear endomorphism acting on the tangent
space at x, which is known as the shape operator or the Weingarten map, characterized by the
relation S(x)v = —D,n(x) for all v in the tangent space at x. The eigenvalues of S(x) are the
principal curvatures of G at x, and in two dimensions its determinant is the Gaussian curvature.
Hence, the linear term in the equation for the derivatives in [[4]] can be recovered in our results.
However, because of the presence of stochastic integrals in the characterizing equation in Theorem
it is unlikely that the result in [[4] can be directly deduced from this equation.
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Remark 2.8. Define the process (., )¢, taking values in R%*¢, via
N (x) = AM(x)- v, veRY, t>0.

Then, ./ is a multiplicative functional that can possibly be identified with the discontinuous multi-
plicative functional constructed in [12]] (cf. also [[1}[13]]). Indeed, both functionals satisfy the same
Bismut formula, see (2.9) and page 363 in [[12]]. Nevertheless, the evolution equation for the func-
tional in Theorem 3.4 in [[12] is slightly different from the one in Theorem since in [12]] the
geometry of the domain is described in terms of horizontal lifts rather than in terms of a moving
frame as in the present paper, which makes a direct identification difficult.

Finally, we give another confirmation of the results, namely they will imply that the Neumann
condition holds for X.

Corollary 2.9. For all f € C(G) and t > 0, the transition semigroup P,f (x) := E[f(X.(x))], x €G,
satisfies the Neumann condition at d G:

X €3G => Dy P.f(x)=0.

2.5 Example: Processes in the Unit Disc

We end this section by considering the example of the unit disc to illustrate our results. Let the
domain G = B;(0) be the closed unit disc in R?. Then, for x € 3G, the inner normal field is given
by n(x) = —x and the orthogonal projection onto the tangent space by 7,(2) =z — (2, x)x, z € R2.
The Skorohod equation can be written as

t t

b(Xr(x))dr+Wt—J X, (x)dl.(x), t>0,
0

Xt(x)=x+f

0

Xt(x) € G: dlt(x) Z 0: J ]1{||Xt(x)||<1} dlt(x) = 0, t 2 03
0

and the system describing the derivatives becomes

t
nt:v+f Db(X,(x))-n,dr, if t <infC,
0

t

Ne = Nr()- — (nr(t)—,Xr(t)(X»Xr(t)(x) + J Db(Xr(x)) "M dr, if t > infC.
r(t)

In this example a possible choice of the coordinate patches is the following. Let U, := G, be the
interior of the disc and u, be the identity on U,. Further, for some small fixed 6 we set

Up={x=(x»)eG: x! > 5}, Uy :={x=(xx»)eG: xt <-5},

Uy :={x=(x,x*)eG: x*> 5}, Uy:={x=(Lx*)eG: x* < -6},
and

L) = (1= ), m=1,...,4 2 ()= | OO =12

u(x):==-1—x|I?), m=1,...,4, us(x) =

m 2 m arctani—; if m=3, 4.
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Finally, in order to define the moving frame, let O, :=Id and

1 [—x! —x? 1
O, (x) := m (—xz W= 0, (x), m=1,...,4.

Hence, dO, -0, =0 on [1, T44;) if my =0, and otherwise we use Itd’s formula to obtain

X*(x) (o0 1 Xx) (o -1
do,- 07 = ——— dw! + ———— dw?
N T (—1 o) ™ T ixoF (1 o )

th(x) 0o 1)\, th(x) 0 -1),, 1 1 0
+[||Xt(x>||3 (—1 O)b(xt(x)”nxt(xw (1 O)b(xf(x)”m(o 1”‘“’

from which the coefficient functions a;, a, and 8 can be defined accordingly. Note that in any case
y = 0. Furthermore, since n(x) = —x for all x € dG, Dn(x) = —1Id and therefore <I>f =—-Q.

For simplicity we restrict ourselves now to the case b = 0. Then, the system in Theorem can be
rewritten as follows: For t € [7,, T,,;), writing Y, = (ytl,ytz), we get in the case my, = 0 that

t
¥i = pcinfey e, Yi=Yi f y2dly(x),
T

4

and in the case m, # 0 that
t 2 t 1 t
X5 (x) X, (x) 1
1 1 s 2 1 N 2 2 1
v, =1 cing y—l—J—ydW—f—ydw—l— ———y.ds
e e C“( L XGRS T I GIRT T 21X ol
t 2 t 1 t
X5 (x) X, (x) 1
+ Ly >inf f s—yzdwl—f —_y2dw? + ——ylds
fezin C“( ooy IXGCOIRT 77 L IR 77 7 ) 2%, GolP s

£ X2(x) £ x1(x) ‘ 1 ‘
2 2 S 1 1 s 1 2 2 2
yi=y: — —— vy dw +J ——— vy dw +J —_—y ds—f yZdl(x),
L f IXCOIP™ =, IXQOllP™ L 20X Goll* _ )

T¢ [

with initial value Y, as specified in Theorem

3 Proof of the Main Result

3.1 Lipschitz Continuity w.r.t. the Initial Datum

Before adressing the question of differentiability we establish pathwise continuity properties of x —
(X;(x)); w.r.t. the sup-norm topology. For this we will need that the mapping y — [,(y) is bounded.

Lemma 3.1. For every t > 0 we have sup,.cq [;(x) < 00 a.s.
Proof. See Lemma 3.3 in [4]. O

Proposition 3.2. Let T > 0 be arbitrary and let (X,(x)) and (X,(y)), t = 0, be two solutions of (2.1])
for any x,y € G. Then, there exists a positive constant ¢ only depending on T such that

sup 1Xe(0) =X (DIl < llx =yl exp(e(T +17(x) +1r(¥)))  forallx,y €G.
tef0,T
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Note that the Lipschitz continuity in the initial condition, which is stated here, becomes effective
since the Lipschitz constant can be controlled due to the uniform boundedness of I;(x) in x estab-
lished in Lemma

Proof. The case x = y is clear and it suffices to consider the case T < inf{t : X,(x) = X,(y)}.
We shall proceed similarly to Lemma 3.8 in [[6]. Since dG is C2-smooth and G is connected and
compact, there exists a positive constant ¢; < oo such that for all x € dG and all y € G,

{x = y,n(x)) < e llx =yl (3.1)
Let Ty :=0 and for k > 1,

Ty :=inf{t > Ty : 1X.00) = X DI & (31X, , () = Xp, ), 211X, () = X7 I }
AT.

Then, by It6’s formula we obtain for any k > 1 and t € (Tj_1, Tx],

1X: () = X (DI = 1X7,_, () =X, (V)]

B J () - X, (0, () — L))
- r
- 11X, () — X, ()]
CX () = X, (), (X, (x))) J (X.(y) = X,(x),n(X,(y)))
JT“ 1X,- () = X, ()| di(x) + I 1X,.() — X, (| di;(y)

t

Sczf X, (x) =X, (Wl dr 4 ¢; f 1 (x) = X, ()l (d.(x) + d1(¥))

Tr-1 Ti—1

<cs Xy, (x) =X (¥l f (dr +dl,.(x) +dL.(y)),

where we have used (3.1)) and the Lipschitz continuity of b. Hence, for any t € (Tj_1, Tx],
1X: () = X, (¥l

X7, () =Xr_ (DI~

<exp (3 (T = Tpoy + g, () = I, () + 11, () =17, (1)),

< 1+cs (T = Tooy + g, () — Iy, () + 1, () =g, ()

and
[1X () = X (¥l . [1X () = X ()l ﬁ lXT (x)_XT 62l
Ix=yll IXp () = Xr I 7 X7y, G0 =X, ()
k
<[ Texp (s (13- Tjms #1500 = 1y )+ 1 () = 11, (1))
j=1
< exp (3 (Te + I, () + 11, (1)) )
exp (3 (T +1r () +1r(¥))),
which proves the proposition. O
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Remark 3.3. By Proposition [3.2|there exists for every T > 0 a random A7 > 0 such that

60
sup |IX(x) =X, (¥l < > Vy €Bp,(x)NG,
t€[0,T]

with §, as in Section Then, by the definition of 7, we have for such y and for every ¢ that
X(y) €Uy, forall t € [1),Ts41) -

Lemma 3.4. For every t € [0, T] we have that for all x € G the mapping y — 1,(y) is continuous at
x.

Proof. Fix T > 0 and x € G and set

A’t(y) ::f n(Xr(}’))dlr(J’), }’EG: te [0, T]’
0

which defines for each y € G a process of bounded variation on [0, T]. Then, we get immediately
by Proposition 3.2 (2:1) and the Lipschitz property of b that A(y) converges uniformly on [0, T] to
A(x) as y tends to x.

Let now t € [0,T] and { be such that t € [7y,7;1). Then, for all y € B, _(x)N G with Ay as in
Remarkwe have that X,(y),X;(x) € Uy, for all s € [y, t). For such y and s we get

dl(y) — d1,(x) = (Vack, (X,(3)),n(X, () dly () — (Vack, (X, (), (X, () ()
= Varl, (X, () dA(y) — Yk, (X, (x)) d A, (x)
= o} X () dA() - ok (X,()) dA(x).

Hence,

t

Le(y) = 1e(o) =L, (y) = L, (X) + f 0 1, () (d 25 (y) — d 2 (x))

e

t
+ f (o, .0 = o}, (D) da. ).
Te
Using Proposition and the fact that the functions o, are uniformly Lipschitz the last term con-
verges to zero as y tends to x. Recall that A(y) converges uniformly on [7,,t] to A(x) as y tends
to x. Hence, we have that the associated signed measures dA(y) on [7,,t] converge weakly to
dA(x) as y tends to x. Since s — a}n[ (X,(x)) is bounded and continuous on [T, t], the second term
converges to zero as y tends to x. We apply the same argument for I, (y)—[,(x) on [7,_;, T¢] and
by iterating this procedure we obtain the claim. O

We fix now an arbitrary x € G, v € R and T > 0. Then, we set x, := x + ¢v for all ¢ € [a,, b, ]
with a,, <0 and b, > 0 such that x, € G for all ¢ € [a,, b, ]. Furthermore, we define for such ¢ and
t€[0,T],

0 ifte [O,T[),
M (e) =1 [ bL (X, (e ))dr+ [L ol (X,(x.)dw, ifte[ ]
t g):= 7 Cmg T Xe r 7 O-mg r{Xe w, 1 Te> To41ls
M;‘e’fl(s) ift > 7).
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The index x is there to indicate that the stopping times 7, are the same as in the definition of M*"*
that are depending on x and not on ¢. In particular, M*{(¢) is a well-defined object, since the
coefficient functions b} and o} have been extended to the whole domain G. Note that M; t =

Mtx’l (0), t € [0, T]. Finally, we set
AM (e,6") = M (&) =M (e),  te€[0,T], e, € [ay, by,

so that

t t

(b2, G, (e = B, (X, (x))) dr + f (o8, (%, () = o, (X, (x))) dw,,

Ty

AM " (¢,0) = f

e

for t € [1y,7,41) and € € [a,, b, ]. In the next lemma we show that Mf’g(s) is pathwise jointly
continuous in t and «.

Lemma 3.5. Let A1 be as in Remark[3.3] Then, for a.e. € Q the following holds. For every 6, € (0,1)

and 6, € (0, %) there exists a random constant K = K(w, 61, 65, T) such that

‘AM?’Z(E, e)— AM™ (e, e)| <Kle—¢&'|'%1 ¢t —s|27%, Vs,te[0,T], (3.2)

for all e,¢&’ such that x,, x, € Ba,(x)NG. In particular, for every 6 € (0, 1) we have for all such &

’M;"é(e)—Mg‘" <Kle["8,  Vielo,T],

for some random constant K = K(w, 5, T).

Proof. In a first step we use Kolmogorov’s continuity theorem to show the existence of a modification
of (M4 (€)), . satisfying the above estimate and in a second step we show the claim by a continuity
argument.

Step 1: It follows directly from Proposition the uniform Lipschitz continuity of brln and arln and
the Burkholder inequality that for every p > 1 there exists a positive constant ¢; = ¢;(p, T) such that

E HM;f’f(g) ~ MR

p
} <cle—eP,  Vte[0,T], e e lay bl

Moreover, the functions b; and arln are uniformly bounded and again by using Burkholder’s inequal-
ity we get that for every p > 1

E HMf"(g) — Mx(e)

p
} <cylt—sPP2, Vs, te[0,T], ¢ € [ay, by ]

for some constant ¢, = cy(p, T). Next we will show that for every p > 1 there exists a constant
¢3 = c3(p, T) such that

E HAM?’Z(S, g')— AMSX’K(S, g’)

P /1p p/2 /
}chls—el |t —s|P/=, Vs,t €[0,T], €,¢" € [a,, b,].

For the rest of the proof the symbol ¢ denotes a constant whose value may change from one oc-
curence to the other one. Let 0 < s <t < T and ¢,¢’ € [a,,b,]. Recall that both M*{(¢) and
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M*{(¢g") are defined to be constant on [0, T]\[7y,T;41]. Thus, it is enough to consider the case
where [s, t] intersects [T,, Tg41]. Setting §; :=sV 7, and t :=t A T, we have | —§| < |t —s|. By
the definition of M*(¢) and M*{(¢") we have

p]

p} <cE [
t p
+cE |: J~ (O-rln[(Xr(xs))_O-rln[(Xr(xe’)))dWr :| .

By the uniform Lipschitz continuity of b,, and Proposition the first term can be estimated by

E HAM?"Z(S,s’) - AMSX’E(E, e

f (b, (X, (x.)) = B, (X, (o)) dr

clt—slPIE [ sup [1X;(x,) —Xr(ng)ll"} <cle—¢'|P|t —sP.
rels,t]
For the second term we get the following estimate by Burkholder’s inequality, the uniform Lipschitz
continuity of ¢, and again by Proposition
p:|

cE | sup

| rels,]

j (a,ln[(Xr(xg))—a;u(xr(xg,))) dw,

N

[ ; p/2
(J 11X (x,) —Xr(ng)||2dr)

<clt—sPP/*E [ sup ”Xr(xe‘)_Xr(xa’)“p:|

re(s,t]

<cE

<cle —¢'|P |t —s|P/?

and we obtain the desired estimate. We apply now Kolmogorov’s continuity theorem, in particular
the version for double parameter random fields in Theorem 1.4.4 in [[17]], which implies that for
any given 6; € (0,1) and 6, € (O, %) there exists a modification of the random field (M "’l(s))t’,s
satisfying for some random constant K = K(w, 6,84, T).

Step 2: The existence of a modification shown in Step 1 immediately implies that a.s. holds
foralls,t €[0,T]NQ and ¢,¢’ € [a,,b,] N Q. The claim follows if AMtX’K(e, ') — AM™!(e, &) is
pathwise continuous in s and t as well as in ¢ and ¢’. It is enough to show the continuity of M, ’e(s)
in t and €. The continuity in t is obvious and for every ¢ such that x, € B5_(x) N G we get by an
application of It0’s formula as in

M (e) = ul, (X (x.)) —up, (Xz, (x)) = Le(x,),

where the right hand side is continuous in ¢ by Proposition [3.2]and Lemma [3.4 O

3.2 Convergence of Minimum Times

In this section we investigate the behaviour of the local time, when the starting point x of X(x) has
been perturbed by a small €. To that purpose we shall transform the process locally into a process
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on the halfspace as indicated in Section which allows us to use Skorohod’s Lemma to compute
the local time in terms of the time when the continuous martingale M attains its minimum. As a
result we shall obtain that for ¢ tending to zero the minimum time of M* converges almost surely
faster than polynomially to the minimum time of M**.

We fix from now on an arbitrary T > 0. In the following let (A,) be the family of connected
components of [0, T]\C. Then, A, is open and recall that for every ¢ the mapping t — [M*!],
is continuous and increasing on [7,,T,41). Thus, for every n we may choose a random q,, € A,
a follows: Let ¢ be such that infA, € [7y,T,,1), then we choose q, € [T, T;41) NA, such that
[M*], €Q.

In order to compute the local time [(x), recall that on every interval [T, T,,1), £ = 0, [(x) is carried
by the set of times t, when u (X (x)) = 0. Therefore, we can apply Skorohod’s Lemma (see e.g.
Lemma VI.2.1 in [23]]) to equat1on (2.4) to obtain

+
L(x) = [—u,ln[(xn(x)) - mef} L telmTen).

Fix any g, > infC and ¢ such that q, € [7y,T,41) . Since u,lne(Xr(qn)(x)) =0and t — L,(x) is
non-decreasing, we have for all 7, <s < r(q,):

{
My = g, (X, () = L, (6) < =y, (X, () = Ly(x)

= —uy, (X,00) +MS < MR

Moreover, L(x) is constant on [r(q,),t] forall t €A, N [T, Tg41), so that
+
Le(x) = Lyg )(x) = [ b, (X, () - M )} . LA N[TH T (3.3)

Note that M x(e = M ¢ for all s € [1,,q,]. Further, with probability one we have that r(g,) is the
unique time in [7,,q,], when M! attains its minimum. Analogously we compute the local time of
the process with perturbed starting point. For fixed v € R we set x, := x + ¢v, £ € R, where |¢] is
always supposed to be sufficiently small, such that x, lies in G. Furthermore, there exists a random
A, > 0 such that for all € € (—A,, A,) we have X,(x,) € Uy, forall t € [14,q,] (cf. Remark.

As above we obtain for such ¢:
an(xs) = Lrg(qn)(xs) = |: u (Xrg (xa)) M )(8):| 5 (3.4)

where r.(g,,) is defined similarly as r(q,,). In particular, M )(8) <M} l(e)foralls e [T¢,qn]-

Lemma 3.6. For all n we have r.(q,,) — r(q,) a.s. for ¢ = 0.

Proof. Consider some q, and let £ be such that q,, € [7,, Ty41). We fix now a typical w such that
r(q,) is the unique time in [7,,q,], when M %t attains its minimum and such that Lemma holds.
For every sequence (&) converging to zero we can extract a subsequence of (r,,(q,)), still denoted
by (r,,(q,)), converging to some 7(q,). By construction we have

r (q )(gk) M )(gk)
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for every k. Note that on one hand the right hand side converges to Mf(j ) as k — oo by Lemma

On the other hand the left hand side converges to M.’" ., since

()’

x,l gt
M, (q (o) = MG | < (MY (q y(EK) — Mrg (40) ro @)~ Migo]o

+‘M

where the first term tends to zero for k — oo by Lemma 3.5|and the second term by the continuity of
M*t, Thus, M ( ) = M ( o Since r(q,) is unique time in [7,,q,], when M*! attains its minimum,
this implies 7#(q,) = r(q,)- O

Lemma 3.7. Let (W,),>o be a Brownian motion on (2, #,P). Forall T >0, let ¥ : Q — [0, T] be the
random variable such that a.s.
Wy < W, Vs € [0, T]\{0}.
Then,
W, — W
lim inf >1 as, (3.5)

=0 /Is = 9l h(ls - 91)

for every function h on [0, 00) satisfying 0 < h(t) | Oas t | 0 and foro h(t)% < 00 for some ry > 0.

Proof. It suffices to consider the case T = 1. We recall the following path decomposition of a
Brownian motion, proven in [10]. Denoting by (M, M) two independent copies of the standard
Brownian meander (see [23]]), we set for all r € (0,1),

V(1) = _\/?M(l)+\/?M(rT_t), te[0,r]
T -VIMQ) + VT ML), e (n1]

Let now (7, M, M) be an independent triple, such that T has the arcsine law. Then, V; 4 W. This
formula has the following meaning: 7 is the unique time in [0, 1], when the path attains minimum
—+/TM(1). The path starts in zero at time t = 0 and runs backward the path of M on [0, 7] and
then it runs the path of M. Moreover, it was proved in [[14] that the law of the Brownian meander
is absolutely continuous w.r.t. the law of the three-dimensional Bessel process (R;);>o on the time
interval [0, 1] starting in zero. We recall that a.s.

liminf

R >1
040 VER(E)

for every function h satisfying the conditions in the statement (see [[15], p. 164). Since the same
asymptotics hold for the Brownian meander at zero, the claim follows. O

In the next proposition we will apply Lernmato the Brownian motions B** defined in Section
More precisely, Lemma gives that a.s. for every £ and every nonnegative q € Q the following
holds: If ¢ < [M*{], .+, denoting by 1?5 the unique time when B** attains its minimum over [0, q],

B! satisfies the asymptotic behaviour stated in (3.5) at 1.‘}2.
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Proposition 3.8. Let 6 > 0 be arbitrary. Then, for all n we have

|r9(qn) - r(qn)|6
&

—0 a.s. . ase—0.

Proof. First we fix 0 < 6" < 1. By construction we have for every q,, and £ such that q, € [T, T/41)
and for ¢ small enough,

M () < My o (e).

Since Mtx’e(s) = Mtx’e + AMf’e(e,O) for every t € [1y,q,] with AMf’e(e,O) as in Lemma this
can be rewritten as

x,l x,0

Mgy = Mgy S AMG (2,00 =AM (2,0),

which implies

x,0 x,0 x,0 _ x,0
Mg "M ’ AM, ¢, )(&0) AMre(qn)(e’O)‘ , 36
/ g(n#(ﬂ) e E(n)#(n)' *
g — gl 002 ar el S T g9 )
Recall that M*! = BECI;X 0 where B*! is a P;(x)-Brownian motion (see (2.5)) and B! attains its

minimum over [O, [M* f]qn] at time ¢ =[M x’z]r(qn). Note that q,, has been chosen such that

MXZ
[Mx’e]qn € Q. Hence, applying Lemma w1th h(t) = t%/2 it follows that a.s.
(148")/2

b apxl _ pxl _npxt > 1 x,0 _ x,0
M~ Moy = By, "B, 2 2| D) = M g,

(1+689)/2

_1
2

r¢(qn)
f IIG,ln[(Xr(x))llzdr
r(qn)

forall e € (—A,, A,,) for some positive A,,. Since

103, K CONIZ = 1V, (g, GNP = (X g, ) GNP = 1,
we have by Lemma |3.6| possibly after choosing a smaller A, that ||a,1ne (X, (x))||? is bounded away
from zero uniformly in r between r(q,) and r,(q,). Thus,

Xt (1+5")/2
Mrs(qn) - Mr(q y=a |r (qn) — r(qn) |

and we derive from that a.s.

‘AM?"(E, 0) — AM (e, 0)‘
< sup

i /
5,t€[0,T] |t - S|(1_6 )2
SFELt

<K |€|1—5'

€1 |re(qn) -

for some random constant K = K(w, 8’, T), where we have used Lemma Hence, for every & > 0
we have |e|7|r.(q,) — r(qn)|5 < Kj for some random constant K. In particular, since

Ire(gn) — 1(ga)I°
= c - SI<5/2|r¢9(qn)_r(qn)|§/2:

the claim follows by Lemma O
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Corollary 3.9. For any n and let £ be such that q,, € [T, Ty41). Then,

—>0as.ase—0,

i)l

M, (8) = Mg ,(0)

ii) % |lr(qn)(x€) - lrg(qn)(xs)| —0as. ase—0.
Proof. For arbitrary 6 € (0, 1) we have

5 |

() = M7, (&)

|r5(qn)_ r(qn)|2 (qn

‘Mr(q NORS AN Ol TR

¢ Ire(qn) — r(ga)l2 0
l— x,t x,0
e -ra e - M)
B € s,te _
g el
Since
x,0 Xl x4 il ot N
M7 () = M (¢) ’AM (6,0) — AM! (e, o)’ ’Mf — Mx
sup 1 Ssu +SUP—1,
s#t |t —s|27° s#t It —s|270 ot |t—s]30

is a.s bounded by a random constant due to Lemma and due to the fact that M*! is Holder
continuous of order % — 0, we obtain i) from Proposition

ii) follows from i). Indeed, by Proposition [3.2] and Lemma [3.6| we have for ¢ sufficiently small that
Lrg,)(xe) =1 () (xe) = 0 if g, <infC and l,(q )(x,), L1 (q,)(xc) > O if g, > infC. In the first case ii)
is trivial and the latter case we have by (3.4)

|Lrtq(xe) = L (g (Xe)| = \Lr(qﬂ(’fe) = Ly g(x)| = Mf;([r(q (€)= M (&)
- M (@), 3.7)

where we have used the fact that M*(¢) attains its minimum over [1;,q,] at time r.(g,) and its
minimum over [7,,7(q,)] at time r,(r(q,)), respectively. O

3.3 Proof of the Differentiability

The main idea in order to prove the differentiability result is based on a pathwise argument similar
to Step 5 in the proof of Theorem 1 in [11]]. Denote by 1.(¢) := %(Xt(xe) — X, (x)) the difference
quotient, x, = x + v for any fixed vector v € R? and let T > 0 be fixed. Then, the first step is to
prove the following

Proposition 3.10. There exists a set Qy S Q with P[Qq] = 1 such that for every w € Q the following
holds. Let (¢,), = (&,(w)), be any random sequence such that lim,,_,, €, (w) = 0 for every w € Q.
Then, there exists a subsequence (¢,,); with (v;); = (v{(w)); such that for all t € [0, T]\C(w) the limit
of n,(¢) along the subsequence (&,,);, i.e.

llgg T)t(w: Evl(w)(w)) = ﬁt(w’ (gn)) =: ﬁt(w)7
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exists and is measurable. Furthermore, for all w € Qo, (9¢)¢ef0,7]\c Satisfies

t
i, =v+J Db(X,(x)) -7k dr, t € [0,infC),
0 (3.8)

t
ﬁtZﬁr(t)+J Db(Xr(x))-ﬁI:dr, t € [infC, T]\C.
r(t)

We stress here that the typical w is fixed at the beginning, in particular before considering any
sequences or subsequences. At the beginning of the proof of Proposition [3.10|we will choose the set
Qo with full measure. No sequence or subsequence is involved in this choice. The statement of the
Proposition will then follow by completely pathwise arguments, which are purely deterministic and
do not require any other choice of events.

In the next step we extend 7j(w), w € Q,, to a right-continuous trajectory on [0, T]. Then, we prove
that in coordinates of the moving frame introduced in Section 1) solves the evolution equation
appearing in Theorem which is shown to admit a pathwise unique solution.

Finally, we outline how the almost sure directional differentiability can be deduced from this. First

note that 1(¢) converges a.s. if and only if for every component niT(s), i=1,...,d,
hm 1nfnT(e) = limsup nT(s) a.s. 3.9)
e—0

Let now (si’_)v and (st*)v be two random sequences, along which niT(s) converges to its limes
inferior and its limes superior, respectively. We apply Proposition [3.10] to these two sequences and
get two hmltmg objects 7~ and 7", being two trajectories in RY whose i-th components at time
T, nT and nT s c01nc1de with the limes inferior and limes inferior of nT(e) of course. From the
fact that both 7~ and 7" solve an equation having a pathwise unique solution we conclude that

P [ﬁt_ =17/, Vt€[0, T]] =1, which implies ﬁiT’_ = ﬁiT’+ a.s. and we obtain (3.9).

3.3.1 The Limit along a Subsequence

Proof of Proposition[3.10] Let T > O still be fixed. We choose £, € Q with full measure such that
for all w € 9y Lemma holds and Corollary [3.9 holds for all n. Let now w € Qq be fixed. Let
t € [0,T]\C and n be such that t € A,. Using Proposition there exists A, = A,(w) > 0 such
that [, (x) = [, (x,) = 0 if g, < infC and both of them are strictly positive if g, > infC for all
le| € (0,A,). Then,

t

1 1 r¢(qn)
’rlt(g) =nr(qn)(8)+ ;J (b(Xr(xe))_ b(Xr(x))) dr+;f n(Xr(xe))dlr(xe)
r 0

(gn)

1 r(qn)
- ;J n(X,(x.))dl.(x,)

_nr(qn)(s) + ZJ

r(qn)

[f X“ 8)da] n’:(s)dr + Ry (x,), (3.10)
0
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where X ¢ := aX,(x.) + (1 — a)X,(x), a € [0,1], and

re(qn)
Ry (x.):= ;f n(X,.(x.))dl.(x,). (3.11)
r(qa)

Note that if g, < infC we have r(q,) =0, 1, )(¢) =v and R, (x,) = 0. In any case,

Lo (q) (Xe) = Lrg(xe)
£

1e(qn)
IRg, (xe)Il < = f [In(X (x DI dls(x,) —0 ase—0, (3.12)
r

(qn)

by Corollary[3.9] Recall that ||n,(¢)|| < exp(c;(T + L3(x) + l7(x,))) <c forall t € [0,T] and £ # 0
by Proposition [3.2] and Lemma Let (¢,), = (&,(w)), be any random sequence converging to
zero. By a diagonal procedure, we can extract a subsequence (¢,,); with (v;); = (v;(w)); such that

Mr(q,)(€y,) has alimit 7., ) € R? as | — oo for all n € IN.

Let now 7 : [0, T]\C — RY be the unique solution of

t
Ny 1= ﬁr(%)"‘f Db(X,(x))- 1, dr, teA,.
r(qn)

By (3.10) and Proposition [3.2] we get for |¢] € (0,A,) and t €A,

In:(&) = Al <NMreq ) (&) = Argll + IRg, (Il
+ sup [Db(X®) = Db(X,(x))|| exp(e; (T +17(x) + 7 (x,)))

t
+sz n,(e) =0, [l dr.
0

Since 1,(qy(&y,) = Tr(g,)» IIRq,(x ) — 0, x5 X,(x) uniformly in r € [0,t] and since the
derivatives of b are continuous, we obtain by Gronwall’s Lemma that 7,(¢,,) converges to 7, uni-
formly in t € A, for every n. Thus, since C has zero Lebesgue measure, 7,(¢,,) converges to 7, for
all t€[0,T]\C as | — oo and by the dominated convergence theorem we get that (7).(w))c[0,17\c
satisfies (3.8)). Finally, the measurability of 7 is immediate from its construction. O

From now on we will denote by 7 the limiting object constructed in Proposition from any
arbitrary but fixed random sequence (¢,). The next lemma shows that 1), y is in the tangent at

X (q,)(x) for every g,,.

Lemma 3.11. For every q,, > infC,
) (Nr(q,)(€)n(Xpg (X)) = 0as. andin LP, p>1, as € =0,

i) (M, (q)(€)n(X; (q)(Xc))) 2 0as. andin LP, p>1, as € — 0.

Proof. By dominated convergence it suffices to prove convergence almost surely. Let £ be such that
qn € [7¢, Tg41)- Then, clearly X, y(x) € Uy, N JG. Recall that n(X, y(x)) = Vurlne (Xr(q,)(x)), and
by Taylor’s formula we get

1
(Mg (& 1K) GO = = (1, Oy () = 8, (i) (0)) + O(e):
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Note that the term of second order in the Taylor expansion is in O(¢) by Proposition Recall that
ullne (X;(q,)(x)) =0, and combining formula (2.4) and (3.4), we get

urlne(Xr(qn)(xs)) u (Xrl(xe))'i'M )(5)+Lr(qn)(xe) = )(8) M

re(r(q e

r(gqn r(q

for all e € (—A,, A,) for some positive A,. Arguing similarly as in (3.7) we obtain from Corollary
[3.9]1) that
t, (X q) (0e)) — iy, K 0N | _ M5 (&) = M (e

€ o €

—0 as e — 0,

and i) follows. The proof of ii) is rather analogous. For an appropriate A, > 0 we have r,(q,) €
[T¢, Teg1) and [ g y(x) > O for all |¢| € (0,A,). Then, for such ¢ we get again by using Taylor’s
formula and the fact that u}ne X (g (X)) =0

(M1, (0,0 (8)s (X ) (D) =(r, (g, (8), Tt (X (g, (D))
1
T (1 .0 06) = 8, (X (4, (0) ) +OCe)

1 x,l x,l
=3 (Mrg(qn) - Mr(re(qn))) +0(e).

Since M*! attains its minimum over [7,,q,] at time r(g,) and its minimum over [7;,r.(g,)] at time
r(r.(q,)), respectively, we finally get

1 x,l x,l x,l
(1, (q,) (€0, Xy (g (XD = 13 (Mre(qn) =M MG )~ MY )) +0(e)

2 x,l
=Tl (M) = MG, + 0o
which tends to zero again by Corollary[3.9]1). O

So far 7, is not defined for every t € C, only for the left endpoints r(q,) of the excursion intervals.
We will now extend the trajectories of 7j to the set C. To that aim, note that since for every m > 0 the
coordinate mapping u,, is a diffeomorphism, the set {Vufn(x), i =2,...,d} is linear independent
for all x € U, and by construction it is also a basis of the tangent space at x if x € dGNU,,. Let
{n3(x),...,n}(x)} be the Gram-Schmidt orthonormalization of {Vu;'n(x), i=2,...,d} for every
x € Uy, and for every m. Then, n"(x) := {n(x),n5'(x),...,7 (x)} is an ONB of RY for all x €
U, N dG. We define now 7, for t € CN [y, T;41) in the c_oordinates w.r.t. the basis nj"(X,(x)) on
Up, N 9G. For that purpose it is sufficient to define (7., Vu;n[ (X (x))) forie{l,...,d}. We set

. _[a. iftelo,TI\C,
1 =V0 ifrefo,T]nC

and for i = 1,...,d we define the process (I7(t));efo,r] on [0, T] by
t d

IX(t):= Vu:ne(X”(x))-ﬁw+J Vb;nl(Xr(x))-n’; dr+ZJ VUU (X () de if t € [Ty, Tpq1)-
Ty i
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Now we define for t € C N [1,, Tp41)
(16, Vit (X (D)) =(00,n(X(x))) =0 and (A, Vi, (X (x))) :=I}(¢)

fori=2,...,d. Having extended 7 to a trajectory on [0, T] we can define I;(t), t € [0, T], similarly
to I(t) locally on each interval [7,T,;,). Note that I and I; are continuous on each interval
[T, T¢41), in particular they are right-continuous on [0, T], and since C has zero Lebesgue measure,
I’(t)= I;(t) a.s. for every t. Thus, by a continuity argument

P [1;“ =1, on [0, T]] —1. (3.13)

Lemma 3.12. Forevery{ >0,i=1,...,d and p > 2 we have

Te+1
]E f
Te

s 1
f ( f w:‘,f;g(xﬁ"‘”k)da-m(sW)—vG:;zl(xr(x)ym) dw]
0

e

1 p
f Vb:.ne(X;x’evk)da-nr(evk)—Vb:.n[(Xr(x))-'ﬁr dr:| -0 as k — oo,
0

and

p
]E|: sup :|—>O as k — oo,

SE[Te,Ter1)

forevery j=1,...,d, where as before X* := aX,.(x.) + (1 — a)X,(x), a € [0,1].

Proof. By Proposition [3.2]and Lemma [3.1] the first term can be estimated as follows

Te+1
Te
Te+1
<qE |:f
Te

For the second term we get similarly, using Burkholder’s inequality,

E sup
s€lty,Te41)

Te+1 1
<gE J J Vo (XY da-n.(e) = Vo (X.(x))- 7,
T 0

LY ¢

p

1
J Vb, (XY da - n,(e) = Vb, (X,(x)) -7, | dr
0

Te+1
f “nr(‘g)_ﬁr”pdr] .
LY T¢
s 1
f U VU};{Z(X?’S)da-m(S)—Va,l;{f(Xr(X))-ﬁr) dw]
0

p
Te :|
p
dr:|
P Te+1
dr| +csE f In,.(e) — A lPdr | .
Te

. . a,e
Hence both terms converges to zero along (¢,, ) by dominated convergence, since X, o X,(x)

1 p
J Vb;'né(xf"*?)da—v%(xr(x)) dr:| +c,B
0

Te+1 1
<cE J J VO‘Z[(X?’S)d(X—VO';{I(X,.(X))
T 0

L 14

uniformly in r € [0, T], bene and Vo;,]uZ are continuous and n,(¢,, ) converges to 7, uniformly in
r € A, for every n. O

For every i = 1....,d let (F;(t));c[o,r] be the process defined by F;(t) := (ﬁt,Vufm(Xt(x))) if
t € [Ty, Typn)-
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Lemma 3.13. For almost every w the following holds.
i) Forall t € [0,T]

Fi() = (1) = I,(t) if t <infC,,
e T\ L -L(r() ift>infC,

with £ such that t € [Ty, Tyy1).

ii) Foreveryie€{2,...,d} we have forall t € [0, T]
t
Fi(0) = L(0) =V, (Xr, () - s, +f Vb!, (X, (x)) - 1, dr
Te

W (3.14)
+ ZJ Vo (X,(x))- 7, dw],
J=1v7

with £ such that t € [T, Ty41).

In particular, the trajectories of 1) are right-continuous on [0, T].

Proof. i) First note that since I; is continuous on each interval [7,, 7, ;) and t — r(t) is right-
continuous, the paths of .# are also right-continuous on [0, T]. Let t € [0, T] be fixed, £ be such
that t € [7y,741) and Ay > 0 be as in Remark [3.3] Then, ¢t ¢ C a.s. Further, if t < infC, and
le| < A then [, (x) =1;,(x) and [,(x,) = ;,(x,) . So we have by Taylor’s formula and that

—(A 1 ~lim (4 —ut
Fy(t) —(anUmz(Xt(X))) = klingo c (umg(Xt(Xevk)) umz(Xt(x))) ]1{0<|Svk|<AT}

~ lim — (u;[(xw(xevk)) —ul, (Xe, (X)) + f (B2, 06, Cxe, ) = BE, (X, (D)) dr

k—0o0 Svk Ty
d t
+ Zf (o8] 6,0, ) = 01 (X, () ) dw!
j=197 ‘
t 1
:kli—{lgo (vurlné (XT[(X)) : T)Tg(s’vk) + f L Vbrln[(Xr, 1VVk) : T)r(‘gvk) dadr
T¢

d t 1
. Qa,E, .
+Zf J Vol (), (e, dadwl |,
j:]_ Ty 0

where as before X ¢ := aX,(x.) + (1 — a)X,(x), a € [0,1]. On the other hand, if t > infC, we get
F1(0) = (7, Vul, (X, (x)))

t

1
= lim (w}nl(xr(t)(x))-nrm(evkw L Vbl (X, ) m, (e, ) dadr

r(t)

d t 1
; a,Ey ; 1
+>] f fw;g(xr k).nr(svk)dadwﬁ—(lr%(t)(xeyk)—lr(t)(xevk)) :
j=1Jr(t)Jo

Evk
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where the first term and the last term converge to zero by Corollary [3.9ji) and Lemma [3.11] re-
spectively. The remaining terms converge in L2 to the corresponding terms in the definition of I;
by Lemma Hence, we obtain that F;(t) = #(t) a.s. for every t. Since the trajectories of 7j
are continuous on every excursion interval A,,, the paths of F; are right-continuous on every A,, and
have only possibly jumps at the step times 7,. Hence,

P [Fl(t) — % on [0, T]\c] P [(ﬁ,,Vuiné(X,(x)» — % on A, for all n] —1.
Finally, since by definition F; = (7, VuinZ (X.(x))=0=FonCN[1y,T,4q1) for every £, we obtain
IP[Fl — % on [O,T]] —1,

which gives i).

ii) We proceed similarly to i). Leti € {2,...,d} and t € [0,T] be fixed and £ be such that t €
[T, To41)- Then, t € C a.s. and we have by Taylor’s formula and (2.2)

t 1
Fi(t) =(i, Vi, (X, (x))) = lim (Vu:;q(xn(x))-nw(ew)ﬁ J vbL, () -, ey ) dadr
T JO

d prt ol
+ZJ f VO'Z@(X;LSV,{)"T)r({;‘vk)dadw;’; ,
j=1J7,J0

The sequence on the right hand side converges in L? to the right hand side of (3.14) by Lemma
Hence, we obtain that F;(t) = I;(t) = I7(t) a.s. for every t. Since the trajectories of ) are
continuous on every excursion interval A,,, the path of F; are right-continuous on every A,, and we
get

P[F=I;=Ion[0,TI\C] =P [F,

I;=I' on A, for all n} =1
Finally, since by definition F; = (7} , Vuin[ (X.(x)))=Ion CN[7y,Te41), we use (3.13) to obtain
P[F,=I;=Ion[0,T]] =1,

and we obtain ii).

The right-continuity of the trajectories of 7j is now immediate from i) and ii). Indeed, writing 7j, in
the basis n;"(X,(x)), we get that on one hand the basis vectors are continuous in t on [T, T¢4;) and
on the other hand the coordinates are right-continuous in t by i) and ii). O

The extension of 7j on C and Lemma imply that (7, Vurln[ (X (x))) = (M, n(X(x))) =0 for all
t € [Ty, Ty41)NC, i.e. when the process X(x) is at the boundary 7 is at the tangent space, while the
projection of 7j is a continuous process as indicated by (3.14)).

Let now for all x € U,,, m > 0 and n € R?

d
() := Z(n,ﬁZl(X)) . (x), (3.15)

k=2
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so that obviously
7 (n) = m,(n), Vx €dGNU,, VneR.

For later use we prove now uniform convergence of ﬁ;‘f(x )(’r)t(e)) to ﬁ;‘(x)(ﬁt) along the chosen
subsequence. The proof is based on the fact that there are no local time terms appearing in equation
(2.2) for u;né, i=2,...,d. In particular, note that ﬁ;?f(x)(ﬁt) is not the same as Q - O, - 1j,. Later we
will identify that process with Yt2 appearing in Theorem which does depend on the local time.

Both processes do only coincide for t € [1,,T,,1)NC.

Lemma 3.14. Let Ay > 0 be as in Remarksuch that, for every £ > 0, ﬁ;l(x )(ns(e)) is well defined
foralls €[, 7p41) and all 0 < |e| < Ay. Then,

sup
s€[T,Te1)

ﬁ)zz(xsvk)(ns(gvk)) - ﬁ)zz(x)(ﬁs) ]1{0<|5vk|<AT} —0 in Lp: p=2as k — 0.

Proof. Since every function ;" is continuous on U, it suffices by Proposition to show that

sup
s€[Ty,Te41)

ﬁ;?f(x)(ns(é‘vk)) - ﬁ;?f(x)(ﬁs) 11{0<|€Vk|<AT} —0 in LP; p=2as k — oo,

and for this it is enough to prove that for every i € {2,...,d},

sup
SE[T4,Te1)

(Hs(gvk)’ V”fne (XS(X))) - (ﬁS) vuin[ (XS(X)»’ ]l{0<|8vk|<AT} —0 inLP ask — oo.
For || < A we use as before Taylor’s formula and (2.2) to obtain
i Lo i
(my(e), Tt (X)) = (1, (6, 6)) =y, (X)) ) +O(e)

s 1
=Vuin£(XW(x))-m[(s)+f f Vbinl(Xf"E)-nr(s)dadr
Ty 0

d s 1
+ZJ J Voge(Xf"E)-nr(e)dadwi+O(s), (3.16)
j:]_ Ty 0
where again X ¢ := aX,(x,) + (1 — a)X,(x), a € [0,1]. Comparing (3.14) and (3.16)) leads to
) . P
E| s [(m(ed Vi, (KGN = (i, Vit KGN Tociea
s€lty,Te41)

<c, B [ IV, (X, GNP l1n-, () = 7, I

Te+1
+ C1 E f
Te

d
+c Z]E [ sup
j=1

SE[T4,Te41)

p
dr:|

s 1
J U VU;{e(X?’f)da-m(e)—vff:‘,{e(xr(x))-ﬁr) dw]
0

Te

1
J Vb, (XY da () = Vb, (X, () 1,
0

p
} + 0(e).

The claim follows now from Lemma and the fact that n;,(&,,) = 7, O

[4
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3.3.2 A Characterizing Equation for the Derivatives

The next step to prove the differentiability result is to identify the derivative. To that aim we shall
establish a system of SDE-like equations, which admits a unique solution and which is solved by
Y, :=0, -7, t € [0,T], O, denoting the moving frame defined in Section In other words, we
shall show that Y is the unique solution of the system in Theorem

We shall proceed similarly to Section 4 in [[1]] (see also Section V.6 in [[13]), namely we shall derive
an equation for Y,(¢) := O, - n(¢), t € [0,T], which converges in L? to the equation in Theo-
rem However, it is a general principle in the theory of stochastic differential equations that if
pathwise uniqueness holds, then any ‘reasonable’ approximation converges at least in probability to
the solution (see [16]]).

Let the rows of O, be denoted by n]t< = n*(X,(x)), k = 1,...d. Then, we obtain by the chain rule
that for every t

1

d 1
 [BX,(x) ~ bX, ()] =ZJ D,b(X{*) - (n,(e),nk) da = J Db(X*)dar- 0 - Y, (),
k=1J0

0

where again X*° := aX,(x,) + (1 — a)X,(x), @ € [0,1]. By applying Itd’s integration by parts
formula on each interval [7,, 7,,1) we get

dY,(e) =0, -dn.(e) +dO, - n.(¢g)
1 1
=0, - z [b(X,(x.)) = b(X,(x))] dt + O, - z [n(X(x.))dl(x.) = n(X (x))dl(x)]
+dO, -0, - Y,(¢)

1
= {Ot-f Db(X{ )da -0, + (X, (x) | - Yi(e)dt
0

+
k

0, = [ (e DL (x) — (X (DAL (]

(X (x)) - V(&) dwg + (X (x)) - Y (e) dl(x)

d
=1

with coefficient functions a; and 8 and y as in (2.6)). Let P = diag(e') and Q = Id —P and set
Y =P-Y(e) and Y>=Q-Y(e)
to decompose the space R? into the direct sum Im P @& Ker P. We define the coefficients ¢ and d, to
be such that
d 1 2 1 2
¢, (t) ci(t) dwk + d (t) dz(t) dt
2. (cgm o) M o dio

d 1
=Zak(Xt(x))dwf+ {Ot-f Db(X{)da-0;* +[5(Xt(x))] dt.
k=1 0
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As before let t € [0, T]\C and let n and ¢ be such that t € A, N [7, T;;1). Then we choose A >0
as in Remark and such that a.s. [ (x) =1, (x,) = 0 if g, < infC and both of them are strictly
positive if q,, > infC for all 0 < |¢| < A. For such ¢ we get

t

d t
Y = YTlf’g + Z (c;(s) Y1+ c2(s) l/'sz’g) dwk + J (dsl(s) Y1+ d2(s) Y'sz’g) ds, (3.17)
= T

Te
if t <infC, and

t
v [ (donrdon) e | Qoo ane,
r(t) (t)
(3.18)

if t > infC,, where C; := C N [7y,7T¢41) and R(€) := P - O; - Ry (x,) with Ry (x,) as in (3.11).
Moreover, since 1,(€) is continuous in t, the initial value is given by

vle= Y. 4P (0, —0;_) -y _(e)=P-0, 07 Y, _(e)
for £ > 1 and YO’ =P Op,(x)-v.
Next we compute the corresponding equation for Y2¢. For s € [, t] let the rows of O,,  (X(x,))
be denoted by nf(X,(x,)), k = 1,...d. In particular, for k € {2,...,d} we have n*(X,(x)) -

n(X,(x))dl(x) = 0 and n*(X,(x,)) n(X,(x,))dl(x,) = 0. For such k we use again Taylor’s formula
to obtain

n (X () - 2 [n(X(xe)) dl(x,) — n(X(x)) dL, ()]
=2 (X, (x)) - n(X, () dLy(x,)
=1 [(n*(X,(x)) = n* (X (e ))) - n(X, (x,)) dl x|
= —n,(e)* - Dn*(X(x,))" - n(X,(x, ) dly(x,) + O(e)
=n,(e)* - (Dn(X,(x)))" - n* (X, ()" dly(x.) + O(e)
=n*(X(x.)) - Dn(X,(x;)) - ns(e) dly(x.) + O(e)
=n*(X,(x,)) - Dn(X,(x,))- 0; ' - Y;(£) dli(x,) + O(e).
Hence,
Q- 0y 3 [n(X,(x,))dL(x,) — n(X,(x))dL(x)] = &,(5) - V(&) dL(x,) + O(e)
= [®1(s)- Y5 + @2(s) - Y | + O(e),
where
®,(5) := Q- 0y, (X,(x.)) - Dn(X(x.)) - O; 1 and  ®(s) :=®,(s)- B ®2(s) := 2,(s) Q.

Finally, we obtain the following equation for Y >¢:

_Yz‘€ +Z (c,f’(s)Y1 i)Y 8) dwk +J (d ()Y + d4(s)Y2€) ds
t (3.19)
+ f (@i(s)Yf’f +®2(s) Y2 ) dl(x,) + f (' © Y +v7(s) Y>F) di(x) + OCe),
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with y1(s) := y(X,(x)) - P and y?(s) := y(X,(x)) - Q. The initial value is given by
YTZZE = Y'Tzzi +Q . (O’T[ - OTg—) ' T’T[—(g) = Q : OT[ : O»r_ll_ : YT[—(S)
for £ >1 and Yoz’g = Q" Oy, (x) - v.
Setting Y, = O, - 7}, and ?tl =P-Y, f/tz =Q-Y,, t € [0, T], the next step is to prove the following

Proposition 3.15. (?t)te[O,T] solves the equation in Theorem

Obviously, from the second equation in Theorem it follows that Ytz is a continuous semimartin-
gale in t on every interval [7,,7,,,). Hence, the mapping t — an(qn)(x)(ﬁt) is continuous at time
t = r(q,) for every n. To complete the proof of Theorem [2.1|we need to show Proposition and
that the system in Theorem admits a unique solution. First, we prove two preparing lemmas.

Lemma 3.16. For every t € [0, T] and { such that t € [T, Ty41),
) f; ol(s) v dl(x,) > 0in L* as e — 0,
i) f; r'(s) Y, dl(x) = 0in L? as ¢ — 0.

Proof. Since <I>l is uniformly bounded, we get

< C1J |(n,(e), 1 (X)) | L x,)

4

t
f L HOMEINEN
T

4

SCl f )(775(8), n(Xs(xe)») dls(xg) + C1 f |(775(8), nl(Xs(xe)) - nl(Xs(x))>| dls(xe)> (320)
0 Te

where the second term tends to zero by Proposition Let now of := inf{r : [,(x,) = s} be the
left-continuous inverse of [(x, ). For any fixed s > 0 we have a.s. X;(x) & 9 G and by Proposition 3.2]
X;(x.) € 9G if |e] < A, for some positive random A;. Hence, for such ¢, o} is a.s. the left endpoint
of an excursion interval of X(x,). In particular, of = r.(q,) a.s. for some q,, depending on s. Then,

by Lemma i) we get

E U(%g(ﬂ, H(Xag(xg)))‘z ]1{|s|<As}j| =K [| (M, (g8, (X, () (X)) |2 ]1{|g|<AS}:| -0,

as € = 0. Thus, E U(ngse(S), H(Xag(xs)»lz

tends to zero for every s, so we can apply the domi-

nated convergence theorem to obtain that for every positive M

M 2 M 2
E[ f [ (1526, X2 ()| ds]=f EU(TIGSE(E),H(XGSE(XE)))‘ }dseo, as & 0.
0 0

(3.21)
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We show now that also the first term in (3.20) tends to zero. On one hand, we use the change of
variables formula for Stieltjes integrals (see e.g. Proposition 4.9 in Chapter O in [[23]) to obtain for
an arbitrary M > 0

lt(xe)

f |(775(€), n(Xs(xs))>| dls(xs) ]l{lt(xs)SM} = f
0 0

(o2 (£, 1K ()| s T oy

M
< f [ (1026, o ()| s,
0

which converges to zero in L? by (3.2I). On the other hand, using the Cauchy-Schwarz inequality
and Proposition [3.2| we get

1/2

t 2
E [( f |(ns(e), n(X,(x.)) | dzs(xg)) HMWM}] <E [exp(ca(t +1(x) +1(x. )1 (x,)*]
0
x P[1(x,) > M]Y2.

Hence,

e—0

t 2
limsup IE [( f |(ns(e), n(X,(x,))| dzs(xg)) ] < Elexp(cs(1(x) + ) (x)*T/2 P[1,(x) > M]'/2,
0

Finally, we let M tend to infinity and obtain that i) holds. ii) follows by an analogous, simpler
proceeding. Note that the finiteness of the exponential moments of the local time, which is needed
in the final step, can be deduced for instance from (2.4). Indeed, the stochastic integral does have
finite exponential moments and the remaining terms are uniformly bounded. O

So far ®(t) and ®,(t) are only defined on the support of [(x) and I(x,), respectively. For the next
proof we extend them to the whole interval [0, T] by setting

®,(t) :=Q- 0, (X,(x.)) - Dn' (X, (x.))-O; !, &(t):=Q-0,-Dn'(X,(x))-0; ",
if t € [1y, T441) and we define @i(t), <I>§(t) as well as ®'(t) and ®2(t) as before.

Lemma 3.17. For every t € [0, T] and { such that t € [T, Ty41),
) frt[ cpgvk (s) Ysz,svk dls(vak) - f; ®(s) Y2 dl(x) in L? as k — oo,
2,6, . .
ii) f; v2(s)Y, i dl(x) — f; v2(s) Ys2 dl(x) in L? as k — oo.

Proof. Again we only prove i). Recall the definition of 1:[;” in (3.15). By construction we have for
s € [T Ter1),

(I)z(s) ?52 dls(x) = @2(5) ORI /P dls(x) = <I>2(S) Q-0+ nXs(x)(ﬁs)dls(x)
= @2(3) Q-0+ ﬁ)ze(x)(ﬁs)dls(x)-

873



Analogously, setting O] := Op,, (X,(x,)), we have for sufficiently small &
®2(s) Y2¢ dly(x,) ={@%(s)- Q- O - ny(e) + ®2(s)- Q- [0, — OF | - my(e) } dL(x,.)
={82(5)-Q- 0 - I (n,(e)) +®%(5)-Q- [0, = O] - n(e) } dly(xc,).

Hence,

f 2(s) Y2 dly(x,) — #3(s) Y2 d1,(x)

4

:J [433(5) Q- Osg ) X (x )(T)s(f)) 4)2(5) Q-0 X (x)(ﬁs)] dls(xe)

[4
t

t
+J ‘I’g(S)Q I:OS—O:‘:I 'T)s(g)dls(xs)—l_J (1)2(5) Q- O X(x)(ns)(dl (xa) dl (X))
Te Te
The first term converges to zero in L? along &y, for k — oo by Lemma and Proposition The
second term converges also to zero in L? again by Proposition Finally, the third term tends to
zero by the weak convergence of [(x,) to [(x) on [7,,t] and i) is proven. Note that ﬁ;n‘(x)(ﬁs) is
continuous in s on [Ty, t]. O

Proof of Proposztlon- Let t € [0,T] be fixed. Since t & C a.s. we have by Proposition
that Y ¢ and Y converge a.s. to Yt1 and Ytz, respectively, along the chosen subsequence ¢, , and
by the dominated convergence theorem we have also convergence in L2 . Furthermore, the right
hand sides in (3.17)), and converge along ¢,, in L? to the corresponding terms in the
equation describing Y! and Y2. Indeed, Lemma [3.11| gives convergence of Yk o t) to zero and R,(¢)
tends to zero arguing as in (3.12)) and in Corollary|3.9] The convergence of the terms involving the
local times follows from Lemma and Lemma The convergence of the remaining integral
terms is clear. Hence, a.s. Y, satisfies the system in Theorem Since t € [0, T] is arbitrary, by the
right-continuity of the paths we finally get that with probability one this holds for all t € [0, T]. O

It remains to show uniqueness, which is carried out in the next proposition.

Proposition 3.18. The system in Theorem 2.5 admits a pathwise unique solution on [0, T], i.e. if (V,)
and (¥,) are two solutions then Y, = Y, for all t € [0, T] a.s.

Proof. Let (Uy)ce[o,r] be a right-continuous process defined on every interval [7,,7,;;) as the
unique solution of the matrix-valued equation

Ut:Id_J Us - (@%(s) +7*(s)) dL(x),  t €[4, T41)-

[4

Then, introducing the stopping times T, y := inf{s > 7, : max(||Us_1||, lUG) = N}ATpq, N €N,
we have Ty y T 744, a.s. as N tends to infinity. Using integration by parts we get
d
d(U, - Y?) =Z U (GO Y +ci(0) V) dwE+ U, (P07} +d* (D) v2) dt
k=1

+ U (@%(6) +12(£)) Y2 d1o(x) = U, (92(0) + v () Y2 d1, ().
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The last two terms cancel, so we can rewrite the system in Theorem [2.5|as

d t t
Y =1 cinfe,) (Y}e + Z (c;(s) Y +c2(s) Yf) dwk + f (dl(s) Y +d%(s) YSZ) ds)
k=1Y 7 Ty
t

d prt
+ ]l{tszce} (Z (Ci(s) Ysl + ci(s) Ysz) dwf + (dl(s) Ysl + dz(s) YS2) ds)
k=1Jr(t) r(t)

d t
2 _r7—1 2 -1 3 1 4 2 k
v2=u'-v2 Ut f U - (c2$) Y +¢ci(s) V2) dw)
T

t
+U? f U - (d*) Y, +d*(s)V?) ds,
Te

for t € [7y, T¢41) with the initial condition Y1 =P-0; -0 t. Y;,— and Y2 Q-0;,-0, v
for £ > 1 as well as YO1 =P Op,(x)-vand YO2 Q-0 0(x) v for{ =

We shall prove existence and pathwise uniqueness of the solution on every interval [7,,T,.1) by
induction over £. For every interval we shall first show existence and uniqueness of Y on [7;, Ty )

for every N, from which we shall derive existence and uniqueness of Y on [7,, T,;) by taking the
limit N — oo.

Tg—

We proceed as in Lemma 4.3 in [[I[. Let H be the totality of R9-valued adapted processes (¢,),
t € [0,T], whose paths are a.s. cadlag and which satisfy supte[O’T]E[HaptHZ] < 00. On H we
introduce the norm

1/2
el = s[up]E[n«ptu ]

Fix now an arbitrary £. Then, the initial condition Y-, is either uniquely specified in terms of Y _ by
the induction assumption if £ > 0 or it is given by YO if £ = 0. For any ¢ € H we define the process
I(p) by

t

d t
1(9); =Wy cintc,) (Y}Z +Z (cx(s) ) +ci(s)9?) dwk +J (d'(s) o] +d*(s)¢?) ds)
k=1Y 7 Ty
t

d t
+ Lyi>infcy (Z (ci(s) @l +c2(s) (ps) dw + (dl(S) @l +d*(s) 9052) ds)
1J7(8) r(t)

I(c,o)2 U_1 Y2+U_ ZJ U - (ci(s)(ps+cg(s)tps)dw

t
+ Ut_1 f U - (dS(s) . (,081 + d4(s) cpf) ds,
T

14

if t € [ty,Tyn)and I(p), =0if t € [0, T]\[7y, Ty 5 ). By definition of T, y, we have for fixed N that
all the coefficient functions are uniformly bounded in t € [7,, T, y]. Hence, one can easily verify
that

E [l1(o)?] <o {1+ [ B o] dr} SCZ{H sup E[u%nz]},
0

s€[0,T]
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where the constants only depend on N and T and not on ¢ and t. This proves that I(¢) € H for
every ¢ € H. Similarly, one can show that for any ¢, € H,

E [I11(p)e = I().II?] chf E [llgs = llP] ds < ¢y sup E[llo, —l1°],
0

s€[0,T]
and hence,
I1(e) = I(Y)llg < clle —Ylly-

For every N, existence and uniqueness of Y on [7,, T; y) follow now by standard arguments via
Picard-iteration, the details are omitted. Since T,y T 7,41 a.s. as N — oo we get existence of Y on
[T¢, Te41). Moreover, for any two solutions (Y,) and (Y,) we have for every £ and every N

E IV, = Y P Ugeere | S sup B IV = VilPlysee, 1, | =0.
s€[0,T]

By taking the limit N — oo we obtain IE [Il?t - YtIIZH{tG[%Tm)}] = 0 for every ¢, so that
E[II7, - Y,I1*] = > B [I¥, - VP Ygere, v ] =0,
¢

and therefore Y, = Y, a.s. for all t € [0, T]. The claim follows by the right-continuity of the trajecto-
ries. O

Let Q2 be the subset of Q constructed in Proposition Combining Proposition [3.10} Proposition
and Proposition gives immediately

Corollary 3.19. Fix w € . Let (851))V, (8&2)% two random sequences converging to zero. There exist
subsequences (eg))l such that Yt(sg)) has a limit ?t(l) asl — oo for all t € [0, T]\C. Moreover, the

paths of YO can be extended to right-continuous trajectories on [0, T], so that ?t(i) is a solution to the
equation in Theorem Therefore,

P [?}” =7®, veelo, T]] ~1.

Proof of Theorem [2.1]and Theorem [2.5] It remains to show that n1(&) converges a.s. as ¢ tends to
zero or equivalently that Y (&) = O; - n¢(€) converges a.s.

With a slight abuse of notation we denote by YTi(e), i €{1,...,d}, the components of Y;(¢) € RY.
Then, it is enough to show that for every i € {1,...,d}

YTi’_ = ligliglfYTi(s) = lir?j(l)lp YTi(s) =: YTi’Jr a.s. (3.22)
Fix an arbitrary i € {1,...,d}. Let now (&), be a random sequence converging to zero such that
lim, _,, Yi(e) = Y;*. By Proposition there exists a subsequence 8;'; such that YT(ejl) has a
limit Y as [ — oo for every w € Q. In particular, the i-th component of Y, is equal to Y;;’Jr.
Al_lalogously, we choose a random sequence (¢,), converging to zero such that lim,_,, Y}(sy_ )=
Y. Then, there exists a subsequence £, such that YT(S;Z ) converges to Y as [ — oo and Y~ is
the i-th component of Y.
Corollary|3.19|implies YTJr =Y, a.s., in particular Y;;’Jr = YTi’_ a.s., and since i is arbitrary, we obtain
that (3.22) holds for every i. Hence, n1(&) converges a.s.
Finally, since also T > 0 is arbitrary, Theorem [2.1] and Theorem [2.5] follow. O
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3.4 The Neumann Condition

In this final section we prove the Neumann condition stated in Corollary[2.9] Let x € dG. By a den-
sity argument it is sufficient to consider bounded functions f, which are continuously differentiable
and have bounded derivatives. Then, for each t > 0 we obtain by dominated convergence and the
chain rule:

DyxyPef (x) =E I:vf(Xt(x))Dn(x)Xt(x):I .

Thus, it suffices to show D, X,(x) = 0 for all t € [0,T] for some arbitrary fixed T, which is
equivalent to Y, = O for all t € [0,T], where Y, = O, - 0/ with v = n(x). Again we shall prove
this separately on every interval [1,, T,,1) by an induction argument over £. We shall use the same
notation as in Proposition [3.18] For ¢ € [0, 7,) Y, satisfies

d t .
g :ZJ (Y +e7) dwy + f (d') V1 + () v2) ds
k=1Jr(t) ()

d t t
Yt2 :Ut_1 ZJ U - (c,z’(s) YS1 + c:(s) YSZ) dwf + Ut_1 f U - (ds(s)Ys1 +d*(s) YSZ) ds.
k=170 0

Note that infC = 0 and YO2 = Q" Op,(x) - n(x) = 0. Setting YtN := Yiar,, and Ytl’N =P- YtN,
Y2 = QYN as well as M, := Zzzl fot (ci(s)Ys1 +c£(s)Ysz) dwk for t € [0, T], we obtain by

t

Doob’s inequality for every N that

2,N
Yt

]E[ sup ||YKN||2] <E sup

te[0,T] t€[0,Ty ]

T
<E | sup ]HM':_MT(L')H2:| +61J E[ sup HYrNHZ} ds
0 r

te[0,Ton

T
<2E |: sup ”Msz] +C1J E |: sup HYrNHZ} ds
0 re(0,s

t€[0,To ]

T
<c f E [ sup HYrNHz} s,
0 ref0,s]

which implies by Gronwall’s Lemma that Y¥ = 0 for all ¢t € [0, T] a.s. We let N tend to infinity to
obtain that Y, = 0 for all t € [0, 7;) a.s. Similarly one obtains Y, = 0 on [7,, T/,) for an arbitrary
¢, note that Y;, = 0 by the induction assumption.

t€[0,To N ]

2
Ytl’NH ] +IE |: sup
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