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Abstract

We consider a class of interacting particle systems with values in [0, oo)Zd, of which the binary
contact path process is an example. For d > 3 and under a certain square integrability condition
on the total number of the particles, we prove a central limit theorem for the density of the
particles, together with upper bounds for the density of the most populated site and the replica
overlap.
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1 Introduction

We write N ={0,1,2,..}, N*={1,2,..} and Z = {£x ; x € N}. For x = (x1,..,x4) € R%, |x| stands
d d

for the ¢'-norm: |x| = Y, |x;|. For n = (N )yeze € R”, Inl = X cpa Iny|- Let (Q,F,P) be a

probability space. We write P[X] = f X dP and P[X : A] = fAX dP for a r.v.(random variable) X

and an event A.

1.1 The binary contact path process (BCPP)

We start with a motivating simple example. Let 1, = (1), )yeze¢ € NZd, t > 0 be binary contact path
process (BCPP for short) with parameter A > 0. Roughly speaking, the BCPP is an extended version
of the basic contact process, in which not only the presence/absence of the particles at each site,
but also their number is considered. The BCPP was originally introduced by D. Griffeath [4]. Here,
we explain the process following the formulation in the book of T. Liggett [5, Chapter IX]. Let 7%,
(z € Zd, i € N*) be i.i.d. mean-one exponential random variables and 7% = 7%l 4 4 1% We
suppose that the process (7,) starts from a deterministic configuration 19 = (¢ x)yez¢ € NZ* with
Inol < 00. At time t = T?, n,_ is replaced by 1), randomly as follows: for each e € Z¢ with |e| = 1,

Ne—x TN fx=z+e,
Ntx =

. e A
Moe s if otherwise with probability ST’

(all the particles at site z are duplicated and added to those on the site z = x + ), and

0 if x =2, ) . 1
Nex —{ Neex ifX#2 with probability ST

(all the particles at site z disappear). The replacement occurs independently for different (z,i) and
independently from {t*'}, ;. A motivation to study the BCPP comes from the fact that the projected
process

(’r)t,x/\]‘)xezdi t ZO
is the basic contact process [4].

Let
2dA—1

T 2dA+1
Then, (|7,]);>0 is @ nonnegative martingale and therefore, the following limit exists almost surely:

K1 and n = (exp(—x; t)nt,x)xezd'

— def..
[Tlool = Lim [7,.

Moreover, P[|M|] =1 if
1
dZBandk>m, (1.1
where 74 is the return probability for the simple random walk on Z¢ [4, Theorem 1]. It is known
that my; < 3 =0.3405... for d > 3 [7, page 103].

We denote the density of the particles by:

~ Mex
[7¢]

Pix 1{|n, >0}, t>0,x €Zq. (1.2)
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Interesting objects related to the density would be

* _ 2
Py =MaXpey, and %, = D p2, (1.3)

xezd

p; is the density at the most populated site, while 2, is the probability that a given pair of particles
at time t are at the same site. We call &, the replica overlap, in analogy with the spin glass theory.
Clearly, (pf)2 < Z, < p;. These quantities convey information on localization/delocalization of
the particles. Roughly speaking, large values of p} or 2, indicate that the most of the particles are
concentrated on small number of “favorite sites" (localization), whereas small values of them imply
that the particles are spread out over a large number of sites (delocalization).

As a special case of Corollary[1.2.2 below, we have the following result, which shows the diffusive
behavior and the delocalization of the BCPP under the condition (1.1):

Theorem 1.1.1. Suppose (1.1). Then, for any f € C,(R%),

lim x/Vt)pex=| fdv inP(-|[Tsl > 0)-probability,
t%oto(/ )Pe, JRdf n P( - [[Mel > 0)-pr ity,

xezd

where Cy,(R?) stands for the set of bounded continuous functions on R%, and v is the Gaussian measure

with 7L
d =0 ix;d =—70;, 1,j=1,.,d.
J;Rd xl V(X) > JRd Xlx] ’V(X) 2d7(,+ 1 1]> l)] 3

R, = o(t™%?) ast /oo in P(- [Muso| > 0)-probability.

Furthermore,

1.2 The results

We generalize Theorem|1.1.1 to a certain class of linear interacting particle systems with values in

[0, oo)Zd [5, Chapter IX]. Recall that the particles in BCPP either die, or make binary branching. To
describe more general “branching mechanism", we introduce a random vector K = (K, ),.cz¢ Which
is bounded and of finite range in the sense that

0 <K, < bglyy|<r,} as. for some non-random by, r¢ € [0, 00). (1.4)

Let %1, (z € Z4, i € N*) be i.i.d. mean-one exponential random variables and T = 75! + ... 4+ 751,
Let also K*' = (K%')cpe (2 € 7%, i € N*) be i.i.d. random vectors with the same distributions as
K, independent of {T%'}, ;4 ;cn+. We suppose that the process (7),),>( starts from a deterministic

configuration 1y = (19 y)rezd € [0, oo)Zd with |no| < co. At time t = T?!, n,_ is replaced by 7,

where _
Ky'n,— ifx=g

=10 e ’ 1.5

e { Moo K7 Mo, ifx #2. (1.5)

The BCPP is a special case of this set-up, in which

. 0 with probability - i +1 (1.6)
= ( 5ot 5x’e)x€Z 4 Wwith probability 5 dﬁ 7, for each 2d neighbor e of 0. '
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A formal construction of the process (1),),>o can be given as a special case of [5, page 427, Theorem
1.14] via Hille-Yosida theory. In section|1.3, we will also give an alternative construction of the
process in terms of a stochastic differential equation.

We set
kKp = Y PI(Kc—08,0F], p=12, (1.7)
xezd
N, = (exp(=k1t)N¢x)yezd- (1.8)
Then,
(Im:D¢>0 is a nonnegative martingale. 1.9

The above martingale property can be seen by the same argument as in [5, page 433, Theorem 2.2
(b)]. For the reader’s convenience, we will also present a simpler proof in section [1.3|below. By
(1.9), following limit exists almost surely:

— def..
[Tlool = Lim [7,. (1.10)

To state Theorem|1.2.1] we define
o0
G(x) = J PJ(S; = x)dt, (1.11)
0

where ((S;);>0,P) is the continuous-time random walk on 74 starting from x € Z4, with the
generator

Lsf () =1 " (P[K., ]+ PIK,_.]) (F(3) - F(x)). (1.12)

yezd
As before, C,(R?) stands for the set of bounded continuous functions on RY.

Theorem 1.2.1. Suppose (1.4) and that

the set {x € Z% ; P[K,] # 0} contains a linear basis of RY, (1.13)
D PLKy = 8y,0) Kty — Bx4y,0)] =0 for all x € 4\ {0}. (1.14)
yezd

Then, referring to (1.7)-(1.12), the following are equivalent:
(@ 2G6(0)<1,

(b) supP[|n,*] < oo,

t>0

t—00
xezd

() lim Z f((x=mt)/ V)7, = |ﬁm|f fdv in L2(P) for dll f € Cy(RY),
Rd
wherem =7, _4xP[K,] € R? and v is the Gaussian measure with

fRd x;dv(x) =0, JRd x;x;dv(x) = Z x;x;P[K,], 1,j=1,..,d. (1.15)

xezd
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Moreover, if %G(O) < 1, then, there exists C € (0, 00) such that

D Fee=DP[A, T 5] < CE2Ing2 Y F(x) (1.16)

x,xezd xezd
forallt >0and f : Z% — [0, 00) with D epd f(x) < o0

The main point of Theorem[1.2.1 is that the condition (a), or equivalently (b), implies the central
limit theorem (c) (See also Corollary[1.2.2 below). This seems to be the first result in which the
central limit theorem for the spatial distribution of the particle is shown in the context of linear
systems. Some other part of our results ((a) = (b), and Theorem [1.2.3 below) generalizes [4,
Theorem 1]. However, this is merely a by-product and not a central issue in the present paper.

The proof of Theorem [1.2.1, which will be presented in section (3.1, is roughly divided into two
steps:

(i) to represent the two-point function P, , 7, ] in terms of a continuous-time Markov chain on
74 x 74 via the Feynman-Kac formula (Lemma|2.1.1 and Lemma below),

(ii) to show the central limit theorem for the “weighted" Markov chain, where the weight comes
from the additive functional due to the Feynman-Kac formula (Lemma 2.2.2 below).

The above strategy was adopted earlier by one of the authors for branching random walk in random
environment [10]. There, the Markov chain alluded to above is simply the product of simple random
walks on Z<, so that the central limit theorem with the Feynman-Kac weight is relatively easy. Since
the Markov chain in the present paper is no longer a random walk, it requires more work. However,
the good news here is that the Markov chain we have to work on is “close" to a random walk. In
fact, we get the central limit theorem by perturbation from that for a random walk case.

Some other remarks on Theorem |1.2.1 are in order:

1) The condition (1.13) guarantees a reasonable non-degeneracy for the transition mechanism
(1.5). On the other hand, (1.14) follows from a stronger condition:

P[(Ky — 0y ,0)(K, —6,0)] =0 forx,y € 7% with x # y, (1.17)

which amounts to saying that the transition mechanism (1.5) updates the configuration by “at most
one coordinate at a time". A typical examples of such K’s are given by ones which satisfy:

PK=0)+ Y P(K=(550+Kbx0)rent)=1.
acz4\{0}

These include not only BCPP but also models with asymmetry and/or long (but finite) range.

Here is an explanation for how we use the condition (1.14). To prove Theorem we use a
certain Markov chain on Z® x Z4, which is introduced in Lemma 2.1.1/below. Thanks to (1.14), the
Markov chain is stationary with respect to the counting measure on Z9¢ x Z<. The stationarity plays
an important role in the proof of Theorem/[1.2.1} see Lemma 2.1.4 below.

2) Because of (1.13), the random walk (S,) is recurrent for d = 1,2 and transient for d > 3.
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Therefore, %G(O) < 1 is possible only if d > 3. As will be explained in the proof, %G(O) <1lis

equivalent to
K o0
P_g [exp (?Zf 0o(S,)dt | | < oo.
0

3) If, in particular,

) ¢>0 for|x|=1,
P[Kx] - { 0 for |x| Z 2, (1.18)
then, (S;);>o law (§2dct)t20, where (S.) is the simple random walk. Therefore, the condition (a)
becomes
2 (1.19)
<1. .
4dc(1 — my)

By (1.6), the BCPP satisfies (1.13)—(1.14). Furthermore, x, = 1 and we have (1.18) with c = #ﬂ.
Therefore, (1.19) is equivalent to (1.1).

4) The dual process of (1,) above (in the sense of [5, page 432]) is given by replacing the linear
transform in by its transpose:

_ ZyEZd K;’ixnt—,_y le =2z,
Nex = ) (1.20)
Ne—x if x # 2.

As can be seen from the proofs, all the results in this paper remain true for the dual process.
5) The central limit theorem for discrete time linear systems is discussed in [6].

We define the density and the replica overlap in the same way as (1.2)—(1.3). Then, as an immediate
consequence of Theorem|1.2.1, we have the following

Corollary 1.2.2. Suppose (1.4), (1.13)-(1.14) and that %G(O) < 1. Then, P[|n4|] = 1 and for all
f € CGy(RD),

lim Z f ((x — mt)/\/?) Ptx = J fdv in P(-||m| > 0)-probability,
Rd

t—00
xezd

where m = erzd xP[K,] € RY and v is the same Gaussian measure defined by (1.15). Furthermore,
R, =0(t"?) ast / ocoinP(-|[My| > 0)-probability.

Proof: The first statement is immediate from Theorem[1.2.1(c). Taking f(x) =& x,0 in (1.16), we
see that

P[ Z n2,1 < Ct7 o> for t > 0.

xezd

This implies the second statement. O
For a € 74, let n¢ be the process starting from 1y = (64,5 ) ezd- As a by-product of Theorem|[1.2.1,

we have the following formula for the covariance of (|7 |)4cza. For BCPB this formula was obtained
by D. Griffeath [4, Theorem 3].
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Theorem 1.2.3. Suppose (1.4), (1.13)-(1.14) and that %G(O) < 1. Then,

K,G(a —b)
P[P =1+ 2-——— a,bezi.
[Ime, 1Mol +2—:<2G(0)’ a,

The proof of Theorem [1.2.3 will be presented in section (3.2, We refer the reader to [11] for similar
formulae for discrete time models.

1.3 SDE description of the process

We now give an alternative description of the process in terms of a stochastic differential equation
(SDE), which will be used in the proof of Lemma|2.1.1 below. We introduce random measures on

[0,00) X [O, oo)Zd by

N*(dsd&) = Z (1>, K>') € dsd&}, N?(dsd&) = 1x<yN*(dsdE). (1.21)

i>1
Then, N?, z € Z¢ are independent Poisson random measures on [0, 00) X [0, oo)Zd with the intensity
ds x P(K € d&).

The precise definition of the process (1,),>¢ is then given by the following stochastic differential
equation:

nOx + Z JNZ(deg) gx —z 6x z) Ns— 20 (122)
ze74

By (1.4), it is standard to see that (1.22) defines a unique process n, = (1), (t > 0) and that (n,)
is Markovian.

Proof of (1.9): Since |7,| is obviously nonnegative, we will prove the martingale property. By
(1.22), we have

el = nol + Y f NZ(dsd&) (IE] - 1)1,

zezd
and hence
t
) el = Inol —mJ Tolds + > f NZ(dsd€) (€] - D7, .
0 ze7d

We have on the other hand that

K1 f Tlds =Y f ds f P(K € E)(E] - 1),
0 0

zezd

Plugging this into (1), we see that the right-hand-side of (1) is a martingale. O

966



2 Lemmas

2.1 Markov chain representations for the point functions

We assume (1.4) throughout, but not (1.13)—(1.14) for the moment. To prove the Feynman-Kac
formula for two-point function, we introduce some notation.

For x,y,X,y € 74,

def

rx,)?,y,y = P[(Kx—y - 6x,y)555,57 + (Kf—i - 5)?,}7)6)(,)/]
+P|:(Kx—y - 5x,y)(Kf—y - 655,}/)]5}/5: 2.1
def

V) £ Teoyy=2k1+ Y PIKy = 8y,0)(Kry = Srpy0)]- 2.2)

y,yezd yezd

Note that

Vi —-%)= ). Tygyy. (2.3)

y,yezd

Remark: The matrix I' introded above appears also in [5, page 442, Theorem 3.1], since it is a
fundamental tool to deal with the two-point function of the linear system. However, the way we use
the matrix will be different from the ones in the existing literature.

We now prove the Feynman-Kac formula for two-point function, which is the basis of the proof of
Theorem|[1.2.1

Lemma 2.1.1. Let (X,X) = ((Xt’)?t)tZO’P;:;) be the continuous-time Markov chain on Z% x 74

starting from (x,X), with the generator

Lygf(e,8)= Y Tez,5 (F0n5) - F(x. %),

y.yezd

where T’ is defined by (2.1). Then, for (t,x,%x) € [0,00) x Z¢ x 74,

X,%,Y,5

t
PIneames] =P |:eXP U V(X —??s)dS) no,xmo,gt] ; (2.4)
0
where V is defined by (2.2).

Proof: We first show that u(t, x, X) ©p [M¢xM¢ 5] solves the integral equation

t
(1) u(t,x,x)—u(0,x,x)= f (Lyg+V(x— X)u(s, x, x)ds.
0
By (1.22), we have

NexNeg ~ MoxNoz = Z fNy (dsd&)Fy z,y(s—, &, M),

yezd
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where

Fx,f,y(s: g) ’fl)
= (gx—y - 5x,y)ns,)~cns,y + (gf—y - 5)?,y)ns,xns,y + (gx—y - 5x,y)(£5{—y - 5?,)/)7’32,)/

Therefore,

u(t,x, %) —u(0,x,%) = ZJ ds J P[F, (5, & mIP(K € &)
0

yezd

t

= f D Tezyyuls,y, y)ds
0
t

y.yezd

EE) f S Ty (uls,y,3) - uls, x, ) + Vx - Duls, x, %) | ds
0 y,yezd

t
= J (LXX + V(x —x))u(s, x,x)ds.
0
We next show that

(2) sup sup |u(t,x,Xx)| < oo forany T € (0, c0).
tE[O’T] X,;C‘GZEI

We have by (1.4) and (1.22) that, for any p € N*, there exists C; € (0, 00) such that

t
Pni1<C Z JP[ngy]ds, t>0.
0

yilx—yl|<rg

By iteration, we see that there exists C, € (0, 00) such that

P, 1<e® Y e +n) ), 20,
yeZd

which, via Schwarz inequality, implies (4).

The solution to (1) subject to (2) is unique, for each given 7),. This can be seen by using Gronwall’s
inequality with respect to the norm |[u|| = Zx;cezd e ™lu(x,X)|. Moreover, the RHS of (2.4) is a
solution to (1) subject to the bound (2). This can be seen by adapting the argument in [8, page
5,Theorem 1.1]. Therefore, we get (2.4). O

Remark: The following Feynman-Kac formula for one-point function can be obtained in the same
way as Lemma|2.1.1:
P[nt,x] = ekltp))(( [nO,Xt]) (t:x) € [O> OO) X Zd: (2'5)

where x; is defined by (1.7) and ((X;),>0, Py ) is the continuous-time random walk on 74 starting
from x, with the generator

Lyf(x)= Y PIK,, 1 (F(0) = f(x)).

yezd
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Lemma 2.1.2. We have

D Terys= D) Dygas (2.6)

y,yezd y,yezd
if and only if (1.14) holds. In addition, (1.14) implies that

V(X) = 2K1 + K26x,0. (27)
Proof: We let ¢(x) = ZyeZd P[(K, —6y0)(Kyty = 8x4y0)]- Then, c(0) =k, and,

D Tezyy = 2k +c(x—X%), cf (22)-2.3),

y.yezd
Z Fy,y,x,f = 2Kl + 5x,55 Z C(.}’)-
y.yezd yez!

These imply the desired equivalence and (2.7). O

We assume (1.14) from here on. Then, by (2.6), (X,X) is stationary with respect to the counting
measure on Z4 x Z2. We denote the dual process of (X,X) by (Y,Y) = ((Y;, ¥,) =0, P;";;), that is, the

continuous time Markov chain on Z¢ x Z starting from (x, X), with the generator

Lygfea®)= Y Ty5ox (L9 - f(x,5). 2.8)

y.yezd

Thanks to (2.6), Ly  and Ly ¢ are dual operators on £2(24 x 29).

Remark: If we additionally suppose that P[KY] = P[K? ] forp=1,2 and x € 74, then, T
I'yyxzforallx,x,y,y € 7. Thus, (X,X) and (Y,Y) are the same in this case.

xXy.y =

The relative motion Y, — ¥, of the components of (Y, Y) is nicely identified by:

Lemma 2.1.3. ((Y, — ?t)tZO,P;’;f ) and ((Sa0) =0, PX ™) (¢f (1.12)) have the same law.

Proof: Since (Y,Y) is shift invariant, in the sense that Typvzvy4vg+v = Lxgyy foral v e 74,

(Y, = Y0 P;; ) is a Markov chain. Moreover, its jump rate is computed as follows. For x # y,

Z 1_‘y+z,z,x,0 = P[Kx—y] + P[Ky—x] + 5x,0 Z P[(Ky+z - 5y,z)(Kz - 50,2)]

ze74 zezd

=" P[K,,]1+P[K, ]
O

To prove Theorem 1.2.1, the use of Lemma/2.1.1 is made not in itself, but via the following lemma.
It is the proof of this lemma, where the duality of (X,X) and (Y, Y) plays its role.
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Lemma 2.1.4. For a bounded g : Z¢ x 74 — R,

D Pl £1e(x, %)

x,xezd

t
= Z NoxNoxPy s [GXP (Kzf So(Y; — ?s)ds) g(Yt)?t)] : (2.9
’ 0

x,xezd

In particular, for a bounded f : Z¢ - R,

o B . Ky 2t
Z P[m,xm,y]f(x —-X)= Z no,xno,fpsx x |:eXP (?J 50(Su)du) f(SZt):| . (2.10)
0

x,xe7d x,xezd

Proof: It follows from Lemma|2.1.1 and (2.7) that

t
(@)) LHS of (2.9) = Z P;’;N; |:exp (KZJ 5o(X, —)?s)ds) no,xtno,gt} g(x,X).
’ 0

x,xezd

We now observe that the operators

flx,x) — P;; [exp (KZJO

fx,%) - P [exp (KZJ 5o(Y, —i)ds)f(Yui)}
’ 0

t

5O(Xv.s _Xs)ds) f(Xt)Xt):| P

are dual to each other with respect to the counting measure on Z¢ x Z<. Therefore,
RHS of (1) = RHS of (2.9).
Taking g(x,Xx) = f(x — X) in particular, we have by (2.9) and Lemma 2.1.3 that

t
LHS of (2.10) = Z ﬂo,xno,;?P;’g [exp (Kzf So(Y, — f/;)ds) f(Y, — i)}
’ 0

x,xez7d

t
— Z T)O’xno’;{P;_f |:exp (KZJ 50(52u)du) f(S2t):| = RHS of (2.10).
0

x,xezd

Remark: In the case of BCPE D. Griffeath obtained a Feynman-Kac formula for

Z PNt z+y]

yezd

[4, proof of Theorem 1]. However, this does not seem to be enough for our purpose. Note that
the Feynman-Kac formulae in the present paper (Lemmal2.1.1 and Lemma|2.1.4) are stronger, since
they give the expression for each summand of the above summation.
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2.2 Central limit theorems for Markov chains

We prepare central limit theorems for Markov chains, which is obtained by perturbation of random
walks.

Lemma 2.2.1. Let ((Z,);>0,P*) be a continuous-time random walk on 74 starting from x, with the
generator

Lof) =" ay, o (f(y) = fF(x)),

yezd

Z |x|2%a, < oo.

xezd

Then, for any B€ o[Z, ; u € [0,00)], x € Z¢, and f € C,(R?),

where we assume that

tlim P[f((Z,—mt)/Vt):B] = P"(B)J fdv,
where m =Y, _,4xa, and v is the Gaussian measure with

J x;dv(x)=0, J x;x;dv(x) = Z XiXjay, 1,j=1,.,d. (2.11)
R R¢ xezd
Proof: By subtracting a constant, we may assume that f]Rd fdv = 0. We first consider the case that

Be Z, & ol[Z,; ue[0,s]] for some s € (0,00). It is easy to see from the central limit theorem for
(Z,) that for any x € 4,

lim P*[£((Z,— — mt)/VD)] =0.
With this and the bounded convergence theorem, we have
PX[f((Z, —mt)/Vt):B] = PX[P%[f((Z,_s —mt)/Vt)] :B] — 0 as t /" 0.

Next, we take B € 0[Z, ; u € [0,00)]. For any ¢ > 0, there exist s € (0,00) and B € &, such that
P*[|1p — 15|] < €. Then, by what we already have seen,

Tim P*[£ (2, — mt)/¥D): B] < fim PL£((Z, ~mt)/ VD) : B+ If le = Il
where ||f|| is the sup norm of f. Similarly,

lim P¥[f((Z, —mt)/vt): Bl = ~|[f |le.

t—00
Since ¢ > 0 is arbitrary, we are done. O
Lemma 2.2.2. Let Z = ((Z;);>0,P*) be as in Lemma2.2.1 and and D C 7% be transient for Z. On the

other hand, let Z = ((Zt)tZO’ P*) be the continuous-time Markov chain on Z< starting from x, with the
generator

Lpf()= > @, (F(y) = F (X)),

yezd
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where we assume that @, , = a,_, if x € DU{y} and that D is also transient for Z. Furthermore, we
assume that a function v : Z¢ — R satisfies

v = 0 outside D,

o0
p? [exp (J |v(ft)|dt) < 00 for some z € Z4.
0 J

Then, for f € Cy(RY),

}EEOT)Z [exp (J v(zu)du) f((Z, —mt)/Vt)| =P* |:exp (J v(ft)dt)} f fdv,
0 i 0 R4

where v is the Gaussian measure such that (2.11) holds.

Proof: Define
Hp(Z) = inf{t>0; Z, €D}, Tp(Z)=supi{t>0; Z, €D},

exp (J V(Z)ds) .
0

P* [ecf (Z: = mt)/ VD]
= P [ecf (2 —m0)/VD): Tp(Z) <] + e,
= P [ef (Z, - m)/VD): Tp(Z) <s] +eq
= P el pP” [f(Zee = m)/VO) : Hp(Z) = 0] | + & (2.12)

€t

Then, fors < t,

where

P* [ecf (Ze = mt)/VO) : Tp(Z) 2 5]

|gs,t| =

IA

£ ||P? [exp (J |V(Zt)|dt) : Tp(Z) Zs} — 0 ass — oo.
0

We now observe that
B*(- |Hp(Z) = 00) = P*( - |Hp(Z) = 00) for x €D,

where Hj(Z) is defined similarly as H D(Z ). Hence, for x ¢ D and fixed s > 0, we have by Lemma
2.2.1 that

lim B* [f((Z,—, - mt)/ VD) : Hp(Z) = 0] = P* [Hp(Z) = o] J fdv.
Rd
Therefore,

lim P | .15 4 P% [£((Zeey — mt)/VE): Hp(Z) = 0] |

t—00

= P [eslzs¢pﬁfs[HD(Z)=oo]]f fdv
Rd

= pP* [65 : Tp(Z) <s] f fdv.
Rd
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Thus, letting t — oo first, and then s — oo, in (2.12), we get the lemma. O

2.3 A Nash type upper bound for the Schrodinger semi-group

We will use the following lemma to prove (1.16). The lemma can be generalized to symmetric
Markov chains on more general graphs. However, we restrict ourselves to random walks on Z¢,
since it is enough for our purpose.

Lemma 2.3.1. Let ((Z,);>q,P*) be continuous-time random walk on 7% with the generator:

LfG) =" ay o (f(y) = (),

yezd
where we assume that

the set {x € Z% ; a, # 0} is bounded and contains a linear basis of R%,

a,=a_, forall x €74,

Let v : Z¢ — R be a function such that

o0
C, def sup P* |:exp (J |v(Zt)|dt)} < 00.
xezd 0

Then, there exists C € (0,00) such that

sup P~ [exp (J v(Zu)du) f(Zt)] <ct4/? Z f(x) (2.13)
0

xezd rezd
forall t >0and f : 2% — [0, 00) with Dvepd f(x) < o0.

Proof: We adapt the argument in [1, Lemma 3.1.3]. For a bounded function f : Z¢ — R, we
introduce

(T f)(x) = P* |:eXP (f V(Zu)du) f(Zt):| , X € Zd;
0

1 o0
Tthf ETt[fh], where h(x) = P* [exp (J v(Zt)dt)}
0
Then, (T;),>o extends to a symmetric, strongly continuous semi-group on ¢ 2(z%). We now consider
the measure ), h(x)?5, on Z4, and denote by (¢P"(z%),]| - ll,,n) the associated IP-space.
Then, it is standard (e.g., proofs of [2, page 74, Theorem 3.10] and [8, page 16, Proposition 3.3])

to see that (Tth)tzo defines a symmetric strongly continuous semi-group on ¢2"(Z%) and that for
f ez,

87, 5) & y\ng%gdf(x)(f — TR
= 137 a,lf () = FEOPRGORY).
x,y€zd

By the assumptions on (a, ), we have the Sobolev inequality:
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_d_
d—2

&) S <a |3 adf)-fR | forall f €62z,

xezd x,y€zd

where ¢; € (0,00) is independent of f. This can be seen via an isoperimetric inequality [9, page 40,
(4.3)]. We have on the other hand that

(2) 1/C, <h(x) <C,.
We see from (1) and (2) that

S IFOIFh(x)? < ¢ 8", £)77 forall f € £>h(z),

xezd

where ¢, € (0,00) is independent of f. This implies that there is a constant C such that
||Tth||z_>oo,h <ct ™ 4* forallt >0,

e.g.,[3, page 75, Theorem 2.4.2], where || - ||,_,, denotes the operator norm from (Ph(z9) to
(3"(z%). Note that ||Tth||1ﬁz,h = ||Tth||zﬁoo’h by duality. We therefore have via semi-group property
that

3) 1T lh—oon S NTFll5 0 < €2t 74/2 forall ¢ > 0.
Since T,f =hT th [f /h], the desired bound (2.13) follows from (2) and (3). O

3 Proof of Theorem 1.2.1 and Theorem 1.2.3

3.1 Proof of Theorem 1.2.1

h(x) =Py |:exp (%J 60(St)dt)} .
0

Since max, ;4 h(x) = h(0), we have that

(a) & (b): Define

(210 — | <h(0)|nol?,
P 2 = Nh _
sup (1] > Moxmozh(x — %) > h(0) Y eyt 12 -

x,xez7d

Therefore, it is enough to show that (a) is equivalent to h(0) < co. In fact, Khas’'minskii’s lemma
K2

(e.g., [2, page 71] or [8, page 8]) says that sup,cza h(x) < 00 if 22 sup,czd G(x) < 1. Since
max,..,d G(x) = G(0), (a) implies that h(0) < co. On the other hand, we have that

K ‘ K ‘ K ‘
exp (?ZJ 50(Ss)ds) =1+ ?Zf 8,5, €Xp (EZJ 5O(Su)du) ds,
0 0 s
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and hence that h(x) =1+ %h(O)G(x). Thus, h(0) < co implies (a) and that

Ko9G(x)

h(x):1+m.

3.1

(a),(b) = (c): Since (b) implies that lim,_,, [7,| = [ | in L2(P), it is enough to prove that

def.

U, = Z Nenf ((x—mt)/\/?) — 0 inL%(P)ast /o0

xezd

for f € C,(R?) such that [, fdv =0.
We set f,(x,X) = f((x —m)/v/t)f (X —m)/+/t). Then, by Lemma 2.1.4,

PIUZI= D) P Melfe(c®)= D) moxmosPyy [ecf(Ye 0],

x,xezd x,xez7d

where e, = exp (Kz fot 6o(Y, — i)ds). Note that by Lemma|2.1.3 and (a),
) P [eg] = h(x — X) < h(0) < oo,

Since |no| < 00, it is enough to prove that for each x, ¥ € Z4
lim P [ecf(Y,, ¥) ] =0.

To prove this, we apply Lemma 2.2.2to the Markov chain Z, def (Y,,Y,) and the random walk (Z,)
on Z2 x 74 with the generator

P[Ky_z] ifx=yandXx#Y,
Lzf(x,x)= Z Ay Xy, (f(y, ¥)—f(x, 3?)) with Ay 3y5 = P[Ky—x] ifx#£yandx =Y,
y,yezd 0 if otherwise.

Let D = {(x,%X) € 24 x 74 ; x = X}. Then,

(2) Ax %y, 7 — ry,y,x,f if (X7 X)¢DU {(.y) 37)};
since

Fy,i/,x,f

= P[(Ky—x - 5y,x)5y,)? + (Ky—f - 5&,%)53/,)( + (Ky—x - 5y,x)(K37—x - 5y,x)5x,7€]-
Moreover, by (1.13),

(3) D is transient both for (Z,) and for (Z,).
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Finally, the Gaussian measure v ® v is the limit law in the central limit theorem for the random walk
(Z,). Therefore, by (1)-(3) and Lemma|2.2.2]

2
s 225 (e 0] =235 e (| sav) =

(c) = (b): This can be seen by taking f = 1.
(1.16):By (2.10),

2t
S P - = Y noamorPd [exp (%f 6o(su)du)f(sm)]
0

x,xezd x,xezd

We apply Lemma 2.3.1/to the right-hand-side to get (1.16). O

3.2 Proof of Theorem|1.2.3

By the shift-invariance, we may assume that b = 0. We have by Lemma that

e =22 oo
’ 0

and hence by Lemma that

2t 2t
—a||= a > a K
PLmIImY = P2 [exp (Kz J So(Yy — Y@duﬂ = P [exp (52 J 5o(su)duﬂ :
’ 0 0

By Theorem [1.2.1, both [7{| and IE?I are convergent in L2(P) if %G(O) < 1. Therefore, letting
t / 00, we conclude that

o Ky [ (E5)) K2G(a)
p a 0 — P(l _“ =1 _—
(7% [m2,|] = P |:exp ( 5 L 6O(Su)du)i| + 2= 5,G(0)

t

0o(Y, — ?u)du) (Y, ?t) = (x, &J)i| >

Acknowledgements: The authors thank Shinzo Watanabe for the improvement of Lemma[2.2.1]
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