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1 Introduction

Since their introduction in the 70’s, models of random walks in random environment have mostly
been studied in the one dimensional case. Using specific features of this setting, like the reversibil-
ity of the Markov chain, Solomon [So75] set a first milestone by proving simple explicit necessary
and sufficient conditions for transience, and a law of large numbers. In contrast, the multidimen-
sional situation is still poorly understood. A first general transience criterion was provided by Ka-
likow [Ka81], which Sznitman and Zerner [SzZe99] later proved to imply ballisticity as well. Under
an additional uniform ellipticity hypothesis, Sznitman ([Sz01], [Sz04]) could weaken this ballistic-
ity criterion, but not much progress was made since then about the delicate question of sharpening
transience or ballisticity criterions.

Another approach consists in deriving explicit conditions in more specific random environments.
Among them, Dirichlet environments, first studied by Enriquez and Sabot in [EnSa06], appear as
a natural choice because of their connection with oriented edge linearly reinforced random walks
(cf. [EnSa02], and [Pe07] for a review on reinforced processes). Another interest in this case
comes from the existence of algebraic relations involving Green functions. These relations allowed
Enriquez and Sabot to show that Kalikow’s criterion is satisfied under some simple condition, thus
proving ballistic behaviour, and to give estimates of the limiting velocity.

Defining Kalikow’s criterion raises the problem of integrability of Green functions on finite subsets.
While this property is very easily verified for a uniformly elliptic environment, it is no longer the
case in the Dirichlet situation. In [EnSa06], the condition on the environment allowed for a quick
proof, and the general case remained unanswered.

The main aim of this article is to state and prove a simple necessary and sufficient condition of inte-
grability of these Green functions in Dirichlet environment on general directed graphs. Integrability
conditions for exit times are then easily deduced. The “sufficiency” part of the proof is the more del-
icate. It procedes by induction on the size of the graph by going through an interesting quotienting
procedure.

This sharpening of the integrability criterion, along with an additional trick, allows us to prove a
refined version of Enriquez and Sabot’s ballisticity criterion. The condition of non integrability may
also prove useful in further analysis of random walks in Dirichlet environment. Indeed, finite subsets
with non integrable exit times play the role of “strong traps” for the walk. As a simple example, one
can prove that the existence of such a subset implies a null limiting velocity.

Next section introduces the notations, states the results and various corollaries. Section [3 contains
the proofs of the main result and corollary. Finally, Section |4/ proves the generalization of Enriquez
and Sabot’s criterion.

2 Definitions and statement of the results

2.1 Dirichlet distribution

Let us first recall the definition of the usual Dirichlet distribution. Let I be a finite set. The set of
probability distributions on I is denoted by Prob(I):

Prob(I) = {(pi)iel € Ri | e Pi = 1}'
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Given a family (a;);c; of positive real numbers, the Dirichlet distribution of parameter (a;);¢; is
the probability distribution 2((a;);c;) on Prob(I) of density:

F(Ziej ai) a;—1
l_[iel I(a;) ll;[ i

with respect to the Lebesgue measure ]_[l. i dx; (where i, is any element of I) on the simplex
Prob(I). We will recall a few properties of this distribution on page 437.

(xi)ier —

2.2 Definition of the model

In order to later deal with multiple edges, we define a directed graph as a quadruplet G = (V,E,
head, tail) where V and E are two sets whose elements are respectively called the vertices and edges
of G, endowed with two maps head : e — e and tail : e — e from E to V. An edge e € E is thought
of as an oriented link from e (tail) to e (head), and the usual definitions apply. Thus, a vertex x is
connected to a vertex y in G if there is an oriented path from x to y, i.e. a sequence ey,...,e, of
edges with e; = x, e, = ¢4 fork =1,...,n—1, and e,, = y. For brevity, we usually only write
G=(V,E), the tail and head of an edge e being always denoted by e and e.

Unless explicitely stated otherwise (i.e. before the quotienting procedure page |441), graphs are
however supposed not to have multiple edges, so that the notation (x, y) for the edge from x to y
makes sense.

In the following, we consider finite directed graphs G = (V U {0}, E) (without multiple edges)
possessing a cemetery vertex 0. In this setting, we always assume that the set of edges is such that:

(i) @ is a dead end: no edge in E exits this vertex;

(ii) every vertex is connected to d through a path in E.

Let G = (V U {3}, E) be such a graph. For all x € V, let 2, designate the set of probability distribu-
tions on the set of edges originating at x:

{e€E |e=x
P = {(pe)eeE,gzx € ]R+ }

ZeeE,g:xpe = 1}

Then the set of environments is
a=[]2 cr:.

xevV

We will denote by w = (w,).cr the canonical random variable on 2, and we usually write w(x, y)
instead of w(y ).

Given a family & = (a,).cr of positive weights indexed by the set of edges of G, the Dirichlet
distribution on environments of parameter @ is the product measure on Q =[ [, ., 2, of Dirichlet
distributions on each of the 2,, x € V:

xX€V

P=P@® = ® @((ae)eeE, g=x)'

x€eV

433



Note that this distribution does not satisfy the usual uniform ellipticity condition: there is no positive
constant bounding P-almost surely the transition probabilities w, from below.

In the case of Z4, we always consider translation invariant distributions of environments, hence the
parameters are identical at each vertex and we only need to be given a 2d-uplet (a,),cy Where
vV = {e ezd \ le| = 1}. This is the usual case of i.i.d. Dirichlet environment.

The canonical process on V will be denoted by (X,,),>0, and the canonical shift on V" by @: for
PEN, ep((Xn)nEN) = (Xp+n)n€N'

For any environment w € (2, and any vertex x € V, the quenched law in the environment w starting
at x € V is the distribution P, ,, of the Markov chain starting at x with transition probabilities given
by w and stopped when it hits . Thus, foreveryo €V, (x,y)€E, weQ,neN:

Po,w(Xn+1 = ylxn =x)=w(x,y)
and

Po,w(Xn—H = a|Xn = 3) =1

The annealed law starting at x € V is then the following averaged distribution on random walks
on G:

px(') = J Px,w(')P(dc‘)) = E[Px,w(')]'

We will need the following stopping times: for A € E, T, = inf{n>1](X,_1,X,) ¢A}, for
UcV, Ty =inf{n>0|X,¢U} and, for any vertex x, H, = inf{n>0|X,=x} and H, =
inf {fn>1|X,=x}.

If the random variable N, denotes the number of visits of (X, ),>( at site y (before it hits J), then
the Green function G® of the random walk in the environment w is given by:

forall x,y €V, G®(x,y) = Ey. [Ny] = pr,w(Xn =y).

n=0
Due to the assumption (ii), G“(x, y) is P-almost surely finite for all x, y € V. The question we are
concerned with is the integrability of these functions under PP, depending on the value of d.

2.3 Integrability conditions

The main quantity involved in our conditions is the sum of the coefficients a, over the edges e
exiting some set. For every subset A of E, define:

A = {g|e€A}CV,

A = {elecA}cVvu{d},

A = {e|eca}ufelecacvuial,
DA = {eeE\A|ge4}cE,

and the sum of the coefficients of the edges “exiting A”:

ﬁA: Z Qe

eE€TpA
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A is said to be strongly connected if, for all x,y € A, x is connected to y in A, i.e. there is an
(oriented) path from x to y through edges in A. If A is strongly connected, then A = A.

THEOREM 1. — Let G = (VU {3}, E) be a finite directed graph and d@ = (a,),cr be a family of positive
real numbers. We denote by PP the corresponding Dirichlet distribution. Let o € V. For every
s > 0, the following statements are equivalent:

(i) E[G®(0,0)] <o0;
(i) for every strongly connected subset A of E such that o €A, 8, >s.

Undirected graphs are directed graphs where edges come in pair: if (x,y) € E, then (y,x) € E as
well. In this case, the previous result translates into a statement on subsets of V. For any S C V, we
denote by fs the sum of the coefficients of the edges “exiting S”:

ﬁS = :E: Qe

eSS, e¢S

Suppose there is no loop in G (i.e. no edge both exiting from and heading to the same vertex). For
any strongly connected subset A of E, if we let S = A, then S is connected, |S| > 2 and s < f34.
Conversely, provided the graph is undirected, a connected subset S of V of cardinality at least 2
satisfies B¢ = 3, where A= {e € E|le € S,e € S}, which is strongly connected. This remark yields:

THEOREM 2. — Let G = (VU{3}, E) be a finite undirected graph without loop and (a,).cr be a family
of positive real numbers. We denote by P the corresponding Dirichlet distribution. Let 0 € V.
For every s > 0, the following statements are equivalent:

(i) E[G®(0,0)°] < o0;
(ii) every connected subset S of V such that {0} €S, Bs >s.

In particular, we get the case of i.i.d. environments in Z¢. Given a subset U of Z¢, let us introduce the
Green function G;; of the random walk on 74, in environment w, killed when exiting U. Identifying
the complement of U with a cemetery point J allows to apply the previous theorem to G;;. Among
the connected subsets S of vertices of Z¢ such that {0} < S, the ones minimizing the “exit sum” f
are made of the two endpoints of an edge. The result may therefore be stated as:

THEOREM 3. — Let @ = (a,).cy be a family of positive real numbers. We denote by PP the translation
invariant Dirichlet distribution on environments on Z¢ associated with @ Let U be a finite
subset of Z¢ containing 0. Let ¥ = Zeedy a,. Then for every s > 0, the following assertions are
equivalent:

(i) E[GZ(0,0)°] < 00;
(i) for every edge e = (0,x) with x €U, 28 —a, —a_, >s.

Assuming the hypothesis of Theorem [1]to be satisfied relatively to all vertices instead of only one
provides information about exit times:

COROLLARY 4. — Let G =(VU{0},E) be a finite strongly connected directed graph and (a,).cg be
a family of positive real numbers. We denote by P the corresponding Dirichlet distribution. For
every s > 0, the following properties are equivalent:
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(i) for every vertex x, E[E, ,[Ty]°] < oo;

)
(i) for every vertex x, E[G®(x,x)*] < oo;
(iii) every non-empty strongly connected subset A of E satisfies 84 > s;
)

(iv) there is a vertex x such that E[E, ,[Ty]*] < oo.

And in the undirected case:

COROLLARY 5. — Let G = (VU{2}, E) be a finite connected undirected graph without loop, and (a,).cg
be a family of positive real numbers. We denote by P the corresponding Dirichlet distribution.
For every s > 0, the following properties are equivalent:

(i) for every vertex x, E[E, ,[Ty]°] < oo;
(ii) for every vertex x, E[G®(x,x)’] < o0;
(i) every connected subset S of V of cardinality > 2 satisfies 85 > s;
)

(iv) there is a vertex x such that E[E, ,[Ty]°] < co.

2.4 Ballisticity criterion

We now consider the case of random walks in i.i.d. Dirichlet environment on Z%, d > 1.

Let (eq,...,eq) denote the canonical basis of Z¢, and ¥ = {e ez le| = 1}. Let (a,).ey be positive
numbers. We will write either @; or a,,and a_jora_,,i=1,...,d.

Enriquez and Sabot proved that the random walk in Dirichlet environment has a ballistic behaviour
as soon as max;<;<g4 |@; — a_;| > 1. Our improvement replaces {*°-norm by ¢!-norm:

d X
THEOREM 6. — If D |a; — a_;| > 1, then there exists v # 0 such that, Py-a.s., — —, v, and the
i=1 n

following bound holds:

where & =3 _, a, d, = Zle “5e; is the drift in the averaged environment, and [X|; =
Zle X - ¢;| for any X € RZ.

3 Proof of the main result

Let us first give a few comments about the proof of Theorem[1. Proving this integrability condition
amounts to bounding the tail probability P(G“(0,0) > t) from below and above.

In order to get the lower bound, we consider an event consisting of environments with small tran-
sition probabilities out of a given subset containing o. This forces the mean exit time out of this
subset to be large. However, getting a large number of returns to the starting vertex o requires an
additional trick: one needs to control from below the probability of some paths leading back to o.
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The important yet basic remark here is that, at each vertex, there is at least one exiting edge with
transition probability greater than the inverse number of neighbours at that vertex. By restricting
the probability space to an event where, at each vertex, this (random) edge is fixed, we are able to
compensate for the non uniform ellipticity of .

The upper bound is more elaborate. Since G*(0,0) = 1/P, ,,(Hy < H,), we need lower bounds on
the probability to reach ¢ without coming back to o. If P were uniformly elliptic, it would suffice
to consider a single path from o to d. In the present case, we construct a random subset C(w) of
E containing o where a weaker ellipticity property holds anyway: vertices in C(w) can be easily
connected to each other through paths inside C(w) (cf. Proposition 8). The probability, from o,
to reach J without coming back to o is greater than the probability, from o, to exit C(w) without
coming back to o and then to reach & without coming back to C(w). The uniformity property
of C(w) allows to bound P, .,(T¢(.,) < H,) by a simpler quantity, and to relate the probability of
reaching & without coming back to C(w) to the probability, in a quotient graph G, of reaching 8
from a vertex o (corresponding to C(w)) without coming back to 0. We thus get a lower bound on
P, »(Hy < H,) involving the same probability relative to a quotient graph. This allows us to perform
an induction on the size of the graph. Actually, the environment we get on the quotient graph is not
exactly Dirichlet, and we first need to show (cf. Lemma|9) that its density can be compared to that
of a Dirichlet environment.

3.1 Properties of Dirichlet distributions

Notice that if (p;,p5) is a random variable with distribution 2(a, ) under P, then p; is a Beta
variable of parameter (a, #), and has the following tail probability:

P(py<¢) NOC«SO‘, (%)
Fotd

I'(a+p)
T(a+1)(B)"

Let us now recall two useful properties that are simple consequences of the representation of a
Dirichlet random variable as a normalized vector of independent gamma random variables (cf. for
instance [Wi63]). Let (p;);e; be a random variable distributed according to 2((a;);e;). Then:

where C =

(Associativity) Let I;,...,I, be a partition of I. The random variable (Zielk pl-) on
Prob({1,...,n}) follows the Dirichlet distribution 2((3 ;. 1, %i)1<k<n)-

(Restriction) LetJ be a nonempty subset of I. The random variable (Z bi o ) on Prob(J) follows
jerPi ) iy

the Dirichlet distribution 2((«;);c;) and is independent of Zje ;Pj (which follows a Beta
distribution B(> jes %> > j¢s @) due to the associativity property).

Thanks to the associativity property, the asymptotic estimate () holds as well (with a different C)
for the marginal p; of a Dirichlet random variable (p4,..., p,) with parameters (a, s, ..., &,).
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3.2 First implication (lower bound)

Let s > 0. Suppose there exists a strongly connected subset A of E such that o € Aand 4 <s. We
shall prove the stronger statement that E[G{’(0,0)’] = co where G}’ is the Green function of the
random walk in the environment w killed when exiting A.

Let £ > 0. Define the event &, = {Vx €4, Y. w, < ¢}. On &,, one has:

e€gA, e=x

EowlTal 2 1)

1
€
Indeed, by the Markov property, for all n € N*,

Po,co(TA > n) = Eo,w[l{TA>n—1}PXn_1,w(TA > 1)] > Po,cu(TA >n-— 1)m€igpx,cu(TA > 1)
x

and if w € &, then, forall x A=A, P, ,(Ty>1) =1 — ¢, hence, by recurrence:
Po,w(TA >n) = Po,w(TA >0)(1— g)n =(1- S)H:

from which inequality (1) results after summation over n € N.
As a consequence,

00
P((gL)dt.
¢1/s

Notice now that, due to the associativity property of section|3.1, for every x € A, the random variable
D 234, e=x We follows a Beta distribution with parameters (Xoecr\A, e=x Ye» Dueen, o=x Ae)» 5O that the
tail probability (*) together with the spatial independence gives: B

E[Eo,a)[TA]S] :f P (Eo,w[TA]s > f) dt > f
0 0

P(&,) ~ CePr,
£—0

. .. _fa .
where C is a positive constant. Hence P (6’ u ) v Ct™ s, and the assumption 8, < s leads to
t1/s —00

E[Epu[Tal’] = o0.

Dividing T, into the time spent at each point of A, one has:

S

N
EoolTal = | D G2(0,) | < (|4|glgcx(o,x)) = |AF max G} (0, x)* <IAF ) G(0,x), (2)
xX€A = - x€A

so that there is a vertex x € A such that E[G{’ (0, x)’] = co.

Getting the result on G{’(0, 0) requires to refine this proof. To that aim, we shall introduce an event
& of positive probability on which, from every vertex of A, there exists a path toward o whose
transition probability is bounded from below uniformly on &.

Let w € Q. Denote by G(w) the set of the edges e* € E such that w, = max{w,|e € E,e = e*}. If
e* € G(w), then (by a simple pigenhole argument):
1 1

Z T2
Mg |E|

(Oope Z
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where n, is the number of neighbours of a vertex x. In particular, there is a positive constant k
depending only on G such that, if x is connected to y through a (simple) path 7 in G(w) then
P, ,(m) > k. Note that for P-almost every w in €, there is exactly one maximizing edge e* exiting
each vertex.

Since A is a strongly connected subset of E, it possesses at least one spanning tree T oriented toward
0. Let us denote by & the event {G(w) = T}: if w € &, then every vertex of A is connected to o in
G(w). One still has:

P& NF)>P(&,N{Vee T, w, >1/2}) ~, C'ePa,
£—

where C’ is a positive constant (depending on the choice of T). Indeed, using the associativity
property and the spatial independence, this asymptotic equivalence reduces to the fact that if (p;, p,)
has distribution 2(a, ) or if (p;, py, p3) has distribution 2(a, 3,y), then there is ¢ > 0 such that
P(p; <e,py>1/2) E:Ocs“. In the first case, this is exactly (*), and in the case of 3 variables,

r
P(p; <e,p,>1/2) = F((;)?(z)—llz(yy)) f f 1= xy = xp)  Hdxpd g

T(a+pB+7)

o T(r(pr) J, N a2 ’ ’

Then, as previously:

o0 o0

IP(é”Lﬂﬁ')dt:+oo,

/s

E[Eo,w[TA]S: F] :f

P(Ey , [T4) = t,Z)dt > f
0

0

and subsequently there exists x € A such that E[G}’(0,x)’, #] = co. Now, there is an integer [ and
a real number x > 0 such that, for every w € #, P, ,(X; = 0) = k. Thus, thanks to the Markov
property:

GP(0,x) = D Py X =2x,Ty>k)

k>0
1
< Y =P =0,y > k+1)
K
k>0
< 162(0,0)
—G%(0,0).

Therefore we get:
1
E[GX(O,X)S,Q] < EE[GX’(O) O)S,y]’

and finally E[G{’(0,0)°] = o0

3.3 Converse implication (upper bound)

Scheme of the proof The proof of the upper bound procedes by induction on the number of edges
of the graph. More precisely, we prove the following property by inductiononn > 1 :
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PROPOSITION 7. — INDUCTION HYPOTHESIS
Let n € N*. Let G = (VU {0},E) be a directed graph possessing at most n edges and such
that every vertex is connected to @, and (a,).cg be positive real numbers. We denote by P
the corresponding Dirichlet distribution. Then, for every vertex o € V, there exist real numbers
C,r > 0 such that, for small ¢ > 0,

P(P, ,(Hy < H,) < &) < Cef(~Ine),

where f =min {8, | A is a strongly connected subset of E and o Eé}.

The implication (ii)=(i) in Theorem [1 results from this proposition using the integrability of t —

(h;—,;)r in the neighbourhood of 400 as soon as § > 1, and from the following Markov chain identity:

1

G¥(0,0) = —————.
Po,o)(Ha < Ho)

Let us initialize the induction. If a graph G = (V U {2}, E) with a vertex o is such that |[E| =1 and o
is connected to d, the only edge links o to d, so that P, ,,(Hy < H,) = 1, and the property is true (3
is infinite here).

Let n € N*. We suppose the induction hypothesis to be true at rank n. Let G = (VU {0},E) be a
directed graph with n+1 edges, o be a vertex and (a,).cr be positive parameters. As usual, P is the
corresponding Dirichlet distribution. In the next paragraph, we introduce the random subset C(w)
of E we will then be interested to quotient G by.

Construction of C(w) Let w € Q. We define inductively a finite sequence e; = (x1,Y1),.--,€m =
(X, ¥m) of edges in the following way: letting y, = o, if eq, ..., e;_; have been defined, then e; is
the edge in E which maximizes the exit distribution out of C; = {e;,...,e,_;} starting at y;_;, that
is:
e— Pyk_l,w((XTCk—l’XTCk) =e).

The integer m is the least index > 1 such that y,,, € {0, d}. In words, the edge e is, among the edges
exiting the set C(w) of already visited edges, the one maximizing the probability for a random walk
starting at y;_; to exit Ci(w) through it; and the construction ends as soon as an edge e, heads at
o or . The assumption that each vertex is connected to J guarantees the existence of an exit edge
out of C(w) for k < m, and the finiteness of G ensures that m exists: the procedure ends. We set:

C(w)=Cpy1 =1{e1,...,en}.
Note that the maximizing edges, and thus C(w), are in fact well defined only for w out of a Lebesgue
negligible subset of Q.
Notice that C; = &, hence T, =1 and e is the edge maximizing e — w, among the edges starting
at 0. Hence ey is the edge of G(w) starting at o (cf. the proof of Ehe first implication). More generally,
for1 <k <m,if y,_1 & {xq,...,Xxr_1}, then e, is the edge of G(w) starting at y;_;.
The main property of C(w) is the following:

ProPOSITION 8. — There exists a constant ¢ > 0 such that, for every w € Q such that C(w) is well
defined, for all x € C(w) \ {o},

Py o (Hy < Hy A Tg(e) = c. 3)
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PrROOF. Let w be such that C(w) is well defined. For k = 1,...,m, due to the choice of e, as a
maximizer over E (or J;Cy), we have:

Pyk,l,w((XTck—bXTCk) =€) > % =K.
For every k such that y, # o (thatis for k =1,...,m — 1 and possibly k = m), we deduce that:
Py oHy, <HyNTe)) 2Py oK1, =) Z K.
Then, by the Markov property, for any x € Clw)= {i,-->¥ym}b if x #o,
Py o(Hy <Hy ATg(p) =™ >l =,

as expected. O

The support of the distribution of w — C(w) writes as a disjoint union ¢ = 6, U 6, depending on
whether o or @ belongs to C(w). For any C € ¢, we define the event

& = {C(w)=C}.

On such an event, the previous proposition gives uniform lower bounds inside C, “as if” a uniform
ellipticity property held. Because % is finite, it will be sufficient to prove the upper bound separately
on the events & for C € 6.

If C € 6,, then & € C and the proposition above provides ¢ > 0 such that, on &, P, »(Hp < H)>c
hence, for small € > 0,
P(P, ,(Hy < Hy) < ¢, &) =0.

In the following we will therefore work on §; where C € %,,. In this case, C is a strongly connected
subset of E. Indeed, y, = y,, = 0 and, due to the construction method, y; is connected in C(w) to
Yigq fork=0,...,m—1.

Quotienting procedure We intend to introduce a quotient of G by contracting the edges of C, and
to relate its Green function to that of G. Let us first give a general definition:

DEFINITION. — If A is a strongly connected subset of edges of a graph G = (V, E, head, tail), the
quotient graph of G obtained by contracting A to @ is the graph G deduced from G by deleting
the edges of A, replacing all the vertices of A by one new vertex @, and modifying the endpoints
of the edges of E \ A accordingly. Thus the set of edges of G is naturally in bijection with E \ A
and can be thought of as a subset of E.

In other words, G = (V, E, head, tfavil) where V = (V \A) U {a} (@ being a new vertex), E = E \ A and,

if T denotes the projection from V to V (i.e. Tiya = id and 7(x) = @ if x € A), head = 7 o head and

tail = 7 o tail.

Notice that this quotient may well introduce multiple edges.

In our case, we consider the quotient graph G=({=(\ c)u{od,o}, E=E\ C,head, tﬂavil) obtained

by contracting C to a new vertex o.
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Starting from w € Q, let us define the quotient environment & € Q, where 2 is the analog of  for
G. For every edge e € E(CE), ife¢ JxC (i.e. if tall(e) # 0), then &, = w,, and if e € J;C, then

x= Z W,.

W, = E’ where:
e€dyC

This environment allows to bound the Green function of G using that of G in a convenient way.
Notice that, from o, one way for the walk to reach & without coming back to o consists in exiting
C without coming back to o and then reaching & without coming back to C. Thus we have, for
wE &

P,o(Hy <H)) > Y P, (H,<H,AT¢,Hy <H,+H;o0y)
xeC

= Z Po,w(Hx < ﬁo A TC)Px,w(Ha < ﬁg)

xeC

¢ > P, (Hy < Hp)

xeC

= X-Ps4(Hy < Hp)

where the first equality is an application of the Markov property at time H,, and the last equality
comes from the definition of the quotient: both quantities correspond to the same set of paths
viewed in G and in G, and, for all x € C, P, ,-almost every path belonging to the event {H, < Hc}
contains exactly one edge exiting from C so that the normalization by ¥ appears exactly once by
quotienting.

Finally, for ¢’ = 1/c > 0, we have:

P(P, ,(Hy < H,) <e, ) <P(Z-Ps 5(Hy <Hz) < c'e, &). (4)

Back to Dirichlet environment It is important to remark that, under P, & does not follow a
Dirichlet distribution because of the normalization (and neither is it independent of ). We can
however reduce to the Dirichlet situation and thus procede to induction. This is the aim of the
following lemma, inspired by the restriction property of Section|3.1. Because its proof, while simple,
is a bit tedious to write, we defer it until the Appendix page 449.

LEMMA 9. — Let (pgl))lgisnl,...,(pgr))lgisnr be independent Dirichlet random variables with respec-
tive parameters (al('l))lsism:---:(al('r))lsism- Let mq,...,m, be integers such that 1 < m; <
»1<m,<n, and let Z = 2;21 221 pl(]) and 8 = Z;Zl 221 al(.J). There exists positive

constants C,C’ such that, for any positive measurable function f : R X sz M R,
(€] (€)) (r) (r)
P Pm Py~ m, = [ ( I ORI O ~(r))]
E 2 - - - <C-E 2 . .
{f ( b Z 5 b Z 5 b 2 s b 2 —_— f p 3pm b ’pl b ’pm 5

where, under the probablllty P, (p(l) .. ,p(l) ...,figr),...,ﬁg)) is sampled from a Dirichlet distri-

bution of parameter (a1 e ad (1r), e, ocg;)), % is bounded and satisfies P(% < ¢) < C'eF

ml’
for every € > 0, and these two random variables are independent.
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We apply this lemma to «w by normalizing the transition probabilities of the edges exiting C. Us-
ing (4) and Lemma|9, we thus get:

P(P, ., (Hy <H,) <€, )

A

P(S- P55(Hy <Hgz) <c'e, &)
P(Z - Ps 5(Hy < Hy) < ce)
< C-P(E-P5,(Hy < Hy) < c'e), (5)

IA

where P is the Dirichlet distribution of parameter (), ON Q, w is the canonical random variable
on £ (which can be seen as a restriction of the canonical r.v. on ) and, under P, ¥ is a positive
bounded random variable independent of w and such that, for all ¢ > 0, P(X. < ¢) < C’ gPe.

Induction Equation relates the same quantities in G and G, allowing to finally complete the
induction argument.

Because the induction hypothesis deals with graphs with simple edges, it may be necessary to reduce
the graph G to this case. Another possibility would have been to define the random walk as a
sequence of edges, thus allowing to define T (where C C E) for graphs with multiple edges. In the
Dirichlet case, the reduction is however painless since it leads to another closely related Dirichlet
distribution.

Note indeed first that, for any @ € S~2, the quenched laws P, 5 (where x € V) are not altered if we
replace multiple (oriented) edges by simple ones with transition probabilities equal to the sum of
those of the deleted edges. Due to the associativity property of section|3.1, the distribution under P
of this new environment is the Dirichlet distribution with weights equal to the sum of the weights
of the deleted edges. Hence the annealed laws on G and on the new simplified graph G’ with these
weights are the same and, for the problems we are concerned with, we may use G’ instead of G.

The edges in C do not appear in G anymore. In particular, G (and a fortiori G’ has strictly less than
n edges. In order to apply the induction hypothesis, we need to check that each vertex is connected
to . This results directly from the same property for G. We apply the induction hypothesis to the
graph G’ and to 0. It states that, for small & > 0:

B(Py,(Hy < Hy) <€)< C"eP(~Ine), 6)

where C” > 0,r > 0 and [3’ is the exponent “B” from the statement of the induction hypothesis
corresponding to the graph G’ (it is in fact equal to the “B” for G). As for the left-hand side of (6),
it may equivalently refer to the graph G or to G’, as explained above.

Considering (5) and (6), it appears that the following lemma allows to carry out the induction.

LEmMMA 10. — If X and Y are independent positive bounded random variables such that, for some real
numbers ay, ay,r > 0:

e there exists C > 0 such that P(X < ¢) < Ce™ for all € >0 (or equivalently for small ¢);

e there exists C’ > 0 such that P(Y <¢) < C’e*(—Ineg)" for small € >0,

then there exists a constant C” > 0 such that, for small € > 0:

P(XY <¢)<C"e%"(—Ing) !
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(and r +1 can be replaced by r if ay # ay).
Proor. We denote by My and My (deterministic) upper bounds of X and Y. We have, for ¢ > 0:
€ €
P(XY <&)=P (YS —) +P (XY <eY> —)
My My

Let &7 > 0 be such that the upper bound in the statement for Y is true as soon as € < g,. Then, for
0 < € < gy, we compute:

My
P(XYS&‘,Y>L) = f P(XSE)P(YEdy)
My & Yy

XMY e %
Cf (—) P(Y edy)
£ Yy

<
X
= Ce™E|1 1
- € (Yzﬁ)yax
My P(Y> )
£ axdx =
— Ce™ P(— <Y <x)—— + My
e Mx xxtl My *x
My
£ dx 1
< Ce™ aXC'f x*(=Inx)" +
x

B ax+1 MYaX

My

€o
€
< Ce™ | ayC’ x® "% ldx(—In —)" +
i My My %
My

< C“gaXAaY (_ In g)r-i-l.

Indeed, if ay > ay, the integral converges as ¢ — 0; if ay = ay, it is equivalent to —In¢; if ay < ay,
the equivalent becomes Eaxl,ay. And the formula is checked in every case (note that —Ine > 1 for
small &). O

Using (6), Lemma/10 and (5), we get constants ¢, > 0 such that, for small ¢ > 0:

P(P, ,(Hy < H,) < £,6¢) < cePeP(—Ing) ™, )

Let us prove that ﬁ > 3, where f3 is the exponent defined in the induction hypothes1s relative to

G and o (remember that [5 is the same exponent, relative to G’ (or G) and §). Let Abe a strongly
connected subset of E such that 6 € A. Set A=AUC C E. In view of the definition of E, every
edge exiting A corresponds to an edge exiting A and vice-versa (the only edges to be deleted by the
quotienting procedure are those of C). Thus, recalling that the weights of the edges are preserved
in the quotlent (cf. Lemma|9), 8; = 4. Moreover, o € A, and A is strongly connected (so are Aand

C,and G €A, o € C), so that 8, > . As a consequence, [5 > 3, as announced.

Then B A [3; > B AP = B because C is strongly connected and o € C. Hence (7)) becomes: for small
>0,
P(Po,w(Ha < Ho) <eg, gC) < Cgﬁ(_lng)r+1~

Summing on all events &¢, C € €, this concludes the induction.
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Remark This proof (with both implications) gives the following more precise result: there exist
¢, C,r > 0 such that, for large enough ¢,

(Int)"

tminA /5A ’

C

<P(G®(0,0)>t)<C

tminA ﬁA -

where the minimum is taken over all strongly connected subsets A of E such that o € A.

3.4 Proof of the corollary

We prove Corollary |4, Let s be a positive real number. The equivalence of (i) and (ii) results from
the inequalities below: for every w € Q, x €V,

G®(x,x) = Ex,co [Nx]s < Ex,co[TV]s = (Z Px,co(Hy < Haﬂ”(%)’)) <V Z Gw(}’,)’)s,

yev yev
where the second inequality is obtained by bounding the probability by 1 and proceding as in equa-
tion (2). Theorem 1 provides the equivalence of (ii) and (iii). The fact that (i) implies (iv) is trivial.

Let us suppose that (iii) is not satisfied: there is a strongly connected subset A of E such that 3, <s.
Let o be a vertex. If o € A, then E[E, ,[Ty]°] = E[G®(0,0)°] = oo thanks to Theorem|[1; and if
0 ¢ A, there exists (thanks to strong connexity) a path 7 from o to some vertex x € A which remains
outside A (before x), and we recall that Theorem 1 proves E[G{’(x,x)’] = oo hence, thanks to
spatial independence of the environment:

BlEo o Tv]'] 2 E[G¥(0,x)’ ] 2 E[P, ,,(n)' G (x, x)'] = E[P, o, ()] X E[GZ (x, x)°] = 00,

so that in both cases, E[E, ,[Ty]’] = co. Thus, (iv) is not true. So (iv) implies (iii), and we are
done.

Remark Under most general hypotheses, (i) and (ii) are still equivalent (same proof). The equiv-
alence of (i) and (iv) can be shown to hold as well in the following general setting:

ProposITION 11. — Let G = (V U {3},E) be a finite strongly connected graph endowed with a
probability measure P on the set of its environments satisfying:

e the transition probabilities w(x,), x € V, are independent under P;

e forallecE, P(w, >0)>0.

If there exists x € V such that E,[Ty] = +oo, then for all y €V, E, [Ty ] = +o0.

ProOF. Suppose x € V satisfies E, [ T;,] = +00. We denote by A a subset of E satisfying E, [ T4] = +00,
and being minimal (with respect to inclusion) among the subsets of E sharing this property. Since E
is finite, the existence of such an A is straightforward.

Let y € A: there is an e € A such that e = y. Let us prove E, [T,] = +0o. We have, by minimality of
A, E, [Ty 3] < 00. Let H, = inf {n > 1] (X,,_1,X,,) = e}. Then:

Exl:TA] = Ex[TA’He < TA] +Ex[TA:He > TA]
< Ex[TA:He < TA] +EX[TA\{6}]1
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hence E, [T4,H, < T4] = +00. Thus, using the Markov property:

+too = Ex[TA - TA\{e} + 1:He < TA] = Ex[TA - (He - ]-)aHe < TA]
= EX[TA - (He - 1))He -1< TA] = EX[TAO eHe—lzI_Ie -1< TA]
= E[Ex,w [EXHE,I,w[TA]:He -1< TA]] = E[Eg,w[TA]Px,w(He -1< TA)]
S Eg[TA]:

which gives E, [T,] = +o0 as announced.

Let z € V. If 2 € A, we have of course E,[Ty] > E,[T4] = +00. Suppose z € V \ A. By strong
connexity of G, one can find a simple path e;,-:-,e, from z to a point y = e, € A such that
e1,...,e, ¢ A (by taking any simple path from 2z to any point in A and stopping it just before it enters
A for the first time). Then, by the Markov property and using independence between the vertices in
the environment:

Ez[TV]

A%

E,[Ty,X;=¢ fori=1,...,n]
Elw, - we Ey [Ty +n]]
Elwe, -+ we Ey [Ty + 1]

= Elw, ] Elw, J(E,[T4]+n)

v

hence E, [Ty ] = 400 because the first factors are positive and the last one is infinite via the first part
of the proof. This concludes the proof of Proposition[11. O

4 Proof of the ballisticity criterion

We now consider random walks in i.i.d. Dirichlet environment on Z¢, d > 1. Let (eq,...,eq) denote
the canonical basis of Z?, and ¥ = {e e zd ) le] = 1}. Let (a,).ey be positive numbers. We will
write either a; or ., and a_; or a_,, i =1,...,d. Let us recall the statement of Theorem 6:

d X
THEOREM — If Z |a; —a_;| > 1, then there exists v # 0 such that, Py-a.s., Tn —, v, and the following

i=1
bound holds:
<

v_ 2
LT o1

dp,

-1
where ¥ = Zeeﬂl, a, and d,,, = Z?:] %ei is the drift under the averaged environment.

Proor. This proof relies on properties and techniques of [EnSa06]. Our improvement is twofold:

first, thanks to the previous sections, we are able to define the Kalikow random walk under weaker

conditions, namely those of the statement; second, we get a finer bound on the drift of this random

walk.

Let us recall a definition. Given a finite subset U of Z¢ and a point 2z, € U such that E[G{ (20,20)] <

0o, the Kalikow auxiliary random walk related to U and z, is the Markov chain on UU 9, U (where

oy U is the set of the vertices neighbouring U) given by the following transition probabilities:

E[G{ (20,2)w(2,2 +e)]

forallz € Uand e €V, Oy, (2 +e) =
or all z and e By (2,2 +e) E[Gy (20,2)]
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and &y, (2,2) = 1if z € 3, U. For the sake of making formal computations rigorous, Enriquez
and Sabot first consider the generalized Kalikow random walk. Given an additional parameter
6 €(0, 1), the new transition probabilities &y , 5(2,2 +e) are defined like the previous ones except
that, in place of G7(z,2), we use the Green function of the random walk under the environment w
killed at rate 6 and at the boundary of U:

Ty
k
G((Jj)ﬁ(ZO:Z) = Ezo,w |:Z o l(Xk:z):|
k=0

(and we don’t need any assumption on P anymore).

The following identity (equation (2) of [EnSa06]) was a consequence of an integration by part
formula: for all finite U c Z4,2€U,ec ¥, 5 €(0,1),

E[G 5(20,2)Pw,5(2,2 + €)]
E[Gy 5(20,2)]]
where p,, 5(2,2 +e)) = w(z,2 + e)(G“’S(z z)— 5G‘°5(z + e,2)). The Markov property for the killed

random walk shows that, for all z, the components of (Pw,5(2,2 +e)).cy are positive and sum up to
1: this is a probability measure. Besides, after a short computation, it can be rewritten as:

R 1
Wy z,5(2,2+e)= 51 (ae

pw,5(2’z + e) = Pz,w(Xl =2 +6|Ha < ﬁz):

which highlights its probabilistic interpretation. This remark allows us to refine the estimates
of [EnSa06]. The drift of the generalized Kalikow random walk at z is:

Gy 2y () = (Z(a ae, —21‘) = (5, - D), ®

where d (depending on all parameters) is the expected value of the following probability measure:

E[G{})’g(zm Z)pw,é (Z, z+ )]
E[GZ ,(70,2)]

This measure is supported by ¥, hence d belongs to the convex hull of ¥, which is the closed
| - [;-unit ball B}, :
|d|; <1.

On the other hand, the assumption gives %.d,, ¢ B|,, and the convexity of B, provides [ € R \ {0}
and ¢ > 0 (depending only on the parameters (a,).cy) such that, for all X € By,

Yd, - l>c>X-1.

Therefore, noting that our assumption implies ¥ > 1, we have, for every finite subset U of Z¢, every
20,2 € U and 6 €(0,1):

~ 1 ~ d,-l—c
dU,zO,5(z)'l:ﬁ(de'l_d'Z)Z T > 0.
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It is time to remark that Theorem 3|applies under our condition: the hypothesis implies > > 1 so
that, for all i, 2X — a; — a_; > 1. This guarantees the integrability of G{;(2(,2) and allows us to
make & converge to 1 in the last inequality (monotone convergence theorem applies because G[‘J"’ 5
increases to G;; as 6 increases to 1). We get a uniform lower bound concerning the drift of Kalikow
random walk:
~ d,-l—c
dygz(2)-1= -1 > 0.
In other words, Kalikow’s criterion is satisfied for finite subsets U of Z?. As underlined in [EnSa06],
this is sufficient to apply Sznitman and Zerner’s law of large numbers ([SzZe99]), hence there is a
deterministic v # 0 such that, P-almost surely,
Xn
— >,
n n

Finally, identity (8) gives:

~ 1~ 1
d ——d. | =——|d —
U,20,6(%) m E—ll ll_Z}—l

-1

from which the stated bound on v results using Proposition 3.2 of [Sa04]: v is an accumulation

point of the convex hull of {EU,ZO)(»;(Z)‘ U finite, 25,z € Ut when 0 tends to 1, and any point of

these convex hulls lies in the desired (closed, convex) £!-ball. O

5 Concluding remarks and computer simulations

In the case of Z?, we have provided a criterion for non-zero limiting velocity. One may prove the
following criterion as well, thanks to Theorem 3 (for a proof, please refer to the Appendix):

ProposITION 12. — If there exists i € {1,...,d} such that a; + a_; > 2% — 1, then:

Py-as., — —0.
n n
The question remains open whether one of these criterions is sharp. Actually, computer simulations
let us think that neither is. We were especially able to find parameters such that exit times of all
finite subsets are integrable and the random walk has seemingly zero speed (more precisely, X,
looks to be on the order of n* for some 0 < k < 1). Figure 1 shows some results obtained with
(ay,a_1,0,0a_5) = (0.5,0.2,0.1,0.1). We performed 10° numerical simulations of trajectories of
random walks up to time n,,,, = 10° and compared the averaged values of y, = X,, - e; with C,n®%,
where C, is chosen so as to make curves coincide at n = n,,,, . The first graph shows the average of

y,, and the second one the maximum over n € {10° +1,...,10°} of the relative error ’1 — Cy .

‘as

n(l B
a varies. The minimizing a is 0.9, corresponding to a uniform relative error of .0044. However we
could not yet prove that such an intermediary regime happens.
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Figure 1: These plots refer to computer simulation: averages are taken over 10 trajectories up to
time 10° (see section[5)

Appendix

Proof of Lemma 9

For readibility and tractability reasons, we will prove this lemma in the case of only two Dirichlet
random variables (ps,...,px+1) and (p3,...,p; +1)- The proof of the general case would go exactly
along the same lines. The associativity property allows as well to reduce to the case when we
normalize all components but one: m; = k and m, = [ (by replacing the other marginals by their
sum).

We set y = aj41 and v/ = a; ;. Writing the index (-); instead of (-);<;<x and the same way with j
and [, the left-hand side of the statement in this simplified setting equals:

X Yi
oo (2o (gt ) (st ) | rerom TTinTTon

Z}’j <1}
j

where for some positive cg, ¢ ((x;);, (¥;);) = co (l_[ xf‘i_l) (1= x;)" (l_[ y;lj_l) (1—Zy]~)yl. We
i i J J

successively procede to the following changes of variable: x; — u = Zi X+ i Yis then x; — X; = %

foreveryi#1,and y; — y; = % for every j. The previous integral becomes:

f{ SR 1555 }f 1= %+ D 5, (%)ua. (7)) | ¥ @ipr, ) du ] % [ [d7;,

i#1 j i#1 j

Bounding from above by 1 the last two factors of 1) where u appears, we get that the last quantity
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is less than:

f{ IS LY }f 1= %+ D 55 (%) (5) | 0w Eigr, ) du] Jax ] a5,

ws i#1 j i#1 j

a;—1
~ ~ ~ ~ ~a—1 Na/,—l
where 6(u, (X;)ix1,(¥j);) = ¢co (1— in—ZJ’j) [1x [Ty -
i#1 j i#1 J

This rewrites, for some positive ¢, as: clf [f(fl,ﬁl, ceesDioP 15 ,p’l)] , with the notations of the

~ € 4+ o Y o
statement. We have here P(X <¢) =c fo ILED LY I SO WY

Proof of Proposition

Without loss of generality, we may assume a; + a_; > 2% — 1. As a consequence of Theorem 3] the
time spent by the random walk inside the edge (0, e;) is non-integrable under P,,.

e

T
We prove that, for every e € ¥, Py-a.s., 7"

— +00, where :
Ty =inf{n > 0|X,, - e > 2k}.

X,-e

This implies that Py-a.s., limsup, < 0 for all e € ¥, and thus the proposition. Let e € ¥. We

introduce the exit times :
To = inf{n = 01X, & {X,Xo +e1}}

(with a minus sign instead of the plus if e = —e;) and, for k > 1,
Ti=To°Ore,

with the convention that 7; = oo if T = co. The only dependence between the times 7, k € N,
comes from the fact that 7;, = oo implies 7; = oo for all [ > k. The “2” in the definition of T}

causes indeed the 7,’s to depend on disjoint parts of the environment, namely slabs {x € Z4|x -e €
{2k, 2k + 1}}. For ¢, ..., t; €N, one has, using the Markov property at time T}/, the independence
and the translation invariance of P :

PO(TOZtO""’Tk:tk) = PO(TOZtO""’Tk—l:tk—l)Tk:tkﬁTke<OO)
Py(To = to, .-, Tr—1 = tx—1)Po(To = ti)

o+ S Py(Tg =tg) - Po(Tg = ty_1)Po(To = t;)
= P(%\():t(),...,%\k:tk),

INIA

where, under P, the random variables T}, k € N, are independent and have the same distribution as
7, (and hence are finite P-a.s.). From this we deduce that, for all A € NN, Py((7)x €A) < P((Ti )k €
A). In particular,

To+ -+ T To+ -+ The
Py (lirriinfOTkl < oo) <P (lirr}(infOTkl <oo) =0,

where the equality results from the law of large number for i.i.d. random variables (recall E[T}] =
Ey[7o] = 00). Finally, T > 7o+ - + Tj_1, so that liminfy % = 00 Py-a.s., as wanted.
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