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1 Introduction

Reflecting stochastic differential equations have found a wide variety of applications over the last
decades. They play an increasingly important role in several disciplines such as economics and
operations research, where they serve to model portfolio and consumption processes, option pricing
and subsidy phenomena in interdependent economies, among others (see for example [10; 15; 21;
16] and references therein). They also play a central role in several fields of applications in the
electrical engineering context, where they are used to model, in conjunction with weak convergence
methods, from systems such as adaptive antenna arrays to stochastic communication networks (see
for example [12; 13] and references therein).

In the context of stochastic networks, such models appear as heavy-traffic limits of complex network
models, otherwise difficult to analyze, giving rise to corresponding approximations in terms of re-
flected diffusions. Reflections are taken into account via the Skorokhod map, and are due to the
non-negativeness requirements for the buffer occupation processes in the network (see for exam-
ple [26; 4] and references therein). Reflected jump-diffusions appear in this queueing application
context when for example network stations are subject to service interruptions (see [11; 25] and
references therein). In the same way, time- and state-dependence in the corresponding drift and
diffusion coefficients, as well as directions of reflection, obey to the corresponding dependence in
network traffic parameters, such as arrival and service rates, and station-to-station routing proba-
bilities (see for example [13; 14] and references therein).

Due to the wide variety of applications of reflected diffusion models, as summarized above, the avail-
ability of comparison properties for such class of models have become of practical and theoretical
importance. For example, the pathwise comparison between buffer occupation processes in queue-
ing networks or cumulative subsidies transferred among entities in interdependent economies, both
considered as the respective model parameters change, are of self-explicatory importance. Such
pathwise results in general demand not only the comparison between the respective constrained
jump-diffusion processes (constructed in terms of the Skorokhod map, as detailed further in the
next section), but also the corresponding establishment of absolute continuity properties for the
associated regulator processes (constraining the diffusions to the domain of interest, as for example
the non-negative orthant). In this context, comparison results for reflected jump-diffusions in the
orthant have traditionally been restricted to the case of normal reflection directions upon hitting
boundary faces (see [23]). However a comparison result in the oblique reflection directions case is
available in the context of the deterministic Skorokhod problem in the orthant (see [21]), the frame-
work in which it is established makes its application to the diffusion setting only possible when the
stochastic integral term driving the respective diffusion is state-independent. We will show in the
paper that this requirement is essentially a boundary condition at the faces of the orthant, being able
to include then a controlled state-dependency in that term over the interior of the orthant covering
for example the important case of a product-form setting (see [17; 19]) in queueing network ap-
plications. A crucial role is played here by an appropriate boundary behavior characterization, and
in particular by the boundary property in that regulators do not charge times spent by the reflected
diffusion at the intersection of two or more boundary faces (see [18; 19]).

A direct application of the comparison results established in the paper is to provide a simple er-
godicity condition for continuous reflected diffusions in the orthant with state-dependent reflection
directions. Stability conditions available in the literature have been established for the constant
reflection directions case (see [1]) and critically depend on the Lipschitz continuity of the corre-
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sponding Skorokhod map, which is not ensured in the state-dependent case.

The organization of the paper is as follows. In Section [2 we specify the setting to be considered
throughout as well as some related notation. In Section 3 we establish the main comparison results
of the paper. In Section|4/ we apply those results to derive an ergodicity condition for the continuous
case. Finally, in Section 5/we provide the corresponding proofs of the main results in Section 3.

2 Setting and Notation

Let n > 2 be an integerﬁ and (2, Z,(Z,):>0,P) be a stochastic basis satisfying the usual hypotheses,
i.e., &, contains all the P-null sets of & and the filtration (%,),>¢ is right continuous. Throughout
the paper we consider pair of processes (X, Z) satisfying reflecting stochastic differential equations
(RSDEs) in the orthant R} = {x = (x;)].; € R" : x; = 0 Vi} = x[_;R,, with state- and time-
dependent reflection directions upon hitting boundary faces, of the form

t t
Xt:XO—i_J b(s,Xs_)ds+J r(s,X,_)dW,
0 0

t t
+J J("?(s,Xs_,r)N(ds,dr)—l-J R(s,X,_)dZ,, t >0, (2.1)
0o JE 0
where@

o X =(X)s0=&} ..., X5 is an (F,);o-adapted R’ -valued cc‘ldlc‘zg@ semi-martingale.

o b=(b)., : Ry xR — R" and* y = (y;;)
functions. As usual, we refer to b and a = (a;;)
matrix, respectively.

?].:1 'Ry % Ri — R™" are Borel-measurable

n

ij=1 = yyT as the drift vector and diffusion

o W=(W)so=(WL...,W";> is an (F,)»¢-standard Brownian motion on R".

e F = FE; X --- x E, with each E; being an arbitrary Polish space (e.g., R with the usual Eu-
clidian distance), 6 = (6;;);;_; : Ry x R} X E — R™" is a Borel-measurable function and
N(ds,dr) = (Ny(ds,dr;),---,N,(ds,dr,)) with each N;(ds,dr;) being an independent Pois-
son random measure over [0,00) X E; with intensity measure A;ds ® G;(dr;), where A; > 0
and G; is a probability distribution on (E;, 88(E;)). Note since the Poisson measures are inde-
pendent, any number of them do not “jump” simultaneously at any time (a.s.), and therefore
to ensure that a jump does not take X outside the orthant we ask for each 6;; to be such that
6;j(t,x,r;) = —x; forall t 2 0, x = (x;)}.; €R] and r; € E;.

o Z=(Z)s0=(Z},...,Z")5¢ is a continuous (Z,),>¢-adapted R’} -valued process with each
Z! being non-decreasing and such that Zé =0and f (;)o X SidZsi =0.

!All results in the paper apply to the one-dimensional setting as well (n = 1). However, in order not to include trivial
cases in our proofs, we simply consider n > 2.

2Throughout, (in)equalities involving vectors and matrices are understood to hold componentwise and elementwise
respectively, and vectors are envisioned as column vectors.

3Acronym in French standing for continuous from the right with limits from the left.

“We denote as R™" the collection of n x n real matrices.
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= (R;j)} 1 TRy xR — R™" is a Borel-measurable function. As usual, and since the j-th

column of R glves the reﬂectlon direction upon hitting the interior of the j-th face F; = {x =
(x;)l_; € R} : x; = 0}, we refer to R as the reflection matrle and assume, Wlthout loss of
generality, the normahzatlon R;;i(-,-) =1 for each i.

We now identify different sets of conditions that will be alternatively considered as assumptions in
the results given in the paper.

Condition 2.1. b and R are continuous. Also, b, y, 6 and R satisfy a linear growth condition and are
Lipschitz continuous, both in the state variable x € R’} and uniformly in all the other corresponding
variables, i.e., there exists K € (0,00) such that, forall x,y €R", t >0 and r €E,

[1BCe, )N + Ny (e, 2011 + 16 (e, x, r)II? + [IR(e, )| < K21+ [|x|*)
and
l1b(t, x) — b(t, y)Il + lly(t,x) —y(&, ¥)ll
+116(¢t,x,r) = &6(t, y, r)ll + IR(¢, x) — R(t, )|l < Kllx — yl,
with the usual Euclidian and Frobenius norms in R™ and R™*", respectively. MoreoverE

sup ijf 5é(t,x,r-)Gj(drj) <00 (2.2)
E

=" ] j

J j

and

is continuous, for each i.
Condition 2.2. For each i, j, i # j, there exists m;; > 0 such that
IRij(t,x)| <m;;, x €R], t =0,

€ R™" we have 0 (M) < 1 with o(M) denoting the

l]’
and, with m;; = 0 for each i and M = (m;;)}
spectral radius of M.

1]1

Conditions (2.1 and in particular guarantee that, given an %,-measurable initial condition X, €
R and b, y, W, 6, N and R as above, the pair (X,Z) is the pathwise unique strong solution of
RSDE (2.1). Indeed, this follows from [6] in the continuous case (i.e., in absence of jumps), jumps
being taken then into account via standard piecewise construction arguments (see for example [13,
Section 3.7, pp. 134]). Whenever that is the case, we write

(X,Z) =RSDE(X,, b,R),
omitting y, W, 6 and N in the notation since in all comparison results between pairs
(X,Z) =RSDE(X,, b,R) and (X,Z)=RSDE(X,,b,R)
they will be the same for botﬂz

50One in general may assume each R;; as given on F; and extended to the whole orthant by setting R;;(+,x) =
T, (R;;(+,x)), x € R\ F;, with T, the orthogonal projector onto F;.

%Note from in particular follows that ZO<5§£ |AX;| < o0 a.s., each i and t > 0, with AX; = Xsi —X; and
X! =lim,X],s>0.

7In some of the corresponding proofs we will find useful to emphasize the common y though, including it explicitly in
the notation then.
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Conditions [2.1 and 2.2 in fact guarantee the well posedness of the Skorokhod problem (SP) in
the orthant with state-dependent reflection directions (see [24] for a detailed treatment of the
(modified) SP in the orthant with state-dependent reflection directions), and one may then write

X = &(U)

with

U.iXO-i—f b(s,Xs_)ds+J }f(s,Xs_)dWs+J f 6(s,X,_,r)N(ds,dr)
0 0

and ® : D([0,00) : R") — D([0,00) : R") the Skorokhod ma1£ i.e., with (X, Z) solving the SP for
U and R on an a.s. pathwise basis?. D( [0,00) : G) denotes here, as usual, the space of cadlag
functions mapping [0, c0) into G € R".

Condition|2.2 is standard in the context of RSDEs and SPs in non-smooth domains (see for example
[6; 5; 21;8]) as it guarantees that R(t, x) is completely-S, for each x € R’ and t > 0, in that for each
principal sub-matrix R(t,x) extracted from R(t,x) there always exists a non-negative vector v, of
the corresponding proper dimension, such that R(t, x)v > 0. Each such R(t, x) is also non-singular.
This structure, along with Condition|2.1 above and Condition 2.5/below, in particular guarantee that
(see [18;/19]) for each . < {1,...,n} with cardinality |.</| > 2

o0
JO I{XSJ-ZO,WGJJ} dZ; =0 a.s. 2.3)

for each i € ./, with 1, denoting as usual the corresponding indicator function.

As it will be seen in Section |5, the boundary property in equation (2.3) plays an important role in
the establishment of the results in the paper.

Finally, we identify the following conditions on the coefficients of 6 and y and on the diffusion
matrix a.

Condition 2.3. Each 6;; is such that, whenever x = (x;)}_; € R}, and y = (y;)_; € R} with x; < y;,
x;+6;(t,x,r;) < y; + 6;5(t, y,1), r; €Ej, t=0.

Condition 2.4. There exist measurable functions {n;;}} mapping Ri into R, such that for each i, j

i,j=1°
Yl](tyx) = T)l](t) Xi): X = (xl)?zl € Ri: t Z 0'

Condition 2.5. The diffusion matrix a is positive definite for each x € R, and t > 0, i.e.,

D lay(tx)EE; >0, E= (8D, €R", £ #0.

L,j

8The map U — (X, Z) is generally known as the solution mapping of the SP (for a given R) or, in queueing theory
jargon, as the reflection map (see [25;/26]). In this same jargon, the Z component is usually referred to as the regulator
process.

°Note the continuity of Z is ensured from the facts that X, € R’ and that jumps cannot take X outside the orthant.
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As mentioned before, since the Poisson jump measures {N;(ds,dr;)}!_, are independent, any num-
ber of them do not “jump” simultaneously at any time (a.s.). Therefore Condition 2.3/ is useful
when comparing processes X and X, coming from

(X,Z) =RSDE(X,,b,R) and (X,Z) =RSDE(X,,b,R),

as it ensures that for each i

X -X)ix-X)_ >0
at any jump instant (i.e., that jumps cannot alter the order between corresponding components).
In this same comparison context, Condition 2.4/ will guarantee for the semi-martingale local time at
level zero associated with each difference (X — X) to be null. It also makes each vij independent
of the position over the corresponding i-th face F;, and hence each diagonal diffusion coefficient a;;
too. Condition 2.4 is required for comparisons even in the case of normally reflected jump-diffusions
in the orthant (see [23]), and it encompasses the important case of a product-form setting (see
[17; 19]) in queueing network applications.
In addition to play a role in the establishment of relationship (2.3) above, Condition 2.5 also guar-
antees for reflections from the boundary to be instantaneous (see [18;19]).

3 Main Results: Comparison Properties

We establish in this section the main results of the paper, regarding comparison properties between
different pairs B
(X,Z) =RSDE(X,, b,R) and (X,Z) =RSDE(X,,b,R).

The following additional notation will be used from now on in the paper, with I denoting the
identity matrix in R™*",

Notation. Consider
(X,Z) =RSDE(X,, b,R) and (X,Z)=RSDE(X,,b,R)

with relationship (2.2) in Condition 2.1 holding, respectively, and define the mapping ¢ =
(Y1,..-,%,) : [0,00) X R — R" (resp., 1,0) by setting each ; (resp., 1,[11) as the net-drift includ-
ing jumps in the i-th coordmate ie.,

wi(t,x)ibi(t,XHijf 0;i(t,x,r))G;(dr;), x €RY, t >0,
J

E;

and similarly for J with b in place of b. We write
(XO’ w:R) = (XO) &;E)

wheneve@ _
Xo<Xo a.s., Y(t,x) <(t,y) and R(t,x) <R(t,y)

10Recall that inequalities among vectors and matrices are understood to hold componentwise and elementwise, respec-
tively. Since we take any reflection matrix as to have normalized to one diagonal elements, inequalities among them
involve then off-diagonal elements only.
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as x,y € R} with x <y and t =2 0. If in addition R(-,-) < I < R(:,), then we write

(X0, 4, R) =; X0, 9, R).

Finally, we write
dZ <<dz

when the random measure each Z' induces in [0, 00) is absolutely continuous with respect to the corre-
sponding one associated to Z!, denote by

dZ'

dzt
the related Radon-Nikodym derivatives, and write

dZ<1
77 =1 as

when each Radon-Nikodym derivative above is less than or equal to 1 a.s.

In order not to opaque the continuity in the expositionNof the results, we postpone their correspond-
ing proofs to Section|5. We begin with the case when R(-,-) =1.
Theorem 3.1. Let
(X,Z) =RSDE(X,, b,R) and (X,Z) =RSDE(X,,b,I),
both under Conditions|2.1 to 2.4, respectively. Assume that
Ko, %, R) X (Ko, 9, D).
Then we have

. . dZ
P{X, <X, t>0}=1, dZ <<dZ and 7 S1as

Remark 3.2. Note dZ << dZ with

is equivalent to

which in particular implies
P{z,>Z,t>0}=1

The next result considers the case when R(+,-) = I. In that case, a full comparison between the tuples
(X,Z) and (X, Z) is possible when R(:, ) is constant, a partial comparison being possible otherwise.
As it will become clear in Section|5} the main difficulty in getting a full comparison for non-constant
R(-,-) relies on the fact that the usual alternative characterization of (Zt)tZO (Zo = 0) when R(-,)
is constant (say ﬁ(-, )= INQ), as being the (unique) pathwise-minimum non-decreasing continuous
process satisfying (see for example [25;26])

U,+RZ, >0, t >0,
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with . _ _
U =X, + J Nb(s,)?s_)ds + J (s, X,_)dW, + f f 5(s,X,_,r)N(ds,dr),
0 0 0oJE
is in general not guaranteed for non-constant R(-, -) (see for example [21]).
Theorem 3.3. Let
(X,Z)=RSDE(X,,b,I) and (X,Z) =RSDE(X,,b,R),

both under Conditions|2.1 to 2.4, respectively. Assume that

(XO’ 11’; I) j (XVOJ 1:5: E)

Then we have
P{X, <X, t>0}=1.

If moreover R(-, ) is constant, then we also have
- dZ
dZ <<dZ and — <1 a.s.
dz

The following corollary is a direct consequence of Theorems and|(3.3.
Corollary 3.4. Let
(X,Z) =RSDE(X,, b,R) and (X,Z) =RSDE(X,,b,R),
both under Conditions|2.1 to 2.4, respectively. Assume that
(Xo,%,R) %1 (Ko, ¥, R).

Then we have
P{X, <X, t>0}=1.

If moreover R(-, ) is constant, then we also have
- dZ
dZ <<dZ and — <1 a.s.
dz

Finally, the next result shows that a full comparison is possible for non-constant oblique reflection
directions, provided reflections upon hitting each boundary tend to bring the remaining coordinates
closer to the origin. In order to compare X and X we generally require in this case an ordering at
the boundaries on the drift vectors b and Nb, as it will become clear in Section |5, ensuring in turn a
pathwise comparison between the increments of the processes Z and Z. It is in this context where
the boundary property in equation (2.3) plays an important role. The result is the following.

Theorem 3.5. Let

(X,Z)=RSDE(X,, b,R) and (X,Z) =RSDE(X,,b,R),
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both under Conditions|2.1 to 2.5, respectively. Assume that

(XO: w)R) = (XOD Wﬁ,ﬁ)

with ﬁ(-,;) < I, and that further each pair of drift coefficients b; and E satisfies the same ordering as
2); and 1p; but only on the corresponding i-th face F;, i.e., that'

bi(t,X)Sgi(t,_y), x:.yEFi) XSJ’; tZO:

for each i. Then we have

5 ~ dZ
P{X, <X, t>0}=1, dZ <<dZ and 7 S1as

4 Stability Applications: An Ergodic Result

In this section we use the comparison results of Section|3/to establish an ergodicity criterium related
to solutions of RSDEs as in equation (2.1), the main idea being to exploit those comparison prop-
erties, and the stability results in [1] for the constant reflection directions case, to provide a simple
but useful ergodicity condition in the context of state-dependent directions of reflection.

For simplicity we consider the continuous case, i.e., in absence of jumps (6(:,+,-) = 0). Therefore,
we consider RSDEs of the form

t

t t
X, =X0+J b(Xs)ds+J r(X;)dW; +J R(X;)dZ;, t >0, (4.1
0 0 0

where of course coefficients are assumed to be time-independent. Note when b and y are constant,
X in equation (4.1) reduces to a Semi-martinagle Reflecting Brownian Motion (SRBM) in the orthant
with state-dependent reflection directions (see [24]).

We denote by X* the process X in equation (4.1) when starting from X, = x € R'}, whose existence
and uniqueness is ensured under Conditions|2.1 and 2.2, and introduce accordingly and as usual
the family of distributions {P, : x € R’} } on the path space of continuous functions mapping [0, c0)
into R}, denoting as E, expectation with respect to .. Also, for each x € R], and ¢ > 0, we write
P,(t,-) for the law of X{ in R, i.e.,

P(t,A) =P{X} €A} =P, {X, €A}, Ac B(R}),

abusing notation in the last equaliqﬁ . (Note P,(0,-) = 8,(-), unit mass at x €R.)

We will consider in this section a boundedness condition on b and v, and a uniform non-degeneracy
condition on the corresponding diffusion matrix a (= ny).

Note this condition is in particular implied by the ordering on 1 and QE when jump-amplitude coefficients (&) do not
depend on the state.

12Though P, is a probability measure on the path space, the identification X, = x under P, is standard (through the
canonical representation).
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Condition 4.1. b and y are bounded, i.e.,

sup ||b(x)[l + sup [[y(x)ll < oo.

x€RY X€RY
Moreover; the diffusion matrix a is uniformly elliptic, i.e., there exists ¢ € (0, 00) such that

D a (g€ > cligl?

39)

forall x eRY and & = (&), €R™

Conditions 2.1 and [2.2, along with the boundedness requirement in Condition 4.1, guarantee the
family {X* : x € R} } satisfies the Feller propert. Indeed, from [21, Proposition 3.2, pp. 515] and
using the Burkholder-Davis-Gundy inequalities [9, Theorem 26.12, pp. 524], it is easy to see that
there exists a constant 0 < C < oo such that, for all t > 0 and all x,y € RY,

E[sup ||XS"—X;V||2} <C{llx—yI*+t+e2}. (4.2)

0<s<t

Also, from [6, Theorem 5.1, pp. 572] we know for each 0 < T < oo there exists a constant
0 < Cr <oosuch that, forall0 <t <T,

t
E [ sup [Ix; —XguZ] <¢ {nx ~yIP +f E [ sup (X} —xgnz} ds}.
0

0<s<t 0<u<s

Gronwall’s lemma then shows that

t
E [ sup ||X;‘—Xsy||2] schlx—yllzexp{ch E [ sup ||X§—X3||2} ds},
0<s<t 0 0<u<s

and therefore, on invoking again (4.2), and the arbitrariness of 0 < T < 0o, we conclude
E[IX? = X711 =0 as [lx - y[ \.0,

for each t > 0 and all x, y € R"}. The Feller property of the family {X* : x € R’ } then follows from
standard arguments (see for example [15], proof of Lemma 8.1.4, pp. 133-134.).

On the other hand, the uniform ellipticity requirement in Condition 4.1, along with Conditions
and 2.2, in particular guarantee irreducibility in that the probability measure P, (t,-) and Lebesgue
measure in R}, are, for each x € R} and t > 0, mutually absolutely continuous.

We are now in position to state and prove the advertised ergodic result.

Theorem 4.2. Consider the family {X* : x € R}} as above, under Conditions 2.1, (2.2, 2.4 and [4.1.
Set
Bi = sup b;(x) foreach i,

n
xeRy

1®Note then, since each X* is (F,),»o-adapted with (F,),, satisfying the usual hypotheses, the Markov family {X* :
x € R} is indeed strong-Markov.
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and assume that there exists R = (ﬁij fj=1 € R™™ with R<1, R;; = 1 for each i and c(R—1) < 1,

and such that R(-) <R anﬂ, with b = (Ei)?zl eR",
R'b<o0. (4.3)

Then there exists a unique invariant distribution for the family {X* : x € R}, in that there exists a
unique probability measure 7 on (R'}, B(R"})) such that

J E. [fX0)] ﬂ(dX)=f f(x)m(dx)
R” R

+

for alE f € 6,(R}). Moreover, for each initial distribution 7o on (RY, 8(R'.)) we have

t,/ oo

lim f P, (t,A)my(dx) = m(A)
R%

for each A€ B(R".), and therefore in particular we have that the measure f kY P, (t,-)mo(dx) converges

weakly to 1 as t increases to infinity, i.e.,
lim J E, [f(X,)] mo(dx) = J FGOR(dx)
7o Jry R}

for each f € 6,(RL).
Before giving the proof of the theorem we make the following remark.

Remark 4.3. Note the key ergodicity condition in Theorem 4.2, equation (4.3), does not coincide in the
case of constant directions of reflection, say R(-) = R, with the corresponding one in [1], which reads in
this case

sup 6;(x) <0 foreach i,

x€RY
with 6;(-) the i-th component of R™'b(-), i.e., with the supremun being pulled out in equation (4.3).
This is a consequence of supporting our result in an auxiliary comparison, as it will be done in the
proof below. However, as mentioned at the beginning of the section, equation (4.3) provides a useful
ergodicity condition for the case of applications with state-dependent reflection directions.

Proof. Consider for each x € RY, the auxiliary RSDE given by

t

X =x+ bt—l—J y(X7)dW;+RZ), t >0,
0

whose well-posedness is straightforwardly ensured, and write P, (t,-), t > 0, for the corresponding
laws. From the theorem’s assumptions, the Lipschitz continuity of the Skorokhod map in this con-
stant reflection directions case (see [26]) and [1, Theorem 2.16, pp. 8], we conclude the tightness,
for each M € (0, 00), of the family of probability measures

{Pe(t,): lIxll < M, £ 2 0},

4Note the structure of R not only guarantees for R!to exist, but also to be (elementwise) non-negative (see for
example [2]).
15As usual, 6, (R") denotes the space of bounded continuous functions from R’} into R.
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which in turn ensures, since by Theorem|3.5 in Section/3 we have

X*<X* a.s.,

the corresponding tightness of the family
{P(t,): lIxll < M, ¢ > 0}.

The above tightness, along with the theorem’s assumptions and the Feller structure of the family
{X* : x € R}, then give the corresponding existence of an invariant distribution 7 (see [7]). The
convergence
lim J P, (t,A)my(dx) = m(A)
t,/ o0 R™
+
for each initial distribution 7, and A € 98(R"}), and therefore the uniqueness of 7, follow then in
turn from [13, Theorems 1.1. and 1.3, pp. 142 and 144, resp.]. That in particular the measure

f P, (t,-)mo(dx)
RY

+

converges weakly to 7 as t increases to infinity, is a direct consequence of Portmanteau’s theorem
(see for example [3]). W

5 Proofs of the Main Results

In this section we give the proofs of the main results of the paper in Section|3. To that aim we first
establish the following lemma.

Lemma 5.1. Let _
(X,Z)=RSDE(Xy,b,R) and (X,Z)=RSDE(Xy, b,R),

both under Conditions|2.1 to (2.4, respectively, and with X, < X, a.s. Then for each constant N > 0,
index i and t > 0 we have both'®

tATNAT
E[(@l g a) ]S D E [ J 1150} Rij(s,X)[dZ] dz;]] 5.1)
7 LJo
and
tATy AT
E[(@l g ar) 1< D E [ J 1gim0y Rij(s, X[d2Z) — dzg]] , (5.2)
7 LJo
where

¢ =xi-%, t >0,
and where the (Z,),>o-stopping times Ty and T are defined as’

Ty = inf {t > 0: [IX, Iy + K.l +1Zelly + 1Z,lly > N}

16(x)* = max{x,0}, x Ay =min{x,y} and x Aco = x, x,y €R.
ixlly =25 Ixl, x = (x), € R", and inf@ = oo.
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and
T=T°AT*AT",

with T any (Z,),>o-stopping times,
T = inf{t >0:,(6,X,)>Y,(t,X,) for some l}
and

TT = inf{t > 0: Ry (t,X,) >Ry, (t,X,) for some l,m}.

Proof. Consider an index i, fixed throughout the proof. Note since ¢' is clearly a semi-martingale
with . . .
DlIagll< Y [lax!|+[aK] <o as., t>0,

0<s<t 0<s<t

the (jointly) right-continuous in y (€ R) and continuous in t (€ [0, 00)) version of the local time
associated to ¢', with y indicating the corresponding level, exists (see [20]). We denote it by
Lyi = (Lyi(t,¥))>0,yer- In order to prove the lemma, we first verify that

Lyi(1,0)=0 a.s.

Indeed, denote by ([¢°, ¢i]‘;)t20 the path-by-path continuous part of the quadratic variation process

([¢5 P10 with [¢', '] = 0, and note that
[p', 91 = Zf [rij(s, Xs) — Yij(s,)?s)]zds a.s.
7 Jo

and that, from Conditions/2.1 and

206X = 1. K0P = 3 0y (5. XD = 0y, XD < K2 [¢1°, s > 0.

J J

Define the mapping p : (0,00) — (0, 00) by setting
p(u) =K>u?, ue(0,00).

Let € > 0 and note that
f [p(w)] tdu = . (5.3)
(0,€]

Now, with
t
L= f Loepicalp(@D]1dI95 605, €20,
0

we have a.s.

L= j1{0<¢;'56}[p(¢§)]_1Z[Yij(S’Xs)‘Yif(s’is)]zds
0 j

t
< Kzf Lioegiza [P($D] 1 [11%ds < £ < oo, 5.4)
0

8For convenience T° is left here unfixed, being chosen appropriately when applying the lemma.
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On the other hand, by the occupation times formula of semi-martingale local times (see [20])
Ii :J [p(u)]_lLd,i(t,u)du a.s., t=>0,
(0,€]

and therefore, in light of equations (5.3) and (5.4) and since
L¢i(t,u) — Lgi(t, 0) asu\,0 a.s., t=>0,
we conclude, by the same arguments as in [22, Lemma 3.3, pp. 389], that
L4i(t,0)=0 a.s.,, t=0.

The claim then follows by invoking the sample path continuity of L4:(+,0). We now turn into proving
the lemma. From Meyer-It&’s formula (see [20]) we have!?

. . ATy AT . 1
(qb.l/\TN/\T)—i_ - (d)(l))+ = f 1{¢;7>0} dd)sl + ELqﬁ’( A TN A T) 0)
0+
D Lpiag@DTE D Ly (DT as
0<s<-ATyAT 0<s<-ATyAT

But, from Condition[2.3]we have

Z 1{¢;_>0}(¢si)_ = Z 1{¢si_§0}(¢5i)+ =0 a.s.

0<s<-ATyAT 0<s<-ATyAT

and, since also (qb(i))Jr =0and Lyi(-,0) =0 a.s., it is therefore easy to see that

tATyAT

E[(‘pi/\TN/\T)—i_] < Z]E |:f 1{¢;>0} [RU(S,XS)dZsJ _§11(59X\,s)dz_g:|
j 0
for each t > 0, where we have replaced X,_ by X, since X is cadlag and Z is continuous, and
similarly for X and Z. Thus, by writing
R;i(s,X,)dz] — ﬁij(S,fs)dzsj = Ry(s,X)[dz] - dzll + [Rij(s,Xs) — Eij(S,Xs)]ng

and using that . ' . .

and that from the definition of Z and Z we have

Ligiso3[dZ; —dZ{] Lixi-gisop 425 = Lyi-gisop dZ;
= —lyi_gisqdZ
< 0

_ . . t . 0 .
¥(x)” = —min{x,0}, x €R, fo+ = f(o’t], t >0, and fo+ =D 0<s<0 = 0-
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and also, on {T" > 0},
[Rij(S7Xs) - ﬁl](szjzs)]d’vs] S 05 se (0: TT) N (07 OO),

we obtain equation (5.1). In the same way, by writing
Rij(s:Xs)dZsj - Eij(S,)?s)dZsj = [Ry(s,Xs) — Eij(&)?s)]dz;i + ﬁij(%i)[dzsj — dZJ]

we find, by similar arguments than before, equation (5.2). The lemma is then proved. B

Having established the lemma, we now give the proofs of the results in Section/3| Set N* = {1,2,...}
and, for each k € N, index i and x = (x;);_; € R},

X(k’i)i(Xl,...,Xi_l,Xi—k_l,xi+1,...,xn).
In addition,
k) - —
Fz( ):{x:(xl)?zleRizxi <k 1},

for each k € N* and index i as well.

Proof of Theorem 3.1. We first consider the comparison between?
(x®), z0) = RSDE(X, b, 7™, R) (5.5)
and _
(X1,Z%) = RSDE(X,, ™, y®, ), (5.6)

where for each k € N*, x € R} and t >0,
T (k .7 _
bM(t,x) = by(t,x) + k!

for each i, and
)/q()(t x)= n;;(¢,0) ' ifxEFi(k)
v Yij(t,x(k’l)) =n;;(t,x; —k™!) elsewhere
for each i, j, with {n;;}! =1 taken from Condition 2.4. Note (5.5) and (5.6) are clearly well defined
since the linear growth and Lipschitz continuity conditions are correspondingly inherited. As in

Section[3, we associate ¥ and ¢® to (5.5) and (5.6), respectively, and note that y*) = 1) and
that, since

PY(t,x) <P(t,y)

as x,y € R}, with x <y and t > 0, we have

Pp® (e, x) <Pt y) + kL =9p®(e,y)

for each k € N*, as x,y € R} with x < y and t > 0 as well. Fix now a k € N*. From Lemma 5.1,
equation (5.2), applied to
x®, 20 = (xOhHL, 2OHL)

20Recall from Section[2 when we want to emphasize the y-term we explicitly add it in the notation.
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and
(X0, Z0y = (x®hn | (z®he ),

and with T® = co, we have?!|

(k)i S(k),i +
IEI:(Xt/\T,\,/\T* _Xt/\TN/\T*) 1<0, t>0,

for each i. By letting N /" 0o, Fatou’s lemma then shows that

(k) (k)
XMT* SXMT* a.s., t=0,

and therefore right-continuity gives
xX® <X® on [0,T*1N[0,00) a.s.
In particular,
(k) (k) (k) (k)
YT, X)) < YY¥(T*, X)) on {T* < oo}. (5.7)

Since
k 7 -4 7 S(k
PO0,x5) = (0,X0) < P9(0,%,) = p®(0,X) a.s.,

right-continuity of X and X®) and continuity of ¢*) and ﬁ(k) then give T* > 0 a.s., and therefore
the consideration, on {T* < oo}, of

k S(k
(X(T*)H)tzo and (X(T*Lt)tzo

shows, by a direct argument by contradiction based on equation (5.7), that T* = oo a.s. Thus, we
conclude that

P{xP<x®, tz0}=1. (5.8)

Consider now an s > 0 and write

sk _ k) =~ (k) (k) (k) (k)

Xt/\TN _Xs/\TN + (Ut/\TN - Us/\TN) + (Zt/\TN o Zs/\TN ), t2s, (5.9)
i.e., with

g = X, + f O, Xdu + f 7O, XFaw, + J J 5w, X%, N (du,dr).
0 0 0 JE

Set (k) (k) (k) (k) (k) (k)

Yt/\TN iXs/\TN + (Ut/\TN o Us/\TN) + (Zt/\TN o Zs/\TN ), t=s, (5.10)

i.e., with the corresponding replacement of Z by Z in the right-hand-side of equation (5.9). (Note
since R(+,-) = I, it has been therefore correspondingly omitted in equations (5.9) and (5.10).) Then,
since X < X a5, by using Meyer-Itd&’s formula as in the proof of Lemmal/5.1, it is easy to see
that, for each i,

E[(x® —y®it1 <0 ¢ >5.

tATy tATy

2INote T', T* and Ty are defined, throughout the proof, with respect to X%, X®_ z® and Z®, Obviously, T" = co
a.s.
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By letting N /" 0o as before, Fatou’s lemma then shows that
> ~(k) k
X0 (TP - g0y 4 (20— 28>0 as., t>5,
i.e., by right-continuity
> (k (k) _ ik k k
X® 4+ (00 — g0y + (28 — 2y >0 on [5,00) a.s.,
and therefore, by the alternative characterization of (Zs(gl -7 s(k))hzo (see Section[3), we conclude
P{z0 - 2027 70, t25z0}=1. (5.11)
Finally, from the uniform convergence (on [0,00) X R")
5% b and Y& =y ask /oo,

the regularity requirements from Condition and the continuity results for the solution mapping
of the SP in the orthant with state-dependent reflection directions from [24], we have that for each
t > 0 there exists a subsequence {n;};?; along which

lim an") =X, and lim Zt(n") =7, a.s.
ko0 ko0
and
lim X =X, and lim Z" =7, a.s.
ko0 k /00

The theorem then follows from equations (5.8) and (5.11) by the right-continuity of X and X and
the continuity of Z and Z. B

Theorem 3.3 follows by the same corresponding arguments as in the previous proof (save the cor-
responding consideration of equation (5.1) in Lemma/5.1), and its proof is therefore omitted. The
proof of Corollary|3.4/is also omitted, as it is a direct consequence of Theorems(3.1 and(3.3/by noting
that we can always “sandwich” a function E

Y(t,x) <P(t,y) <P(t,2), x,y,2€R", x<y<z, t>0,
with b defined by
Bi('a')iai(':')_zkjf 5ij(')':r')Gj(drj), each i,
j E;

J

satisfying the regularity requirements in Condition the same as b and b. We then proceed to
the proof of Theorem|3.5|

Proof of Theorem |(3.5. As in the proof of Theorem 3.1} we first consider the comparison between
(x®, 7y = RSDE(X,, b, v, RK) (5.12)

and
(X®, 70y = RSDE(X,, ™,y R) (5.13)
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with b®) and y(k) defined the same as before and, for each k € N*, x € R’ and t > 0,

—1 . . .
(k) . le(t,X)_(k'i‘ko) 1fl§£]
Rij (t’x)_{ 1 ifi=j
with k, sufficiently large so as for R(X) to satisfy Condition 2.2, inherited from?2 R. Also as before,
we associate Y®) (= 1)) to (5.12) and ¥ to (5.13), and fix in what follows a k € N*. From Lemma
equation?? (5.2), applied to (5.12) and (5.13) above2*, we obtain for each i and t > 0

tATYAT

(k),i F(k),i + B & (k K),j F(k),j

E[(Xt/\TN/\T — Xt/\TN/\T) ] < ZE |:f I{Xs(k),i_)?s(k),i>0}Rij(S,XS( ))[dZS( ).J _dZS( )J]
Jj#i 0

(5.149)

where we set T° in the corresponding definition of T as
T® = inf{t >0: X8 S XL qnd X =0 for some l} .
We claim that T® > 0 a.s. Indeed, set
Sy = {l :)?(()k)’l =0 a.s.}.

(Note X(()k)’l =0 a.s. too for [ € .%,.) If .4, = 0, then by right-continuity of X we have T° > 0 a.s.
Assume then %, # 0 and set the (Z,),>o-stopping times

T, = inf{t >0 :ng)’l >kt or)?fk)’l > k™! forsomel e ﬂo}

and
T, = inf{t >0: bl(t,ng)) > El(k)(t,)?gk))for somel € ﬂo}.

Right-continuity of X and X, continuity of 1), IZ(k), R® R, b and b, and the facts that a.s.

P(0,X) < P(0,Xy),
R¥M(0,X,) — I <R(0,Xy) —1

and N
bi(0,Xo) < b (0, %,), 1€.%,

show that
T,T,T*T' >0 a.s.

Thus, again by right-continuity of X and X, and the fact that X*)! > 0 for [ ¢ .%,, we conclude
that for t in some vicinity [0, &), with £ > 0 depending on the paths,

t t
K,i k k § k '
XE ),i :f Bl( )(s,w)ds +FE )(t,w)—l— f @gj)(s, a))dzs(k)d
0 jeﬂo 0

2Note analogously as for b and y®, R®) — R uniformly on [0,00) x R" as k /" co.

2As the reader will notice, equation (5.1) in Lemma [5.1 serves the same to prove the theorem since off-diagonal
elements of R® are strictly negative, in particular non-positive.

24Note as before, T', T* and Ty, are defined, throughout the proof, with respect to X®, X®, z® and Z®,
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and

t t
ngk),l = J Efk)(s’ w)ds + fi(t, w)+ Z J éij(s, o))dZs(k)J
0

jeFH YO

for each i € .%,, where for s € [0,&) and P-a.e. w €
B (s, ) = bi(s, XP()) < 5 (s, X0()) = BN (s, )

and
k . k ~ ~ . ~ k
@l(.j)(s, w)= jo)(s,Xs(k)(w)) < Rij(s,Xs(k)(w)) = @l(.j)(s, ),

k = .
and where Fl(. )(O, -)=T;(0,-) =0 and, fors,u € [0,&), s <u, and P-a.e. w € as well,

(k) (k)
I, w)—T"(s,w)

- (Z f 14 (v, 0)dW] + Z J Rgf)(v,xgk))dzg")’f)(w)
j Js s

jegs

= (ZJ Ny (v, O)de)(w) =Ti(w, ) —Ti(s, w)
j S

with 45 denoting the complement of %, and Zj€0 = 0 (recall off-diagonal elements of R*X) are

negative, in particular non-positive). Hence, since also R(:,-) < I, the same arguments leading to
the proof of [21, Theorem 4.1, pp. 521] show that

X< X®L on [0,E)N[0,Ty) a.s., eachl € .4, (5.15)
and therefore, equation (5.15) holding for each N > 0,
T°>0 a.s.,

as claimed. Note then T(= T° AT*AT") > 0 a.s. as well. Assume now S(w) E [0,T(w)) is a
point of increase of Z 7"l (some index i). Then Xg KU — o and, since S < T®, X ¢ =0 too. Thus,
by right-continuity of X and X we have, for t in some vicinity [S,S + g) N[0, T) with ¢ > 0
depending on the paths,

t t
x® = J by(u, XW)du + ZJ 14j(w, 0)dWJ + J R (1, x0Ndz0 + (200 — 2§
S T Js

J#

and . .
X0t = J b, XNdu+ J 1w, 0)dW] + (ZI = Z{9),
s 7 Js

where for this last expression we have assumed without lost of generality that X gk)’j >0forall j #1i,
in light of the boundary property (see equation (2.3))

o0
AR
L Lgwi_g viegy 32y " =0 a.s.
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for each .o/ C {1,...,n} with |./| > 2 and .¢/ D {i}. Right-continuity of X% and XX, continuity of
b and b, the ordering

bi(t)x) <El§k)(t:y)) X,y € Fi) x =< y, t > O:
and the standard fixed-point-equation characterization of

(Z(k)

k Sk Sk
S+h Zé' ))hZO and (Zé_;,_)h - Zé' ))hZO

(see [24]), then show that for t in some vicinity [S,S + €) N [0, T), with € > 0 depending on the
paths as well,

207~ 207 = sup (<P > sup (7 = 204701, 5.16)
S<u<t S<u<t
where2
u u u
v = f bi(u, X®du+ f nij(u,O)dwuuer R (u,x{9)dz{ (5.17)
S i Js j#i JS

and u u
‘7u(k)’i - j 5Ek)(u,)?§k))d”+2f nij(u,O)dWL{.
s jJs

Thus, since also
7z —z® >0 forall t >5 >0,

we conclude
P{Zr(k) —z0>Z0 - Z0 7> 25> 0} =1.

Equation (5.14) then shows, by the same corresponding arguments as in the proof of Theorem 3.1}
that indeed T = oo a.s. and that

P{xP<xPrzo0}=1.
Therefore, we conclude that for each k € N*
IP{XE") <X®¢> 0} =P {Zf") —70>70 70 ¢ >5> 0} =1,

and a limiting argument as in the proof of Theorem/3.1 gives then the desired result. H
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