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Abstract

‘We consider the problem of conditioning the Brownian excursion to have a fixed time average
over the interval [0, 1] and we study an associated stochastic partial differential equation with
reflection at 0 and with the constraint of conservation of the space average. The equation is
driven by the derivative in space of a space-time white noise and contains a double Laplacian
in the drift. Due to the lack of the maximum principle for the double Laplacian, the standard
techniques based on the penalization method do not yield existence of a solution .

Key words: Brownian meander; Brownian excursion; singular conditioning; Stochastic
partial differential equations with reflection.

AMS 2000 Subject Classification: Primary 60J65, 60G15, 60H15, 60H07, 37140.

Submitted to EJP on November 7, 2007, final version accepted July 1, 2008.

1096


http://dx.doi.org/10.1214/EJP.v13-525

1 Introduction

The aim of this paper is to construct a stochastic evolution, whose invariant measure is the law
of the Brownian excursion (eg, 0 € [0,1]) conditioned to have a fixed average fol epdd =c>0
over the interval [0, 1].

Since the distribution of the random variable fol eg df is non-atomic, and the Brownian excursion
is not a Gaussian process, it is already not obvious that such conditioning is well defined. The
first part of the paper will be dedicated to this problem: we shall write down the density of
the random variable fol ep df and a regular conditional distribution of the law of (eg,6 € [0, 1]),

given fol ep df. The same will be done for the Brownian meander (mg,6 € [0, 1]).

After this is done, we shall turn to the problem of finding a natural stochastic dynamics as-
sociated with the conditioned laws thus obtained. We recall that a stochastic dynamics whose
invariant measure is the law of the Brownian excursion has been studied in [8] and [10], where
a stochastic partial differential equation with reflection and driven by space-time white noise is
proven to be well posed and associated with a Dirichlet form with reference measure given by
the law of the Brownian excursion.

In the present case, we shall see that a natural dynamics with the desired properties solves a
fourth order stochastic partial differential equation with reflection and driven by the derivative
in space of a space-time white noise:

ou 0% [0%u 0 _.
ve__Y (2P 9 2
ot~ 06 (ae? +"> V2 W,

Pu Bu (1.1)

u(t,0) = u(t, 1) = S5 (£,0) = S (t,1) = 0

u(0,0) = z(0)

where W is a space-time white noise on [0,400) x [0,1],  : [0,1] = R, is continuous and
c:= fol z(6)df > 0, u is a continuous function of (¢,6) € [0,400) x [0, 1], n is a locally finite
positive measure on (0, 400) x [0, 1], subject to the constraint:

u >0, / udn = 0. (1.2)
(0,400)x[0,1]

This kind of equations arises as scaling limit of fluctuations of conservative interface models on
a wall, as shown in [12], where however different boundary conditions are considered.

Indeed, notice that the boundary conditions in (1.1) are mixed, i.e. Dirichlet for v and Neumann

227’2‘. In [6] and [12] a similar equation, with Neumann boundary conditions for v and u has

for

892 )
been studied, together with the scaling limit of interface models mentioned above. In that case
it was possible to prove pathwise uniqueness and existence of strong solutions for the SPDE. In
the case of (1.1) we can only prove existence of weak solutions, since we have failed to obtain a

uniqueness result: see subsection 2.6 below.

The dynamics is anyway uniquely determined by a natural infinite-dimensional Dirichlet form
on the path space of the Brownian excursion, to which it is associated. See Theorem[2.3 below.
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We also notice that the Brownian meander (mg, 6 € [0,1]) conditioned to have a fixed average

and the density of fol mg df appear in an infinite-dimensional integration by parts formula in [6,
Corollary 6.2].

2 The main results

In this section we want to present the setting and the main results of this paper. We denote by
(-,+) the canonical scalar product in L?(0,1):

1
(h,k) = / he ko df
0
and by || - || the associated norm. In particular we often use the notation (h,1) = fol he db.

2.1 Conditioning the Brownian excursion to have a fixed time average

Let (e, t € [0,1]) be the normalized Brownian excursion, see [9], and (5, ¢ € [0, 1]) a Brownian
bridge between 0 and 0. Let {m, 7, b} be a triple of processes such that:

1. m and m are independent copies of a Brownian meander on [0, 1]

2. conditionally on {m,m}, b is a Brownian bridge on [1/3,2/3] from % mi to % mi

We introduce the continuous processes:

! te0,1/3
—= M3t, )
\/g 3t
Vg = b, t e [1/3,2/3], (21)
T
— Mi—3t, € [2/3, 1],
\ V3
" te[0,1/3]U[2/3,1]

Ve = (2.2)

v+ 18 (9t (1 —t) — 2) <c—/olv>, te[1/3,2/3.

Notice that fol Vedt = c. We set for all w € C([0,1]):

1

3 w1+ w2 2 3
pf(w) = expq —162 / (wr + wi—p)dr + % —c| = S(w2 —w1)?
0

We recall that (h,1) = fol hg df is the average of h € L?(0,1). Then the first result of this paper
is the following
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Theorem 2.1. Setting for all ¢ > 0

6
Peey(c) =: 274 3 E [PC(VC) Liveso, ‘v’te[O,l]}] )

and for all bounded Borel ® : C([0,1]) — R and ¢ > 0

E[B(e)] {e,1) = = 5 E [ (V) p°(V) Lo, veeiou]

c
where Z. > 0 is a normalization factor, we have
1. pee,1y is the density of (e, 1) on [0,00), i.e.
P((e,1) € dc) = p(ey(c) Liezoy de
Moreover pie 1y is continuous on [0,00), pr1y(c) > 0 for all c € (0,00) and p1y(0) = 0.
2. (Ple€-|(e,1) =c],c>0) is a regular conditional distribution of e given (e, 1), i.e.

]P)(e S <€, 1> S dC) =P [6 € | <€, 1) = C] p(e,l)(c) 1{c>0} de.
In section[9 below we state and prove analogous results for the Brownian meander.

2.2 Two Hilbert spaces
For the study of the stochastic partial differential equation (1.1) we need to introduce some

notation. We denote by A the realization in L?(0,1) of 83 with Neumann boundary condition
at 0 and 1, i.e.:

D(A) := {h € H*(0,1): K'(0) =K (1)=0}, A: o

= 55" (2.3)

Notice that A is self-adjoint in L2(0,1). We also introduce another notation for the average of

h € L?(0,1): X
h;:[;h:<mn.

L2 == {heL*0,1): h=c}. (2.4)

Then we also set for all ¢ € R:

Now we define the operator Q : L?(0,1) ~ L2(0,1):

1
Qh(9) ::/ q(0,0) h, do, where :
0

0% + o2 4
t g sx . b1l

q(0,0) ;= 0N+ 3
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Then a direct computation shows that for all h € L2(0,1):
(Qh,1) = (h,1), —AQh = h —h,

i.e. @ is the inverse of —A on L% and conserves the average. Then we define H as the completion
of L?(0,1) with respect to the scalar product:

(h7 k)H = <Qh7k>7 HhH%{ = (h7 h)H'

For all ¢ € R we also set:
H.:={heH: (h1)g=c}.

We remark that H is naturally interpreted as a space of distributions, in particular as the dual
space of H'(0,1).

We also need a notation for the realization Ap in L?(0,1) of 85 with Dirichlet boundary condition
at 0 and 1, i.e.:

2
D(Ap) = {h € HX0,1): h(0) = h(1) =0},  Ap i %. (2.5)
Notice that Ap is self-adjoint and invertible in L?(0, 1), with inverse:
1
Qoh(8) = (—Ap)~'h(9) := / ONo—00) hydo,  0€0,1]. (2.6)
0

2.3  Weak solutions of (1.1)

We state now the precise meaning of a solution to .

Definition 2.2. Let ug € C([0,1]), ug >0, fol uo > 0, up(0) = ug(l) = 0. We say that (u,n, W),
defined on a filtered complete probability space (0, P, F,F;), is a weak solution to (1.1) on [0,T)
if

1. a.s. we C((0,T] x[0,1]), w >0 and uw € C([0,T]; H)
2. a.s. ut(0) =u(1) =0 for allt >0

3. a.s. n is a positive measure on (0,T] x (0,1), such that n([6,T] x [6,1 — 4]) < oo for all
>0

4. (W(t,0)) is a Brownian sheet, i.e. a centered Gaussian process such that

E[W(t,0)WH,0)] =tAt' -0N0, t,t' >0, 0,0 €10,1]

5. up and W are independent and the process t — (ut(0), W (t,0)) is (Fi)-adapted for all
0 € [0,1] and I interval in [0, 1]
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6. for allh € C*([0,1]) such that h'(0) = h'(1) = k" (0) = h"'(1) = 0 and for all0 < § <t < T':

(e h) = (ug,h) — /6t<us,ADAh)ds

_/;/OlAhgn(ds,de)—\/i/;/ol hy W (ds, df) (2.7)

7. a.s. the contact property holds: supp(n) C {(t,0) : u(0) = 0}, i.e.

/ wdn = 0.
(0,7x[0,1]

2.4 Function spaces

Notice that for all c € R, H. = ¢l + Hy is a closed affine subspace of H isomorphic to the Hilbert
space Hy. If J is a closed affine subspace of H, we denote by Cy(J), respectively Cg(J ), the
space of all bounded continuous functions on J, resp. bounded and continuous together with
the first Fréchet derivative (with respect to the Hilbert structure inherited from H). We also
denote by Lip(J) the set of all ¢ € Cy(J) such that:

lp(h) — (k)|
i ‘= sup < Q.
[SD}L p(J) hoth Hh — kHH

Finally, we define Exp(H) C Cy(H) as the linear span of {cos((h,-)m),sin((h,")g) : h €
D(Ap A)}.

To ¢ € C’g (H.) we associate a gradient Vi, : H. — Hy, defined by:

(k? + €h) = (VHO(p(kJ),h)H, VkeA, he H,. (28)

dfg i e=0

The important point here is that we only allow derivatives along vectors in Hy and the gradient
is correspondingly in Hy. In particular, by the definition of the scalar product in H, each

¢ € Exp(H) is also Fréchet differentiable in the norm of L?(0,1); then, denoting by V¢ the
gradient in the Hilbert structure of L2(0,1), we have

Viyp = (wA)Ve, V€ Exp(H). (2.9)

2.5 The stochastic dynamics

We are going to state the result concerning equation (1.1). We denote by X, : HI%°[\— H the
coordinate process and we define

ve:=Ple €| (e, 1) = c] =law of e conditioned to have average c,
which is well defined by Theorem [2.1. We notice that the support of v, in H is
K. := closure in H of {h € L*(0,1):h >0, (h,1) =1},
and the closed affine hull in H of K. is H..

Then the second result of this paper is
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Theorem 2.3. Let ¢ > 0.

(a) The bilinear form & = gl’c’”'HHO given by

E(u,v) == / (VH,u, Vi) g due, u, v € C}(H,),

c

is closable in L*(v.) and its closure (£, D(E)) is a symmetric Dirichlet Form. Furthermore,
the associated semigroup (P,)i>o0 in L*(v.) maps L>®(v.) in Cy(K,.).

(b) For any up = x € K. NC([0,1]) there exists a weak solution (u,n, W) of (1.1) such that
the law of u is P,.

(¢) ve is invariant for (P;), i.e. ve(Pf) = ve(f) for all f € Cy(K.) and t > 0.

By Theorem 2.3, we have a Markov process which solves (1.1) weakly and whose invariant
measure is the law of e conditioned to have average equal to c.

2.6 Remarks on uniqueness of solutions to

We expect equation (1.1) to have pathwise-unique solutions, since this is typically the case for
monotone gradient systems: this is always true in finite dimensions, see [3], and has been proven
in several interesting infinite-dimensional situations, see [8] and [6]. In the present situation,
the difficulty we encountered in the proof of uniqueness of (1.1) is the following: because of
the boundary condition u(¢,0) = u(¢,1) = 0 and of the reflection at 0, it is expected that the
reflecting measure 7 has infinite mass on |0, 7] x [0, 1]; this is indeed true for second order SPDEs
with reflection: see [11]. If this is the case, then it becomes necessary to localize in ]0, 1 in order
to prove a priori estimates; however, in doing so one loses the crucial property that the average
is constant. In short, we were not able to overcome these two problems.

3 Conditioning e on its average

3.1 An absolute continuity formula

Let (Xi)icp,1) be a continuous centered Gaussian process with covariance function g;s :=
E[X: Xs]. We have in mind the case of X being a Brownian motion or a Brownian bridge.
In this section we consider two processes Y and Z, both defined by linear transformations of X,
and we write an absolute continuity formula between the laws of Y and Z.

For all h in the space M ([0, 1]) of all signed measures with finite total variation on [0, 1] we set:

1
Q - M([0,1]) — ([0, 1)), QW%ZA%M%%tEMH

We denote by (-,-) : C([0,1]) x M(]0,1]) — R the canonical pairing,
1
(o) o= [ huta).
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where a continuous function & € C([0,1]) is identified with k. dt € M(]0,1]). We consider
A, i € M([0,1]) such that:

We set for all w € C([0,1]):

1
Y(w) = /0 ws A(ds), Ay = QA(t), t €]0,1], I:=(Q\ ),

1
a(w) = /0 ws p(ds), M, := Qu(t), t €10,1], 1—1 = (Qu, p),

and we notice that y(X) ~ N(0,I), a(X) ~ N(0,1 —I) and {7(X),a(X)} are independent by
(3.1). We fix a constant k € R and if I < 1 we define the continuous processes

Yi = Xo+ (A + M) (5 — a(X) —7(X)), te0,1],

Z = Xt—i—l%IMt(n—a(X)—fy(X)), te0,1].

Lemma 3.1. Suppose that I < 1. Then for all bounded Borel ® : C([0,1]) — R:
E[e(Y)] = E[®(2) p(2)], (3:2)

where for all w € C([0,1]):

o) i= s exp (—5 127 () =0 4 5.

We postpone the proof of Lemmal3.1 to section [10.

3.2 Proof of Theorem 2.1

If (X,Y) is a centered Gaussian vector and Y — R is not a.s. constant, then it is well known
that a regular conditional distribution of X given Y =y € R is given by the law of

X -2y ),  where oxy =E(XY), oyy =E(Y?2).
oYy

We apply this property to X = (8,t € [0,1]) and to Y = fol 3. Notice that for all ¢ € [0, 1]:

o] -5 1[(f50)]-4

2 )
Therefore, for all ¢ € R, a regular conditional distribution of the law of  conditioned on
1 L
{fo B = c} is given by the law of the process:

g = ﬁt+6t(1—t)<c—/olﬁ>, te0,1]. (3.3)
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Lemma 3.2. Let ¢ € R. For all bounded Borel ® : C(]0,1]) — R:

/Olﬂ - c] — E[®(59)] = E [(I) (Pﬁ) 1 (rﬁ)}

E o3

where for all w € C([0, 1])

o, te(0,1/3] U2/3,1]

e =

wt+18(9t(1—t)—2)<c—/1w>, te1/3,2/3]
0

1

3 w1 + w2 2
p1(w) == V27 exp | —162 / (wr +wi—p)dr + % —c| +6¢
0

Proof. We shall show that we are in the situation of Lemma [3.1 with X = 3, Y = ¢ and
Z =TP. In the notation of Lemma [3.1, we consider
(dt)>

(dt) )

3 1
(o) = Viz | (m;ﬁé)mm/Q (&Jriﬁg)dr, r-%

J

Wl

1
3

(dt) + 6

5

Wl
Wi

b
p(dt) = V12 (1[;5]@) dt — (dt)z

and x := v/12¢. Then:

o8) = Viz [ (6= 58y - 51 dr

1 2
3
2V3
Ar = T 1002,17(0) V31 —t) + L1 2)(t) 5 My = 11 2(¢) V31 —t).
The desired result follows by tedious direct computations and from Lemma[3.1. O

Lemma 3.3. For all bounded Borel ® : C([0,1]) — R and f : R— R

5o s ) = [ o SR 00 5 1) sede (3.5)

Proof. Define {B, b, B}, processes such that:

1. B and B are independent copies of a standard Brownian motion over [0,1/3]

2. conditionally on {B, B}, b is a Brownian bridge over [1/3,2/3] from B3 to Bl/g.
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We set:

B, te0,1/3]
re = by te[1/3,2/3]
Bi_, te[2/3,1].
Moreover we set, denoting the density of N(0,t)(dy) by p:(y):
pL(wz —wy)
p2(w) = W = V3 exp <_§ (wg - wé)2> , w € C([0,1]).

By the Markov property of 3:

E[®(r) p2(r)] = E[®(5)].
Then, recalling the definition of p¢ above, by Lemma 3.1 and Lemma (3.2}

E[@(#)] = E[@(1%) pi (17)] = E[@ (") p1 (I7) pa(T7)] = 9 E[@(7) p(17)] ™.

We recall now that P(8 € K.) = 1 —exp(—2¢?) ~ 2¢2 as ¢ — 0, where K. = {w € C([0,1]) :
w > —e}. We want to compute the limit of ﬁ E[®(5°) 1k.(8°)] as € — 0. On the other hand
P(B; > —e,Vt €10,1/3]) ~ \/ga by (9.2). Then by (9.1) and (9.2)
1 C C 27 C C (& (&
522 BI®(5) 1k (B9)] — —E[® (V) p°(VF) i, (V)] e

6c*. (3.6)
On the other hand, § conditioned on K. tends in law to the normalized Brownian excursion
(e, t € [0,1]), as proven in [7]. Then we have for all bounded f € C(R):

5oz EIR(8) 1. (9) 1(8,1)] — E[2(c) f({e, 1)

Comparing the two formulae for all f € C(R) with compact support:

SO 1) (8] = [ 550 1 (5] 1) N(0.1/12)d)
o 6
R /0 27\/;E[<I>(VC) (V) 1o (V)] £(c) de

and (3.5) is proven.

E[®(e) f({e; 1))]

O]
Proof of Theorem|2.1. Tt only remains to prove the positivity assertion about the density. Notice

that a.s. V,¢ >0 for all t € [0,1/3] U [2/3,1], since a.s. m > 0: therefore a.s.

Ve =0, e 0]} = (>0, vt e [1/3,2/3).

The probability of this event is positive for all ¢ > 0 while it is 0 for ¢ = 0, since fol V9dt = 0.
In particular p 1y(0) = 0. Finally, pi 1y(c) > 0 yields also Z. > 0 if ¢ > 0. The other results
follow from Lemma/3.3l O
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4 The linear equation

We start with the linear fourth-order equation, written in abstract form:

dZ, = — AAp Z dt + B dW,,

(4.1)
Zo(z) = = € L*(0,1),
where W is a cylindrical white noise in L?(0, 1) and
1 d * 1 * d
D(B) := H}(0,1), B := \/5@, D(B*) := H'(0,1), B*:= —\@@,
and we notice that BB* = —2A. We define the strongly continuous contraction semigroups in
L?(0,1):
Sy 1= e tA4AD, Sy o= e~ tApA t>0. (4.2)

We stress that S and S* are dual to each other with respect to (-,-) but not necessarily with
respect to (+,-)g. It is well known that Z is equal to:

¢
Zt(l') = Sth' + / StfsBdWS
0
and that this process belongs to C([0,00); L%(0,1)). Notice that
t
(%), 1) = (@.572) + [ (B'SE LW = (o.1) (1.3
0

since Sf1 = 1 and B*S{1 = B*1 = 0. In particular, the average of Z is constant. Now, the
L?(0,1)-valued r.v. Z;(x) has law:

t
Zt(SC) NN(St{L‘,Qt), Qt = / SSBB*S: ds.
0

Notice that:
d

iSS(_AD)_IS: = 5,(24) §§ = —SBB'S] = - —-

ds
so that, recalling that Qp = (—Ap)~':

Q87

Q: = Qp — St Qp Sy, t>0.
In particular, the symmetric operator Qo : L%(0,1) — L?(0, 1),
o0
Qoo = / SsBB*S} ds,
0

is well defined and we have 0 < Qo < @Qp. By Proposition 10.1.4 of [5], Q@ is the unique
solution among all bounded operators P : Ly +— Lg (recall (2.4)) of the equation

AApP + PAp A= BB* = —2A,
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and it is easy to check that a solution (and therefore the only one) is given by

Qo = Qp — Qpl®Qpl. (4.4)

1
(@pl,1)
Therefore the law of Z;(z) converges to the Gaussian measure on L?(0, 1):

pe == N(c-a,Q),
with covariance operator Q. and mean c-a € L?(0,1), where
c=7T = (z,1), ap:=60(1—-10), 60¢e]l0,1].

Notice that the kernel of Q« is {t1: ¢t € R} and (a,1) = 1. Therefore . is concentrated on the
affine space L2, defined in (2.4). Finally, we introduce the Gaussian measure on L?(0,1):

K= N(OaQD)a (4.5)

recall (2.6). In this case, the kernel of Qp in L?(0,1) is the null space, so the support of y is the
full space L2(0,1). The next result gives a description of u and y. as laws of stochastic processes
related to the Brownian bridge (g, 6 € [0, 1]).

Lemma 4.1. Let (89)ocio1] @ Brownian bridge from 0 to 0. Then p is the law of B and p. is
the law of the process B¢ defined in (3.3), i.e. of B conditioned on {fol B=c}, ceR.

Proof. By (2.6), Qp is given by a symmetric kernel (6 A o — 6o, 0,0 € [0,1]). Since E(5;3;) =
t A s—ts, for all t,s € [0,1], then it is well known that u = N (0,Qp) coincides with the law of
3. Analogously, the covariance of 3° is by

E(BY3%) =tAs—ts—3t(1—t)s(l —s), t,s €[0,1].

By the expression for (o, found in (4.4), this is easily seen to be the kernel of QQ, so that
o = N (0, Qo) is the law of Y. By the definitions of y. = N(ca, Qu), 3° and a, we find that
Jic is the law of 3¢ = 89 + ca. O

In particular, p. is a regular conditional distribution of u(dx) given {Z = c}, i.e.:
pe(dr) = p(dz|T =c) = p(da|L7).
Recall (2.9). Then we have the following result:

Proposition 4.2. Let ¢ € R. The bilinear form:
X(p0) 1= [ (Vo Ve = [ AV T0)dpes ¥ o0 € Bxo(aD),

is closable in L?(u.) and the process (Zy(z) : t > 0, € H,) is associated with the resulting

symmetric Dirichlet form (A°, D(A€)). Moreover, Lip(H.) C D(A®) and A°(p,p) < [@]iip(HC)'
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Proof. The proof is standard, since the process Z is Gaussian: see [5, §10.2]. However we
include some details since the interplay between the Hilbert structures of H and L?(0,1) and
the different role of the operators A and Ap can produce some confusion. The starting point is
the following integration by parts formula for u:

[ one du = [(-0h2) o) (o) (4.6)
for all p € C}(H) and h € D(Ap). By conditioning on {Z = ¢}, (4.6) implies:
[ B de = [ Aphoz) o) i) (@.7)
Let now ¢(z) := exp(i(z, h)) and ¢(x) := exp(i(z,k)), x € H, h,k € D(ApA). Then:
Blp(Zia))] = exp (i(Sh.a) - 3(Qun 1))
and computing the time derivative at ¢ = 0 we obtain the generator of Z:
Lo(z) = p(x) [—i(ApAh,z) + (Ah, h)]. (4.8)
Now we compute the scalar product in L?(u.; C) between Ly and 1:
[ revdne = [ 1-itanan,a) + (A B expith - b)) pe(d)
- / (—(Ah, h — k) + (Ah, b)) exp(i(h — &, o)) pe(dz)
— [ {Ah k) exp(ith — b,2)) pe(de) = [ (AV2, 95) dc

where 1) is the complex conjugate of ¢ and in the second equality we have used (4.7). It follows
that (L, Exp(H)) is symmetric in L?(u.) and the rest of the proof is standard. [

5 The approximating equation

We consider now the following approximating equation:

( s 82 aZue,a (ua,a+a)— o .
7 —‘a92< TR >+‘/§aew’

3,,€,a 3,,€,a 5.1
wo(,0) = ue(t,1) = 200y = L1 1y <o >y

u=(0,0) = x(0)

\

where € > 0. Notice that this is a monotone gradient system in H: see [5, Chapter 12], i.e. (5.1)
can be written as follows,

dXp® =~ A (Ap X°% = VU.o(X5%)) dt + BdW,,  X5%(z) = =,
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where U, o : H — R7 is defined by

—112
itz + )77 . ifz e L%(0,1)

400, otherwise.

We define the probability measure on L?(0,1):

o 1
ve(dz) == —=a exp (= Uea(2)) he(dz),
c

where Z¢® is a normalization constant. Now, recalling (2.9), we introduce the symmetric bilinear
form:

ga,a,c(cp,w) = / (VH()()O7 VI{()w)H chE7a = / <_AV()D) V¢> dl/c&av v <P,¢ € EXp(H)
H H
Notice that this symmetric form is naturally associated with the operator:
L%p(x) = Lo(x) + (VU o(z), AVyp), Y ¢ € Exp(H), = € L*(0,1), (5.2)

where Ly is defined in (4.8) above. The following proposition states that equation (5.1) has
a unique martingale solution, associated with the Dirichlet form arising from the closure of
(€5, Exp(H)). Moreover, it states that the associated semigroup is Strong Feller.

Proposition 5.1. Let c€ R and e > 0.
1. (L5 Exp(H)) is essentially self-adjoint in L?(ve®)

2. (£5%¢ Exp(H)) is closable in L*(v'®): we denote by (E5%¢, D(E5%¢)) the closure. More-
over Lip(H.) C D(E5%°) and E5%(¢p, p) < [‘p]iip(Hc)'

For the proof, see [5] and §9 of [4]. O

6 Convergence of the stationary measures

The first technical result is the convergence of vg'® as e — 07 and then o — 0%, and in particular
the tightness in a suitable Holder space. By Lemma (4.1} p. is the law of 3¢ defined in (3.3)). We
set Ko ={w € C([0,1]) : w > —a} and for a > 0

0

Y= pe( - | Ko) = law of 3¢ conditioned to be greater or equal to — a.

This is well defined, since p.(K,) > 0, and it is easy to see that t

€,x

0,
e TV

c

as e — 0, weakly in C([0,1]). (6.1)

Moreover, since ¢ has the same path regularity as 3, it is easy to see that for all a > 0,
v € (0,1/2) and r > 1:

1
P P
sup </H HIUH@vv,r(o,l) duﬁ’a(:z‘)) < ¢q </H ||a:|]€m,r(071) d;%(m)) < +00. (6.2)

e>0
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We also need a similar tightness and convergence result for (1/8 Vas0. We recall the definition

ve:=Ple € -|{e,1) =¢|, as defined in Theorem [2.1.

—

Lemma 6.1. As a — 0%, 1% converges weakly in C([0,1]) to v, and

S =

sup ([ el @) < 4o, ©3)
a>0 H

Proof. We use Lemma3.2. We recall that E [®(8°)] = E [® (I'%) p; (I'?)] for all bounded Borel
® : C(]0,1]) = R. Moreover, as proven in the Proof of Lemma 3.3, the law of I’ conditioned
on K, converges to the law of V¢, defined in (2.2), i.e

lim E [@(rﬁ) IT% e Ka} = E[®(V°)].

a—0t

Notice that p; is positive, continuous on C([0, 1]) and bounded by a constant. Then we have
E (10210 01y 21 (0) e,

E [Pl(rﬁ) 1(F5€KQ)}
1
E[p1(TP) TP € K,

E (18U 0. | B° € Kol =

<R [T IT7 € Kol - < RE |ITPIB oy I T2 € K

where the last inequality follows from the convergence E [p1(I'’) TP € K,] — E[p1(V)] > 0
a — 0T, Then it only remains to prove that

E [0y 01y Lo
sup

. A4
e P07 € K, s e (6.4)

We start with the numerator. We fix three functions ¢; : [0,1] — R4 of class C*°, such that
@1+ P2+ ¢p3 = 1, the support of ¢y is in [0,1/3), the support of ¢35 is in (2/3, 1] and the support
of ¢ is in (1/6,5/6). Then it is enough to estimate

E |l T Won lovera| s 1= 1,23

Notice that @117 = 1 8. We set I = [0,1/3] and we denote by (ﬂga, 6 € 1), resp. (mg’a, gel),
the Brownian bridge from 0 to a over the interval I, respectively the 3-dimensional Bessel bridge
from b to a over the interval I. Then, denoting by p; the density of N (0, ),

o)

E(®(By,0 €I)| > —aonl) :/ E(@(ﬁo’aﬁ el)| % > —aon I)pajg(a)da

—Q

— [ B@mt — a0 € D)pyola) do

—a
where in the former equality we use the Markov property of S and in latter the equality in law
between Brownian bridges conditioned to be positive and 3-dimensional Bessel bridges. Then

B l1 D0y Yover | < [llor - Ol Loz on oo
= [ [ler (m® = a) o) P2o(@) - ala) da

—Q
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where v, (a) = P(8 > —a on [0,1/3]U[2/3,1] | B1/3 = a). Then it is easy to conclude that
L g o 1
Sup 2 [Hcm TR o) (FBEKQ)} < +o0.

By symmetry, the same estimate holds for @3 - T'?. As for ¢y - I'?, conditioning on the values of
B1/3 and (/3 and using an analogous argument, we find similarly that

1
sup—E[ Q'Pﬁp - 1s }<+OO.
P I [ (0,1) “(TPEKL)

We estimate now the denominator of the r.h.s. of (6.4). Recall the definition (3.4) of I'* for
w € C([0,1]). Notice that

1
/ch = I'Y <w, Vtel01],
0

since 9t(1 —t) —2 > 0 for all ¢t € [1/3,2/3]. This means that
1 1
P(rﬁeKa)zp(rﬁeKa, / ﬁzc) zP(ﬁeKa, / ﬂ20>
0 0

_[P</01520‘ﬁ61(a>.IP’(ﬂGKa)N[p</01€ZC> %2, a— 0"

sinceP(folﬂzdﬂeKa) H]P’(folezc) > 0. Then (6.4) is proven.

In order to show that v2° indeed converges to v, it is enough to recall formula (3.6) above and
the second result of Theorem O

7 A general convergence result

In this section we recall two results of [2], which we shall apply in section 8 to the convergence
in law of the solutions of (5.1) to the solution of (1.1). These processes are reversible and
associated with a gradient-type Dirichlet form. Moreover their invariant measures (respectively,
ve'® and v,), are log-concave; a probability measure v on H is log-concave if for all pairs of open
sets B, CC H

logy ((1=t)B) > (1 —t)log~v(B) + tlog~(C) vt € (0,1). (7.1)

If H = R*, then the class of log-concave probability measures contains all measures of the form
(here £, stands for Lebesgue measure)

1
Y= Z eivﬁk, (72)

where V : H = R¥ — R is convex and Z := [p, e~V dz < +00, see Theorem 9.4.11 in [1], in
particular all Gaussian measures. Notice that the class of log-concave measures is closed under
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o, . . . I3
weak convergence. Therefore, it is easy to see by a projection argument that v.'® and v, are

log-concave.

We denote by X; : HOtl — H the coordinate process Xt(w) := wy, t > 0. Then we recall
one of the main results of [2]. We notice that the support of v, in H is K, the closure in H of
{h € L?(0,1): h >0, (h,1) = c}, and the closed affine hull in H of K, is H..

Proposition 7.1 (Markov process and Dirichlet form associated with v, and || - ||z, ).

(a) The bilinear form €& = gVCv”'HHQ given by
E(u,v) == / (Viyu, Vi, v) g due, u, v € C}(H,), (7.3)

is closable in L*(v.) and its closure (£, D(E)) is a symmetric Dirichlet Form. Furthermore,
the associated semigroup (P;)i>o0 in L*(v.) maps L>=(v.) in Cy(K,.).

(b) There exists a unique Markov family (P; : © € K.) of probability measures on KOl
associated with €. More precisely, E.[f(Xy)] = P.f(x) for all bounded Borel functions and
all z € K.

(¢c) For all z € K., P%(C(]0,+c0[; H)) = 1 and E,[| X; — x||?] — 0 ast | 0. Moreover,
P* (C([0,4o00[; H)) = 1 for ve-a.e. x € K.

(d) (Py : © € K.) is reversible with respect to v., i.e. the transition semigroup (P;)i>o is
symmetric in L*(v.); moreover v, is invariant for (Py), i.e. vo(Pif) = ve(f) for all f €

Cy(K.) and t > 0.

Let (P3¢ : x € H,) (respectively (P, : * € K.)) be the Markov process in [0, +oo["e as-
sociated to (resp. in [0, +oo[/c associated to v.) given by Proposition [7.1. We denote by
PIJZN = [PY dvlN(z) (resp. Py, := [P, dv.(z)) the associated stationary measures.

With an abuse of notation, we say that a sequence of measures (P,) on C([a,b]; H) converges
weakly in C([a, b]; Hy,) if, for allm € N and hy, ..., h,, € H, the process ((X., hi)pg,i=1,...,m)
under (P,,) converges weakly in C([a,b]; R™) as n — oo.

In this setting we have the following stability and tightness result.

Theorem 7.2 (Stability and tightness). Then, for any z € K. and 0 < ¢ <T < 400,

lim lim PS4 =P, weakly in C([e,T]; Hy).

a—0t e—0t

Proof. This result follows from Theorem 1.5 in [2], where it is stated that the weak convergence
of the invariant measures of a sequence of processes as in Proposition |7.1] implies the weak

. . . . £ .
convergence of the associated processes. Since lim,_,¢+ lim,_,g+ v = v, we obtain the result.
O]
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8 Existence of weak solutions of equation (1.1)

In this section we prove the following result on weak existence of solutions to equation (1.1). We
define the Polish space Ep := C(Or) x M (Or) x C(Or), where Op :=]0,T] x [0,1] and M (Or)
is the space of all locally finite positive measures on 0, 7]x]0, 1[, endowed with the topology of
convergence on compacts in ]0, 77 x]0, 1].

Proposition 8.1. Let ¢ > 0, ug = = € K. and u®* the solution of (5.1). Set n®* € M(Or),

dtde.

€, —
na,a(dt’ d@) — (u (t, i) + 04)

Then (u®%,n>% W) converges in law to (u,n, W), stationary weak solution of (1.1), in Er, for
any T > 0. The law of u is P, and therefore (u,up = x € K.) is the Markov process associated
with the Dirichlet form (7.3).

We shall use the following easy result:

Lemma 8.2. Let ((dt,df) be a finite signed measure on [0,T] x [0,1] and v € C([§,T] x [0,1]).
Suppose that for all s € [6,T):

/ ho C(dt,df) = 0, ¥ hec(o1]), =0, (8.1)
[s,T]x[0,1]

and

vs = ¢ >0, / vd¢ = 0. (8.2)
[s,7]%10,1]
Then ¢ = 0.

Proof. Setting h :=k —k, k € C([0,1]), we obtain by (8.1) for all § < s <t < T

1 1
| kst xas) = c(ls. ) < 0.1) [ kade, vk e (o),
0 0

This implies ((dt,df) = ~(dt)dl, where y(t) := {([0,t] x [0,1]), t € [4,T], is a process with
bounded variation. Then by (8.2)):

o= [ wac= [ t (/ lvsw)de) +(ds) = e(3(t) — A(s))

ie. v(t) —~(s) =0, since ¢ > 0. O
Proof of Proposition [8.1l Recall that Py* is the law of u®* if uy® = z. By Theorem [7.2]
and Skorohod’s Theorem we can find a probability space and a sequence of processes (v¢, w®)
such that (v°,w®) — (v,w) in C(Or) almost surely and (v®,w®) has the same distribution as
(uf, W) for all € > 0, where O7 :=|0,T] x [0, 1]. Notice that v > 0 almost surely, since for all ¢
the law of v.(-) is v which is concentrated on K and moreover v is continuous on Op. We set
now:

o (dt, df) = éf(vf(@)) dt db.
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From (5.1) we obtain that a.s. for all T > 0 and h € D(A?) and h = 0:

3 lim [ henf(dt,do). (8.3)

e—0% Jor

The limit is a random distribution on Or. We want to prove that in fact n° converges as a
measure in the dual of C'(Or) for all T' > 0. For this, it is enough to prove that the mass 7°(Or)
converges as n — 00.

Suppose that {n°(Or)}y, is unbounded. We define (* := n°/n*(Or). Then (° is a probability
measure on the compact set Op. By tightness we can extract from any sequence ¢, — 0 a
subsequence along which (° converges to a probability measure (. By the uniform convergence
of v® we can see that the contact condition fOT vd¢ = 0 holds. Moreover, dividing (5.1) by
n°(Or) for t € [0,T], we obtain that [, he((ds,df) = 0 for all h € D(A?) with h = 0 and by
density for all h € C([0,1]) with h = 0.

Then ¢ and v satisfy (8.1) and (8.2)) above, and therefore by Lemma (8.2 ¢ = 0, a contradiction
since ( is a probability measure. Therefore limsup,, ., n°(Or) < oc.

By tightness, for any subsequence in N we have convergence of n° to a finite measure 1 on
[0,T] %[0, 1] along some sub-subsequence. Let 7;, i = 1,2, be two such limits and set ¢ := 71 — ;2.
By and by density:

homi(dt,dd) = [ hema(dt,dd),  VheC(0,1]), h=0,
OT OT

i.e. ¢ and v satisfy (8.1) and (8.2) above. By Lemma (8.2 ¢ = 0, i.e. 1 = 1. Therefore, n°
converges as n — oo to a finite measure 1 on |0, 7] x [0, 1]. It is now clear that the limit (u,n, W)

satisfies (2.7).

Finally, we need to prove that the contact condition holds, i.e. that [ (0,00)x[0,1] ¥ dn = 0. Since
f>0and f(u) >0 for u > 0, then u f(u) <0 for all u € R. Then for any continuous positive
¢ :(0,1) — R with compact support

0> / pv=dn® — pvdn
[0,77%10,1] [0,7]%10,1]

by the uniform convergence of v* to v and the convergence of ° to  on compacts. Since v > 0

and 7 is a positive measure, then f[ vdn < 0 is possible only if f[o 7 vdn=0 O

0,77x10,1] x[0,1]

9 Conditioning the Brownian meander to have a fixed time av-
erage

In this section we prove an analog of Theorem 2.1 for the standard Brownian meander (my,t €
[0,1]). We set (m, 1) := fol m, dr, average of m. Let B a standard Brownian motion such that
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{m, B} are independent and let ¢ > 0 be a constant. We introduce the continuous processes:

1

Mot te|0,1/2
7 [0,1/2]
Ut =
1
Jpmit By tell/2 )
u, tel0,1/2]
Uf =

w (126 (2— 1) — 9) (c—/olu), te[1/2,1].

Notice that fol Uf dt = c.
Theorem 9.1. Setting for all ¢ >0

24 _ V2 (req e Vdr—e)
Pim,1)(€) = E[e 12(Jo (Vs U ) dr—c)

- Live>o, Vte[O,l]}] :

and for all bounded Borel ® : C([0,1]) — R and ¢ >0

_ 1/2r7¢ c e
E[®(m)| (m,1) = o] = ;E[é(UC)e 12(J3 AW +U ) dre)

Cc

2

Live>o, Vte[o,u}l ;
where Z. > 0 is a normalization factor, we have

1. pim,1y 18 the density of (m, 1), i.e.
P((m, 1) € de) = pm,1)(c) Le>0y de.
Moreover py, 1y is continuous on [0,00), Py 1y(c) > 0 for all ¢ € (0,00) and p(y, 1)(0) = 0.
2. (P[me-|(m,1) =c|],c>0) is a regular conditional distribution of m given (m,1), i.e.
P(m € -,(m,1) €dc) = P[m € -[(m,1) =] pim1)(c) Liesoy de.

In the notation of section[3.1, we consider X = (B, t € [0,1]), standard Brownian motion. It is

easy to see that for all ¢ € [0, 1]:
! t(2—t ! 11
E[Bt/ Brdr}: ( ), E (/ B,ndr> ==
0 2 0 3

Therefore, it is standard that for all ¢ € R, B conditioned to fol B = c is equal in law to the
process:

1
By ::Bt—l-;t(Z—t)(c—/ B), te0,1].
0
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Lemma 9.2. Let ¢ € R. For all bounded Borel ® : C(]0,1]) — R:

E [CI)(B) ‘/OIB = c] = E[2(B°)] = E[®(S) p(9)],

where
B, t€[0,1/2]
St = 1
B+ (12¢(2—1) - 9) <c—/ B>, te1/2,1]
0

1

p(w) == V8 exp —12(/02 (wr+wé)dr—c>2+§c2 ,  weC(o,1]).

Proof. We are going to show that we are in the setting of Lemma [3.1with X = B, Y = B¢
and Z = S. We denote the Dirac mass at § by dy. In the notation of section (3.1} we consider:

Adt) = V3 <1[07§}(t) dt + ;5;(@)), u(dt) == V3 (1[5,1]@) it — ;6;(dt)>,
and k := V3 ¢. Then:

Y(w) = \/3/0% (wr—ku)%) dr, a(w) = \/3[1 (wr—w%) dr,

= lw T = % —7"2 ’l“_z
fy(w)+a(w)—\/§/0 pdr, 1—3/0 (1 )d—8.
V3t (1-2), tel0,1/2] 0, t €[0,1/2]
At: M; =
3\8/37 fe .. \/§t<1—;>—3\8/§, te1/2,1].

Tedious but straightforward computations show that with these definitions we have X = B,
Y = B¢ and Z = S in the notation of Lemma 3.1 and (3.1) holds true. Then Lemmal9.2 follows
from Lemma O

Lemma 9.3. For all bounded Borel ® : C([0,1]) — R and f : R+ R:

DY _ V2 req e Vdr—e)
Bla(n) f(m )] = [ /2 o PO 1 o] fe) de

Proof. Recall that m is equal in law to B conditioned to be non-negative (see [7] and (9.1)
below). We want to condition B first to be non-negative and then to have a fixed time average.
It turns out that Lemmal[9.2 allows to compute the resulting law by inverting the two operations:
first we condition B to have a fixed average, then we use the absolute continuity between the
law of B¢ and the law of S and finally we condition S to be non-negative.
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We set K. := {w € C([0,1]) : w > —¢}, € > 0. We recall that B conditioned on K. tends in law
to m as € — 0, more generally for all s > 0 and bounded continuous ® : C(]0, s]) — R, by the
Brownian scaling:

lim B |®(By, t € 0,5]) | B = —¢, vVt € [0, 3]] —E[® (Vsmys te0s))],  (9.1)

and this is a result of [7]. By the reflection principle, for all s > 0:

2
P(B, > —¢, Vt€[0,s]) = P(|Bs| < &) ~ \/;s, e — 0. (9.2)

In particular for all bounded f € C(R)

B00m) £((m, )] = lim [ L1903 1. (8) F((B, 1)

e—0

We want to compute the limit of 1 E [®(B¢) 1, (B)] as € — 0. Notice that S, defined in Lemma
9.2, is equal to B on [0,1/2]. Therefore, by (9.1) and with s = 1/2:

3 SBIR() (B — VEBRW) p(U%) 11 (0)

3

Comparing the last two formulae for all f € C(R) with compact support:

V3 2R L) fBa)] = [ |3 LB 1 () £ N3 @)
_ / \/7 [ Ue) 712<f01/2(UC+Uf/2)drfc> 1K0(UC):| F(c)de = E [®(m) f((m,1))]
and the Lemma is proven. O

Proof of Theorem The results follow from Lemma [9.3, along the lines of the proof of
Theorem [2.11 O

It would be now possible to repeat the results of sections 4] 5] 16/ and [8, and prove existence of
weak solutions of the SPDE

ou 0% [0%u 0 _.
5= (G +7) +VEg,

3 34, '
u(t.0) = 2ty = 2200y = Ty = 0 )

u(0,0) = z(0)

and that such weak solutions admit P[m € -|(m,1) = ¢] as invariant measures, where ¢ :=
I x(6)dd > 0.
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10 Proof of Proposition [3.1.

The result follows if we show that the Laplace transforms of the two probability measures in (3.2)
are equal. Notice that Y is a Gaussian process with mean x (A + M) and covariance function:

a5 = E[(Ye = r (A + M) (Ys — 5 (As + M))] = qrs — (Ae + My) (As + M),

for ¢,s € [0,1]. Therefore, setting for all h € C([0,1]): Qyh(t) == [i qlshsds, t € [0,1], the
Laplace transform of the law of Y is:

E [ 6<y,h>] — R A+M)+ 3 (Qyhih)
Recall now the following version of the Cameron-Martin Theorem: for all h € M (][0, 1])
E [@(X) e<X’h>] = e3(Qn) E[B(X + QR)).

Notice that v(Z) = y(X), by (3.1). Therefore p(Z) = p(X). We obtain, setting h := h —
T (ML R (X + o)

B [e<Z’h> p(Z)} _ oMb R [6<Xﬁ) p(X)] _ TS (Mh)+3(QRE) g [p (X +Qh)] =

_ eﬁ(M,h)—f—%(Qﬁﬁ) 1 E |:e—;11[('y(X)+<h,A>—n)2+552

1 12

E [67% (a+c)2} - e 2 1402
N ’
we have now for v(X) ~ N(0,I):
_ _1_ 1 _ 1 A —k )2 _
E [e—él_%(wxwmm—n)z} I S e v ol PR (Y

1+

Therefore, recalling the definition of i := h — 125 (M, h)(A + ), we obtain after some trivial
computation:

log E [/ p(2)] =~ (M, B} + QR R) — o ((A) —w)° + 3
:n<A+M,h>—I—%<Qh,h> — (A + M, h)? = n(h,A+M)+%(th,h>. O
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