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1 Introduction

For any « in [0,1) and 0 > —a, let Uy, k = 1,2,..., be a sequence of independent random
variables such that Uy has Beta(l — «, 6 + ka) distribution. Set

Xf’a = Uy, Xﬁ’a =(1-U) (1 =Unp1)Up, n2>2. (1.1)

Then with probability one
o
97 p—
> Xt =1,
k=1

and the law of (X?* X2% ) is called the two-parameter GEM distribution denoted by
GEM(0, ).

Let P(o,0) = (Pi(o,0), Py(,0),...) denote (X7 X9 ) in descending order. The law of
P(a, 0) is called the two-parameter Poisson-Dirichlet distribution and, following (20), is denoted
by PD(a,0).

Let &,k = 1,... be a sequence of i.i.d. random variables with common diffusive distribution v
on [0,1], i.e., v(x) = 0 for every =z in [0,1]. Set

Epaw =Y Pula, 0)d,. (1.2)
k=1

We call the law of =y, the two-parameter Dirichlet process, denoted by Dirichlet(0, o, v).

If « = 0 in (), we get the well known GEM distribution, the Poisson-Dirichlet distribution,
and Dirichlet process denoted respectively by GEM (0), PD(0), and Dirichlet(0,v).

There is a vast literature on GEM distribution, the Poisson-Dirichlet distribution, and Dirichlet
process. The areas where they appear include Baysian statistics ((9)), combinatorics ((22)),

-

ecology ((1d)), population genetics ((7)), and random number theory ((23)).

The Poisson-Dirichlet distribution was introduced by Kingman (14) to describe the distribution
of gene frequencies in a large neutral population at a particular locus. In the population genetics
setting it is intimately related to the Fwens sampling formula that describes the distribution of
the allelic partition of a sample of size n genes selected from the population. The component
P(0) represents the proportion of the kth most frequent alleles. If w is the individual mutation
rate and IV, is the effective population size, then the parameter # = 4N u is the scaled population
mutation rate.

The GEM distribution can be obtained from the Poisson-Dirichlet distribution through a proce-
dure called size-biased sampling. Here is a brief explanation. Consider a population consisting of
individuals of countable number of different types labelled {1,2,...}. Assume that the proportion
of type 7 individual in the population is p;. A sample is randomly selected from the population
and the type of the selected individual is denoted by o(1). Next remove all individuals of type
o(1) from the population and then randomly select the second sample. This is repeated to get
more samples. Denote the type of the ith selected sample by o (7). Then (Po(1)s Po(2)s ...) is called
a size-biased permutation of (p1,pa,...). The sequence X9 k=1,2,... defined in CI) witha =0
has the same distribution as the size-biased permutation of P(#) = P(0,0). The name GEM
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distribution is termed by Ewens after R.C. Grifffiths, S. Engen and J.W. McCloskey for their
contributions to the development of the structure. The Dirichlet process first appeared in (9).

The literature on the study of Poisson-Dirichlet distribution and Dirichlet process with two
parameters is relatively small but is growing rapidly. Carlton (2) includes detailed calculations
of moments and parameter estimations of the two-parameter Poisson-Dirichlet distribution. The
most comprehensive study of the two-parameter Poisson-Dirichlet distribution is carried out in
Pitman and Yor (20). In () and the references therein one can find connections between two-
parameter Poisson-Dirichlet distribution and models in physics including mean-field spin glasses,
random map models, fragmentation, and returns of a random walk to origin. The two-parameter
Poisson-Dirichlet distribution also found its applications in macroeconomics and finance ((1)).

The Poisson-Dirichlet distribution and its two-parameter counterpart have many similar struc-
tures including the urn construction in (12) and (8), GEM representation, sampling formula
((18)), etc.. A special feature of the two-parameter Poisson-Dirichlet distribution is included
in Pitman (17) where it is shown that the two-parameter Poisson-Dirichlet distribution is the
most general distribution whose size-biased permutation has the same distribution as the GEM
representation ([LTI).

The objective of this paper is to establish large deviation principles (henceforth LDP) for
GEM(0,«), PD(«,0), and Dirichlet(, a, v) with positive o when 0 approaches infinity. Noting
that for the one-parameter model, 6 is the scaled population mutation rate. For fixed individual
mutation rate u, large 6 corresponds to large population size. In the two parameter setting, we
no longer have the same explanation. But it can be seen from ([CII) that for nonzero «, large 6
plays a very similar role mathematically as in the case a = 0.

LDP for Dirichlet(6,v) has been established in (15) and (3) using different methods. Recently
in (4), the LDP is established for PD(6). From ([LTl), one can see that for every fixed k, the
impact of o diminishes as 6 becomes large. It is thus reasonable to expect similar LDPs between
GEM(0) and GEM (0, ). But in PD(«, ) and Dirichlet(0, a,v), every term in ([ILI]) counts.
It is thus reasonable to expect that the LDP for PD(#) and Dirichlet(0,v) are different from
the corresponding LDPs for PD(«, ) and Dirichlet(0, a,v). But it turns out that the impact
of « only appears in the LDP for Dirichlet(6, o, v).

Result of LDPs turns out to be quite useful in understanding certain critical phenomenon in
population genetics. In Gillespie ([L1) simulations were done for several models in order to
understand the roles of mutation and selection forces in the evolution of a population. In the
simulations for the infinite-alleles model with selective over-dominance, it was observed that
when mutation rate and selection intensity get large together with the population size or 6 the
selective model behaves like that of a neutral model. In other words, the role of mutation and
the role of selection are indistinguishable at certain scale associated with the population size.
Through the study of the stationary distribution of the infinitely many alleles diffusion with
heterozygote advantage, it was shown in Joyce, Krone and Kurtz (13) that phase transitions
occur depending on the relative strength of mutation rate and selection intensity. The result of
LDP for PD(#) provides a more natural way of studying these phase transitions ((4)).

LDP for GEM (0, «) is given in Section 2. Using Perman’s formula and an inductive structure,
we establish the LDP for PD(«,#) in Section 3. The LDP for Dirichlet(d, o, v) is established
in Section 4 using the subordinator representation in (2() and a combination of the methods in
(15) and (3). Further comments are included in Section 5.
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The reference (i) includes all the terminologies and standard techniques on large deviations
used in this article. Since the state spaces encountered here are all compact, there is no need to
distinguish between a rate function and a good rate function.

2 LDP for GEM

Let E =[0,1], and E* be the infinite Cartesian product of E. Set
[e.e]
E={(x1,22,...) € E%: Zxk <1},
k=1

and consider the map

G:E® — &, (u1,us,...) — (1,22, ..)
with
1 =Up, Ty = Up(l —ug) - (1 —up—1), n>2.
By a proof similar to that used in Lemma 3.1 in (4), one obtains the following lemma.

Lemma 2.1. For each k > 1, the family of the laws of Uy satisfies a LDP on E with speed 0
and rate function
log ﬁ, u e 0,1)

N vel (2.3)

Imn:{

Theorem 2.2. The family {GEM(0,a) : 6 > 0,0 < o < 1} satisfies a LDP on £ with speed 0
and rate function

log ———, X ox; <1
5(901,9627---):{ R S

o0, else.

Proof: Since Uy, Us, .. are independent, for every fixed n the law of (Ui, ...,U,) satisfies a LDP
with speed 6 and rate function ;" | I (u;). For any u,v in E*, set

o0
e lu = v
u— v =S
2Z
=1

Then for any 6” > 0 and u in E°°, one can choose n > 1 and small enough 0 < ¢’ < § < 6" such
that

{veE®: max |v; —w| <&} C{ve E®:|v—u| <}
1<i<n

{veE®:|v—u|<§} C{veE®: max |v; —u| < 9"},

1<i<n
which implies
lim liminf — log P{| (U1, Us, ...) — u] < 5} > anl( ) (2.4)
1m 11m inr — ees) — — U; ), .
5—0 6—oco 0O & b= B i1 !
Jim lim sup = lo P{|(Uy,U: )—u\<5}<—zn:1(u-) (2.5)
650 Gaoope . b - 3 . .
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Since E*° is compact, by letting n approach infinity in (Z2]) and ([Z3), it follows that the law of
(U1, Uy, ...) satisfies a LDP with speed 6 and rate function 2, I1(u;). The effective domain of

>icy Li(ug) is
[0.9]
C:{ueEoozui<1,Zui<oo}
=1

and

1
IL(u;) =log ———— . 2.
;_l 1(u;) = log = (0w on C (2.6)

Since the map G is continuous, it follows from contraction principle and Lemma 1] that the
family {GEM (0,«) : 6 > 0,0 < o < 1} satisfies a LDP on € with speed 6 and rate function

inf{z I (ui) s uyp =z, ua(l —up) =z, ...} (2.7)
i=1
For each 1 <n < 40,
Q—w) - (I—up)=1-> =z (2.8)
i=1

Hence if )" ; 2; = 1 for some finite n, then one of wi,...,u, is one, and u is not in C. If
Yoy < 1 for all finite n and )2, x; = 1, then from ()

n
nlLrgozllog(l — u;) = —00, (2.9)
1=

which implies that ;2 u; = oo. Thus the inverse of the set {(z1,...) € £: ) 2, x; = 1} under
G is disjoint with C. Hence the rate function in (Z7) is the same as S(z1, 2, ...).

a

3 LDP for Two-Parameter Poisson-Dirichlet Distribution

In this section, we establish the LDP for PD(«,0). Recall that P(a, 0) = (Pi(a, 0), P2(a,0)...,)
is the random probability measure with law PD(a, 6). When a = 0, we will write

P(0) = P(0,0) = (P,(0), P2(0)...,).

3.1 Perman’s Formula
For 0 < a < 1 and any constant C > 0,3 > 0, let

h(z) = aCz= @) 2 >0,
and

DB+ 1Era—a)l
B = I'G/a+1)
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Let (t) be a density function over (0, c0) such that for all 8 > —«

/Oo t=Py(t)dt = L (3.10)

0 Ca
Let {75 : s > 0} be the stable subordinator with index . Then (¢) is the density function of
71. (cf. page 892 in (20).)

Set
Y1(t,p) = h(tp)tp(tp),t > 0,0 <p <L, p=1-p (3.11)
1 _
0, else.

Then the following result is found in (16)(see also (20)).

Lemma 3.1. (Perman’s Formula) For each k > 1, let f(pi,...,pr) denote the joint density
function of (Py(c,0), ..., Py(a,0)). Then

xD
f(pl) apk‘) = Ca,@/ t_egk‘(t)pla apk‘)dt’ (313)
0
where for k>2,t>0,0<p, <--- <p172f:117i <l,andpy=1—p1 —- —pg_1,
t*=Lh(tp1) - h(tpr—1 . Dk
gk‘(t)pl)“'apk‘) = ( )A ( )gl(tpk‘)A_) (314)
Dk Dk
and
o0
g1(t,p) = D> _(=1)" (L, p). (3.15)
n=1

3.2 LDP for PD(«a,0)

We will prove the LDP for PD(«,0) by first establishing the LDP for Pj(«,0) and
(Pi(a,0),..., Py(c,0)) for any k > 2.

Lemma 3.2. The family of the laws of Pi(«,0) satisfies a LDP on E with speed 0 and rate
function I;(p) given in ([Z3).

Proof: It follows from the GEM representation that

E[e)‘aUl] < E[e’\epl(o"e)] for A > 0;
E[eMU1] > E[eMP1(e9)] for X < 0.

On the other hand, from the representation in Proposition 22 of (2() we obtain that

B[P (0)] [P O)] for X > 0;

< Ele
E[e?P1@0)] > BMPO)] for A < 0.
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Since both the laws of U; and P;(6) satisfy LDPs with speed 6 and rate function I;(-), we
conclude from Lemma 2.4 of (4) that the law of P;(«,#) satisfies a LDP with speed 6 and rate
function I;(+).

a

Lemma 3.3. For each fized k > 2, let

k
i=1

and Py i, be law of (Pi(c,0), ..., Py(c,0)). Then the family {Pyy : 6 > 0} satisfies a LDP on Vj,
with speed 0 and rate function

log —F— f, pi <1
Iy (p1, - pk) = { 1->%  pi 2i=1
0, else.
Proof: For k> 2,t > 0,0 <prp < --- < phZlepi < 1, it follows from BI3), BI4) and BIH)
that
fprspk) = ealoO) /OO 10+ =Dy (1, Py a g
Y Pr(p1-- pe—1)* Jo " br
— A6’+(l€—1)a 00
= s g1 (s, =)d s 3.16
pr(pr-pe—1)t o ( Pk;) (3.16)
—1A0+(k—1)a oo 0o
Ca0(aC)i1p, +1/ 0 (k—1)a] i
B L -1 " s “ n\S, = dS
pi(pr - pr—1)t? ;( ) 0 Un( pk)
Set N
bn(u) = / sTI0H=0aly, (5 u)d s.
0
Then

o1(u) = /OO3_[6+(k_1)°‘}sh(su)w(sﬂ)ds

0

= (aC)u_(O‘H)/ s™I0Fkaly (sw)d s
0

_ (ac)u—(a-i-l)ué’-i-ka—l/ 5_[6+ka]¢(8)d8 (3.17)
0
1

— (ogC)u_(O‘+1)ﬂ6+ko‘_1 ’
Ca,0+ka

- 1.
where & = 1 — u. For any n > 1, and u < .=, it follows from ([EI2) that
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VY1 (t,u) (3.18)
1

=t h(tu) U (tu, ug )dug

u/a
1 1
:th(tu) // [X{mgl/n}(tu)h(tuul)// ¢n,1(tﬂﬂ1,UQ)dU2]dul
u/u uyl/ul
1/(n—1) 1
:th(tu)/ / [(tuh(tuuy))--- (tady - - Up—oh(tuty - - Up—2uUp—1))]
u/ﬂ un—l/ﬁn—l

X [X{ulgl/n} T X{un,1§1/2}]¢1 (tutiy -« Up—2Up—1, Up)d updty—1 - - duy

1
—ihin) [ / o))t )

1
u/u
XX qur<i/n} " X{un_r<1/2}) [((001 -+ - Uy —1 )W (tUUY - - - Up—2TUp—1Un )]

X'Lﬂ(t’ljﬂl ce ﬂn_gﬁn_lﬂn)d Upd Up_1 -+ - dug

1 1 1
_ (aC)nJrlt(nJrl)a/ / / [X{ulgl/n}"'X{un_lgl/Q}]dundun—l"'dul
u/u Jui /a1 Up—1/Tn—1

— _ _na-—(n—1 -
(a+1)u naul (TL )Oé “ e «

X {(’U,’U,l cee un) U, "1 (t’lj,’lj,l ce ’U,n_gﬂn_lﬁn)}.

Integrating over ¢t we get

1 1 1
dui(w) = (aC)"! // / L / s Xz -din
u/u Juy/ul Un—1/Un—1

X{(uul e un)i(a+1)a7na/a;(nil)a e a—Oé

n—1
x| / ¢t O0F ATy b3ty - - - Tyl 1Ty )d 1]} (3.19)
0
_ (ac)n+1u7(a+1)ﬂ(9+ka71) ;An(a, 9)(u)

Ca,04(n+k)a

Ca (0%
= (a0)"1 (u) —2TEE A (a,0)(u),
Ca,0+(n+k)a

where

1,1 1
An(a,0)(u) = / / / [X{u1§1/n}"'X{un_lgl/Q}]dundun—l"'dul
u/u Jui /a1 Un—1/Tn—1
sc{ (uy -+ un)*(aﬂ)a?(’fﬂ)a—l gl (ktn)a—ly
Let
D = {(ug,...,upn) s uy € [u/u,1/nl,...;up_1 € [up—2/Un—1,1/2],up € [Up_1/tn,1]}.

By definition, A, (e, 0)(u) =0 for u = T%Ll

For 0 < u < 1/(n + 1), the Lebesgue measure of D is strictly positive. It follows by direct
calculation that
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1 n
limg_)oog log A (a,0)(u) < ess sup{z log(1 —u,) : (u1,...,u,) € D} <0. (3.20)

r=1
On the other hand, by Stirling’s formula,
1 Ca,0
lim —log ————(u) = 0. (3.21)
f—o0 Co,04(n+k)a
Thus forn > 1,and 0 < u < 1/(n+1),
lim — A (a,0) = 0. (3.22)

f—o0 Ca,0+(n+k)a

Let

k
Vi={1, k) € Vi :pp > O,Zpi <1}.
=1

Now for each fixed (p1,...,px) in V3, set
m =max{j > 1:py/pr <1/},

and Ag(a,0)(u) =1 for any 0 < u < 1.

Then it follows from BI4), BI9) and B22) that

_1 A0+(k—1)c m -1
Ca,0(aC)F1p, 1 ( Ca,0+ka Pk
J(P1y k) = - E -1)" Ap1(o, 0) (==
(P ) pa(p1- - pr—1)t? — Cod+(nth—1)a i )(pk)
aCVE (o 0Hka—1 7 aC) e,
(pl te pk) n—1 Ca,04(n+k—1)a Pk
k
_n Notka-1_ (2C) 1
= ) [1+0(1)],
(pk‘-i-l) (pl . 'pk;)1+a [ ( )]
which implies that
lim = log f(p Dk) log = on V7, (3.24)
- 1y PE) = — S — k- .
000 0 1= Zf:l Di

Introduce a metric di on Vi such that for any p,q in Vi

k
Q) => |pi—al
=1

For any § > 0, set

Vs(p) = {q€Vi:di(p,q) <6}
Vs(p) = {a€Vy:di(p,q) <3}
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For every p € V¢, one can choose § small enough such that Vz(p) C Vs(p) C V5. Let u denote
the Lebesgue measure on Vi. Then by Jensen’ inequality and B24),

o 1 ()
Jim GlogPo{Vi(e)} = Jim glog XTI PL /V  Jan(da) (3.25)
1
> —m/‘/é(p)fk(Q)ﬂ(dQ)-

Letting ¢ approach zero and using the continuity of Ix(-) at p, one gets

1
lim lim - log Py {Vs(p)} > —Li(p). (3.26)

—00—00

Since the family {Pg 1, : @ > 0} is exponentially tight, a partial LDP holds ((21)). Let J be any
rate function associated with certain subsequence of {Py : @ > 0}. Then it follows from (B20)
that for any p in V§

J(p) < I(p)- (3.27)
Because of the continuity of I, and the lower semi-continuity of J, [B27) holds on V.
On the other hand for any p in V7,
1 - 1
Jim ZlogPosVa(p)} = Jim 2log [ flau(da) (3.28)

f—oc0 ¥

Vs(p)

IN

1
Jim 2 log f(as)
== _Ik(q5)7

where qs is in V7§ such that

f(as) = sup{f(q) : q € V5(p)}.

The existence of such qs is due to the continuity of f over V7. Letting ¢ approach zero, one has

1 _
lim lim —log Po{Vs(p)} < —Li(P). (3.29)

§—00—oc0

Next consider the case that p is such that p; > 0, Zle p; = 1. Then pi/pr = 1. For small
enough 9, we have B
qr/dr > 1/2 for q € Vs(p).

Thus Ay, (a, 0)(u) = 0 for all n > 1 on Vs(p) and it follows from EZ3) that

1 _ o1
lim —log Py r{Vs(p)} = lim —log/ fla)u(dq) (3.30)
f—o0 O f—o0 O Vs (p)
-1 . _ (aC)F
< lim —log/ q O+ko L (dq),
6—00 Va(p)( ) (g1 qp)tte @9)
S 10g(1 - CL&),
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where as is such that
k
as = inf{z ¢:q€eVs(p)} <l
i=1
Letting d go to zero, one gets

1 _
lim lim 2 log Py {Vs(p)} < —Ik(p)- (3.31)

§—060—00

The only case remains is when there is a [ < k such that p; = 0. The upper bound in this case
is obtained by focusing on a lower dimensional space of the positive coordinates.

Thus we have shown that for every p in Vy,

1 1 _
lim lim 2log Py {Vs(p)} = lim lim ZlogPy{Vs(p)} = ~Ik(p), (3.32)

6—060—00

which combined with the exponential tightness implies the result.

Let

oo
V={pnp2,)ip1=p2>-2> O,sz' <1}

i=1
and for notational simplicity we use Py to denote the law of P(a,f) on V in the next theorem.

Then we have

Theorem 3.4. The family {Py : 0 > 0} satisfies a LDP with speed 6 and rate function

(3.33)

I(p) = | 8Ty W) €V, B pi <1
(p) i
00, else.

Proof: Because V is compact, the family {Pp : 0 > 0} is exponentially tight. It is thus sufficient
to verify the local LDP ((21)). The topology on V can be generated by the following metric

(o]
=1

where p = (p1,p2,...),q = (q1,G2,...). For any fixed § > 0, let B(p,d) and B(p, &) denote the
respective open and closed balls centered at p with radius § > 0. Set ns = 2+ [logy(1/6)] where
[x] denotes the integer part of z. Set

Vos(059/2) ={(q1,q2,...) € Vilg—pil <6/2,i=1,...,ns5},
V((P1,-sPns)3:0/2) = {(q1, 1 Gns) € Ving @i —pil <6/2,i=1,...,n5}.

Then we have
Vas (P56/2) C B(p,0).
By lemma and the fact that

PH{Vng (p; 5/2)} = Pﬁ,ng{v((pla ~-~apn5)§ 6/2)}5
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we get that

1 1
liminf 2 log Pp{B(p,0)} > liminf 5 log Py n {V((P1, - Pns):6/2)} (3.34)
_Ing(pla "'7pn5) Z _I(p)

On the other hand for any fixed n > 1,81 > 0, let

Y

Un(p7 51) = {(q17q27 ) S v : ‘QZ _pZ’ S 5172‘ - 17"'7”}7
U((p1,--sn);01) = {(q1,sqn) € Vit i —pil < 1,i=1,...,n}

Then we have
Po{Un(p;01)} = Pon{U((p1, -, Pn); 01)}

and, for ¢ small enough,

B(p,0) C Un(p;d1),
which implies that

1 _ 1
limlimsupglogpg{B(p,é)} < limsupElongm{U((pl,...,pn),él)} (3.35)

0—0 -0 f— o0

< —inf{L(q1, -, qn) : (q1s--yqn) € U((P1, ., Pn),01)}-

Letting ;1 go to zero, and then n go to infinity, we get

1 _
lim lim sup 7 log Py { B(p, 6)} < —1(p), (3.36)
-V -0

which combined with (B34)) implies the result.

4 LDP for Two-Parameter Dirichlet Process

Let M;(E) denote the space of all probability measures on E equipped with the weak topology.
For any diffusive v in M;(E) with support E, let &1,&2,.. be independent and identically dis-
tributed with common distribution v. Let Zy , , be the two-parameter Dirichlet process defined
in (C2).

Let {o(t) : t > 0,00 = 0} be a subordinator with Lévy measure z~(1+t®e~%dz, 2 > 0, and
{r(t) : t > 0,79 = 0} be a gamma subordinator that is independent of {o; : ¢ > 0,00 = 0} and
has Lévy measure 2 te *dz, 2 > 0.

Lemma 4.1. (Pitman and Yor) Let

ar(g)

«

v(a, 8) = T —a) (4.37)

For each n > 1, and each partition 0 < t; < -+- <t, =1 of E, let A; = (ti—1,t;] fori=2,..,n,
A1 =[0,t1], and a; = v(A;). Set

Ya,@(t) = o(y(a, 0)t),t > 0.
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Then the distribution of (29,a,u(A1); .-, Z60,0,0(An)) is the same as the distribution of

-1
Yoola)  Yao(3ljoia5) = Yao(3272, aj)
Yoo(1) 7 Ya0(1)

( ).

Proof: Proposition 21 in (2() gives the subordinator representation for PD(«,#). The lemma

follows from this representation and the construction outlined on page 254 in (19).

O
Let
Y, g(t)
T o(t) = 2208
0(t) 7
n n—1
Zoo(tt, rtn) = (Zao(a1), s Zao (> aj) = Zap(> _ a))).
j=1 j=1
By direct calculation, one has
e(A) = log¢(\) = log E[e*M] = / (N — 1)zt (4.38)
0
_ [ PR, s
o0, else.
and
1
L(\) = Jim ~log E[eM9)] (4.39)
B log(135), A <1
- o0, else.
For any real numbers A1, ...\, let X = (A, ..ey An). Then by direct calculation
1 Y 1 n =i 0/
5108 Blexp{0(X, Zao(tr, s ta))}] = 5 10g BTy (Erp/mexp{Aio (1)} = 7)]
1 "L av(4;) 0
— “logE D) o)) T(Z 4.4
g 108 Pl (X i “agedr Q) (4a0)
1 « -
A, o Ay) = —=L(—2 A;
- ( 1y ) o (F(l _a) P V( )()O(
For (y1,...,yn) in R, set
Jtl,--,tn(y17 seey yn) = sup {Z Azyz - A()‘h svey )‘TZ)} (441)

AAn 53

n

= D et S log[Yo (A9 - )

Al,...,/\nE(foO,l]" i=1 i=1
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Theorem 4.2. The family of the laws of Zn(t1,...,1,) on space R} satisfies a LDP with speed
0 and rate function ([{-41)).

Proof: First note that both function ¢ and function L are essentially smooth. Let
Dr ={(A1, s An) t A(A1, ..., Ap) < o0}, D} = interior of Djy.
It follows from (E3Y) and (EZD) that

D = {(A, ooy An) : Zy(Ai)F(%

— a)SO()\i) <1}
i=1

The fact that v has support E implies that v(A4;) > 0 for i = 1,...,n, and

Dy = {1, dn) s D v(A)[1— (1= X)% <1}
=1

{1, An) s <Li=1,..,n}\{(1,..,1)},
DR = {(A,mAn) i Ai<li=1,..,n}

Clearly the function A is differentiable on D} and

rad(8) Ve ) = s D Gy 20 YA ((AD)E (). H(A)E )
i=1

A sequence Xm approaches the boundary of D} from inside implies that at least one coordinate
sequence approaches one. Since the interior of {\ : p(\) < oo} is (—o0, 1) and ¢ is essentially
smooth, it follows that A is steep and thus essentially smooth. The theorem then follows from
Gértner-Ellis theorem ((H)).

O
For (y1,...,yn) in R} and (z1,...,x,) in E", define
1 n
Flysogn) = 4 oo W n)s 2y Y >0
(0, ...,0), W1y yn) = (0, ...,0)
and
Itl,..,tn(xl) ,xn) = il’lf{l]t17,,7tn(y1, ,yn) : F(yl, ,yn) = (‘Tl) ’xn)} (442)

Clearly I+, . +,(x1,...,xn) = 00 if >4 x is not one. For (x1,...,xy) satisfying > p_; xp = 1,
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we have

n
Iy (@1, xy) = inf{Jy 4 (axy,..,az,) a= Zyk >0} (4.43)
k=1

= inf{ sup {az Nizi + log D v(A)(1 = X)} e > 0}
=1

(>\177>\n)6(_0071]n =1

= inf{ sup {a —loga
(/\1,...,)\71)6(*00,1]"

=S el = A + élog[z V(A a(l = A%} - a > 0}
=1 i=1

n
= inf{a —loga:a >0} + sup logZV ]—Z’yixi}
(’ylv 77’"«)€Rn @ =1 =

n

1

= sup  {-— 10%[2 V(A +1- Z%‘xi}-
(nom)ERE T i=1

Theorem 4.3. The family of the laws of (E9,a.,(A1), ..., Z0,0,0(Ar)) on space E™ satisfies a LDP

with speed 6 and rate function

Sup('yl,...,'yn)eRﬁ{é log[Z:‘L:1 V(Ai)%q]
Ity (1, s ) = +1 =370 viwil, D1 Tk =1 (4.44)
0, else

Proof: Since J;, . +,(0,...,0) = oo, the function F' is thus continuous on the effective domain of
Jt1...tn- The theorem then follows from Lemma Bl and the contraction principle (remark (c) of
Theorem 4.2.1 in (5)).

g

Remark. Let A, = {(x1,...,2,) € E" : 3. | x; = 1}. Then the result in Theorem holds
with E™ being replaced by A,.

Let By(E) and Cp(E) denote the sets of bounded measurable functions, and bounded continuous
functions on F respectively. For each p in M;(E), set

() = sup {1log(/(f( Dev(da)) +1- / e (4.45)

[>0.feCy(B) &

0 = su O 1’ — .
P = e {/lgf ) +1- [ fan (4.46)
2k = swp ([ olamda) - og [ eutaay (4.47)
= swp { [ glaw(da) ~log [ ()
gEBL(E)

where H(v|u) is the relative entropy of v with respect to p.
Lemma 4.4. For any p in My (E),
I(n) = sup{ly, .+, (A1), ..x pu(An)) 10 <ty <ta < - <tp,=1Lin=12 ..} (4.48)
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Proof: It follows from Tietze’s continuous extension theorem and Luzin’s Theorem that we can
replace Cp(E) with By(E) in the definition of I®. This implies that

I%(u) > sup{ly, .+, (1W(A1), s pu(An)) 10 <ty <ta <--- <tp,=1Lin=12..}
On the other hand, for each nonnegative f in Cy(E), let

) .
= L= J(t)i= 1,
n

Then
Stog( [ (f@)vldo) — [ () = i {logl>" v(Ane) - D vun(4))

<sup{ly,, 4, ((A1), o, (Ap)) : 0 <ty <ta < - <tp,=1;n=12.1},
which implies
I(p) <sup{ly, +,(W(A1), ..o pu(Ay)) :0<t) <ta < - <tp,=Lin=12..}

a

Remarks. It follows from the proof of Lemmal Al that the supremum in ([Z8]) can be taken over
all partitions with ¢y, ...,t,_1 being the continuity points of x. By monotonically approximating
nonnegative f(z) with strictly positive functions from above, it follows from the monotone
convergence theorem that the supremum in both ([ZH) and (6] can be taken over strictly
positive bounded functions, i.e.,

) = swp {2 log( / (f(@)*v(da)) +1 / f@)p(do)), (4.49)
>0,feCy(E) &

0 = su O X))V X — X X . .

0 = s (g e <1 [ @) (4.50)

Lemma 4.5.
1) = H(vu) (4.51)

Proof: If v is not absolutely continuous with respect to u, then H(v|u) = +00. Let A be a set
such that pu(A) = 0,v(A) > 0 and define

fm(x):{;'% veA

, else

Then
I°(u) > v(A)logm — oo as m — oo.

Next we assume v < p and denote g—;(:c) by h(x). By definition,
) = [ ho) log(h(@)n(do)
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Choosing fus(z) = h(x) A M in the definition of I°. Since the function xlog x is bounded below
for non-negative z, applying the monotone convergence theorem on {x : h(z) > e~'}, one gets

10> Jim_ [ fuo)log fula(ds) ~log [ fu@ntds) = B, (@52
On the other hand, it follows by letting f(z) = e9(*) in the definition of H(v|u) that

H(v|p) = sup {/10gf v(dz) log/f

f>0,f€By(E)
Since
[ t@utda) -1 2108 [ s@utdo)
we get that
H(v|p) > I°(p) (4.53)
which combined with 52) implies (EERT]).
O
Lemma 4.6. For any p in M1(F), 0 <a; < as <1,
19 (1) > 1% (), (4.54)
and for any « in (0,1), one can find p in My(E) satisfying v < u such that
I%(n) > I°(). (4.55)
Proof: By Holder’s inequality, for any 0 < a1 < ag < 1,
1 (6% 1 QU
Ltog( [ (@) vldn) < gl [ (7)) v(a), (4.50

and the inequality becomes strict if f(z) is not constant almost surely under v. Hence I*(p) is
non-decreasing in « over (0, 1). It follows from the concavity of log z that

Slog( [ (F@)v(da) = [log flaplda),

which implies that I%(u) > I°(u) for a > 0.
Next choose p in Mj(FE) such that v < p and Z—Z(m) is not a constant with v probability one,
then I(u) > I%?(p) > I°(p) for a > 0.

a

We now ready to prove the main result of this section.

Theorem 4.7. The family of the laws of Z¢.q, on space Mi(E) satisfies a LDP with speed 0
and rate function I¢(-).
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Proof: Let {f;j(z) : 7 = 1,2,...} be a countable dense subset of Cy(F) in the supremum
norm. The set {fj(z) : j = 1,2,..} is clearly convergence determining on M;(E). Let

/il = supgep | fj(x)] and ‘o
()
C={yg(z) = !f]]! V1= 1,..}.

Then C is also convergence determining.

For any w, p in My (E), define
— 1

Then p is a metric on M;(E) and generates the weak topology.
For any 6 > 0, u € My(FE), let

B(u,6) = {w € Mi(E) : p(w,p) < 6}, E(H’é) ={w € My(E) : p(w, ) < 0}

Since M;(F) is compact, the family of the laws of =y , is exponentially tight. It thus suffices to
show that

1 1 —
lim lim inf —log P{B(u, d)} = lim limsup - log P{B(u,0)} = —I%(u). (4.58)
6—0 fH—o0 60 oo 0
Choose m large enough, one gets
{w € Ml(E) : |<wag]> - <H’g]>| < 6/2 .] = 1’ am} - B(I/,(S) (459)

Choose a partition ¢y, --- ,t, such that
sup{lg;j(z) — g;(y)| 1 v,y € Ajyi=1,--- ;m;j=1,--- ,m} <J/8.
Choosing 0 < §; < %, and define
Viro st (101) = {1, - yn) € Ant g — p(Ag)| < dr,i=1,--- ,n}.

For any w in M;(E), let
F(w) = (w(A1),...,w(Ap)).

If F(w) € Vi, .. 1, (1, 01), then for j =1,...,m

s =gl = 1Y [ s@)eds) - uldo)

)
< Z—l—nél < (5/2,

which implies that

{we Mi(E): F(w) € Vit (1,01)} C{w € My(E) : [{w, g5) — (1, g5)| <0/2:5=1,--- ,m}.

)
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This combined with ([29) implies that

{we Mi(E): F(w) € Viy oo t,,(1t,61)} C B(p, 6). (4.60)
Since Vi, ... 1, (1, 01) is open in A, it follows from Theorem B33 that

lim hmlnfelogP{B(,u, 9)} (4.61)

6—0 6—o0

> lim lim inf — 9 log P{w e Mi(E): F(w) € Viy .. t,,(11,01)}

6—0 0—o00

= lim hmmf 7 log P{(Zp,a,0(A1), -, 20,00 (An)) € Vi oo 4, (11, 01) }

6—0 0—o0

> Ity ((AL), s 1(An)) = —1% ().

Next we will focus on partitions t1,...,t, such that ti,...,t,_1 are continuity points of u. We
denote the collection of all such partitions by P,. This implies that F(w) is continuous at .
Hence for any d, > 0, one can choose § > 0 small enough such that

B(p,0) € F~HViy oty (1, 62) -

Let
th,---,tk(ya 52) - {(ylauyn) € An : ‘yz - IU'(AZ)‘ S 5272‘ - 17' N = 1}

Then we have

lim lim sup — 7 log P{B(p,0)} (4.62)

-0 g0

< hmsup 0 log P{(‘—‘eau Al) 759,04,1/(‘471)) € th,---,tn (M752)}

f—oc0

By letting do go to zero and applying Theorem again, one gets

lim hmsup 7 log P{B(11,0)} < —1I; ... 4, (11( A1), .oy (Ay)). (4.63)

0—0 -0
Finally, taking supremum over P, and taking into account the remark after Lemma B4, one
gets

%Hn lim sup — 7 log P{B(p,0)} < —I%(u), (4.64)

which, combined with (EEGT]), implies the theorem.
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5 Further Comments

Our results show that the LDPs for GEM (6, o) and PD(«, #) have the same rate function. Since
GEM (0,«) and PD(«,0) differs only by the ordering, one would expect to derive the LDP for
one from the LDP for the other. Unfortunately the ordering operation is not continuous and it
is not easy to establish an exponential approximation. The LDPs for GEM (0, o) and PD(«, )
also have the same rate function as the LDPs for GEM (0) and PD(#). Thus a does not play a
role in these LDPs. This is mainly due to the topology used. It will be interesting to investigate
the possibility of seeing the role of a through establishing the corresponding LDPs on a stronger
topology.

The LDPs for Zp,, and Zp, have respective rate functions I*(-) and I°(-). Both Zy,, and
Ep,, converge to v for large §. When 6 becomes large, each P;(6, ) is more likely to be small.
The introduction of positive a plays a similar role. Thus the mass in Zg , , spreads more evenly
than the mass in Sy ,. Intuitively Zg ., is “closer” to v than Zg,. This observation is made
rigorous through the fact that 1%(-) can be strictly bigger than I°(-). The monotonicity of I¢(-)
in « shows that o can be used to measure the relative “closeness” to v among all Zg ,, ,, for large
0.

The process Y, ¢(t) is a process with exchangeable increments. One could try to establish a
general LDP result for processes with exchangeable increments and derive the result in Section
4 through contraction principle. The proofs here illustrate most of the procedures needed for
pursuing such a general result from which the LDP for Zg , ,, follows.

Acknowledgments The author would like to thank Jim Pitman for clarification of Lemma 4.1,
and the referees for their insightful comments and suggestions.
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