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Abstract

Let X; be a d-dimensional symmetric stable process with parameter « € (0,2). Consider 7p
the first exit time of X; from the domain D = { (z,y) € Rx R : 0 < z,|y| < ¢(z) }, where
¢ is concave and lim, - ¢(z) = co. We obtain upper and lower bounds for P* {rp > t} and
for the harmonic measure of X; killed upon leaving D N B(0,r). These estimates are, under
some mild assumptions on ¢, asymptotically sharp as ¢ — oo. In particular, we determine
the critical exponents of integrability of 7p for domains given by ¢(z) = 2% [In(z + 1)]7,
where 0 < 8 < 1, and v € R. These results extend the work of R. Banuelos and R. Bogdan

(2)-
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1 Introduction

Let X; be a d-dimensional symmetric a-stable process of order o € (0,2]. The process X;
has stationary independent increments and its transition density p®(t,z,w) = fP(z — w) is
determined by its Fourier transform

exp(—t]2]) = / g (w)d,

These processes have right continuous sample paths and their transition densities satisfy the
scaling property
Pt w,y) = V(1 )

When a = 2, the process X; is a d-dimensional Brownian motion running at twice the usual
speed.

Let D be a domain in R, and let X be the symmetric a-stable process killed upon leaving D. If
a € (0,2), H, the self-adjoint positive operator associated to XtD is non-local. Analytically this
operator is obtained by imposing Dirichlet boundary conditions on D to the pseudo-differential
operator (—A)O‘/ 2 where A is the Laplace operator in R%. The transition density of XtD is
denoted by p%(t, z,y) and

p =inf{t >0: X; ¢ D},

is the first exit time of X; from D.

It is well known, see (1), that if D has finite Lebesgue measure then the spectrum of H, is

discrete and
P* [T D > t]

lim —
t—oo exp[—tAT | @ () [[ ¢f (y)dy

where A\{' is the smallest eigenvalue of H, and ¢f(x) is its associated eigenfunction.

1, (1.1)

On the other hand, if the domain is the cone given by
C={zeR':z#0,1m—0<p() <}

where 0 < 6 < m and ¢(z) is the angle between z, and the point (0,...,0,1). Then there exists
0 < a such that
E” [Tg] < 00, if and only if p < a, (1.2)

see (2), (14), (18), and (20). T. Kulezycki (18) also proved, for a € (0,2), that a < 1 and «a
converges to one as 6 approaches zero. The behavior of the critical exponent of integrability a
is significantly different for o« = 2. D. Burkholder (9) proved that a goes to infinity as 6 goes to
zero. These results were extended, for a € (0, 2], to cones generated by a domain 2 of S™ with
vertex at the origin in (1l),(6), (13), and (19).

In the Brownian motion case, it is known there are domains such that the distribution of the
exit time has sub exponential behavior. As a matter of fact, consider the domain D = D,, given
by

D :{(xl,x)eRdefl:x1>o,x§’>|x|}, (1.3)
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where p < 1 and || is the euclidean norm in R~!. R. Baiiuelos et al. (4), W. Li (23), and Z.
Shi et al. (21) prove
—1In (P“ [TDP > t] )

1-p
t1+p

lim
t—o00

=c, (1.4)

for some ¢ > 0. Similar results were obtained by M. van den Berg (22) for the asymptotic
behavior of p% (¢, z,y).

Notice D, is obtained by moving B(0,z}), the ball centered at the origin 0 € R?~! of radius ¥,
along the straight line I, = (21,0,...,0). R. D. DeBlassie and R. Smits (13) extend () to
domains generated in a similar way by a curve 7. We should also mentioned the work of Collet
et al. ((10),(11)) where the authors study domains of the form D = R%\ K, for K a compact
subset of R?. In this case, there exits ¢ > 0 such that

lim —In(tP*[tp >t]) =c. (1.5)

t—o00
It is then natural to ask if, for a € (0,2), there are domains in R? such that
P?(rp > 1), (L6)

has subexponential behavior as t — oc.
In this paper we will study the behavior of (L) and the behavior of the harmonic measure for
unbounded domains of the form

D:{(x,y)ERde_lz0<x,]y\<¢(m)}, (1.7)

where ¢ is an increasing concave function, such that

lim 2 =0, and /100 (M)d_l %dp < 0. (1.8)

r—oco T p

As shown in §5, for ¢(x) = [In(x + 1) ¥, p € R, (CH) has sub exponential behavior.

We will denote the ball of radius r centered at the origin, 0 of R™, by B(0,7). The following
result, which we believe is of independent interest, will be fundamental in the study of (Gl).

Theorem 1.1. Let 0 < z, and D, = D N B(0,r) where D is given by [I.4). Then there exists
M >0 and cg > 0 such that for all r > M

1 o [P (" 1
& [¢(x)] /2r (7) de
P*[X,, €D] (1.9)

S N A 1
b [ (%) G

IN

IN

where z = (z,0,...,0).
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This theorem can be combined with the results of (19) to obtain upper and lower bounds on
(CH). For instance one can show that there exist ¢§ > 0 and M >0

3o (i) [ (%) e

< })Z(7j) >'t)

= Ry ) pp——

for all z € D and all ¢t,7 > M. Our bounds on (@) will imply the following result.

Theorem 1.2. Let D be the domain given by ({I]) with

o(x) = 2 [In(z + 1)]*. (1.10)

(i) fo<pB<landpeR, orf=1and u < —1. Then there exist M > 0 and ¢ > 0, depending
only on d,a, B and u, such that for allt > M and all z € D

1 [Int]? .
Int]?
< A ey, (1.11)
P
where p = %, and q = pap + (d — V)p. In particular

E* 1) [In(1+7p)]° ] < o0, (1.12)

if and only if either r < p, orr=p and s < —1 —q.

(ii) If 6 =0 and p € R. Then there exist M > 0 and ¢ > 0, depending only on d,« and p, such
that for allt > M and all z € D

1 wd=1 1
— 1 Ithe eXp[—2ntw+1} < P*(1tp>t)
C

p(d—1)

1
< ¢t Hra exp [—ntwﬂ ] , (1.13)

where

1
A1 d—1+a
= (d-1 — .
n = +a)<d—1+a>
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In particular, if we take u =0 and 0 < 8 < 1 in ([LIM), then

E* [1])] < o0, (1.14)

(1-B)(d—1)+a
ap

if and only if p <
@).
The paper is organized as follows. In §2 we setup more notation and give some preliminary

lemmas. Theorem 1.1 is proved in §3. We obtained bounds on the asymptotic behavior of ([LCH)
in §4, and finish by proving Theorem 1.2 in §5.

. This result was first obtained by R. Bafiuelos and K. Bogdan in

Throughout the paper, the letters c,C, will be used to denote constants which may change from
line to line but which do not depend on the variables z,y, z, etc. To indicate the dependence of
¢ on «, or any other parameter, we will write ¢ = ¢(«), ¢, or c®.

2 Preliminary results.

Throughout this paper the norm in the Euclidean space, regardless of dimension, will be denote

by ||, and ¢ : RT — R* will be an increasing concave function such that
#»(0) =0 and xlingo () =0. (2.1)
—o0
Notice that the concavity of ¢ implies
o) < 22 (2.2
T
Thus
lim ¢'(z) =0, and 9(@) is decreasing. (2.3)
T—00 x

For any domain D C R?, we denote by dp(z) to the distance from z to the boundary dD.

Lemma 2.1. Let D be the domain given by ({I74). If u> 0 and z = (u,0,...,0). Then

¢(u)

U—00 dD (’u,)

Proof. Let u > 0. A simple computation shows that there exists xg > 0 such that

u = xo+ ¢(0)¢ (o),

and

dp(z) = /(u—0)? + [¢(x0)]? = d(x0)v/1+ [¢/(w0)]?.

Then the monotonicity of ¢ and ([Z3) imply

dp(z) = ¢(wo) [T+ o(1)] < é(u)[1+o(1)]. (2.4)
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On the other hand, thanks to (Z3])
u:x0(1+0(1)),

and

ou) < — d(x0) = [1+0(1)] §(a0).

0
Thus
dp(z) = ¢(zo) [1 +0(1)] = ¢(u)[1+0(1)],

the desired result immediately follows.

(2.5)
|

In the next section we will approximate certain integrals over D using spherical coordinates. For

this we will need to study the behavior of the cross section angles.

For r > 0, let z,- be the solution of

[, ) + [¢(2,)]* =1,

and

f(r) = arctan <M) > arctan <L)) ;

Ty r

the angle between the z-axis and (z,,0,...,0,¢(z;)).
One easily sees that [ZT]) and (Z8]) imply

Thus

and there exists M > 0 such that

forall 7 > M and 0 < ¢ < 0(r).
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3 Harmonic measure estimates

In this section we study the harmonic measure of the domain
D, =DnNB(0,r),

for D given by (7). Our arguments follow the ideas of T. Kulczycki in (18). As a matter of
fact, we are interested in the behavior of

PZ[XTDTEB],

as r — 00, where z € D, and B is a borelian subset of D. For m € Z, we define

D™ = Dygm, A, = D™\ D™ 1, (3.1)
and B(A;,) to be the Borel subsets of A,,.

To simplify the notation we set
Tm — TpDm.

If 2 € A,, the probability that X jumps directly to B, B\ D™ # (), when leaving the subdomain

Dm+1 is

gm(z, B) = P* (XTm+1 c B) = /Bpm(x,y)dy, (3.2)

where p,, is the Poisson kernel of X; killed upon leaving the domain D™*+1,

However the process X;, starting at « € A,,, could also jump out of D™*! and reach B C A,
after precisely k successive jumps to A;,,..., 4;, m < i3 < i3 < ... < i = n. Thus we are
interested in the behavior of

is.,....ip,(T, B) (3.3)
= PZ{X EAZ‘I,... X eAik—l’XTik_lJrlEB}’

Tig+1 )Ty o1

where ig = m. The Markov property implies that

k—1
qiq,..., ’Lk(x7B) - / e / / lek (yivyi-i-l) dyl .. dykv (34)
Ay A B i—0

tg—1

where ig = m. Notice that the event

{XTk+1 €4 }’

is not empty if and only if £ <[ — 2. Thus

106



Qir,...ip (T, Bp) =0

for all borelian sets B,, C A, unless (iy,...,ix) € Jp(m,n) where

Jp(m,n) = {(il,...,ik) €ZF iy > mt 2,0k =i — i) > 2}, (3.5)

for m,n € Z and k € N with m < n.
Therefore the probability that X starts at « € D and goes to BN D after k jumps, of the type

B3), is

Pz,B) = Y. an.i(@B) (3.6)
(il,...,ik)GZk

= Z qi,..., ik(va)'

(11,038 ) €Tk (M,n)

Let

3
|

m

o(x,B) =Y Pi(x,B). (3.7)

k=1

T. Kulzcycki prove that if z € D_1 and By C Aq, then

P (X;, € B1) =0(z,B) +/ PY(X., € By)do(z,y). (3.8)
Ao

Thus to estimate the harmonic measure it is enough to have good estimates of o(z,-). We will

start by estimating the function ¢, (z, ).

Lemma 3.1. Let m,n € Z withn > m+2. If x € A, and B, € B(A,). Then there exists
cg > 0 such that

Cd Ym(y)

m (2, Bn) < dy, 3.9
q ((L‘ ) 2(n—m)o¢ B, \y!d Y ( )
where
1 if ly| =2+
Ym(lyl) = mit, \2 -
(\y|2727+m1+1r) if 2mTE <y < 2
In particular
s [ (30! vmlp)
(2, Ap) < —2 / 7 dp. 3.10
il A) < gt [ (A0} Rl (3.10)

Proof. Since z € A, ¢ D™!
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an(@,Ba) < P (Xep i) € Ba)

(22m+2r2 . mQ)a/?

= Cg/
B (Jy|? — 22m+2p2)%/% | y|d

dy.
If n—m > 2, and y € B,, we have

|z —y| > 2" — 2™ > 272 > |y| /4.

Besides, if n > m + 2, then

22m+2r2 Z 22nr2 _ 22m+2r2 Z 22n—3r2.

cq 1
s | Pk
B, Y

m+1
2" 2|
[yl +2m*tr

ly? —

Thus
9(m+1)a

dy =

P(z,B,) < cfl‘/

B, |y|d2(nfl)a
On the other hand, if n = m + 2, we have

Then
9(m+1)a/2

cg‘ /
— 2 Jp yld (y

Finally if B,, = A,,. Using spherical coordinates we obtain from (23]

P(z,B,) < - 2m+1r)0‘/2dy

wm(ff Ly < / / wm ) sint2() dpdp
Bn ’y‘ on— 17’
< cg / / Q’Z)m 02 dpdp
2n—1p
< 0% dedp

g
on—1p

L T i) M)C“ )
= /2"17’ p < p &

and (BI0) follows.

The following corollary is an immediate consequence of the definition of ¢;, . ;

Corollary 3.2. Let m,n € Z be such that n > m + 2. If x € A, and B, € B(4,,).

exists ¢ > 0 such that

|
—_

a]k k
o I(ik—la Bn)
J

qll, -l (:C B) I(ijflaAij))

I
o
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where

1080 = | %dy, (3.14)

for alll,k € Z and all borelian sets By, contained in Ayg.
In order to estimate o(-, ), we will need the following monotonicity result.
Lemma 3.3. Let k,m € Z be such that k > m. Then
I(k, Ag12) < 2I(m, Apmy2). (3.15)
Proof. Recall that the function ¢(x)/x is decreasing. Following the arguments of Lemma 3.1,

we obtained a constant ¢ such that

I(k, Agy2) (3.16)
cd /2k+2r ¢(p) d—1 2k+1’l" a/2 l .
e (p — 2k+1r) p

. ¢(2k+1T) d—1 1 2k+2, ok+1,. a/2
%50 [, [ @

k+1p

IN

IN

p2Fr) 1T 1
B ESTEER 1— a2’

On the other hand, using spherical coordinates and ([Z9)

I(m, Bymt2) (3.17)
2m 2 00(p)
> / Ymlo) sin® (1) deprdp
om+ly JO P
m+2 d— 2
s [ ) ! [ ]“/ L
T Y Jamee Lop (p—2m*ir) p
m+2,.\74-1 om+2, m+1 a/2
> A P2 r) 1 / 2" dp
@ gmt2y 2mt2p fomir, | p—2mtlr
g fe@mn] T
= Ca om+2p 2—a’
and the result follows. O
Let (i1,...,i;) € J(m,n), and 1 < s < k — 1. By the definition of J(m,n) we have
m+ 2s < ig.
Now if ig + 2 = i541, Lemma 3.3 implies that
r2is+2
Vi, (p) ,
s dp = I(is, Ai,
/r2is+1 ol oo Ainss)
S 2 I(m + 28, Am+28+1) (318)

r2m+25+2

_ 2/ ¢m+22(ﬂ) dp.
r2m+2s+1 ‘p‘

109



In addition, if 7x_1 < n — 2, then for all p < 2"™r

2n71
B
p—2n—1r
Thus
I(ix_r, By) / L
Ue—1, = Ty
" Bn |y|d
o1y 1%
< Cg/ T on—io T dy.
B, | lyl—2""1r Y|

= Nn(Bn)'

Since this inequality also holds when i;_1 = n — 2, we conclude that
I(ik—la Bn) < Nn(Bn) (3'19)
In order to obtain and upper bound on o(x, B), we need to estimate

Pk;(x’Bn) — Z qh,...,ik(:p)Bn)'

(ilv---vik)e‘]k(mJZ)

Lemma 3.4. Let m,n € Z be such that n > m + 2. If x € A, and B, € B(A,). Then there
exists ¢ > 0 such that for k > 2

-2

[e]¥ T 777 i)
Pi(z,B,) < B L dp. 3.20
% (x, By) < o(n—m)a tin(Br) 211) /T2m+2i+1 ’p’d P ( )

Proof. Thanks to Corollary 3.2 it is enough to prove that

k—1
> I(ig—1,Bp) [ ] I(ij-1, As)) (3.21)
(11, sig ) EJR (M,M) j=1

k—2 7.2n72(k7i

< e T1 [ Ymiaile)
RS I St P

We will prove (BZ]) by induction in k. Notice that

Ja(m,n) ={(i,n) :m+2<i<n-—2}.

Then (B14) and (BI9) imply that
n—2
> I(m, Ay) I(i, By)
i=m-+2
n—2 %
[q)? / " Ym(p)
= Hn By, d,O,
i & [
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and the result follows for k = 2.
On the other hand, Lemma 3.3, and (BIX) imply

Z Zk 1, B HIZ] 1, A

(31,.s2k) EJ (M)

n—2(k—1) k—1
= ) I(mAy) > I(ir—1, Bo) [ 1(ij-1, As)
i =m-+2 (i2,-ig)EJK—1(11,n) J=2
n—2(k—1) k—3 pon—2(k—1-j)
Yir+2;(p)
< Y tmaydmm) I e
i1=m+2 je=o /2t P
n— 2]{} 1) 27,1 k-3 ron— 2(k—(j+1))
VYmt2+2j+1(p)
= Z /z 1 \P\d tin(Bn) H/m+2+2'+1 ol o
i1=m+2 21 7=0 72 7
n—2(k—1) k—3 pon—2(k—(i+1))
Yrma212;(p)
< Z / ) | |d fin(Bn) H/ oot o[ dp
i=mte Jr2t P j=0 r2mEr P
n—2(k—1) n—2(k—(j+1))
< 2 ¢m(p) d H 2 7 ¢m+2+2j(p) d
romt1 pl ramt2+2541 ol
and the result follows. O

We finally obtain an upper bound on o(z, B).
Lemma 3.5. Let m,n € Z be such that n > m+2. If x € A,,, By, € B(Ay), and

/loo <M>d_1 %dp < 0. (3.22)

p

Then there ewists a constant cg such that

1 @2
o(z,By) < cgma/ [ _2n_1r} o (3.23)

Proof. The previous result implies that

n—2m
o(x,Bn) = Y Pulx,By)
k=1
a B n—2m k—2 ron— 2(k—1)
< G Hn\Dn) ’j( W)l 2 / L”“;(p ) dpb . (3.29)
gt |2 g L Srgmsa o

Let y € B, since x € A,,, we have

gmapa < 2|x|a’ and |y|a/2 < 2na/2,ra/2.
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Then

1 gmey gn=lp \%
— (B, = —— e — —d
B = e [, (Gewe)
1 1
< o f dy.
B, (’y‘ - 2n_1r)a/2 |y|d+a/2
On the other hand
T k=2 pon—2(k=1i) ‘ 0o k=2 o ‘
i [, L@l < S [ el g}
k=2 i—0 r2m+2itl ’p’ k=9 i—0 r2m+2itl ’p’

one easily sees that (8222) implies the converges of this series.
O

The proof of Lemma 3.8, Lemma 3.9 and Lemma 3.10 of (1&) can be followed step by step to
obtain the following result, which is the upper bound on Theorem [T

Proposition 3.6. Let x € D, )5 and B a Borelian subset of D \ D,. Then there exists ¢ > 0
such that

1\ 1
P? [XTDT € B] <cg || /B < ’y‘ — T> |y|d+a/2 dy, (3.25)

In particular
P? [ X

D,

€D <cflz|* Alr). (3.26)

We shall now obtain the lower bound in ((CI0) of Theorem [Tl

Notice that D, is a bounded domain that satisfies the exterior cone condition. It is well know
that, see (1),

T cg
P*[X,, € D\D,| = i Gpr(x,y)/D\D mdzdy

Q0

C
> [ Gnlew) [ e
Dy D\Ds, [y — 2|4+

Notice that for all y € D, and all z € Ds,,

M < - <|lz—yl <
5 Sl =yl < e =yl < 2J]
Then o'
¢
P*|X,, € D\D,|> / Gp, (z, y)/ —4d dzdy. (3.27)
[ TDp 7"] D, D\Da, |Z|d+a
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We will estimate the integral on z using polar coordinates. Thanks to (Z9) there exists M € R
such that for all » > M,

a oo r0(p)

Cd s od—2 1

L dz = / / sin w) = dpdp 3.28
/D\DQT 2| 2r Jo (®) plte (3.28)

_ 1
> d/ (0" ez do

%0 ¢(p)]d1 1
> 2 k') dp.
- d/2r [ p pira P

Dy

Finally

> B | 7500ap, ) | (3.29)
= ¢ [dp,()]"

Combining (B28) and ([ZJ) we obtain the desired inequality.

4 Exit time estimates

T. Kulczycki proved the semigroup associated to the killed symmetric a-stable process on any
bounded domain is intrinsic ultracontractive. Thus there exists ¢§ > 0 such that

1 tAg
% exXp —T—a

for all t > 1, where A4 is the principal eigenvalue of X; killed upon leaving B(0,1) C R,

IN

]

,r-CM

PY [TB(OJ) >t] < ¢ exp [— (4.1)

We now use the results of §4 to obtained estimates for the distribution of the exit time.

Lemma 4.1. Let r > 0 and D, = D N B(0,7). If Ay is the principal eigenvalue of the one
dimensional symmetric a-stable process killed upon leaving (—1,1). Then there ezists ¢ = c(d, «)
such that

(A +o(1) ]t
P*[rp, >t] < cexp[—i , (4.2)
[¢(r)]e
for all z € D and all t > 1.
Proof. Notice D, is a convex domain in RY. Let 7(D,) be the inradius of D, and
I = (=r(Dy),r(Dy)).

Then Theorem 5.1 in (19) and EJ) imply

P rp, >t] < PY[7, > 1] < $exp A ¢ (4.3)

T — T — 1 T‘O‘(D,«) * *

113



One easily proves that for all z € D,

dp, (2) = min{dp(z),r — ||},

and that there exists u = (z,0,...,0) such that

r(Dr) = dp,(u) = dp(u) = r — |2| < ¢(r).

Since dp(u) < ¢(z), then

lim <1—M) i T2 o 2@) 00

r—00 r r—00 r T r—oco r ~ r—oco r

On the other hand, Lemma 2.1 implies that

6(r) < Zoa) = [1+ o(1) | dp(w) = [1+ o(1) | (D).
Hence
. r(Dy) B
Jim o) 1
and (2 follows from E3). O

We now obtained our lower bound on the asymptotic behavior of P* (7p >t ).

Proposition 4.2. Let z = (x,0,...,0) € D and D, = DN B(0,r). Then there exist M > 0 and
¢ > 0, depending only on d and a, such that

2 exp | — ALt )1 > [(b(p)]d_l
Pl > 112 com |- [l G 70—

forallr > M and all t > 1.

Proof. Let n < 1. The strong Markov property implies

Pirp>t]

v

P*[1p>t, X, €D]
P [XTDT e D,PXDr (1p > t) ] (4.4)

Y

v

PZ|:XTDT e-ﬁ\D’r‘aPXTDT(TD>t)i|a

where

D= {(x,y) ERxRTL: 0<z, |y < 77(]5(90)}.

Let w € D \ D,. Then Lemma 2.1 implies that there exists M > 0 such that for all » > M
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B=B(w,¢(r)[1-2n) C D.

Thus, thanks to (1), we have

Mgt

P (mp>1) 2 P (15 > ) 2 of exp | ~remt—sa |

for some ¢ > 0. Now equation (58) in (19) implies
Ad < A1.

Take 0 < n = n(a,d) < 1 such that

Hence for all w € D \ D,

At
P> 1) 2 G e | |
We conclude
M\t .
P mp>t, mp, <Tp] > cexp[[ (TB]G}PZ[XTDTGD\DT ,

where ¢ depends only on d and «.

On the other hand, following the arguments used to prove Proposition 3.7 one easily shows

0o d—1
P XTDTeﬁ\DT}Zc[dDT(z)]O‘/z %d,},

for some ¢ depending only on d and .

We end this section with an upper bound for the distribution of the exit time.

Proposition 4.3. Let z = (z,0,...,0) € D. Then there exist M > 0 and ¢ > 0, depending only
on d and «, such that

e

for all ro > 11 > M and all t > 1.
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Proof. Let 0 < r{ < r9, then

P*lmp>t] = P*[7p>t, ™D, <tp |+ P [1p>t, D, =7p |
+ Z[TD>7§ ™D,, <TD§TDT2]
< P*[ Xy, €D\Dy |+ P [p,, > 1] (4.6)
+ [TDT2>tTD <TD<7—DT2]-
Besides
pP* t < = P? - ! t <
[7’DT2 >, TD,, <7Tp < TD,, ] = TD,, > 5, Dry >, TD,, <7Tp < TD,,
pP* - < t <
+ D, < > TD,, >t ™D, <TD < TD,,
< P? _ t P* t
< TDT1>§ + TDQ_TDT1>§7TDT1<TD .
The strong Markov property and Theorem 5.1 in (19) imply
P? — . < = E*| P*m >t <
™Dy, ~TDyy > 55 Dy <TD | = ™D, > 5 | Dy <D
t
< P* [ TD,, <TD] P |:7’DT2 > §:| .
The result follows from Lemma 4.1 and Proposition 3.6. U

5 Applications and examples

In this section we will apply the results of the previous section to the function

¢(z) = 2’ [In(z +1)]"

A straight forward computation shows that ¢ satisfies the assumptions of Theorem 1.1 and §4,
if either

0<pB<1, and u € R,

or
B=1, and p < —1.

Case I: Let us first assume that 0 < < 1, and p € R, or § =1 and u < —1. First we obtain
a lower bound for P* (7p >t ). Let

r+1=

—_

=

~
=

Then
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=00 [ﬁ% Int — £1n (lnt)]lwé

= exp[—A\1 (Pa) .

At ] . A1 [lnt]ua
—_— = lim exp

On the other hand, if p = U= e

/°° o] /OO [n(p+ D™D
2 2

. pite . ppPatl

In(t41) \A@—1
_ [In(r+ 1))@ /oo (1+1n((,~+1))>
2

rpBo tpBa+1 dt.

One easily proves that the function
/OO Py EHD N1
9 In(r +1) tpBatl =
is bounded in r. Then there exists ¢ = ¢(d, &) > 0 such that

p(d—1) ppa
P*(tp>t) > c[ilnt—ﬁln(lnt)] Unt 77

Ba J6] tp
_ 1 pln(nt) "V [Ine)
N C[ﬁ_a_ﬁ Int ] P
[Int]?
> c ,
> »

where ¢ = pap + (d — 1)p.
We now obtain the upper bound. A simple computation shows that there exists ¢ = ¢(d, &) such
that

< [[In(p+ 1)) ]! 1
Al = / { pott } (p—r)*? p1+a/2dp

Ln(r + 1)]#@=1

- rpﬁa

Consider r1 and ro given by
1
tAy

Ba 1
(lntp—ln(lnt)q)} [

1:
r+ [2

o)
ﬁ% Int — ﬂ%‘ In(lnt? —In[lnt]?) ] ?

117



1

A t]aB 1

ro+ 1= [—1 :| m -
2 [Int]? [In(lnt)r]as

Then there exists ¢ = ¢(d, «, 3, u) such that

[Int]?

ALt ]
< et
S e

o {_W

1
A(ry) < ¢ [Int]7HP

exp[— At ] <. 1
[¢(r2)]* | = [Int]”
and
Int]?

Ara) < e ey

Proposition 4.3 immediately implies that
Intl
P (rp > 1) < cl I;’f] [ (Int)" 7,

which is the desired result.

The case p = 0 was first study by R. Banuelos and K. Bogdan in (1), where the authors obtain
(CT2).

As mention in (23) the asymptotic behavior of P*(7p > t) is not known for o = 2, § =1 and
i < —1. However using the well known behavior of the exit times from cones and a suitable
approximation of the domain D we can prove that there exists M > 0, ¢; > 0 and ¢ > 0 such
that

1 1
— exp [——(lnt)l_”} < P*(1mp>t)
C1 (6]

< ¢ exp [—CQ(lnt)l_“] ,

for all t > M.

Case II: We now study the case 6 = 0 and p € R. That is we now consider

¢(x) = (Infz +1])",
where p € R. In this case we will have subexponential behavior of (LH).
Let
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1 t(1+1 ) L A1 m
= po = _ .
T+ exp[m },werem i~ 1+a

Consider z = (z,0,...,0) with 0 <z <r/2, and n = (d — 1 + a)ny, then

. At o [ P }
X _ — e&Xx — @

and

0o d—1 © Ip pu(d—1)
[ler, [ bl

. . pte

[In(r + 1))=Y
— ¢ ,rdflJra )

for some ¢ > 0. Proposition 4.2 implies that there exists M > 0 and ¢ > 0 such that

pu(d—1)

1
¢t ina exp[—2ntua+1} < P*(mp>t),

for all t > M.

An argument similar to the one used to prove Proposition 4.3 shows that there exists M > 0
and ¢ > 0 such that

P (rp>t)<c [A(r)+exp<_ﬁ>],

and

u(d—1) (d—1)
[In(r+1)] < P exp[—ntﬁ} ’

A(r) < ¢ rd—1ta

for all » > M and all ¢t > M. Then

p(d—1)

1
P*(mp>t) < ctifia exp {—ntwﬂ } )

which is the upper bound of (CIJ).
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