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Weak and strong solutions of general stochastic models*
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Abstract

Typically, a stochastic model relates stochastic “inputs” and, perhaps, controls to
stochastic “outputs”. A general version of the Yamada-Watanabe and Engelbert the-
orems relating existence and uniqueness of weak and strong solutions of stochastic
equations is given in this context. A notion of compatibility between inputs and out-
puts is critical in relating the general result to its classical forebears. The usual
formulation of stochastic differential equations driven by semimartingales does not
require compatibility, so a notion of partial compatibility is introduced which does
hold. Since compatibility implies partial compatibility, classical strong uniqueness
results imply strong uniqueness for compatible solutions. Weak existence arguments
typically give existence of compatible solutions (not just partially compatible solu-
tions), and as in the original Yamada-Watanabe theorem, existence of strong solutions
follows.
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1 Introduction and main theorem

This paper is essentially a rewrite of Kurtz (2007) following a realization that the
general, abstract theorem in that paper was neither as abstract as it could be nor as
general as it should be. The reader familiar with the earlier paper may not be pleased
by the greater abstraction, but an example indicating the value of the greater generality
will be given in Section 2. To simplify matters for the reader, proofs of several lemmas
that originally appeared in the earlier paper are included, but the reader should refer
to the earlier paper for more examples and additional references.

As with the results of the earlier paper, the main theorem given here generalizes
the famous theorem of Yamada and Watanabe (1971) giving the relationship between
weak and strong solutions of an Itd equation for a diffusion and their existence and
uniqueness. A second reason for this rewrite is that the main observation ensuring that
the main theorem gives the Yamada-Watanabe result is buried in a proof in the earlier
paper. Here it is stated separately as Lemma 2.11.

The motivation of the original Yamada-Watanabe result arises naturally in the pro-
cess of proving existence of solutions of a stochastic differential equation or, in the
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Weak and strong solutions

context of the present paper, existence of a stochastic model determined by constraints
that may but need not be equations. The basic existence argument starts by identifying
a sequence of approximations to the equation (or model) for which existence of solu-
tions is simple to prove, proving relative compactness of the sequence of approximating
solutions, and then verifying that any limit point is a solution of the original equation
(model). The issue addressed by the Yamada-Watanabe theorem is that the kind of com-
pactness verified is frequently weak or distributional compactness. Consequently, what
can be claimed about the limit is that there exists a probability space on which pro-
cesses are defined that satisfy the original equation. Such solutions are called weak
solutions, and their existence leaves open the question of whether there exists a solu-
tion on every probability space that supports the stochastic inputs of the model, that
is, the Brownian motion and initial position in the original It6 equation context. The
assertion of the Yamada-Watanabe theorem and Theorem 1.5 below is that if a strong
enough form of uniqueness can be verified, then existence of a weak solution implies
existence on every such probability space.

A stochastic model describes the relationship between stochastic inputs and stochas-
tic outputs. For example, in the case of the It6 equation,

X(t) = X(0) +/0 o(X(s))dW(s) +/0 b(X (s))ds,

X (0) and W are the stochastic inputs and the solution X gives the outputs. Typically, the
distribution of the inputs is specified (for example, the initial distribution is given and
X (0) is assumed independent of the Brownian motion W), and the model is determined
by a set of constraints (possibly, but not necessarily, equations) that relate the inputs to
the outputs. In the general setting here, the inputs will be given by a random variable
Y with values in a complete, separable metric space S; and the outputs X will take
values in a complete, separable metric space S;. For the It6 equation, we could take
Sy = R x C]Rd [0, OO) and S; = C]Rd [0, OO)

Let P(S1 x S2) be the space of probability measures on S; x Sz, and for random vari-
ables (X,Y) in Sy x S, let ux y € P(S1 x S2) denote their joint distribution. Our model
is determined by specifying a distribution v for the inputs Y and a set of constraints I'
relating X and Y. Let P,(S; x S3) be the set of u € P(S; x S2) such that u(S; x -) = v,
and let Sp, be the subset of P, (S; x Sz) such that pxy € Sr, implies (X,Y’) meets the
constraints in I'. Of course, since we are not placing any restriction on the nature of
the constraints, Sr,,, could be any subset of P, (S; x S2).

For a second example, consider a typical stochastic optimization problem.

Example 1.1. Suppose I'j is a collection of constraints of the form
EW}(X7Y)] <OoandE[fl(XaY)}:O7 ZGI,

where ¢ > 0 and | fi(z,y)| < .
Let 0 < ¢(z,y) < 9¥(z,y), and let T be the set of constraints obtained from T’y by
adding the requirement

/c(x,y)u(dl’ x dy) = inf /c(az,y),u’(d:r x dy).

wESry v
It is natural to ask if the infimum is achieved with X of the form X = F(Y). O

In the terminology of Engelbert (1991) and Jacod (1980), i« € Sr,,, is a joint solution
measure for our model (', v). A weak solution (or simply a solution) for (I', v) is any pair
of random variables (X,Y") defined on any probability space such that Y has distribution
v and (X,Y) meets the constraints in T, that is, uxy € Sp,. We have the following
definition for a strong solution.
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Definition 1.2. A solution (X,Y) for (T',v) is a strong solution if there exists a Borel
measurable function F' : Sy — S such that X = F(Y) a.s.

If a strong solution exists on some probability space, then a strong solution exists
for any Y with distribution v. It is important to note that being a strong solution is a
distributional property, that is, the joint distribution of (X,Y’) is determined by v and
F'. The following lemma helps to clarify the difference between a strong solution and a
weak solution that does not correspond to a strong solution.

Lemma 1.3. Let u € P,(S; x S).

a) There exists a transition function n such that u(dz x dy) = n(y, dx)v(dy).

b) There exists a Borel measurable G : Sy x [0,1] — Sy such that if Y has distribution
v and ¢ is independent of Y and uniformly distributed on [0,1], (G(Y,£),Y) has
distribution u.

¢) p corresponds to a strong solution if and only if n(y, dx) = 0p(,) (dx).

Proof. Statement (a) is a standard result on the disintegration of measures. A par-
ticularly nice construction that gives the desired G in Statement (b) can be found in
Blackwell and Dubins (1983). Statement (c) is immediate. O

We have the following notions of uniqueness.

Definition 1.4. Pointwise (pathwise for stochastic processes) uniqueness holds, if
X1, X5, and Y defined on the same probability space with pix, vy, itx, vy € Sr,, implies
X1 = X2 a.s.

Joint uniqueness in law (or weak joint uniqueness) holds, if Sr,,, contains at most one
measure.

Uniqueness in law (or weak uniqueness) holds if all i € S, have the same marginal
distribution on S;.

We have the following generalization of the theorems of Yamada and Watanabe
(1971) and Engelbert (1991).

Theorem 1.5. The following are equivalent:

a) Sr, # (), and pointwise uniqueness holds.
b) There exists a strong solution, and joint uniqueness in law holds.

Remark 1.6. In the special case that all constraints are given by simple equations, for
example,
fi(X,)Y)=0 as. i€Z, (1.1)

Proposition 2.10 of Kurtz (2007) shows that pointwise uniqueness, joint uniqueness in
law, and uniqueness in law are equivalent. Note that stochastic differential equations
are not of the form (1.1) (see Section 2) since (1.1) does not involve any adaptedness
requirements. Consequently, the equivalence of uniqueness in law and joint uniqueness
in law does not follow from this proposition in that setting; however, Cherny (2003)
has shown the equivalence of uniqueness in law and joint uniqueness in law for It
equations for diffusion processes.

Proof. Assume (a). If u1, o € Sr,,, then there exist Borel measurable functions G1(y, u)
and Ga(y,u) on Sp x [0,1] such that for Y with distribution v and &;, £ uniform on [0, 1],
all independent, (G1(Y,&1),Y) has distribution p; and (G2(Y,&2),Y) has distribution ps.
By pointwise uniqueness,

Gl (Y, 61) = GQ(K fg) a.s.
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From the independence of £&; and &, it follows that there exists a Borel measurable F'
on Sy such that F(Y) = G1(Y,&1) = Ga2(Y, &) a.s. (See Lemma A.2 of Kurtz (2007).)
Assume (b). Suppose Xi, X5, Y are defined on the same probability space and
Ux, v, X,y € Sr,. By Lemma 1.3, the unique p € Sr, must satisfy p(dr x dy) =
dp@y)(dr)v(dy), so X1 = F(Y) = X, almost surely, giving pointwise uniqueness. O

The main result in Kurtz (2007), Theorem 3.14, was stated assuming the compatibil-
ity condition to be discussed in the next section and under the assumption that Sr, was
convex. Neither assumption is needed for Theorem 1.5. The compatibility condition is
critical to showing that Theorem 1.5 implies the classical Yamada-Watanabe result as
well as a variety of more recent results for other kinds of stochastic equations. (See
Kurtz (2007) for references.) The convexity assumption is useful in giving the following
additional result.

Corollary 1.7. Suppose Sr,, is nonempty and convex. Then every solution is a strong
solution if and only if pointwise uniqueness holds.

Proof. By Theorem 1.5, pointwise uniqueness implies Sr, contains only one distribu-
tion and the corresponding solution is strong. Conversely, suppose every solution is a
strong solution. If yq, 12 € Sr,,, then py = %ul + % t2 € Sr,. Let Y have distribution v.
Then there exist Borel Functions F; and F; such that (F3(Y"),Y’) has distribution x; and
(F2(Y),Y) has distribution p». Let € be uniformly distributed on [0, 1] and independent

of Y. Define
¥ — Fi(Y) £E>1/2
L B(Y) <12

Then (X,Y) has distribution p and must satisfy X = F(Y) a.s. for some F. Since
¢ is independent of Y, we must have Fi(Y) = F(Y) = F»(Y) a.s., giving pointwise
uniqueness. O

2 Compatibility

It is not immediately obvious that Theorem 1.5 gives the classical Yamada-Watanabe
theorem since proofs of pathwise uniqueness require appropriate adaptedness condi-
tions in order to compare two solutions. This leads us to introduce the notion of compat-
ibility. In what follows, if S is a metric space, then B(.5) will denote the Borel o-algebra
and B(S) will denote the space of bounded, Borel measurable functions; if M is a o-
algebra, B(M) will denote the space of bounded, M-measurable functions.

Let E; and FE5 be complete, separable metric spaces, and let Dg, [0, o), be the Sko-
rohod space of cadlag F;-valued functions. Let Y be a process in Dg,[0, ). By FY, we
mean the completion of o(Y(s), s < t).

Definition 2.1. A process X in Dg, [0, 00) is temporally compatible with Y if for each
t>0andh € B(Dg,[0,00)),

E[h(Y)|FY] = E[A(Y)|F)] 2.1

where {F;“"'} denotes the complete filtration generated by (X,Y) and {F}} denotes
the complete filtration generated by Y.

This definition is essentially (4.5) of Jacod (1980) which is basic to the statement of
Theorem 8.3 of that paper which gives a version of the Yamada-Watanabe theorem for
general stochastic differential equations driven by semimartingales. If Y has indepen-
dent increments, then X is compatible with Y if Y (¢t + -) — Y (¢) is independent of F;***
forall ¢t > 0. (See Lemma 2.4 below.)
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We will consider a more general notion of compatibility. If B5' is a sub-c-algebra of
B(S1) and X is an S;-valued random variable on a complete probability space (2, F, P),
then 7X = the completion of {{X € D} : D € BS5'} is the complete sub-c-algebra
of F generated by {h(X) : h € B(B3')}. FY is defined similarly for a sub-o-algebra
B52 C B(Ss).

Definition 2.2. Let A be an index set, and for each a € A, let BS* be a sub-c-algebra
of B(S,) and B2 be a sub-c-algebra of B(S,). The collection C = {(B5',B52) : a € A}
will be referred to as a compatibility structure.

Let Y be an Ss-valued random variable. An S:-valued random variable X is C-
compatible with Y if for each o« € A and each h € B(S;) (or equivalently, each h €
L'(v)),

BLY)IFX Vv Fo] = Elh(Y)|F] (2.2)

Remark 2.3. Temporal compatibility, as defined above, is a special case of compatibil-
ity, and we will reserve this terminology for the case in which {F;*} and {F}} are the
complete filtrations generated by X and Y. Of course, in this setting ]-"tX Y= FXVvFY.

Compatibility conditions do arise that have index set A = [0,00) but which are not
temporal compatibility. For example, for a time-change equation

t
X0 =Y([ AX)s),
Jo
the natural compatibility condition sets
FY = the completion of ¢(Y (u) : 0 < u < «)

but takes

t
FX = the completion of a({/ B(X(s))ds <r}:r<a,t>0),
0

so that compatibility ensures 7(t) = fg B(X(s))ds is a stopping time with respect to the
filtration {FX V FY o > 0}.

Lemma 2.4. Suppose that for each o € A there exist random variables (Y,,,Y®) with
values in some measurable space R, x R® such that o(Y) = o(Y,,Y%), Y, is FY-
measurable, and Y is independent of FX V 7). Then X is compatible withY .

Proof. If h € B(S3), then there exist h, € B(R, x R*) such that h(Y) = ho(Ya,Y®) as.
Then

EhY)FXVFY] = Eha(Ya,Y*)|FSVFY]

= Bl (Ve (@) FX v Y
= | el y)uye(dy)

E[ Re ha(Yavy)MY” (dy)|]:3x/}

O

In the temporal setting, Buckdahn, Engelbert, and Rascanu (2005) employ a condi-
tion that requires every {F, }-martingale to be a {F;*"" }-martingale. More generally,
{FY,a € A} is a filtration if A is partially ordered and a; < a, implies 7} C FY . We
consider the following condition.
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Condition 2.5. {F) « € A} and {FX,«a € A} are filtrations and every { F) }-martingale
is a {FY v FX} martingale.

Lemma 2.6. If {F),a € A} and {FX,a € A} are filtrations, then C-compatibility
implies Condition 2.5.

Remark 2.7. The earlier paper (Kurtz (2007)) and the original version of the current
paper casually claimed equivalence of the martingale condition and compatibility. A
referee has pointed out that the claim was not only casual, but false. Condition 2.5 gives
an example of what we will call partial compatibility conditions, that is, (2.2) holds for a
subset of h € L*(v). Partial compatibility conditions will be discussed further in Section
3.

Proof. Let {M(a),a € A} be a {F} }-martingale. For each a € A, there exists a Borel
function h,, such that M (a) = h,(Y) a.s. Suppose a; < as. Then

E[M (a2)| 5 V Fo ] = Elha, (V)| Fa, V Fo] = Elha, (V)| Fa,] = M(av).

Note that (2.2) is equivalent to requiring that for each h € B(Ss),

inf _ E[(A(Y) - f(X,Y)?| = inf_ E[(h(Y) - f(¥))?), (2.3)
FEB(BA xB52) fEB(B32)
so compatibility is a property of the joint distribution of (X,Y). Consequently, compati-
bility is a constraint on joint distributions. To emphasize the special role of compatibility,
Sr,c,» will denote the collection of joint distributions that satisfy the constraints in I" and
the C-compatibility constraint.

Example 2.8. Let U be a process in Dya[0,00), V an R™-valued semimartingale with
respect to the filtration {7V}, and H : Dga[0,00) — Dppaxm [0, 00) (IM?*™ the space of
d x m-dimensional matrices) be Borel measurable and satisfy H(xz,t) = H(z(- A t),t) for
all z € DRal0,00) and ¢ > 0. Then X is defined to be a solution of

X(t) = U®#) + /0 CH(X, s )dv(s) 2.4)

if X is temporally compatible with Y = (U, V) (ensuring that the stochastic integral
exists) and

1
L —viE A =0, t>o0.
n

lim E[1A|X(t) - U(t) - Y H(X, %)(V(
k

n—00 n

Note that this definition assumes more regularity than is necessary or is assumed in
Jacod (1980).

To prove pointwise (pathwise) uniqueness, we still need some way of comparing
compatible solutions.

Definition 2.9. Let the random variables X, X5, and Y be defined on the same
probability space with X; and X,, Si-valued, and Y, Sy-valued. (Xi,X,) are jointly
C-compatible with Y if

EhY)|FXr v FX2v FYl = EIMY)|FY], a€ A he B(S)). (2.5)

(Note that if (X, X5) are jointly C-compatible with Y, then each of X; and X, is C-
compatible with Y.)

Pointwise uniqueness for jointly C-compatible solutions holds if for every triple of
processes (X1, X»,Y) defined on the same probability space such that BX, Y X,y €
Src.» and (X1, X») is jointly C-compatible with Y, X; = X, a.s.
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With reference to Lemma 2.4, uniqueness for jointly temporally compatible solutions
is the usual kind of uniqueness considered for stochastic differential equations driven
by Brownian motion, Lévy processes, and/or Poisson random measures. For example,
letY = (X(0), Z), where Z is a Lévy process. Consider the equation

X(t) = X(0) + /O/H(X(s—))dZ(s),

where we require X and Z to be adapted to a filtration {;} such that Z(t + -) — Z(¢) is
independent of F;, t > 0. If there exist two such solutions with X;(0) = X5(0) = X(0)
adapted to {F;}, then since F;' vV F;*2 v FZ C F;,

E[WZ(t+-) = Z(t), Z(- NO))|F5 v F2 v FZ)
= E[E[W(Z(t+-) — Z(t), Z(- NO)|F)F* v F2 v F]

= B[ e, 26 A Oiziory 200 @) FE  F v )
= /h(Z»Z(‘ AE)) Bz () —z()(d2)
= B[ he. 26 A Oiziery- 20/ @)FE Vo (XO)),

which gives the joint compatibility of X; and X, with (X(0), Z).

The following lemma ensures that pointwise uniqueness of jointly compatible so-
lutions is equivalent to the notion of pointwise uniqueness used in Theorem 1.5 and
hence, for example, Theorem 1.5 implies the classical Yamada-Watanabe theorem.

Lemma 2.10. Pointwise uniqueness for jointly C-compatible solutions in Sr ¢, is equiv-
alent to pointwise uniqueness in Src .

Recall that for 1,2 € Src, and Y, &, and & independent, Y with distribution v
and &; and & uniform on [0, 1], there exist Borel measurable G : Sy x [0,1] — S; and
G2 : S2 x [0,1] — Sy such that (G1(Y,&1),Y) has distribution p; and (G2(Y,&2),Y) has
distribution uo.

Clearly pointwise uniqueness in Sr ¢, implies pointwise uniqueness for jointly C-
compatible solutions. The converse follows by repeating the reasoning in the proof of
Theorem 1.5 now using the following lemma.

Lemma 2.11. If i1, u2 € Src,, and (G1(Y,&1),Y) has distribution p; and (G2(Y,&2),Y)
has distribution po, where ¢, and &; are independent and independent of Y, then
G1(Y, &), Go(Y, &) are jointly compatible with Y.

In order to prove Lemma 2.11, we need the following technical lemma.
Lemma 2.12. X is C-compatible with Y if and only if for each o € A and each g €

B(BSY),
E[g(X)|Y] = E[g(X)|F)] (2.6)

Proof. Suppose that X is C-compatible with Y. Then for f € B(S,) and g € B(B31),
BIf(Y)9(X)] = BIE[f(Y)IFS VFylg(X)]

= EBE[f(Y)[FY]9(X)]

= EBIE[f(Y)|FY]E[g(X)|F)]]

= E[f(Y)E[g(X)|F ),
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and (2.6) follows. Conversely, for f € B(Ss), g € B(B5'), and h € B(B52), we have

BE[fWM)IF19(XORY)] = EIB[f(Y)|F1E[g(X)|FyAY)]
= E[f(Y)E[g(X)]Y]n(Y)]
= E[f(Y)g(X)h(Y)],
and compatibility follows. O

Proof. [of Lemma 2.11] For g € B(B3!), by the independence of & from (Y,¢;) (and
hence from X; = G1(Y,¢;1)) and Lemma 2.12,

Elg(X1)|Y, &] = Elg(X1)|Y] = E[g(X1)|FY]. (2.7)

Consequently, for Xy = G1(Y,&1), Xo = G2(Y, &), f € B(S2), g1,92 € B(B;fl), and
g3 € B(B?),

E[f

/\

Y)g1(X1)g2(X2)g3(Y)]

= E[f(Y)E[g1(X1)]Y, &2]92(X2)g3(Y)]

= E[f(Y)E[g1(X1)|F) 192(X2)gs(Y)]

= B[E[f(V)|F}* Vv FY1E[g1(X1)|F) 192(X2)g3(Y)]
= EIE[f(Y)|F)1E[g1(X1)]Y, &2]g2(X2)g3(Y))]

= E[E[f(Y)|F) ]g1(X1)g2(X2)g3(Y)],

giving the joint compatibility. O
Lemma 2.12 also gives the following result.

Proposition 2.13. If X is a strong, compatible solution, then F=X C FY for eacha € A.
(In particular, in the temporal compatibility setting, X is adapted to the filtration {F," }.)
Conversely, if FX C FY for each o € A and 0(X) C VacaFX, then X is a strong,
compatible solution.

Proof. Since X = F(Y), by (2.6), for each g € B(B31),

9(X) = g(F(Y)) = Elg(F(Y))|Y] = Elg(X)|Y] = E[g(X)|F)] a.s.

Consequently, g(X) is F) -measurable and hence F= C FY.
Conversely, the assumption that 72X C FY for each o € A implies X is compatible
with Y, and the additional assumption implies

0(X) C VaeaFs CVacaF, Co(Y),
so there exists a Borel measurable function F' such that X = F(Y) a.s. O

Example 2.14. McKean-Vlasov limits lead naturally to stochastic differential equations
of the form

t

X(t) =X(0)+/0 U(X(SLMX(S))dW(S)Jr/O b(X(s), x(s))ds (2.8)

where (1 x (s is required to be the distribution of X(s). Alexander Veretennikov raised
the question of a Yamada-Watanabe type result for equations of this form. Setting
Y = (X(0),W) and requiring temporal compatibility, the set of joint solution measures
Sr,c,, may not be convex. Consequently, the results of Kurtz (2007) may not apply. The-
orem 1.5, however, does not assume convexity of Sr ¢ ., and hence weak existence and
pathwise uniqueness imply the existence of a strong solution of (2.8).
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3 Partial compatibility and existence of compatible solutions.

Let H C B(S;) (or H C L'(v)). We will say that a random variable X is (C,H)-
partially compatible with Y if (2.2) holds for each h € H but not necessarily for all i €
B(S3). Similarly, we define joint (C, H)-partial compatibility by requiring the identity in
(2.5) to hold for h € H. As above, let St (¢ 3),, denote the collection of joint distributions
for partially compatible solutions. The analog of the Engelbert theorem ((b) implies (a)
in Theorem 1.5) follows as before.

Theorem 3.1. Suppose there exists a strong solution in Sr (¢ 3),, and joint uniqueness
in law holds. Then pointwise uniqueness holds.

We could prove the analog of the Yamada-Watanabe theorem ((a) implies (b) in The-
orem 1.5) for Sr (¢ 3, the same way we handled Sr ¢, if the analog of Lemma 2.11
held. Unfortunately, that is not in general the case.

Example 3.2. Let (3, ..., {4 be independent with distribution P{¢; = 1} = P{¢; = -1} =
1, andlet
21

Y = (Y1,Y2,Y3,Yy) = (Ci¢2, (2C3, (3C4, CaCa)-
Note that any three of the components are independent but the four are not. Assume
that the index set A consists of a single element a. Let ) = o¢(Y}), and for ¢ indepen-
dent of Y and uniformly distributed on [0, 1], let

X =G, =1TieayVa+ 1>y ¥s,
and FX = o(G(Y,€)). For ho(Y) = Yy,
Blho(Y)|Fy Vv F&] = 0= E[ho(Y)| 7],
so X is (C,H)-partially compatible with Y for # = {ho}. However, if ¢ and &, are
independent, uniform [0, 1] random variables and we define
X1 =G(Y,&) and Xy = G(Y, &),
then
Y X, Xa] _ !
E[ho(Y)l}—a V‘F(x V }—a ] = 1{X175X2}Y1X1X2 + gl{X1:X2}Y17
and the corresponding joint partial compatibility condition fails.

We do have the following modification of Lemma 2.11 that gives the desired coupling
if one of the solutions is compatible.

Lemma 3.3. Ifju; € Src, and iz € Sr c),0, and (G1(Y,&1),Y) has distribution i, and
(G2(Y,&,),Y) has distribution ps, where &; and & are independent and independent of
Y, then X; = G1(Y, &) and Xo = G1(Y, &) are jointly (C,H)-partially compatible with
Y.

Proof. Since X is compatible with Y, (2.7) still holds. Consequently, for h € H, g1, 92 €
B(B5), and g3 € B(B5?), as in the proof of Lemma 2.11,

Elh ( )91(X1)g2(X2)g5(Y)]
E[R(Y)E[g1(X1)]Y, &2]g2(X2)g5(Y)]
E[h(Y)E[g (X1)|F2 1g2(X2)g3(Y)]
[E[(Y)|F2 Vv Fy1E[g1(X1)|Fy 192(X2)g3(Y))]
[E[h(Y)|Fa1E[g1(X1)[Y, €] 92(X2) g3 (V)]
[E[h(Y )|]:§]91(X1)92(X2)93(Y)],

giving the joint (C, H)-partial compatibility. O

=F
=F
=F
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The construction in Lemma 3.3 gives the proof of the following theorem which states
that weak existence of a compatible solution and pointwise uniqueness for jointly (C, H)-
partially compatible solutions implies that the only solution is a strong, compatible so-
lution.

Theorem 3.4. Suppose that if X; and X, are jointly (C,H)-partially compatible with
Y and px,v, px,y € Sr, ), then X; = Xy a.s. and that there exists a compatible
solution, that is, Sr ¢, # 0. Then there exists a unique, partially compatible solution
and it is strong and compatible.

Proof. The uniqueness assumption for jointly partially compatible solutions implies unique-
ness for jointly compatible solutions. Consequently, there exists a unique, strong, com-
patible solution, X = F(Y). But Lemma 3.3 implies that every partially compatible
solution and the unique strong, compatible solution can be constructed to be jointly
(C,H)-partially compatible and hence the partially compatible solution must also be
F(Y). O

Theorem 3.4 is relevant not only under Condition 2.5 but also for the general stochas-
tic differential equation given in Example 2.8. Uniqueness results for equations of
the form (2.4) are usually proved under the assumption that solutions X; and X, and
Y = (U, V) are adapted to a filtration {F;} under which V is a semimartingale. V' can
always be written as V = M + A, where M is a local martingale with jumps bounded by
1 and A is a finite variation process. The localizing sequence for M can be taken to be
7, = inf{t : sup,, [M(s)| > n}, and an appropriate joint partial compatibility condition
follows from the observation that for ¢ > s,

E[M(t A1p)|FXr v FX2 v FY E[BIM(t A7) | F]|F3 v F22 v FY
= M(sAT,)
E[M(t A7) FY .

Consequently, pathwise uniqueness results in settings of this form imply pathwise unique-
ness for jointly compatible solutions.

To apply Theorem 3.4 when pointwise uniqueness is known under partial compati-
bility conditions still requires existence of a compatible solution. The following lemma
gives a general approach to the required existence.

Lemma 3.5. Suppose there exist C52 C Cy(S2) and C5 C Cy(Sy) such that B3 = o(g €
C32) and B5' = o(g € C31). (Without loss of generality, we can assume C5' and C3?
are algebras.) Suppose (X,,,Y) € S1 x S2, X,, is C-compatible withY, (X,,,Y) = (X,Y).
Then X is C-compatible with Y .

Remark 3.6. With reference to the continuous mapping theorem (for example, Ethier
and Kurtz (1986), Corollary 3.1.9), the continuity assumption on the functions generat-
ing B3' and BS? can be weakened. For B5', it is enough for the functions g to be contin-
uous almost everywhere with respect to px, and for 32, the functions g only need to
be continuous almost everywhere with respect to py. This observation is particularly
relevant for cadlag processes since the evaluation function x € Dg[0,00) — z(t) € E is
not continuous, but it will be almost everywhere continuous for the process of interest
provided t is not a fixed point of discontinuity, that is, provided P{X (t) # X (t—)} = 0.

In many settings, natural approximations for a solution will satisfy X,, = F,,(Y) and
FX» c FY and hence will be strong, compatible solutions of approximating models.
(See Proposition 2.13.)
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Proof. For f € Cy(S3), g1 € C and g, € OF2
Bf(Y)g1(Xn)g2(Y)] = E[E[f(Y)|F3 ]g1(Xn)g2(Y)).
Since Cy(S2) is dense in L'(v), for each o and € > 0, there exists f,, € Cp(S2) such that
B|IE[fY)IF] ~ facY)] < e
Consequently, it follows that

E[f(Y)n(X)g2(Y)] = lim B[f(Y)g1(X,)g2(Y)]
= lim BIB[f(Y)[F)]g1(Xn)g2(Y)]
= lim lim E[fy.(Y)g1(Xn)g2(Y)]

e—0n—oo

= lim B[fa o (Y)g1(X)g2(Y)]
= EE[(Y)IF191(X)ga(Y)]
verifying compatibility. -

Note that in the proof of the above lemma, we use the fact that Y, or more precisely,
the distribution of Y, does not depend on n in order to obtain the f, ..

Problems do arise in which input processes have fixed points of discontinuity and the
application of Lemma 3.5 is problematic even with the observation made in Remark 3.6.
The following definition of RC-compatibility (or more precisely, RC-temporal compati-
bility) avoids this problem. It looks strange, but Lemma 3.8 shows that it is equivalent
to a more natural assumption. Mg[0,00) denotes the collection of Borel measurable
functions x : [0,00) — E. S; could be Dg,[0, o0) under the usual Skorohod topology, but
other spaces can be useful. (See Example 3.10.)

Definition 3.7. Let A= {(t,¢) : t € [0,00),¢ > 0}, S1 C Mg, [0,00), and S2 C Mg,[0, 00).
For a = (t,¢), define
s+r
Co2 = glz(u))du:s <t,0<r<egéecCy(FE2)}

and s
Csl = {/ gxz(u))ds : s <t,0<r <e g€ Cy(E1)},
(

s—r)V0
and set B3? = o(g € C5?) and B = o(g € C5'). Then Cre = {(B31,B32) : a € A}
defines the RC-compatibility structure (RC for “right continuous”) on (Si, S2).

Note that C5' and C%2 differ not only in the choice of range spaces E; and E; but
also in the collections of time intervals determining the integrals. If S; = Dg, [0, c0) and
Sy = Dp,[0,00), then C5t and C%2 are collections of continuous functions and Lemma
3.5 applies to RC-compatibility.

Assume that X and Y are right continuous, and let {F;*} and {F}} denote their

natural filtrations. Note that for ¢ > 0, }'()t(e) =FX = V. FX, ﬂ€>o}'(3;e) =Fr =
Ns>tFo , and ]-'(’t/é) = }'(3;6)7. We have the following lemma.

Lemma 3.8. Let X be a right continuous, F-valued process and Y be a right continu-
ous, Fs-valued process. Then X is RC-compatible with Y if and only if

EnhY)|F v FE] = EhY)|FY] (3.1)

forallt > 0.
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Proof. Since .7-"(); o= FX, RC-compatibility implies
E[R(Y)|F oV FX] = E[R(Y)|F o)
Taking the limit e — 0, we have
Eh(Y)| Neso (Flre) V FiL)] = BIR(Y)|FL).
Since Neso(F7 o V Fiv) D F VFX D F, conditioning both sides on 7, vV FX gives
(3'11\)I.ow assuming (3.1) holds for all £ > 0, we have
Eh(Y) | Flepsyr V Firrs)-) = B ) F iy

and letting s — ¢—, we have

E[h(Y)| Vece (Flry oy V Firo )l = EIMY)|F ] = EIRY)|F - (3.2)
Since
y X y X y X
\/8<5.7:(t+s)+ V ‘F(t+s)— D) .F(t+€)_ vV ‘F(t-‘re)— D) .F(t7€) V F(t,e)’
conditioning both sides of (3.2) on ]—"(’;e) v .7-"(Xt76) gives the desired result. O

Example 3.9. An Euler approximation gives a natural approach to proving existence
of compatible or RC-compatible solutions for

X(t) = U(t) +/Ot HX, 5-)dV (s). (3.3)

Set n,(t) = 1] and et U, =Uon, and V,, =V on,. Then existence of a solution X,, of

Xo(t) = Un(t) +/OtH(Xn,s)an(s), (3.4)

is immediate and X,, is adapted to {F} }. It follows that X, is both temporally com-
patible and RC-compatible with Y. Theorem 5.4 of Kurtz and Protter (1991) gives con-
ditions on H that ensure the convergence of (U,,V,,X,) to (U,V, X) satisfying (3.3).
Lemma 3.5 then ensures that X is temporally compatible with Y = (U, V), if Y has no
fixed points of discontinuity, or at least RC-compatible with Y. The constructions of Ja-
cod and Mémin (1980/81) and Lebedev (1983) should give compatible solutions under
different assumptions.

Example 3.10. Let T > 0 and Y = (U,V) be a process in Drmyra[0,T]. Let f be a
measurable function

f:00,T] X Dpm[0,T] x Dga[0,T] — R™
satisfying f(t,z,v) = f(t,z(- Vt),v) for each (t,z,v) € [0,T] X Drm[0,T] x Dga[0,T]. Fol-

lowing Buckdahn, Engelbert, and Rascanu (2005), we consider the backward stochastic
differential equation

T
X(t)=U(t) + E[/ f(s, X, V)ds|FY v FX,

where Buckdahn et al. (2005) requires Condition 2.5. We will require X to be temporally
compatible with Y, or if Y has fixed points of discontinuity, that X be RC-compatible
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with Y. Setting X,,(t) = U(T) for ¢t > T, there exist solutions to the approximating
problems

T 1
Xot) = U+ BL[ 5. X+ ). Vsl
Assume that |f(s, z,v)| < g(s,v) and EUOT g(s,V)ds] < 0. Set

T
Zu(0) = Bl Fs. Xl 1), V)dsIR )

Recalling the definition of conditional variation, we have

Vr(Zy,) = ??I}?E[Z |E[Zn(tiv1) = Zn(ti)| F7 ]

| < B[ / o(s,V)ds],

where the sup is over all partitions of [0, 7]. We also have

T
sup |Z,(t)| < sup E[/ g(s,V)ds|FY] < o a.s.,
0<t<T 0<t<T 0
so the sequence {Z,} satisfies the Meyer-Zheng conditions (see Meyer and Zheng
(1984); Kurtz (1991)), or more precisely, {Z,} is relatively compact in the Jakubowski
topology (see Jakubowski (1997)). The Jakubowski topology is not metrizable, but ver-
sions of the Prohorov theorem and the Skorohod representation theorem still hold. See
Theorem 1.1 of Jakubowski (1997). We will denote the space of cadlag functions under
the Jakubowski topology by Dg [0,T].

Convergence in the Jakubowski topology implies convergence in measure, that is
convergence in the metric d,,(z,y) = foT |z(s) — y(s)| A 1ds which is used in the original
paper, Meyer and Zheng (1984), and in Buckdahn et al. (2005). Relative compactness
of {Z,} in Dﬁm [0,T] implies relative compactness of (Z,,Y) in D%memed [0,7]. In
contrast to the Skorohod topology (that is, the Skorohod J; topology),

DJ

fon s e 0: T = D [0,T] x Dy,

o g [0 T

Addition is continuous in the Jakubowski topology, so if (Z,,,Y) converges, then set-
ting X,, = U+Z,, (X,, Z,,Y) converges. If X,, converges to X, then Xn(-+%) converges
to X and for all but at most countably many ¢, X,,(t) converges to X (t).

For each t € [0, 7], assume that the mapping

(z,v) € Dﬁ*ﬂxn{d

T
[0,T] — /75 f(s,z,v)ds € R

is continuous. Assume that we have selected a subsequence such that (X,,,Y) = (X,Y).
By Theorem 3.11 of Jakubowski (1997) there exists a countable set D such that for
{t:} 0,71\ D
(Xn(t), s Xn(te), Y (t1), o Y (), X, Y) = (X (1), X (8), Y (1), ..., Y (), X0, Y)
in (R™)* x (R™)* x D, pial0,T1.

Let g; € Cp(R?*™+4). Then for 0 <ty < --- <t <t, {t;},t € [0,T]\ D,

k

T
0 = B0 -U® = [ X0 V) [[(Xal0). Y (0)
. kl_l
= BXO-U0 - [ fs.XV)as) [[aX (). V@)L
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Note that since .
maw—mszv"mammuﬂ,
0

{X,(t) = U(t)} is uniformly integrable justifying the convergence of the expectations. It
follows that for each t € [0,7]\ D,

T
X() = U(t) + E[/ F(s, X, V)ds)|FX v FY],

and the identity extends to all ¢ € [0, T] by the right continuity of X and U.
If Y has no fixed points of discontinuity, then X has no fixed points of discontinuity
and X is temporally compatible with Y. In any case, X is RC-compatible with Y.

Example 3.11. The multiple time-change equation
t
X(t )+ Z W, / Br(X ())ds)Cr + / F(X(s))ds, (3.5)

arises naturally in the derivation of diffusion approximations for continuous time Markov
chains. (See, for example, Ethier and Kurtz (1986), Chapter 11.) Here the W}, are inde-
pendent, scalar, standard Brownian motions, X (0) is a Ré4-valued random variable inde-
pendent of the W}, ¢, € R? and the 3; and F are measurable functions (typically con-
tinuous) satlsfylng Bk R? — [0,00) and F : RY — R4, Setting Y = (X(0), Wy,..., W)
and 7 (¢ fo Br(X (s))ds, for a € [0,00)™, define

.7:;/ :J(Wk(sk):ogsk Sak,k:17...,m)\/U(X(0))

and
./_'.;( :0({T1(t) §51,7'2(t) §527...} S §o¢i,i:1,...,m,t20).

If the j3; are continuous, {F) } and {FX} determine a compatibility condition satis-
fying the conditions of Lemma 3.5.

If X is a compatible solution, then 7(t) = (71 (¢),...,7n(t)) is a stopping time with
respect to {FX v FY'} and Wi ([, Bi(X(5))ds), k = 1,...,m, are {F,(;}-martingales. It
follows that X is a solution of the martingale problem for

}jmJ )0,0; f () + F(x) - V f(2),

a(z) =311, Bi(z)¢e(¢l . (Note that m may be infinity provided -, Bk (2)[¢x]? < o0.)
Setting n,,(t) = ]

Nn () 7 ()
X,(t) = X(0)+ Z Wk(/o Br(Xn(s))ds)Cx + /0 F(X,(s))ds

has a unique piecewise constant solution that has the same distribution as the usual
Euler approximation to the corresponding It6 equation. Under appropriate growth con-
ditions on the §j and F (for example, if the 8 and F are bounded), {X,} is relatively
compact for convergence in distribution in Dya[0, 00), and if the 8, and F are continu-
ous, any limit point X of {X,,} will satisfy (3.5). Lemma 3.5 gives that X is compatible
with Y.

Uniqueness of the distribution of X would follow from uniqueness for the corre-
sponding martingale problem; however, except for m = 1, no pathwise uniqueness
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result of any generality is known. Let 7(t) = fg Br(X(s))ds and (t) = fot F(X(s))ds.
Then

N\].

—~
~

~
I

Bi(X(0) + Y Wi(mk(8))Cr +7(1)
k

-
—~
~
~—
|

F(X(0)+ Y Wilm(t))Ge + (1),
k

which is a random ordinary differential equation. Except in the case (; all constant,
however, the right side is at best Holder of order 1/2.
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