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Abstract

For a coordinate symmetric random vector (Y3,...,Y,) =Y € R", that is, one satisfying (Y, ...,Y,) =4
(e1Yq,...,e,Y,) for all (eq,...,e,) € {—1,1}", for which P(Y; =0)=0foralli =1,2,...,n, the fol-
lowing Berry Esseen bound to the cumulative standard normal & for the standardized projection
Wy =Yy /vy of Y holds:

sup [P(Wy < x) — ®(x)| < 2D |6, PEIX P + 8.4E(VZ — 1),

x€R i=1

where Y, = 0 - Y is the projection of Y in direction 8 € R" with ||8]| = 1, vg = /Var(¥y),X; =
|Y;|/ve and V, = Z?:l GizX 12 As such coordinate symmetry arises in the study of projections of
vectors chosen uniformly from the surface of convex bodies which have symmetries with respect
to the coordinate planes, the main result is applied to a class of coordinate symmetric vectors

which includes cone measure ‘6; on the E; sphere as a special case, resulting in a bound of order

Z?:l |9i|3-

1 Introduction and main result

Properties of the distributions of vectors uniformly distributed over the surface, or interior, of
compact, convex bodies, such as the unit sphere in R", have been well studied. When the convex
body has symmetry with respect to all n coordinate planes, a vector Y chosen uniformly from its
surface satisfies

(Yq,...,Y)=4(e;Yq,...,e,Y,) forall(ey,...,e,) €{-1,1}"
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and is said to be coordinate symmetric. Projections

n
Y9:9-Y:ZGiYi 1.1
i=1
of Y along 0 € R™ with ||8]| = 1 have generated special interest, and in many cases normal ap-

proximations, and error bounds, can be derived for W, the projection Y, standardized to have
mean zero and variance 1. In this note we show that when a random vector is coordinate sym-
metric, even though its components may be dependent, results for independent random variables
may be applied to derive error bounds to the normal for its standardized projection. Bounds in
the Kolmogorov and total variation metric for projections of vectors with symmetries are given
also in [8], but the bounds are not optimal; the bounds provided here, in particular those in The-
orem|2.1/for the normalized projections of the generalization ‘6; ¢ of cone measure, are of order

Z:‘:l |6;]>. In related work, many authors study the measure of the set of directions on the unit
sphere along which projections are approximately normally distributed, but in most cases bounds
are not provided; see in particular [12], [1] and [2]. One exception is [6] where the surprising
order Z:‘l:l |6;|* is obtained under the additional assumption that a joint density function of Y
exists, and is log-concave.

When the components Y3, ..., Y, of a coordinate symmetric vector Y have finite variances vlz, cenV
respectively, it follows easily from Y; =; —Y; and (V,Y;) =4 (—=Y;,Y;) fori # j € {1,...,n} that

2
n’

EY;=0, and EY,Y;=v’6

i Yij>

and hence, that
n

EYy=0 and Var(Yy)=v, where v)= Z 62v?.
i=1
Standardizing to variance 1, write

WQZYQ/VQ and Xl=|Yl|/v9 (12)

When v? = v? is constant in i then vJ = v2, the common variance of the components, for all 6
with ||0]] = 1.

One conclusion of Theorem [1.1 gives a Kolmogorov distance bound between the standardized
projection W, and the normal in terms of expectations of functions of V, = Z?:l QIZXIZ and
Z?:l 161%|X;|3. We apply Theorem 1.1 to standardized projections of a family of coordinate sym-
metric random vectors, generalizing cone measure %; on the sphere S (E;), defined as follows.
With p > 0, let

n n
S ={xeR": Y |xP =1} and BUM)={xeR": ) |x|’ <1}.
i=1 i=1
With u" Lebesgue measure on R", the cone measure of AC S (Z;) is given by

n p"([0,1]A)
6 (A)=————+ where [0,1]JA={ta:a€Ate[0,1]}. (1.3)

AATET)
The cases p =1 and p = 2 are of special interest, corresponding to the uniform distribution over
the unit simplex and unit sphere, respectively. In particular, the authors of [4] compute bounds
for the total variation distance between the normal and the components of Y in the case p = 2.
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In [5] an L! bound between the standardized variable W, in (1.2) and the normal is obtained
when Y has the cone measure distribution. Here an application of Theorem [1.1]yields Theorem
[2.1, which gives Kolmogorov distance bounds of the order Z?zl |6;° for a class of distributions
%pﬁ » which include cone measure as a special case.

We note that if 6 € R” satisfies ||0|| = 1, so Holder’s inequality with 1/s 4+ 1/t = 1 yields

n n 1/S n
1= (le 912) < (ZI@IZS) n'/t hence n~/t SZIGiIZS. (1.4

i=1

In particular, with s = 3/2,t = 3 we have n~12 < 2?:1 |6;1°, and therefore, for any sequence of
norm one vectors 6 in R" for n = 1,2,... we have n™# = o(3}7_, |6;[®) for all § > 1/2. We note
that equality is achieved in when 0 =n~2(1,1,...,1), the case recovering the standardized
sum of the coordinates of Y.

We have the following simple yet crucial result, shown in Section[3]

LEMMA 1.1. Let Y be a coordinate symmetric random variable in R" such that P(Y; = 0) = O for
alli = 1,2...,n, and let ¢; = sign(Y;), the sign of Y;. Then the signs €4,...,¢&, of the coordinates
Yy,...,Y, are ii.d. variables taking values uniformly in {—1,1}, and

(&1,-..,€6,) and (|Y1l,...,|Y,|) are independent.
The independence property provided by Lemmal(1.1lis the key ingredient in the following theorem.

TueoreM 1.1. Let Y = (Y3,...,Y,) be a coordinate symmetric random vector in R" whose components
satisfy P(Y; = 0) = 0 and have variances vi2 fori=1,...,n. For 0 € R" with ||0]|| =1 let

n n
Yo=0-Y, vi=Y 052 and Vi=) 027, (1.5)
i=1 i=1

where X; = |Y;|/vq. Then, with ®(x) the cumulative distribution function of the standard normal,
the normalized projection Wy = Yy /vy satisfies

sup [P(Wp < x) — &(x)|
x€R

< 42E|V - 1I{|V} — 1| > 1/2} + 0.4E(V] — 1)’I{|[V; — 1] < 1/2}

n
+2 > 16, EIX, . (1.6)
i=1
In particular;
n
sup|P(Wy < x) — &(x)| < 8.4E(VZ —1)* + 22 16, PE|X;]3. 1.7)
x€R i=1

We remark that in related work, Theorem 4 in [3] gives an exponential non-uniform Berry-Esseen
bound for the Studentized sums . .

D 60%/ (02

i=1 i=1

A simplification of the bounds in Theorem/[1.1]result when Y has the ‘square negative correlation
property,’ see [9], that is, when

Cov(Yiz,sz)SO for i #j, (1.8)
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as then

E(VZ -1 < Z 0 Var(X?),

i=1

and hence the first term on the right hand side of (1.7) can be replaced by 8.4 6*Var(X?).
Proposition 3 of [9] shows that cone measure <€p" satisfies a correlation condition much stronger

than (1.8)); see also [1] regarding negative correlation in the interior of B(E;).

2 Application

One application of Theorem [1.1 concerns the following generalization of cone measure <€p". Let
n > 2 and Gq,...,G, be i.i.d. nontrivial, positive random variables with distribution function F,

and set
n
Gl,n = Z Gi‘
i=1

In addition, let €4,...,¢&, be i.i.d. random variables, independent of G,,...,G,, taking values
uniformly in {—1,1}. Let ‘6;  be the distribution of the vector

Y= (sl(GGl )”P,...,sn(i)l/l’). 2.1

1,n Gl,n

By results in [10], for instance, cone measure ‘5; as given in (1.3) is the special case when F is
the Gamma distribution I'(1/p, 1).

TueoreM 2.1. Let Y have distribution ‘to”;F given by (2.1) with p > 0 and F for which EGfH/p <0

when G, is distributed according to F. Then there exists a constant c, r depending on p and F such
that for all 8 € R" for which ||6|| = 1 we have

sup [P(Wp < x) — @(x)| < ¢ D16, 2.2)

Xx€R i=1

where

Gl )2/P

Wy =Yy/vg with Y,=6-Y and VSZE(G
1,n

As the Gamma distribution I'(1/p, 1) has moments of all orders, the conclusion of Theorem [2.1]
holds, in particular, for cone measure ‘6}?.

3 Proofs

Proof of Lemma [1.1]Let A,,...,A, be measurable subsets of (0,00) and (ey,...,e,) € {—1,1}".
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Then, using the coordinate symmetry property to obtain the fourth equality, we have
P(e;=¢€q,...,6,=¢ep, V1| €AL,..., V| €A,)
= P(e;=¢€q,...,6,=¢€p, Y1 €EAq,...,,Y, €EA,)
= P(eyY1€A,...,e,Y, €A,)
= P(YleelAl""’YneenAn)

1
= — > PiEnAnL...Y,€7,4,)
(ripern)e{-1,1}"

n
(]‘[P(ei=ei))P(|Y1|eA1,...,|Yn|eAn). O
i=1

Before proving Theorem [1.1] we invoke the following well-known Berry-Esseen bound for inde-
pendent random variables (see [11]): if &4, ,&, are independent random variables satisfying
EE;=0,El§P<oofor1<i<nand ),  EE* =1,

n n
sup [P(D "&; < x) — ®(x)| < min(1,0.7056 » E|&,*).
x€R i=1 i=1

In particular, if €,,..., ¢, are independent random variables taking the values —1, +1 with equal
probability, and b4, ..., b, are any nonzero constants, then W = Z?:l b;e; satisfies

sup [P(W < x) — &(x/V)| < min(1,0.7056 » _ [b;*/V?), (3.1)

x€R i=1

where V2 =3" b2

i=1"i"

Proof of Theorem[1.1] By Lemmal1.1] recalling X; = |Y;|/vy, we may write

n

Wy =Y &0X,

i=1

where {¢;,1 <i < n} is a collection of i.i.d. random variables with P(¢; = 1) = P(¢; = —1) = 1/2,
independent of X1, ..., X,. Note that, by construction, Y, 6?EX? =1.
Now,

P(Wy <x)—P(Z <x)
= E(PWp < xI{X}1ziz) — @(x/Vy) ) + E{ @(x/Vp) — 8(x)}
:= R, +R,. (3.2)

By (3.1),

0.7056 >, 16; *1x;1° )}

R, < E{min(l, ]
V@

n
< P(VZ<1/2)+0.7056(2%2) > 16, E|X,|°
i=1
n
< 2BV -1V -11>1/2}+2) 16,PEIX,. (3.3)

i=1
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As to R,, letting Z ~ N (0, 1) be independent of V, we have

R, = [P(Z<x/Vy)—P(Z <x)|
< |P(Z <x/Vy,IV}—1]<1/2)=P(Z < x,|V§ -1 <1/2)]
+|P(Z < x/Vo, Vg =1 >1/2) = P(Z < x,|V§ — 1| > 1/2)
< |P(Z <x/Vy,IVi—1]<1/2)=P(Z < x,|V§ —1] <1/2)]
+P(|VZ —1|>1/2)
< |P(Z<x/Vy,|VZ—11<1/2)—P(Z < x,|V; — 1| <1/2)]

+2E|VZ — 1|I{|Vg — 1| > 1/2}
:= Ry +2E|V} —1I{|V} — 1| > 1/2},

where
Ry = [E((2(x/Vy) — 2CI{IVE — 11 < 1/2}) |

By monotonicity, it is easy to see that

(1+x)"2=1+x/2| -
5 <

" o =4vV2-5 (3.4)

for |x| < 1/2. Hence, assuming |V92 -11<1/2
1/Ve=1+4Vi-1)Y2=1-(1/2)(V} - 1)+ r1(V} — 1)?
with |y;] < ¢y. A Taylor expansion of & yields
®(x/Vg) — ®(x)
= x¢p(x)(1/Ve — 1) +(1/2)x*(1/Vg — 1)*¢"(x72)
= x¢(f - (/20 - D+71(VF -1}

(Vg -1y

2 4/
HUDX 1) G

where (2/3)"% <y, < V2 whenever |V — 1| < 1/2. Let

1
¢ =sup|xop(x)| = e 12 <0.24198
1 xeﬂgl ¢ (x)| o

and
sup  sup Ix*¢’(xr2)l

X (2/3)2<y,<21/2

= sup  sup [Py (xyy)l

X (2/3)1/25)/2521/2

= sup sup 1,2 lxralPexry)
X (2/3)2<y,<212

3(3/e)%/?
2V/2m

IA

3
5 SuP lx]Pp(x)= =c, <0.6939.
X
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Since E(Vg — 1) =0, we have

Ry = IE{(x¢0of - (/203 - D+ 1, - 17}
+(1/2)x2¢/(xy )M)mvz ~11=1/23}1
P(Ve(Vp+1)2/ 00 T
= 1(1/2)xp(x)E(VF = DI{[V§ — 1] > 1/2}
+x¢(x)y1E(V] — 1)*I{|V¢ — 1] < 1/2}
+(1/2)x%¢ (xy )E{M
2V (Vg + 1))
(1/2)c,ElVy = 1|I{|Vg — 1| > 1/2}
+(coc1 + (1/2)caes)E(Vy — 1 I{|V) — 1] < 1/2}
= (1/2);E|V§ —1I{|[Vg — 1| > 1/2}
+c,E(VE—1PI{|VE — 1] <1/2}

HVE -1 < 1/2}}|

IA

where

1 2 1
=\ = - <
C3 (271/2(1 n 271/2)) and ¢4 =cocq + 2c2c3 <0.4.

Collecting the bounds above yields
|[P(W < x) —P(Z <x)|
< (44 /2E|V; - 1I{|V} -1 >1/2}

n
e E(VE - 1PHIVE =1 < 1/2}+2 ) |6,P EIX, P
i=1

IA

4.2E|V} — 1I{|V} — 1] > 1/2}

HO4E(VE — 1|V - 1| <1/2}+2) |6, EIX,
i=1

as desired.

Lastly, (1.7) follows from (1.6) and the fact that

4.2E|VZ — 1I{|V§ — 1| > 1/2} + 0.4E(V] — 1)*I{|VZ — 1] < 1/2}
8.4E(V) — 1)’ I{|V] — 1| > 1/2} + 0.4E(Vy — 1)’ I{|V; — 1] < 1/2}
8.4E(V] —1)%

INIA

O

Proof of Theorem[2.1. Let Y be distributed as %p” - With r = 1/p for convenience, first we claim
that

n_zr = O(Vs) where Vﬁ = Var(Yl )7 (35)

where the implicit constant in the order here, and below, may depend on p and F. For r > 1/2
Jensen’s inequality yields

2 2
2 _ G (G G R
v = Var(g;( Y)=E >|E =n"“. (3.6)
Gl,n Gl,n Gl,n
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For 0 < r < 1/2, we apply the following exponential inequality for non-negative independent

random variables (see, for example, Theorem 2.19 in [7]): For &;,1 < i < n, independent non-

negative random variables with a :=Y,,_ E§; and b*:= Y, | E&* < oo, andany 0 <x <aq,
2

a—x

u) (3.7)

PO < e (-2
i=1

Let ¢ = E(G1)/(2(EGy + 24/ Var(G;))). Observe that

2r
G
Gl,n

2r
Gy
E ( o161/ > c/n})

1,n

A%

(¢/n)*" P(G1/Gy, = c/n)
and

P(Gl/Gl,n = C/n)
> P((n—1)G, > ¢c(G,—Gy))

> P(Gy 2 E(Gy)/2, Gpn—G = (n—1)(EG, +24/Var(G,)))

= (1 —P(Gy < E(Gl)/z)) (1 —P(Gy,— G, > (n—1)(EG, + Zx/Var(Gl))))
2 2 1

> (1 ep(-(EG/BEG) ) (1 - 2—5),

obtaining the final inequality by applying (3.7) with n = 1 to the first factor and Chebyshev’s
inequality to the second. This proves (3.5).

As (g;’ r is coordinate symmetric with exchangeable coordinates, we apply Theorem /1.1 with vy =
v, as in (3.6), and claim that it suffices to show

E(G1/Gy,)* =0(n™") (3.8)
and )
E(vZ -1 =006 3.9)
i=1

In particular, regarding the second term in (1.7), we have by (3.5) and (3.8)

n n G n
16:PEIX I = v2 Y 16PE(=—)" = 03 16:°),

which dominates (3.9), the order of the first term in (1.7), thus yielding the theorem.
Letting u = EGy, the main idea is to use (i) that G, ,/n is close to u with probability one by the
law of large numbers; and (ii) the Taylor expansions

(I+x) 7 =1-2rx+7y;x? forx >—-1/2 (3.10)

and
(1+x)2 =1+y,x forx >-1/2 (3.11)

where |y;| < r(2r +1)22*2 and |y,| < r2272,
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We first show that

(n)* E(G1/Gyn)*" = EGY" +0(n1).

Let A, = (G, , — nu)/(nu) and write

Gl,n = n,u(l + An)

Then
(MW E(G1/G1,)*" = (nu)*"E(G/Gy )" T{Gy, < nu/2}
+H(u)* E(G1/Gy ) T{Gy,, > nu/2}
= (W E(G1/G1n) {Gy < nu/2}
2r —2r
+E(G(1+A,) 2 {A, > —-1/2}
= R4 +R5
By (3.7), we have
(nu/2)? u?
< < =
P(Gyp < /D) <exp (- EGz) xp (- 8EG2)
and hence
Ry < (np)* PGy, < np/2) = 0(n).
By (3.10),
Ry = E(G(1-2rA,+71A)H{A,>—-1/2}
= E(G¥(1-2rA,)—E(GF(1-2rA)I{A, < —1/2}
+EGY v A2 I{A, > —1/2}
= EG} —2rEGY(G,, —nuw)/(nu) — E(G¥" (1 — 2rA)I{A, < —1/2}
+EG y  A2I{A, > —1/2}
= EG;" —2rEG"(G, —u)/(nu) +Rs,
where

Rs; =—E(G’(1-2rA)H{A, < —1/2} + EGy A2I{A, > —1/2}.

Applying Holder’s inequality to the first term in Rs ;, and that A, > —1, yields

Rs;| < E(G¥(1+2r)I{A, <~-1/2}+O0(1)EG? A2
< (1+ 2r)(EGfr(2f+2)/(2r+1))(2r+1)/(2+2r)

2r A2
+0(1)EGy A2
= O(DPYEH(A, < -1/2)

pl/(2+2r)(An < _1/2)

+0(1)(n) 2 (EG¥ (G, — w)* + EGZE(Y (G, — u)?)
i=2

= o(n™),

proving (3.12) by (3.13) and (3.14) - (3.18).

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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As to (3.8), again applying (3.14), we have

n*E(G,/G.,)* = n*E(G/G ) I{G,, <nu/2}
+n*"E(G,/Gy ) I{G, , > nu/2}
n*P(Gy, <nu/2)+EG[(u/2)*
= 0o(1).

IA

Now, to prove (3.9), write
Ve —1=(V§ - DI{G,, < nu/2}+ (V] — DI{G, , > nu/2}.
Note that V' = O(n*") by (3.5). Similarly to (3.15), by (3.14) again
E(VZ — 1*I{G,, < nu/2} = 0(n*)P(G, , < nu/2) = O(nY).
For the next term in (3.19) observe that
(Vg = DI{Gy, > n/2}

— u{ 292G2f Ve}

_ 2r
_ I{An > 122}(,1“) {(1 + An)_zr Z Ql.zGizr — (n.u)er(Gl/Gl,n)zr}

Vo i=1

I{A, > —1/2 -2 1
_ é ) {(l—i—}szn)ZQizGizr—EGfr—i—O(n_l)}
i=1

Vo
[by (3.11) and (3.12)]

2r n
_ ltan> 1?“"“) {Zez(Gzr EGY)

Vo

+7,A, Z 6262 +0(n1)}
i=1

= R6 +R7 +R8’

where

I{A, >—-1/2 oar &
R6 — { é}(ntu‘) ZG (GZr EGIZT)’
Vv
[¥]
A, > —1/2}(nu)~?" .
A GZGZT
Y2 — Z ,

R7 =

0

H{A, > —1/2}(nu)™

Ry = 5 o(n™h).

Vo

From (3.12) it follows that

(nu)=*"
2

=0(1).

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Hence

2
ER?

O(DE(GY —EG¥ 0}
i=1

0(1)2 6.
i=1

0(1)13{ Z 02(G> - 1:"(;ff)}2
i=1

(3.24)

As to R;, here using the assumption that E Gf*‘” < 00, using the Cauchy-Schwarz inequality for
the second step, we have

2
ER? =

O(DEAX(D | 62G")?

i=1
n n
O(1EA% D 02G!" 0?2
i=1 i=1

O(1)EA%GY = O(n—z)EG;‘f(i:(Gi —w)?

i=1

ot (61 (Y6 -wP+2 3] (G- w6, -w))
i=1

1<i<j<n

o(n E(G¥ (i(ci - w?)

i=1
o(n™.

Lastly, for Rg, by (3.23) we have

Noting that (1.4) withs = t = 2yieldsn ! < )|

and (3.24)-(3.26).
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