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Abstract

In this paper, we prove an almost sure limit theorem for the maxima of strongly dependent Gaus-
sian sequences under some mild conditions. The result is an expansion of the weakly dependent
result of E. Csdki and K. Gonchigdanzan.

1 Introduction and main result

In past decades, the almost sure central limit theorem (ASCLT) has been studied for independent
and dependent random variables more and more profoundly. Cheng et al.[CPQ98], Fahrner and
Stadtmiiller[FS98] and Berkes and Csdki[BCO1] considered the ASCLT for the maximum of i.i.d.
random variables. An influential work is Csdki and Gonchigdanzan[CGO02], which proved an
almost sure limit theorem for the maximum of stationary weakly dependent sequence.

Theorem A. Let X, X,, - -+ be a standardized stationary Gaussian sequence with r, = Cov(X,X,41)
satisfying r,logn(loglogn)'™® = 0(1) as n — oco. Let My = max,X;. If a, = (2logn)"/?,
b, = (2logn)'/? — %(ZIOg n)~Y2(loglogn + log(4m)), then

. 1
lim
n—oo logn

Dl (M, ~ b) < x) = exp(—e™) as. M
k=1 k

where [ is indicator function.

Shouquan Chen and Zhengyan Lin[CL06] extended the results in [CG02] to the non-stationary
case.

Leadbetter et al [LLR83] showed the following theorem.

Theorem B. Let X, X,, - - - be a standardized stationary Gaussian sequence with r, = Cov(X1,X,,41)
and M, = max,<;<,X;. Let a, = (2logn)'/? and b, = (2logn)*/? — %(ZIOgn)’l/z(loglogn +
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log(4n)). If r,logn — r > 0, then

,}LIEOP(an(Mn —b,) < x) - joo exp ( - e"“”mz)(ﬁ(z)dz, @

where and in the sequel ¢ is standard normal density.

In the paper, we consider the ASCLT version of (2). The theorem below is useful in our proof.
Theorem C. [Leadbetter et al., 1983, Theorem 4.2.1, Normal Comparison Lemma] Suppose
X1,X,,++,X, are standard normal variables with covariance matrix A! = (Al.lj), and Y1,Y,,---,Y,
similarly with covariance A° = (A?j), and p;; := max(lAiljl, IA?J.I), assuming that max;; p;; =: 0 <
1. Further, let uy, - - ,u, be real numbers. Then

IP(X; Sujj=1,,n) = P(Y; Suy, j=1,+,n)

2 2

us +us

<K, |A}.—A?.|exp(——l ! ) 3)
1§iz<,l:§n J J 2(1+pl])

with some positive constant K; depending only on 6.
Throughout this paper, &, &,, - - - is stationary dependent Gaussian sequence and M,, = max; <;<, &;,
My, = maxy,1<i<n & - Let 1, = Cov(&y, &pp). If

r,logn —r >0, as n — co. O]

£1,&,, -+ was called as dependent: weakly dependent for r = 0 and strongly dependent for r > 0.
Let

Pn= L, r defined in (4). (5)
logn

In the paper, a very natural and mild assumption is
|1, — pnllogn(loglogn)!*e = 0(1). 6)

We mainly consider the ASCLT of the maximum of stationary Gaussian sequence satisfying (4),
under the mild condition (6), which is crucial to consider other versions of the ASCLT such as that
of the maximum of non-stationary strongly dependent sequence and the function of the maximum.
In the sequel, a = O(b) is denoted by a < b, C is a constant which may change from line to line.
The main result is as follows.

Theorem. Let {£,} be a sequence of stationary standard Gaussian random variables with co-
variances r;; = r;_; satisfying (4). M) = max; &;. The definitions of a,, b, is the same as in

Theorem A. Assume r;; = r|;_; satisfies (6). Then

lim Zn: %I (ak(Mk —b) < X) = fﬂo exp ( - e_x_r+mz)¢(z)dz as.. )

n—co logn £

Remark 1. When r = 0, clearly, Theorem induces Theorem A. When r > 0, £,,&,,--- is strongly
dependent. We mainly focus on the proof of Theorem 1 for this case.
Remark 2. In the above definition of p,,, when n = 1, the definition is incompatible. In the paper,
we mainly consider the case of n — co. So here, n may be assumed in a neighborhood of +c0 and
the incompatibility doesn’t result in the invalidation of our argument.
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2 Auxiliary lemmas

In this section, we present and prove some lemmas which are useful in our proof of the main
result.

Lemma 2.1. Assume |r,, — p,|logn(loglogn)!™® = O(1). Let the constants u, be such that n(1 —
®(u,)) is bounded where & is standard normal distribution function. Then

sup ker onlexp M < (loglogn)~0+e), (8
1<k<n &= " 2(1+ ;)
and
u (1+€)
k ) n__ | « (loglogn) (+), 9
sup. er P IeXp( 1+|wj|) (loglogn) ©

where w; = max{|r;|, p,}.

Proof. The proof of (8). According to Leadbetter et al.[LLR83], we have o1 (k) := sup; <, [Tl <
1 when r, — 0. By assumption, we have o,(k) := sup;,,<,|Pml < 1. Therefore, we have
o (k) := supg <, lw,| < 1. By assumption again, n(1 — ®(u,)) < K for some constant K > 0.
Define {v,} by v, =u,, if n <K and n(1 — ®(v,)) =K, if n > K. Then clearly u,, > v,, and hence

up +uy Vi +v;
kZIr pnlep( 2(1+|w|)) er pnlep( 2(1+|w|)) (10)

Then it is sufficient to prove (8) for the sequence {v,}. Using a usual fact

x
1—<I>(x)~M,x—>oo, an
x
we can write that
y2 KV2mv
exp ( - En) ~ Tn,vn ~ (2logn)'/? (12)

Define a tobe 0 < a < (1 —¢(0))/(1 + c(0)). Write

V+V
k k
er pnleXp( 20+ o, I))
v+ 2 R
=k %k n k L %k 'n
DI p”IeXP( 2(1+|coj|))+ 2 I p"|eXp( 2(1+|coj|))

1<j<[n"] [n*]<j<n

=T, +T,. (13)
Using (12), we have

V2 42 V2 42 1/(1+0(0))
T < k a _ k n — k a _ k n
L=An eXp( 2(1+ 0(0)) " eXp( 2 )

ViV 1/(1+0(0)
ke (2
kn

< n1+a—2/(1+0(0))(10g n)l/(1+0(0)). (14)

klfl/(1+cr(0))nafl/(lJrcr(O))(logklog n)1/2(1+a(0))
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Since 1+ a —2/(1+0(0)) <0, we know T; < n~?, for some & > 0, uniformly for 1 < k < n. For
the estimation of the bound of T,, we can let p = [n*]. We have

V2 42
T, <k __ k' 'n L —
2 =< eXp( 2(1+O'(p))) E Ir; — Pl

p+1<j<n
nk vE+v2 )logn
= x| - n Ir:— Pl (15)
logn ( 2(1+o()) ) n p+§5n !

As r,logn — r, there must be a constant C such that r,logn < C, for n > 1. Using (12), similarly
to the proof of Lemma 6.4.1 in Leadbetter et al.[LLR83], it can be shown

nk vE+v2
logn xp 2(1+o(p))

nk v+ v2
<—exp| ~————————
logn 2(1+C/logn%)

nk VE N\ 1/(+C/logn®) V2 1/(1+C/logn®)
= ogn (@ (=3)) (e (-3))
logn 2 2
c n? (vn)z/mcuogn“) V22 (vk)Z/(HC/logn“) 12
logn\ n logk \ k
< Cn(€/logn™)/(1+C/logn®) — (1), (16)

and

logn 1 1 logn
SN el X Inlogi—rlbr— > 1= a”
n p+1<j<n an p+1<j<n n p+1<j<n ogJ
Consider the first term on the right-hand side, using (6), we have
1 : 1 \—(1+¢) —(1+¢)
= Z [rilogj—r| < o Z (loglogj) < (loglogn) . (18)
p+1<j<n p+1<j<n
According to Leadbetter et al.[LLR83](page 135), we can write
1 logn 1 (!
- Z 1- 28 -| = O( f |logx|dx) < (loglogn)~(+e), 19)
no = logj alogn ),

Combining (15), (16), (17), (18)and (19), we have T, < (loglogn)~ (4. Clearly follows,
(9) does similarly. The proof is completed.
Lemma 2.2. Let £,,&,, -+, &, be standard stationary Gaussian variables with constant covariance

p,=r/lognand £,,&,, -, &, satisfy the conditions of the Theorem. Denote M, = max; <, gi and
M, = max;<, &;. Assume n(1 — ®(u,)) is bounded and (6) is satisfied. Then

|E(I(M,, < u,) — (M, < u,))| < (loglogn) 1+ (20)

Proof. Using Theorem C and Lemma 2.1, the proof can be gained simply.
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Lemma 2.3. Let 17,7, -+ be a sequence of bounded random variables. If

"
var (Z Eﬂk) < log®n(loglog n)~"**) for some ¢ > 0, @D
k=1

then

Z (nk—En) =0 as. (22)

n—>oo logn

Proof. The proof can be found in Csdki and Gonchigdanzan[CG02].

3 Proof of main result
The proof of Theorem. When a, = (2logn)'/?, b, = (2logn)"/* — J(2logn) "/*(loglogn +

log(4m)), we have u, = x/a, + b, satisfying n(1 — ®(u,)) < C. Under the assumptions, we firstly
show

1
lim —— Z (I(M, <u)— P(M <)) =0 as. (23)
n—oo logn

Using Lemma 2.3, it is sufficient to prove

71
Var (Z EI(Mk < uk)) < log® n(loglogn)~1+) for some & > 0. (24
k=1

Let ¢,{;,¢,,--+ be independent standard normal variables. Obviously (1 — p;)/2¢; + p;/ 2,
1- pk)l/ZCQ + pl/zC, --+ have constant covariance p; = r/logk. Define

Mi(pi) = max (1 - )2+ 20 = (1 - p )Y max({y, 8oy, L) + 2
= (1- M (0) + 1.

Using the well-known c,— inequality, the left-hand side of can be written as

nq nq n 1
Var (Z EI(Mk <u) - Z EI(Mk(pk) <) +Z EI(Mk(pk) < uk))

k=1 k=1 k=1
1
<2 (Var (Z EI(Mk(pk) = uk))
k=1
n 1 n 1
+Var (Z EI(Mk <) - Z EI(Mk(pk) =< Uk)))
k=1 k=1

= Ll +L2
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We will show L; < log? n(loglogn)~U*®) i=1,2. For i = 1, Write L, as

n 1 2

E (Z LUMp) Sw) = P(Mi(py) < uk)))

k=1

"1
=E (Z LU0) < (1= p) A = p,*0)
k=1
2
—P(M(0) < (1 - pi) ™ (wy — ”Zc)))

+00 n 1
J E(Z E(I(Mk(O) < (]__pk)—l/Z(uk_p;/zz))
k=1

—00

2
—P(M;(0) < (1 — pi) 2 (w — ”@) de(z)

400 n 1 2
:foo E(;Em{) d®(z). (25)

Write

2
=~ 1 [E(nmo)|
_ 2
= ) _Z szInkl +2 Z kl
=:H,+H,. (26)

h
-
R‘I»—l

H <Y, % < 00. For H,, note

[E(in)| < [Cov(I(M(0) < (1 = p) ™ *(wi — pp/?2)),
1(M,(0) < (1= p)™2(u; — p;2)) — 1M (0) < (1 — p) ™ 2(wy — p;*2)
< E|I(M;(0) < (1 = p)™2(w; = p*2) = 1M (0) < (1 = p)) 2wy — p,?2)]
= P(M1(0) < (1 — p)) 2w — p,*2)) = P(M(0) < (1 — p) ™ 2(u; — p;%2))

= 0! ((1 - p) 2wy — p,2)) — @' ((1 - p) 2 (u; — p;%2))

k
<-.
=1

So, we have

1k
H, < Z a (7) < logn < (logn)?(loglogn)~1+4). 27
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Combining (25), and (27), we can get L, < log® n(loglogn)~(+%). For i = 2, write L, as

1
Var (Z E(I(Mk(Pk) <w) — (M < u")))

k=1

n 1 2
<E (Z Mo < w) — I(My < uk)))
k=1

11
—E (Z (I (Mi(py) < ) = I(My < uk))Z)

k2
k=1
Z |E((I(M;(p;) < uy) — I(M; S up))I(M;(p;) < uy) — I(M; < uj)))
1<i<j<n l]
=: Jl +J2. (28)

Obviously J; < co. To estimate J,, using Lemma 2.2, we have

IECI(M;(pi) < u) = I(M; <u))I(M(p;) < uy) —I(M; < uy)))l

<IEUM;(p;) Suj) —I(M; Suj))| < (loglog j)~(+e),

So

n 1 ULl P log j
<Y —— Y-y 5L
’ ;j(loglogj)”‘g;i ;J'(loglogj)”*’
n
1
<1 — < (logn)X(loglogn)~(+%). 29
8" 2 oglogpe < (087 Uoglogn) 9

Combining (28) and (29) induces L, < log® n(loglogn)~(1+4),
Secondly, according to Leadbetter et al.[LLR83](page 136), we have P{a,(M, — b,) < x} —
fjooo exp(—e *"+V2r5) ¢ (2)dz, as n — o0o. Clearly this induces

n

1 o0
— Y —P(M, <u)— exp(—e ¥ V2 (2)dz as.,
logn & k oo

as n — o0o. The conclusion follows.
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