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Abstract

We study moderate deviations for additive functionals of stochastic lattice gases
(Kawasaki dynamics for the Ising model). Under a mixing condition, we prove that the
additive functional of any local functions satisfies a moderate deviation principle. The
main tool is the logarithmic Sobolev inequality obtained by Yau.
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1 Introduction

Let E be a Polish space and let (Q,F, (F¢)i>0, (Xt)t>0, Py) be a cddlag E-valued
Markov process with generator (A, D(A)), semigroup {P;, ¢ > 0} and invariant probability
measure pu. Let L; = % fg dx.ds denote the empirical distribution of the Markov process.
Let M;(FE) be the space of probability measures on E and for any v € M;(FE), denote
by P,(:) = [, v(dz)P,(-). The law of large numbers in this context is the statement that
L; — p in probability on the space M (E). The corresponding large deviation principle
is that for any Borel set in A € M;(F),

. R | . 1 )
— ul€n£° I(v) < htrglolgfglogPM(Lt € A), hiiilpzl()gpﬂ([/t e A)< _;rel,fail(y)7 (1.1)

where

I(v)=—- inf / &du, v e M(E),
ue€D(A),infaepu(z)>0 Jp U
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Moderate deviations for lattice gases

is the Donsker-Varadhan entropy, A° and A denote the interior and the closure of the
set A, respectively (cf. [6], [25]). In this paper, we often use v(f) or (f,v) to denote the
integral |’  fdv for a measurable function and a measure v on E.

The moderate deviation principle refers to asymptotics intermediate between the
central limit theorem and the large deviation principle. Let a(¢), ¢ > 0 be such that
m a(t)/t = 0. (1.2)

li
t—o0

Jim a(t)/Vi = .

Then the moderate deviation principle (cf. [27]) is to say that for any Borel set in
A € M,(F) which is the space of all signed measures on E,

. .. t
_ Vlen,go Q(l/) S hglogf aT(lf)

t
limsup —— log P, | — (L+ — A) < —inf
1£Il>bogp (D) og u( (Ly — p) € >— VIEAQ(V)’

(1.3)

QW)= sw {u() = GulfO+ 0N | L300 = {F: w(f?) < uf) =0}

FeLg(w)

Uf = fooo P,(f — u(f))dt is the potential operator and U* is the adjoint of U in L3 () (cf.
[27]). Note that if the process is reversible, then

10:) = D (Vv ]d) . Q) = {Dldv/dp),

where D(f) = —u(f.Af) is the Dirichlet form associated with A.

The moderate deviations have been proved under the assumption of geometric
ergodicity, or spectral gap (cf. [2], [10], [18], [27], also see [3] and references therein).
Let us give an explanation under the spectral gap for reversible case. Suppose that our
Markov process is reversible Feller process and has a spectral gap. For any bounded
continuous function V with p(V) = 0, let A(V') denote the principal eigenvalue of the
perturbation operator A+ V. Then by the perturbation theory of operators (cf. [22], also
see Corollary A.1 in [10]),

Jim a%(t)ngu (exp {“Ef) /OtV(XS)ds})

= lim £ A (‘L(t)v) =u(VUV)= sup {u(Vf)— D(f)/4},

t=eoa(t)\ FEL3(h)

where E,(-) denotes the expectation with respect to P,, i.e., the process with initial
distribution u. The above eqation is equivalent to the moderate deviation principle (1.3)
by Varadhan’s lemma (cf. Theorem 4.3.1 in [5]) and the abstract Gartner-Ellis Theorem
(cf. Corollary 4.5.27 in [5]).

In this article we consider the conservative (lattice gas) dynamics for the Ising model.
These Markov processes are not irreducible and each one among them has infinite
invariant probability measures. Specially, the processes do not have the geometric
ergodicity, and the spectral gap property. Some techniques, such as the regenerative
decomposition method based on the minorization and drift conditions (cf. [1], [2],
[13]) and the perturbation method of operators (cf. [10], [18], [27]) cannot be used.
We will develop new techniques to study the moderate deviations for these models.
Our approach is based on some methods and techniques in hydrodynamic limits (cf.
[12], [15], [16], [26]). We use the equivalence of ensembles and the logarithmic Sobolev
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inequality in [28] to study the upper bound of the moderate deviations. The lower bound
is completed by a suitable measure transformation(see Lemma 8.18 and Lemma 8.21
in [24] for large deviations). Our method can be applied to particle system models that
have the same type of logarithmic Sobolev inequality as the lattice gas model, such as,
zero-range processes, Ginzberg-Laudau models,

The paper is organized as follows. We recall the lattice gas models and state the main
result in Section 2. Some exponential moment estimates for the Gibbs measures are
given in Section 3. The proofs of the upper bound and the lower bound are presented in
Section 4 and Section 5, respectively.

2 Lattice gas model and main result

In this section, let us first recall the Gibbs state, the canonical Gibbs state and the
lattice gas model, including some notations, the mixing condition, the equivalence of
ensembles and the logarithmic Sobolev inequality(cf. [11], [21], [26], [28]), and then
state the main result.

2.1 Lattice gas model

For given a domain A in Z¢, let |A| denote the cardinality of the set A, and let OA
denote the boundary of A, i.e.

OA = {y € Z?\ A; dist(y,A) :== inf\ |z —y| = 1},
zE

where |z — y| = maxi<;<q |2’ — y’| is the lattice distance. Consider the state space
E = {0, I}Zd. A function f : F — R is said to be local if there exists a non-negative
integer m such that f(n) = f(¢) whenever n(z) = £(z) for every x € Z<¢ with |z| < m.
Let f : E — R be a local function. For a finite set A C Z%, we say that supp(f) C A4 if
f(n) = f(&) whenever n(x) = £(z) for any = € A, that is, supp(f) is the smallest subset of
7% such that f only depends on variables in that set. Let C be the set of all local functions
on £. For a real function f on F, define | f||« = sup,cg [f(n)|. For a vector n € E and
two sets A C B C Z%, n* € E4 := {0,1}* denotes the vector {n(x),r € A}, and we can
write n? = (n?, nP\4).

For a bounded domain A in Z?, the Hamiltonian Hj ,,: {0,1}* 35 = {n(z),z € A} —
Hy () with boundary condition w = {w(z),z € 9A} € {0,1}72 is given by

Hyw() = Y Jm@)n)+ Y, Jo@),wy)), (2.1)
z,yEA TEAN,YEA
lo—yl=1 |z —yl=1

where J(n,¢) = —8(2n—1)(2¢ - 1), n,¢{ € {0,1}, 8 > 0 denotes inverse temperature. The
grand canonical Gibbs state with chemical potential A and boundary condition w is the
probability measure on E, := {0,1}* given by

H?xc,%)\(n)

exp{HA,w(n) +AZ77(I)}, 1€ E, (2.2)

= 72!]0
Aw, A zEA

where A € R, Z%°, , is the normalizing constant (the partition function) to make it a
probability measure, i.e.,

ZE, = Y exp {HA,w(n) A n(:r)} :

nekx zEA
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The canonical Gibbs state is the probability measure nj , ,, given by conditioning p?f,w, A
on By, == {n € Ex; Y ;cpn(i) = n}, that is,

B (™) = 28 (™ ia = n/|A]) = exp{—Hxw} iga=nsialys  (2.3)

c
ZA,w,n

where 7j, = \T1| > iean(i), and Z3 . is the canonical partition function defined by

Z5wm = exp{—Hru(n)}.
NEEA n

Note that since 7, is fixed, the right side of (2.3) is independent of A. We can replace
9¢ by uI¢ = u9°
IU’A,w,)\ y IU’A,w . /”LAM,O‘
For any A C Z4, set Fp = o(n(z),z € A), and for any bounded domain A in Z?, denote
by Gae = 0(Fpe,ja) := 0(Fae U (7a)). Then for bounded domains A; C Ag,

Fag C Fag, Gag C Gas.

It is known (cf. Section 1 in [11]) that the grand Gibbs state satisfies the consistency
condition:
A A
Z “zg\z,w,/\(n 2)'ui]\cl,((@/\m/\z,wf’/\l\/\z),)\<< 1)
nA2\A1=CA2\ A1 (2.4)

= M?\Z’w’)\(g), C e EA27

and the grand canonical Gibbs state satisfies the following consistency condition:

A A
E ,u'f\Z,w,n(n 2)#?\17((3/\1“/\2,0_,5’/\1\/\2)7|A1\§A1 (C 1)
nh2\A1=¢A2\A1 ,ﬁAIZC_Al (25)

= M?\Q,UJ,TL(C))7 C S EA2,n~

For any f,g € C, the correlation 1}’ ,[f; g] is defined by

1 ol 9) = 1, A (F9) = 13 A (PR w2 (9)-
The following Assumption A is the mixing conditions in [26],

Assumption A. Let uf\fw’  denote a Gibbs measure on A with boundary condition
w and chemical potential A, and let p = ;i{° ,(7la) denote the density. Then there are
constants C, Cy and C3 > R + 1 such that for any f, g € C, we have

18 alf3)| < Cro(1 = p)exp {~Cadist(supp(f), supp(9) [ fllcllglloc} . (2:6)

provided that the diameters of supp(f) and supp(g) are bounded by C3, where dist(A, B) =
minge 4 yep | — y|. Note that the constants are independent of the size of the cube, the
chemical potential and the boundary condition.

It is known that the mixing condition (2.6) holds for § sufficiently small (i.e, high
temperature) since the mixing condition is implied by the Dobrushin-Shlosman mixing
condition which is always valid at high temperature (see [26], [28]). By the first lemma
in Section 10 of [26], the mixing condition (2.6) yields the following mixing condition.

Mixing conditions in [28]. Let V be a local function. There exist constants C(V)
and v > 0 such that for any cube A,

Mi]\c,lwl,/\(v) - /’(':l/]\(ng,)\(v) < C(V)|Aw17w2 | eXp{_’y diSt(AWth ’ supp(V))}, (2.7)
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where for any two configurations wy,w» € {0,1}94,

Aurion = {2 € A | i (2) # wa(@)).

Under the mixing condition (2.7), the following results are proved in [28]:

Equivalence of ensembles. Suppose that the mixing condition (2.7) holds for all \.
Let V be a local function. Then there exists C(V') < co such that for any cube A and any
w € 9A, if X and n are chosen such that ;" ,(7a) = p§ , ,(78) = ra7- then we have

1o A (V) = i 0 (V)| S C(V)IA]7 (2.8)

Logarithmic Sobolev inequality. Suppose that the mixing condition (2.7) holds for
all X\. Let A be a cube of side length L. There exists a constant C independent of L, n
and w such that for any f > 0 with pg , . (f) =1,

1S wn(flog f) < CL?Da wn(V/F), (2.9)

where

Dawn(VE) = thwn | D 0™ = V)| (2.10)

x,yEA
|z—y|=1

The equilibrium lattice gas dynamics. Next, let us introduce the equilibrium
lattice gas dynamics with density p € (0,1). For p € (0,1), if A, L > 1 are cubes of side
length 2L centred at the origin and Ay, ny,wy, are chosen such that

_ _ nr
M?\CL,WL,,\LWAL) = UAp wr g (TAL) = m - P

then {y} ,, »,-L >1}and {u3, ., ., L > 1} are tight since E is compact. Thus, there

exist a probability measure 1, on E and a subsequence {L;, k > 1} such that
“?\Lk,ka,nLk — 1, weakly as k — oo.

Then under the mixing condition (2.7), we use (2.8) to obtain uf\ik Wiy AL, — u, weakly

as k — oo.
Now, by (2.4) and (2.5), for any V € C, A D supp(V), the following Dobrushin-Lanford-

Ruelle (DLR) equations hold:
/Eup(dn)uifﬁaA,A(V) = up(V), (2.11)

and
[ s agy, (V) = (V). 2.12)

That is, u, is a Gibbs measure with the Hamiltonian H, ,, and the chemical potential ),
and it is also a canonical Gibbs measure corresponding to the Hamiltonian Hy .

Forany L > 1, ¢ € E,,, let ¢/ be obtained from ¢ by a permutation of the sites in Aj,.
Then by (2.12),

pup({€ € E; ehr = <) :/Eup(dn)”im“,lAL\QL ({gAL € By, ehe = o
:/EM”(dn)uf\LmaAJAL\QL({ﬁAL € Ep,; M =¢))

=up,({¢€ € B; ¢M = (}).
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Thus, p, is a symmetric probability measure on E.

Next, we show that y, is the unique weak limit of the sequences {3 , , ,L>1}
and {uf\LM,nL ,L > 1}. Firstly, for given V' € C, choose Ly large enough such that for
wi,wy € {0,1}94r,

| Ay | < 2d%(2d + 1),  dist(Aw, w,,supp(V)) < L/2.
Then by (2.7),

lim sup
L—o0 w17w2€{0,1}8AL

M?XCL,UJL)\(V) - u?\cL,wg,)\(V> =0.

Now, assume that i, is other weak limit of the sequences {p?& wpAL’ L > 1}. Then (2.11)
is also holds for fi,. By (2.11), we have that forany V € C,

o) = iV = [ [ slatonigtaon) (152 e (V) =422 s (1)
< :

1 Ar sWo

sup
w1,w2€{0,1}9AL

M?\L,wl,k(v) - :“?\CLMQ’)\(V) — 0as L — .

Therefore, u, = fi,.

Let n:, t > 0 be the equilibrium lattice gas dynamics with density p. More precisely,
no is distributed according to p, and the dynamics is a cadlag F-valued Markov process
with the generator 4 acting on local functions by

Af(n) = Z (I +exp{—(H®™) = Hn)H(f(n™) — f(n)), (2.13)
Zvezd
where
n(z)’ Z # x’ y?
™) (z) =4 n(x), z=uy,
n(y), z=uw.

Note that H(n*¥) — H(n) does not depend on A and ) as long as A is taken large enough,
so H can equal any H, ,, for any such A.

The Markov process {n;, t > 0} exists and has the Feller property (cf. [21]). Let
{P;,t > 0} be its operator semigroup, and let D(.A) denote the domain of the generator
Aon L?(u,), where as usually,

Lz(up): {fEﬁle <faf>up 5:/ fzd,up<oo}~
E

For any f,g € C, take L > 1 such that supp(f) Usupp(g) C Ar. Then for any cube A of
side length bigger than 2L + 3 centred at the origin, by (2.12) and the symmetry of p,,
we have that

<g7 _'Af>up
== X [ a1+ exp{= (o (07%) = Ha o DU ™) = T

z,yEA
e —yl=1

== 2 /E o) (Z5 yon ajgn) ™ D2 (€7 0O e T DY (£(07)— 1(0))9(0)

z,yeA CA=pA
[z—y|=1 h=n

— X ([ mtamrer) - st + [ a0 - gt

T,yEA
e —yl=1

= 3 [ mlan) ) = S et — o).

z,yEA
lz—yl=1
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where the second equation is due to (2.12), and the third is obtained by (2.12) and the
symmetry of x1,. In particular, (g, Af),, = (Ag, f),,. Therefore, {n;,t > 0} is reversible
with respect to u,, and the Dirichlet form associated to A is

D= 3 [Ur) — 1w yldn), D= (S € Pk DU <ok 214)
|z—y|=1
2.2 Main result

Let us introduce first the spaces H; and H_; associated with the operator A (cf.
Section 2.2 in [17]). Consider the semi-norm || - ||; defined on C by

1113 = (f, —Af)p,- (2.15)

Two elements f and g in C are considered the same if || f — g|[; = 0. Let H; denote the
completion of C with respect to the semi-norm || - ||;. For any f € L?(u), define

1£121 = sup{2(f, g)u, — llglI}- (2.16)
gec
Let H_1 be the completion of { f € L?(n); | f||-1 < oo} with respect to norm |- ||—;. Then
forany f € C,
IAFIZy = [IFIIF,

and H_; is the closure of {Af; f € C}.
For any V € L*(p,), let y1,(V) denote the mean of V with respect to s, i.e.,

pp(V) = /Vdup. (2.17)

For a mean zero function V, define

P

a2(V) :2/ (PV,V),,dt. (2.18)
0

Then
oo (V) =2(V,—AV),, = 2|V

P
Now, let us state our main result in this paper.
Theorem 2.1. Suppose that the mixing condition (2.6) holds. Let d > 3 and p € (0,1)
and let a(t), t > 0 be a positive function satisfying (1.2). Let (2, F, {n:}+>0, P,) be a
Markov process with initial distribution p, and with the operator 4, i.e., under P,, {7,
t > 0} is the equilibrium lattice gas dynamics with density p. For any local function V'
with mean zero, if V € H_4, then

{Pp (a(lt) /OtV(ns)ds € ) , > O}

satisfies the large deviation principle with speed @ and with rate function I V(z)
defined by
2
z
IV(z) = —— R. 2.19
(2) 202(7V) € (2.19)
That is, for any closed set F'in R,
li ' yogp, (X /tV( Jds € F' ) < —inf IV (2) (2.20)
1m sup ——— 1o — s)aAS S — 1n zZ), .
i a2() 2P \a() Jo ek
and for any open set GG in R,
lim inf —— log P 1/tV( Yds € G| > — inf IV (2) (2.21)
imint —— lo — s )ds > —in z). .
e 2@ et \a@) Jy TV boere
EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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3 Exponential moment estimates for Gibbs measures

In this section, we present some exponential moment estimates for the Gibbs mea-
sures. Let us first introduce some notations. For any positive integer L, let A;, denote a
cube of side length 2L centered at the origin and define

> @) (3.1)

zeAL

L 1
T T ey 1)

and
pr() = np(™ € ). (3.2)
We also define the regular conditional probability:

:uluq(') = IU/L,T]BAL,q(') = MP('|fAivﬁL = Q) = MRL,WOAL,Q(QL-i-l)d(')’ (33)

where pf or, 4741y IS the canonical Gibbs state defined by (2.3), and Fi; =o(n(x),z €
A%). By the definition of the canonical Gibbs state, piy, o1, , @ £ X Fpp, 3 (n,4) —
uf\L7n‘3AL7q(2L+l)d(A) € [0,1], is Faa,-measurable in n for each A C E,,, and for each

n?hL € Epy,,

1
ZeXp{_HA,nBAL(C)}I{C_LZq}’ ACEAL7

/’(‘L,Q(A) = I’LL,naAL,q(A) = ZC
AnPrL,q(2L+1)4 ¢eA

is a probability measure on Iy, . Set

" AcC EAL-

L qpL (A) = ML,Y]aAL Ry (A) = IU‘L,nOAL ,q(A)|
Then for p,-a.s. 7,
Hp noAL zL (A4) = Mp(A|gA“L‘ ),
where Gne = o(Fac,7"), and p, ory o 2 E X Fap 3 (0, A) = Y, mone it 2np1ya(A) €
[0,1], is Faa, V o(77’)-measurable in 7 for each A C E,,, and a probability measure on
E\, for each 79t € Ep,, .
Remark 3.1. (1). Note that the definition makes sense only for ¢ = i/(2L + 1)¢ with i an
integer, so we will always assume this in the sequel though we will not state it explicitly.
(2). In order to simplify notation, we drop the subscript w in p7, 4 and p LAl when the

boundary n?r is fixed.

For a local function V, and L > 1 such that Ay D supp(V) and dist(OAL,supp(V)) >
L/2, for each fixed boundary w € Ey,,, we define

Tv@W) =9, v () = p}, wa(V), ye(0,1), (3.4)
where \ is chosen such that pf" , \(7") =y, and set
Vv (@) = Vrwv (@) = prweV), Yrv(") =vrwv®) = ppwae (V). (3.5)

Then by the precise representation of uy, 4, it is known that '(/JLJ]aAL,V(?T]L) is Faa, V
o(i’)-measurable. In order to estimate the exponential moment of 1 LyoA L’V(ﬁL ) under
fior,q, let us first compute por 4 (V1 pone v (7). By Yr,v (") = 1p(VIGas ), p2r,q(V) =
po(V gAEL) 72t—q @nd Gae  C Gpe, we have that for y,-a.s. w,

paw.q (Vrnone v (7)) =tp(o(V1Gas)|Gng, nzr=q = 1p(VIGas, gzt =g = ¥21.0.v(q)-

Therefore, for p,-a.s. w,
H2L,w,q (wLynaAL,V(ﬁL)) = w2L,w,V(Q)~ (3.6)

Next, we give some exponential moment estimates for the Gibbs measures.

EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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Lemma 3.1. Suppose that the mixing condition (2.6) holds. Let V be a local function

with mean zero. For L > 1 such that Ay D supp(V) and dist(OA,supp(V)) > L/2, set
WL (77) = wL,naAL ,V(ﬁL) - wQL,naAﬂz ,V(ﬁQL)'

Then there exist constants 0 < B = By < 0o, € € (0,00) such that for any |§| < eL%/2~1,
L>1,q€(0,1),

log piar, 4 <exp {9L1+d/2WL}> < BO%L2. (3.7)
Proof. Define

9L(y) = 9r.w(y) = V8, v (W) — Vi, v (), i = qf = panq(T").

Then under the mixing condition (2.7), applying Theorem 2.2 in [28] to V and —V/, there
exists a positive constant A; independent of A\, w, L, such that

gr(q) =0, 1g7.(y)] < A1, |97 (y)| < Ay, forally € (0,1).
Then, under 7%/ = ¢, we can write
Win) =gu(") + (Vrpone v (07) =65 00, (1) = (Vargomse v (@) = 0500, (@) -

By Lemma A.4 in Appendix (the second lemma in Section 10, [28]), there exists a
constant 0 < A; < oo such that

lgr.(g5)] < A1lgf — gl < A2L™%

Thus,
p20,q(l92(7") = 9L(@)?) <2p2r.4(19.(7") = g (q5)I?) + 2451727
<2A%par o (10" — g5 |?) + 243072
By (3.6),

Vg (@) = 8 ons @) = [ (00000 00 = 8, 0)) o oo (6.
We can write
¢L7<8AL7V(€L) - icnf)AL V(Q)
=tpcon (€)= 08 oy () + (U8 cony o (C5) = U on, (@)

(8 o0 = 0 s (@)

By the equivalence of ensembles, there exists a constant 0 < Az ; < oo such that

‘1/) n") —Yrv(7 )‘ <Az L7 ‘#JL COAL, v(CH) - P oML, V(C )‘ < Az L%

Since dist(OAr,supp(V)) > L/2, by the mixing condition (2.7), there exist positive
constants 0 < Az o, A3 3A3 4 < oo such that

‘wL cong v (@) — i(jnOAL7v(q)‘ < AgopLitemAssl < Ay L7

Set ¢§ = sz’naAZL’q(C ). Then
gc 2 A
H2L,q (/ <,(/JL,<0AL7‘/'(C ) ’(/)L JCOAL V(q>) M2L,naA2L,q(dC 2L)>
— 2
<o (o €)= Vons 1 00)) v 0 ) 4 23072

<2Apiar, ( - qz|2uu,nm%7q<d<m>) L 2A2L,
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Thus, there exists a constant 0 < A4 < oo such that

p2r,q(IWLI?) <Asporo(I0" — 5 1?) + AsL ™" + Agpar 4 (/ ICY = G5 1P par, morar ,q(dCA“)> :

Applying (A.4) in Appendix to g(x) = x, then there exist constants 0 < A5 < oo, € € (0, 00)
such that for any || < eL%?~!, for any ¢ € (0, 1),

log piar. g (exp {01172 (7 — q5) } ) < As[60L2.

Therefore, for any |§] < CL~(**/2) where C ¢ (0,min{1,1/|V]|}/8), and ||V| =
sup,e [V ()],

1 _ c 1 — c
ST s (7 = %) < log (14 10722 a7 1% ) <AL

The same proof yields

1 P -

é92L2+d / ¢ = 1 P par monar o (dCP27) <A50L2.
Therefore,

pion.o(IWL|?) < 24,4517 + AL 72,

Now, by par (W) = 0, and using the Taylor expansion and (3.6), there exists a constant
0 < Ag < oo such that for any 9| < CL~(1+4/2), for any ¢ € (0,1),

0 (9L1+d/2)k

(s oo, ) <1+ 52O
k=2 ’

par,q (Wr)*)

o~ 2CIVID*

<14 L*Tip? (W,
+ H2L,q | | k+2)!

k=0
<1+ Agh*L2

Thus, (3.7) holds for |§| < CL~(1+4/2),

Next, let us assume that |§| > CL~(*+%/2) By the Hélder inequality, for any |0 <
eLY?71, L >1,q€(0,1),

log p121,,4 (exp {9L1+d/2WL}>

1
S? log 2.4 (eXp {79L1+d/2 (9c(7") — g(45)) }) ~log izr.q (eXp {79L1+0l/2 (g i)})

1
+= log p121,,4 (eXp {79L1+d/2 (wL,naAL7V(ﬁL) 3 naAL o )})
V(@)

1 c

+ ? log H2L,q (exp {79L1+d/2/ (wL,CaAL,V(C ) ql)g L,CoAL, Hor, mdhar q dCAZL)}>
11 9L1+d/2 L gc d Aor,

+ z og oL q | exp 7 L CBAL V(C ) — L,coAL, V( ) ) Har, mdhar q( ()
11 7O T4/2 ~L Aar

=+ 7 Og Uar,q | €XpP L gOAL V(C ) L CaAL v qL Hop ndotarL g C )

1
7 log pi21,. <exp {79L1+d/2/¢L ¢orL, V(QL)MQL nhar g (d¢her) })

By Lemma A.3 in Appendix, there exist constants 0 < A; < oo, € € (0, 00) such that for
any |0| < eL4/?71, for any q € (0, 1),

log 21,4 (exp {79L1+d/2 (90.(%) — g1.(a5)) }) < A-0L2, (3.8)

EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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and
g (x0 {72 [ (6400, (8 = 0 ans 00)) v )} )
<10g f121, ( / exp {TOL 2 (02 on, 1 (E) = o, 1 (@5)) | ugL,nam,Achu))
<A:0%L2.
By Lemma A.4 in Appendix, there exists a constant 0 < Ag < oo such that

gr(dS)| < Arlgs — q] < AyL~? < Agh2L2 for any |§] > CL~(1+4/2)
L L

and
[ con, (5| < As6°L* for any |0] > CL-(+4/2),

By the equivalence of ensembles, there exists a constant 0 < Ag < oo such that
95 (0"~ Yrw (1) < AL < AL for amy [6] > OL= (),
and
|¢L7<OAL,V(§L) - ifgaAL,v(éL)\ < AsL™% < Ag0%L? for any |0| > CL~1+4/2),

Since dist(0Ar,supp(V)) > L/2, by the mixing condition (2.7), there exists a constant
0 < Aip < oo such that

025 ory (@) = 0 o, (@)] < Asp L7 < 4100712 for any [9] > OL~0+0/2),

Therefore, there exist constants 0 < A;; < oo, € € (0,00) such that for any CL~(1+4/2) <
0] < eLY/271, for any ¢ € (0,1),

max { log par 4 (exp {79L1+d/29L(q2)}) ,
1+d/2 gc ~c Aaor, (3.9)
log IU’QL,q eXp 7€L ¢L7<~8AL,V(qL)/'LQL,naA2L,q(d< )

<Ay L?0%

and
max { log piar.q (exp {70L1+d/2 (T/)L7,’78AL}‘/('I7L) - wifnaAL7v(ﬁL)> }) ,
o2 (x0 {72 [ (o0, C8) = ans () s e o0 ).

g ia (o0 {702 [ (Vs €)= o @) g v o060} ) }

<Ay0L%6%.
(3.10)
Thus, (3.7) holds for any CL~(1*+4/2) < |g| < eL%/?~1, O

Lemma 3.2. Suppose that the mixing condition (2.6) holds. Let V' be a local function
with mean zero. Then there exist constants 0 < Cy < oo, € € (0,00) such that for any
0] < eL?~1, [ > 1 with Ay, D supp(V) and dist(dA,, supp(V)) > L/2,

Ko (exp {OLH'd/QwL,V(ﬁL)}) < exp{Cy0*L*}. (3.11)
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Proof. For j > 0, set
Wi, () =r, v(7™) — o, v(7*"9), where L; =27L.

Noting ¢ar, v (7*49) — pp(V) =0 py-a.s. as j — oo, we have that

oy (i) = W, ().

j=0

Since p, is the canonical Gibbs measure, for any j > 0,

po (ex0 {0L Wi, () }) = 1o (o, oo (ex0 {0132 W, () }) ).

By Lemma 3.1, there exist constants 0 < By < oo, € € (0,00) such that for any
6] <eL¥271,5>0,9€(0,1),

/“L2L]»,'F]2Lj (CXp {GL;J"d/QWLj (7])}) < BVGQL?
Thus, by the Hélder inequality and d > 3, for any |0 < eL%/?~1, L > 1,
log 11, (exp {9L1+d/2¢L7V(77L)})
< i 9—i(1+d/2) |, ( oL 2y
- S Hp  XP J L; (n)
j=0
o
< Z 9-ild/2=1)p 212
j=0

<By0?L?/(1 — 274/,

and so, (3.11) holds for Cy := By /(1 — 279/2+1), O

4 Upper bound

In this section, we prove the upper bound of the moderate deviation principle. The
main tool is the logarithmic Sobolev inequality obtained by Yau. Our proof is based on
the variational formulae of the relative entropy, and the principal eigenvalue of Feynman-
Kac semigroup. For the sake of convenience, let us first introduce the two variational
formulae (cf. [5], [6], [15], [24], [25].

The variational formula of relative entropy. Let © € M;(E). The relative entropy
H(v,u) of v € M;(E) with respect to u is defined by

/ (jylog jy) du ifv <,

+00 otherwise.

H(v,p) =

where Cy,(E) is the space of all bounded continuous functions on E. The relative entropy
H(v, ;1) has the following Donsker-Varadhan variational formula (cf. [25]):

H(v,p) =sup {v(f) — logu(el), fe Cy(E)}. (4.2)

The variational formula of the principal eigenvalue of Feynman-Kac semi-
group. Let X;, t > 0 be a reversible Markov process with the Feller property, and let
w € M1(E) be its reversible measure. Let (A, D(A)) and {P;,t > 0} be its generator and

EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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semigroup on L?(u), respectively. Let V : [0,00) x E 5 (t,z) — V(¢,z) € R be a bounded
continuous function. It is known that (cf. Appendix 1 [15], Section 7 in [24])

Ay = A+ Vi,

is also a symmetric operator on L?(x), where V(x) := V(t,z), and the semigroup of
bounded operators { P} ,t > 0} associated with the generator .4; can be represented by

PY f(z) = E, (exp {/Ot V(S,Xs)ds} f(Xt)) , [ €Cy(E),

where E,(-) denotes the expectation with respect to the process starting at . {PY;¢ > 0}
is called Feynman-Kac semigroup. Let A\;(V') be the principal eigenvalue of the operator
PY. Then

M(V) = sup {u(Vig®) — u(=0.A9); u(lo|*) <1}, (4.3)

and
E, (efg V(s,XS)ds) < oo (Vs (4.4)

Lemma 4.1. Suppose that the mixing condition (2.6) holds. Let d > 3 and let V be a
local function with mean zero. Then for any a € R,

lim sup lim sup —— 2( ] log E, (exp {a/ YL, v (7, )d }) <0. (4.5)

L—oo t—o00

Proof. For L > 1 such that A; D supp(V) and dist(0Ar,supp(V)) > L/2, as the proof in
Lemma 3.2, we can write

Yrv(n ZWL

where '
Wi, (n) = ZZJLj,v(ﬁLj) - 1/)2Lj,v(7_]2Lj), and L; = 2’L.

Thus, by the Holder inequality, and the definition of the canonical Gibbs measure,

a%() log £, (eXP {a(tt)a/t ¢L,V(775L)d5})

<X:L1 42 )long (exp{ a(t) d/2 1/ Wi, (ns)d })

[e’e] t
1—d/2 a(t) —a/2-1
=S s (B, (o0 S0 [ s} ) )
=

0

Since V is bounded, by the Feynman-Kac formula and the variational formula of the
principal eigenvalue of A + @an(d/z‘l)WLj (see (4.3) and (4.4)),

alt) sar [
log B, , | €xp TaLj / L, (ns)ds
0

<t sup {a(t)aI’?m_l/‘?qu(WLjf) - DQLJ‘»Q(\/?)} )

OSfe]:2Lj)N2Lj,q(f):1 t

where ]:QLJ. = U(n(m),x S AQLJ.),

Dar;q(VF) = B4 Z (V=) =/ f(n))?

z,yEAa |z —y|=1

EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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By the logarithmic Sobolev inequality,

Hop, 4(f) < CL?DzLj,q(\/J?), 0< feFor,, por; q (f) =1,
where
H2L_7,q(f) = M2L;.q (f log f) .
By the variational formula of the relative entropy (see (4.2)), for any v > 0,
Hyyp,.
}) + 2L],q(f)
Y
CL3Dar, o(VF)
—V .
For any 0 < f € Fur, such that psr; o (f) = 1 and DQLM(\/T) # 0, we choose 7 =
LYY\ /Dar, (V). then

1
Har,.e(Wr, f) <2 logpior, o (exp {1Wr,

1
<2 logpuar, g (exp {7W, }) +

Hop, q(f)
ot

1
g; log p2r; 4 (exp {L?/%l D2L,~,q(\/J7)WLj })

+COL "\ Dar, o V).

By Lemma 3.1, there exist constants 0 < B < oo, € € (0,1) such that for any

L;idﬂ V DQLJ‘#I(\/?) <€
and ¢ € (0,1),
log pi2r; 4 (exp {L;»Z/Z_l\/ D2Lj,q(\/?)WLj }) < BL;_d/Q DzLj,q(\/})»

MQLj7Q(WLjf) <(C+ B)Liid& DzLj,q(\/J?).

By a density argument, the last inequality holds for any 0 < f € For; with par, 4 (f) = 1.
Since Wy, j > 1 are uniformly bounded, there exists a constant A such that

1
a0 (Wi, f) <2 logpar, g (exp {YWr, }) +

and so

@&L?ﬂ_luz@,q(w@ £) = Dar; (\/F)

d/2—1 (alt) 1-d/2
<Lj <tOéM2Lj,q(WLjf)—Lj Dar;(Vf) Lipt-2p,, (V<2 0l A}

Since @ — 0 as t — oo, for any given «, there exists t, > 0, such that for all ¢t > ¢,

N2 D, <22 iaa) = Ty 0ar, vy = uiore oo i <ey
Therefore
a(t d/2—1
sup aL_j ﬂQLj,q(WLj f) - D2Lj,q(\/?)
0<feFar; 7H2Lj,q(f):1 t

< sup {a(t)a(CJrB) DzLj,q(\/f)—DzLj,q(\/J?)}

0<fE€Far; p2r;,q(f)=1

a?(t) 2
< —= .
< a“(C + B)

EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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Thus, noting d > 3, we have

t
lim sup a%(t) log E, (eXp {ag)a/o ¢L,v(nf)d8}>

Siaz(c+B)2L17d/222j(17d/2) o,
=0

as L — oo. O

The following lemma is an extension of Theorem 1.1 in [15] Appendix 3 (also Lemma

3.2 in [14]). The proof is similar to that of Theorem 1.1 in [15]. For convenience, we give
its proof.
Lemma 4.2. Let (E, £, i) be a probability space and set L2(u) := {f € &; ||f]13 = u(f?) <
x}. Let —A be a nonnegative definite symmetric operator on L?(y), which has 0 as a
simple eigenvalue with corresponding eigenfunction space Uy C L?(u) and 1 € Uy, and
second smallest eigenvalue v > 0, i.e., the spectral gap of magnitude ~:

v = inf <f — MUy (f)’ *A(f — Uy (f)»,u
I7l2<1 1 = muy (I3

where m, is the projection from L?(u1) to Uy. Let V be an essentially bounded function
with x(V') =0, and denote by . the principal eigenvalue of A + ¢(V — my, (V) given by
the variational formula

> 0,

Ae = sup (f, (A+e(V = my, (V) )
I7112<1

Then
2

0< A

< € TV V) (AT = g (V)

Proof. Fix € > 0. Denote by A. = A+ ¢(V — my, (V') for simplicity. Note that

Ae = sup (f = my, (f), (A+e(V = mu (V)] = 7o ()

Il fll2<1

Therefore, there exists a sequence of functions {G. ,,n > 1} of L?(u) such that

GemllUo, |Genlzzgo =1 and lim (Gepy AGen) = A

n—oo

Notice that (G, (Ae — Ac)Gen) — 0, as n 1 oo by definition of G, ,,. By 1 € Uy, we also
have p(Ge,n) = 0.
By definition of G ,, we have

)\e = <Ge,n; ()\e - Ae)Ge,n> + <Ge7naAeGe,n> = Il + I2-
By the Schwarz inequality we have that for any positive C'
Iy =e2u((V = 4 )(Gen — 1)) + ep((V = 704y )(Gesn — 1)2) ~(Geny, —AGe )

(U = 1)V = 1) + A G = D (G = 1)

T u((V — 1) (G — 1)2>) (G AG)

2
€ _
SGEATHV =), V= 1) + (C = 1){Gen, —AGen) + 26|V oo
EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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By our choice of G, 1 = u(Gepn)? < v HGen, —AG.,). Recollecting all previous
estimates we obtain that A, is bounded above by

62

<Ge,n7 ()\e _-AG)GE,TL> + 5<(_~A)_1(V - 7TZ//0)7 V- 7TZ/10> - (1 -C— 2|‘V‘|67_1)<G6,n7 _AG677’L>'
Now we take C' = 1 —2||V|ley~!. Noting (Ge n, (Ac — Ac)Gen) — 0 as n 1 oo, we conclude
the proof of the upper bound by n 1 co..

The lower bound follows from the variational formula for ). by taking f = 1. O

Lemma 4.3. Suppose that the mixing condition (2.6) holds. Letd > 3andlet V € H_;
be a local function with mean zero. Then for any a € R,

t 2 2

v
imsuptimonp — g 2y (0 { 2 [0 Vi) — vy as}) < =20
L—oco t—oo @ (t) t 0 9

(4.6)
where o2(V) = 2(V, —AV),,,.

Proof. Without loss of generality, assume supp(V) C Ay, and dist(0Ar,supp(V)) > L/2.

Set Gr = o(n(z),z € Ar). Then by Feynman-Kac formula and the variational formula of
the principal eigenvalue of A+ V — ¢, v, for ¢ large enough,

E, (eXp {ait) /Ot a(V(ns) — wL,v(ns))dSD

Sexp{t sup {a(t)oéup((V—wL,V)f) —D(\/f)}}

rzom,(p)=1 Lt
For f > 0 with p1,(f) = 1, set fr(n) = E,(f|Gr). Then 0 < f € G, p,(f) =1,
(V= ¥rv)f) = pmo((V = ¢, v)fL).

Noting that f — D(y/f) is a convex function, we also get

D(/f) = D(/fr) = Dr(\/f1),

where
DLV =m | D> V) = Vim)* | (4.7)
e
Thus,

E, (eXp {ait) /Ot a(V(ns) — wL,v(ns))dSD

gexp{t sup {a(tt)aup((V—i/JL,v)f)—DL(ﬁ)}}-

OSngL”U'p(f):l

Now we consider the lattice gas dynamics corresponding to the Dirichlet form Dy (f).
Noting that 1, ((f —¥r,5)?) = pp (1r.qe ((f — ¥r,7)?)), by the logarithmic Sobolev inequal-
ity, the following Poincaré inequality holds:

ol(f = 01.0)%) < OL2 [ yldm)Dy yons o (£) = CL2Du(P)

EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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The process has a spectral gap of magnitude ~;, that depends on L. Therefore, by the
previous lemma,

t at) [*
h?i)solclp 200 log E, (exp {toz/o (V(ns) —v¥rv(ns)) ds})
< hirisgclp ﬁza(t)/t«v — ), —ALN(V =L v)),

<o (V= trv), —AL (V =¥y,

where A;, is the generator corresponding to the Dirichlet form Dy (f) = (f, —Ar),
Note that

0"

(V=tppv),— ALV =Yy, = sup {20,((V = vrv)g) — Dr(9)}
9EGL, Hp(g9?)<oo
_ (o ((V —r,v)g))?
_gegL,S;}tE)gQ):l Di(g) '

Since f — Dy(f) is lower-semicontinuous in L?(y,,), there exists gz, € Gr, with ,(g7) =1
such that
(1o ((V = %r,v)g1))*

Dr(gr) '

Choose subsequence {gr,,,n > 1} such that g;, weakly convergences g in L?(u,) and

(V=try), ALV =¥ v))y, =

hinjo[ip((v —YLv), AL V =¥Lv)u, = nlggo Dr(9r,)

By equivalence of ensembles, we have that

Yr,.v(n) =0 p,—as. and L*(u,),

and so
Jim 1, (V= 4r, v)91,.) = 1p(V9)-

Therefore

lim sup lim sup —— T log E, (exp{ a(V(ns) —vrv(ns)) ds})

L—oo t—o00

< ?limsup((V — ¢LV 2V =y V)>

L—oo
9 2 2
<V 0 oy gy, = 5V,

D(g) 2

O

Theorem 4.1. Suppose that the mixing condition (2.6) holds. Letd > 3 andlet V € H_;
be a local function with mean zero. Then for any a € R,

t t 0420'2 Vv
limsup —— e log E, (exp {a()a/ V(ns)ds}) < ﬁ. (4.8)
t—o00 ( ) t 0 2
In particular, for any closed set F' C R,
limsup —— log P, [ — /t V(ns)ds € F) < — int v 4.9)
u — B < - — .
a2y e \awy Jy TV ser 202(V)’
EJP 29 (2024), paper 43. https://www.imstat.org/ejp
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Proof. By the Gartner-Ellis theorem (cf. Theorem II.2 in [8]), we can obtain (4.9)
from (4.8). Next, let us prove (4.9). For any p > 1 with 1/p + 1/¢ = 1, by Holder’s
inequality, the term inside the limit is bounded above by

paﬁ(t) log £, (exp {a(tt)poz /Ut (V(ns) — tam v(ns)) ds})
s oo ]

Letting ¢ — o0, by Lemma 4.1 and Lemma 4.3, we obtain

. ai)k%EpG“p{%?a[fvmg@})<1”%f“”

lim sup

which implies (4.8) by letting p | 1. O

5 Lower bound

In this section, we prove the lower bound of the moderate deviation principle. The
proof is based on a suitable measure transformation (see Lemma 8.18 and Lemma 8.21
in [24] for large deviations).

Letd > 3 and let V € H_; be a local function with mean zero. Suppose that the
mixing condition holds for all A. For any local function f with mean zero, and ¢ > 0 with

D) flloo <1, setuf = 1/1+ %0 Then p,((uf)?) =1, and (cf. Lemma 8.18 in [24]),

f s f

uf s _-A

Mt = u;(n ) exp{ fut (nv)dv} , >0,
uy (o) 0 U

s s s

is a martingale with expectation one. Define P, (A) = E,(14MJ"), A € F,. Then P,"

is a Markov process with reversible invariant measure du’ := (utf )2du,. Let us call
s

the corresponding stationary process P! = P:J’ , the corresponding generator A’ and

Dirichlet form D*.

Lemma 5.1. Suppose that the mixing condition (2.6) holds. Let d > 3 and let g € H_
be a local function with mean zero. Then for any a € R,

o (w0 { o [t - wtoas)) < “EL s

t

lim sup
t—oo @ ()

where E? denotes the expectation corresponding to P!. In particular, for any r > 0,

2

,
li — s)ds < - . 5.2
o agroe P (| ) st —wan|2r) < @2

t—o0

Proof. Let P, s > 0 denote the semigroup of A’. Using the Taylor expansion, we can
get

Aul T+ @O/ FAVT+ @)/ ]
ul L+ (a(t)/t)f

Jl+@@ﬁﬁA¢1+mwﬁv<1“”f+o(*“§) 5.3)

t2
a(t) a?() a?() a’()
: Af—Z - fAffg o Af + ( 3 >

1
2
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f
Note that 11,(Af) = 0 and p,(Af?) = 0. By the definition of the martingale M, and (5.3),
we have that for any local function g with p,(g) =0, and any « € R,

a%wlogEt (exp {a(tt)a/ot(g(ns) _ Mt(g)))ds})

$l A — a9+ s vog By {4 [ (agtn) — Jasn0)

(5.4)

L 120 / 0 AT ) () — gl AT d}> +0 ((t) ) |

t

For any p > 1 with 1/p 4+ 1/¢q = 1, by Hélder’s inequality, the second term in the last
inequality has the following estimate:

o, en {0 [ (agtn) - LAsta) ) ds

1a*(t) /Ot (F(ns)Af(ns)(ns) — mp(fAS)) ds})

< (e {550 (cotm—34700) 0 })
)

+tsto, (oo {1900 [ oAzt m - n(rAn) ds})

h?isolip pat( ) log Ep(exp {pat(t) /Ot (ag(ns) - ;Af(ns)) dS})

Py 2« g; 1Af)

(0202 @) = 20ma(0) + 5,(749))

By (4.8),

[NV

and for any € > 0,

lim sup ()1ogE( {“’“2(“ [ G@IAT) @)~ s AT 8

t—o00 qa

)

< oy s (e { e [ (rtn) As ) — oA a5 })
o3 (FAS)
<% UAD,

which implies

imsup 1o By (e {757 | [ 004700 - (A7) s

t—oo (qa

}) —0.
Thus, letting ¢ — oo in (5.4), we obtain

lim sup t( Jjlos E" (exp {p“t(t)a /0 (alm) - u%g))ds}) < w

t—oo Pa
This yields (5.1) by letting p — 1. Therefore, for any r > 0, (5.2) also holds. O
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Theorem 5.1. Suppose that the mixing condition (2.6) holds. Letd > 3 and let V € H_;
be a local function with mean zero. Then for any open set G C R,

2
z
htmlnf 2 )logP ( / Vns)ds € G) zegm (5.5)

Proof. For 0 # z € G fixed, choose 0 < dy < 02(V)/2 such that the closed ball B(z,4,) :=
{y;|z —y| <&} C G. Since

a2(V) (1o(V9))?
£ = [|[V]|21 = sup { 2(V, —{(f,—A = su ALA LA
5 V]l-1 ferg{ VD = {Fs=Af ), } gEC,up(g):(?,p,p(gQ)zl (0 —Ag)

for any 0 < § < &y, there exists g € C with y,(g) = 0 and j,(¢g?) = 1 such that

s 2y (Va))?
V)0 T T A

In particular, we have (1,(Vg))? > 0. Now, we take f = zg/u,(Vg). Then

(o

2 2
FEC pmp(f) =0, pp(Vf) =2, and of(V) =0 < m

For each 0 < § < dg, set

44 ={‘ /°fAfnsds—uAfAfﬂ }

:{a@

——14 Af@dds—uAﬁAﬁ’<5},

and

Q@%:{;ﬂéndmwwﬂwWﬁwgé}

Then, by Lemma 5.1, for any § > 0,

t—o00
Thus
t
htrn inf —— (D) log P,(G)

t
> hggl;}f (1) log P,(C4(9))

p .Auf

f

¢ = (ns)ds

>liminf —— log/ utf(no)e 0 g (s Jp!
t—oo a?(t) A(5)NB,(5)NC4(8) i (1)

= po(FAF)/2+ pp(fAf)/4 = 20 + lim inf ()logPt(At@)ﬂBt(é)ﬂCt(é))

= U —Af) -~ 2

Z2

RN

Letting 6 — 0, we obtain

2,2

a 202(V)

llglolgf a2( ] log P,(G) >
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A Some moment estimates of the Gibbs measures

For the sake of convenience, we introduce some results for moment estimates of the
Gibbs measures in [26] and [28].
Firstly, let us recall Lemma 5.2 in [28].

Lemma A.1 (see Lemma 5.2 in [28]). Let v be a probability measure on (2, 7). Suppose
g is a real measurable function on (2, F) satisfying

sup |g(w) — v(g)| < L™
weN

Then there exist a positive constant A such that forany L > 1, 5 > 0,

b

5L log v (exp {BL% (g — v(9))}) < AB. (A.1)

Let g be a smooth function on (0, 1) with

l9' ()| < C, [g"(y)| < Cforally e (0,1). (A2)
Define
o(y) = 9(y) — 9'(a7)(y — q7) — 9(4), y < (0,1),
where
a5, = parq (7°) -
Note that

Aop \ A = a union of cubes of side length 2L.

Applying Theorem 5.1 in [28] to por 4, U = Ap, and £V, then there exist constants
0 < A < o0, € €(0,00) such that for any 0 < 3 <, for any g € (0,1),

S 08 . (exp {21167 }) < AP,

Set # = L~ %/?*1, Then for any 0 < § < eL%/?~1, for any q € (0, 1),

log 21,4 (exp {£OL 9/ 20(71) }) < 46212,

Thus, the following exponential moment estimate holds.

Lemma A.2 (cf. Theorem 5.1 in [28]). Let g be a smooth function on (0, 1) with (A.2).
Assume that the mixing condition (2.7) holds. Then there exist constants 0 < A < oo,
¢ € (0,00) such that for any |0| < eL4/?~1, for any ¢ € (0,1),

log 21,4 (exp {0L1+d/2¢(ﬁL)}) < AG?L2. (A.3)
Lemma A.3 (cf. (5.20) and (5.21) in [28]). Let g be a smooth function on (0, 1) with (A.2).

Assume that the mixing condition (2.7) holds. Then there exist constants 0 < A < oo,
€ € (0,00) such that for any |f| < eL%?~1, for any ¢ € (0, 1),

log 121, (exp {9(2L + 1) (g(7") - 9(48)) }) < Al9]°L?, (A4)
and

log par g (exp {9(2L + 1)1+d/2g’(qz) (ﬁL — qz) }) < A\9\2L2. (A.5)
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Proof. By (5.20) and (5.21) in [28], there exist constants 0 < A < oo, € € (0, 00) such that
for any |8] < ¢, for any ¢ € (0,1),

1

QL 1)1 08H2ta (exp {B2L+ 1) (9(n") — 9(a3))}) < AIBP, (A.6)
and )

L5 1) 08 H2ka (exp {B2L + 1) (q7) (1" — qf)}) < AR, (A.7)

Now, take 3 = 0L~%/2*! in (A.6) and (A.7). Then for any 0 < 6 < eL%2~!, for any
€ (0,1), (A.4) and (A.5) hold. 0

The following lemma is the second lemma in Section 10 of [26] which gives a compar-
ison of the mean of particles at two different points.

Lemma A.4 (cf. Section 10 of [26]). Suppose that the mixing condition (2.6) holds. Then
for any s > 0, there exists a constant C such that

sup sup ‘uf\bw’y(%“)d(no —1e)| < CsL7%,

weEE ye(0,1)

for any e € Ap. In particular, there exists a constant C; such that

> =L —d
sup sup ‘,u‘ (7%) — y‘ < CyL™“.
weFk ye(0,1) Az ow y(4L+1)7
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