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Abstract

We study the characteristic polynomials of both the Gaussian Orthogonal and Sym-
plectic Ensembles. We show that for both ensembles, powers of the absolute value
of the characteristic polynomials converge in law to Gaussian multiplicative chaos
measures after normalization for sufficiently small real powers. The main tool is a new
asymptotic relation between the fractional moments of the absolute characteristic
polynomials of Gaussian Orthogonal, Unitary, and Symplectic Ensembles.
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1 Introduction

The Gaussian Orthogonal/Unitary/Symplectic Ensembles are probability measures on
the space of N x N Symmetric/Hermitian/Quaternionic-Hermitian matrices with density

Ps(A) exp(—NBTr(A?)), (1.1)

 Zng

where here § = 1/2/4, respectively, and Zy g is a normalization constant. We will write
Ay g for a matrix sampled from the measure (1.1).

The focus of this paper will be the study of the (absolute) characteristic polynomial
of matrices sampled from these ensembles in the large N limit. Our understanding of
the behavior of such random characteristic polynomials for these (and other) matrix
ensembles has seen much progress in recent years (see, for example [4] and the ref-
erences therein). Much of this progress has been motivated by conjectures on these
processes due to Fyodorov, Hiary, Keating, and Simm in [22, 19, 20], who predict a
detailed picture of the extremal values of these processes by relating these characteristic
polynomials to objects from the theory of log-correlated fields. Key to this picture is the
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foundational work of Fyodorov, Khoruzhenko, and Simm [21], which shows that for g = 2,
the normalized logarithm of the characteristic polynomial converges (in a suitable sense)
to a log-correlated Gaussian random field, expanding the picture derived by Hughes,
Keating, and O’Connell [23] in the Unitary case. More explicitly, in [21] they construct a
centered Gaussian field X on (—1,1) with covariance kernel

EX ()X (y) = — log |2(z — y)].

Due to the divergence of this covariance kernel on the diagonal, X does not exist as
a random function, but instead, they show that it may be constructed as a random
variable valued in a suitable space of distributions. They then proceed to show that
the normalized logarithm of | det(Ay 2 — zI)| converges in law to X with respect to the
topology given by a suitable Sobolev norm.

A key tool used to understand the geometric properties of log-correlated fields (such
as X) is their associated (GMC) Gaussian multiplicative chaos measures, introduced by
Kahane [26], which are roughly given by regularizing the exponential of the field. For
more background on log-correlated fields and GMC measures, the reader is invited to
consult [36].

In view of the results of [21, 23], one thus expects that the asymptotic behavior of
the characteristic polynomials of these ensembles and their powers should be described
by a family of GMC measures, and indeed it is from this perspective that [22, 20] were
able to formulate their conjectures. Much progress has been achieved in establishing
this picture rigorously. In particular, for § = 2, Berestycki, Webb, and Wong [4] establish
that small enough powers of the absolute value of the characteristic polynomial can
be described in the large NV limit by a Gaussian multiplicative chaos (GMC) measure.
Explicitly, they construct a family of random measures ., for a € (0,2), which may be
heuristically written as

to(dx) = exp (aX(:E) - O;QIE[X(:E)Z]) dx. (1.2)

They then show that when viewed as random measures on (—1, 1), the sequence

|det(An2 —zI)|*
E[| det(An,2 — xI)|*]

dzx

converges in law to u, with respect to the topology of weak convergence of measures.
Our main result will be an analog of this result for the Gaussian Orthogonal and Sym-
plectic ensembles (i.e., 8 = 1,4).

Theorem 1.1. For a € (0,1/1/2), we have as N — oo that

| det(AgNJ — .%‘I)‘O‘
E[| det(Aan,1 — 21)]%]

dx = 15, (dx)
in law with respect to the topology of weak convergence of measures.
Similarly, for a € (0,/2) we have as N — oo that

|det(AN4 — {I?I)Ia
: d d
Bl det(Ayq — ol)jo] ™ = Ferval®)

in law with respect to the topology of weak convergence of measures.

We note that some analogous results are known outside of the case of Gaussian
ensembles. In particular, Webb [40] showed that suitably small powers (more precisely
powers in the L?-regime) of the characteristic polynomial of a Haar distributed random
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unitary matrix converges in law to a certain GMC measure on the unit circle, after a
suitable normalization. This result was later extended by Nikula, Saksman, and Webb
[34] to the larger L'-regime, which is believed to be optimal. Additionally, Forkel and
Keating [16] have shown a similar result for the characteristic polynomials of matrices
sampled from the Haar measures on both the orthogonal and symplectic groups.

In all of these cases though, the results rely on precise asymptotics for the frac-
tional moments of characteristic polynomials (for example, see Sections 3 and 4 of [4]).
Depending on the case, this becomes equivalent to obtaining asymptotics for certain
Toeplitz, Hankel, or Toeplitz+Hankel determinants associated with certain measures
with Fischer-Hartwig singularities (see [18] for further background). These asymptotics
have been computed in many cases through the use of Riemann-Hilbert methods (see,
for example, [29]). These methods though, are specific to the case of 3 = 2, with no clear
generalization to the 5 = 1,4 cases.

Here we take a different approach to prove Theorem 1.1. Instead of calculating the
fractional moments directly (which appear to still be inaccessible to current methods),
we instead relate fractional moments of | det(Aan 1 — )| and | det(An 4 —xI)| to those of
| det(Aan 2 — xI)|. For notational convenience in stating our result, here and elsewhere,
we will denote

DNﬁ(J?) = det(ANﬁ — IEI)

Our main tool in proving Theorem 1.1 is then the following asymptotic relation, which
may also be of independent interest.

Theorem 1.2. Let m > 1, and for each 1 < i < m, let us take «; > 0 and \; € (—1,1)
such that -1 < A\, < --- < A1 < 1. Let W be a smooth, compactly-supported function
that coincides with a polynomial on a neighborhood of [—1,1]. Then we have that

Qg

E x &

6Tr(VV(AzN,l)) H |D2N,1 (>\1)
=1

e Tr@W (AN 4)) H DN,4(>\i)|2ai1

=1
m
eTr@W(Azn 2)) H |Dan,2(A;) |2ai

i=1

—E (1+O(N~%)).

Moreover the error term is uniform over compact subsets of {\;}1"; € {(A1, - m) €
(L™ A > > A\ )

Remark 1.3. Theorem 1.2 may be compared to the following relation given by Baik and
Rains [3] (also noted in [18]). Denote by Oy,Uy, and Sy, a random matrix sampled
from the Haar measure on SO(N), U(N), and Sp(N), respectively. Then for a large class
of functions ¢ (including integrable functions), we have the following relation

E[det(g(Oan+2))|E[det(g(S2n))] = B[] det(g(Uzn))[?).

For other occurrences of GMC measures in random matrix theory, see [31] as well
as the references therein. We also mention the work of Lambert, Ostrovsky, and Simm
[32], where they establish the convergence of a regularized version of log(|Dy g(z)|)
to a log-correlated field for arbitrary 5 > 0. Additionally, we also mention the recent
work of Bourgade, Mody, and Pain [6], where they establish normalized fluctuations of
log(|Dn g(x)]) at a finite collection of points. In the work of Claeys, Fahs, Lambert, and
Webb [9], a similar convergence to a GMC measure is shown for the exponential of the
eigenvalue counting function, from which they derive optimal bounds on eigenvalue
fluctuations. Lastly, for some beautiful relationships between log-correlated fields,
random matrices, and the behavior of special functions in number theory, one may
consult [28, 20, 22], and the references therein.
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Lastly, we also remark that the restriction to the even case for § = 1 in Theorem 1.1
appears to be a technical artifact of our method of proof, which relies crucially on
Theorem 1.2. Similarly, we note that the parameter ranges for « in Theorem 1.1 amount
to only a strict subset of the L2-phase, which occurs for a < /3. This restriction as well
is a limitation of our method and is due to having to rely on the convergence of the 5 = 2
at larger powers, as is explained below.

1.1 Construction of GMC and sketch of the proof of Theorem 1.1 from Theo-
rem 1.2

We now outline our method to obtain Theorem 1.1 from Theorem 1.2. Details are
given in Section 3. We begin by recalling the basics of the construction of the GMC
measure (1.2). We first recall a sequence of Gaussian processes on (—1,1), denoted Xy,
such that a.s. X; = X as M — oo in the distributional sense. This decomposition comes
from the identity (see, for example, Appendix C of [35]) that for z,y € (—1,1), we have
that

- flog 2lz —y|) = Z ka x) Ty (y

where T}, is k-th Chebyshev polynomial of the first kind defined by the relation T (cos(6))
= cos(k#) for 6 € (0, 2x]. The polynomial T} is also the k-th orthogonal polynomial with
respect to the measure /o5, Where pi,,(z) = 2(1 — 22)~/2I(|z| < 1) denotes the (shifted)

T

arcsine distribution. In particular, from this, we have the following (formal) distributional

identity
Z Lo

where (Z) is a sequence of i.i.d standard Gaussians random variables. We define

which is the formal projection of X onto polynomials of degree-M in L?(js).
If we define pp o (dz) = exp(aXy(z) — %QE[XM(x)2])dx, it is shown in [4] that for
€ (0,2), the measures p)r,, converge weakly in law to a nontrivial limiting measure,
which will be our p,,. In addition, for a € (0, \/5), it is shown that 1/, converges to (i,
in the L?-norm as well.

We now define
|Dng(@)|*

E[|Dy,s(x)[*]

In addition, we introduce processes Xy g, similar to Xjs, but relating instead to
log(|Dn g(x)]). As the eigenvalues of Ay g may live outside of (—1,1), we first must
smoothly extend T}, to a compactly-supported function. In particular, let us fix some ¢ > 0

and choose, for each k, a function Tk(x) which is smooth and of compact support, and
such that Ty (z) = Tx(z) on (=1 — ¢,1 + €). We define

BN ,Ba(dT) =

M 2 eOéXNy]y{yg(I)
Xy p(z ; ST (Ti (AN p)Ti(@), v, v p,0(de) = FeoXnars @ &
For a measure p on (—1,1), and a function f, let us denote u(f f flz . We

note that by a standard argument (see Section 4 of [27]), there is no loss of generahty to
replace the weak convergence in Theorem 1.1 with vague convergence. That is, it suffices
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to show for any fixed continuous compactly-supported function ¢ : (—1,1) — [0, 0), and
for a < y/3/2, that we have that

N B.a(P) = 1y /375(#) (1.3)

in law as N — oo for 8 = 1,4 (where N only runs over even numbers if § = 1).
For § =1,2,4 and a > 0 and M fixed we have that

1N M,B,a () = MMM/QTB(@)

in law as N — oo. This result is a consequence of the classical asymptotics for linear
statistics given in [25]. In particular, this follows immediately by repeating the proof
of the § = 2 case given in Section 6 of [4], as the results of [25] hold for all g = 1,2,4.
Noting the inequality,

TE00,5.0(9) — 1y 7500 < B o) — ivars.a(9))
+E(unm,8,0(0) — MM,am(w))2 Bty 0. /278(9) — Mam(¢))27

we see that when taking the limit N — oo and then the limit M — oo, the second and
third terms on the right-hand side vanish, so to demonstrate (1.3) it suffices to show that
for 5 = 1,4, we have that

lim  lim E(unga(@) — pnvansa(e)” =0, (1.4)

M—o00 N—oo

where again N only ranges over even numbers if 5 = 1.
One should note that in the case of 8 = 2, the left-hand side of (1.4) is shown to
vanish in [4]. The key step will then be to define an additional pair of measures

Doy (@)|* Dyva(@)P
|Dan,1 ()| E[|Dy,a(z) 2]

e X2N, M1 () 20X N M4 ()

UN,o(dz) = i [

VN’M’a(dx) :]EeaX2N‘JVI,1(ZE)]EQQOLXN,JM,AL(ZE) dl’,

where A1 and Ay 4 are sampled independently. We observe that E4,, , [Vn.a(9)] =
pN420(@) and Eay, [Un.a(9)] = pon,1,a(¢), where E4,, , and E4, , denote expectation
with respect to Asn 1 and Ay 4, respectively. A similar result holds for vy ar,q. A key
observation is that Jensen’s inequality implies that

E(un a.0(0)—pna4,0(90)) = BB,y , (VN0 (@)—VN1.a(9))? < EBnale)—vaana(e))’.

With a similar observation at 5 = 1, this implies that to show (1.4), it suffices to show
that for a < 1/v/2

lim lim E(vya(p) — I/Nyjy[’a(gﬂ))2 =0.

M—o00 N—oo

In addition, it will suffice to show that

lim lim E(vya(e)— I/N7M7a((p))2 = lim lim E(uan22q(¢) — ILLQN,I\4727204<90))2, (1.5)
M—o00 N—oo M—o00 N—o00
as the latter is shown to vanish in Proposition 2.9 of [4]. Expanding both sides of (1.5), we
will see that all the integrands coincide pointwise as N — oo by Theorem 1.2, reducing
the remaining work to showing that the error term is suitably uniform. Details of this
are given in Section 3.
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1.2 Outline of the proof of Theorem 1.2

We now outline the method of proof of Theorem 1.2. Let us choose some m > 1 and
W, { i}, {cu}) satisfying the conditions of Theorem 1.2. We will denote the polynomial
coinciding with W on (—1, 1) as W,, and denote the difference as £ = W — W,. We will
omit the data (N, W, {\;};, {e;}:) from the notation when such a choice is clear from the
context. We will reduce the proof of Theorem 1.2 to the computation of the asymptotics
of the determinant of an N-by-N matrix Ay := AyW, {\:}4,{a;}i), defined in (2.3).
More specifically, we show that

E[eTrV(A2n.1)) [T, |Dani(N) | B[ Tr2W(An 1)) T2, D a(M) 2] B \/dtT
E[eTr@W(AzN,z)) HZ” L |D2N,2()\i)|2041,] = € ( N)-

N (1.6)

This reduces the proof of Theorem 1.2 to the computation of det(Ay).

This representation was essentially observed as Remark 2.4 of [37] and will essentially
follow (up to normalization constants) from the representations presented in [2]. This
matrix Ay originally appeared in [41], and was used to express the correlation functions
of Orthogonal and Symplectic ensembles, and is shown there to be quite sparse. In
particular in the case W = 0, we have that Ay coincides with the identity outside of
an (m + 1)-by-(m + 1) block. In the case of W # 0 we will show that Ay is the identity
outside a (m + max(deg(Wy) — 1, 1))-by-(m + max(deg(Wy) — 1, 1)) block, up to an error
term which we show is exponentially small in Section 5.

In either case, the entries of this distinguished block may be expressed explicitly in
terms of the orthogonal polynomials with respect to the measure

wy (z) == w(z; NoW, {\i}i {ai hi) = 2N 2W(@) H |z — A (1.7)
i=1

The asymptotics of the orthogonal polynomials with respect to this measure are known
in the case of W = 0 by [29], and W # 0 by [4], and are recalled in detail in Section 4.
With this information, we are able to compute the asymptotics of this block matrix to
sufficient order to compute the first-order behavior of det(Ay ). This is done in Section 6.

We remark that computations of Ay for other measures form a key step in the
proof of universality for the correlations functions of various symmetric and symplectic
ensembles [12, 13, 11, 37].

1.3 Structure of the paper

In Section 2, we prove (1.6) and reduce the asymptotic computation of det(Ay)
to Propositions 2.6 and 2.9. In addition, we provide a modification of Theorem 1.2,
Proposition 2.10, which applies in the case of (subcritical) merging singularities and
reduce its proof to Proposition 2.13. In Section 3 we complete the proof of Theorem 1.1,
which by the argument given above is reduced to demonstrating (1.5). The bulk of this
statement will follow from Theorem 1.2 and Proposition 2.10. In Section 4, we provide
asymptotics for the orthogonal polynomials with respect to wy, while in Section 5 we
employ these asymptotics to prove Proposition 2.6, which effectively allows us to neglect
all but finitely many entries of det(Ay). In Section 6, we prove Proposition 2.9, which
consists of computing the highest order behavior of certain integrals of orthogonal
polynomials, by employing classical methods of steepest descent to the asymptotics of
Section 4. Furthermore, in Section 7, we will provide a proof of Proposition 2.13. The
methods of this section will be similar to those of Section 6, and indeed the cases of
Proposition 2.9 and Proposition 2.13 have significant overlap.
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2 Preliminary results

In this section, we will prove (1.6). In addition, we will analyze the terms of Ay to
reduce the computation of det(Ay) to a sequence of integrals and quantities given in
terms of the orthogonal polynomials of wy.

We will assume henceforth that N > m + deg(W,). We define the unnormalized
expected characteristic polynomial as

1 24w T o
S g, {Ni}i {au}i) = N'/ |An (z ‘BH —NBz+W(z:) H |25 — A, NdaxN

Jj=1

where here {/\z}z = ()\1, v 7)\m), {Oéi}i = (0417 ce ,am), and AN(QT) = H1§i<j§N(‘ri — J,‘j)
denotes the Vandermonde determinant. We note that (see Chapter 1 of [17])

eTrW (AN, ) H | det(AN”g - )\zl)laz

i=1

PN W, {Ai}i {ai}i) = Zn gE

We will need the following relation.
Lemma 2.1. For all N > 1, we have that Zon1Zn.4 = 22N Zo ».

Proof. The values of Zy 3 are known exactly as

N(N

1 N N(N—l) I(1+355/2)
Zng=(2N)"" NNyl E AT N/2H 1+6//2

This follows from equation 1.163 of [17], up to rescaling. In view of this, we may rewrite

Zan1ZN 4 _(4N)#M—N(2N)—N(N—l)—N/2 4—N/2—N(N—1)F(2)2N
Zan2 - (4N)_2N<25V71)_N 27N7N(2N71)F(3)N
(2m)N/2 H?fﬁ(l —|—j/2 1‘[ T +2;) o1
I'(3/2)*N NI [, 11+ )

We observe that

(4N)%_N(2N)—N(N—1)—N/2 _ 21\/2—% 4—N/2—N(N—1)F(2)2N
(4N)772N(22N_1)7N © 2-N-NE@N-DP(3)N

We may also obtain that

TGN T+ /2) T, T+ 24) N TG+ 2TG) 1y TG+ 1/2)T(1 +5)
510 +) MU - )

N
=NIxN/2 H 21=2 = N!WN/QQ*NQ,
j=1
where in the second to last equality we have employed the Legendre duplication formula
(see 6.1.18 of [1])
D(2)(z +1/2)/T(22) = 2 ~%*x.
In particular we may rewrite (2.1) as

9—N/2_N/2 (277)N/2 N _ 92N

D(3/2)*N — T(3/2)*N

where in the last step we used I'(3/2) = %\/7? As (2.1) coincides with Zon 1Zn,4/Z2N 2
we obtain the desired result. O
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From this, we see that

E[e VA ) TTT Doy i (Ad) |4 B[ VAN T Dy 4(Ai)>]
EeT@VAzva) [T [ Dy o (Ai) 2]
_ 92N Pon 1 (W, { i}, {ai i) P a (W, {\i i, {20 }4)
Don2(2W, { i}, {204 }4) .

We now recall a classical representation of these integrals. For simplicity, for the
remainder of the section, we will fix (W, {\;};, {e;}:) and denote, as above,

(2.2)

wn (z) = w(z; NyW, { i}, {ai }i)-

We give families of N-by-N matrices defined for 1 <i,j < N as

(MR OV, { i { i)l =/9614“_211}]\;(56)0lx7

1

[Max OV, i { i)l =3 /((xi_l)/(xj_l) — (@@ )wn (x)da,

IOV, i ()i =5 [ [ @7 elo = o) un(@unly)dods

where here and elsewhere ¢ refers to the sign function.
We note that the latter two matrices are antisymmetric, while the first is symmetric.
The relationship between these matrices and the various ®y g is classical.

Lemma 2.2. We have for all N > 1, that

det (MR (W, {\i}i, {ai}i)) =Po v (2W, {4, {20 }4),
pf (Man (W, {Ai}i, {ai}i)) =27 N @1 ov OV, { A} {ei}i),
pf (M W, {Ai}i, {ai ki) =27V @y v 2, {Ni}i, {20 }4),

where here pf denotes the Pfaffian.
Proof. This follows immediately from Propositions 5.2.1, 6.1.8, and 6.3.4 of [17]. O

From this we may further write (2.2) as

pf (Myy W, {Ai}i, {ei}i))pf (May OV, {Ai}i, {eui}i)
det (M2 W, {\i}is {ai }i)) .

To relate the various Mf, further we introduce operators J3' := J*L (N, W, {\i }i, {a: }:)
by

Tnf(e) =ux (@) 2w (@) 2 (@) = x) ~ 2N () + 3

f@) + W (@) f(x),

_ 101
TN fla) =ux(@) 25 [ o= p)r)un () dy.
We note that as long as f is continuously differentiable and of sub-exponential growth,

then g1
(IR D) = (@) 25 [ o =) f@us )2y = (o)

and similarly (JyJy' f)(x) = f(z). As this will always be the case in this work, we will
use these relations without mention. The utility of these operators is clear from the
following classical relations.
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Lemma 2.3. Let f and g be polynomials. Then

Jos @@ @ =3 [ [ s@rwes - yos@estdd,

Jonn@g@n @iz =5 [ (F@g() - fa)g @) wnoyds

We note that in view of this lemma, we may express, for even N,
MOV i skl = [ (R oy (a)da,
A OV, Db k)]s = / (Tna'™V)ad () de.

To further simplify these, it will be useful to recall the sequence of orthogonal
polynomials related to wy. Namely, let p;(x) = p;(z; N, W, {\:}4i,{e;}i) denote the
unique sequence of polynomials, with p; of degree-¢, such that

/ pi(@)ps (@)wn (@)de = b5,

and such that if we denote the leading coefficient of p; as x; := k;(N, W, {\; }:i, {ai }:), we
have that x; > 0. It is important to note that each p; is N-dependant. As we will keep N
fixed throughout the remainder of this section, we will omit N, as well (W, {\;};, {ai }4),
from the notation for the p; below.

We introduce the Christoffel-Darboux kernel

N-1
i=0
as well as the corresponding operator

(T f)(x) = / K (2, ) f (y)wn (v)dy.

Let us denote the space of polynomials of degree less than m as P,,,. We will denote
the space of polynomials as P. Both of these inherit the inner-product (f, g)w v =
[ f(z)g(z)wn (z)dz. With respect to this inner-product Il is the orthogonal projection
of P onto Pn. We will also use the notation Hﬁ = I —1IIy. We introduce an N x N matrix
given for 1 <i,5 < N as

[An]ij = [ANOV, {Aibis {ai})]i; = /(JﬁlﬂNJNpi_l)(a:)pj_l(x)wN(a:)dx. (2.3)

We observe that the matrix Ay is the representation of the operator Ily.J ;,11'[ NJINII N
with respect basis of Py given by the orthogonal polynomials. We will often refer to
1IN J]T,lH ~JnIIy as Ay when no confusion may arise. We have the following formula.

Lemma 2.4. For N even, we have that

{pf(lev(W, {Aidi, {ei}a))pf (MR (W, {Ai}i, {ei}i
det(MZ(W, {\i}i, {ai}i))

2
DT~ der(an 09, (0 a) ).
Proof. For simplicity, we will omit (W, {\;};, {cw};) from the notation for M f, for this
proof. By changing to the basis of Py given by orthogonal polynomials, we see that

det(M%) = Hﬁ\gl #; 2. In addition, we see that if we define for 1 <i,j < N,

il = [N pe @ @uy(e)ds, Y = [Cvpe )@@ @),

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
Page 9/71


https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

then by again changing the basis, we have that

N-1
det(M}y) det(My) = (H r; 2)? det(Myt) det(Mat).
i=0
On the other hand, we see that
N-1
(M (M) ] = (Jn'pi-1)(@)pr(z)wn (2)dz (Inpi-1)(W)pr(y)wn (y)d
N N kzo</ N P Dk N )(/ NP, Y)Pe\Y)WNY y>

= (U@ ( / KN<x,y><Jij1><y>ww<y>dy) wn ()
=[5 ) @) My gy 1) @) ()
__ / pi1 (2) (T3 Ty Tpy 1) (@) wn (2)da.

In particular

1 4172
[W} — det(MY) det (ML) = (=1)N det(Ay).

As N is even, this completes the proof. O

These lemmas combined complete the verification of (1.6). To proceed, we must
reduce Ay to a more manageable form. In view of the identity,

My Ty Ty INTIy = Hx — TnJy v, TN N (2.4)

we see that it suffices to understand the action of J;,l [Jn,IIx] on Py. To do so, we first
compute the commutator of [/, IIx] on Py. For this, we recall the Christoffel-Darboux
formula (see [38]):

K, y) =81 (pN(x)pN_1(y) PN—l(I)PN(y)> Caty, 2.5)
KN T —y
KN—-1 /4 /
Ky(z,z) = . (pn (2)pn—1(2) — ply 1 (2)pN (2)) (2.6)
as well as the classical three-term recurrence
s
apj(x) = bj_1pj—1(x) + a;p;(x) + bjpj+1(x), b; = /‘E‘j-l, a; =B = Bj+1, (2.7)
J

where §3; is defined so that pj(a:)nj_1 =1 + ;7! + ... Additionally, we denote by

(z)

r—=y

Hn(f)(y) =p.v

wy (z)dx

the wy-weighted Hilbert transform of f, where here p.v denotes the Cauchy principal
value integral taken at y. We define, for 1 <i < m,

kN—1 PN (@) HNn(pn-1)(Ai) — Hy(pn)(Ni)pn-1(2)

li(x) =NV N : 2.8
z( ) KN T — )\Z ( )
2
gi(z) =e NN N Ky (2, \). (2.9)
The utility of these functions comes from the following decomposition.
EJP 29 (2024), paper 22. https://www.imstat.org/ejp

Page 10/71


https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

Proposition 2.5. For f € Py, we have that

[Jn, IIN]f Z e NNNT gl f(A) — 2NTIR (e f (2)) + Ik OV (2) f (2))
p

=— Z akék/qk(x)f(x)wgv(x)dx — 2NTIx (zf(z)) + Ox (W (z) f(2)).
k=1

Proof of Proposition 2.5. Observing that Il f = f we see that

[, IN] = {jx,HN} f=2N [N f+> ap [Il 7HN:| [+ W TN f
p

Ak

=T 2N ) £ IOV + o |

We note that IT3; (') = 0 so it suffices to evaluate [(z — A\;) !, IIy]. We compute that

(21

( ) kn—1pn(x)pn-1(y) — PN (y)pN-1(T) £
/\k y M) kN T —y

z)pN-1(y) — PN (Y)PN-1(2)
/ (z = M)y — k) Frenty)dy
/kN 1N (@)pN-1(y) — N (Y)PN-1(7) <f(y) — f(Ak) n F(Ak)

y)wn (y)dy

d
kn T — A Y= Ak y—)\k>wN(y) 4

k'N 1N (7)pN-1(y) — pN (¥)pN—1(7)
(= M)y — M)
,NA,CN il () f(Ar),

Fw)wn (y)dy

where in second to last equality we have used that fact that (f(y) — f(Mx))/(y — Ax) is a
polynomial of degree less than N — 1, so that

Jox IO gy = s =L gy~

Together, these statements establish the first equality. To obtain the second equality, we
observe that

/ 0:(2) f(@)wy ()de = e NN ). (2.10)
O

We now introduce a modification of A that will be more computable. For f € Py let

A% =7+ a5 (L ants [ )ty
k=1

VI I 0) T 3 T W ) ) ) 2.11)

and let us define the difference Azlv = AN — A(}v. In sight of Proposition 2.5 and (2.4)
only the final terms in the expressions for Ay and A?V differ, and we see that

AL = TnJ g W (z) + TN T TIgW) = —TIn J 3 TINE, (2.12)

where £ = W — W), as before. It is clear that when VW = 0, we have that A?V =Apn.In
general, we shall show that this difference is negligible on the exponential scale.

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
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Proposition 2.6. Let (W, {\;};,{«a:}:) be as in Theorem 1.2. There exists a choice of
¢ > 0 such that
det(Ay) = det(A%) + O(e™Ne).

Moreover for any choice of compact subset of {\;}; € {(A1, - Am) € (=1, 1)™ : Ay >
-++ > A}, we may choose ¢ > 0 small enough that the error term is uniform over the
chosen of compact subset.

This proposition will be proven in Section 5. We now turn our attention to the variant
AY,. Let us write d = max(1,deg(Wp) — 1), and let us define two subspaces of Py:

Pno={f€Pna:f(M)="=f(An) =0},

and Py = 731#72, the subspace of Py which is orthogonal to Py with respect to
the inner-product product of (x,*),, . We first show a preliminary result about these
subspaces.

Lemma 2.7. If N >m+d+1, then By = (¢1, - ,¢m:PN—d>" - ;PN—1) IS @ basis of Py 1.
Additionally for f € Py 2, we have that A} f = f.

Proof. By the Euclidean algorithm for polynomials, we conclude that dim(Py ) = N —
m — d, so that dim(Py 1) = m + d. In view of (2.10) we see that By C Py ;. Thus to show
that By is a basis for Py 1, it suffices to show that it is linearly independent. For this, we
observe thatfor1 <i,5 <m,and 1< <d

/ a(z) [ (@-)wy(@)de =i N N e IT =2,
k=1,k#j k=1,ki
/pN—l(CC) (z — A\p)wy (z)dz =0.
k=1,k#j

We will derive linear independence from these relations. For this let us assume we have
an arbitrary relation

m d
Zfﬂk% + Z YkPN—k = 0, (2.13)
k=1 k=1

for some zy,y, € R. Integrating this expression against H;”:Lk#(x — Ap)wy (x), then
yields
m
zi e MNT T i) | =0
k=1,ksi

As the second term on the left is non-zero, we conclude that z; = 0 forall 1 < i <
m. In particular, (2.13) now reads Zizl yrpPN—r = 0. As the p; are independent by
construction, we conclude that y;, = 0 for 1 < k < d. This demonstrates the desired
linear independence.

For the second claim, we observe that if f € Py 2, then (2Nx — Wy (z)) f(z) € Pn, so
Iy (2Nz — W/ (z)) f(z) = 0. We have as well that

Zakﬁk/Qk(y)f(y)wN(y)dy =3 o lie NN T F(A) = 0,
k=1

k=1

so indeed, we see that for f € Py 2, only the identity term is nonzero, which completes
the proof of the second claim. O

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
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Let us now write the block-decomposition of the operator A%, on Py with respect to
(Pn,1,Pn2)as

A = |:[A(I)V]11 [A(z)v]w}
[ARlar  [AR22)’
and similarly for other operators on Py. From the second claim of Lemma 2.7, we see
that [A%]12 = 0 and [A% |22 = I. In particular, we have that det(AY) = det([A%]11).
We now focus our attention on understanding det([A%]11). To proceed we observe
that for f € Py, we have that 2Nz — W/ (x))f(x) € Pn+q- Noting that for g € Py,

d
(h9)(@) = > pviia(z) [ pvsica Wgwhun(v)dy,

we see that

(I (2Ny = W) f () (x)

d
=Y i) / i1 (8)@NY — W) f(w)wn (v)dy

d N-1

=> > pvri-i(2) /(2NZ - Wé(Z))pNH—l(Z)pk(Z)wN(Z)dz/pk(y)f(y)wzv(y)dy

i=1 k=0

d d
=Y pnyica(2) /(2Nz ~Wo(2)pntio1(2)pn—j (2)wn (2)dz /pzv—j(y)f(y)wzv(y)dy,

i=1 j=1
(2.14)

where we have employed the relation I1y f = f in the second equality, and in the third
we have observed that (2Nz — W/ (2))pk(z) € Pktd+1 so thatif k < N —dandi >0

/(2Nm — Wi(2))pN+i-1(x)pr(z)wn (z)dz = 0.

If we define d-by-d matrices My o, My,1 by setting for 1 <4¢,j5 <d,
[Mn,o0lij :/2NZPN+1>1(Z)Pij(Z)wN(Z)dzy

[Mn1]ij = — /Wé(z)pNH—l(Z)PN—j(Z)wN(Z)d%

then we may rewrite (2.14) as

d
My 2Ny = W) f W) (@) = > [Mno + My alijpn+i-1(x) /pN—j(y)f(y)wN(y)dy-
i,j=1
(2.15)
To understand the other terms in A%, we further define an (d + m)-by-(d + m) matrix,
MN, by
Mpyo+ My

aq
My =
Q,
and define an (d + m)-by-(d + m) inner-product matrix by
Dy = (f Iy pntjo1(@)pN—i(@)wy (z)dz | fJlel(x)pNi(x)wN(x)dm>
JIN Py (@) gr(@)wn (@)de | [ I 0(x)gr(@)wy ()de

where 1 <i,j <dand 1 < k,l < m. We now have the following identification.

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
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Lemma 2.8. For N > d + m + 1, we have that det(A%;) = det(I + Dy My).

Proof. Let us denote v; = py_; for1 < i < dandwv; = ¢;_q ford < i < m+ d. By
Lemma 2.7 this is a basis for Py ;. We shall denote the matrix for the operator [A%]1;
with respect to this basis as A} 4, so that by definition det([A%]11) = det(AY; z). We will
also denote u; = py4i—1 for 1 <i <d, and u; = ¥;_4 for d < i < m + d. Now with (2.15),
and recalling the notation (f, 9)w,n = [ f(2)g9(z)wn(z)dz, we see that for f € Py

d+m

ANVf=F+ Y (MnJy'u)Mij (v, fuwn- (2.16)

4,j=1

Let us define an (m+d)-by-(m+d) matrix O by setting for 1 <14, j < m+d, O;; = (v}, V;)w,N-

This matrix is invertible as (vi)fi{” is a linearly independent set. We also observe that

d+m

(A%, 0w = ([AR]1105, 0wy = Y (AR slkiVk: V)w n = [OAY glij-
k=1

On the other hand noting that [Dy];; = (J;[luj, v;)w,N, We see by (2.16) that
(A, v:)w,N = Oy + (DnMpyO),;,
so that finally
AY 5 =0""(I+ DyMy)O.

Taking the determinant of both sides completes the proof. O

We will later derive that (see Lemma 4.5) for fixed k € Z we have that by _r,ay_; =
O(1). Repeatedly applying (2.7) we may thus conclude that for 1 <i,j < d, [Mn]i; =
O(1) and [My)ij = 2Nbn—_10;;0;1 = O(N)J;;0;1. Our understanding of Dy comes from
the following proposition.
Proposition 2.9. For N even, 1 <[,k <m, and 1 <1,j < d we have that

[ I8 a@pyi(u(a)ds =0 )
[ IR eyl (@) ~O(V log(N),
[ I8t @a et =0,
[t @ty @as o)

/ It on (@)pN—1(z)wn (z)de =O(N~T/6).

Moreover each error term is uniform over compact subsets of {\;}, € {(A1,- - Am) €
(=1L, 1)™: A1 > > Ay}

The proof of this will be carried out in Section 6. We are now ready to give the proof
of Theorem 1.2.

Proof of Theorem 1.2. As noted above, it suffices to show that det(Ay) = 1+ O(N—1/6).
By Proposition 2.6, we see that it further suffices to show that det(A%) = det(I +
DyMy) =1+ O(N~1/6). If we write Dy as a block matrix with square blocks of size 1
by (d — 1) by m, we see that Proposition 2.9 shows that

O(N~7/6)y  O(N~1) O(N~'log(N))
Dy=|ON"Y) ON"') O 'log(N))|,
O(N—1/2) O(N—1/2) O(N_1/2)

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
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where all errors are taken entrywise in each block. Similarly, the above observations for
M show that

In particular, we see that

1+O(N-Y8)  O(N-Y)  O(N'log(N))
I+ DyMy = O(1) I+O(N~Y) O(N~ltlog(N))
O(N'/?) O(N~Y2)  T+O(N-?)

If we denote the diagonal matrix Ay = diag(N~2/3,1,--- 1) we see that

A;,l(f + DnMy)Ay =1 JrA;,lDN]WNAN

1+O(N~Y6)  O(N~'/3)  O(N~3log(N))
=| O(N"23) I+O0(N"') O(N'log(N))
O(N—1/6) O(N~Y/2) I+O(N—1/?)

Taking the determinant of this expression we see that
det(I + DyMy) = det(Ay* (I + DyMy)Ay) =1+ O(N~/6).

Noting as well that all of the error estimates we have used are uniform in the sense of
Theorem 1.2, we obtain the desired statement. O

2.1 Case of merging singularities

As mentioned above, to prove Theorem 1.1, we will need to supplement Theorem 1.2
with an analogous result in the case in which m =2, W =0, and a1 = as = «, but where
A1, Ao are allowed to depend on N and A\; — Ay — 0. We will assume this set-up for the
remainder of this subsection. We have the following analog of Theorem 1.2.

Proposition 2.10. Let us fix a choice o« > 0, ¢ > 0, and 0 < v < 1. Then for any
A1, A2 € (—1+¢€,1 —€) (possibly N-dependant) such that (A\; — A2) > N~7, we have that

2
E ([ 1D2n1(N) H|DN4 |2a]
=1

2
(14 O(max(N~Y6 N7~1log(N)))). (2.17)

H | Dan 2 (As)*

Moreover the error term is uniform over all available choices of A1, 2 € (—1+¢€,1 —¢)
with (/\1 - )\2) > N7,

Remark 2.11. We observe that as we have allowed the choice of (A1, \2) to be N-
dependant, the uniformity of the error claimed in Proposition 2.10 follows immediately
from the pointwise statement of (2.17).

Remark 2.12. We note that the case of m = 2 and (\; — A\2) = 0 coincides with Theo-
rem 1.2 in the case of m = 1 with \; = A\; and a — 2«. In particular, by Theorem 1.2,
|det(An)| = 1+ O(N~/6). As such, we expect that the apparent divergence of the
error-term in Proposition 2.10 when N(A; — A2) = O(1) is an artifact of our method of
proof, which avoids using more refined asymptotics for the singularities in the merging
case.
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All of the constructions of the above section work without modification. We also
note that an analog of Proposition 2.6 is not required as W = 0 in this case. We will
show in Proposition 4.16 below, that the conclusions of Lemma 4.5 still hold, so that
[Mn,o)l11 = 2Nby—1 = O(N) uniformly in the choice of (A, A2). We also have that
My 1 = 0. Finally, we will need the following modification of Proposition 2.9.

Proposition 2.13. With the assumptions of Proposition 2.10 and N even, we have for
1 <1,k <2that

/Jﬁlpw(w)pzv_l(:c)wjv(x)dx —O(N~L-min(1=7.1/6))

/JF&(w)prl(x)wN(x)dx —IA1 — Ao[*O(max(N~V2=0=7 N~1log(N))),
/Jilpzv(:v)%(:v)wzv(x)dx =[A1 — Xo| T*O(NTV/2),
/Jﬁlfl(fff)qzc(w)wzv(w)dx =O(max(N ™2 N "Llog(N))).

Moreover all error terms are uniform over all available choices of A1, A\a € (=1 +¢,1 —¢)
with (/\1 — )\2) > N7,
The proof of this result will be given in Section 7.

Proof of Proposition 2.10. As above, it will suffice to show that
det(I + DyMy) =1+ O(N~min(=71/6) jo0(N)).
If we let 6 = min(1 — v, 1/6) and define the diagonal matrix
Ay = diag(N 1270\ = Ao, 1,1),

then as above, Proposition 2.13 shows that if we write the 3-by-3 matrix Ag,lD NMyAN
in terms of square blocks of size 1 and 2 we have that

(2.18)

-5 —(1=7)48 N —1/246
[+ A5 Dy MyAy = [1 +O(N7°) O(max(N N log(N)))}

O(N™9) I+ O(max(N~1/2 N7"='log(N)))

We observe that max(N~(1=1+9 N=1/2+3 o0(N)) < 1 and max(N /2, N7~ log(N)) <
N9 log(N) so that (2.18) implies the weaker bound

B [+ O(N?) o(1)
I+ Ay DyMyAy = [ O(N=%) I+ O(N“Slog(N))} '

Taking a cofactor expansion in the first column we see that
det(I + Ay' Dy MyAn) =1+ O(N~°log(N)),

implies the desired claim. O

3 Proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1 given in the introduction,
assuming Theorem 1.2 and Proposition 2.10. As explained in the introduction, it will
suffice to show that the quantity

lim lim E(vyo(p) — VN71V[,a(<P))2

M—o00 N—oo

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
Page 16/71


https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

coincides with the quantity

lim  lim E(pan220(9) — Hon,m,2,26(9))?

M—o00 N—oo

which vanishes for 0 < 2« < v/2 by Proposition 2.9 of [4]. We begin by noting that by
classical asymptotics for smooth, compactly-supported linear statistics (see [25]), we
have that

lim lim IE(Z/NMQ((,O)Q) = lim lim E(uan, MQQQ(QD)Q).

M—o00 N—o00 M—o00 N—o00

For the remaining terms, we have that

E VNoz
// IE|DzN,1(96)\“|D2N,1(y)|“IE|DN,4(CIC)|2O‘|DJ\L4(3/)|2°Y drdy. 3.1)
ElDzN,l(x)|O‘E|D2N,l(y)|°‘1E|DN,4(I)|2°‘1E|DN,4(2J)\20“
E(vN,o(@)VN,M,a(p))

-/ [ ) _EIDa (@)|ee e WB| Dy a) 20 20 X010
E|D2N’l(x)|(1EeOéX2N,M,1(y)]E|DN74(I>|2a]E62aXN’M,4(y)

dxdy. (3.2)

Working first with the latter, we may apply Theorem 1.2 to the integrand of (3.2) to
obtain that

E(n,o(0)vn,Ma(P))

E|D2N,2($)|2°‘62‘1X2N‘M12(y) s
// IE)|D2N 2($)‘2aE€2aX2N,M,2(y) (1+O(N ))dxdy

E|D2N o(7)|*e 20X2n,Mm,2(Y) s
// IE|D2N2 )‘QQ]EBQQXZNM2(Z/) dwdy(1 + O(N )

= E(an 2,20 (9) 2 11,220 (9)) (1 + O(N V),

where we have used the uniformity of the O(N~'/6)-term to obtain the second equality.
Thus we are left to understand (3.1). This case is complicated by the non-uniformity of
the error of Theorem 1.2 around the diagonal. We will proceed similarly to the proof of
Proposition 6.4 of [4]. For any € > 0 and 3 € (2a2, 1), we may decompose the integral of
(3.1) into three integrals over {|x — y| > ¢}, {¢ > |z —y| > 2N~A}, and {2N 7 > |z — y|}.
We denote these integrals by A% o Aé\fe and ALY, respectively. Identically to the above
case, we can show that for fixed ¢ > 0

E[Don 2 (2)[**|Dan,2(y)* -
ANC:// T : : dzdy(1 4+ O(N~Y%)).
L= [ o PO ED, G PEIDw (e O

In view of the proof of Proposition 6.4 of [4], we have that

lim lim A16 = hm E(p2n,2,20(¢)%),

e—0 N—oo

so that it suffices to show that limy_,, AY = 0 and that lim_,o limsupy_, o, Aé\; =0.To
bound A%, we observe by the Cauchy-Schwarz inequality we have that A% is less than

// ) VE[Don 1 (2)P*E[Dy 4 (2)[**E[Dan 1 () P E[ Dy ay)*
N8> |z—y| E[Dan .1 (2)|*E|Dy a(x)P*E[Dan,1 (y)|“E[ Dy 4 (y)[*

dxdy.

By repeatedly applying Theorem 1.2 we may write the right-hand side as

VE[Da 2 (2)[**E[ Dy o (y) |* .
v ’ ’ dady(1+ O(N~Y5)).
//ZN ey 30( )@(y) E|D2N,2(£C)|2aE|D2N,2(y)\2a y( ( ))
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By applying the asymptotics of [29] (see also the proof of Proposition 6.4 in [4]) we see
that

VE[D2n 2(2)[**E[ Dy 2 (y)[*

= O(N?*"=F),
E| Doy 2(x) 2| Dan 2(y) > ( )

uniformly on the support of ¢. As 3 > 202, we see that limy_, ., AY = 0.
We finally show that lim._,o limsupy_, Aé\; = 0. By repeatedly applying Proposi-
tion 2.10 as before, we have that

E| Doy 2(2)[**| Dan 2 (y)|*
ANE // x)p(y : : dxdy
2= [ foniciamyice PP B D, () B Do o) P2
(1+O(N~mn=21/910g(N))).

It is shown in the last line of the proof of Proposition 6.4 of [4] that

E|Da 2 (2)|**| Dan,2(y) >
lim lim su // T : : dzdy = 0.
30 Novoe ) Jon-s<pa y|<6(p( )Qp(y)E\DzN,z(iﬂ)|2°‘E|D2N,2(y)|2”‘ Y

As 3 < 1, together these imply that lim_,o limsupy ., A5, = 0, which completes the
proof of Theorem 1.1.

4 Asymptotics of orthogonal polynomials and related quantities

In this section, we state the leading order asymptotics for orthogonal polynomials
with respect to the measure wy, as well as those for some related quantities. Due to the
complexity of the expressions of this asymptotics (especially in the regions around J\;),
we will state our expressions as entries in a matrix product. These asymptotics were
obtained in our setting by [4], building upon the work of [29]. In both cases, they are
obtained via asymptotic analysis of an associated Riemann-Hilbert problem.

We note that away from the points {\;}1”;, these asymptotics are closely related to the
classical Plancherel-Rotach asymptotics for Hermite polynomials (see [38]). In particular,
Propositions 4.7 and 4.10 coincide with the corresponding classical expressions for
Hermite polynomials except with a modification to the O(1)-term. Around the points
{A\i}™, though (where the asymptotics are described by Proposition 4.13), they are
described in terms of Bessel functions. Some related expressions appear in [30], where
they give a description of the asymptotics of the Christoffel-Darboux kernel around these
points in terms of the Bessel kernel.

The structure of this section will be as follows. We will begin this section by recalling
some relevant background and notation to present Proposition 4.2, which is essentially
Theorem 4.37 of [4] restricted to R. This expression gives (uniform) asymptotics for
our desired orthogonal polynomials in terms of a variety of parametric. To make use of
these asymptotics, we must recall and compute the behavior of these parametrices on
R. The result of this translation will be our main asymptotic results, which are given
by Proposition 4.7, 4.10, and 4.13. After this, we will give asymptotics for ¢; and ¢; in
Proposition 4.14.

Finally, we will provide the modifications of these results needed in the merging case
in Subsection 4.1. These results will essentially follow from the results of [8, 10]. The
main results are Propositions 4.16 and 4.17. As we are only interested in the subcritical
merging regime (i.e., N(A\; — A2) — o0) our asymptotic expressions will essentially
coincide with those in the non-merging case, with the only significant difference being
that the bounds on the error terms are weaker, and the domains in which they are valid
are smaller.
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We will fix for this section a choice of (W, {\;}i, {e;}:) as in Theorem 1.2. We begin by
recalling an analytic matrix-valued function on C — R, Yy (z) := Y (z; N W, {\: }i, {@i }i),
defined as
Ky PN (2) kit (2mi) L [ 2y (y)dy

—2mikN—1pN—1(2) —HN—lfmy%z(y)wN(y)dy ’

YN(Z) =

where wy is defined in (1.7). This function occurs as the solution to the Riemann-Hilbert
problem defined by the measure wy, in the sense of [15] (see Proposition 3.4 of [4]). The
asymptotics of Y are then computed by using the method of nonlinear steepest descent,
pioneered in [14]. Our primary purpose is to specialize these asymptotics to R. To ease
the reader in translation of the results of [4], we note that we are in theircase of t = s =1
and their (k, V, T, {z;}*_,, {B:;}}_,) coincides with our (m, 222, 2W, { A\, i}, {20} ).
It is well known in the quadratic case that ¢, = ¢ where ¢ = —1 — 21og(2), as can easily
be verified from (2.3) and (2.4) in [4], and that d;(\) = 2/7.

When 2z € R we will use the notation f;(z) = lim,_,, f(z) where the limit is taken
along sequences in the upper-half plane H = {z € C : Im(z) > 0}, within the domain of f,
not tangential to R. We are interested in understanding the asymptotics of (Yx). The
asymptotics of Y are stated in terms of a related matrix-valued function Sy (defined in
(4.5) and (4.11) of [4]). To understand the relation between Sy and Yy, we recall the
3rd and 1st Pauli matrices defined as

1o fo 1
7T T 0 1t P71 oo

Then for z € H, such that Re(z) € R\ {\,--- A}, and Im(z) is sufficiently small
(depending only on Re(z)), we have that

Y (2) =eN27 5 (2)eN @1 (=27 for |Re(z)] > 1, (4.1)

1 0

YN(Z) :6N§USN(Z) |:f1(z)_1€—Nh1(z) 1

}emgﬂz)‘/?)” for |Re(z)| < 1, (4.2)

where ¢1(2), h1(z) and f;(z) are defined in (4.3), (4.9) and (4.13) of [4]. These follow
from Definitions 4.1 and 4.9 of [4]. We will not need the exact form of these functions,
though we will need their behavior of R. For this, we define the functions

(@) = 2 [1\/1—y2dy; || < 1
2 (17 /g —dy; || > 1

We observe as well that

(2) |x|v22 — 1 — arcosh(|z]); |z] >1
s(z) =
—xv1 — 22 + arccos(x); |z| <1

w(x) = H |£L’ — )\i|2ai.
=1

We may now state the behavior of the above functions on the real line.

Lemma 4.1. We have that forz € R

—2s(x); x>1
(91)1(2) = 2® +£/2+ (1) (2) /2, (h1)4(2) = { 2mi —2s(2); 2 < -1
i2s(x); |x) <1

and (f1)+(x) = eV w(z).
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Proof. The statements for (h1)+ and (f1)4+ follow routinely from their definitions (i.e.
(4.9) and (4.13) of [4]). For the results on (g;), combining the results of (4.6) and (4.7)
of [4], we see that for z € (—1,1),

(91)+(x) = 2 + /2 + hy(2)/2 = 2® + £/2 + is(x).

Finally, we see by direct computation that for x > 1,
1
2
(91)+ (@) = / V1= Nlog(z — N)dA = 2® + £/2 — s(x),
1T

and (1)1 (~2) = (1) () + ir. o

By applying the results of Lemma 4.1 to (4.1-4.2) we see that for z € (—1,1) \
{)\17 T a)‘m}

Lo 1 0 is(z)o Nz2o
(Yn)+(z) = eV27(Sn) 4 () |:62Nis(w)2W($)w(x)1 1 elVis(@)ogNaTo, (4.3)

and for |z| > 1 that
(YN>+(LL') _ 6N%U(SN)+(CL‘)6_NS($)06N;CQO(—1)NI($<O)U. (4.4)

We are primarily interested in the first column of Yy, so noting that wy(z) =
w(z)e 2N=*+2W(@) we see that for z € (—1,1) \ {A1, - Am}

“Neo [[(YN)+]u(@)| _ . eNistr) (Na?
e [[(YN)+]21($):| =(Sn)+(x) [6Ni8(ac)2w(r)w(x)1:|

=(SN) ¢ ()N V7 ()7 /2 m wy(z) 712, (4.5)
and that for |z| > 1
N [[(YN)+]un(@)| _ Do 1N —s()) (1) NI <0)
|:[(YN)+}21(=T):| ((Sn)+(@)er) (1) : (4.6)

Now Theorem 4.37 of [4] implies the following asymptotic result, which shows that up
to a small error term Ry, Sy may be described in terms of various explicit parametrices,
whose behavior on R we will specify below. Here and elsewhere, we will use the notation
)\0 =1 and )\m+1 =—1.

Proposition 4.2. There exists §; > 0, such that for 0 < § < d9, we may write

(Sn)+(2) = (I + Bn (2))(Pn)+(2),

for some matrix-valued function Ry (x) := R(x;0, N,W, { i}, {a}:), and

(Pr)+(2); € (Ai = 6,Ai +9)
(Pr)4(2) = { (Per)s (@); @ € (£1 - 6,£140)
(Ps)+(z); otherwise

where here P, P,,, and Py, are certain matrix-valued functions defined in Definition
4.12, 4.21, and 4.28 of [4], respectively. Then, for any l > 0, we have that Rg\l,) (x) =
O(N~1) uniformly forz € R\ U?jol{& — 0, \; + d}. Moreover for any choice of compact
subset of {\;}7; € {(A1, - Am) € (=1, 1)™: Ay > --- > A\, }, we may choose 0 > 0 small
enough that Rg\l,) (z) = O(N~') uniformly in both x € R\ U {\; — 6, \; + 6} and {\;} 72,
in our chosen compact set.
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Remark 4.3. In the statement of Theorem 4.37 in [4], the error bounds are only stated
for Ry and R);. On the other hand, the method of proof used to establish the error
bounds on R/ extends trivially to higher derivatives.

We note as well that all of these parametrices are N-dependant, though as we will
not use them in our final asymptotic expressions, we omit this from the notation. We
will compute the values of P, Py, and Py, on R below, though before beginning this
computation we explain how to obtain results for the full range of polynomials py_j
for k € Z fixed from Proposition 4.2 instead of only (py,pn—1). As the polynomials
PN—k(z) == pn_r(z; N,W, {\i }i, {a;}:) themselves depend on the N-dependant measure
wy, we observe that the (N — k)-case of Proposition 4.2 does not precisely describe
an asymptotic for py_j. On the other hand, we observe that if we define 7, = nny i =

/(N —k)/N, then for N > k, and A = >""" | «;, the polynomial
ne o N, W, D0 {eak)

coincides with the (N — k)-th orthogonal polynomial with respect to the rescaled measure

2 2 )
wn k(@) = wn k(@ W, A} {aiti) = wy (na)p >4 = 2Vl g2 (N =k H = PP
1=1

If we denote Wy () = W(n;z), then we see that
wn k(2 W, {\i iy {ai i) = wn k(@ Wik, {0 " Nitis {ai }i).

In particular, we may apply Proposition 4.2 to wy j to obtain asymptotics for py_, defined
with respect to wy, though with a number of scaling factors of 7, appearing. For clarity
of the notation, we will reserve the notations P,,, P, Py for the parametrices resulting
from the choice of parameters (N, W, {\; };, {a;}:) and will take care to explicitly specify
when objects are considered which are defined with respect to the measure wy .
Lastly, to account for the factors of n;, appearing in the following asymptotics, we will

have repeated use for the following result, which follows from an application of Taylor’s
Theorem.
Lemma 4.4. For fixed k € Z, we define sy () = s(n, 'x). Then if one defined functions
ry such that

(N — k)snr(x) =Ns(x) — karccos(z) + ry(z) for |z| <1,

(N = k)sy r(x) =Ns(x) + karcosh(|z|) + ry(x) for |z| > 1,
then for any | > 0, we have that rg\l,) (r) = O(N™!) uniformly over compact subsets of
x e R\ {£1}.

We are now ready to begin stating our asymptotic expressions, beginning with those
for some leading-order coefficients of py_; specified in (2.7).

Lemma 4.5. For fixed k € Z, we have that

k3 =mtemWRHED =21 L O(NTY),  Bygi_r = O(1), 4.7)
N—k 00 +
where here D, = 2 " exp (% fil \/%du) Moreover the error terms are uniform over

compact subsets of {\;}"; € {( A1, - Am) € (L, 1) : Ay > -+ > Ay )
Remark 4.6. We observe from Lemma 4.5 that

N 1/2
—o0_—Nig Ky PN (x) 7 . 2 (2)
Doo € |:—27riI£N_1pN_1(I)] = (I+ O(N )) |:—i7T1/2pN_1(.I‘) s (4.8)

where the error term in (4.8) is independent of = and uniform in {);}?, in the same
sense as Lemma 4.5.
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For notational clarity, we will delay the proof of Lemma 4.5 to after the statement of
Proposition 4.7 below. Now we define functions

exp(i[—Aarccos(x) + ¥ 1:”2 v \/%z —du]); |z| <1
D(x) = { exp([—Aarcosh(x) + “”271 fll \/%mludu]) x>1 . (4.9)
exp([—Aarcosh(—z) — ””2 f L \/%Tludu]) r<—1

We introduce a fixed matrix-valued function A(z), defined for |z| < 1 by

1 e AT+ ™A1=z ilem /AT F o — ™A1 — 2
2(1 — 22)1/4 |[—ile /4T +z —e™4T—2] e /AT +ao+e™tT—z |’

and on |z| > 1 by

e L Vital sV il el = /1 - a]]
A(z) 2(z2 — 1)1/ Li[\/|1+$—\/|1—x|] Vel +/II=7] } (4.10)

We now define
Too(x) = A(x)D(2)~°. (4.11)

Lastly we define an additional function
TN k00 (%) = Too (ny, '@ Wiv e, I " Aidis {ovi ).

We may now state the asymptotics away from the points {1, A1, - A\, }.
Proposition 4.7. For é > 0 small enough, and any choice of k € Z, we may define Ry (z)
such that for any choice of 0 < i < m, and x € (\j+1 + J, \; — §) we have that

Wl/sz—k (:E) 1/2 _ [—ikarccos(z)—im 33t _, aglo etNs(@)
O L2 = (14 R(a) T o)e S
(4.12)

and for |z| > 1 + ¢ we have that

1/2
[—ijrl/j;;x_i(?(x)] wn ()2 = [(I + Ry (@) TN k00 (z)er] e Nors @) (- 1) (V=R (2<0),
(4.13)

Then for any ! > 0 and any choice of compact subset of {\;}; € {(A1, - A) € (=1,1)™
A1 > -+ > A\, }, we may choose §; > 0 small enough that for 0 < § < §, we have that

RS\Z,) (z) = O(N~1) uniformly in both x € R\UmH( —9d,\;+9) and {\;}™, in our chosen
compact set.

In the proof of both of these results, we will need to understand the parametric P,
given in Definition 4.12 of [4]. While we will not recall the definitions for each of their
functions, we will recall some of their real limits for the ease of the reader. Namely the
functions r, a, and D; defined in (4.19), (4.20) and (4.21) satisfy for x € R

() e(x)Va?—1; |z|>1
ri(z) = ,
- ivl—a? |z| <1

|z -1 {1 |z > 1

a xTr) =
+( ) |$+1‘ 171'/4 |.’IJ| <1

1; Jz| >1
_ 1/2 ) =
(D)4 (x) =D(z)w(z) {eW(a:)eﬂiZlmlazl(w<Az); 2| < 1
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where in the last case for D; we have used the Sokhotski-Plemelj formula: for smooth f
and a < 0 < b we have that

lim f()da:— —imf(0) +p.v /f

e—0+ J, X+ 1€
From this we can see that for z € (—1,1) \ {A\1, -, A},
(Poo)—&-(x) _ DgoToo(fL')eiiﬂ >y I(z<)\k)ak067W(m)aw(x)70/2’ (4.14)

and for z € R\ (—1,1) we have that

(Pso) 4 (z) = DI Too()w(z) /2. (4.15)

Proof of Lemma 4.5. The proof will be similar to the proof of the W = 0 case given in
Section 4 of [29] (one may also see the proof of this case given in Section 5 of [7]). We
will first provide a proof in the special case of k = 1. We observe that we may write

5 U [(N) o (2) By = lim (V) 4] () — 2™

Ky = - lim
N1 — 271 z—o0 ng_l ’ T—00 xN—l

Now employing Proposition 4.2 in view of (4.6) and (4.15), we see that for any small
0>0,z>1+46,andj=1,2

NPV (V) i1 (@) = [(1 + Ry (2) D Too (@)0(w) =721V 2200 (4.16)

where here Ry (z) = O(N~!) uniformly in the sense of Theorem 4.2. Routine application
of Taylor’s Theorem shows that

Va2 —1 — arcosh(z) = 22 + £/2 — log(z) + O(z~2),
wa) V2 = (Hia;ﬂO( ‘2)>7

Az) =I + L [0. 0} +O(x™?),

B 2z
D(z) =2 4Dy (1 2w+ 0
(x) =x ( + — — / \/—7u2 +O(z~ ))
From these results, we see that for j =1, 2,

[DgoToo (-f)W(JJ)_U/Q]jleN(zz—s(r))
= Dgo(*l)f [A(I)]jlD(x)”w(x)*l/?eN(x%s(z))

il 1 — 1Y Wu 1[0 4 _ _NZL
=D V14 = i)\iff/ ——d — " 2 Ne=N
o {( +x{;a T ,1\/1—u2u)+2x —-i 0 +0( )jlz ¢
-1 _ W(u)u
Ngpo(-r |1 (Z —1 QA 11_/2 fmd“)] e+ 0N 2). (4.17)
—XT 2 .
J

We now recall from (4.58) of [4] that Ry (z) = O(|z|~!). In fact, we additionally have
that Ry (z) = O(N Y1+ x|71), uniformly in # € R, and compact subsets of {\;},, as in
Proposition 4.2. This is not explicitly stated in [4], but follows from a standard contour
deformation argument using the uniform decay of the jump matrix (A = Jg — [ in [4])
= 0 case discussed in Section 4 of [29] (one also may consult
the detailed argument given in the proof of Proposition 7.5 of [9] in a related case).
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Employing this asymptotic, (4.17), and (4.16), we see that

K, = 1 lim [(YN) 1 )21 (2) _ ie_NeD;OQ(l—kO(N_l))

— 2% z—00 gN-1 4
:7r7167(N71)£+1D(;2(1 + O(N71)>

Similarly, we derive that

0@ ey 1 W iy
B = lim SRS =3 ek | Ao = o)

This completes the proof of the £k = 1 case. To complete the general case, we see that

KN—k—1 (N, W, { i}, {ai}a) ZU;Ail/Qi(Nikfl)Hkafl(N — ke, Wik {my " N dis {aibi),
BN k(N ANy {ai i) =mBy k(N — B, Wi, in A, {ai di).

Observing that 5, = />~ =F=1) — ¢k/2(1 4 O(N 1)) and that
Do Wn e, {m " Aitis {i i) = Doo(1+ O(N 7)),
we obtain the general case by applying the £ = 1 case to wy k. O

Before continuing on to the proof of Proposition 4.7, we record the following useful
remark.

Remark 4.8. We observe as T..(x) is smooth on R \ {1} and independent of {\;}!",
and N, we may show that for fixed k € Z, if we define Ry(z) so that Tk co(z) =
Too(2) + Ry (z), then for I € N, RV (x) = O(N~?) uniformly over both compact subsets
of x € R\ {1} (and of course still independently of {);}/,). On the other hand, taking
Ry(z) = Ry (2)TZ (x), we may write

TN koo(®) = (I + Ry(x))Ts ().

Now as one may check that det(7(z)) = 1, we see that the entries of T_! (x) are also
smooth on R\ {1}, so we see that Ry satisfies the same estimates as Ry.

Proof of Proposition 4.7. We will take § = /2, where J; is the constant given in Propo-
sition 4.2. We will begin with the proof in the case that £ = 0. By Proposition 4.2, (4.14),
and (4.5) we see that for x € (\j11 + 6, \; — )
-1
DfaefNéa '?N pN(z) ] w ()12
e —2mikN_1pN—1(T) n(z)

= D1+ Ral@))(Po) (D)0 V(a2 |

s o eNis(w)
= (I 4 Ry (2))Too (w)e "™ Zkms Ok L—Nism}’

where Ry(z) is the error term from Proposition 4.2 and Ry (z) = D3 ° Ry(x)DZ,. By
Remark 4.6, we see that modifying Ry (z) by the constant matrix I + O(N~!) appearing
in (4.8), we obtain (4.12) in the k£ = 0 case. Now using the fact that the coefficients
D, are N-independent and independent of {);};, we see that the function Ry satisfies
the same estimates as Ry, as stated in Proposition 4.2. In particular, Rg\l,) (r) =O(N~1)
uniformly in the sense needed in Proposition 4.7. Similarly, using (4.15) and (4.6) and
the same choice of Ry, we obtain (4.13) in the case of k£ = 0. Together these complete
the £ = 0 case.
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To establish the case of k£ # 0, with notation as above, we see that by Remark 4.8,
Remark 4.6, and the k£ = 0 case applied to the measure wy i, we see for z € (X471 +
9, —9),

-1
Dgoaengo' |: f{N pN(w) :| ’UJN(ZL’)I/Q
—2mikN—1pN-1()

o iI(N—k)sn k()
—ir St apo | € '
= (I + Ry (2)) T () e "™ 2ima @ Li(Nk)SN,k(Z)] ’

where Ry satisfies asymptotics as before.
Now recalling ry(x) from Lemma 4.4 we see that
ei(N*k?)SN,k(ZL’) :|

Too (I)eiiﬂ— D ok—1 KO [e—i(N_k)‘sN’k(x)

) ko o ; eiNs(;E)
= (I + RN(fC))TOO(x)e[ harccos(@)=im iy axle [eiNs(m):| s

where Ry(z) = (I + Ry (2))Too(2)e™ @ (2)™1 — I. As ry(z) = O(N™Y), Too(z) is
smooth on (—1,1), and det(T (z)) = 1, we see from the estimates on Ry that RE\I,) (z) =
O(N_l) for [ > 0. Together, these results complete the proof of (4.12). The general case
of (4.13) follows more simply from Remark 4.6 and a similar appeal to the £k = 0 case. O

Remark 4.9. for any § > 0, we may find ¢ > 0, such that s(z) > 2cz® forz € R\ [-1 —
0,1+ ¢]. Noting that T, grows only polynomially in z, we see that the asymptotic (4.15)
implies that for any choice of k € Z, | > 0, and |z| > 1 + ¢, we have that

PR @) (@)? = 0 (e,

and additionally, for any compact subset of {\;}77; € {(A1, - Am) € (=1, 1) : Ay > -+ >
Am }, we may choose ¢ > 0 small enough that this error bound is uniform in |z| > 1+ §
and our chosen compact subset of {\;} ;.

We will now turn to describe the asymptotics of the orthogonal polynomials around
the points +1. We define functions

2/3
A =ca=1) (§s@) o) = o) @18)

It is routine to verify that fi; are defined and smooth in a neighborhood around +1
(see also Definition 4.25 of [4]). Moreover, one may verify that fjﬂ(:lzl) = +2 and
that fi1(£1) = 0. We also define fy +1(2) = fil(n,glz) as before. We will also need
additional matrix valued functions

Tl(l') :ﬁef’i%Tw(I)BW(I)I(Z’ZI)UB’L%J |:1 11:| e'iU%I(I<1)|f'1(‘r)|0’/47 (419)

1 1

T—l(l’) :\/77'6_2-%,1100 (J;)ew(z)l(mf—1)0'6—1'#/1062'%0' |:_1 .

:| €id%l($>_1)|f_1(l‘)|a/4.

We are now ready to state the asymptotics around +1. In the following proposition, Ai
denotes the Airy function.

Proposition 4.10. For § > 0 small enough, and any choice of k € Z, we may find Ry (x)
such that for x € (1 — §,1+ &) we have that

Wl/QPka(x) ] 1/2
—7:771/2pN—k—1($) ’LUN(LL')

_ (N = k)YSAI((N = k)*/3 f g (2))
= (I + RN(x))Tl (x) |:(N _ k)fl/GAi/((N _ k)z/BfN,k,l(x)) ) (4.20)
EJP 29 (2024), paper 22. https://www.imstat.org/ejp

Page 25/71


https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

and forx € (—1 — 9, —1+ §) we have that

”Tl/Qprk(l') /
_Z.ﬂ-l/QpN—lc—l(l‘)] wy (z)1/?
= (I + Ry ()T (z) [_(N — k)VOA((N — k)3 fy g1 ()

(N = k)~HOAT((N - k)Q/BfN,k,—l(I)) (=D (4.21)

Additionally, for any | > 0, and any choice of compact subset of {\;}7, € {(A1, - An) €
(—=1,1)™ : Ay > -+ > A\, }, we may choose §, > 0 such that for 0 < § < &y we have that
Rg\l,) (r) = O(N~1) uniformly in bothx € (=1 —6,—-1+3)U (1 —4,1+6) and {\;}!"; in our
chosen compact set.

To prove this, we will have to recall the form of Py;. We begin with the case of P,
which is given in Definition 4.28 of [4]. We observe that for the function &;(z) defined
in (4.42) of [4], we have that (¢;), (z) = N?/3f,(z), and additionally we have that the
function defined in (4.28) of [4] has (¢1)+(z) = (h1)+(z)/2. Employing these observations
and Lemma 4.1 we derive from Definition 4.28 of [4] that for x € (1 — §,1 + 9)

(P1) 4 (2) =Fy (2)Q1 (N fa(z))eF2D =iz <iDsl®o () =0 /2e =W (), (4.22)
F,(z) :(POO)+(x)eW(x)”w(:r)U/Qei%U\/fr B _11] eio%l(a@<1)|f1(x)|a/4No/66—i7r/l2’

Q) Ai(w)
() w?Ai'(w*()
¢)

Al(w2<) ):l 677”-0/6 |:_11 ?:| : << 0,

Ai(
/

Q+(¢) [ } e~™e/6 ¢ >0,

=

i
A
Q+(C) - |:A1/(C) w2Ai/(w2C

where here w = ¢2™/3. Now employing (4.14) and (4.15) we see that

o 1 -1 ,,= .
F+($) :DgcToo(x)eW(x)I(xZUezzaﬁ [1 ) :| ewzl(x<1)‘f1($)|a/4Na/6€_m/12

=D e"™/OT () N°/5. (4.23)

We now proceed to the —1 case. While not defined in [4], the definition is a similar
modification of the equation obtained in the VW = 0 case considered in (80) of [29] (or
similarly, from the +1 case for the reversed measure wy (—z, W(—z), {—Xi }7%q, {ai } 7).
In particular, we obtain by a similar argument that for z € (-1 — 46, -1+ )

(Po1)4(2) =F(2)0Q (N f1(x))gel r=D=illz==1)s(x)e
x w(z) =7 2e W@ ()N, (4.24)
Fy(z) =DZ.e'sT_,(x)N°/°, (4.25)

o o= AI(C) w2Ai(wC) e—ﬂ'ia/G,
— AI(C) WQAi(WC) —Tio 1 0 .
@@= | 4 ][ fe<o

Remark 4.11. We observe that F(z) (F(z)) is analytic in a neighborhood around 1 (—1)
respectively (see Lemma 4.30 of [4]). In particular, from (4.23) and (4.25) we see that
T11(z) is as well. We note that 7, is independant of {)\;}; and N. As we also have
| det(Ty1(x))| = 4w, the same aurgument as in Remark 4.8 shows that for k € Z, there is
Ry (x) such that for z € (£1 — 6, £1 +9)

T (g ' Wi, {n " Aty {ai}i) = (I + Ry (2)) Tar (),
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where for any ¢ > 0, R%)(x) = O(N ') uniformly in both = € (£1 — §,£1 + J) (and again
independently of the choice of {\;}/,).

Proof of Proposition 4.10. The proof is essentially the same as that of Proposition 4.7.
In particular, employing Proposition 4.2, (4.14), (4.5), (4.6) and Remark 4.6 as in the
proof of Proposition 4.7, we obtain the k = 0 case routinely from the expansions for P,
given by (4.22), (4.24), (4.23), and (4.25). The proof of the arbitrary k follows similarly
by employing Remark 4.11. O

Finally, we will state the asymptotics in the region around the points {\y,--- , A\, }-
Define for z € (—1,1), the function

fo(z2) =s(x) —s(z) =2 /Z V1 —y2dy. (4.26)

This function is smooth and invertible in a neighborhood of z, and we see that f.(z) =
2y/1 —z2. As before, we define fy.(2) = fnk—lm(’f]glz). We define a matrix-valued
function for 1 < 5 < m by

Tn g () = € T T (2)e TeTIT — [1. Z] , (4.27)

where py ;1 denotes

j—1
PNk =2(N —Ek)sni(Aj) — Ty — 2772041-.
i=1

For simplicity, we will denote TN70,)\J- (l‘) = TN,)\], (.’E) and PN,j,0 = PN,j-

Remark 4.12. Unlike T, (v) and T4 (z), the function Ty x,(7) depends on N. On the
other hand, this is only through the factor exp(ipn ;1o /2), whose norm is N-independent.
Thus by Remark 4.8 we see that Ty 1 », () is smooth on (—1,1), and that for any § > 0,
and any [ > 0, Tz(é,)k.x () is uniformly bounded jointly in NV, € (A\; — 6, A; + J) and any
chosen compact subset of {Ai}i, € (—1,1)™. Observing that |det(Tn x,;(2))] = 1, we
see additionally that the same is true for TJQ},C’ Y (z). Lastly, combining these observations
with Lemma 4.4, we see that for any k € Z, there is Ry(z) such that

TNk () = (I + Ry (@) Ty, -1y, (7 " Wik, {ng A {ai i),

where for any [ > 0, Rg\l,)(a:) = O(N~!) uniformly both z € (\; — 4, \; + §) and compact
subsets of {\;}1, € (—1,1)™.

Lastly, we define the following vector of special functions

@) /A T a(Ja])
Jal) { el vallal) ] (4-28)

where here J,, denotes the Bessel function of parameter v.

Proposition 4.13. For ¢ > 0 small enough, and any choice of k € Z, we may find Ry (z)
such that for any choice of 1 <i < m and x € (\; — 4, \; + §) we have that

T/ 2pN i ()

o } wn (2)Y? = (I + Ry ()T o (2)To((N = E) fa g (7). (4.29)
i Ppy o (z)

Additionally, for any | > 0, and any choice of compact subset of {\;}; € {(A1, - Am) €
(=1,1)™ : Ay > -+ > A\, }, we may choose §, > 0 such that for 0 < § < o we have that
RY(z) = O(N—') uniformly in both x € Ui, (A — 6, A\, + ) and {\; }!™, in our chosen
compact set.
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As before, this result will follow from analyzing the parametrix Py, defined in Defini-
tion 4.21 of [4]. We observe that the function defined in (4.27) of [4] satisfies

(Wj)+($) _ eW((L‘)w(x)1/26—i7T(Xj€(fE—A]')'
Employing this we see that for € (A\; — 6, \; +6)
(Py,) (1) =(Ej)+ (@) (Wa, )1 (N i, ()6 VD u(a) ~o/2eimoacla-N)oe=Nist@)o | (4.30)
= 1

T)o o —imaje(x—Aj)o iNs(Aj)o —i%Zo 1 {
(B)+(0) =(Pa) (D)™ V(a2 mescteNpelzgtsivgsio 2 1 1],

and where ¥, is a fixed matrix-valued function (defined in (4.26-4.33) of [39]) and
satisfying
(2) (1)
e Ha (C) _ZHO, (C) —(a Tio
(Wa)+(C) :L\/Z (24;1/2 . (‘1—51/2 emlotl/Mmio ¢ >,
Hafl/Z(C) 7ZH0471/2(<)
g®

7@ — a+1/2(_o o a+1/2(_o (a+1/4)mio.

where here H [(31) and H éQ) denote the Hankel functions of the first and second kind at
parameter [, respectively. Employing (4.14) we see that we may write

(Bj)+(z) = DL 3Ty », (). (4.31)
Proof of Proposition 4.13. As we have that Hél)(a:) + H[(f) (x) = 2Jg(x) (see Section 9.1
of [1]), we see that for ( € R

()4 Qe [1] = /1, 0)

Combining this with (4.30), (4.31), and observing that e(z — \;) = e(NfAj (z)), we see
that

(Pay)+ (2)eNis@ W@y ()02 H —DE,e Ty, () Ty (N f, (2)

=D Ty, () Ta, (N fr, (z)).

Now employing Proposition 4.2, (4.5), and Remark 4.6 we obtain the k£ = 0 case of (4.29).
The proof for arbitrary k follows from Remark 4.12. O

Together these results will allow us to uniformly describe the behavior of py_; on R.
What remains is to understand the behavior of ¢; and ¢; introduced in (2.8) and (2.9) for
1 <17 < m. To do so, we introduce the following matrix

—kn—1H(pn-1)(Ni) —HN1(27Ti)1H(PN)(>\i)] .

VNA' _ eN)\fo'Naio |: . ( Y
o 2mik N 1PN —1(Ai Ky PN (i)

The utility of this matrix comes from the following relation

=2 o] = Vo i) ]

In particular, in view of the above understanding of px and py_1, to understand ¢; and

g;, we only need to provide asymptotics for Vy ,.
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Proposition 4.14. For 1 < j < m, we have that

Vi, = 67T em 5700 T, () T DRI (1 + O(NTH)e V37,

where here we denote

V/ —\2)a;/2
¢ = 21_‘7T(1 )‘1])2] e WA H A — A9

(a; +1/2) o
Moreover the error term is uniform over compact subsets of {\;}"; € {(A1, - A\m) €
(=LD™: A > > Ay}
Remark 4.15. We observe that by combining Remark 4.6, Proposition 4.14, and (4.32)
we see that for 1 < i < m there are constants C}, y for 1 < k < 4, such that

pn(z) pN-1()
gi = y
($) Cl’NJJ — )\i * CQ7N xr — )\i
) _ pn(z) pN-1()
qi(z) =Cs.n_— Y +CaN= — N

where for all i, we have that C; y = O(1) uniformly in compact subsets of {\;}*, €
{1, Am) € (=1, D)™ : Ay > - > Ay}

Proof. By the Christoffel-Darboux formula (2.5), we see that det(Yy(z)) = 1. From this,
we observe that for1 < j <m

Vi, = eNNoON%ST (V) (A) (4.33)

J

Additionally, we observe the matrix relation

— x)o —0 —Nis(x)o 1 0 is(x)+z3)o 10 —0
e W@, (3)=0/2=Nis(a) 2N W)y ) J Nlis@)+a?)o _ L J wn ()72,

Using this relation and Proposition 4.2, (4.3), (4.30) and (4.31), we see that for = €
(Aj, Aj +0)

10 —0/2
L wn(@)

(4.34)
where Ry is the remainder term from Proposition 4.2. We recall from Section 4.3 of [39]

(more precisely, the analytic continuation of their (4.21)) that for ¢ > 0:

Vilagio(=i€) = J=Kat1/a(=iC)

1 0] _
(Za)+(C) L—%m 1] _ﬁ[—iﬁla1/2(_iC) — e Ka—1/2(-i0)

(Yi)+ () = V37 (I + Ry (2)) DZe T T p, (2) (Ve )1 (N fi, () ™57 [

] e73T (4.35)

where here I, and K, are modified Bessel functions of the first and second kind,
respectively, where both are taken with respect to the principal branch given by arg(z) €
(—m, m). The asymptotics of the right-hand side of (4.35) as ( — 0 are computed in (112)

of [29] as /o
i% 0 -1 27TCa 7 —iTQo
5 D)) (rarimm) <

where C,(¢) = O(Clog(|¢|)) entrywise as ¢ — 0. We note as well that

—1
—iTo 1 0 iTao 10 _
e [6_2”0‘ J e [1 J =1.
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Recalling that both Ry (z) and Ty, () are continuous at \;, we see by (4.34) that
0 -1
—i 0

o
2
| I |/\j )\k|—ozka €_W()\j)U€N>\JU

k#j

ISE]

(Ya)+ (Nj) =N 27 (1 + Ry (M) DLe' T T, (A))e!

V2r(N L (N))%
X( 205T(a; + 1/2) )

¢ 0 —1 .
=N RO )DL T, O) |} veseeie,

where in the last step we have used that f,(z) = 2v/1 — 22. Combining this with (4.33)
and observing that
{0 —i] e
=ete 1707

1 0
completes the proof. O

4.1 Modifications for merging singularities

We will conclude this section by considering the modifications that need to be
made when we are in the case of merging singularities required in Proposition 2.10.
In particular, for the rest of this section assume that we are in the case of m = 2,
W =0, a1 = as = a > 0, and are allowing \;, Ay to depend on N. Analysis of the
Riemann-Hilbert problem with such merging singularities is undertaken in [8], where
they modify the above parametrices to obtain asymptotics in this case. We will primarily
be reliant on the results on merging singularities in [8, 10], as well as the discussion in
[4]. As we only require the supercritical case for merging singularities (i.e., we consider
A1 — X2| 7! = O(N?) where « < 1), all the above results will still hold only with worse
bounds on the error terms and different domains.

Away from the points {1, A2} though, the above asymptotics hold essentially as
stated.

Proposition 4.16. Let ¢ > 0. Then there is §; > 0, such that for 0 < § < &y, and any
choice of \1,\a € (—1 +¢,1 — ¢) (possibly N-dependant) with § > A\ — \y > 0, there is
an error term Ry, such that forl > 0, we have that RE\Z,) (r) = O(N~1) uniformly in both
x € R\{£1-0,+£14+0}U[Aa—6, A1 +0] and the choice (A1, \2), and such that the following
asymptotics hold: Forxz € (—1 46,1 —6)\ (A2 — J, \1 + ), we have (4.12), for |z| > 1+,
we have (4.13), forx € (1—6,1+6), we have (4.20), and for x € (—1 —6,—1+9), we have
(4.21). Lastly, (4.7) and thus (4.8) hold as well, with error term uniform in the choice of
(A1, \2) as well.

For the remaining regions around \; and \,, the asymptotics of Proposition 4.13 and
Proposition 4.12 occur in a smaller region and have a worse error bound.

Proposition 4.17. Lete > 0 and 0 < v < 1. Then there is 6y > 0, such that for 0 < ¢ < dy,
and any choice of A1, Ay € (—1+¢,1 —€) (possibly N-dependant) with§ > A\ — Ay > N77,
the following holds. Denoting ry = 2(A\; — A2), there is an error term Ry, such that
forl > 0, we have that Rg\l,) (z) = O(ry") uniformly in x € (Ao — §,\; + 0) and the choice
of (A1, A2), and such that the following asymptotics hold: For x € (Ay — 6, Ay — 57“](,1) U
(A2 + 67"](,1,/\1 — 67“](,1) U (A + 67“](,1,/\1 + 9), we have (4.12), and for 1 < i < 2, and
x € (N — 67";,1, Ai + 57“](,1), we have that (4.29) holds. Additionally, the asymptotics of
Proposition 4.14 holds with error term now of order O(N"~1), but now uniform in the
choice of (A1, \2).

We will now begin to establish the prerequisites for the proofs for these statements.
For the remainder of the section we will denote u = (A\; — A\2)?/4 and v = (\; + \2)/2. As
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before, this will essentially follow from recalling and simplifying various parametrices.
More specifically, in [8] they give asymptotics of Yy in the merging case in terms of
a related matrix-valued function “S”, which we denote by S¥ to avoid confusion with
the above Sy. To aid the reader in the translation of their notation, their (n,t¢,V,a,b)
coincides with our (N, u, —2(z — v)?,1 — v, —1 — v). The definition of S¥ in [8] is given in
(4.10) and (5.1), only employing Fig. 8 rather than Fig. 7, as explained in their Section
6.1. The construction is almost identical to the one in [4] (which we used above) with
the only non-notational change being that for = € (A1, \2) the function S¥ is defined by
(4.4) rather than (4.3) (see the difference between Figure 1 of [4] and Figure 8 of [8]).
In particular, the function (SY/), may be given in terms of the above (Sy) as follows:
For z ¢ [A1, A2), (S¥)4(x) = (Sn)+(z), and for = € (A1, \2), we have that

(SN), (@) = (Sn)+(2) E (1)] : (4.36)

They then, as above, solve this by employing a sequence of paramatrices. We are only
concerned with the case that ¢ > 0, which is dealt with in Section 6 of [8]. They construct
paramatrices NN, P@, p® and P, where P is defined in a neighborhood of 1, P®
is defined in a neighborhood of —1, P is defined in a neighborhood of [A\2, A1], and N is
defined in the remainder. These first three though are defined as P(*), P(\), and P(-1)
in [4], which coincide with our P,,, P;, and P_;. In particular, they prove the following
result.

Proposition 4.18. Let us fix ¢ > 0. Then there is §; > 0 such that for any 0 < ¢ < g,
and any choice of \{,\s € (—1 +¢,1 — ¢€) (possibly N-dependant) with § > (A — Aa) > 0.
Then there is Ry such that

(SN)+(x) = (I + Ry (2))(Fs)+ (),

where here
(Puw)+(z); 2 € (A2 — 0, M\ +9)
(P5)4(z) = ¢ (Pe1)+(2); v € (1 -6, £149)

(Px)+(z); otherwise

and where for any [ > 0, we have that Rg\l,)(;v) = O(N7!) uniformly in z € R\ {£1 —
0,£1 46, Ay — 0, A1 + 0} and the choice of (A1, \2).

This result for Ry essentially follows from Section 6.5 of [8], though they only state
the error bounds for Ry. On the other hand, they actually establish that Ry satisfies
a small norm Riemann-Hilbert problem, with N-independent contours, whose jump
matrices are O(N ~!) uniformly in a N-independent neighborhood of the contours. In
particular, applying a contour deformation argument and the Cauchy integral formula
as in the proof of Theorem 4.37 in [4] (see also the discussion in Section 4 of [29]), we
obtain the desired error bounds on Rg\l,) for all [ > 0. In addition, while the results of [8]
establish uniformly only in u, the extension to uniformity in v is shown in Appendix G of
[4].

As the paramatrices P, and P4, here coincide with those considered in the previous
subsection exactly, replacing Proposition 4.2 with Proposition 4.18 as appropriate in
the proofs in the previous subsection gives a proof of Proposition 4.16 (noting that
(Sn)+ = (SM), in all regions considered in this proposition).

On the other hand, the parametrix P, ,, which is defined in Section 6.4 of [8], does not
directly coincide with any of the parametrices considered above. It is primarily reliant on
the special family of parametrices studied in [10], which involve more complicated special
functions than those considered above. Moreover, when one lets (A\; —\2) = O(N 1), they
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appear to be quite different from a simple combination of the parametrices considered
above.

Luckily though, we do not need to contend with these parametrices directly, as the
asymptotics of the parametrix family of [10] is already considered in [10]. Up to a variety
of translations, these relate the parametrix P, ,, to those considered above, up to an
error term now dependent on (A; — \3). In particular, the result of this translation will
be the following result, whose proof will comprise the majority of the remainder of the
section.

Lemma 4.19. With the set-up of Proposition 4.18, there is 6; > 0, such that if (A\; — \a) >
51 N~1, then there is Ry(x) such that

(Puw)+(@) =(I + By (2))(Poo)+(7);

¢ (A2 — Vs, A\ +\/ud),
(Pun)ole) =1+ B@)(Po)s )|} 3|5 € O VoA - VD)
(Pas)s () =( + R (@)(Py, )1 (@); € (A + Vi),
(Pun) o) =1+ Bx@)(Pr)s(o) || )5 € On = Vs ),
(Pu) () =+ B () (Pr)1 () 2 € Oz = Vitd, o),
0]
1]

(Pu)+ (@) =(I + Ry(2))(Pry)+ () } L 2 € (o, g + vaid),

where for any | > 0, we have that R\ (z) = O(u='/2N~1) uniformly in both z in these
regions, and in the choice of (A1, A2).

Recalling (4.36) for = € [A1, A2], we see that the combined asymptotics of this lemma
and Proposition 4.19 essentially coincide with those in Proposition 4.2 around {A;, A2},
except that now that choice of § is now N-dependant and the error terms are now
of order O(N‘lu‘l/Q) instead of O(N~1). Thus repeating the proofs given above, re-
placing O(N~') by O(N~'u~'/?) = O(N~'ry) when necessary is sufficient to prove
Proposition 4.17.

The remainder of this subsection will consist of the proof of Lemma 4.19. As previously
remarked, this Lemma is essentially a special case of the asymptotics considered in
Section 5 of [10], though we will have to trace a variety of notations from [8, 10] and
perform some simple manipulations to obtain this. For the convenience of the reader, we
remark that a similar translation is given in Appendix G of [4], whose notation we will
borrow when possible.

In preparation, let us define for z € R

Mz) = N (W - 5(17)) . sn = 2Ni(s(Aa) — s(A\1).

We recall a form for the parametrix P, ,, which is defined in Section 6.4 of [8]. For
x € (v—0g,v+ dp)

(Puw)+(x) =E4 (2) 0P (A(@); s3)w(z) /2N (g0y),
o —iNZOD+s(2)

B, (x) =D Tw(x)(00y) tei™ e z 9,

where \11(2)()\,5) is a fixed matrix-valued function defined in Section 3 of [8], which
depends only on o and s. We will need the asymptotics of \I!f) as s — oo. To get these,

we note that in view of (3.11) and (3.5) of [8], we may write

Az efe(z 7rzao' |1.| > | |/4
(.TC,S) CK |S| ;8 I ‘J}l < I |/4 ) ( )
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where U is the solution to the model Riemann-Hilbert problem introduced in Section
3 of [10] with parameters oy = as = a and 8y = 82 = 0. In Section 5 of [10] uniform
asymptotics for ¥o i in the case of |s| — oo are derived. To demonstrate these, the
Riemann-Hilbert problem for ¥ is solved using elementary transformations and yet
another auxiliary Riemann-Hilbert problem M. We note for the convenience of the reader
that in the case relevant to us (i.e., § = 0), M is expressed explicitly in terms of Hankel
and modified Bessel functions in (2.47) of [8]. In particular, we see that

_ize 1 |1 4 1 —iTaio
My (o) = foo)e 5 2o 1] (o) )om) e B, (4.38)
The following asymptotics of \II(Q)(:c; s) follow from those in Section 5 of [10] and (4.37).

Lemma 4.20. There exists sy > 0 and 6y > 0 such that for any s > sq and §g > 6 > 0,
there is R,, such that

¥ (a:5) (I + Ra())e e (o) > Bl g

_ N
VO (@) =(1 + Ru(x))e el < 2Ll
0 1 4
‘I’f) (z38) =(I + Rs(iv))e_“m/%e_ilsV4UM(:U)6%O‘”‘7; % <z< % + |s|6
U (2;5) =(I + Ry(x))e /2018149 £ (1) 300ime [(1) _11} ; % —|sld <z < %
\I'S_Q) (z75) =(I + Ry(x))e 507 !lsl/47 pp (1) e 307 % <—z < % + |s]é
U (255) =(I + Ry(w))e™ T o0 lel/Ao 0y (z)eBeime [(1) 11] : % —|s]d < —z < |41|

and such that for | > 0, we have that R\" (z) = O(s~!(s + |2|)~}) uniformly in s € (sq, %)
and z in the regions above.

Remark 4.21. The factor of s~/ occurring in the error term in Lemma 4.20 is due to the
s~ l-scaling in (4.37). Indeed if one denotes by R, the error term for the corresponding
error term in the expansion of ¥k (z;s), one has that for any [ > 0, Rgl)(x) =0(s71(1+
|z[)~1) (see (5.25) of [10]).

Proof of Lemma 4.19. We recall that 10 = —o01, so that ac; = ga™?. We also note

that
(oo1)~ B ﬂ (001):[1 ﬂ

With these results and (4.38), all of these expressions follow by routine computation.
For example, we observe for z € (A, A1 + /ud) that (potentially changing §) A(z) €
(Is|/4,]s|/4 + 0]s|) so that

(Pu’v)+($) :DgOTOO(x)(O—O_l)_leiﬂ_ao_e_iNS(Al)zs(X2)o.
X (I + Ry(A(@)))eiN “H5 000 emiomoyy 210/ ().
Noting that R, (A(z)) = O(u~'/2N~') we see that conjugating R, as above
(Puw)+ (@) = (I + O(N~'u™2) DS Tog ().

All claims follow from similar computations. O
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5 Proof of Proposition 2.6

In this section, we will prove Proposition 2.6. As £ vanishes on a neighborhood
of [~1,1], the integrals which compose the entries of A}, are supported on regions
where the integrand is exponentially small (see Remark 4.9). Combining this with some
rough estimates for the elements of A?V (see Proposition 5.1), we will be able to obtain
Proposition 2.6 by employing bounds for the determinant under perturbation.

Now, as before we fix a choice of W, {\; }i, {«.}:) satisfying the hypotheses of Theo-
rem 1.2. For a linear operator A on an inner-product space, let ||A||r = \/Tr(A*A) denote
the Frobenius norm. We recall the operators A}V and A(}V (defined in (2.11) and (2.12)) of
Section 2, which act on Py with the inner-product (f, 9)w,n = | f(z)g(z)wn (z)dz. The
main technical result of this section is the following proposition.

Proposition 5.1. There are C,c > 0, such that
IANIF =0 (e7™), IAY[lr = O (N€).

Moreover for any choice of compact subset of {\;}7; € {(A1, - ) € (=1, 1) : A1 >
-+« > Ay}, we may choose C,c such that these estimates are uniform on the chosen
compact set.

We will now give the proof of Proposition 2.6 assuming Proposition 5.1.

Proof of Proposition 2.6. We recall from Lemma 2.7 that [A%]s2 = I, so that [Ax]2e =
I 4+ [A}]22. We observe that by Proposition 5.1, we have that [|[A} ]| = O (e77V¢).
Thus by the Neumann series for the inverse, we see that for sufficiently large N [Ay]a2
is invertible and that [|[[Ay]55 — I||r = O (e7V¢). By the Schur complement formula, we
have that

det(AN) = det([AN]QQ) det([AN]H — [AN]lg[AN]Z_Ql [AN]Ql). (51)
Now recall that [A%];2 = 0 so that [Ay]12 = [A}]12. Thus we have that

I[AN]11 = [AN]12[AN]5 (ANl F = [I[AN)11 — [AR]12[AN)5 [AN]2]lF
<[ AN]ulle + AR 2l e AN 21 [AN]2 ]l -

The work above shows that ||[Ax]5 |7 = ||I]|F +O(e~¢) = O(N), and by Proposition 5.1
we have that ||[[A§]11]| 7, [[[AN]12]lF = O(e™7¢) and ||[An]21]| 7 = O(N¢). Combining these
with the above inequality, we see that

I[AN]11 — [Anh2[AN]% [AN]a |l F = O(e™N/?). (5.2)
We recall the bound on /-by-¢ matrices A and B (see Theorem 2.12 of [24])
| det(A) — det(B)| < £|A = B|p(max(||A| p, | Bl|#)) "

Recalling that dim(Py,1) = m + d, we see that by applying this inequality, the bound of
(5.2), and Proposition 5.1

| det([An]i1 — [An]ia[An]5 [An]21) — det([AR )| = O(e™V/*). (5.3)
We will further need the bound on /-by-¢ matrices A (see Corollary 2.14 of [24])
|det(I + A) — 1] < (4| Al|r + 1)* — 1.

Employing the formula [Ay]s2 = I + [A}]22, as well as Proposition 5.1, this bound yields
that | det([An]22) — 1| = O(e~N¢/2). Using this, (5.1), and (5.3), we have that

det(Ay) = det([AQ]11)(1 + O(e"N/2)) + O(e~Ne/4).

Finally applying Proposition 5.1 to see that det([A%]11) = O(eV¢/*), and recalling that
det([A%]11) = det(AQ;) completes the proof. O
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The remainder of the section will be spent on the proof of Proposition 5.1. We first
note that by Proposition 2.5 we have that

AN F = NI TINE TN F < TN ETN||F + TNy TINE TN ||F, (5.4)

1AX |7 < ||F + 2N|TxJ5 1HN:UHNHF+Z|aZ|||HNJ Y Ty || s (5.5)
i=1

where here, the transpose f7 is taken with respect to the inner-product on Py inherited
from (x,%), n. Thus it suffices to compute the order of all terms on the right. The
terms |[nJy ' ETIx||p, |TInJI Ny TNETIy| F and [Ty Jy TIy2Ily | F will all follow from
the same method, which we now illustrate. Let A be a symmetric operator on Py with
Schwartz kernel Af(z) = [ G(z,y)f(y)wn(y)dy. Then evaluating the Frobenius norm
with respect to the bas1s given by orthogonal polynomials, we see that

N-1
IAIE = G(z,y)G(z, 2)pi(y)pi(z)wn () wy (y)wn (2)dedydz
ZZ_:O/// Y PilY)P N N\Yy)wN Y

~ [ [ [ 66 kn (o us (@ (o) (dsdyd: (5.6)
where K is the Christoffel-Darboux kernel. Let us denote

Kn(a,y) = wn (@) uy (y) 2 K (2,y).

In the sense above, the operator Iy JJ(,lS/HN has kernel

1 _
Glaan) = wn(o) 7 (5 [ Kl )els = ) € ur (0
on Py. We may employ (5.6) to obtain
Ty T3 E Ty [
1 5

= 1/ /ICN 71, 20)e(z2 — 23)E (23)Kn (71, 24)e(24 — 75)E (25) KN (73, T5) Hd%

By taking the absolute value of the integrand, we may upper-bound this quantity by

i(///|ICN(5617$2)/CN($1;$4)|dx1dx2dx4> (//|E (23)€ ICN(LL'3,$r)|dCU3dCCr).

(5.7)
By the Cauchy-Schwarz inequality we have that

Kn (2, 9)| < Ky (@, 2) 2 Kn (y, )2

Repeatedly applying this bound to (5.7), and observing that [ Ky (z,z)dz = N, we see
that |y Jy'ETN|% < 1713, where

I = //CN(w,w)l/2dw, I :/ICN(w,w)l/2\€'(w)\dw.
To compute these integrals let us denote ¢n1(z) = py(z)wy(2)'/? and pya(r) =
py_1(x)wn(z)/2. We note that by Remark 4.9 for any § > 0 there is ¢ > 0 small
enough so that for |z| > 1+ 4

& orila), o ala) = Olexp(~eNa?)).
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By the Christoffel-Darboux formula (2.6) and Lemma 4.5, we see that Ky(z,z) =
O(exp(—cNz?)) uniformly on |x| > 1 + §. Now applying the Cauchy-Schwarz inequality,
we see that

I :/ ICN(w,w)l/de+/ Ko (w, w)/?
|w|>1448 Jw|<1+8

1/2
S/ K (w, w)2dw + (2 4 26)*/? </ ICN(w,w)dw> . (5.8)
|lw|>14+48

The first integral on the right-hand side of (5.8) is seen to be of order O(e™" e/ 4) using
the above asymptotic, and the second is exactly (2 + 2§)'/2N'/2, so that I; = O(N'/?).
When applying the same trick to I, the first term is O(e =" e/ 4), and the latter vanishes,
so that I, = O(e™N¢/4), so that ||TIyJy 'ETIy||%2 = O(e~N¢/®). The same method works
to show that ||TIyJy' TINETIN| F = O(e~Ne/*) and that ||TIyJy' Tnax | = O(N?).

We now focus our attention to ||IIxJ5"'¢ig? Tly| . In this case we see that, recalling
(2.10) and applying again the inequality |y (z,y)| < Kn(z, 2)Y2Kn (y,y)/?,

Ty Jy " g Ty |7

:672N)‘?N72°”KN()\,;,)\¢)//KN(zl,xg)JK,l&;(:zrl)J;,l&(xg)wN(xl)wN(zg)dxldxg

2
< 672N)\?N720”KN()\7;,)\¢) (/ ICN(QJ,:C)l/2 e(f,w}vm)(x)‘ dz) ,

where here

«(Na) =5 [ o= nrw)n

To understand these quantities we will first employ Proposition 4.29 to write, for
x € ()\2 —5,>\1+5) and k=1,2

N (@) = GN (@) Ta, (N1, (7)), Gnp(z) =i "=Dr= 12l (I + Ry(2)) T, (2), (5.9)

where e}, is the k-th standard coordinate vector. We also recall some classical asymptotics
of Bessel functions (see Chapter 9 of [1]): for » > —1 and z € (0, 00), we have that

z " J, (), % (x”Jl,(:n)> =0 ((1 + x)"”l/z) ,

where both the errors are uniform in = € (0, c0). From this, and recalling the definition
of J,(x) from (4.28) we see that for v > —1/2 and for z € R,

d

J,‘_le,(.’f), %

(x_yjl,(x)) =0 ((1+ a7 172), (5.10)
where again, the error term is uniform in z € R. We will denote ¢y x(x) = on p(x)|z —
A\i| ¢, which removes the singular part of ¢y ; around \; coming from wy (z)'/2. Now
employing (5.10) and Remark 4.12 to the representation in (5.9), we see that for x €
(M —0,A; +9) and k = 1,2, we have that,

A d -~ a+2

@N,k(x), %(pNJg(l‘) = O(N*T2), (5.11)
again uniformly in = and compact subsets of {\;}7"; € {(A1, - Am) € (=1,1)™ = Ay >
-+« > Ap}. Applying this to the Christoffel-Darboux formula (2.6), we obtain that

e—QN)\fN—QaiKN()\i’ )\i) _ O(NS). (5.12)
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We now focus on the term e(¢; wl/z)(x). We note that

‘/ - @Nk( )dy‘ . [Nk (y)|dy +

y—A 6 Syl y—Ai

/ (o — )22 gl 513
ly—Xi| <o
Using that

/@?V,k(y)dy = /pN—k+1(y)2wN(x)dm =1

and proceeding as in (5.8), we may see that the first integral on the right-hand side of
(5.13) is O(1), leading us to bound the second. We have that

/ e(z — y)Lk(y_)dy _ / e —y) (enk(y) — @N,k(/\.i)” *dy
ly—Xil <o y—Ai ly—As| <6 y—Xi
wk () ly—Xi|<é ( ) y—N\

The latter term is O(N®*2) by (5.11). Additionally, applying again (5.11) and the mean
value theorem to ¢y 1 i, we see that

ez — (Bnk(Y) = EnrAi)ly =A™ a2
/y/\|<6( Y) Y dy O(N )

These bounds are additionally uniform in ¥, so that in particular we may conclude that
for k = 1,2 that e(¢on i) () = O(N**2), uniformly in z € R. By Remark 4.15, we see that
e(?; wl/z)(ac) = O(N%i*2), Again proceeding as in (5.8), we obtain that

/ICN(:E, x)t/%e (éiw]lv/2) (z)dz = O (N*H4). (5.14)

Combining (5.12) and (5.14) we see that

2
e VN Ky (A, M) ( / K, )2 (Law)]?) (x)d;v> =0 (Nreeen),

In total these results show that the right-hand side of (5.4) is of order O (e~V¢/*), and
that the right-hand side of (5.5) is of order O (N6(1+2i%1 @) which together completes
the proof of Proposition 5.1.

6 Proof of Proposition 2.9

In this section, we will prove Proposition 2.9. The evaluation of these integrals is a
key technical step in this paper. Away from the points {1} and {\;}/2, this computation
will follow by standard methods for oscillatory integrals (see for example Lemma 6.3).
The remainder of the work is then spent understanding the contributions around the
points {1} and {\;}/,. This will follow from applications of the classical asymptotics
for the Bessel and Airy functions and careful analysis to compare these integrals with
those in the remainder of the bulk. There is some similarity with methods used in
[12, 11, 13], particularly for the asymptotics away from the points {\;}1*;.

To begin, we first note that we may write

[t @@ @ide = [ [ o - ya@ s @ 2w ) dsdy
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We observe that if functions f and g are supported on disjoint intervals, then we have
that

[ [ e = va@swun@ 2o sty = = [ gy 2ds [ )

(6.1)

where + = + if the interval supporting g lies to the right of the interval supporting f in
R and 4+ = — if this interval instead lies to the left.

This will be an important observation. With this identity and a partition of unity, we
will reduce the integrals into a sequence of simpler integrals supported over regions
where a single asymptotic expression holds. We again fix (W, {\; };, {«; }:) satisfying the
conditions of Proposition 1.2, and in all results below, the error will be uniform in a
neighborhood of {\;} € {(A1, -, ) € (=1,1)™ : Ay > --- > A, }. We will employ, as
before, the notation Ao = 1 and A, 11 = —1.

Lemma 6.1. Assume that ¢ is a smooth function on R of sub-exponential growth. Assume
that there is some § > 0 such that ¢ vanishes on (\; — 0, \; +9) forall0 < i < m+ 1.
Then for each k and any c € IN, we have that

/ (@)D -k ()wn ()Y 2dz = O(N—°),

Proof. For notational clarity, we will assume that £ = 0. The proof will proceed by
applying the results of Section 4 on each region. Using the assumptions on the support
of ¢, we see that

/¢($)PN(I)wN(x)1/2dx:/

¢($)pN(z)wN(x)1/2d;z; + / o(z)pn (z)wn (213)1/2dx.
|z|>144

Jz|<1

We note that by Remark 4.9 we have that
/ ¢(I)PN(I)wN(I)1/2d$ -0 (efNC/2) .
[z|>1+6

We now focus on the computation of flz\<1 o(z)pn (2)wy (x)Y/?dx. If ¢ is supported on
(Nig1 + 6, A; — 9), for some 0 < i < m, we may apply Proposition 4.7 to rewrite

/ d)(l')pN(x)wN(x)lmdx :% |:/(ZS(£L’)[(I + RN(m))Too(x)]ue*” 22:1 O‘keiNs(QJ)dl.
|z <1 m

+ / O(2)[(I + Ry () Too ()] 106 Szt @ e iNs (@) g |
(6.2)

where Ry is the error term of Proposition 4.7. We now recall that if f is a smooth
function of compact support, then for any ¢ € IN, we have that

‘ / =N f(2)da

This inequality, and a change of variables, will be sufficient to complete the proof. Indeed,
let us consider the first term of (6.2) and denote for ! € {1,2}

1
—_ (C)
< / |19 (z)|d. (6.3)

Fna(@) = o(@)[(I + By (x))Too ()] e D17 Ximr @k

As we have that for any n > 0, R%)(x) = O(N~!) uniformly on the support of ¢, and

recalling that by Remark 4.8, T (z) is N-independent and smooth, we see that for any
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¢ € N, we have that f}&(m) = O(1) uniformly for € R. By (6.3) we see that

‘/fN’l(ZC)eiiNs(w)dx

_ \ / (s-1>'<y>fN,l<s-1(y))eﬂNydy'

1 dc
< —1y\/ —1 du.
< 3¢ [ (@ st )| a
Recalling the definition of s from (4.3), we see that s is smooth and non-degenerate on
the support of fn;, we see that the integrand of the right-hand side is uniformly O(1),
and supported inside of the compact set [s(1), s(—1)] = [0, 7], so that terms of (6.2) are of
order O(N~¢). Applying this argument to each region completes the proof. O

Lemma 6.2. Let ¢ and ¢ be smooth functions of subexponential growth on R. Assume
that there is some § > 0 such that both ¢ and ¢ vanishes on (\; — 6, \; + J) for all
0<i<m+ 1. Then for each n and m, we have that

5 [ [ o@eps—n@py-mv)e(s ~ puw() Puy () dody

L p(x)p(x
- 2711]\[ /—1 Q(Sg zi(z)) sin((m — n)arccos(z))dz + O(N ~2).

Proof. Applying a partition of unity and linearity, we may assume we are in the case
where ¢ is supported on (A; 41 + 0, A; — ) for some ¢, or on (1+ 9§, 00) U (—o0, —1 —§), and
similarly for ¢. In the case where ¢ and ¢ have disjoint support, we see by (6.1) that

‘//qﬁ(x)@(y)pwn(x)pzvm(y)e(x—y)wN(x)lmwN(y)l/zdmdy‘

_ ‘ [ m-at@yunte) s [ so(y)pN_m<y>wN<y>1/2dy‘.

By Lemma 6.1, both of these integrals on the right-hand side are O(N ~2). Thus we may
assume that we are in the case where either both ¢ and ¢ are supported on (\; 1+, A\;—0)
for some 7, or on (1 4 §,00) U (—oo, —1 — 4). In the latter case, by the Cauchy-Schwarz
inequality, we have that

‘ I/ O@)(1)PN (@)D ()€ — gy (2) 2wy () 2dady
min(|z|,[y])>1+6

1/2
g( / Py -n(2)26(2) wy (2)de / pN_m<y>2w<y>2wN<y>dy) L 64
|[z|>1+6 [y|>1+46

Then applying Remark 4.9 as in the proof of Lemma 6.1, we see that the right-hand side
of (6.4) is O(e=NC/4).

Thus we may assume that ¢ and ¢ are both supported on (\;+1 + J, \; — 0) for some .
To compute this integral, we will use the following lemma (see Chapter 8.4 of [5]).

Lemma 6.3. Let h be a smooth, compactly supported function on R. Then we have that
1 N (2
5 [ [ e e - ydsdy —ov-?)

1 . )
3 //h(a:, Y)eE N @Y e(z — y)dady = + % / h(z,z)dr + O(N~2).

More specifically, the error may be bounded by
dx) .

% (//||Vh(x,y)|dxdy+4/‘;ih(%$)
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Using the asymptotics of Proposition 4.12, we may write
1
. / [ 6@y -m(v)ele = pun() Py ) dady
~ o Z //vaJ k()™ TV NIS@=EDINEW (4 — y)dudy,
G, k=1,2

where here

Ing(@y) =0(@)e(y) (L + Ry (2)) Lo (z)]1 '[(I + By () Too (9)] 11
X exp ((—1) i(narccos(z) + WZal z marccos(y) + ﬂ'Zal)),
=1

and Ry and Ry denote the error terms in Proposition 4.7 for the case of n and m,
respectively. Recalling Remark 4.8 as before, as well as the bound Rg\?) (z), Rg\?) (y) =
O(N~1) for any c € N, we see that for j, k € {1,2}, we have that fy ;(z,y) = O(1) and
|V fnjk(z,y)|| = O(1), both uniformly in =,y € R. From this, we see that

IV((s™H) (@) (™ W) fvgn(s™ (@), s @)l = O(1)

uniformly in z,y € R. Thus applying Lemma 6.3 and a change of variables with respect
to s, and recalling that s'(z) < 0 for z € (—1,1), so that e(s(z) — s(y)) = —e(x — y), we see
that

o Z //fNjk z,y)e CVNE@=CDINSW (1 — gy dady
™

7,k=1,2

=3 / / ) Y () fvg(s ), s (y))e VN Nive (g g dudy
jk 1,2
7rN/fN ””“"d +—/fN )d +O(N72). (6.5)

We now observe that as Ry (z), Ry (z) = O(N‘l), we have that

Inin(@,y) =0(@)o(y) [T (#)]15[Too (y) )1k
( 1)74 (narccos(:c)Jrﬂ'Zizla,)+(71)ki(marccos(y)+7rZzzlaz)_’_O(N—l).

Thus we may express the right-hand side of (6.5) as
L QS(:I’.)SD(‘T) i(n—m)arccos(xz) _ ,—i(n—m)arccos(x) -2
[ [ AZE il e ) do+O(N2),

Recalling the definition of T from (4.11) and s from (4.3), we may derive the identities
[Too(2)]11[Too (2)]12 = W and s'(x) = —2v/1 — 2. With these we obtain that

. 1
? / ¢($)4p($) (ei(n—m)arccos(ac) _ e—i(n—m)arccos(m)) dx
4T N 1 (1 — $2)

= 27:]\7 /_1 qﬁx)i(f)) sin((m — n)arccos(z))dx + O(N~2).

Considered altogether, these results yield the desired claim. O

We will now begin to compute integrals of functions supported around \; for1 < i < m.
It will be convenient to prove a result to match the behavior of the asymptotics of
Proposition 4.7 and 4.13 over their overlapping regions.
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We recall the asymptotics for the Bessel function (see Chapter 9 of [1]):

J(z) = \/z{cos (=~ =- g) + O(zl)} (6.6)

By employing this expansion, we obtain that with 7, defined as in (4.28), we have that,

_ 2sin(|z| — %)
« = ! Ia Ioc = 6( )\[ 6.7
Tole) = (1406 T(a), Zoto) = [0 B )
uniformly in =z € R. We will make use of the following matching computation.
Lemma 6.4. For any q € R and « € (—1,1), we have that

TN gex; (@) Loy +q(N = k) (snp(Aj) — snk(2)))

3 . . . Z(N*k)SNk(:E)
—in S Y ap—ina; I(z No ie(z—X;)Zqo | €
_ T ()l —im S anima; He<x o gic(e—A) a L—i(N—k)SN,k(JJ)] (6.8)

Proof. We observe that as sy i, is monotonically decreasing, if we denote £ = e(z — \;) =
E(SN’k(Aj) — SN_’k(LC)) then

V2sin((N — k) (snx(A) — s (@) F (o + Q)Z)} .
V2eos((N = k) (sve(Nj) = snk(2)) F (a5 +0)F)
We also note that for any a,b € R, we have that
Ciz size L [T i) [V2sin(b—a)] _ iz iz, [i€/@TO] i e
e V2 i 1] [VZeos(b—a)| ~° € e=ila=b)| =€ e |’

so that we see that

%ﬁMN—@@MQﬂ—MM@D:{

6_1%8_1%0% E ﬂ Iocj-l-q((N - k)(SN,k(/\j) - SN’k(x)))

_ A (04 )o g—i(N— Rk (A))o [

ei(N_k)SN,k(w)
:| (6.9)

e_i(N_k)sN,k(z)

Multiplying both sides of (6.9) by Ts,(z)e! "7, and recalling the definition for Ti s »,
given in (4.27), we see that the left-hand and right-hand sides simplify to the left-hand
and right-hand sides of (6.8). O

We will also need the following elementary result, which will follow by integration by
parts.

Lemma 6.5. Let f, g : [0,00) — [0,00) be monotone increasing smooth bijections, with
everywhere positive derivatives on (0,00). Let h,l be smooth functions of compact
support and let F, G be continuous functions, all defined on [0, c0). Then we have that

1 / h / ) F(F ()G lg(y))el — y)dady = T + 11 + 11, (6.10)
0 0

where here

. /O ) ( /0 " G(z)dz) h(”fv()“’)dx
H_/oo </M)F(z)dz> < ) ”; di (x)))dx,
I == / / (/m Z)dz) (/Og(y)G z)d ) di (?%) d% (;,((yy))) e(z — y)dady.

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
Page 41/71



https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

Proof. We introduce h(z) = h(f~'(z))(f~')(x) and I(z) = (g (x))(¢~ ") (z), so that we
may write the left-hand side of (6.10) as

L A BT -t — ¢ 1 (v))dudv
3] | H@I0P@GES w - g 0))dud. 6.11)

We observe that by monotonicity of g we have that e(f~!(u) — g~ 1(v)) = e(g(f~1(u)) —v),
and furthermore by integration by parts we see that for v > 0

1 o -1
3 0G0l )~ o)ie

L o) 1o
= f/ l(v)G(v)dv — f/ l(v)G(v)dv
2.Jo 2 Jg(r=1w)

— Ug(f~ () ( / e G(z)dz> SR ( | G(z)dz) (g(f () — v)do.

Applying this, we see that (6.11) may be rewritten as the sum I’ + II’ where

o ) 9(f ()
= / R(u)F(u)i(g(f~ (u))) ( / G<z>dz) du,

= _% A h A b F )l (v) ( Ov G(z)dz> e(g(f~1(u)) — v)dudo.

Again applying a change of variables with respect to f, and observing that I(g(y)) =
l(y)/d' (y), we see that I = I’. Similarly, noting that

P (g(y)) = 'y  Uyg'y) 1 d<l(y)>

T @W)? WP g dy \g )

we see that

:_7/0 0 TR (/ G )() <gl,((yy))>e(x—y)dxdy.

By applying essentially the same argument, integrating by parts with respect to x instead
of y, we may show that I’ = I + III. More specifically, we may observe that if we
swap the dummy-variables (z,y) in I1’, then I’ is just the left-hand side of (6.10) with
a modified set of functions, so repeating the above argument, one may indeed confirm
that IT' =TT+ II1. O

We are now able to state the appropriate generalizations of the above lemmas to the
case of functions supported around ;.

Lemma 6.6. For each 1 < i < m, there exists 6 > 0, such that if ¢ and ¢ are smooth
functions supported on (\; — 0, \; + 0), then we have for any n and m that

/ ()P (@) (2)2dz = O(N),
/ / (@) (1) —n ()P (9 — y)wn (2) P () 2dady

=5 /71 Qzl i x(;:)) sin((m — n)arccos(x))dz + O(N~2).

Proof. For convenience, let us denote A = \; and a = «; for this proof. We choose § > 0
so the asymptotics of Proposition 4.13 hold on (A — 2§, A 4+ 24). We recall the following
lemma due to [33].
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Lemma 6.7. Let h be a smooth, compactly supported function, and assume that u + v >
—1. Then we have that

M((u+v+1)/2)
N —p+1)/2)

/OOC J,(Nt)t*h(t)dt — D(v, u)% =O(N*%), D(v,u) =2"

More specifically, the error is bounded by:
[u+3/2]

v | X o

for some absolute constant C, , > 0.

From Proposition 4.13, and recalling fy ,,x from (4.26), we may write

S()pN (@) wn ()72 =ho 1 (2)e(w = /7l (N = 1) o r (@) a1 /2((N = ) v 5 (1)
v 2 (@) 7/(N = ) v (@) a1 2 (N = 1) fov (),

where here hy i (z) = ¢() =7z [(I + Ry (2))Tn nx(2)]1k. We recall from Remark 4.12 that
forc € N and i,j € {1, 2}, we have that [T](Vc)n y(@)]i; = O(1) uniformly in z € (A -9, A+ 9).

As we also have that R(®)(z) = O(N~') uniformly, we see that hg\??k(:c) = O(1) for c € IN.
From this, we see from Lemma 6.7 and a change of coordinates that there is C, only
dependant on «, such that

H(2)pN—n(x)wy () 2da

<NTE2(f5,0) ()] |D<a +1/2,1/2)[hna (N)] + D = 1/2,1/2)[hn s (M|

K.

k=1,2 I=0

‘ AL0

(R @ (f7h 0 @)) | da (6.12)

We see as above that the integrands on the right-hand side of (6.12) are O(1), so we
see that

A+d
/ ()N —n(z)wn (2)2de = O(NY), (6.13)
A

which establishes the first claim.
The case of double integrals will require more care. We note that by (6.1) and (6.13),
we have that

AES AT
5 / / ()P (Y)PN—n(2)pN—m(y)e(z — y)wN(fE)l/QwN(y)l/2d$dy = O(N_2)a

as we may split this double integral into a product of the single variable integrals dealt
with above. Thus by breaking the double-integral into four regions, we see that

%//¢($)<P(y)PN—n(x)pN_m(y)e(x _ y)wN(fU)l/2wN(y)l/2dxdy
:% /\w /:0 () o(Y)DN—n(T)PN—m (y)e(x — Z/)wN($)1/2wN(y)1/2dxdy

A A
+ %/700 /700 ¢<x)(p(y)pN*”(x)pN*m(y)e(x—y)wN(x)l/QwN(y)l/zdxdy+O(N*2),
(6.14)
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We compute the first integral, with the other case being identical. For notational ease,
we will denote gy k() = (N — k) fn kA (2). In view of Proposition 4.13, we further denote
hN’Z'(:L‘) :7¢(3’J)[(I+ RN(LL'))TN’n’)\({B)]U and ZN’i(‘T) = gD(LC)[(I-F RN(LU))TN’m’)\(LL')]M, where
Ry and Ry denote the error terms in Proposition 4.13 for case of K = n and k£ = m,

respectively. Thus by employing Proposition 4.13, we may rewrite the first integral on
the right-hand side of (6.14) as

e X [ [ @l Taom a0l el ~ p)dedy. (615)

™
k,l=1,2

We now observe that fy, \(z) = 2n, 'v/1 —n; %22, and that fyxa()\) = 0. Thus by
Lemma 6.5 we see that for k fixed and NV sufficiently large, we may rewrite (6.15) as
I+ 11+ I1I where

gN.m(2)
Z / joz gNn )] (/O [ja( )] ) hNk( )lNl( )d:C,

kl12 m

1 717;@12_22 /A h ( /O gN’"(x)[ja(z)]kdz> < /0 e, ldz)
e (et )
gNn(z In,m (y)
1 _71” 12/ / (/ Tulz )}kdz> (/O [Ja(z)}ldz>
(2820 ()

We now recall another important asymptotic for understanding these terms. Assuming
that / + v > —1, we may define

Joela) = / YTy, Toe() = D(.) — Juela).

We have the following asymptotics (see Chapter 2 of [33])

2
Io(z) = 27124/ = cos (z - % + %) +0E3?), 2>1; La(z)=0(Q1), z<1.
7r

(6.16)
From these asymptotics, and recalling the definition of 7, from (4.28), we see that

N n(x)
/O (2 = VATar 1y o1 s2(gnn(@) = O(L). (6.17)

As hN,k(m),lN’l(x),hﬁvvk(x)J?v,l(x) = O(1) uniformly, and as gy n(z) = (N — k) fnna(2),
we thus see that I1, 11T = O(N~2).
We may further rewrite I as the sum of two terms

e hvi(x)in(z
P 5 [ oma e poma @ a s aalgne) DA g,
kyl=1,272 9N .m (@)
o h )N (x
= > D(a—(-1)1/2, 1/2)/ Ja_(_l)kl/z(gw(x))wdx.
k,1=1,2 gN,m(l‘)
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We have that /I’ = O(N~2) by Lemma 6.7. Finally, employing the asymptotics for J,, and
1,0 given by (6.16) and (6.7) one derives that

2 [Tt o (20T

kl 1,2
X cos <gN7m(x) oy ((71)14+ 1)7r> hN;c?iz)l(I\;;(:c)dI e
I oy P O)
— X I e e ]

From the error bounds on Ry and Ry, we see that hy () = ¢(2)[Tnn(2)]1; + O(N1)
and Iy ;(z) = o(2)[Tnm.x(7)]1; + O(N~1), uniformly. Applying these, we see that

I'=— WLN k’;g /:0 Za(gnn(@)]k[Za=1(gnm(x))]
y (ZS(%)@(-%)[TN,n,)\(aj)]lk[TN,m,)\(m)]lldx+O(N_Q).

f]lv7m,>\(x)
Recalling that gy x(z) = (N — k) fypa(z) = (N — k) (snvx(A) — sy k(x)), we see that by
Lemma 6.4

1 0o ei(N—n)st,(z)
I/ - _ Too —iT Zp 1 apo )
N \ [ (Z‘) |: z(Nn)sN,"(w):|]1

—inSi a0 —iZo 6Z(N m)sN,m(T) ¢ T
X [Too(x)e Z;z:1 P92 [e—i(N—m)sN,m(w)]] |(N)(())|d +O( ) (6.18)

Employing Lemma 4.4, we may now expand the integral on the right-hand side of (6.18)
as

b > o~ (~1)F Nis(x)—(~1)! Nis(z) Tk (T) )d 410 (6.19)
N k;A ] OWT,

where here
fk,l (:L’) :¢(x)e(—l)kinarccos(x) [Too (x)]lke(—l)kiﬂ Z;;i @
% SO(x)e(—1)limarccos(ac) [Too(m)]lle(fl)liw P ap(_l)l.

We see that by integration by parts (6.3) that the terms with [ = k in (6.19) are O(N_2).
Thus (6.19) may further be written as

b C(fiz(x)  fa(x Too(2)]11[Too (2)]12 .
™ Jy <|sf<:c>|+|s< ) /¢ @]

% (e—z(n—m)alccos(ac) _ e?ﬁ(n—m)arccos(ac)) + O(N_Q)-

The identities at the end of Lemma 6.2 now show that this coincides with

I'= 273N /:O q?ixzwx(gr)) sin((m — n) arccos(x))dz + O(N~?)

This completes the evaluation of the first integral on the right-hand side of (6.14). The
second integral is similarly given by

by
2771N /_oo ngxzi(f)) sin((m — n) arccos(x))dzx + O(N—Q).

Together these computations complete the proof of the second claim. O
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To compute the integrals supported around {+1} we will need a lemma similar to
Lemma 6.4. We recall that for > 0 we have that (Chapter 10 of [1])

i) =t (s (a2 4 m) 40 (707

1/4

AV (~2) = = T (eos (2a%2 4 w/a) 0 (2797) ).
NG 3

Similarly to Lemma 6.4, we have the following matching formula.
Lemma 6.8. We have for |z| < 1 that

1 |fi(x)|"Y4sin(a +7/4)] e
0 [ e ] = e | ]

and that

e 8] e [ ]

Proof. We observe that

o—i%gito F 1} Jifo [ sin(a + 7/4) ] _ it {1 i } { sin(a + 7 /4) } _ [eia}

1 1 —cos(a + 7/4) —i —1| |—cos(a+ 7/4) e’

Applying T, and recalling the definition of 77 given in (4.19) then achieves the first
equality. The proof of the result for T_; follows similarly. O

We will also need the following computation.
Lemma 6.9. We have that

[Ty (1)1 = V2r, [To1(~1)] = V2.

Proof. With D as in (4.9), we see that D(z) = exp(W(z))(1 + O (|z — 1|'/2)) (see as well
the proof of Lemma 4.15 in [4]). Recalling f; and 73 from (4.18) and (4.19), we see that
f1(1) = 2, and in addition that for 2 > 1

-1

Ty (z) = Vre T A(z)e' 5 E ) ] 274z — 1)7/* + O((x — 1)V/4).

Recalling as well A from (4.10), we note that for z > 1 we have that

A(@:W {_ll i] +(f”;57}31/4 B f] +O((z — 1)3/4).

From this, one may routinely obtain that

1 1 -t 0
+ i\/z(:c — ) {8 _ﬂ +O((w — 1)),

Together these are sufficient to establish that [77(1)];; = v2w. The case of —1 is
similar. O

N I e T
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With these results established, we are now able to compute the relevant integrals
in the regions around {£1}. This result will follow from similar methods to Lemma 6.6,
though we will contend with a variety of complications as the integrand switches from
being oscillatory to exponentially decaying. Particularly, this transition will cause a
variety of boundary terms to appear, which requires us to carefully analyze each term
carefully to get the exact contribution. In addition, the non-smooth nature of many of
the functions composing 75; will require us to carefully Taylor expand many quantities
to show cancellation.

We note that we will only need this level of detail for one integral of Proposition 2.9,
which is recalled as (6.37) below, and showing simply that (6.21) is simply O(N 1) is
significantly simpler.

Lemma 6.10. There is § > 0, such that if ¢ and ¢ are smooth functions supported on
(£1 — 0, £1 + §), then we have for any n and m that

/¢(x)pN,n(m)wN(x)1/2dx = W(ﬂw-%(ﬂ) + O(N—5/5), (6.20)

5 [ [ o@hemnn@pn-m(wets - puw () Pun () 2dady

1 1
=5 /_1 g?gxzi(f)) sin((m — n)arccos(z))dx + O(N~7/9). (6.21)
Proof. Fix § as in Lemma 6.6. We demonstrate the case of +1, the case of —1 being
identical. We first recall that there is C such that |Ai(x)|,|Ai’(z)| < Ce™® (see Chapter
10 of [1]). From the asymptotics of Proposition 4.10 we see that
oo 1 oo
/ $(@)pN—n(2)wy (2)'/*dz =17 (N —n)Shy1(2)AI(N —n)*3z)dz
1 m 0
1
r1/2

/ TV =) Y o (@) AT ((N — ),
0
(6.22)

where here fuy,i() = (fy}, 1) (@) + BN (fyh1 (@)T1(fx )1 @)]id(fx), 1 (). Noting
that hy 2 is uniformly bounded on (1, 00), we see that by the exponential bound on Ai’
the second integral on the right-hand side of (6.22) is O(N*E’/G), so we may focus on the
first integral on the right-hand side. As hy 1(z) is smooth and of compact support, we
see that there is C such that |hn 1(z) — An1(0)] < C|z|. In particular,

/0 " v (@) — by (0)AI((N — n)?*2)da

< c/ BAI((N — n)2/37)|da.
0
Using that Ai is subexponential, we see there is C' > 0 such that

/ [PAI((N = n)*a)|dz < C(N — n>’4/3/ re~*dz = O(N~3),
0 0

so that
/oo hN’l(CU)Al((N — n)2/3x)d$ = hN,l(O) /oo AI((N _ n)2/3$)d$ + O(N_4/3).
0 0

As f{(1) = 2, we see that Ay 1(0) = 271¢(1)[T1(1)]11 + O(N~1), and thus (6.22) may be

rewritten as
1

2rl/2

NV2H(0) [T (1)1 /0 " Ai(w)dr + O(N-5/%),
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Applying Lemma 6.9 and the fact that [~ Ai(z)dz = £ (see (10.4.82) of [1]) we see that
we may further reduce this to

1 1
¢(1)Wg + O(N—5/5). (6.23)

To compute the integral in the region (1 — §,1) we observe that we have that

. NG 2 2

Al(—x) :? J1/3 §$3/2 + J71/3 §$3/2 5
. T 2 2

Ai'(—x) =3 <J2/3 <3$3/2> —J_ a3 <3$3/2>> )

which occur as (10.4.15) and (10.4.17) of [1]. By applying Lemma 6.7 to the terms in
this expression, we obtain that for smooth, compactly-supported s, we have that

h(0) 2

/O h(t)Ai(—N?/3t)dt =— /3§+O(N*4/3),
- : h(0) -
1 nr2/3 — 4/3
/0 h(t)Ai' (= N?/3t)dt FAT(2 3N + O(N—4/3), (6.24)

where the error can similarly be expressed in terms of the derivatives of h. Proceeding
similarly to the case of (1,1 4+ ¢§), and noting that

(1) 2 + O(N%/9). (6.25)

[ oy (@) e = Lo

Together these yield (6.20).
We now proceed to derive the double integral result. We observe that in view of
(6.25), (6.23) and (6.1), we have that

1 +oo
/ /1 O(@)(Y)PN—n(2)PN—m (Y)e(x — Y)wn (2)'*wn () *dady

Foo

_ ., o(Me(1) -
=+ =y tOoW /3y,

so that splitting the domain of the double integral into four regions, we see that
[ [ o@roipn-n@py-mlets = (@) 2y () 2dedy
— [ [ ooyl m(v)ele ~ pon@) Pun) dsdy
11

’ /_oo /_oo $(@) ()P —n(@)px—m (G)e(x — y)wn (@) Py (y) dedy + O(N~Y3).

To evaluate these integrals, we will denote hn;(z) = [(I + Rn(z))Ti(z)]1i6(x) and
Ini(z) = [(I + Ry(z))T1(x)])1:p(x), where Ry and Ry denote the error terms in Proposi-
tion 4.10 for case of k = n and k = m, respectively. Let us denote

(N — k)5 Ai(z)

Ak () = (N — k)~ Y6Ai' ()]’

and gy x(x) = N?/3fy1(x). With this notation, we may write the integral over the
region (1,00)? as

X [ sl ) A g DA gl — )y (6.26)

i,j=1,2
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We note that for [, k € {1,2}, there is C, ¢ > 0 such that for z > 1,
AN (gym(@)]] < CNZED BemeN ),
Applying this and noting that hy ;, [y, = O(1), we see that we see that (7, j)-th term in

(6.26) is of order O(N —4/3-(=1)'/6=(~=1)"/6) ¢ that it suffices to treat the i = j = 1 term.
Arguing with Taylor’s theorem as in the single integral case, we see that the integral

[ o) (st - 2 )

X [AN 0 (9N (@)1 AN m (98,m (y)]1€6(x — y)dzdy

is of order O(N~%/3). Noting that |gn () — gn.m(7)| = O(N~1/3), we see by the above
estimate on Ai’, as well as Taylor’s theorem again, that there is C,c > 0 such that for
x € (1,14 9)

AN (980 (@)1 = [ANm(gam(@)]1 | < CNTV6emeN* 2=

so that
/100 /100 h 1 (@)hn a1 (W) AN (980 (2)]1 (AN m (9N 0 () ]1 = [ANm (98 m (Y))]1)e(z—y)dzdy
is of order O(N~%/3). Now noting that by symmetry, we have that

% /100 /100 hn 1 (2)hn 1 (Y) AN (9N (€)1 AN (980 (y) €@ — y)dzdy = 0,

we see combining these results that the i = j = 1 term in (6.26) is of order O(N~%/3), so
that in total we have that

‘/100 /1Oo qﬁ(x)(p(y)prn(x)prm(y)G(x - y)wN(x)l/QwN(y)l/dedy _ O(N_4/3),

Combining these to show (6.21), we see that it suffices to show that

1 1
%[m [m QS(I)SO(y)pN—n(Qf)pN—m(y)ﬁ(l‘7y)wN(z)1/2wN(y)1/2dxdy

1 1
~ 27N [ . dfﬂ“ﬁ? sin((m — n)arccos(z))dz + O(N /). (6.27)
As above, we write the integral over (—oo, 1)? as

% > / /_ A i ()N (AN (N0 (@) AN, m (98,m (1)) je(x — y)dady. (6.28)

ij=1,2Y~"

Except for the case of : = j = 1, all of these terms may be dealt with essentially as in
the proof of Lemma 6.6. On the other hand, the ¢ = j = 1 term will require an amount of
technical care, as did for the integral over (1,00)2. For this reason, instead of employing
Lemma 6.5 directly, we will need to modify its proof by integrating by parts using ffz
rather than foy. This will be convenient as otherwise, each integral in Lemma 6.5 would
still be of leading order for the : = j = 1 term.
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To begin, we note that by integration by parts, we may write

% / s W) ANm(gnm@)je(e — y)dy

_ vg(@) - iz | - X v (1) h —z)];dz
(@) </_gN,m<m>[AN’m( ””d> 3 i (1) </_9N.m<1>[AN”“( ”]d>

L d (W)
) 5/—00 </-gN,m<y>[ANm( I dz) dy <9§v,m(y)> ez

Employing this, we see that we may write the (4, j)-th term of (6.28) as the sum I;; +
I1;; + I11}; where

L :%/ [ANn(gnn(2))]; </o<> [AN,m(—z)]de> Md&

—o0 —gNm (@) IN ()

=5/ " A n(gwn @)l jir) 20 | jN‘m(D[AN,mw)]jdz,

. Inm(L)
111}, = / / [AN 0 (9,0 (2))]i

o (W) e
" </—9N,m(y)[AN’m( )}]dz> il )dy <9§v,m(y)> (v =)y

By a similar integration by parts we may write /11;; /., itself as a sum III;; +IV;; +V;; with

1 1 [e%s) o)
III” =— A nl—%2 1dZ A m(—% de
w/m</wz>[ Nan(=2)] ></()[ Nam(=) )
o hvi(@) d o vg(e)
Inn(@)dz \ gy () |

- 1 hna(1 )/ _
I‘/” B 27T gN n 1 —gn,n(1) LAN”( )]Zdz

( i(0 > ( [AN,m(—Z)]de> dy,
gN m —gn,m(Y)

Vi =5 / / (/ . ANA,n(—z)]idz) ( / gNym(y)[AN,m<—z>]jdz)

i hN,i(fL') i I, (y) e(lx — T
X Iz (gﬁvyn(z)> dy <9§v,m(y)> (v —y)dxdy.

We now collect the following asymptotics for x € (1, 00) (see Chapter 10 of [1])

1 2
VTAi(—z) = 17z Sin (3363/2 + 7r/4> + 0z
x

VAT (—2) = — 2'/* cos (3 %+ 7r/4) +0(z=Y),
\/7? - Al(* )d = - L sin 21»3/2 T + 0(1,79/4)
x vy 1‘3/4 3 4 )
T AY 1 2 32 T —7/4
VT Al (—y)dy = — pyE cos gx ~1 + Oz ). (6.29)

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
Page 50/71


https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

For now we only take from these that these functions are bounded, so that for fixed
ke€Zandz e [l—46,1]

[Aw (@) = O(N (D6, / [An i (=2)lidz = O(N~(D'/6), (6.30)
—gn,k(®)

Employing these bounds, and recalling that gy x(z) = O(N?/?), we see that for any
i,j = 1,2 the integrals I11;;, IV;; and V;; are of order O(N~4/3=(=1)"/6=(=1)"/6) ' Fyrther
employing (6.24) we see that

/1 (AN (9,0 (2)))shovi(@)de = O(N~(-D'/6-2/3),

— 0o

Thus we see as well that I1;; has order O(N ~4/3=(=1)"/6=(=1)//6) 'In particular, if (i, ;) #
(1,1) all integrals except for I;; are O(N~4/3).

If ; = j = 1 though, none of these bounds are sufficient. Instead we will need to note
that fork € Zand z € (1 —6,1]

[Ani(z)) =01 —z)~ %), / Ay k(—2)1dz = O(N"Y3(1 —2)73/%). (6.31)
—gn,k(2)
Employing (6.30) for z € (1 — N‘2/3, 1] and (6.31) elsewhere we see that there is C' such

that 2
C R s (N _3C
il < 57 (N/f" /N/ o TN /0 do | = Ners

Similarly we see that IV;1, V;; are O(N~%/3).
Lastly, by applying (6.24) to 11, we see that

g = 0 ) ) 2 S(Le(1)

2 ’ —4/3y _ _Y\)¥\S) ) 2 —4/3y
0 e (3) O [T (] + OVE)

3 18T N
Now we are left to consider I;;. As before, the case of © = j = 1 will present an
additional subtlety. Let us denote

z)| =4 sin —n)Sn.n(x ™
Su(a) = [t in(Y o) /0]

*‘fN,n(x)‘l/Zl cos((N — n)sN,n(m) +m/4)
[ @)| sV — m)s(z) — /4
Cnle) = {—|J“‘N,m(ﬂﬂ)|1/4 cos((N = m)snm(z) — 77/4)} '

We observe that by applying the asymptotics of (6.29), for 1 —§ < z <1 — N~2/3 and
1=1,2
(AN (980 (@)]i =[AN (N = 1)* fyna(@))];
= V2SN ()] + O(N T (1 — ) 7/%),
[ Avn(lids = = m) 2 fma(a) 2 [ A (22

791\7-,m($) 7(N7m)2/3f1\1,m,1($)
=1 2N = m) "3 iy (@) PO ()]
+ O(N™43(1 — 2)=9%), (6.32)

The subtlety that arises is that direct substitution of these asymptotic into /11, even
neglecting the error terms, leads to a quantity that is not integrable. To deal with this, we
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will need to treat the integral of I;; over the regions [1 — N~'/3 1] and [1 — §,1 — N~1/3]
separately. In the latter integral, we will be able to apply (6.32), while the integral
over the prior will be negligible unless i = j = 1, where it will surprisingly cancel the
contribution from 77;; up to lower order terms.

To begin, we note that by (6.32) fori,j =1,2and1 -6 <z <1—- N~2/3

Avnlonn@l [ (=
=7 NV f 1 (@) TSN (@)l [Cn ()] + O(N T3 (1 — 2) ™). (6.33)

We now note that
N_7/3/ = 4dr = O(N~4/3).
N—1/3

Employing this and (6.33) we see that

1-N-1/3 - . B
2 Mol ( / [AN,mumdz) Py s)ln (@) o,

T J oo —gNm () gN,m(sc)
~w = /. QR I N 2o S e S
(N —m) J_« N st @) fy 1 () '

Now if (i,4) = (1,2) or (i,7) = (2,1) thenfor1 —§ <z <1 - N—2/3

o0

An (g5 n(@)]: / AN (—2)]jdz = O(N~Y321/2),

—gn,m(z)

and O(1) for 1 — N=2/3 < 2 < 1. Combining both of these, we see that

2 Avalana@) ( I [AN,m<—z>1jdz> b @l @) g o4,

T Jion-1/3 — N (2) I ()
(6.34)

The case of (i,7) = (2,2) follows more simply by just employing (6.30) to obtain (6.34).
Now we will focus on the case of (i,5) = (1,1). We note that by Taylor’s Theorem
fNni(®) = fnma(xz) = O(N™!) uniformly for z € (1 — 4,1 + §). Moreover we note
that by the above asymptotic for Ai’ there is C' such that for + € (—o0,0) we have
that |Ai'(x)| < C(1 + |=|'/*). Thus by again applying Taylor’s Theorem we see that for
1-N"Y3<z<],

AN (980 (@)1 = [ANm(gn.m(@)]1] = O(N V0 4 (1 — 2)'/*).
From this, we see that there is C such that

oo

‘/llN1/3([~AN,7L(QN,7L($))]1 — [ANm(gnm(@)]1) (/

—gN,m(z)

[AN,m(—z)hdz>

% hN’l(.’E)lNJ (.’L‘)
gg\/’,m(l‘)

N—1/6 + (1 _ 33)1/4

1
dr| < CN~! dz = O(N~7/9),
TN ~/1—N*1/3 (1—z)3/4 x ( )

In addition, we note that by integration by parts we may write

. / [AN (g5 (2)]1 < / h [ANM(—z)]ldz) de _riar,

T Ji—N-1/3 —gn,m (@) INm ()
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where here

== [fww(/w [AN,m(—z)]ldz> T S

INm (D)IN () NS =g () 1-N-1/3

1 [t d hn1(x)ln(x) (/00 >2
=-5 T a2 AN m(—2)1dz | .
2T 1_N-1/3 dx <9§V,m($)gfv’m($) *gN,m(x)[ N, ( Z)]l z

Using (6.30) we see that /I’ = O(N~*/3) and using (6.31) that

P(1)p(1) 2 —4

I'= =22 (1 N~4/3),

P T + OV

We observe that this is the negation of asymptotic for /7;; obtained above. In particular,
combining all of these results, we see that the left-hand side of (6.27) may be rewritten
as

1 1-N-—1/3 |  hya(@)ly(x) —7/6
72(N —m) Z /Oo [Sn(z)i[Cn ()] fN,m,l(il?)l/QfI/V’m,l(I)d$+O(N ). (6.35)

1,j=1,2"Y "

Combining the relation sy . (z) = fym1(2)"?f} 1 (z) (recalling fx,m 1 from (4.18))
Lemma 6.8, and the bounds on Ry, Ry, as in the proof of Lemma 6.6, we see that the
integral of (6.35) may further be rewritten as

) 1_N-—1/3 ei(N—n)SN,n(fC)

ol [0 fetie]]

ei(me)SN,m(m) :|:| Md
1

it —7/6
X |:TOO(:C)6 2 |:e—i(N—m)sN,m(w) Sﬁv’m(x) I+O(N )

i 1-N~1/3
= T T
e O [ @@l
ky=1,2
$@ea)
sN,m(x)
We will show that the terms in this equation when k£ = [ are negligible. For this, we
observe that by integration by parts, we may write the (k,l) = (1,1) term in (6.36) as the
sum I” + IT"” where

X exp ( — (=DFi(N = n)syn(x) — (=1)'(N — m)sN,m(m)) (-1 (6.36)

L[ T (@)1 () ()
= L(N —m) (sﬁv,m@)(w — )iy (@) + (N - m)ssv,mm))
1-N—1/3

x exp (i((N —n)syn(x) + (N — m)sNﬂn(a:)))}

— 00

S, =N [Too ()], 6() 0 ()
= —m / . @ (sx,m@c)«N — )siy () + (N — m)s;v,m@c»)

% exp(i((N = n)sxn(@) + (N = m)sym(@)))da.

Observing that [T, (z)]11 = O((1 — x)~'/*) and that s'(z) = O((1 — x)'/?), we see that
there is C such that

c [ dz
! -2 -3/2 _ —-3/2 7 ~ —-3/2
1 < NZ2CIa2% 1] = ONT2, |11 < /N/ & <on
Together these show that the (k,1) = (1,1) term in (6.36) is O(N~3/2). Showing that
the term (k,1) = (2,2) is O(N~3/?) is similar. Now lastly, we will need a sharp form
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of Lemma 4.4. For this we note that for |z| < 1, §'(z) = —v1 — 22, and so for z €
(1—46,1— N—1/3) we have that s”(z) = O(N'/%). From this, we see that for fixed k and
z € (1—6,1— N~/3), we have that

(N — k)syx(z) = Ns(x) — karccos(x) + O(N~°/6).
Employing this and proceeding as in the proof of Lemma 6.6, we may show now that

(6.36) coincides with

1/3

1-N—
ﬁ /_1 (?gxzi«(f)) sin((m — n)arccos(z))dz

= 27r1N [1 ngxi@x(;)) sin((m — n)arccos(x))dz + O(N~7/6)

Altogether, these statements complete the proof of (6.27). O

Taking a partition of unity with respect to all of the above regions, we may conclude
the following proposition.

Proposition 6.11. Let ¢ and ¢ be smooth functions of subexponential growth. Then we
have that for any n and m that

3 [ [ 6@etupn- @y et  pun () Puy () ds

L@
- [/_ 1 gy sn((m — n)arceos())d
DY) 1) — (C)Y G- 1)p(D)] + OV T,

We see that as

1 .
/ 5111(arc005(ac))dan o
1 (1=a?)
Proposition 6.11 shows that when N is even that
/J]f,l(pN)(a?)pN,l(m)wN(m)dx = O(N~7/9). (6.37)

For n and m arbitrary, we additionally see that

[ )@ )z = OV,

Together these demonstrate two of the integrals required by Proposition 2.9. Before
proceeding, we also observe the following corollary of Lemma 6.1, and the single integral
cases of Lemmas 6.6 and 6.10.

Corollary 6.12. Assume that ¢ is a smooth function on R of sub-exponential growth.
Then for fixed k, we have that

/ $(@)pn -k (@)wn (2)'2dz = O(N /).
To complete the proof of Proposition 2.9, we must now focus our attention on the

integrals involving ¢; and ¢; (defined in (2.8) and (2.9) above). We will begin with some
single integral computations.
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Lemma 6.13. Assume that ¢ is a smooth function of subexponential growth. Then for
any 1 < i < m, we have that

[o@t@un()2ae =012, [ s@)atyen() 2z =0().

Proof. We adopt the notation A = A\; and a = «; as before. In view of Proposition 4.14
and (4.32) we see that

/ o {2;{1(3] wn(2)! 2z =c; 7e e T 0y Ty A (A) T DL (T + O(N1))e Vi

(LR L) o)

From Remark 4.6 we see that the right-hand side may further be written as
x mi ml/?
c; e ie T 70 Ty A\(A) " (I + O(N </ o [ pN( ) } wN(a:)l/2dm> .
i - —ir? PN 1(z)

Thus we see that it suffices to show that
Pz Ppy () 12,5 _ O(1) ~1/2
/ - {_m py 1 (z) wn (@) de =Tna(A) | 77| + ONT/5). (6.38)

Let us pick §p > 0 such that asymptotics of Proposition 4.13 hold. By applying Corol-
lary 6.12 we see that it suffices to assume that ¢ is supported on (A — g, A + dp). With
the asymptotics of Proposition 4.13, and a change of coordinates by f), (and recalling
the definition of 7, from 4.28) we may write

¢(I)[ 7Tl/QIDN(Jﬁ) }wN(x)l/zda:

T —A —iW1/2pN 1()
GN1 Gn
= 2)\/TINz|Joq1/2(N|z|)dx + \/ﬂ'\Nx Ja—172(Nlz|)dr =1 + 11,

where here Gn; = (f3 ') (2)o(f5 ! (@) [(I + RN(fA_l(x)))TN7,\(f)\_1(a:))]ei. We observe that
Gg\??i(m) = O(1) uniformly for all ¢ € IN and = € R. From this, we see by Lemma 6.7 that

I =2/7GNn1(0)D(a+1/2,—1) + O(N 1)
=V ) (0)p(N)[Tna(NlerD(a+1/2,-1/2) + O(N ).

The case of I is similar except that the first-order contribution of the integrals on (0, co)
and (—oo,0) cancel so that /7 = O(N~!). Together these computations show that

() |:_Z:T.Tl/2pN(1‘) ] wi () 2d = Tua(V) d(N)v/m2D(a+1/2,-1/2) +LO(NY),

z—\ |—in'?py_q () 0
which is more than sufficient to verify (6.38). O

We recall from Remark 4.15 that for fixed 1 < ¢ < m there are constants C n,Co N
with Cj x = O(1) and such that

li(z) = ClNPN( ) +Con PN 1( )

» . (6.39)

and similarly for g;. Let us take § sufficiently small as above. We fix for, each 1 <[ < m,
a choice of smooth function ¢; supported on (A\; — 6/2, \; + §/2), such that ¢;(x) =1 for
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x € (N —3d/4,\ +9/4). In addition, we choose p; supported on (A\; — d, \; + 0), such that
pi(x)=1forxz e (N —38/2,\ +5/2).
With these selected, we may write

/ TN i(@)pn—n(@)wn (z)dz = / (I 0ili) (@)pn—n(@)wy (z)dz
+ [UR = 006 @pv—n(ahux @)
Employing (6.39), we may write the second integral as

Ck 1,N (1_(/5%( ))
k - + //pN n(P)PN -k (Y) 5 W= ) wy (z)wy (y)dady. (6.40)

Observing that the function (1 — ¢;(x))/(z — X;) is smooth and bounded, we may apply
Proposition 6.11 to see that the terms in (6.40) are of order O(Nfl). From this, we see
that

[ ey -n(@hun(@ide = [(I516:6) @y -n(@hun(@)dz + ON )
We now also write
JOxtoitd@pn-(@enerts =[50t @y -(@)ps(auy(z)ds
+ [UR Gt @) = 1@y (@ (2)do.

We note that as ¢;¢; and (1 — ¢;) have disjoint support, we may expand JR,l and employ
(6.1) to rewrite the second integral on the right-hand side as

5 [ 6:t@n) 2y (1= oi@)ele ~ Moy (o) 2ds
which is O(N~1!) by employing Lemma 6.13 and Corollary 6.12. Altogether we see that
[t @@y @i = [ I3 66) @@ @@ + O,
Similarly, we obtain that
/Jﬁlpzvfn(x)qz-(ﬂc)wzv(x)dx = /Jgfl(¢ipN7n)($)90i(x)Qi(ff)wN(x)dx +O(N"Y?),
and that
/J&l&(r)qj(m)wzv(x)dx = 0ij / It (9ili) (@)pi(2)ai(x)wy (w)dz + O(N~/2).

From these computations and (6.39), we see that to complete the proof of Proposition 2.9,
it suffices to show the following.

Lemma 6.14. There is § > 0 such that if ¢ and ¢ are smooth functions supported on
(Aj —9,\; + 0) for some 1 < j < m, then for any choice of fixed n and m we have that

//¢ pN 2 o m(wn (2) 2w (y) dady = ON ' log(N)).  (6.41)

Moreover, 1'f|n - m\ < 1, then we additionally have that
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Proof. Again, for convenience, we write A = \; and « = «;, and choose ¢ as before. We
begin by proving the first statement. With notation as in Lemma 6.6, we may rewrite the
left-hand side of (6.41) as in (6.15) as

o Z //7%\%( NTa (N n(@))klng (Y) [T (gn,m (@) ie(z — y)dady.  (6.43)

k,l=1,2

We claim that the summand for each choice of (k,1) is O(N~1log(N)). To begin, we
define, for i = 1,2, the functions I;(z) = 3 [e(z — y)[Ja(y)iy 'dy. We note that by
performing integration by parts in x (see the proof of Lemma 6.5) we may write (6.43)
as the sum I + I1 where

A g (2) I, (%) gn ()
k;Q/ Ja 9N, m lIk(gN n( )) gfv’n(m)(m — )\) dl‘,

Z // \7@ 9N, m lIk(gN n( ))lNl( )dd <hNk(z)gN,n(x)> 6(:C—y)dccdy

kl 1,2 gNn('r)(x_)\)

We observe that as gy n(A) = 0 we have that gn . (7)/((z — N)gy (7)) as well as its
derivatives are O(1) for z € (A — 0, A + 6). We note that I;(z) (I2(x)) is anti-symmetric
(symmetric), respectively. Moreover, for x > 0, we have the relations

Ii(z) = /Ow[ja(y)]ly_ldy = VrJos1,-1/2(2),
B = [ Ty dy = V7 / Ty o)y

Applying the asymptotics (6.16) and (5.10) above, it follows that for ¢ = 1,2 we have
that /;(z) = O ((1 + |#|)~!) for z € R. Applying these bounds pointwise, and noting that
hyk(z),Ini(z) = O(1), we see that the integrand of I is uniformly O(N ~!|z|~1) for |z| >
1/N, and O(1) for |z| < 1/N. Thus contribution of the integral over R\ (A— N1, A+ N 1)
is of order O(N ~!log(NN)) and the contribution over (\—N "1, A+N~1) is of order O(N 1),
so that I = O(N~!log(N)). Similarly we see that I = O(N~!log(N)). Together these
establish (6.41).

We now establish (6.42). The key difference, in this case, is that we may employ
Proposition 4.13 only once to obtain the asymptotics of both py_,, and py_,,. For
notational ease, we will only prove the case when n = 0 and m = 0,1. We write
hiv k() = (@) [(I+ Ry (2)) T A (2)]1x and Iy g (2) = i =D (2)[(T+ R (2)) Tn A (2)] (1 m)
where Ry is as in Proposition 4.13. This is where we use the assumption that |n —m| <1
so that we may write both terms with the same asymptotic. Using this, we may rewrite
the left-hand side of (6.42) as

+ X [ [ R g 0 el (A 0t —

kl12 )

If we define
(fy ) (@)x
(fx (@) =N)

and similarly for [ ~,i,» we may further rewrite (6.42) as

o Z //(hNk o)y ))[Ja(Nw)]k[Ja(Ny)]ze(x—y)dxdy.

k,l=1,2

hivi(z) = hai(f (@)
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Let us fix x(z), a smooth, even, function of compact support, with x(z) = 1 for z €
(—=8/2,0/2). As before, we have that hy; and [y, as well as their derivatives, are both
uniformly O(1) for € (A — 6, A + ¢), and vanish elsewhere. Applying Taylor’s theorem,
we may write

hva(x) = haa(N)x(@ = A) + (& = Nhna(2),

where £ ~,1 is a smooth function, with values and derivatives uniformly O(1), and which
is supported on (A — 8, A + 6). Likewise, we may define such a function [ N

Inserting these two decompositions into (6.42) yields four integrals. However, to
treat the integrals involving either (x — /\)lAzNyl(:c) or (y — /\)ZAN,l(y), one may cancel either
the common factor of (x — \) or (y — \), and show the resulting integral is O(N ! log(N))
in the same way as (6.41). Thus we may conclude that (6.42) is

> Dot [ [N 7 v 7, (et oy + OV o),

k=12

In particular, it suffices to show that that forall 1 <4,5 <2

1
3 | [ i e (el — g)dody = O log(N)). (6.44)
This integral is antisymmetric under the interchange of ¢ and j. Thus it suffices to prove

the case of (i,j) = (1,2). By employing Lemma 6.5 we may rewrite (6.44) in the case
(1,7) = (1,2) as the sum of three integrals I + I + IIT

1= [+ Fu (N (V) x(@) (@)
7= / L (Na) I (Na)x(2)y (z)da,
1= / / 1 (Na) I (Ny)X (@)X (y)e(a — y)dady.

As y/ vanishes in a neighborhood of 0, and I;(z) = O(|z|~!), we see that I1, II] = O(N~2).
To deal with I, we first rewrite it as

1= / e T (@) I (2)x (/N2 da

As [Ja(z)]1 = O(1), we note that as z7![Ja(2)]1I2(z) = O ((1+ |z|)~?), we see that
17T, (2)]1I2(x) is integrable. In addition, we see that there is C such that

‘/ml[ja(x)]lfg(x)(l —x(z/N)*)dz| < C . x2dx =206 N1
Combining these, we see that _
[ /x_l[Ja(x)] J(@)de + O(N~Y) = 2\F/ 21 (@) I (2)de + O(N Y,
We write
f/ Jav1/2(x)2(2)dx = / / T2 Tai12 @)y 2 T s1 2 (y)dyde,

so we now need only show that I’ = 0. Making the change of variables y = ax, this
integral becomes

(oo} oo
/ / a_l/QJaH/Q(x)Ja,l/Q(am)dadx. (6.45)
o J1
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We note that by equation 11.4.41 of [1], we have that

(oo}
/ a_l/gJaH/g(a:)Ja,l/g(aw)d:z: =0; a>1.
0

This shows that (6.45) vanishes when the integrals are taken in the opposite order. As
the integrals are not absolutely convergent though, we must proceed with care. Applying
the above bounds on /> and J, 11,2, we have that

L ) L
1
/ / a2 i1 2(@) a1 jo () dad = 7/ a2 41 0(x) o (La)da
o L VT Jo

is of order O(L~!log(L)). Thus we have that

L—oo

L e’}
I' = lim / / a_l/QJaH/z(a:)Ja,l/g(aw)dadx
0o J1
L L
:ngn/ / a71/2Ja+1/2(x)Ja_l/Q(ax)dadx.
. Jo J1

By employing (6.6) and the double-angle formula, we may compute that

L o0
/ / a71/2Ja+1/2(x)Ja_l/g(ax)dxda
1 JL

/L /DO (sin(erag)COS(aCE + a%) + O(x_Qa_1)>dxda
1 L
L

2
T za
2

=_Z= /1 % ULOO (sin((1 4 a)z + am)z™" —sin((a — 1)z)z™") dx} da + O(L™ " log(L)).

m
We note that there is C' such that for y > 0, we have that fyoo sin(z)z~tdxr < Cy~ L.
Employing this, we see that

L
1
< 02/1 —da= O(L™'log(L)).

L 1 oo
/ - / sin((1 4 a)z + an)z ™ *deda
1 aJg

We also note that there is C such that fory > 0

/ sin(z)z " tdz| < C.
y

From this, we see that

L 1 o0

/ f/ sin((a — 1)x)z " 'dzda
1 aJp
1+L~1 1 %) L 1 %)

/ f/ sin(z)z ™ drda / f/ sin(z)z~'drda
1 a JL(a—1) 1+L-1 @ JL(a—1)

L 1 Lo
/ ————dxda / —da
1411 La(a —1) 14L-1 G

The first integral on the right-most side of (6.46) is of order O(L~!) and the second is of
order O(L~!log(L)). Altogether we see that

<

+

<C +C . (6.46)

L e’}
lim a_1/2/ Jat1/2(x)Jo—1/2(azx)dzda = 0.
L

L—oo Jq
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Thus finally

L rL
lim / / a_l/QJaH/Q(x)Ja,l/Q(ax)dadx
o J1

L—oo

= / / a_1/2Ja+1/2(x)Ja_l/Q(ax)dadx =0.
0o J1
This shows that I’ = 0 which completes the proof of (6.41). O

7 Proof of Proposition 2.13

In this section, we will provide a proof of Proposition 2.13. The method of proof will
be almost identical in structure to the proof of Proposition 2.9 given in the last section.
The main differences that occur are that we must now choose N-dependent partitions
of unity to isolate the regions of each specified asymptotics and that now the error
asymptotics of Ry are of order O(N7~1) in the regions around {\;, A\2}. We will now, for
the remainder of this section, assume that we are in the case of Proposition 2.13. That
is, we will fix 1 > v > 0 and ¢ > 0, and only consider choices of (possibly N-dependant)
A, A2 € (—1+¢€,1—¢€)such that (A — Ap) > N7

We will first focus on integral results in the region (A2 — 6, A\; + 4). Let us fix ¢, 59 > 0
as in Proposition 4.17, and § < min(e/4,1/4,80/2). Let us denote oy = §(A\; — X2). We
will fix a symmetric smooth function y, such that x(z) = 1 for |z| < 1/8 and x(x) = 0 for
|z| > 1/4. We define xn;(x) = x((z — \;)d5"). We additionally choose another smooth
compactly-supported function ¥, supported on (A2 — /2, A1 +6/2), such that y(z) = 1 for
z € (Aa—0/4,\1 +6/4). We define xno(z) = X(x) — xn,1(x) — xn,2(2). A key property of
these functions is the following: for £ € IN and i € {0, 1,2}, there is C such that

/ X (@)]de < COR" T +0ikdro) < CHNTFD4651050), sup [xiv(x)] < CORF < C2NT,
x
(7.1)
In addition, we will define xn ; ;j(z) = xn,:(z)/(z — A;). An important subtlety that
arises in the current context is that for ¢ # j, the function xu; j(z) is no longer O(1). On
the other hand, we instead observe that for i # j, and k € IN, there is C' > 0, such that

/ XS (@)]dz < C(5R" +1og(0n )dindko) < CH(NT + 4 log(N)8idko),

sup |X§57)i7j(x)| < C(S&k_l < O2NYRAD) (7.2)

x
The key property we will use for xn; and xn; ; will be (7.1) and (7.2), respectively, the
majority of proofs of the results below are identical for both functions, with slightly

worse bounds for the latter. We begin our analysis with the following modification of
Lemma 6.1.

Lemma 7.1. Let ¢ be a smooth function. Then for each fixed k € Z, ©« = 1,2, and choice
of c € IN, we have that

/d)(a:)XN’o(m)pN,k(x)wN(a?)l/de =0O(N~°), (7.3)

/ (@) x.04(2)py i (@)wn () 2dz =O(N~°). (7.4)
Proof. We may assume that ¢ > 1. We first establish (7.3). For notational clarity, we
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assume again that k£ = 0. We define fy,; as in Lemma 6.1. By (6.3) we see that for c € IN,

‘/ ¢(=’17)XN,0(117)1)N(x)wN(x)l/zdx

7 2 e J [ 0ol @t )|

We observe that f](\f’)l(x) = O(1) for ¢ € IN. By the product formula, we may inductively
write
dC
dy¢

(™) Wxvo(s™ (W) fva(s ZXNO y))ak,n(y),

where ay; n(y) are smooth functions with ay ; v (y) = 0(1) uniformly. Thus we have that
there is C such that

/ y)xN,o<s-1(y))fN,xs-l(y»)\ dy < Z / XS @)arn (s(1))s' (y)|dy

< CZ/|X(k) )dy < C2N°Y,
where in the second inequality, we have used (7.1). In particular, we see that
[ o@ncvo@p@yos(@)! ds = O),

As ¢ € IN was arbitrary, we see that taking ¢ — [¢/(1 —7)], we obtain (7.3).
To show (7.4), the above proof works, replacing (7.1) for (7.2) to show that the
left-hand side of (7.4) is O(N(¢t1)7=¢), Adjusting c again gives (7.4). 0
We now state the modification of Lemma 6.2 that we shall use.

Lemma 7.2. Let ¢ and ¢ be smooth functions. Then for fixed choice of n and m and
i,j € {1,2}, we have that

! / / @) () XN 0 (@) XN 0 (1N —n (D)8 ()€ — y)wn (@) 2wy (9) 2 ddy

27rN/ ke a ﬁ%o( 2" sin((m — n)arceos(z))dz + O(N'~2), (7.5)

/ / () ()X N.05(2)X 8.0 (U)X ()P - ()€ — ) () 20y () 2y

(7.6)
/ / B(2) 0 (1) X 0.4 (E)X N0, (U)PN (@)D - (W)€l — Yy (2) 2y ()2 dndy
70 N— min(1,2(1— 'y))) (7.7)

Proof. We begin with the proof of (7.5). As in the proof of Lemma 6.2, we write
1 1/2 1/2
5 D) (Y)XN,0(2)X N0 (Y)PN—n(2)PN-m (Y)e(x — y)wn (2) “wn (y)/ “dady
=Y / / X 0(@) X0 (y) fv o, y)e™ IV NiS@ DN (i y)ddy,

]k 1,2

where here fy ;1 is defined as in the proof of Lemma 6.2. We denote

Pngn(a,y) = (s7) (@) (™) (W) v gu(s™ (@), 571 ()
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We have that for ¢ € IN that fj(\;)] «(z) = O(1) uniformly in z. One may apply Lemma 6.3
as in the proof of Lemma 6.2 to write

Z / / X0 (@)x,0 () v (e D NI@ =N (5 — gy

7,k 1,2

777/fN12$$XN0 d+—/fN21$xXNO()

dr + En, (7.8)

where Fy is bounded by

( [ 1900w~ @hwls™ @) vy +

7, k 1, 2
4/’ddz(XN,O(S_l(x))XN,O(S_l(‘T))vaj>k(x’x))

As in the proof of Lemma 7.1, and recalling that ||(z,y)
C' such that (7.9) is bounded by

on*( [ ia@lts [ Tsatlas+ [Ioa@lts [Tty

+/|X§v,o($)||XN,o($)|dx+/|XN,0(33)2d:c>.

We further note that

/ X o(@)l X0 (@) dz + / v (@) 2da

<(sup|xNo )(/mo o+ [ vl |dx)

/|X§v,o($)||XN,o($)|dx+/|XN,o(x)|2dx

§<sup|xNo )(/mo o+ [ Tl |dw>

All of these terms are O(1) by (7.1). Thus we see that we have that Ey = O(N~2). As we
have that Ry (z), Ry(x) = O(NY~!) we have that

fN,ch(aj, y) :(Z)(m)(p(y)[Too(x)]lj [TOO(y)]1k€(—1)ji(narccos(x)+7r(1(x<>\1)+I(:c<>\2))a)
x e(~DFi(marccos(y)+m(I(y<A)+I(y<2)er 4 O(N"™1). (7.10)

dac). (7.9)

, we see that there is

The remainder of the proof of (7.5) consists of inserting (7.10) into (7.8) and simplifying
the resulting expression identically to as in the proof of Lemma 6.2.
To establish (7.6), the entire proof works identically, except En is now bounded by

cw-ﬂ [ vos@lds [ eva@lde + [ Wovo@lds [ Ixwoiolds

# [ oso@lts [Ioasols + (supva o)) [ Iosolds

(S“P|><No )(/XW |dx+/|XNOZ W”

for some C' > 0. Employing (7.1) and (7.2), and maintaining the order of the terms for
clarity, we see that for sufficiently large C, this expression is less than

C?*N~2 {NV +log(N) +log(N) + N” + (N + 1)] .
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In particular, we see that £y = O(N?~2), which establishes (7.6).
In the case of (7.7), we have that Ex is now bounded by

CNQ[ / Xy 0.4(2)]dee / X0 ()| dz + / Xxos (@)de / 0 (@) |da
+ [ xnstalde [ hosas@lds + (swhons(@l) [ ivalida
+(supro] )(/mm e+ [ oot |dx)]

for some large C'. Again employing (7.2), and possible enlarging C, we see this is further
less than

C?N 72 [N71og(N) + N7 log(N) + log(N)* + N** +log(N)(N” + log(N))] .
From this we see that Ey = O(N?7~2), which establishes (7.7). O

We now will focus on the modifications that need to be made in the region around J;.
We note that the preparatory Lemma 6.4 still holds as stated.

Lemma 7.3. Let ¢ and ¢ be smooth functions. Then for any i,j € {0,1,2}, and fixed n
and m we have that

[ @i @y (euy(a)/ds = OV, (7.11)

! / / (@) ()X N0 (@)X (9)DN—n (D)8 ()€ — y)wny (@) 2wy ()2 drdy

271'N / o(x i(]j ngQ))XN,j(x) sin((m — n)arccos(z))dx + O(waz). (7.12)

In addition, with r,t = 1,2, such that i # r and j # t, we have that

/ (b(x)XN,i,r(aj)pN—n(m)UIN(l‘>1/2d$

— (N~ min(120-7)y (7.13)
/ / D) P ()X 10 (21X (1PN - ()P —m (W)l — Y)Yy (2) 2wy () 2 ddy

) (7.14)
/ / B(2)P () XN 1 (2)XN 0 (D)PN ()P (W)l — )y (2) 20 () 2 ddy
— O(N~ min(L2(1-7)) (7.15)

Proof. We begin with the proof of (7.11). We have already established the case of i = 0,
so we assume that ¢ > 0, and denote \; = A\. We observe that proceeding identically to
Lemma 6.6 we have that there is C' such that

A+6
A (@)D (@)X s @)y (2) /2

< N2 (fN L) (0)(D(a+ 1/2,1/2) [gn (V)] + D(e = 1/2,1/2)|gn 2 (V)])

oYY

k=1,2 =0

+oo dl
| R @aval @b @) de. - @.16)

EJP 29 (2024), paper 22. https://www.imstat.org/ejp
Page 63/71


https://doi.org/10.1214/24-EJP1083
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Gaussian multiplicative chaos for Gaussian Orthogonal and Symplectic Ensembles

where gy 1 is defined as in the proof of Lemma 6.6. The first term on the right-hand side
is clearly O(N~!). Additionally, we may show, as before, that there is C, such that the
second term of the right-hand side of (7.16) may be bounded by

7 Z/\ z)|dz = O(N"~2).

Together these bounds establish (7.11). The same argument may be used to establish
(7.13).

To show (7.12), we first observe that the case of ¢ = j = 0 was established in
Lemma 7.2. In the case that ¢ > 0 and j = 0, let us write x(z) = x(4z) and xn,i(z) =
X((z — X;)dx"), so that supp(Xn.;) Nsupp(xn,0) = @. Thus we see that

/ / ()0 (1) X1 (2) X0 (U)DN ()P - (9)e( — g (@) 2y () dxdly

- / (@)X (@)py—n (2)wn (@) *da / o (1)x.0 )N —m (W)e(s — y)wn (y)72dy.
(7.17)

We note that as X ; clearly satisfies the bounds (7.1) and has a support contained within
that of x n,;, the above proof of (7.11) with xn ; replaced by X, shows that

/ (@)X N i (2)pN—n(x)wy (x)/2de = O(N 7).

We also observe that while Lemma 7.1 does not formally apply to the second integral
on the right-hand side of (7.17), as the function ¢(x)e(\; — ) is N-dependant though
A, this function (as well as its derivatives of up to any finite order) are still uniformly
bounded on the support of xx o, so that the proof of Lemma 7.1 with ¢(z) replaced by
¢(x)e(A; — x) shows that for any ¢ > 0 we also have that

/ )X 0 W)PN-m W) — y)wn () 2dy = O(N°),

Together these results show that

[ [ étaret)tomiteimalo)ps—n@pn-n(u)els - pun @) 2wy (1) dedy = ON ).

(7.18)
We also observe that supp(xn,; — xXn.i) € (A — /2, —3/32) U (N\; +6/32,\; +6/2), and
that xn,; — X, satisfies the bounds (7.1). From this, we see that the proof of Lemma 7.2
with xn,0 replaced by xn,; — Xn,; establishes that

E / / B(2)(y) (ow i () — Xva(@)xwo(v)

X PN —n(Z)pN— m(y) (x—y)wN($)1/2wN(y)l/2dxdy

(x)p(@) (xvi(®) = Xvi(@)xvo(2) \ Y
T 27N / N = mz)N RO sin((m — n)arccos(x))dx + O(N7~2)
“ 2N / e iﬁi ;(,g:))XN’O(x) sin((m — n)arccos(z))dz + O(N7~?) (7.19)

where in the last step we have used that v ,i(z)x~,0(z) = 0. Combining (7.18) with
(7.19) establishes (7.12) in this case. The case of ¢ = 0 and j > 0 of (7.12) follows
symmetrically, so we now assume that i, 5 > 0.
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We note that if additionally i # j, then (7.12) follows from (7.11) by employing the
disjointness of the support of xx; and xn,; (6.1) to rewrite this as a product of single
integrals. Thus we assume that ¢+ = j and write, as before, \; = A. As before, we
additionally note that by the proof of (7.11), we have that

//¢($)§O(y)XN,i($)XN,i(y)pN—n(x)pN_m(y)e(x — p)wn (2) 2wy ()2 dady
= /Aoo //\00 ¢($)‘P(y)XN,i(x)XN,i(y)pN—n(l‘)pN_m(y)e(x _ y)wN(ﬂf)l/sz(y)l/2dxdy

A
+ / / (@) (1) x4 (XN 1 W)PN - (@)DN () — ) (2) 2wy ()2 dedy
(7.20)

up to a term of order O(N?~2). We will compute the asymptotics of the first integral
on the right-hand side, the other being identical. Proceeding as in Lemma 6.6 we may
rewrite this integral as the sum I + I1 + 111 with

o 9gN,m(x) T T ()2
D O AU ( / [ja(z)]ldz> hv @i o) g,

(@)

1 00 gN,n(T) gN,m(x)
II :;k;g /A ( /0 [ja(z)]kdz> ( /0 [ja(z)]ldz>

L Xva@)hy (@) d <XN,i(x)zN,l<x>> o

Inna(2)  dx 9N m(T)

m_ / / ( / e )]kdz> ( /0 gN’m(y)[ja(z)}ldz>
k‘l 1,2

o4 [ X, (/I) Ne(@) ) d [ xw, /(y) Ni(Y) ez — y)dady,
d I (2) dy \  Inm(Y)
where Iy 1, hn,, are as in the proof of Lemma 6.6. We note that for any ¢ € IN, we have

that lg\??k(x), hg\??k(x) = O(1), which when supplemented with the asymptotics of (6.17)
establish that there is C' such that

111 < oy [ (sl bewa @) (beva )]+ ) s,

which shows that /77 = O(N~?). Similarly

C
111 = 05 (s b ) ([ sl + [ bovtollar).

so that IT = O(N~2). As before, we may write I as the sum of two terms

Z / \/gNn Joe (—=1)*1/2 (gn ()1, (—1)!1/2,1/2(9N,m($))

k,=1,2
i 2
" hN,k(I)liv,z(x)XN,l(x) iz,
gN,m(x)
i hn () (z (x)?
= > D(a—(-1)1/2, 1/2)/ Jo(—1yk1/2(gNn (@) Nk ),N’l( Dena@)” g
k,l=1,2 gN,m(l‘)
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Employing Lemma 6.7, we see that there is C such that
o0 dl
/
r| < st/ (i)l
<C?(N24 N3 <su i ) / )|dx
< ( 1 (e Z XV (@)

#8 (su ) [ |><'N,i<”f>'d”“°>

<C3(N"24 N3,

Employing the asymptotics (6.16) and (4.29), as in the proof of Lemma 6.6, we see that

Ve 5 oD hla g (o)) AN gy (),

N k,l=1,2 fJ/V,m,)\(x)

Now using the fact that Ry (z), Ry(z) = O(NY1) for x € (A\— 8y, A+ 6x), we derive that

=1y / T (g )Tt (9 m ()i )0 ) (2)?

T ei=1,2
» (TN A ()] 1k [T o ()]
f]/v,m)\(x)

Yz + O(NT72).

The remainder of the proof of (7.12) now proceeds identically to that of Lemma 6.6.

To show (7.14) one proceeds identically to the case of (7.12) above, with the only
differences being that now the error in (7.20) is given by O(N—1—in(L20=0)) 1T [T =
O(N7=2) and II' = O(N—™in(3-2%.2))  The case of (7.15) is similar as well, with the
error in (7.19) now being given by O(N2(7_1)), the error in (7.20) now being given
by O(N—2min(1,2(01=))) 'and with the new error bounds I7, 11T = O(N?~V) and II’ =
O(N— min(3(1—'y),2)) m

Now we will now discuss the remaining asymptotics which we need outside of
(A2 — d,\1 + 9). As we will not need N-dependant partitions in this region, and as the
bound on the error term given in Proposition 4.16 is still of order O(N ~!), we see that the
proofs given for Lemmas 6.1, 6.2, and 6.10, require no modifications on their respective
regions. Explicitly, together they imply the following result.

Lemma 7.4. Let ¢ and ¢ be smooth functions of subexponential growth, both vanishing
on (A — d, A1 + 0). Then we have that for any fixed n and m that

/ ()P -k (@)wn (2) Y 2ds = O(N-1/2).

/ I (PN —m)(@)p(2)pN—n(z)wn (z)da

1 L a(z)o(z) .
+ DY TER(-1) — ()N G- 1)p(1)] + OO,

Combining this Lemma with the above results, we achieve the following.
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Lemma 7.5. Let ¢ and ¢ be smooth functions of subexponential growth. Then we have
that for any fixed n and m that

[ I3 o) @y )

- 1 ' ¢(m)g0(x) sin((m — n)arccos(x))dx
- [/_1 1 gy sn((m = njarceos(z))d

DN TER(-1) — ()N G- 1)p(1)] + O(N G/,

Proceeding as in the prior section, we see that this result implies that when N is even
that

/ TN (on) (@)pn—1 (@) wn (z)dz = O(N~mnCE=7.7/6))

which is the first result required by Proposition 2.13.

We will now begin discussing the required integrals involving ¢; and ¢;. A technicality
present in this case is that the term c¢; defined in Proposition 4.14 is now N-dependant
and diverging as |A; — A2] — 0. To avoid confusion, we will use the notation ¢; y
for the remainder of the section to emphasize this N-dependence. We also observe
that for ¢ € {1,2}, both ¢; y|A1 — A2|* and cgll\,|)\1 — A\g| ™% are uniformly bounded for
A1, Ao € (—1 +e€1— 6).

Lemma 7.6. For ¢ a smooth function supported on (—1 + §,1 — §), and any choice of
i€1,2andj € {1,2,3}, we have that

/ b(x)x 5 ()i (2)wn ()Y 2dz =e; LO(NTY),

/ (@) x5 (2 (@) wn () 2dz =e; yO(L).

Proof. In sight of Proposition 4.17, and proceeding as in the proof of Lemma 6.13, we
are reduced to showing that

[ starcnata) [T Tty 2ae = s, 00 [O] 0. a2

We will actually show that the error is of order O(N~!), but as the error terms in
Proposition 4.17 are of order O(N7~1), this does not improve the result. Now in the case
that ¢ # j, (7.21) follows from (7.13), and thus we will focus on the case of i = j, and
denote A = \; and a = «; as before. Applying Proposition 4.17 we may write

71'1/2 T 1/2 z)G 2\
[ starnsito) | ooy s2ae = [ TRyl
+ [ O ) TN 12 (Nl

where Gy, is defined as in the proof of Lemma 6.13, and &n(7) = xn,ii(fy (2))z. If
we write the first integral on the right-hand side as I and the second as /I, then by
Lemma 6.7 we have that

I=N"212D(a +1/2,-1/2)Gn.1(0)Ex(0) + E,

where there is C such that

2
|En| < % Z/|X§\l,)7i(x)|dx < C?NY2,
=0
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Thus I = O(N ). Proceeding similarly, one obtains that /7 = O(N~1!). O

As in (6.39), we see from the asymptotics provided in Proposition 4.17 that for
i € {1, 2}, there are constants Cy, n, for k € {1,2,3, 4}, such that

PN (x) pN—1(z)
i e 7.22
cinli(w) = ClN )\+CN$7)\Z_, (7.22)
— —1\x
N i(@) :CBNpN_()\) +Cy Npg_ilgi), (7.23)

and such that Cy, y = O(1) for k € {1, 2, 3,4}.
We recall the functions Xy ; introduced in the proof of Lemma 7.3, which are similar

to xn,;, but defined so that supp(xn,;) Nsupp(xn,0) = &. Proceeding as in the previous
section, we see that

[ @@ (@) = [yt @i py (@ (0)da
+ Cl—J{[O(Nf min(l,(177)71/2))7

/Jﬁle(x)Qk(l“)wN(l“)dﬂ? :/(JKrlXN,le)(x)XN,k(l“)Qk(x)wN(x)dx + e NO(NTH2),

/Jﬁlfz(x)Qk(ﬂf)wN(x)dx :6’“7[/Jﬁl(XN,lfl)(x)XN,k(SC)Qk(SC)U’N(I)dI

+ ck NC, NO(N_ min(1/2,2(1— 'y)))

We observe that Ck,NCz_J{f = O(1). By these formulas, and (7.22-7.23), we see that to
establish the remaining cases of Proposition 2.13, it suffices to show the following.

Lemma 7.7. Let ¢ and ¢ be smooth. Then for any choice of i = 1,2, and any n and m,
we have that

/ / D)) XN 1) 1 (U)PN (@)D (9 — ) () 2y () 2y
~Llog(N)). (7.24)

Moreover, if |n — m| < 1, then additionally

/ / ()X 11 (2) XN 15 W)V (2D ()€ — )0y (2) 2 () 2 vy
=O(N"~ 1log(N)) (7.25)

Proof. We begin with the proof of (7.24). We may proceed identically to the proof of
(6.41) to write the left-hand side of (7.24) as the sum I + I where

vk (@) v, () g (2) X v i (@)
;2/;7a gNm lIk(gNn( )) ik g];n(x)é\;*k) N dxv

ja 'rrL I ( n( )) z( )l ( )
k;Q// gn, Nidk gn, XN, N,
o 4 [ xvi(@)hy (@) gn (@)
dx I (@) (T = A)

> e(x — y)dzdy,

with notation as in the proof of Lemma 6.14. As |x,;(z)| is bounded, and as the integrand
of I remains of order O(min(N|z|~1,1)), we see that I = O(N~!log(N)), as before. In
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addition, we see there is C' such that

11 S% > /IXN,i(y)Ik(gzv,n(y))lN,z(y)\dy

k=12

dx

d [ xni(@)hnk()gnm (@)
<[ |[Ja(gN,m<x>>]l dw( PN Ey )

< [ il Ndy [ (o) + i @) do = OV log(N).

This completes the proof of (7.24).
We now discuss the proof of (7.25). The proof of (7.25) may also be reduced, by
modifying the proof of (6.42) as above, to showing that for £,l =1, 2,

[ [P = N 7 )y g (Wt — ey = O og(V)). (7.26)

On the other hand, we may rescale the left-hand side of (7.26) to become

X
[ [ g oae g (NS )y
This coincides with a rescaled case of (6.44), which we have already shown to be of order
OO N~ log(05'N™Y)),

and thus is further of order O(NY~!log(N)). This completes the proof of (7.26). O
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