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Abstract

This work studies the averaging principle for a fully coupled two time-scale system,
whose slow process is a diffusion process and fast process is a purely jumping process
on an infinitely countable state space. The ergodicity of the fast process has important
impact on the limit system and the averaging principle. We show that under strongly
ergodic condition, the limit system admits a unique solution, and the slow process con-
verges in the L'-norm to the limit system. However, under certain weaker ergodicity
condition, the limit system admits a solution, but not necessarily unique, and the slow
process can be proved to converge weakly to a solution of the limit system.
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1 Introduction

We study in this work a fully coupled two time-scale stochastic system (X;*, V") in
R? x S, where S = {1,2,..., N} with N < cc. The slow process (X;'“) is described as a
solution to the following stochastic differential equation (SDE):

AXF = BXE, Y0t + VR0 (X, Y)W,

£, d £, . (11)
XO’ =1z € R%, Yb’ =1ip €S,
and the fast process (Y,'*) is a jumping-process on S satisfying
1 ap - .
o 4ij 0 0 3 f )
P(Y 5 =Y, =i, X" =) “qux) o) " 7&‘7, (1.2)
1+ 2qi(z)d +0(0), ifi=j
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Averaging principle for regime-switching processes

for 6 > 0,4,j € S, z € R?, and ¢, o are small positive parameters. In the existing
literatures, the system (X;*,Y,”") is called fully coupled if the diffusion coefficient
o of slow process (X;’“) depends on the fast process (Y,”“) and the transition rates
(¢ij(x))i,jes of the fast process (Y,”) depends on (X;*) as well.

Multi-scale systems arise in many research fields such as in biology systems [8, 19,
20, 23, 31], in mathematical finance [9, 10], etc. Correspondingly, there are many works
devoted to the study of averaging principle, central limit theorems, and large deviations
of these stochastic models. For a two time-scale system where both slow and fast
components are continuous processes given as solutions of SDEs, these problems have
been extensively studied, such as, in [1, 22, 23, 24, 26, 27, 32, 37, 38], in [15] for SDEs
driven by fractional Brownian motions. The interaction between the fast component and
the slow one makes a fully coupled two time-scale system much complicated, which has
been revealed in the works [25, 32, 37, 38].

The averaging principle says that the slow process (X;'“) will converge to some
limit process (X;) as €, a — 0. When the fast process (Y;) does not depend on (X;*%),
usually called an uncoupled system, the averaging principle often holds in quite general
conditions. However, when (Y,””) depends on (X;'®) and particularly (¥,”") does not
locate in a compact space, it becomes more difficult to establish the averaging principle.
In this work we focus on addressing the impact on the limit behavior of (X;*,Y,>%)
caused by: 1) various ergodicities of the fast process on the wellposedness of the limit
process (X;); 2) when the state space S is infinitely countable, the dependence on the
fixed state of the slow process (X;'*) of the invariant measure of (Y,~%).

Let us review some known works in the setting similar to ours. In the situation
that (V) is a continuous time Markov chain independent of the slow process (X;'),
Eizenberg and Freidlin [7], Freidlin and Lee [12] investigated separately the limit behav-
ior of solutions of PDE systems with Dirichlet boundary associated with (X;*,Y;”%);>0
when the diffusion coefficient of X;® does not depend or depends on Y;”“. These two
works reveal that whether the diffusion coefficient of X;"“ depends on Y,~'” or not has
important impact on the method to study the limit behavior of (X;**,Y,”"). To provide a
decisive estimate on the difference between (X;'“) and its limit process, a large deviation
principle (LDP) was established in [16, 17].

For a setting where the fast process (Y;”“) is a jumping process depending on the
slow process (X;'“) as well, the averaging principle and LDP have been studied by
Faggionato, Gabrielli, and Crivellari [8] and Budhiraja, Dupuis and Ganguly [3]. [8]
considered a simple case without diffusion term for the slow component by the nonlinear
semigroup method developed by Feng and Kurtz [11]. Whereas, [3] considered a fully
coupled case by using the weak convergence method, and established a process level
large deviation principle.

All the aforementioned works, no matter whether the fast jumping process (Y,”%)
depends on (X;'*) or not, considered only the situation that the state space S of (Y,7%)
is a finite state space, which is hence compact. However, the infinite countability of
the state space S of (¥,7) has important impact on the averaging principle and LDP of
(X[, Y, S). Meanwhile, as our studied system (X[, Y,>%) is fully coupled, the invariant
probability measure 7 = (7¥);cs of (V;7“) will depend on the position z of the slow
process (X;'“). The infinite countability of S makes the regularity of x — 7% become
much more complicated than the case that S is finite. The regularity of x — =* has
important impact on the characterization of the limit system.

Precisely, suppose (¢;;()); jes is a conservative, irreducible transition rate matrix
for every x € R?, which is Lipschitz continuous in z in certain matrix norm. Let &(S) be
the space of all probability measures over S endowed with the total variation norm. Let
€ Z(S) be the invariant probability measure associated with (g;;(x)); jes provided
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it exists. Then, when S is a finite state space, x — 7” as a function from R9 to 2(S)
is Lipschitz continuous. This result has been proved in [8] and [3] in different ways.
[8] proved it by the Perron-Frobenius theorem to express n* in terms of a nonzero
right eigenvector of (g;;(x)); jes corresponding to the eigenvalue 0. In [3], it is proved
through expressing 7 as a polynomial of transition probabilities according to Freidlin
and Wentzell [13]. Nevertheless, these two methods are infeasible when S is infinite.
Moreover, when S is infinitely countable, x — 7* could be not Lipschitz continuous and
even not Holder continuous of any exponent in (0, 1); see our Example 2.1 below.

To establish the averaging principle when S is infinitely countable, our main challenge
is to study the regularity of  +— 7 from R? to Z(S). To overcome this difficulty, the
ergodic property of P plays a crucial role, where P denotes the semigroup associated
with the Markov chain with transition rate matrix (¢;;(z)); jes. We shall show that
x +— 7% is Lipschitz continuous if P is strongly ergodic uniformly w.r.t. = based on
an integration by parts formula for continuous time Markov chains. If supposing only
that P is ergodic and ||PF(i,) — 7|var < Cymy for i € S with C; > 0, n; € [0,2]
satisfying fooo nsds < oo,  — 7% is shown to be 1/2-Hélder continuous. To prove this
assertion, we develop a coupling method for parameter-dependent Markov chains based
on Skorokhod’s representation theorem for jumping processes. Consequently, under the
strongly ergodic condition, the equation to characterize the limit process (X;) admits a
unique solution, and we can show that (X;**) converges in L!'-norm to (X;) as ¢, — 0.
However, under ergodic condition, (X;'®) converges weakly to its limit process provided
that the limit system is unique. The ratio ¢/« as €, « — 0 has no impact on the averaging
principle. Nevertheless, the large deviation principle of (X;*“,Y,”®) will be shown to
depend heavily on the ratio £/« in our another work.

The remainder of this work is organized as follows. In Section 2, we state the main
results of this work including: the regularity of x — #«* under two different ergodicity
conditions, and the averaging principle for (X;“,Y;"“);>¢ in respectively strong and
weak convergence sense. Section 3 is devoted to developing the coupling method for
parameter-dependent Markov chains, which is not only the basis to study the regularity
of x — 7% under the weak ergodicity condition of (¥;~), but also plays an important role
to decouple the close interaction between (X;'*) and (Y;”“) to establish the averaging
principle. The arguments of main results are all presented in Section 4.

2 Statement of main results

This section is devoted to establishing the averaging principle for (X;“,Y,"“);>0
as €, a go to zero. Let us begin with introducing three fundamental conditions on the
stochastic system (X%, Y,”"), which will be used throughout this work.

(A1) There exist constants Ki, K > 0 such that
[b(2,4) = by, )| + lo(2,i) = o(y, i) || < Kilz -yl
b(z,9)| + ||o(z,9)|| < Ko, x,y€RY i€S.
(A2) For each z € RY, (g;j(x)): jes is a conservative, irreducible transition rate matrix.

Assume £ 1= SUDP;cs Y e ji SUPzera 4 () < 00.
(A3) There exists a constant K3 > 0 such that

1Q(x) — Q(Y)le, = S,“};Z lgij(z) — i (v)| < Kslz —y|, =,y € R%
€O i

Under these conditions (A1)-(A3), the two time-scale system (1.1), (1.2) admit a unique
strong solution to any initial value X;'* = zg € R¢ and Y5 =ip € S; see, e.g. [40]

EJP 29 (2024), paper 14. https://www.imstat.org/ejp
Page 3/21


https://doi.org/10.1214/24-EJP1073
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Averaging principle for regime-switching processes

or [33] under certain more general non-Lipschitz conditions. To focus our idea on
the impact of the ergodicity of (Y;”") on the averaging principle, we impose a simple
condition (A1) on the slow process (X;®). We refer the readers to [27] for the technique
to generalize (A1) to the local Lipschitz condition.

For the fully coupled two time-scale system (X;**,Y;”“), in contrast to uncoupled two
time-scale systems, the regularity of invariant probability measure 7% associated with
the @-matrix (¢;;()); jes increases the complexity and difficulty of characterizing the
limit system (X;) of (X;'*,Y,”“) as ¢, a — 0. As mentioned in the introduction, when S
is a finite state space, and (g;;()); jes is Lipschitz continuous in z, then its associated
invariant probability measure 7¥ = (7¥);cs is also Lipschitz continuous in z, which has
been proved in [3, 8]. However, when S is infinitely countable, this becomes uncertain.
Note that the invariant probability measure is also a left eigenvector to the QQ-matrix.
The perturbation on linear generators can cause significant changes on its corresponding
eigenvalues and eigenvectors. To see the complexity of this problem, one can refer to
the fruitful researches on the perturbation theory of linear operators; see, for instance,
the monograph [21] and references therein.

Let us recall some notations on the ergodicity of Markov chains (cf. [6, 29]). Let P,
denote a semigroup associated with a continuous time Markov chain on the state space
S. Suppose that there exists an invariant probability measure = = (m;);cs. The total
variation distance between P;(i,-) and 7 is defined by

1P (i, ) = llvar = 2sup { P (i, A) —m(A); A€ B(S)} = sup {| (i, f) == (f)]: [f] < 1},
where pu(f) := )_,cspif(i) for any probability measure p on S. The Markov chain is
called ergodic if

t1i>rgo ”Pt(za')_']rnvar:()a ZGS;
the process is called exponentially ergodic, if

| P(i,-) — 7||var < Cie %, ¢t > 0, for some ¢ > 0, constants C; > 0, i € S;

the process is called strongly ergodic or uniformly ergodic, if
lim sup || P;(%, ) — 7||var = O.
t—o0 i€S

It is known that if the chain is strongly ergodic, its convergence rate must be of expo-
nential type, i.e.

sup || Py (2, +) — 7|var < Ce M, t>0,
€S

for some constants C, A\ > 0; see, for example, [28, Lemma 4.1]. Consequently, it is
easy to see that ergodic Markov chain on a finite state space must be strongly ergodic.
Accordingly, we first generalize the results in [3, 8] for Markov chains on a finite state
space to the setting on an infinite state space under the strongly ergodic condition.

Let P} be the semigroup associated with the Q-matrix (g;;(x)); jes, and 7* its associ-
ated invariant probability measure provided it exists throughout this work.

(A4) Suppose that P} is strongly ergodic uniformly in x, that is, there exist constants
c1, A1 > 0 such that

sup || PE (i, -) — 7%Jvar < c1e” ™ Vit >0, z € RY
€S
Proposition 2.1 (Strongly ergodic case). Assume (A2), (A3) and (A4) hold. Then, the
functional R? > z +— 7% € Z(S) is Lipschitz continuous, i.e.
||7TI*7Tvaar < Cﬂ‘x*yb x,yGRd,
where C; = % and constants c1, A1 given in (A4), K3 given in (A3).
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To make the presentation transparent, we defer the argument to Section 4. It
is useful to mention the works [6, 28] and references therein, which provide various
sufficient conditions for strong ergodicity of continuous-time Markov chains and diffusion
processes.

We proceed to investigate the regularity of z — 7® under certain ergodic condition
weaker than strong ergodicity. Unfortunately, under weaker ergodic condition and
without the uniformity w.r.t. x, the Lipschitz continuity of  — #* in the total variation
norm may fail. To illustrate it, we construct an example as follows.

Example 2.1. For each z € (0, 1), let (¥;");>¢ be a birth-death process on & = {1,2,...}
with birth rate ¢;;11(z) = b;(z) = x for i > 1 and death rate ¢;;—1(x) = a;(x) = 1 fori > 2.
It is clear that ¢;;(x) is Lipschitz continuous in z for all ¢, j € S. Then,

(i) for each x € (0, 1), the birth-death Markov chain (Y;*),>¢ is exponentially ergodic,
but not strongly ergodic, satisfying

1PE (i, ) — 7% var < Ci(z)e™ VDt 150, i€, (2.1)

for some positive constants C;(x) depending on i € S and z € (0, 1).

(ii) Its invariant probability measure 7 = (77 );>1 is given by

af=(1—x)z"™, i>1, (2.2)
and for any 3 € (0, 1]
L
sup w = 00. (2.3)
T#Yy |l‘ - yl

This means that  — 7 is not Holder continuous of any exponent 5 € (0, 1].

The argument of assertions stated in Example 2.1 is also deferred to Section 4.
Example 2.2. For each z € (0, 1), let (Y;*) be a birth-death process on S = {1,2,...} with

birth rates qi2(z) = (sin®)?2, gip1(x) = sinz for i > 2, and death rates g1 (z) = (sinz)?,
gii—1(x) = 1 for ¢ > 3. It is clear that = + ¢;;(z) is Lipschitz continuous for all i,j € S.

The invariant probability measure for this birth-death process is given by

. 1—sinz . Vsinz(l —sinx)
T = Ty =
" l—sinz++vsing 1 —sinz + /sinz’
. (sinz)2/sinz(1 — sinz)
7r

= Iy i22~

1 —sinx + vsinz

Then, it is easy to see that z — #* is not Lipschitz continuous in the total variation norm.

Now, let us consider the following ergodic condition weaker than strong ergodicity
condition (A4).

(A5) Assume that there exist a positive function 6 : S — (0, 00), a decreasing function
n:[0,00) — [0,2] satisfying [, n,ds < oo such that

|PE(iy ) — 7% lvar < 0(i)n, t>0, z€RY i€S.

Proposition 2.2. Assume the conditions (A2), (A3) and (A5) hold, then z — 7% is 1/2-
Holder continuous, i.e.

||71Jc - 7-‘—y”Var < Ky |.7J - y|7 T,y € Rd7 (2.4)

where K = 2\/K3(infieg 6(i)) [>n.ds.
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This proposition is proved based on an intricate construction of coupling process
of (Y/) and (YY) with Q-matrix (g;;(z))i jes and (¢;;(y))i jcs respectively in terms of
Skorokhod’s representation for jumping processes, which is presented in Section 3.
Our construction method in current work improves the one used in [35] to study the
stability of regime-switching processes under the perturbation of ()-matrix and in [36] to
study the continuous dependence of intial values for stochastic functional differential
equations with state-dependent regime-swtiching. The key point is the estimate of
1 fot P(Y® # Y¥)ds in terms of the difference between (gij(x))ijes and (gi;(y))i jes-

Next, we go to establish the averaging principle for (X;*,Y,”") as ¢,a — 0. Let

b(x) = Zies b(z,i)7?, (2.5)

and the limit system of (X,"“,Y,”®) will be given as the solution to the ordinary differen-
tial equation (ODE)

dX; = b(X,)dt, Xo = xo. (2.6)
Under conditions (A1) and (A4), by Proposition 2.1, it is easy to see b is Lipschitz
continuous, and hence ODE (2.6) admits a unique solution. Under the strongly ergodic
condition (A4), we can get Ll-convergence of Xf’a to X; as e,a — 0.

Theorem 2.3. Assume (A1)-(A4) hold. Let (X;'*,Y;"“) be the solution to (1.1), (1.2),
and (X;) the solution to (2.6). Then
lim E[ sup |XO% — Xﬂ =0, T>0.
g,0=0  Lycio,1]

However, under (A1) and (A5), by Proposition 2.2, b can be shown only to be Holder
continuous just as 7”. In this situation, thanks to Peano’s theorem, ODE (2.6) admits a
solution, but may loss the uniqueness. Consequently, under the weaker ergodic condition
(A5) the limit system (X;) becomes more complicated, and (X;'“) can be shown to
converge weakly to its limit whenever ODE admits a unique solution. The precise result
is given in the following theorem.

Theorem 2.4. Assume that (A1)-(A3) and (A5) hold. In addition, when § is infinitely

countable, suppose that there exist constants co > 0, ¢5 < oo such that the function (-)
given in (A5) also satisfies

Q(2)0(i) = Y qij(2)0(j) < —c20(i) +c3, w€R?, i€S. (2.7)
jes
Let (X%, Y,””) be the solution to (1.1), (1.2). Then, for each 7' > 0, the set of dis-
tributions of {(X;“)icp, 136, € (0,1)} in C([0,T];R?) is tight, and any convergent
subsequence of {(X;*),c(0,r);€, @ > 0} shall converge weakly to a solution ()_(t)te[o,T] of
ODE (2.6). Moreover, if ODE (2.6) admits a unique solution, then (Xf’o‘)te[oyT] converges
weakly to the unique solution (X¢);c[o,7) of ODE (2.6) as ¢, — 0.

Remark 2.5. Theorems 2.3 and 2.4 tell us a fundamental fact: the limit system (X;) and
the convergence of (X;’”) to this limit system do not depend on the ratio ¢/« as ¢, — 0.

Example 2.3. 1. Let (Y¥;*) be a continuous-time Markov chain on S = {1,2,...} with
the transition rate matrix

gij(z) = (1— e*|1|*a)ef(j71)(\z\+a)7 i
gi(x) = —(1 = (1 — e lol=) ==zl +e)),

where a > 0 for z € R. Then, according to [5, Theorem 4.45], the process (Y;*)
satisfies the condition (A4). Moreover,

1Q(z) QW) e, := $§§Z |gi5(2) —qi5(y)| < 2(Zjev‘a) lz —yl, z,y €R,
P= G

Jj=1
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which means that (A3) holds as well.
2. Let (Y{*) be associated with the transition rate matrix (g;;(x)) given by

Gi(i+1) () = 2 +sinw, gi1(v) =2 —sinz, qu(r) = —4; ¢i;(x) = 0, otherwise

fori > 1, € R. Again, by [5, Theorem 4.45], (Y;*) satisfies (A4).

3. Let (Y}") be a birth-death process on § = {1,2,...} with b;(x) = g;i+1(z) = 1 for
i > 1, ai(z) = gii—1(z) =2 — Ssing for i > 2, z € R. Then (Y;") is exponentially
ergodic and satisfies (A5).

3 Construction of the coupling processes

In this part we introduce the coupling processes used in the study of regularity of
x — 7° and in decoupling the interaction between the slow process (X;'“) and the fast
process (Y;”%) in order to establish the averaging principle. This part deals with the
technical difficulties caused by the full dependence between (X;'*) and (V;”®). In the
spirit of Skorokhod, we express a state-dependent jumping process over S in terms of
an integral w.r.t. a Poisson random measure. In order to deal with the case S being
infinitely countable, we modify the construction method of intervals used in Skorokhod’s
representation theorem, which is quite different to the extensively used one (cf. e.g.
[14, 33, 40]).

Consider the solutions (X7, Y;”) and (X!, Y}Y) respectively to the following SDEs:

dX? = b(XZ, YS)dt + o(XE, YE)AW,, XE=zecRLY{F=ip€S,

qi5(2)0 + 0(9), i # 4, (3.1)

P(YE, =Y =i, XF =2) =
Vs =3lY; i =2 {1+q“(z)5+o(5),z‘j,

and
dX) = (X}, Y))dt + g(XP,Y)dW,, X =yeRLYY =ig €S,
_ _ ~ e (3.2)
PV, = T =i, XY =z = { @+l A
1+ qii(2)d + 0(0), =4,
for 6 > 0.

Lemma 3.1 (Key lemma). Suppose that (A1), (A2) hold and f, g satisfy (Al) replacing
b and o respectively. For every z,y € RY, x # y and every iy € S, there is a coupling
process (X7, Y")i>0 and (X/,Y}Y):>0 satisfying SDEs (3.1) and (3.2) respectively such

that
t t
L [ oz 2 Tnas < B[00 -] s, t>0. (3.3
0 0

where [|Q(z) = Q(y)|le, =suPjes ) jes i 195 (T) =i (Y)].
As an application of Lemma 3.1, consider a special case: b= f =0, 0 = g =0, then
X¥ =z, X/ =y, and we obtain that:

Corollary 3.2. Under (A2), for every z,y € R? there is a coupling process (Yf,f/ty)
associated respectively with the Q-matrix (¢;;(x)); jcs and (gi;(y))i,jes such that

1

t ~
¢ [P 20 < Q@) - Q. >0, 3.0
0

Corollary 3.2 tells us that when |z —y| tends to 0, we can construct a coupling process
(YY) such that 1 fgIP(YS'T # YY)ds goes to 0 when x — Q(z) is continuous in the norm

[
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Argument of Lemma 3.1. We need first construct suitable intervals related to the
transition rate matrix (¢;;(z)); jes SO as to express the jumping processes (Y;*) and (YY)
in terms of a common Poisson random measure. The proof is divided into two steps.

Step 1. The first step is to construct a sequence of intervals associated with the
transition rate matrix (¢;;(z)), € R%. Our construction method is applicable when S
is finite or infinite, and is more suitable to cope with the case S is infinite than the
construction method used in [14, 33, 40].

Precisely, let v, = sup;.,,, Sup,cga ¢ni(2) for n € S, and by (A2) we get v, < k < o0
foralln € S. Let I'x(2)=[(k — 2)11, (k — 2)71 + q1x(2)) for k > 2, and for n > 2,

Lok(2)=[(k —n = 1)yn, (k = n = 1)vn + gur(2)), ifk >n,
Troe(2)=[(k+1=n)vn — qnr(2),(k+1—n)y,), if 1 <k <mn,

and
Uo=J U Twl2), n>1, (3.5)
zER k>1,k#n
where & is given in (A2). For notation convenience, we put I';;(z) = 0 and T';;(z) = 0 if
qij(2) =0,4,7 €S, 2 € R%. Due to (A2),

m(Un) S Z sup QHk(z) S R, (36)
k> 1 ktn 2ER?
where m(dz) denotes the Lebesgue measure over R.
Secondly, we provide an explicit construction of the Poisson random measure as
in [18], which helps us to illustrate the calculation below. Let fz(k), k,i=1,2,..., be
Ur-valued random variables with

m(dx)
m(Uy)’

PEM e dr) =

7

and Ti(k), k,i > 1, be non-negative random variables satisfying IP(TW

7

> 1) = exp[—tm(Uy)],
t > 0. Suppose that {ﬁi(k), Ti(k)}i,kzl are all mutually independent. Put

¢ =% 4 4720 forn, k> 1, and ¢ =0, k> 1.

Dy = U U {Cw(lk)}7

k>1n>0

Let

and
p(t)= Y Ap(s), Ap(s)=0fors¢ Dy, Ap(¢S)) =&, kn>1,

0<s<t

where Ap(s) = p(s) — p(s—). Correspondingly, put
Np([0,t] x A) = #{s € Dp; 0 < s <t ,Ap(s) € A}, t >0, A € B([0,0)).

As a consequence, we get a Poisson point process (p(t)) and a Poisson random measure
Np(dt,dz) with intensity dtm(dz).
Thirdly, let
19(%‘, i Z) = Z(] - i)lrij(l) (Z)
jes
The desired coupling process is defined as the solutions to the following SDEs.

dX7 =b(X7F,Y)dt + o(XF,YE)dW,, 3.7)
dyyr = f[O,oo)ﬂ(XiT7 Y, Z)Np(dt’ dz), Xy =z, Yy =o. ‘
EJP 29 (2024), paper 14. https://www.imstat.org/ejp
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XY = J(X}, V)t + g(XY, V) AW, a8
dYty - f[() oo)ﬁ(Xg/v Yty—v Z)Np(dtv dz)v Xg =Y, YOy = 0. .

Note that under conditions (A1), (A2), SDEs (3.7) and (3.8) both admit unique strong
solution, which can be proved in the same way as in [33, Theorem 2.3]. Then, accord-
ing to Skorokhod’sIepzesentation theorem (cf. [40] or [34, Theorem 2.2]), (X7,Y/")
satisfies (3.1) and (X/,Y}”) satisfies (3.2).

Step 2. Based on the coupling process constructed above, we proceed to estimate the
quantity fot P(Y® # YY)ds by induction. It follows from the definition of N (d¢,dz), the
estimate (3.6) that there exists a ¢; > 0 such that for § > 0

P(Np([0,6]xUy,) >2) =1 —e ™) —m(U,)de ™) <62 n>1.

Then,

(Y5 £ VYYE =Y =)

=PV # Y, Np([0,8]xUsy) = 1|Yg = Y = i)

FP(YE # T No([0,8]xUs,) 2 21Y5 = T = i)
<PV £ VY Np((0,0]x Uy ) = 1Y =V = o) + &16°
6 . ~ i .
= / IP(SYO) EU (Fioj (Xf)AFZOJ (Xsy)),Tl(lO) GdS, 7'2(10) Z 675) +6152,
0 jes

where AAB := (A\B)U(B\A) for Borel sets A, B in R. Note that for s < Tl(io), X = x ()
and X’g = XU where

X§i0)=x+/ b(X£i0>,i0)dr+/ a(X0) dg)dW,,
0 0

S S
Xlo) =y 4 / X5 g)dr + / g(X) i) dW,.
0 0
Therefore, due to the mutual independence of MV, (d¢, dz) and (W (¢)), and the construction
of I';;(z), we have
P(Yy # Y |Y§ = Y = io)

4
<@+ [ B[ Y 0 (47) — gy (R e U0 as

J#io (3.9)

5 ~
ga#fAEMMXQ—QameM-

Now, let us consider (Y5} # 172%) It is clear that
P(Y35 # Y3)
= P(Y55 # Y5V = YRS = YY) + P(V55 # Y35, Y # YY) (3.10)
< P(Y3 # VY = V)) + POY £ YY),
Due to (3.7) and (3.8),
P(Ys; # Yi|Yy = Yy)
< P(Ys5 # Va5, Np((6,20]) = 1Y = Y)) + P(Np((6,20]) = 2)Yy" = YY) (3.11)
25
— /(5 P(Ap(s) eujes{rygj(xg)Ar%yj(Xg)},Tf €ds, 7§ > 26 — 5) + &162,

EJP 29 (2024), paper 14. https://www.imstat.org/ejp
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where 7{, 7 denote the first and second jump of (p(t)) after time J. Note also that
given .%;, for s € [6,7)], X* and )?;J depend only on (W;),¢[5,s). Based on the mutual
independence of (W;) and (p(¢)), and their independent increment property, we get
from (3.11) that

25

P(VG £ T1Y5 =) < [ BIIQUXT) - QUEN]ds + crs® (3.12)

)
Inserting the estimates (3.9) and (3.12) into (3.10), we obtain that
PV £ T < [ B[IQUXE) - QR Jds + 2618% 313
0

Deducing inductively, we get

PG £ T4 < [ EIQUE - QUEDIJds -k’ k23 (314)

0

Denote N(t) = [%], the integer part of ¢/d, t;, = kd for k < N(t) and ty(;)41 = ¢ for
t > 0. It follows from (3.14) that

/ BV £ T2)ds
0

tr41 . - _ _
= Z/ {P(YF Y2, Vi =Y +P(YS # Y, Y5 # YY) tds
¢

N(t) trir N(t)
/ P(YS £ Y|V =Y ds + > PV # Y5) (trar — tr)
k=0
(t) tha1 N(t) _
< Z/ P (N ((t, trsa]) >1)ds+0 Z/ E[|Q(X?)— (X;/)||gl]ds+k6152)
k=0"tk

< (1o ROz 50 5v(0+1) [ B[00 QIR Jas

Letting 0 | 0, as 0(IV(¢) + 1) — ¢, this yields that

1

¢ [0z £ e < [BlIQME) - QI as

The proof of Lemma 3.1 is complete. O

4 Arguments of the main results

This section is devoted to the arguments of the results presented in Section 2.

We begin with proving the regularity of x — 7 under strongly ergodic condition,
which is based on the integration by parts formula for continuous-time Markov chains.
The application of total variation norm and taking supremum in the initial value ¢ over &
play an important role in the argument.

Argument of Proposition 2.1. Using the integration by parts formula for continuous
Markov chains (cf. [30, Theorem 3.5] or [6, Theorem 13.40]),

PYh(i) — PEh(i) = /O/Pf’,s(Q(y) Q@) Prh(i)ds, >0, he By(S). @.1)

EJP 29 (2024), paper 14. https://www.imstat.org/ejp
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Forany : S — R with [h| < 1andany 0 < s <t,
sup |PL(Qy)—Q(x)) Prh(i)| < Sup [(Qy) — Q(x)) PLh(i))|
= sup|(Q(y) ~ Q@) S (h— =" (h)(0)
< 1Q(y) — Q)| Sup [Py h(i) — 7 (h)]
<Q(y) — Q)| Sup 1P (s ) = 7 |var,

where, due to the conditions (A2) and (A3), the operator norm

1Q(y) — Q)] := sup {|(Q —Q(Jﬁ))h(i)|§i€$7|h\ <1}
< 2sup Z |95 (y) — ai; (2)] = 2[1Qy) — Q=) e,
JGS JFi
< 2K3|z —yl.

Combining this estimate with (A4), we get from (4.1) that
4K3Cl

t
|PYh(i) — PPh(i)] < 4e1 Kslz — | / e M3ds = |z —y[(1 —e M), (4.2)
0

and further 1K
. 2 3C1
I1P¢ (i, ) — PF(, ) lvar < T

—y|(1—e M) (4.3)

by the arbitrariness of A in (4.2).
For any h : § — R with |h| < 1, it holds

|7 (h) — 7" (h)| = ‘ S RVPIR(i) — S wd PEh(i ‘
i€ES €S
Z miwf |PYh(j) — PER(i)| (4.4)

i,j€ES

<Z y|Pyh |—|—Z ﬂ'yﬂ'mfP“" PFh ()|

JES ,jES

IN

By (A4), it holds
|PFh(i) — PER())| < [PPR(G) — 7 (R)| + |[PER(i) — 7°(h)] < 2c1e7 M7 (4.5)
Inserting (4.3), (4.5) into (4.4), we get

4K301
A

7Y (h) — n*(h)] < o = yl(1 = e™M) + 20007

Letting ¢ — oo and taking supremum over h with |h| < 1, we obtain that

4K301| |
T —
b\ Yl

which is the desired conclusion, and the proof of Proposition 2.1 is completed. O

Hﬂy - 7Tm||var <

As a direct application of Proposition 2.1, it follows from (A1) that b is also Lipschitz
continuous. In fact,

[b(2) = b(y)| = | Y bla,i)xf = bly, i)n?

€S €S
< sup b(a, D77 — ¥ llar + | 3 (b(a8) = bly, D) | (4.6)
€S
2K3 K.
§<K1+37201>‘x_y|7 xuyE]Rd'
A1
EJP 29 (2024), paper 14. https://www.imstat.org/ejp

Page 11/21


https://doi.org/10.1214/24-EJP1073
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Averaging principle for regime-switching processes

Argument of Example 2.1. Let ] =1,

bibsy...b,
rg=———=2a" n>1.
MTL+1 aza3 . ..0np4+1
Then,
Zﬂn* T <% due to z € (0,1),
and

n

According to the ergodic criterion for birth-death processes (cf. [6, Chapter 1]), the birth-
death process (Y;");>0 is ergodic for every x € (0, 1). Its invariant probability measure

* is given by 7} = 5=t Hi e =(1- x)x“l for + > 1, which gives us (2.2). Moreover, one
can check

> 1 1 —S(}”_l
su z —— =sup—— < 9,
EZM’C Z Ib n21:2) (1—1)2

and hence (Y;*);>0 is exponentially ergodic. However, by virtue of [28, Theorem 3.1], the
birth-death process (¥;%):>0 is not strongly ergodic since

I DITED D

zl”lljzﬂ i=1

For the birth-death process (Y;*);>0, its rate of exponential ergodicity is equivalent to the
exponential L2-convergence rate; see, [4, Theorem 5.3]. Exponential L2-convergence
of Markov processes are closely related to the extensively studied Poincaré inequality
and spectral gap of infinitesimal generators. There are many works devoted to the
estimates of exponential L2-convergence rate. Applying [4, Example 5.7], the exponential
convergence rate of (Y”);>¢ is given by

Mz)=(1-Vz)%,  ze(01). 4.7)
At last, we shall show that

T _ 7Y
sup w =00, YBe(0,1], (4.8)
Ty |z —yl

which yields (2.3) and z — 7* is not Holder continuous with any exponent 3 € (0, 1).
Indeed, we only need to consider the case z > y in (4.8). Due to the expression of 7*
in (2.2), consider the function f(z) = (1 — z)z™ on (0, 00). It holds

) = (Fg =) !
Therefore, when n > =% > 1773’ f'(z) > 0 for all z € [y, z]. This implies that 7}, =

(1—a)z™ > (1 —y)y™ =nY, . Let ny, = inf{m € N;m > (1 — x)/x}. Therefore,

o0 o0
In* =7V llvar = Y i —whl = Y (- wh) =ty (4.9)
n=1 n=n,+1
EJP 29 (2024), paper 14. https://www.imstat.org/ejp
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Take # =1 — L and y = 22=2 for m > 2, then 1 > = > y > 0 and n, = m. For any
B € (0,1], due to (4.9),

(1-5)" =0 =)0 = 5e)"

”771 - 7Tvaar lim

sup

N R (1- %)Bm
1 (4.10)
= lim (2 —1/3(1—1— 7")
Jim (2m —1) 1-5-—7)
= Q.
All assertions in Example 2.1 have been proved. O

Before presenting the proofs of Theorem 2.3 and Theorem 2.4, let us introduce the
main challenge in the proofs. Firstly, we should pay more attention to the difficulty
caused by the full dependence of the two time-scale system (X;*, Y,”"). To overcome
this difficulty, we shall use the coupling method developed in Section 3. Secondly, we
need to pay attention to the essential difference between the distributions of (X;);cj0,1]
and those of (Y;“),c(o,r) for e, € (0,1) given T > 0. Precisely, for each fixed T' > 0,
let C([0, T]; R?) be the space of continuous paths from [0, 7] to R¢, and D([0,T];S) the
Skorokhod space containing right continuous paths with left limits. Then under condition
(A1), the distributions of {(X;**)ic(o,r):€, @ > 0} in C([0,T]; R?) is tight. However, the
distributions of {(Y;"")ic[0,77;€, @ > 0} in D([0,T7]; S) is not tight, which can be seen from
the following simple and meaningful example given in [39, Example 7.3, p.172].

Example 4.1 ([39]). Let (Af');c[o,r] be a continuous time Markov chain on the state
space S = {1, 2} with transition rate

(e %)

a\p —p)’
for some A, x> 0. Then, for each T' > 0 the collection of distributions of (A{)c[o,7] for
a € (0,1) is not tight.

Argument of Theorem 2.3. Let (X;“,Y,”®) be a solution to SDEs (1.1), (1.2). Based
on Skorokhod’s representation theorem, similar to SDE (3.7), (X;“,Y,”) can be ex-
pressed as a solution to SDEs driven by a Brownian motion and a Poisson random
measure respectively. In the following, this expression of (X7, Y;”®) helps us to use
the method introduced in Section 3 to construct the desired coupling process so as to
decouple the interaction between (Y;”%) and (X;*%).

For § > 0, let t(0) = [£]d, where [£] = max{n € IN;n < £}. Due to the boundedness of
b and o in (A1), it follows from (1.1) that

t t

2
b, veolas) | +2:E[ [ REC RN IRE

Bjx;” - x5 < 26 | j

(6)
< 2K2(5% + &9).

Similarly, we can deduce that E|X;"® — Xf(’;‘)\ < K»(§ + £V$). By Burkholder-Davis-
Gundy’s inequality and (A1), there exists a constant C, > 0 such that for each 7' > 0,

E[ sup |Xf’a—Xt|2}

te[0,T)
¢ o i (4.11)
< QE[ sup ’ b(XE, Y —b(Xs)ds’ } 4 2:CLK2T,
tel0,T] ' Jo
EJP 29 (2024), paper 14. https://www.imstat.org/ejp
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Using the triangle inequality, we divide the estimate of E| X[ — X;| into five terms:

o 2
sup ’/ b(X50, V) fb(Xs)dsH
te[OT]

o 2
<4]E /|b XY —b(XZ5), Y”‘)|ds) +4]E /|b o))~ b(Xs(a)ldS)] (4.12)

+4IE /|b )|ds) }+4E Sup. /b X5y Yo) —b(X5))ds )2]

=: (I) + (I) 4 (1) + (IV).
We shall estimate the right hand side of (4.11) terms by terms. By (A1)

T
I < 4K1T/ E[| XS — X550 ?]ds < 8T K 1 K3(6% + £6). (4.13)
0

s(8)
Due to (4.6),

2K K.
§4T(K1+372cl)2/ E[|IX5 — X [*]ds (4.14)
0

2K5 K. T o
§4T(K1+37261)2/ B[ sup [X5°—X,[2]ds
0
and
T - _
() = 4T /0 E[[B(X, () — H(X,)P]ds

2K K. r _
< AT (K 2222 / E| X, — X.Pds (4.15)
1 0

2K3 Kg C1 )2
A1 '
To deal with term (IV), we first estimate the following term

E|( / (k+1)6b(xj(§),yfa) b(Xj(g))ds) |

< 4PK3T? (K1 +

(k4+1)8 p(k+1)8 ~ B
— 25 / / (B Y2 (X)) (X Vo) b)) dsdr|  (4.16)
ko T

S T

(k+1)8 p(k+1 B i
_ZE /k / E[b(XZéa’ Ys,a)_b(X]‘zéo‘)lﬁr] (b(XZsa, Ys’a)—b(XZZ;a))dsdr]

To estimate [ E[b(X5, YE) — b(Xy)|#,]ds, we introduce an auxiliary process

S

(}Z(T))tzy, for r > k¢ constructed as in Lemma 3.1 such that:

* Under the conditional expectation E[- |.Z,], ()Z(T))tzr is a Markov chain on § with
transition rate matrix (Z¢;;(X Zgl))i’je . and satisfies V") = yee
» The following estimate holds:

1 (k+1)8
-_ Ell, ca o0,|F|ds
Trmsr)  Flosesel
Gk
g, g,
<o [ ENQMEY) -QuXEln 7 ds (@.17)

IN

K (k+1)8
e A E S EATE
T

EJP 29 (2024), paper 14. https://www.imstat.org/ejp
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Noting the scale 1/« of the transition rate matrix of ()NQ(T))QT, we have

E[f(V\)2] = P () (YE®), t>r,

o

for any bounded measurable function f on S, where P} denotes the semigroup associated
with the Q-matrix (¢;;(x)); jes as before. By (A4), for any h € Z#(S) with |h| < 1,

E[h(?’tm) — X" (B h)|-Z.] < sup sup || Pi—r r(' ) = 7 var < e M > (4.18)
zeRIIES

Due to (4.16), using (4.17) and (4.18),
(k+1)6 _ 2
E[(/ BXZS), Vo) — B(XE5)ds) |

(k+1)8 p(k+1)5 _
< 2]E / / E[b(Xgy, Yo —b(X5, Y)| .7, ]
ko

S

+E[b<x;i;;3 YO =b(XE [ 2] ) (b(X5, Vo) —b(XEy)) dsdr |

(k+1)8 p(k+1)8
/ / 2K2E[ (yeo oy | Fr]
ké

Ko ) [B(XER, V) —b(X ) dsdr | (4.19)
(k+1)8 g peo | (k+1)6
< E[/ {#((lwrl)éfr)/ B[ X5 — Xi5|| #.)ds
kd @ r
(1~

4 2ean2 20[61K2
4K2K 0 (k+1) (k+1)8 5 5 0
= / / E| X% — X |dsdr + 4K5 ¢y (‘L -S4 %ewg)
w0 AL A

A ((B+1)é—7)
[e3

) HbOXES Yeo) = B ar]

T

4K2K3 ad a? A s/
<= 53(5+6\[)+4K201<)\1 ¥t e /e,

Therefore,

(IV) :4E sup ‘/ BXTS) YE“)—b(XE(O‘))ds‘ }

te[OT
(T/8]— (k+1)8

T g,a e\ _ 7 £,x 2

[S} Z EK/ b(Xp5 Yo%) — (X5 )dS) } 1.20)

T 2 ’
+ 8E / b(XES,YEY) — b(X59)d
() pocvem sz
3 20 52 2 o a’ o’ - 262
< B2KG KT (- +s—)+32T K2c1(/\ 5~ 305 g *) +32K30%,

Consequently, inserting the estimates (4.13), (4.14), (4.15), (4.17) into (4.11), we obtain

IE[ sup |X; —)_(t|2]
t€[0,T]

2 22 2K3K5¢1 2 r o2
< 16T°K 1 K3 (0% + e0) + 8T (K, + )\7) / E[ sup |X5 — X,[*]ds
1 0 rel0,s]
2K3K. 5 83
SRR L GARBKST?(— +el)
« (0%

1

a? a?

Tz

+80°K3T? (K1 +

+ 64K2T261( a

b e NE) + 64K36% + 2:Co KT
1 1
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Taking § = ot and using Gronwall’s inequality, the previous inequality yields that

lim E[ sup |X;*—X;’] =0, (4.21)
e,a—0 tG[O,T]

and the proof of this theorem is complete. O

Argument of Proposition 2.2. For any bounded function h» on S with |h| < 1, take
some iy € S, and then it holds that

|7 (h) — ¥ (h)]

t t K
< |7rl(h)—%/0 P;’h(io)dsH‘wy(h)—%/o Pé’h(io)d8|+!%/o (P h(io) = PYh(io))ds|
< 1 [ 1Prhtio) " las+ 1 [ [Prbtio) — nvfas + 1 [ 2p(Tr £ T2)as

L[t . [t
= E/ 125 (0, ) — H"ards + g/ HPSy(ZOv ) = 7TyHvards"‘||Q($) = Q)| t
0 0

< 20io) / T nds +1Q@) - QW)lat, V>0,
t 0

where we have used Lemma 3.1 and (A4), which ensures that fooc nsds < co. Then, by

. - 20(io) J5° nsds .
taking t = Te@ -0, - We arrive at

7 () — ¥ (B)] < 2\/ 260) | 105 1Q(x) ~ Q) (4.22)
0
By the arbitrariness of h and (A3),

I = e < 2(2Ka80i0) [ ms)” Vo=l
0

and further the desired estimate (2.4) by taking the infimum for 6(iy) over ig € S. O

Analogous to the deduction of (4.6), under conditions (A1)-(A3) and (A5), bis 1 /2-
Holder continuous by virtue of Proposition 2.2. According to Peano’s theorem, ODE (2.6)
must admit a solution. However, it may loss the uniqueness of solution. Moreover, in
contrast to the L'-convergence in Theorem 2.3 in the strongly ergodic condition, we can
only prove the weak convergence of (X;'“) to (X;).

Proof of Theorem 2.4. Denote by £ the generator of (X;’) given by
L= f(x,i) = (V f(x), b(a:,z‘)>+§tr((aa*)(x, )IV2f(z)), fECERY), zeR%, i€S. (4.23)

Here, for a matrix A, A* denotes its transpose and tr(A) its trace. Let T > 0 be fixed.
Let C(]0,7); RY) be endowed with uniform norm, i.e. ||z. — 9.||cc = SUP;eo,7) |7t — yi| for
z.,y. € C([0,T];R%). Denote by Lx-.« the law of the process (X;“).c[o,7] in the path
space C([0, T]; R9).

Due to the boundedness of b and o in (Al), it is standard to show

E[ sup |X{*]P] <C(T,z0,p), Vp=>1, (4.24)
t€[0,T]
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where zo = X%, C(T, z0, p) is a constant depending on 7, =y and p. By Itd’s formula, for
0<s<t<T,

t 4 t 4
E| X5 x50t SS]E‘/ b(Xf’a,Yf’a)dr‘ +852E‘/0(Xf’a,Yf’a)dWr

t t
< 8(t — 5)31E/ |b(XE, Y,o) [ Adr 4 288 (t — S)E/ lo(X5%, YV5%)| dr
< C(t—s)?

for some constant C > 0. Combing this with X(?a = x9, the collection of laws L x-,« for
e, a > 0 over the space C([0, T]; R?) is tight by virtue of [2, Theorem 12.3]. As a con-
sequence, there is a subsequence {Ly././;¢’,a’ > 0} and a limit law £ ¢ in C([0, T; R4)
such that £ . .- converges weakly to L as ¢/, o/ — 0. According to Skorokhod’s rep-
resentation theorem with a slight abuse of notation, we may assume that (X; /’a')te[oﬂ
converges almost surely to some ()N(t)te[oﬂ in C([0,T];RY) as ¢/, o’ — 0.

In order to characterize the limit, we shall show that for any f € C?(R%), the space
of functions with compact support and continuous second order derivatives.

F(Xe) = flag) — /Ot Zf(X,)ds is a martingale,

where
ZLf(x) = (Vf(zx),b(z)), and b(z)= Zb(aj,i)ﬂ'f. (4.25)

i€S

This means that ()~(t) is a solution to ODE (2.6).
To this end, it suffices to show that forany 0 < s <t < T, k > 1, t,, < s for every
1 < m < k, for any bounded continuous function ® on R*?,

t
E[(£(%) - f(R) ~ [ £5(X)ar)o(%.o Ke)| =0, vfeC2mY. @26)
As a solution to SDE (1.1), (Xf/’a/) satisfies
! o ot t i i ’or ! o
]E[(f(Xf’a ) — f(xEe )—/XEvaf(vaa,YrW )dr)q)(Xfl’a X )} =0. (4.27)

By the dominated convergence theorem, it is clear that

lim B[ (£~ f(XT) (X X)) = Bl (F(X) - (X)) @(Key, - K,

el a’—=0

Hence, letting 7, = o { (X", V"', X,);0<r <s,¢/,a/ > 0}, to derive (4.26) from (4.27)
we only need to show

lim E[ / t(gs’va’ F(xEhe yehaly ﬂ()@))dr‘z} —0.

e, a’—0

According to the expression (4.23), (4.25) of 92”5"“/, ¢ and the boundedness of o, it
suffices to show

lim JE[(/:(wf(Xﬁ’ﬂ’),b(Xf.’va’,Y:”Q’)>_<Vf(f(r),b()?r)>)dr)2\ﬁs] —0. (4.28)

e, a’—0

Similar to the treatment of (4.11), we shall use the time discretization method and the
coupling method to show (4.28).
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Precisely, for § > 0, let r(6) = s + [=52]6 for r € [s,].

E( /:<Vf(Xf."°"),b(Xf./’“’,K?"‘“'» (VIR HE ) | 2]

<se[( [ (VX ) K V)~ (VK ) b Ve yar) | 2

r(6)
+3E[(/st<vf(Xf<§§) b(XC Y ) =X ))) dr)z‘ys} (4.29)
+3E[< /St<vf(Xf(§3) B(XE ) — (VF(X0),b(X,) dr) ‘ 4

=T+ T2+ Ts.

Applying the boundedness and Lipschitz continuity of b, the Holder continuity of b,
f € C2(R?), and the almost sure convergence of (X; ** )icjo,7] t0 (X¢)iefo,7] as €’,&/ — 0,
it is clear that

Jdm (Y4 Ys) =0
We proceed to estimate Y. Let Ny = [(t — 8)/0], sy = s+ kd for 0 < k < Ny and sy,+1 =1
Nt Sk+1 /7 /7 !’ !’ ! 7 — ’ ’ 2

Ty < 3(Ne+1) ZE[(/ (VIXE), b V) = b(xe ar) | 2]

Sk+41 Sk+1 _ .,
6(N,+1 ZE/ / Vf (XY, b(XE Yoy _p(x e ))]%]du

AV F(XE), b(X vy - E(Xg‘;""/))dr‘ﬁs}

N

§6(Nt+1)ZE[/SM

k=0

ék+1 ’ 7, ’ ’ ’ ’
[ B[RO0, b ) 0 )|
VX b(XE YE ) —b(X e 9]
Completely similar to the estimate of (4.16) via (4.17)-(4.19) by applying (A5) instead

of (Ad), to estimate [ E[(V (X)), (X5, V) — b(XE)
auxiliary process (}Z(T))tzr satisfying

)>|d7“

)|-#,] we introduce an

* (}/t(r))tzr is a Markov chain under E[- |#,] on S with transition rate (- ¢;; (Xsf’va’))
and initial value Y;") = Y=

 the following estimate holds

1 Sk4+1
]E 1 el a! _, el al
Skt1— T /,« Loyt v

Due to (A5), for any h € Z(S) with |h| <1,

]du < KS/ HXZI’O‘I—

ﬁr] du

E[h(?;“))—ﬁxfﬁ (W)]7,] < sup |[PE (V7
z€R?

o 7') - TrmHvar S 9(}/7«6 @ )n(tfr)/a’a t>r.
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Therefore,

Sk+1

Ny Sk41
to < 12|V ket ) S B[ [ [ (Rl VAR Ly oy | ]
k=0 Sk AT

+ KQ||VfHoot9(Yf/’°‘/)7]L7>dudr’ﬂ‘s}
Ny

<129 Ka¥i+ 1) 3 {8 [ S 5 4 8) |9 a7

S (4.30)
+ 5 / | IVt s dur] 7
L (2K K
Sl?HWIIioKS(NtH)Z{ 285 53(5.4-¢/V/5)
k=0
Sk+1
+a/ nudu/ o) 7 ) ar}.
By It6’s formula and (2.7),
B0 )17 = B0 7+ [ B eea 00| 7 ar
t
ror ]_ o
E[0(Y,; Y )|Zs]+ ?( — B, )| F] +eg)dr, t>u>s,
which yields that
d a C2 [ 3
Sploy™)|7.) < ~2Blo™)| 7] + <,
d c2 C3 c2
2 (t—s) Nz 1) < BoaFt-s) >
dt( E[0(Y, )us}) < Ze t>s
Hence, L ‘
E[0(YS )| 7] < (Y yemealt=9)/a’ L. 20 g > (4.31)
C2
Inserting (4.31) into (4.30), we obtain that
2K K-
T2§12\|Vf||§oK§(Nt+1){(Nt+1) 228 53(5+ V)
+o/(/ nudu) (9(Y6 o )/ @ (r=odr 4 =2 (tfs))}
0 : “ (4.32)

1)
< U VIS Ks(t — 5 +0)*— (0 +€'V0)
(oo} / /

A2 K340 ([ madu) G (S0 ) (1-e F )+ ).
0 1) C2 C2
Taking § = o', (4.32) yields that lim./ o0 Y2 = 0. Consequently, (4.28) holds, and
further ()?t) is a solution to ODE (2.6).

If ODE (2.6) admits a unique solution, then for any subsequence of (XfI’“/)te[O,T]
as ¢/,a’ — 0, the tightness of {Lx-.«;e,a > 0} proved above tells us that there is
further a subsequence of (Xf/’o‘,)te[Qﬂ, which converges weakly to the unique solution
(Xt)tepo,r)- Hence, the arbitrariness of the subsequence (Xf"“/)te[()ﬂ means that the
whole sequence (X;);cjo,r) converges weakly to (X;).c[0,7] as €,a — 0. The proof of
Theorem 2.4 is complete. O
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