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Self-similar signed growth-fragmentations
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Abstract

Growth-fragmentation processes model the evolution of positive masses which undergo
binary divisions. The aim of this paper is twofold. First, we extend the theory of growth-
fragmentation processes to allow signed mass. Among other things, we introduce
genealogical martingales and establish a spinal decomposition for the associated
cell system, following [BBCK18]. Then, we study a particular family of such self-
similar signed growth-fragmentation processes which arise when cutting half-planar
excursions at horizontal levels. When restricting this process to the positive masses in
a special case, we recover part of the family introduced by Bertoin, Budd, Curien and
Kortchemski in [BBCK18].
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1 Introduction

Markovian growth-fragmentation processes were first introduced in [Ber17]. They
describe a system of positive masses, starting from a unique cell called the Eve cell,
which may evolve over time, and suddenly split into a mother cell and a daughter
cell. This happens with conservation of mass at dislocations: the sum of the mother
and daughter masses after dislocation is equal to the mass of the mother cell right
before. The latter daughter cells then evolve independently of each other, with the same
stochastic evolution as the mother cell, thereafter dividing in the same way, and giving
birth to granddaughter cells, and so on. Thus, newborn particles arise according to the
negative jumps of the mass of the mother cell.

Self-similar growth-fragmentation processes form a rich subclass of such models and
have been extensively studied in the seminal article [BBCK18]. Natural genealogical
martingales in particular arise from the so-called additive martingales in the branching
random walk setting (see the Lecture notes [Shil5]). These martingales depend on
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exponents which can be found as the roots of the growth-fragmentation cumulant
function k. Performing the corresponding change of measure, [BBCK18] then completely
describes the spinal decomposition of the growth-fragmentation cell system. Under the
new tilted probability measure, all the cells roughly behave as in the original cell system,
except for the Eve cell, which behaves as some tilted version of it.

The article [BBCK18] further introduces a remarkable family of such processes that
are closely linked to f-stable Lévy processes for % <0< % and relates them to the
scaling limit of the exploration of a Boltzmann planar map. The case 6 = % was later
recovered up to a time-change in [LGR20] when studying, among other things, the
boundary sizes of superlevel sets of Brownian motion indexed by the Brownian tree,
whereas the critical case § = 1 appears in [AS22] when cutting a half-planar Brownian
excursion at horizontal levels. The growth-fragmentation processes associated with
parameters 6 € (1, %) were also retrieved directly in the continuum in [MSW20] by
exploring a conformal loop ensemble on an independent quantum surface.

In [AS22], the masses of the cells correspond to the sizes of the excursions above
horizontal levels, defined as the difference between the endpoint and the starting point.
Note that, for these to fall into the growth-fragmentation framework, one has to remove
all the negative excursions of the system. Moreover, a Boltzmann planar map can be
seen as the gasket of a loop O(n) model (see [LGM11]), and from this standpoint, a
positive jump in the growth-fragmentation represent the discovery of a loop which has
not yet been explored.

The present work extends the study in [BBCK18] to the case when the masses may
be signed. We therefore allow positive jumps to be birth events and give rise to negative
cells, so that the conservation rule still holds at dislocations. Markov additive processes
and the Lamperti-Kiu representation provide a very natural framework for this.

We illustrate this with the following examples, which are a slight generalisation of
the growth-fragmentation embedded in the half-planar Brownian excursions studied in
[AS22]. For zy > 0, we consider an excursion from 0 to zy in the upper half-plane H,
where the imaginary part is a one-dimensional Brownian excursion, but the real part
is some instance of an a-stable process, with a € (1,2). For a > 0, if the excursion hits
the horizontal level {z € C, $(z) = a}, it will make a countable number of excursions
(e, i > 1) above this level. We record the sizes (Aef"", i > 1) of these excursions,
defined as the difference between the endpoint and the starting point. Because both
points have the same imaginary part, this yields a collection of real numbers. Our main
result investigates the branching structure of this collection of sizes: we show that it
behaves as a signed self-similar growth-fragmentation process. Furthermore, when
removing the negative sizes in the genealogy, we prove that this model gives back the
family of growth-fragmentation processes introduced in [BBCK18] for % <0<l

Related work. In the pure fragmentation framework, multitype self-similar fragmen-
tation processes have been introduced and their structure described, in terms of the
underlying Markov additive process, in [Ste18].

The paper is organised as follows. In Section 2, we provide some background on
real-valued self-similar Markov processes and their Lamperti-Kiu representation. In
Section 3, we make use of a connection with multitype branching random walks to
introduce genealogical martingales similar to the ones in [BBCK18]. Section 4 is devoted
to proving that the form of these martingales only depend on the growth-fragmentation
itself. Along the way, we will define signed cumulant functions that are the analogs of
the cumulant function in the positive case. The spinal decomposition will be described in
Section 5. Finally, we will investigate in Section 6 a distinguished family of self-similar
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signed growth-fragmentations constructed by cutting half-planar excursions at horizontal
levels.

2 Real-valued self-similar Markov processes

We first recall some aspects of the Lamperti-Kiu theory for real-valued self-similar
Markov processes. The Lamperti representation [Lam72] reveals a correspondence
between positive self-similar Markov processes and Lévy processes. In the real-valued
case, there is a more general correspondence, called the Lamperti-Kiu representation,
between self-similar Markov processes and Markov additive processes, which are needed
to take into account the sign changes.

2.1 Markov additive processes

Let E be a finite set, endowed with the discrete topology, and (G;):>¢ a standard
filtration. A Markov additive process (MAP) with respect to (G;):>o is a cadlag process
(¢,J) in R x E with law P, such that (J(¢),¢ > 0) is a continuous-time Markov chain, and
the following property holds: forall: € E, t > 0,

Conditionally on J(t) = i, the process ({(t + s) — £(t), J(t + s))s>0 is independent of G,
and is distributed as (£(s) — £(0), J(s))s>o0 given J(0) = i.

We shall write P; := P( - |£(0) = 0Oand J(0) = i) for i« € E. Details on MAPs can be
found in [AsmO08]. In particular, their structure is known to be given by the following
proposition.

Proposition 2.1. The process (¢, J) is a Markov additive process if, and only if, there
exist independent sequences (§;',n > 0);cr and (U';,n > 0); jep, all independent of J,
such that:

e fori e E, (£,n > 0) is a sequence of i.i.d. Lévy processes,

e fori,j € E, (Ul';,n >0) are i.i.d.,

e if (T,,)n>0 denotes the sequence of jump times of the chain J (with the convention
To = 0), then for alln > 0,

£(t) = (5(T;) + U";(T;)’J(Tn)) List+ &0y (t=To), Tu <t <Tnsr.  (21)

Proposition 2.1 describes (£(t),¢ > 0) as a concatenation of independent Lévy pro-
cesses with law depending on the current state of J, with additional random jumps
occurring whenever the chain J has a jump.

We now turn to defining the matrix exponent of a MAP, which replaces the Laplace
exponent in the setting of Lévy processes. For simplicity, we assume that £ = {1,..., N}
and that J is irreducible. We write Q = (¢;,j)1<i,j<n for its intensity matrix. Also, we
denote for all i, j € F, all on the same probability space, by &; a Lévy process distributed
as the ¢;’s, and by U; ; a random variable distributed as the U;";’s, with the convention
Ui =0and U; ; = 0if ¢; ; = 0. Finally, we introduce the Laplace exponent v; of {; and
the Laplace transform G; ;(z) := EE [e*Vi4] of U, ; (this defines a matrix G(z) with entries
G;,j(2)). Then the matrix exponent F of (¢, J) is defined as

F(z) :=diag(®1(2),...,¥n(2)) + Q o G(2), (2.2)

where o denotes pointwise multiplication of the entries. Then the following equality
holds for all i,j € F, z € C, t > 0, whenever one side of the equality is defined:

E, |:eZ£(t)IlJ(t):j:| = ("), ;.

EJP 28 (2023), paper 49. https://www.imstat.org/ejp
Page 3/45


https://doi.org/10.1214/23-EJP937
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Self-similar signed growth-fragmentations

2.2 The Lamperti-Kiu representation

In [Lam72], Lamperti proved that positive self-similar Markov processes can be
expressed as the exponential of a time-changed Lévy process. In the real-valued case,
one has to track the sign changes, but the same kind of representation holds. Let X be a
real-valued Markov process, which under IP, starts from z # 0, and denote by Tj its first
hitting time of 0. We assume that X is self-similar with index « in the following sense: for
any ¢ > 0 and for all z # 0, the law of (¢X (¢~ *t),t > 0) under PP, is IP.,. The next theorem
summarises the main result of [CPR13]. Though it may appear intricate at first glance,
we insist that the gist of it is intrinsically simple. It should be streamlined as follows. As
long as X remains positive (resp. negative), it evolves as the exponential (resp. minus
the exponential) of a time-changed Lévy process. The Lévy processes keeping track of
the positive and negative parts must not necessarily be equal. In addition, an exponential
clock (modulo time-change) rings every time the sign of X changes, and at these times a
special jump occurs (again, the two exponential clocks and the law of the jumps may be
different depending on the current sign of X).

Theorem 2.2 (Lamperti-Kiu representation, [CPR13]). There exist independent sequences

(€58 k>0, ((FF) k>0, (UF*) k>0 of i.i.d. variables fulfilling the following properties:
1. The ¢** are Lévy processes, the (*** are exponential random variables with
parameter ¢, and the U** are real-valued random variables.

2. For z # 0 and k > 0, if we define:

(EHF,.CHEUTR) if sgn(z)(-1)F =1

° z,k rz,k zky . —
(6 aC aU ) {(§’k7<’k7 U—,k) Ingn(Z)(*l)k =1

° O(Z) —0and ;"9 = ZZ;S ¢k forn > 1

o Nt(z) := max{n > 0, T < t} and at(z) =t- TJ\(fz(l),

then, under IP,, X has the representation:
X(t) = zexp(c‘fﬁz)), 0<t< T,

where
N 1

()
e =+ Y (R +UE) +inND, 120
¢ k=0

and .
T@y—nﬁ{s>o,/|eqmmybmu>tp|a},t<zh
0

Conversely, any process of this form is a self-similar Markov process with index a.

This can be rephrased in the language of Markov additive processes, as was pointed
out in [KKPW14].

Proposition 2.3. Let X be a real-valued self-similar Markov process, with Lamperti-Kiu
exponent £. Introduce for z # 0,

(e(2)
(€D (1), SO (1)) = <%<5£Z>>, [J(“ + nD o0,

™

where [-] denotes reduction modulo 2.
Then (¢%)(t), J#)(t)) is a MAP with state space {0,1} and under P, for all z # 0,

X@:wm@®mm+mwwW»HD,og<n,
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where, in terms of f(z),
7(t) := inf {s > 0, / exp(aé® (u))du > t|z°‘} , t <.
0

3 Martingales in self-similar growth-fragmentation with signs

We follow closely [Ber17] and [BBCK18] to extend the construction to real-valued
driving processes. Let X be a cadlag Feller process which is self-similar in the sense of
Section 2.2, with values in R*. Denote by P, the law of X started from z # 0, and assume
that X is either absorbed at a cemetery point 0 after a finite time ¢ or converges (to 0) as
t — oo under P, for all z. Introduce the MAP (¢, J) associated to X via the Lamperti-Kiu
representation in Proposition 2.3, and denote by F' its matrix exponent. Recall that this
matrix exponent is determined by the law of the Lévy processes &4, special jumps Uy,
and random clocks (1 (which are exponential with parameter ¢.) dealing with the parts
of the trajectory where X is positive or negative. Recall also the notation P, to denote
the law of X starting from +1 (and E. for the corresponding expectation). We further
write AX(r) = X(r) — X(r™) for the jump of X at time r.

3.1 Self-similar signed growth-fragmentation processes

We now explain how to construct the cell system driven by X. As usual, we label
the cells using the Ulam tree U = |J;-, N*, where in our notation N = {1,2...}, and
NV := {@} refers to the Eve cell. A node u € U is a list (u1,...,u;) of positive integers
where |u| = i is the generation of u. Then the offspring of u is labelled by the lists
(Ul, ey Uy, ]{Z), with £ € N.

We then define the cell system (X, (¢),u € U) driven by X by recursion. Again, we
repeat the procedure in [BBCK18], except that we include the positive jumps in the
genealogy. First, set by = 0 and Xz to be distributed as X started from some mass z # 0.
Then at each jump of X5, we will create a new particle with mass given by the opposite
of this jump (so that the mass is conserved at each splitting). Since X converges at
infinity, one can rank the sequence of jump sizes and times (z1, £1), (22, 52), ... of =Xy
by descending lexicographical order for the absolute value of the x;. Given this sequence
of jumps, we define the first generation &;,7 € N, of our cell system as independent
processes with respective law P, and we set b; = by + 5, for the birth time of i and ¢; for
its lifetime. The law of the n-th generation is constructed given generations 1,...,n — 1
following the same procedure. Therefore, a cell v’ = (u1,...,u,_ 1) € N*~! gives birth
to the cell u = (uy,...,u,_1,4), with lifetime (,, at time b, = b, + 3; where ; is the i-th
jump of X, (in terms of the same ranking as before). Moreover, conditionally on the
jump sizes and times of X/, &, has law P, with —y = AX,/(8;) and is independent of
the other daughter cells at generation n. See Figure 1.

Beware that, in this construction, the cells are not labelled chronologically. Nonethe-
less, exactly as in [BBCK18], this uniquely defines the law P, of the cell system driven by
X and started from z. The cell system (X, (t), u € U) is meant to describe the evolution of
a population of atoms u with size X, (t) evolving with its age ¢ and fragmenting in a binary
way. We stress once more that the difference with [BBCK18] is that the masses can be
negative and that the genealogy also carries the positive jumps (which corresponds to
negative newborn masses).

Then we may define for ¢ > 0

X(t) == {{Xu(t —by), ue Uand b, <t < b, + (u}},

where the double brackets denote multisets. In other words, the signed growth-
fragmentation process X(t) is the collection of the sizes of all the cells in the system
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alive at time ¢t. We denote by P, the law of X started from z.

Remark 3.1. This construction does not require X to be self-similar.

A

tN‘ﬂvw/ W */\*/\VN\ ‘

] s
”\/me\/m/ M”Mr/ WM

i

Figure 1: Construction of the cell system from the driving process X. Each jump AX(s)
of X gives birth to a new particle (in colours), with size given by the intensity —A X (s)
of the jump. These particles, in turn, give rise to the second generation (not shown in
this figure).

We now state a temporal version of the branching property. Introduce the natural
filtration (F);>o of (X(¢),t > 0). As we shall need a stronger version of the branching
property, we also record the generations by setting

X(t) == {{(Xu(t —by),|u]), ue Uand b, <t <b, +(u}}, t>0,

and we denote by (F;):>o the filtration associated to X. We assume that X admits an

excessive function, that is a measurable function f : R* — [0, +00) such that ‘ i]laf flx)>0
x|>a
foralla > 0, and

VzeR"VE>0, E.| > f)] < f(2). (3.1)
zeX(t)

In this case, we may rank the elements X, (t), X5(¢), ... of X(¢) in non-increasing order of
their absolute value. For self-similar processes, the existence of such excessive functions
will result from the assumptions that we will make later on. Then we have the following
branching property, analogous to Lemma 3.2 in [BBCK18].
Theorem 3.2. For every t > 0, conditionally on X(t) = {{(x;,n;),i > 1}}, the process
(X(t+s),s > 0) is independent of F; and is distributed as

|_| Xi(S) o 9”,‘7 S Z 0,

i>1

where the X; are independent processes distributed as X under P,,, and 0,, is the shift
operator {{(y;,k;),j > 1}} 0 0 1= {{(y. k; +n),j > 1}}.
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This theorem follows from the arguments given in Proposition 2 in [Ber17] which
holds as soon as X has an excessive function. Under the same condition, the self-
similarity of the driving cell process X can be transferred to the whole growth-fragmen-
tation process (see [Ber17, Theorem 2] for the nonnegative case, which extends easily).

Proposition 3.3. For all ¢ > 0 and for all z # 0, the law of (cX(c~*t),t > 0) under P, is
P...

3.2 Multitype branching random walks and a genealogical martingale

We use a connection with branching random walks to exhibit a genealogical martin-
gale as in [BBCK18]. We emphasize that the main difference with [BBCK18] is that in
the signed case one has to deal with types (signs) in the branching structure, so that the
relevant framework is provided by multitype branching random walks.

Multitype branching random walks. We start by recalling the main features of
multitype branching random walks. Let I = {1,..., K} be a set of types with K > 1.
The branching mechanism is then governed by K random sequences of displacements
=) = (§§k)7 o ﬁk)) and types n(*) = (n%k), . 7171(,]")), k € I, where v is also random and
can be infinite. Denote by P the law of (E(k)7 n(k)). Start from a particle @ at position
Xz = x € R and with initial type k£ € I. At time n = 1 this particle dies, giving birth
to a random cloud of particles whose displacements from their parent and types are
distributed as Z*) and 1*) respectively. At time n = 2, all these particles die and give
birth in the same fashion to children of their own, independently of one another and
independently of the past. This construction is repeated indefinitely as long as there are
particles in the system. Therefore, if u € U has type i € I, it gives birth at the next gen-
eration to v(u) particles with displacements (Xu1, ..., Xy, (u)) @nd types (iui, - - fuu(u))
according to PP;. Also, we write [&, u] for the unique shortest path connecting the root
to the node u, so that
V(u) == Z Xo,

ve[D,u]

is the position of particle u. We denote by (.%,,),>0 the natural filtration of the multitype
branching random walk, i.e.

Fp =0 (Xuy i), Jul <n).
For ¢ € R define m(q) to be the K x K-matrix with entries
mij(q) = Ei{ > e_qX”]liv—j}
lu]=1
We then make the following assumption.
Assumption (A0):  Vi,j, P;(31<1<uv, n") =j)>o0.

Then the matrix m(q) is positive and we may apply Perron-Frobenius theory. Let erMa)
be its largest eigenvalue and v(q) = (v1(q),-..,vk(¢)) an associated positive eigenvector.
Then we have the following result.

Theorem 3.4. For any 1 <1 < K, under P;, the process

Mn = Z /Uiu,(Q)equ(U)in/\(q)v n > 07

|u|=n

is a martingale with respect to the filtration (.%,)n>0.
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Proof. (My)n>0 is (#,)n>0-adapted, and for n > 0,

E; [Mpy1 | %] = E; Z Z v;,, (q)e” 1V (W=aXuw=(n+1A(9) | Fn

Ju|=n |w|=1

= ) e W EDMOE, | N0 (g)e N | F, | (3.2)

lu[=n |w|=1

By the branching property, for all |u| = n,

Ei | > v, (@)e” X

Jwl=1

T | =Bi, | D vi,(q)e” "X

|w]|=1

Since v(q) is an eigenvector for m(q), this is

Fnl = e)‘(q)viu (q).

E; Z v, (q)e—unw

Jw|=1

Coming back to (3.2), we get

Ei [Myi1 | Zo] = Y i, (q)e™ V7A@ = pf,,. D

[u[=n

The genealogical martingale of self-similar signed growth-fragmentations. It
is easily seen from the self-similarity of the cell processes and the branching struc-
ture of growth-fragmentations that if sgn(z) denotes the sign function, the process
(—log | X, (0)|, sgn(X,(0)))ueu is a multitype branching random walk, where the set of
types is just I = {4+, —}. Define

G, =0 (X, lul <n), n>0.

Note that in this setting, for any u € U with |u| =n > 1, X,(0) is ¢,,_1-measurable. For
q € R, m(q) is now a 2 x 2-matrix with entries

mij(q) = E; {Z |AX (8)|"Lsgn(—ax(s))=j |- (3.3)

s>0
We work under the following assumption, analogous to Assumption (AO).
Assumption (A): The process X admits positive and negative jumps.

Again, for ¢ such that m(q) is finite, we denote by eM9) the Perron-Frobenius eigenvalue
of m and by v(¢) an associated positive eigenvector. We make the following additional
assumption.

Assumption (B): There exists w € R such that \(w) = 0.

We say that (v4,v_,w) is admissible for X if m(w) has Perron-Frobenius eigenvalue
1 (i.e. assumption (B) is satisfied) and (v,v_) is an associated positive eigenvector.
This assumption is of Malthusian nature: it ensures that some mass is preserved in the
growth-fragmentation cell system (see Theorem 3.5 below). It also in particular implies
that there is no local explosion via excessiveness, cf. (3.1). Let us finally mention that
Assumption (B) is the analogue of the existence of a root of the cumulant function « in
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[Ber17, BBCK18]. We will actually show in section 4.2 that w can be seen as a root of
signed variants of .

Such an assumption is crucial, in both the nonnegative case and the signed one,
to obtain martingales for the growth-fragmentation cell system, as Theorem 3.4 then
translates to

Theorem 3.5. For u € U, write v, = Vsgn(x,(0))(w) for simplicity. For any z # 0, the
process
M(n) := Z U | X (0)[“, n >0,

|u|=n+1
is a (%,)n>0-martingale under P,.

We conclude this paragraph by a very simple but typical calculation leading to a first
temporal martingale for X.

Proposition 3.6. Under P, the process

M(s) = Vygn(x(s) (@)X () + D Vegn(—ax( @)AX ()],

0<r<sA¢

is a uniformly integrable martingale for the natural filtration (F{X);>¢ of X, with terminal
value -, . o Vsgn(—ax(r) ()| AX (r)[”.

Proof. X is clearly adapted to the filtration. Let us prove that for s > 0,

szgn( AX (7)) )|AX( )| F;X
>0
vsgn(X(s))(w)|X(5)|w + Z Usgn(—AX(T))(w”AX(T”w'
0<r<sA(¢
Indeed,
E; |Y v (W)AX(r)[*|F*
sgn(—AX(r)) s
r>0
= El Zﬂsgn(—AX(T))(w)‘AX(T)‘w FSX Z Usgn(—AX(r))(W)IAX(T)‘W. (34)
r>s 0<r<sA(

Then by the Markov property at time s and self-similarity of X, the first term is

szgn( AX(r )|AX( )| FSX

>S5

= |X(S)|wE3gn(X(s)) (Z vsgn(—AX(r))(w)|AX(r)|w> :

r>0

By definition of (v (w),v_(w)),

sgn (X(s)) <Z Vsgn(—AX (r )|AX( )| ) :Usgn(X(s))(w)7

r>0
and so
> Vsgn(—ax ) @IAX ()| FX | = vegn(x(s) @)X (s)]“.
r>8
Finally, equation (3.4) gives the desired result. O
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Remark 3.7. In particular, this implies that the quantity f(z) = vsgn () (w)|z|* defines
an excessive function for the signed growth-fragmentation X. See [Ber17], Theorem 1,
which can be extended in the signed case.

3.3 A change of measure

We first define a new probability measure 732 for z # 0 thanks to the martingale
(M(n))n>o in Theorem 3.5. This new measure is the analogue of the one defined in
Section 4.1 in [BBCK18]. It describes the law of a new cell system (X, ),cu together with
an infinite ray, or leaf, £ € 90U = NN, On ¢, for n > 0, it has Radon-Nikodym derivative
with respect to P, given by M (n), normalized so that we get a probability measure, i.e.

forall G,, €%,,
~ 1
P.(Gp) i= ———E&, M(n)lg,).
Vsgn(z) (w)‘z|w
Moreover, the law of the particular leaf £ under 73Z is determined for all » > 0 and all
u € U such that |u| =n + 1 by

vy | X (0)[¥

732 (/j(n—i—l):u‘gn) = M)

where for any ¢ € 0U, £(n) denotes the ancestor of ¢ at generation n. In other words, to
define the next generation of the spine, we select one of its jumps proportionally to its
size to the power w (the spine at generation 0 being the Eve cell). One can check from
the martingale property and the branching structure of the system that these definitions
are compatible, and therefore this defines a probability measure by an application of the
Kolmogorov extension theorem.

We now introduce the tagged cell, that is the size of the cell associated to the leaf
L. First, we write by = lim 1 by, for any leaf ¢ € OU. Then, we define X by .f(t) =0 if
t > by and R

X(t) = Xﬁ(nt)(t — bﬁ(nt)), t<bg,

where n; is the unique integer n such that bz ,) <t < br(n41).

Observe from the definition of 732 that we have for all nonnegative measurable
function f and all ¥,,-measurable nonnegative random variable B,,

Vsgn(x) @)1 Bz (F(Xeuin (0)Bn) =& [ D vul Xu(0)[*f(X,(0))B

|u|=n+1

This extends to a temporal identity in the following way. Recall that we have enumerated
X(t) = {{X;(t),i > 1}}, t > 0 (this is possible since, according to the remark following
Proposition 3.6, we know that X has an excessive function).

Proposition 3.8. For every t > 0, every nonnegative measurable function f vanishing
at 0, and every F;—measurable nonnegative random variable B;, we have

Vagn(2) @) B (F(RW)B:) = & [ D vagnixaon @)X (1) F(X(0) By

i>1

Proof. We reproduce the proof of [BBCK18], though the ideas are the same, because the
martingale used in the change of measure is slightly different.

Let t > 0. We restrict to proving the result for B, which is F; N %,-measurable for
some k € N. First, observe that since f(9) = 0, almost surely,

JRE)Bellg, 50— FE ) B
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Therefore, by monotone convergence,

E.(f(X())B) = Tim E. (f(R(0) Bl y5t) -

n—oo

Now if we condition on ¥,, and decompose L(n + 1) over the cells at generation n + 1,
provided n > k so that B, is ¥,-measurable, we get

~

E, (f(/%‘\(t))Bt]lb[,(n+l)>t)

e [ vl B0) Lo S (X (£ — bu)) B

Usgn(z) (w)|z|w |u|=n+1

Here we wrote u(t) for the most recent ancestor of u at time ¢t. We now decompose the
sum over the ancestor u(t) at time ¢. This gives

&, Z vu|Xu( )| ]lbu>t.f( u(t) (t_bu(t)))

|lu|=n+1

=& Y D vl Xu(0)[ Ly, 5 f (X (t = bu)) Billygy—ur |, (3.5)

|[w'|<n |u|=n+1

and by conditioning on F, and applying the temporal branching property stated in
Theorem 3.2,

gz Z Uu|X ( )| ]lb >tf( u(t) (t_bu(t)))B

Ju|=n+1
=& D bu))Bi&a | Y vl Xu(0)[ Ly, 5 Tugey=ur | Fo
[u/[<n |u]=n+1
=& Y bu)) Bt Ex, (t-b,) > vwalXun(0)°| Lo, <tcb, it
lw|<n lul=n+1—|u']
=&\ D F(Xur(t = bu)Be Lo, <t<by 4 Vsgn(Xy (t—b,)) (@) Xur (= bur )|

[u’|<n

Finally, taking n — oo and using monotone convergence, we obtain the desired result. O

Corollary 3.9. The process

oo
Mt = szgn(Xi(t))(w)‘Xi(t)‘w7 t> 07
i=1
is a supermartingale with respect to (F;,t > 0).

Proof. Proposition 3.8 with f := 1,4 gives that £.(M;) < vygn(»)(w)|2|* and the super-
martingale property follows readily from the branching property. O
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4 Universality of M(n) and the signed cumulant functions

The construction in section 3.2 produces martingales M(n) depending on X. We now
aim at proving that actually, these do not depend on the choice of the Eve process, in
the sense that any admissible triplet (v, ,v_,w) for X will also lead to a martingale for
any other cell process driving the same growth-fragmentation process. The strategy
is as follows. First, we prove universality for all constant sign driving cell processes
by defining signed cumulant functions which characterise the couple (v; /v_,w). Then,
starting from a possibly signed Eve process X, we flip it every time its sign changes and
reduce to the previous case. Along the way, we extend the definition of signed cumulant
functions to signed processes. Using the constant sign case, this will provide universality
for all cell processes driving the same growth-fragmentation.

4.1 Signed cumulants and universality in the constant sign case

We introduce two key players in the study of self-similar signed growth-fragmentation
processes. We focus on the case when X has no sign change: in this case, particles born
with a positive mass will continue to have a positive mass until they die, and those with
negative mass will remain negative. Then the law of X under P, is determined by its
self-similarity index «, and the Laplace exponents ¢, and _ of the Lamperti exponents
&4 and £_ underlying X, depending on the sign of z. It is convenient to consider

F(q) — (1/J+O(Q) w()(q)) Cg>0,

as the matrix exponent of X (this is the analog of (2.2) in the simple case when there is
no sign change). In the constant sign case, because the Lamperti representation holds,
it is easy to compute \(¢) and to define signed cumulant functions which are analogs of
the cumulants in [BBCK18].

Indeed, let us compute E; [Zo<r<< vsgn(_AX(T))(q)MX(T)P}, for ¢ > 0. We will
assume that m(q) is finite all the way, so that in particular (v4(q),v—(q)) is well-defined.
Let A, denote the Lévy measure of £, . Since we are summing over all times, we can
omit the Lamperti time-change. In addition, note that, because X is positive, the sign
of any jump of X is the same as the one of the corresponding jump of ¢, so that the
previous expectation boils down to

]EJr Z Vsgn(—AX(r)) (Q)|AX(T)|q = E+
o<r<¢

- T
> Vsgn(-ag, ) (9) ‘65*(” — et )‘ 1 .
>0

From there, we can use the compensation formula for Lévy processes, i.e.

By Z Vsgn(—ax () (QAX ()7 | = E4
o<r<¢

- q
> Vsgn(-aes () (@) )‘GAM” -1 ]
r>0

= [ @B )] [ Ao spu(a) e - 107
0 R

Since we assumed that m(q) was finite, we get that ¢, (¢) < 0 and [ Ay (dz) e — 1|7 <
co. We obtain

Us n(—AX(r))(Q) 1 VU_sgn(z) (Q) z q
E, P CAXDVIIAX (1)1 = ——— [ Ay (da) 2 o g7,
();C v (q) Vi) Jr v(q)
EJP 28 (2023), paper 49. https://www.imstat.org/ejp
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Therefore, if we set

lh—sgn(x)(q)

o — 17
vy (q

)

K (g) = v () + /}R A (dz)

we see that

By
0<r<¢

K .
Vsgn(-ax(r)(9) AX@)| = {1 = 2D iy () <0, @)

vy (q 400 otherwise.

Equation (4.1) is reminiscent of Lemma 3 in [Ber17].
Likewise, under symmetrical assumptions on ¢ (or applying the previous calculations
to —X),

K .
E | Y Usgn(~AX(r))(9) AXE)| = 1- =8 ify_(g) <0, @.2)
0<r<cC v-(q) +oo otherwise,
where, with obvious notations,
K@=+ [ A 2 jer g,
R v— (Q)

Then Assumption (B) translates to X (w) = K_(w) = 0 (owing to the fact that, by Perron-
Frobenius theory, the leading eigenvalue is the only one associated with a positive
eigenvector). Therefore the roots of (K, K_) give rise to martingales, as explained in
Theorem 3.5. We call £ and K_ the signed cumulant functions. We will also use the
term cumulant functions to refer to the one defined in [BBCK18]. More precisely, let X*
(resp. X7) be the growth-fragmentation process obtained from X by Kkilling all the cells
with negative mass (resp. positive mass) together with their progeny, under P (resp.
P_). We define «, and x_ as the cumulant functions, in the sense of [BBCK18], of X ™
and X~ respectively. Recall that they are given by

0
ke (9) = ¥ () +/ Ay (dz)le® — 117, ¢ >0,

and 0
ko (q) = - (q) + / A_(da)fe” —1)%, >0,

—0Q0

so that for instance

_ v—(a) [~ v _
£ol) =@+ =8 [ Aol 17, g 20,
v4(q) Jo

Moreover, it is well-known that x and x_ are invariants of Xt and X, and characterise
them respectively (see [Shil7] for more details). We now prove the universality of
(M(n))n>o0 in the constant sign case. Let X and X’ be two driving Markov processes
with constant sign defining the growth-fragmentation processes X and X’ respectively.
We write m(q) and m/(q) for the corresponding matrices introduced in (3.3). Recall
that (v4,v_,w) is said admissible for X if m(w) has Perron-Frobenius eigenvalue 1 and
(vy,v_) is an associated positive eigenvector, so that the triplet (v4,v_,w) defines a
martingale as explained in section 3.2.

Proposition 4.1. Suppose that X £X'.If (vy,v_,w) is admissible for X, then it is also
admissible for X'.

EJP 28 (2023), paper 49. https://www.imstat.org/ejp
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Proof. By definition of (X, K_), the triplet (v4,v_,w) is admissible for X if, and only if,
K4(w) = K_(w) = 0. This, in turn, is equivalent to the system

v_ Ky (w)

R L
0 o0

O:/ﬁ_(w)ﬁ+(w)—/() A+(dx)|em—1w-/OOCA_(dx)e-r_1|w.

Note that all the fractions are well defined because (vy,v_) is a positive eigenvector.
Since k4 and x_ only depend on the growth-fragmentation X induced by X, the result

follows if we show that A and A also depend only on X. In fact, since X
+](0,400) —](0,400)

and X’ share the same positive cumulant, for instance, we have for ¢ > 0, with obvious
notations

0 0
r4(q) =¢+(Q)+/_ A+(d$)|ex—1|q=1//+(q)+/_ A, (dz)le” — 1]4.

Up to translation, « is a Laplace exponent, and therefore uniqueness in the Lévy-

Khintchine formula triggers that A =N . Similarly, using invariance of
+ |(0,+0<>) + |(0,+oo)

! , and this concludes the proof of Proposition 4.1. O

K_, one has A =A

—|©O450) T o |(0,400)
Corollary 4.2. Suppose that X £x. If (v4,v_,w) is admissible for X, then under P,
the process

M’(S) = vsgn(X’(s))(w)‘X,(s”w + Z 'Usgn(—AX’(r))(w)|AX/(T)|w7

0<r<sA{

is a uniformly integrable martingale for the natural filtration (FX');>o of X', with

terminal value ", _ %’W\AXW)I“'

4.2 Universality of M(n) in the general case

We now move from the constant sign case to the general case. To this end, we
construct from any Eve cell process X a constant sign process X' driving the same
growth-fragmentation. We then prove that the triplets (v4,v_,w) are simultaneously
admissible for X and X'.

Constructing a constant sign driving process from a signed Eve cell. To study
signed growth-fragmentation, it is reasonable to reduce to the constant sign case in
[BBCK18]. One natural choice for this, starting from a signed Eve process X with
positive mass at time 0, is to follow it until it jumps to the negatives, and then select
the particle this jump creates (which has positive mass, since the jump is negative). If
we continue by induction, this constructs some process X T which, under P, for z > 0,
remains nonnegative at all times. Note that the jump times that we select (from pos-
itive to negative) could have an accumulation point. If this happens, then by [CPR13,
Proposition 3], this accumulation point is the first time that X' hits 0, in which case
we decide that X is absorbed at 0. Likewise, we can construct X starting from a
negative mass. A first observation is that the branching structure, Markov property
and self-similarity of X ensure that X" is a self-similar Markov process under PP, for all
z # 0. Moreover, it is plain that X' carries the same growth-fragmentation as X itself.
In short, X and X' are two driving cell processes for the same growth-fragmentation. If
we manage to make explicit the law of X' (or rather, its Lamperti exponent) in terms of
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X (or its Lamperti-Kiu characteristics), then we are in good shape to reduce the study
to constant sign driving cell processes. Let us focus on the case when X starts from
a positive mass z > 0, say, and recall the notation £, ¢+ and U, of section 2.1. Then
the independence and stationarity of increments of the Lévy process £, imply that, up
to Lamperti-Kiu time change, going from X to X' amounts to adding jumps to &, at
times (, which are exponential clocks with parameter ¢;. Call H; the first time when X
crosses 0. Then the intensity ¢ of these jumps is exactly what it takes, at the exponential

level, to go from X (H; ) to XT(H,), i.e. § = log (_;\‘(Xin{;)) = log(1 + eY+). Therefore,
1

the Lamperti exponent 51 of X7 started from z > 0 results in the superposition of ¢
and an independent compound Poisson process with rate ¢, and jumps distributed as
the image KU+ (dz) of the law Ay, (dzx) of UL, by the mapping z — log(1 + e*). Hence its
Laplace exponent is

WL (@) = (@) + s ( [+ ean, @) - 1) >0, 4.3)

and, in particular, its Lévy measure is
Al (dz) := Ay (dz) + ¢4 Ay, (dz). (4.4)

Note that these expressions only depend on the positive characteristics of X, and this is
coherent with the construction of X'. The same calculations can be carried out in the
case when z < 0, and finally, we obtain

W (q) = ¥ (g) + ¢ ( / <1+ew>QAU<dx>—1), 0> 0. @5)

See Figure 2 for a drawing of XT.

Universality of M(n) and the signed cumulant functions. We want to extend the
result of Proposition 4.1 to general signed driving processes. To do this, we resort to X'
and link admissible triplets (v, ,v_,w) for X and X'. First, we state a technical lemma,
that is probably superfluous, but simplifies calculations.

Lemma 4.3. The following points are equivalent:

(i) (vy,v_,w) is admissible for X .
(ii) The process M defined in Proposition 3.6 with parameters (v, v_,w) is a uniformly

integrable martingale.

(iii) Let H; be the first time X crosses 0. Then,

Ei [M(H1>] = V4.

Proof. The implication (i) = (i7) has already been proved in Proposition 3.6, and (ii) =
(7i1) follows from an application of the optional stopping theorem and the uniform
integrability of M. Therefore only (iii) = (i) remains to be proved. Assume that we
know (iii). Denote by Hy =0 < H; < Hs < ... the sequence of times when X crosses 0.
Then

Ey Zv—sgn(AX(s))‘AX('S”w :Z]E-‘r Z v—sgn(AX(s))|AX(s)‘w
$>0 k>0 Hyi<s<Hpg41

EJP 28 (2023), paper 49. https://www.imstat.org/ejp
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ZMW/“MW / |
Y
Wwf“j(

Figure 2: Constructing a positive Eve cell process from X. The process X' (in bold) is
constructed from X by selecting the complementary positive cell created when X jumps
below 0, and then by induction.

By the Markov property and the self-similarity of X, this entails

IE-{- Z V_sgn(AX(s)) IAX(S) |w
s>0

=Y B (IX(Hw)[“1Er | D vosgnax(snAX(s)]
k>0 0<s<H;

+ ZE+ HX(HQIH-l)‘w] E_ Z v—sgn(AX(s))|AX(5)‘w
k>0 0<s<H,

Making use of (ii), this means

By ) v sgniax@nlAX ()| =D By [|X (Hor )] (vy — v-Ey [| X (H1)[*])
5>0 k>0

+ ) By [|X (Horg1)*] (v — vy E_[| X (Hy)[¥)).
k>0

Using the Markov property backwards, we have
Ep (| X (Hap) || E+[| X (H1)[¥] = By [|X (Har11) 7],

and likewise E; [| X (Hok41)|“| E_[| X (H1)|¥] = E+ [| X (Hak+2)|“] for all £ > 0. We can
therefore simplify the previous expression by telescoping series (one can first use a
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truncated version of the series in order to split the sums). This gives

Ep D> v sgnax@nAX ()| = vy Y By [ X (Har)|“] — vy Y By [|X (Hang2)|“].

$>0 k>0 k>0
Therefore, i i
By Z V_sgn(ax(s)|AX(s)|“| = vy
Ls>0 |
Similarly;, )
E- [Y v sgniax(snlAX (s)[| = v-,
Ls>0 J
and so (v4,v_,w) is admissible for X. O

We may now bridge the gap between X and XT.

Proposition 4.4. A triplet (vy,v_,w) is admissible for X if, and only if, it is admissible
for XT.

Proof. We use (iii) in Lemma 4.3 above. Define M as the process in Proposition 3.6
associated with X' and with parameters (v;,v_,w). The key remark is that M (H;) =
MT(H,) a.s. Indeed, under P say, —AX(H;) = XT(H;) >0, and ~AXT(H;) = X(H;) <
0, a.s. Therefore, (v;,v_,w) is admissible for X if and only if,

Ei[MT(Hy)| = vs. (4.6)

It remains to prove that this is equivalent to (v, ,v_,w) being admissible for XT. First,
the optional stopping theorem gives that if (v, ,v_,w) is admissible for XT, then (4.6)
holds. Conversely, we can more or less run the same arguments as in the proof of
(74i) = (4) in Lemma 4.3. For example, if we denote by 7o =0 < T; < T3 < ... the times
corresponding to those special jumps of X that correspond to sign changes for X, then
using the Markov property and self-similarity of X'

Ey

Z V- sgn(axt (| AXT(t) |w]

t>0

=) B [IXT@IT B | D vosgniaxtapAXT (@)

k>0 0<t<Ty

By (4.6), this is

By

Zv—sgn(AXT(t))AXT(t)|w‘| =vy Y By [IXT(T)[F] (1 - By | XT(1)]) .
>0 k>0

Yet by applying the Markov property backwards,

OB [IXTT)] (1 - By [ XT@)[]) = Y By [[XNT)#] =D By [IXT(Thya) ] = 1.
k>0 k>0 k>0

Therefore

Ey

Z V_sgn(AXT(t)) |AXT(t) |w‘| = U4,

t>0

EJP 28 (2023), paper 49. https://www.imstat.org/ejp
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and similarly

Z V_sgn(AXT(t)) |AXT(t) |w =U-.
t>0

Thus (v4,v_,w) is admissible for XT. O

Proposition 4.4, in turn, enables us to define general signed cumulant functions.
Recall from section 2.1 the notation G _(q) := E[e?U+] and G_ (q) := E[e?Y~] for the
Laplace transforms of the special jumps.

Corollary 4.5. Let

Kila) = / AT (dz) = Sg”(“”)( D jer 1
=m+<q>+v+gf]§ (/ M)l =17 44,64 (@)
and
Ko@) =0l )+ [ AT () D jor g

= k_(q) + = q) (/0 A_(dz)|e” — 1|Q+qG,+(q)) ;

v_(q

be the signed cumulant functions associated with X' - which we rephrased in terms of
X thanks to (4.3) and (4.5). Then the suitable martingale exponents w for X are the
roots of (K4,K_).

The final end to the universality of M(n) is provided by the next theorem.

Theorem 4.6. (Universality of M(n))

Let X and X' be two possibly signed cell processes, driving the same growth-
fragmentation X = X’. Then (vy,v_,w) is admissible for X if, and only if, it is admissible
for X'.

Proof. This is a corollary of Propositions 4.1 and 4.4. We have the following equivalences:
(v4,v_,w) is admissible for X if and only if it is admissible for XT (Proposition 4.4), i.e.
if and only if it is admissible for (X’)" (Proposition 4.1), i.e. if and only if it is admissible
for X’ (Proposition 4.4). O

5 The spinal decomposition

This section is devoted to the study of self-similar signed growth-fragmentations
under the change of measure given in section 3.3. In particular, we aim at describing the
law of the tagged cell under 73Z. Roughly speaking, we shall see that by changing the
measure according to section 3.3, the tagged cell X evolves as an explicit self-similar
Markov process Y, and conditionally on its evolution, the growth-fragmentations induced
by the jumps of X are independent with law P, where —z is the jump size.

5.1 Description and results

Description of the Markov process Y. We first introduce a Markov process that
will describe the law of the spine in the next paragraph. Remember the couple of Lévy
measures (ATH AT,) for the constant sign process constructed in paragraph 4.2. Let us
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set some notation and write

v_(w)

o = ~ e — 119AT (dx
+@) v+(w)/0 o — 1AL (d2)
N Z;E:; (/0 A (dzfe” — 1|q+CI+G+,—(q)>7 q>0,

and symmetrically,

o(g) = 1) /OO " — 1[7AT (dz)

v-(w) Jo

_ (W) (/Ooo A_(dz)]e® — 1|7 + qG,+(q)) , q>0.

v_(w)

Recall the notation (K;,K_) for the signed cumulant functions and (k4,x_) for the
cumulant functions (see section 4.1 and Corollary 4.5). Define the following matrix

Py o (FH@ta) or(wtq)
= <a_<w+q> fe_(w+q>) =t

Lemma 5.1. Let (51, E_) be a pair of independent Lévy processes with Laplace expo-
nents

~

Pi(q) = rp(w+q) —rr(w), ¢=0,

and

¥-(q) =k (w+q —r(w), ¢=0.
Furthermore, let gy = o4 (w), and ((74“_,[7_#) be a pair of random variables with
respective Laplace transforms G4 _(q) := % and G_ 1(q) = %(:j)q) for ¢ >

0. Then the Markov additive process (fA, j) defined piecewise as in (2.1) with these
characteristics has matrix exponent F'.

Remark 5.2. Note that for instance

Fy(w+¢q) — ky(w) = wl(w +4q) — 1/’1(“’) + /( ) ((1 — )T (1 — ex)w) Al(dx).

Therefore a can be obtained by the Lévy-1t6 decomposition as a superposition of
a Lévy process n, with Laplace exponent ¢ 1/)1 (w+gq)— 1/11 (w), and a compound

Poisson process v; with Lévy measure e A (dz), where /~\+ is the pushforward

+](=00.0)
measure of A1 by x +— log |1 — €*|. In this decomposition, v, will in fact stand for special
jumps of the spine corresponding to changes in the generation of the spine (when we
select a negative jump), whereas 7, stems from biasing £, according to its exponential
martingale.

Notation 5.3. We shall denote by Y the real-valued self-similar Markov process with
Lamperti-Kiu characteristics (a, F).

Proof of Lemma 5.1. The only point is to prove that F is indeed the matrix exponent of
this MAP. This follows from straightforward calculations, using K (w) = K_(w) = 0. For
example, the first entry of the matrix exponent should be

i ~ V— (W > x w
B0 = kelota) = )= = [ oA AL (o) = k) K4 ) = i ).
0
O
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Rebuilding the growth-fragmentation from the spine. To give a precise statement
on the law of the growth-fragmentation under 732, we need to rebuild the growth-
fragmentation from the spine. As in section 3.1, the first step is to label the jumps of
X.In general, we do not know if we can rank those in lexicographical order, and thus
we use the following procedure. Jumps of the tagged cell X will be labelled by pairs
(n,j), n > 0 denoting the generation of the tagged cell immediately before the jump, and
j > 1 being the rank (in the usual lexicographical sense) of the jump among those of the
tagged cell at generation n (we also count the final jump, when the generation changes
to n 4+ 1). For each such (n, j), we can define the growth-fragmentation )A(m ; stemming
from the corresponding jump. More precisely, if the generation stays the same during
the (n, j)-jump, then we set

Xn,j(t) = {{qu(t — byw + bu)7 w € U and byy <t 4 by < by + Cuw}}a

where w is the label of the cell born at the (n, j)—-jump. On the contrary, if the (n, j)-jump
corresponds to a jump for the generation of the tagged cell, then the tagged cell jumps
from label u to label uk say, and we set

X0 () = {{ X (t = bu + bur), w € U\ {k} and by <t + bur < buw + Cuw}} -

Finally, we agree that X,, ; := d when the (n, j)~jump does not exist, and this sets X,
forallm >0andall j > 1.

Description of the growth-fragmentation under 732. We are now set to describe
the law of X under P,. Recall the definition of Y from Notation 5.3, and that n; denotes
the generation of the spine at time t.

Theorem 5.4. Under Py, (X(t),0 <t < by) is distributed as (Y (t),0 < t < I). Moreover,
conditionally on (X(t) n¢)o<i<b., the processes Xw, n >0, j > 1, are independent and
each X,, ; has law P, ;) where —x(n, j) is the size of the (n, j)-th jump.

Before we come to the proof, let us make some comments on this result.

Remark 5.5. 1. We can give the joint law of (/f’(t), nt)o<t<b,- Note that, unlike X, the
law of n; depends on the choice of the Eve cell. For example, in the case when the
Eve cell is X', the joint law of (X(t),n;)o<i<b, is the same as (Y (£), N(7:))o<t<1,
where (N (t),t > 0) is the Poisson process arising from the superposition of v, and
the compound Poisson process corresponding to the sign changes of Y (modulo
Lamperti time-change 7).

2. We can rephrase the theorem perhaps more tellingly by clarifying the character-
istics fi Q4+, Ui .7 describing the MAP. Let us do this for the positive part (the
negative one being analogous). As explained in Remark 5.2, the Lévy process §+
is the result of a superposition of a biased version of £, and a compound Poisson
process. This compound Poisson process takes care of special jumps of the spine:
namely, it takes care of the eventuality that the spine selects a negative jump of
the driving process, so that the spine remains positive at the next generation. The
variable ¢, is an exponential random variable which has parameter o (w), that is
to say it corresponds to the first time the spine becomes negative. This happens
either because the driving process it follows does, or because the spine jumps to a
negative cell, and this is conspicuous in the two terms of o . Finally, the variable
U, is the intensity of the jumps of the spine when it crosses 0 (again, both cases
can happen).

3. The signed growth-fragmentation X is characterised by (ky,x_). Theorem 5.4
shows that the law of the spine also characterises X.
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4. One can retrieve from the first entry of F the description of the spine for unsigned
growth-fragmentation presented in [BBCK18], Theorem 4.2. Note, however, that
the exponent w differs, and this is because of the A-transform used to condition
the spine to remain positive. We refer to [DDK17], Appendix 8, for details on these
harmonic functions for self-similar real-valued Markov processes. We will give
details of this for a particular family of signed growth-fragmentation processes in
the next section.

5. The process (M;,t > 0) in Corollary 3.9 is a supermartingale, but when is it a
martingale? Proposition 3.8 gives that

vt > 0, &, [Mt] = VUsgn(z) (w)|z|w,ﬁz(£(t) € R*)

Therefore (M, ¢ > 0) is a martingale if, and only if, for all ¢t > 0, P, (X (t) € R*) = 1.
This, in turn, is equivalent to Y having infinite lifetime. In particular, if ax’, (w) > 0
and ax’ (w) > 0, then o and a_ both drift to +oco (¢4 and £_ both drift to 4o or
—oo depending on the sign of @[(0) = £/, (w)), and by Lamperti time-change Y has
infinite lifetime and (M,,t > 0) is a martingale. On the other hand, if ax/, (w) <0
or ax’ (w) < 0, then for symmetric reasons (M,,¢ > 0) is not a martingale.

5.2 Proof of Theorem 5.4

Proof in the constant sign case. We look at the specific example when the Eve
cell X has no sign change. In this case, the Lamperti representation holds, and so the
compensation formula for Lévy processes makes it simpler to determine the law of the
spine X. This paragraph is therefore an extension of [BBCK18], when we also take into
account the positive jumps.

Let us prove the first claim. First of all, we can restrict to the homogeneous case o = 0:
for a general index «, the result then stems from Lamperti time-change. Furthermore, the
definition of X and the branching property ensure that (.i; (t),t > 0) is an homogeneous
Markov process, and therefore can be written as the exponential of a MAP. The claim
now boils down to finding its characteristics (24, Q4+, Vi +), and for obvious reasons of
symmetry, we restrict to finding (24, Q4+, Vi _).

>> Determining the law of =, . This is essentially done in [BBCK18], but we recall
the main ideas for the sake of completeness. The branching structure enables us
to focus on the law of (2, (t),0 <t < bg(yy). Let f, g be two nonnegative measur-
able functions defined on the space of finite cadlag paths and on R respectively.
Therefore, we want to compute

f (log(é?(s)), 0<s< bz:(1)) g (log M

X(bs

E,
c(1))

> ]lvogsgbm), /\?(s)>0]

=E, Z [AX(t)]“f (log(X(s)),0<s<t)g <1og )?é(_()t)> ﬂAX(t)<O]

Lt>0

=By | DU (g4(5),0 < 5 < 1) g (log|1 - A0
Lt>0

r oo 0
=1E+/ dte‘“5+(t)f(§+(8)70S5<t)}/ Aq(dz)[1—e"[" g (log |1 —e])

L/ O —00

) ‘1 () ‘“ 11A5+(t)<0]

0

—E, | / N dtew5+<t>f<§+<s>,09<t>} | Ritanegia)

— 00
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where we used the compensation formula. Thus, under 731, on the event that X (s) >

0 for all s € [0,b(1)], the two processes log % and (1og(/’?(s)),0 <s< b[;(l))

£(1)

are independent. The former has the law —w (w)*lewmfxwm 0 (dz), and the

latter is distributed as ¢, killed according to exp(wé4 (t)), so that it gives a Lévy
process with Laplace exponent g — v, (w + ¢). Note that, in particular, b.(y) is an
exponential random variable with parameter —¢; (w). On the second hand, we can
do the same for a. Recall the notation (74, v, ) from Remark 5.2. Denote by 7 the
first time when the compound Poisson process v has a jump: 7} is exponential
with parameter —¢ (w). Since these jumps arise according to e“*dt¢ - /~X+|(_m70)(dx),

+’(_w’0)(dx), and

is independent of the process (7+(s),0 < s < T1). The latter, in turn, is n, killed
at an independent exponential time with parameter —¢(w). Since the Laplace
exponent of 7, is by definition

Un. (@) =Py (w+q) — Py (w),

we get that (74 (s),0 < s < T1) has Laplace exponent ¢ — %4 (w + ¢). Therefore,
we obtain the same description, and this entails that =, and {; have the same
distribution.

its first jump Av (T}) is distributed according to —t (w) " te**A

> Determination of (4. Call H, the first time when X’ becomes negative. Since X
always remains positive when started from a positive mass, H; corresponds to
the first time when the spine picks a positive jump in the change of measure 3.3.
Therefore, H; can be written

G
Hl = Z Ty
i=1

where G is a random variable corresponding to the generation of the spine at which
a negative particle is selected, and 7; = bz ;) — bei—1), ¢ > 1. Since on the event
that the spine selects a negative jump, we have seen that b, ;) is exponential with
parameter —t; (w), we may deduce from the branching property that the 7;’s form
an independent family of exponential variables with parameter — (w). Moreover,
G is a geometric variable on N* with probability of success p given by

pi=Pi(X (b)) <0) = Ey (Z ) Ax o ]lAX<t>>0> :

=0 v+(@)

Again, the compensation formula for &, yields

L @) [P e e 72)
) v+<w>/o Arldo)le” =1 ==y

As a sum of a geometric number of independent exponential variables, ﬁl is an
exponential random variable with parameter

Q+ =~ (w) p=o0y(w).

Therefore Q4 = ¢5.
> Determination of V. _. For ¢ > 0, we have
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Let a; := E‘l [( ‘; ((ﬁ ))‘) ]lG:,»] , ¢ > 1. Then, for ¢ > 2, conditioning on the spine at
time bz (1) and using the Markov property yields

=E4 (Z IAX ()| Tax()<o - E_ax K';;g) ﬂG—il])
1

t>0
=By (Z |AX(t)|“]1AX(t><0> " i1,
t>0

by self-similarity. Hence, (a;);>1 is a geometric progression with common ratio

1 0
By (Z AX(t)w]lAX(tKo) = —m/ le® — 1|“A4 (da),

t>0 e

by an application of the compensation formula. Moreover, by another use of the
compensation formula, the first term is

_ 3 v_(w) CIAX D)\

~ B g taxway R0 <4xa—>>1

— Z+Ew; By Z]]-A§+(f)>oe +(7) ‘eA5+(t) _ l’q—m]
>0

_ v (w) . 1 * ea:_ qtw T
SO T ), )

_o4(gtw)
S Uy(w)

Finally, we get that

o+(w+aq)
0

vi@)+ [ e = 1AL o)

— 00

El [qu+,—] - _

Using that £, (w) = 0, we come to the conclusion that

El [qu_F,_] _ o+ (w + Q) )

o4 (w)
We have proved that (24, Q4+, V4 —) £ (§A+7 q+, (7+,,). Therefore the first claim of Theo-
rem 5.4 follows readily from Lemma 5.1.

The spinal decomposition in the general case. We now prove the spinal decom-
position under the tilted measure 731 by restricting to the previous case. More pre01se1y,
we want to prove that the law of (X (), )o<t<s, under 731 is the same as under 731,
where 731 is the change of probablhty induced by X' via section 3.3. Indeed, since X' is
nonnegative, the case of P1 comes under the previous paragraph, for which the spinal
decomposition has just been established.

The definition of 731 clearly depends on the Eve cell. Note however that we have
proved in Theorem 4.6 that the exponent w and the constants (v_(w), v (w)) depend only
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on the growth-fragmentation (see also Proposition 4.4 for the relation between X and
XT). Therefore, Proposition 3.8 entails that the marginal law of X only depends on the
growth-fragmentation X. In order to prove that the law of X itself is invariant within
the same growth-fragmentation, we need to extend Proposition 3.8 to finite-dimensional
distributions. To avoid cumbersome notation, we state and prove the result for two times
s < t. We want to show that for z # 0 and nonnegative measurable functions f, g such
that f(0) = ¢(9) =0,

Vagnisy @) |21 B (F(2(0)9(2(5)))

=£, Zg(Xj(S»ng(s) szgn(Xi(tfs))(W)lXiQ — S)|wf(Xi(t — S)) . (6.1)

i>1 i>1

If one is willing to accept that X is a Markov process, then this follows readily from
Proposition 3.8. Otherwise, we can prove this directly. Let us mimic the proof of
Proposition 3.8. Splitting over u(t) as in equation (3.5) and then conditioning on F; and
using the branching property, we get

Vagn(e) ()21 Bz (F(R()g(R () Lo, 0)50)

= gz Z g(‘Xw(s)(s - bw(s)))Usgn()(w(tfbw))(w”/’vw(t - bw)‘wf(Xwot - bw))]lbwgt

lw|<n

We may then split this again over w(s) = w’. Using the branching property, this gives

a1 B (FE R ,50) = € T (s = b))

|lw’|<n

ngwws—bwf){ S vsgnm(t-s-bw»<w>|Xw<t—s—bw>|“f<xw<t—s—bw>>nbw<tSD.

|w|<n—|w’|
Now taking n — oo yields the desired identity (5.1).

Proof of the second assertion. We finally prove the second assertion of Theorem 5.4
directly in the general setting. We will limit ourselves to proving the statement for
the first generation (this is easily extended using the branching property). Let f be a
nonnegative measurable functional on the space of cadlag trajectories, and g;, j > 1, be
nonnegative measurable functionals on the space of multiset-valued paths. For ¢ > 0,
denote by (A;(t),j > 1) the sequence consisting of the value of Xz (t), and all those
jumps of X5 that happened strictly before time ¢, ranked in descending order of their
absolute value. Our goal is to show that

By | f(Xa(s),0 < s < b)) [ ] 95(Xoy)
=1

= E1 | f(Xz(5),0 < s <bery) H EA; bz [95(X)]

Jj=1
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But,

By | [(Xa(5),0 < s <bey) [ 95(Xos)

j=1

_ 51 Z ’Usgn(*AXz(t))(W) |AXg(t)|wf<Xg(3), 0<s< t) H QJ(XO,]) ;
>0 v+ () i1

and the definition of the )Aio’j together with the branching property give

By | f(Xs(5),0 < s <bery) [T 95(Xo)

j=1

_ Z ’Usgn(*AXg(t))(w) |AXg<t)|wf(Xg(8)70 <s< t) H EA.'(t) [QJ(X)]
t>0 vt (w) i>1 ’

Applying the change of measure backwards, we get the desired identity. Therefore
Theorem 5.4 is proved.

6 A distinguished family of signed growth-fragmentations

Following [AS22], we construct a particular family of signed growth-fragmentations.
These can be seen in the upper half-plane by cutting at heights a path with real part
given by a stable Lévy process, and imaginary part a positive Brownian excursion. This
can be done for any self-similarity index « in (0, 2), but for reasons that will be clarified
later on, we take « to be in (1,2).

6.1 Notation and setup

We recall from [AS22] the following framework. All the definitions and results
basically extend directly from the half-planar Brownian case.

The excursion measure n®. Let (2, #,P) be a complete probability space, on which
X“ is an a-stable Lévy process, and Y an independent Brownian motion. Recall that the
Laplace exponent of X is of the form

Cy —C_

Ya(q) :

T 4t /R(e‘“’ —1—qe¥Ly<1)va(y)dy, (6.1)

where
|—a—1

Va(y) = Csgn(y) |y

b

is the Lévy measure of X¢, and c4,c_ are constants such that c. + c— > 0. We will
choose the value of ¢, and c_ later on in Section 6.4. Call (.%;);>¢ the standard filtration
associated with (X<, Y"). Write 2" for the space of cadlag functions x with finite duration
R(x), equipped with the standard o-field generated by the coordinates. Let £y be the
subset of such functions in 2" that are continuous and vanish at R(x). Finally, let

U:={u=(z,y) € Z x 2y, u(0) =0and R(z) = R(y)} and Uy:=UU{d},

where 0 is a cemetery state. For u € U we shall write R(u) := R(z) = R(y). We endow
this set with the product o-field %; and the filtration (F;);>o adapted to the coordinate
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process on U. Also, we write (Lg, s > 0) for the local time at 0 of the Brownian motion Y
and 7, its inverse.

We define on (Q2,.%#,P) the excursion process (e%,s > 0) as in the case of planar
Brownian motion in [AS22], except that we take for the real part X the a-stable Lévy
process X“ (which has discontinuities), namely:

(i) if 75 — T,- > 0, then
eg‘:r»—>( f+7—37—X%,7Yr+7})’ r=Ts =T,

(i) if 7, — 75~ =0, then €5 = 0.

Then it is not difficult to see that the excursion process (e%)s0 is a (:#7.)s>o—Poisson
point process (see [RY99], Chap. XII, Theorem 2.4, for the one-dimensional case). We
denote by n® its intensity, which is a measure on U, and we denote by ny and n? its
restrictions to Ut := {u = (z,y) € U, y > 0} and U~ := {u = (x,y) € U, y < 0}. An easy
calculation gives the following expression for n®.

Proposition 6.1. n®(dz,dy) = n(dy)P((X*)"®) ¢ dx), where n denotes the one-dimen-
sional (Brownian) Ité6 measure on 2, and (X*)T := (Xy, t € [0,T)).

Figure 4 shows a drawing of such an excursion.

Descriptions of the excursion measure n%. We first state for future reference the
Markov property of n§. Forany u € U and any a > 0, let T}, := inf{0 <t < R(u), y(t) = a}
be the hitting time of a by y. Recall F; := o(u(s),0 < s <t).

Proposition 6.2. (Markov property under n%)

Under ng, on the event {T, < oo}, the process (u(T, +1t) — u(Tu))o<i<r(u)-7, IS
independent of Fr, and has the law of (X*,Y") killed at the first hitting time of {3(z) =
—a}.

The proof of Proposition 6.2 results from the Markov property under the 1t6 measure
n (cf. Theorem 4.1, Chap. XII in [RY99]), and the Markov property of X“.

We now recall Bismut’s description of n¢, which is also a direct consequence of the
analogous description of It6’s measure (see [RY99, Theorem XII1.4.7]).

Proposition 6.3. (Bismut’s description of ng )
Let n be the measure defined on R x U™ by

E(dt, du) = ]l{OgtSR(u)}dt 'ﬂi (du) .

Then undern? the “law” of (t, (z,y)) — y(t) is the Lebesgue measure da and conditionally
ony(t) =a, ub* = (u(t — s) — u(t))g< oy @and ub ™ = (u(t + s) — u(t))o<s<Rr(u)—¢ are inde-
pendent with respective laws (—X*,Y) and (X*,Y) killed when reaching {3(z) = —a}.

Note that, unlike the planar Brownian case, there is a minus sign for the left part of
the trajectory: this is because of the time-reversal, which involves the dual of the Lévy
process X <. See Figure 3 for an illustration.

Disintegration of n$. Finally, we disintegrate the infinite measure n¢ over the endpoint
z = x(R(u)). This defines probability measures 7%, z # 0, which are the laws of
excursions (X“,Y’) conditionally on having displacement z. Introduce IPZ;’Z’ as the law of
an a-stable Lévy bridge of length » between a and b (see [Ber96, Chapter VIII]), and II,.
as the law of a three-dimensional Bessel (BES3) bridge of length r from 0 to 0. Moreover,

we denote by (pf);>o the transitions of the a-stable Lévy process.
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Figure 3: An illustration of Bismut’s description of n¢. Under @ conditionally on y(t),
the left part (in red) and right part (in blue) evolve independently and are identically
distributed up to time-reversal.

Proposition 6.4. We have the following disintegration formula

« CSQ"(Z) a
n+—/l;dz|zl+a/2’yz, (62)
where
C re/2p ¢ (£r)dr,
and for z # 0, v is the probability measure defined by
(] —1/a
')/? — dU D1 (Sgn(Z)U ) ngjzz‘av ® H|z|<¥v~ (63)

Ry 2\/27r059n(z)v3/2+1/a

Remark 6.5. The constants C'y can be calculated (see [KP21], Section 1). For example,
if X is the so-called normalised stable process of index «, then

o g (2 an (72),
where p = P(X“(1) > 0).

Proof. Although the proof follows exactly the same lines as in [AS22], we include it here
to highlight the importance of the sign of z, which does not show up in the Brownian case
for symmetry reasons. Let f and g be two nonnegative measurable functions defined on
Z and Z; respectively. Applying It0’s description of n conditioned on its duration in
terms of a Bessel bridge (see [RY99], Chap. XII, Theorem 4.2), we get

/ F(@)g(y) S (dz, dy) = / F(2)g(y) ny (dy)P ((XQ)R@) € dx)

/]R+ Qm/ fla P ((X*)" € dx).
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Now, decomposing on the value of X%(r) yields

d
/ F(@)g(y) n% (dz, dy) = /]R+ Nﬁ/ﬂ%dw?@)ﬂr[q} Eo 7 1]

-1/«

Using scale invariance, we have p%(z) = r p¢(r~1/%z). We finally perform the change

of variables v(r) = r/|z|* to get

P (sgn(z)v" ) o
/ f@)oly) o (dz, dy) = / |z|1+a/2 /+ . 20/ 203/ 2+ 1/ Ea ot [F1upze[g].
The constants C'; and C_ are then the normalising constants needed for v to be a
probability measure. O

6.2 Slicing excursions above levels

We present the point of view that we will be interested in. We aim at describing a
branching structure that shows up when slicing excursions at heights.

Excursions above levels. We recall the following constructions from [AS22]. Let
u= (z,y) € UT. For a > 0, the set

Z(a) = {s € [0, R(u)], y(s) > a},

is a countable (possibly empty) union of disjoint open intervals, and for any such interval
I=(i_,iy), wewrite ur(s) := u(i— +s) —u(i-),0 < s < iy —i_, for the restriction of u to
I, and Auy = x(i4) — 2(i—). We call Auy the size or length of u;, which may be negative.
For z = u(t), 0 <t < R(u), and 0 < a < §(z), we define el) = uy, where I is the unique
open interval in the above partition of Z(a) containing t.

Moreover, set

Define
F®ae0,3(2)] = Ael) = ub(TH7) — ub = (TH)

where
THS :==inf{s >0, y(t —s) =a} and Tr 7 :=inf{s>0, y(t+s) =a}.

Observe that for ng-almost every excursion, F(*) is right-continuous on (0,y(t)] for
all 0 <t < R(u) (use Lemma 4.8, Chapter 0 of [RY99], and the fact that, under ng,
discontinuities of the real part and local minima of the imaginary part never occur at the
same time).

Loops above levels. As in [AS22], Proposition 6.3 enables to prove that excursions
under ng have no loop above any level.

Proposition 6.6. Let
L ={ueU"t 0<t<Ru), 30 <a<y(t), Ael(u) =0},

be the set of excursions u having a loop remaining above some level a. Then n§ (.£) = 0.
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Proof. We repeat the arguments of [AS22, Proposition 2.7] for the sake of completeness.
We first prove the result under E namely

ne ({(t,u) ERy x U, 30<a<y(t), Ae®(u) = o}) —0.
Bismut’s description of E gives

AT ({(tw) € Ry x UF, 30 < a<y(t), AelP(w) = 0))
=ng ({(t,u) e Ry x U, 30<a<y(t), "7 (To7) =u"(T)})

:/ daP (30 <a <o, X'(T)) = —X*(T2)),
0

where X' and X? are independent copies of X%, and 7} and 77 are hitting times of a
of independent Brownian motions. Using for example Section 4, Chap. III of [RY99],
XY(T}) and X?(T?) are independent §-stable Lévy processes with § = /2, and therefore
X1(TY) + X?(T?) is again a f-stable process. Since ¢ < 1, points are polar for X! (T}}) +
X?(T?) (see [Ber96], Chap. II, Section 5), so that P (30 < a < o, X} (T}) = X2(T2)) = 0.
This proves our claim under ng.

To prove the result under n¢, notice that if u € ., then the set of ¢’s satisfying the
definition of .Z has positive Lebesgue measure (it contains all the times until the loop
comes back to itself). This translates into

R(u)
+
Z C {’LL eUT, /0 ]1{30§a<y(t), Aef;‘)(u):o}dt > 0} .

But, by the first step of the proof,
R(u)
ny /0 1{30§a<y(t), Aeff)(u):o}dt =0.

R(u)
Thus / ﬂ{aoga<y(t),Aeg”(u):o}dt = 0 for n%-almost every excursion, and finally

ng (<) =0. O

The locally largest excursion. Following the strategy of [AS22], Proposition 2.8, one
can establish the existence of a unique time on the excursion corresponding to the locally
largest excursion.

Proposition 6.7. Foru € U" and 0 <t < R(u), let
S(t) := sup {a e [0,y(t)], Y0<ad <a, |F(t)(a’)| > |F(t)(a’7) - F(t)(a’)|},

and S := sup S(t). For almost every u under ng, there exists a unique 0 < t* < R(u)
0<t<R(u)
such that S(t*) = S. Moreover, S = $(2°*) where 2* = u(t*).

By definition of S, (eff.) follows the largest excursion at each disloca-

)OSaSQ(z’)
tion: at any level a where F(*") has a jump, the size F(")(a) of the excursion ! ) is
larger (in absolute value) than the length F(*")(a~) — F(*')(a) of the other excursion.

For this reason we refer to e,(f) as the locally largest excursion at height a, and to

(E(a) = Aeff.)> ) as the locally largest fragment. See Figure 4.
0<a<3 (=
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a>0

Figure 4: Drawing of an excursion in the upper half-plane H and the locally largest
excursion.

Proof. The proof being fairly technical, we just draw up a list with the main arguments.
The reader interested in the details of the proof can get more information in [AS22,
Proposition 2.8].

First, we prove that S is attained. For this, we take a convergent sequence (t,,n > 1)
of times such that S(¢,,) — S, and we denote by ¢* the limit of (¢,,n > 1). Forany a < S,
there exists N > 1 such that, for all n > N, eg‘.) = et(lt”). This implies that, up to a, e(®*)
follows the locally largest excursion, i.e. S(¢*) > a. Hence S(¢*) > S, and by maximality
of S, S(t*) = S.

Now we want to prove that S = y(¢*). We claim that, for n§-almost every excursion,
and 0 < ¢ < R(u), the set

A(t) = {a €0,y(®)], YO<d <a, |[FO@)] > |FD (@) - F(t)(a’)]} : (6.4)

is open in [0, y(t)]. This follows from the right-continuity of F!): if a € A(t), a < y(t) and
F (t)(a) # 0 (which happens n{-almost everywhere, see Proposition 6.6 above), then by
right-continuity one can find a neighbourhood of a where the inequality in (6.4) holds.
We then argue by contradiction: assume that S < y(¢*). Since A(t*) is open, we have
A(t*) = [0,.5). This means that, at level S, the reverse inequality to (6.4) holds, that is:

|[FE(9)| < [FEI(S7) — FU(9)].

This implies that F®) has a jump at time S. Considering the excursion above S which
is detached from the one straddling ¢*, we get a set of times ¢ for which eff) = e,(f') for
a < S, so that S(t) > S, but actually also S € A(t). Indeed, since ¢* does not correspond
to the locally largest fragment at height S, ¢ should (dislocation into two excursions with
equal sizes is a n§-negligible event). We conclude by the fact that A(t) is open that
S(t) > S hence a contradiction.

Finally, the uniqueness statement can be proved also by contradiction. Assume the
existence of two suitable times ¢ < ¢. Then, by considering the first height above which
the excursions straddling ¢ and ¢’ differ, one sees that only one of them can correspond
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to the locally largest one (again owing to the fact that dislocation into two excursions
with equal sizes is n{-negligible). Hence the contradiction. O

6.3 The branching property and a key many-to-one formula

We here consider the path «<“ obtained from « under n{ after removing the excur-
sions above «a, and closing up the time gaps. This can be defined formally as u;® := Up<e
ift < A(R(u)) and u;® := uw(R(u)) if t = A(R(u)) where

t
A(t) ::/ Liys)<apds and 7% :=inf{s >0 : A(s) > t}. (6.5)
0

We call G, the o-field generated by ©<%, completed with the n¢-negligible sets, that is
the o-field carrying all the information about the trajectory below level a.

We now let T, := inf{s > 0, y(s) = a} and we argue on the event that 7, < oco.
Let (L{)ie(0,r(u)) (Tesp. (TS)SG[O,LE(U)]) be the (resp. inverse) local time process of u at
level a and let (¢5, s € (0,Lf,,)) be the excursion process at level a of u. It will be
convenient to define ef and e‘i% " respectively as the first and last parts of the trajectory

u between {(z) = 0} and {S(z) = a}. Remark that, as a consequence of the strong
Markov property under n¢ at time 7, (cf. Proposition 6.2), on the event T, < co and
conditionally on Fr,, (ef, s € (0, L% ,,)) forms a Poisson point process with intensity n¢
for the filtration (]—"Tg ,0<s < L“R(u)), stopped at the first time when an excursion hits
{S(z) = —a}.

For a > 0, we will write (e‘;’+)i21 for the possible excursions that « makes above a,
ranked by descending order of their sizes (2" ");>.

Proposition 6.8. (Branching property under ;')
Let z € R\ {0}. For any A € G,, and for all nonnegative measurable functions
Gi,...,Gp: Ut >Ry, k> 1,

k k
Vs (11{Ta<oo}]lAHGi(€?’+)> =5 (11{Ta<oo}]1A HW2,+[G1']> :

=1 =1

Proof. We only sketch the proof under ng: going from n¢ to v is then a technical step
relying on disintegration over z and some continuity argument (the reader can find
more details for the Brownian case in [AS22]). We know from Lemma 6.2 that on the
event {T, < oo}, the trajectory u after time T, is that of (X,Y) killed when hitting
the line {&(z) = —a}. The Markov property at time T, and excursion theory entail that
given the excursions below a, the excursions above a form a Poisson point process on
U with intensity L%(u) n9 (du). Conditioned on the sizes (zf’+)i21, these excursions are
independent with law fyzo‘_a,_*. The claim follows since G, is generated by the excursions
below a and the process of the sizes of the excursions above a. O

We call Bessel-stable (resp. dual Bessel-stable) process a process in the upper half-
plane whose real part is a copy of X¢ (resp. —X“) and whose imaginary part is an
independent three-dimensional Bessel process starting at 0. Under PP, let h; and ha = b3
be respectively two independent Bessel-stable and dual Bessel-stable processes starting
from h;(0) = 0 and h2(0) = z. Define the analogues of (6.5),

t
Ai(t) == / 1{g(hi(5))ga}d8, 7i(t) ;== inf{s >0 : A;(s) >t}, forie{1,2}, (6.6)
0
and also S¢ :=sup{t > 0 : J(h;(t)) < a} for the last passage time at a of b;, i € {1,2}.
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The following key formula is a kind of many-to-one formula for excursions cut at
heights, and will be crucial in the rest of the paper. Write V for the set of finite
planar trajectories with cadlag real part and continuous imaginary part. Recall that
(Tﬁ)sE[O,L%(u)] denotes the inverse local time at level a, and set

u = (u(t), te [o,Tg_]),
= (u(R(u) — ), te[0,R(u) — Tg}).

Then u; and us are elements of V' which stand respectively for the trajectory of u before
the excursion ef and for the time-reversed trajectory of u after the excursion ef. We use
the shorthand s* € [0, L% )] to denote times 0 < s < L% ) such that ej € U™. Finally,
let 0 := /2.

Lemma 6.9. Let I': V x V — R, be a nonnegative measurable function. Then

Ve | LTa<oc} Z Cs;z(AegﬂAeg‘HaF(uiqau;)

s*E[O,L‘;ﬁ(u)]

= Cop ol B F ((b1(1),t € [0,85), (b3(0), ¢ € [0,55]) | (6.7)
Proof. The proof follows the same lines as for Equation (17) in [AS22]. We prove (6.7) for
F(u,v) = f(u)g(v), where f,g: V — R, are two nonnegative measurable functions. We
first argue under the measure n¢. Recall from the discussion preceding Proposition 6.8
that on the event 7, < oo and conditionally on Fr,, the process (2, s € (0, L“R(u))) forms
a Poisson point process with intensity n%, stopped when an excursion hits {3(z) = —a}.
Using the master formula [RY99, Proposition XII.1.10] and the disintegration property
(Proposition 6.4), we therefore get

ni(]l{moo} > C;,Z@Eg)Ae?P”f(ui)g(ué)) (6.8)

ste(0,L% ]

=n3 (ﬂ{n@o} /OR(M) f (ufﬁ) dry

—+oo
/ dzE [g(x + J?/ + XQ(TXa - S)7a + Y(Tfa - 8)70 S S S Tfa)]z/:X )7

— 00

where TY, := inf{s > 0, Y(s) = —a} and X, = §R(ufﬁ (L%)). The change of variables
x + X, — x shows that it is also

ng (ﬂ{Ta<oo} /OR(H) f (ufi) dLg)

+o00
. / A E [g(z + X*(TY, — 8),a+ Y(TY, —5),0 < s <TV,)].

— 00

Conditionally on Y, (X&, 0 < s < Tfa) evolves as X stopped at time Tfa. By duality for
Lévy processes (see [Ber96, Section II.1]), conditionally on Y, the “law” of (z+ X“(T}’a —
s), 0 < s <TY,) for x sampled according to the Lebesgue measure is the “law” of —X*
with initial measure the Lebesgue measure, stopped at time 7"Y,. On the other hand, the
process (a+ Y(TY, —s),0 < s < TY,) is a 3-dimensional Bessel process starting from
0 and run until its last passage time at a, see Corollary 4.6, Chap. VII of [RY99]. In a
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nutshell,

+oo
/ de[g(a:—FX(Tfa—s),a—&—Y(Tfa—s),OgSSTXG)]

— 00

+o00
— [ asE[gwio.e < 0.53))].

— 00

Moreover, by another application of the master formula,

«@ LaR(u) e R(u) Ly a «@
ng Ly, <ooy f (ul ) =ng ]l{Ta<OO}/0 fim)dLY |n® (T, < 00).

Since n® (T, < 00) = ng (T, < 00), this yields

o (1 [ 0008 ) = (1 (7)1 <),

Now under ng (- | T, < 00), v up to its last passage time at a has the law of h; up to S¢,
whence

ni<]1m<oo} > C;gzmeg)mez1+9f<ui>g<u;>)
5+€[O,L‘§(u)}
+oo

~E[fhn(o).t < 0.57)] |

— 00

d=E[g(b3(t).t € [0, 55)]

Finally, we disintegrate n¢ over x(R(u)) (cf. Proposition 6.4) to get

+Oo dZ — a S S
[ Cono it e X Coban A ot

e sTe[0,L% )]

+oo
d=E[g(b3 ().t € [0,53])].

—E[fhn(®).t < 0.57)] |

— 00

By multiplying ¢g by any measurable function of z(R(u)), this entails that for Lebesgue-
almost every z € R,

Ve 11, <00} Z Csfgzmeg)|Ae§\1+9f(uf)g(u§)

s*E[O,L‘J{;‘(u)]

= Coh oy [P (01(1), ¢ € [0, 82)| B[ g(b3(0), ¢ € [0, 55]) .

With some continuity argument, one can then prove that this holds for all z. O

6.4 The law of the locally largest evolution
Recall that ¢ = ¢, so that % < 0 < 1. We define n? under P, as the #-stable Lévy
process starting at z € R. Recall that the Laplace exponent of 7° is given by

Cy —C—

wola) = et [ (@ = 1= gLy )y,

where the density of the Lévy measure

vo(y) = Cagn |yl 071 (6.9)
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depends on constants ¢, c_ such that c; + ¢ > 0. An important feature is the positivity
parameter p := Py(n{ > 0) which can be fixed by choosing c,,c_ to equal

c_ = w sin(70(1 — p)) and c4 = wsm(”@)- (6.10)

See [CCO6] and [KP13]. Moreover, in order to retrieve the family with no killing in-
troduced in [BBCK18] for # < 1, we will in this subsection choose the following ex-
plicit constants. First, we fix ¢;,c_ so that §p = 1/2, which gives ¢, = @ and
c_ = —w cos(mf). Notice that this implies o € (1,2), which justifies our choice.
Finally, we take X“ to be an a-stable Lévy process with positivity parameter p. It is
important to note that, since ap = 1, X is spectrally negative, meaning that it only has
negative jumps, as can be seen from (6.10) with « replacing 6 (see [Ber96, Chapter VIII]

for more background). The process X“ being fixed, we now claim the following result.
Theorem 6.10. Fix z > 0. Let = = (E(a),0 < a < ¥(z*)) denote the size of the locally

—_
—

largest fragment. Under ¢, (2(a))o<a<s(z+) is distributed as the positive self-similar
Markov process (Z,)o<a<c¢ With index 6 starting from z whose Lamperti representation is

Zo = zexp(E(7(2""a))),

where ¢ is the Lévy process with Laplace exponent
U(q) = / (e? — 1) e Wyp(—(e¥ —1))dy, ¢ <2041, (6.11)
y>—1n(2)

T is the Lamperti time-change

7(a) = inf {5 >0, / Wy > a} ,
0

and ¢ = inf{a > 0, Z, = 0}.

Remark 6.11. One can give a similar description, starting from a negative z < 0, for the
locally largest evolution (which gives a negative cell process). In this case one would
obtain a killing parameter in (6.11).

The remainder of this subsection is mostly devoted to the proof of Theorem 6.10. We
start by recalling the main ingredients of the proof of Theorem 3.5 in [AS22]. Let H be a
bounded continuous nonnegative function defined on the space of finite cadlag paths,
and consider a > 0. On the event {a < $(2*)}, we can write

H(E(b)a b € [O,G]) = Z C;gil(AegﬂAemlJreF(ui»u;)a
s‘*’E[O,L“R(u)]

where

F(Uiug) = ngn(Aeg)‘Ae?|_1_9H(E<b)’ be [Oa a])]l{e((}f'>:ea

oy (6.12)

Note that the right-hand side is indeed a function of (u$,u$) since (Ae,(f.), bel0,a]) isa
measurable function of ©<%, and hence of (u§,u$). Apply the key formula (6.7):

72 [H(E®), b€ [0,a])1{acs(ze)]
= OB F (01(0).£ € 0.5]) . (03(0).£ € [0.55]) |- (6.13)

sgn(z
Now let 77 be the process defined by 7, := h2(S5) — b1 (S?) for b > 0. Fori € {1,2}, the
process R(h;(S?)), b > 0 is a f-stable process (using Corollary VII.4.6 and then Section
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I11.4 of [RY99]). More precisely 7 is a (cadlag) f-stable process with positivity parameter
p' =1 — p, that is n has law P, started from z given by the law of —1? under P_.. Let
An, = n, — mp— stand for the jump of n at time b. By definition of F' in (6.12), we have

F((bl(t)7t € [075111]) ) (hg(t)vt € [O,Sg]))
= Cagn(n)|Mal ™ " H (s, b € [0,a]) Ly befo,al, )= Am|-
Finally, (6.13) rewrites

A [H(E(D),0 < b < a)lyeq(s)]

b (G
ngn(z) |77a|1+9

Observe that under P,, z > 0, on the event E, := {VO <b<a, n| > |An
positive until time a. Therefore, the previous display simplifies to

H(m, 0 < b < a)lyocp<a, |nb|>|Anb) :

}, n remains

_ 1+6
v [H(E(),0 <b < a)locse)] = Bz (EM)H(U“O < b < a)lvo<p<a, 77b>A77b|> .
(6.14)
Furthermore, on the same event, n can be written using the Lamperti representation
of a f-—stable Lévy process killed when entering the negative half-line, found in [CC06]
(although we will take the form presented in [KP13]). More precisely, on this event,
under P. we can write 7, = ze$ (7" (), where

s b
To(b) :— inf {s >0, / 29696 (W) qy > b} = / dse’
0 o (1s)

and ¢ is a Lévy process with Laplace exponent

W0(q) := 7%— +/ (e — 1)eYyp(—(e¥ —1))dy, —-1<g<¥é. (6.15)

Note that compared to [KP13] we have inverted the role of the constants c; and c_,
because 7 has the law of —ne. Furthermore, observe that in this correspondence, the
event E, is {V0 < b < 7%(a), AE°(b) > —1log(2)}. Thus Theorem 6.10 is proved as soon as
we have established the following lemma.

Lemma 6.12. Under ﬁz, the process

_ 0(a
Mée) = \Z|1+ee (1+0)e( )ﬂvogbga, AEO(b)>—log(2)y @ 2 0,

is a martingale with respect to the canonical filtration of &Y. Under the tilted probability
measure M.? - P,, the process (£°(b),0 < b < a) is a Lévy process with Laplace exponent
W given by equation (6.11).

Indeed, the result then follows by a simple application of the optional stopping
theorem. See also Lemma 17 in [LGR20] and Lemma 3.6 in [AS22]. We include the
arguments for completeness. Rephrasing (6.14), we have obtained

V[H(ED), 0 <b < a)l{acs(e)y] = E- [Miﬁ{a)H (zexp(€(r°(h))), 0 < b < a)] .
By the optional stopping theorem, for any ¢ > 0,
= 0
Ez [Mio)(a)H (Z eXp(go(TO(b)))a be [Oa CL]) ]l{c>‘r°(a)}:|

= B. M H (zexp(€°(°(9)), b € [0.0)) Lz oy -
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By Proposition 6.12, the right-hand side is

Ez [H (Z eXp(f(T(b))), be [O,CL]) 1{C>T(a)}] )

where ¢ is the Lévy process with Laplace exponent ¥ appearing in Theorem 6.10. It
remains to take ¢ — oo and use dominated convergence to conclude the proof of Theo-
rem 6.10. We now turn to proving Lemma 6.12.

Proof of Lemma 6.12. By self-similarity, we may focus on the case z = 1, in which case
we write P = P; for simplicity. We aim at computing the quantity

0
E [e@1-0 @, . Agﬂ(b)>—log(2>} '

To do this, we write £°(b) = £'(b) + £ (b), where £ (b) := > ey ALY (D)L a0 () <— 10g(2) 1S
the Poisson point process of the small jumps of £°. Then ¢’ and ¢ are independent, and
so the previous expectation is

0 /
E {e@—lfe)g OF Agf)(b)>—log(2)] — P(£"(a) = 0)Ele(a—1-0¢ (@],

If we denote by ¥’ and ¥” the Laplace exponents of £’ and £”, then we have

1 0 2 T(o_1_
E [ew =06 @10y 0 Ago(b)ylog@)} — oa(¥"(00)+¥' (q—1-6))

Therefore the calculation boils down to computing ¥”(c0) + ¥/(g — 1 — 6). First of all, we
know that the Lévy measure of ¢” is the one of £° restricted to (—oo, —log(2)], so that

w%@:/ (e — 1)¥up(—(c? — 1))dy, ¢ > —1. (6.16)
y<—log(2)

Hence, by the expression of vy in (6.9),

4 c
U (00) = —¢ / e7dy:—+1—2‘9.
) + < — log(2) (1 7ey)1+9 0 ( )

It remains to compute g — ¥’'(¢ — 1 — 6). By independence of ¢’ and £”, we have for all
-1<q<6,¥(q) =¥°q) — ¥"(q). Equations (6.15) and (6.16) provide

U'(q) = —% +/ (e —1)evy(—(e¥ — 1))dy, —1<g<¥0, (6.17)
y>—log(2)

This extends analytically to all ¢ < 6. We now fix ¢ < 20 + 1, and we want to put
U’(qg — 1 — 0) in a Lévy-Khintchine form. Replacing ¢ by ¢ — 1 — 0 in (6.17), we see that

Wig-1-0) =K+ [ (e e (- (e - 1)dy.
y>—log(2)
with -
K= O / (1 — (1+W)e= Uy (— (¥ — 1))dy. (6.18)
0 Joroe2)

In order to retrieve equation (6.11), it remains to prove that k' = ¥”(cc). The above
integral can be computed as follows:

/ (1 — eMFOW)e=0yp(—(e¥ — 1))dy
—log(2)
—0y e %y

0 o)
e
—c (1—et vy S qy4c / (1—et+0v)_C 4y (6.19)
+/—10g(2) )(1 —ev)ftl 0 )(ey — 1)+t
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Start with the first integral:

e~ 0y eV

0 0
1—elt0yy__ = gy = / P S AL | PR —", I}
/_103;(2)( ) (1 —ev)ott - 10g(2)( ) (1 —ev)0tt

By integration by parts (integrating y — ﬁ), this is

0 0y 20 140 [° —(1+6)y
e e
(1—etoyy ¢ gy o _p= 117 / Sy
/10g(2) (1 —ev)ftt 0 0 J g2y (1 —ev)?

The change of variables © = eY provides

0 —0y 20 146
1oy © " g — o NV L 2B 16 —(1+0
/bg@( ) e = )G+ g By(1—0.-(1+0)),

1/2
where By (z,y) := / t*~1(1 — t)¥"'dt is the incomplete beta function at 1. A similar

0
calculation gives that the second integral in (6.19) is

> —%y 146
1—e+0v) ¢ qy— "7 B(29+1,1-0
/0 A=) e g D2+ 1,1-6),

1
where B(z,y) = / t*~1(1 — t)¥~'dt is the beta function. It is well-known that B(z,y) =
0

Flﬂ(fﬁigy)) hence (6.19) boils down to

/ (1 — e H09)e=0v1, (—(e¥ — 1))dy
—log(2)

20 1+6 1+6T(204+ 1)I'(1 —0)
_ _(9l+0 _ 1\~ (1—0. — _
=—(2 1) 0 c+ + 0 C+B§(1 0,—(1+0)) —c_ 7 0+2)

(6.20)

Now the two-variable function B, (a,b) can be extended analytically to all a,b ¢ —IN
via the identity aB;/s(a,b+ 1) — bBy/5(a + 1,b) = 2-%=Y obtained by straightforward
integration by parts. We then need to evaluate B /; at (—0, —0). But for ¢ > 0, B1/2(q,q) =

%B(q, q) = 2?((112):) by symmetry. Uniqueness of analytic continuation implies that this

must still hold for all ¢ ¢ —N. This allows to write that B, ,(—0,—0) = %, and
2
therefore (1 +60)B1 (1 —0,—(1+0)) = 21420 4 021;((192)9). In total, (6.20) becomes
> 20 ['(—0)? 1+6T(204+1)I(1—0)
1—eM 0= (—(e¥ —1))dy = — —c_ )
/_10g(2)< ‘ Jo (e =)y = es e or(—20) 6 I'+2)
Recall that c; = @ and c_ = —@ cos(mf). We can then see after some calcula-

tions, using Euler’s reflection formula, that the last two terms cancel out, leaving
oo 29
/ (1 — MDY e=0vpy (—(e¥ — 1))dy = —c,.
~log(2) 0

We finally come back to (6.18) and obtain k' = (1 — 2%) = ¥”(c0). This concludes the
proof as we retrieve the Laplace exponent ¥ of (6.11). O

Our purpose is now to describe the law of the daughter excursions of the locally

largest one. We want to prove that the excursions which get detached along the way
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up to z°® are conditionally independent, and distributed as half-plane excursions with
prescribed displacement. We rank these detached excursions (¢;,7 > 1) by descending
order of their sizes (z;,i > 1) and we write (a;,7 > 1) for the corresponding heights
where they appear. We stress that both (z;,¢ > 1) and (a;,7 > 1) are measurable with
respect to =, as they correspond to (opposite) jump sizes and jump times of =. Let
z € R\{0}.

Proposition 6.13. Under 2, conditionally on (z;,a;);>1, the excursions (¢;);>1, are
independent and each ¢; has law 3. .

Proof. We repeat the main ideas of [AS22, Theorem 3.7]. Fix n € N and take some
measurable functions fi1,...,f, : U - Ry and g1,...,9, : R x Ry — R,. Let (eg‘”)izl
the sequence of sub-excursions detached from = below a, ranked by descending order of
the absolute value of their sizes zfa), and let b; the corresponding jump time. It is enough

to prove the claim for the n first largest excursions below level a, namely:

[]l{a<‘3(z‘)}Hfz (={) b, )} ZW’Z[ a<\s(z‘)H’7 (a) (fi(€))gi (2 Jh‘)] (6.21)

i=1

In view of applying the key formula, write

n
Hf( (a))gz( (@) b) Z 0;97L(Ae“)|AeZ|1+6F(ui’ug)’
i=1 0<S+<LR(“)

where

F(uf,u5) = Cogniacn) [ Aet] ™0 TT file™) g2 001 oo

i=1

Hence by (6.7),

[]l{a<\s(z’)}Hf1 (27, b, )}

=1

Cs n Z
= IE[ ng ((’7 )) ?71+(9 Hft £ gt( (51) b(5i))]1\1be[o,a], |77b|Z|Anb\]v
sgn(z) Ma = ;4

where the ¢;,7 > 1, form the ranked excursions of h; and h, above the future infimum
b(e;) of their imaginary parts before leaving {3 < a} forever and z(e;) is the size of the
excursion ¢;. But if we call (b, ¢;) the process of excursions of h; or h, above the future
infimum of their imaginary parts, then upon time-reversal, Lévy’s theorem (Theorem
VI.2.3 in [RY99]) and the Lévy property of X imply that it is a Poisson point process
with intensity 21k, dbng (du). Conditionally on the heights and sizes {(b, z(e;)), b > 0},

the excursions ¢, are independent with law 'yj(%), whence

Ve |:Il-{a<%(z’)} H fi(el(-“))gi(zlga), bl)}
i=1

146

725 (fi(ei))gi(z(g), b(fi))]lVbEO,a, b >|Any| |-
Clagn(=) né+971_[1 ( [0,a], |n|>|An \]

) [Osgn(na

A backwards application of the key formula yields the claim (6.21). O
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6.5 The temporal martingale

We first point out a temporal martingale for excursions cut at heights. For a > 0,
recall that (e¢{"*);>, stands for the possible excursions that « makes above a, ranked by
descending sizes. Recall the notation (G, ).>0 for filtration of events occurring below level
a, and the definition of the constants C. introduced in the disintegration property 6.4.

Proposition 6.14. The process

a2+ —1 X q,Jr 1+06 >
M E ngn(Aej~+) |Ae" TP, a >0,
/L_

is a (G,)-martingale.

This is a direct corollary of the key formula (taking F' = 1 in Lemma 6.9), and the
branching property of excursions above levels in Proposition 6.8. We note that — once
we establish that the excursion sizes form a growth-fragmentation — Proposition 6.14
gives an example where the supermartingale in Corollary 3.9 is a martingale. However,
temporal analogues of the genealogical martingales of Section 3.2 are in general not
martingales (see Remark 5.5(v)).

The martingale M points at a natural change of measure. Recall the definition of
u~% in Section 6.3, and take z # 0. By Kolmogorov extension theorem, we may define on
the same probability space a process (4%, a > 0) such that for any a > 0, the law of 4IZ is
that of ©<% under the probability measure ngn(z)z‘l‘f’/\/lgd%. Our goal is to describe
the law of (UZ,a > 0).

Our description involves the processes h; and h3 of Section 6.3. Let @ > 0 and recall
from (6.6) the definition of the time-changes A; and A, with respect to level a (and Ntheir
inverses 7, and 73). Set also A4;(c0) = lim;_, o A;(t), i = 1,2. Under P, we define 4Z as
the process obtained by concatenating h; and h3 when they leave {S(z) < a} forever,
and removing everything above level a. More precisely,

b)) if £ € [0, 4, (c0)),
()= { B3 (r2( A1 (00) + Aa(00) — 1) ift € [Ay(00), A1 (00) + Ag(00)],

with the convention that h3(72(A2(0))) := h3(m2(A2(c0)) ™). Thus ﬁj follows the trajectory
of h; below level a until it leaves {S < a} forever, makes a jump to the last passage point
at a of h3, then follows the time-reversed trajectory of h5 below a and finally ends up at z.

Theorem 6.15. For any z # 0, the process (4, a > 0) is distributed as (4(Z,a > 0).

Under the change of measure, the path u therefore splits into two infinite trajectories
from 0 and z to co. See Figure 5 (the picture shows the spectrally negative case).

Proof. The claim is included in the key formula (6.7), by taking for F(uj,u3) and all s
some measurable function of u<®. O

Remark 6.16. 1. Assuming that the sizes of the excursions cut at heights form a
signed growth-fragmentation process X (this will be stated in the following section),
Theorem 6.15 describes the law of the spine defined in section 3.3. Indeed,
specifying the key formula (6.7) in the case when F'(uj,u3) is a function of the size
Aeg, we get that the value of the spine at height a for X is given by looking at
the size h3(12(A2(0))) — h1(m1(A1(c0))) of the unbounded excursion of 4IZ above a.
As the height a increases, the spine is therefore given by the time-reversal of the
difference of (the real part of) trajectories R* and L® coming down from infinity,
taken at a Brownian hitting time. For this reason, we say that the spine amounts to
targeting a point at infinity (in the picture given by b, b3). Finally, since the latter
hitting times are subordinators of index % and X is an a-stable Lévy process,
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Figure 5: Splitting the excursion according to the change of measure with respect to
the martingale M%7 (in the case when X is spectrally negative). The red and blue
trajectories are independent and evolve as h; and b3 respectively.

this yields a stable Lévy process of index ¢ = &, and with positivity parameter
pi=1—np.

2. We remark that, in the spectrally negative case, this is consistent with the mar-
tingales appearing in [BBCK18]. Indeed, they have the same form with a power
given by wy =60 + % =0+1)+ % Hence w, is the power appearing in M, plus
one half. We can naturally retrieve this extra 1/2 in our setting as follows. First,
under ¢ (with z > 0), let X denote the family of positive excursions obtained
by removing from X the negative sizes (together with their progeny). Then for
any nonnegative measurable function f, one can leverage the many-to-one formula
given in Lemma 6.9 and the description of the spine in Remark 6.16(i) to express

| X s | < e (fog@y/igel). 62

eeXt(a)

where under P,, Y00 is the f-stable Lévy process killed below 0. On the other hand,
since we have chosen c; and c_ so that (1 — p’) = 1/2, the h-transform used to
condition the latter §-stable process to remain positive is given by = — 200-r) =
/z (see [CCO6]). Hence (6.22) rewrites

YD AR E(Ae) | = BL (f(Y](a)),
ecXt(a)
where under P,, Y09 is the f-stable Lévy process conditioned to remain positive.

We thus recovered (embedded in X*) both the martingale exponent and the spine
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in the positive growth-fragmentation introduced in [BBCK18, Proposition 5.2] (in
the case 1/2 < 0 < 1).

6.6 The growth-fragmentation embedded in half-planar excursions

We now turn to the description of the cell system in terms of a growth-fragmentation
process. The main results hold in general, but in order to retrieve the growth-fragmen-
tation processes with no killing introduced by [BBCK18] for % < 0 < 1, we focus on the
case when X is spectrally negative, where the law of the locally largest fragment was
explicited in Theorem 6.10. Recall that this amounts to set the positivity parameter p of
X% sothat p = % On the other hand, let (Z,;)o<q<¢ the 6-self-similar Markov process
started from z > 0 defined in Theorem 6.10, and extend the construction to z < 0 by
Remark 6.11. Finally, construct the signed growth-fragmentation Z driven by Z. Building
on results from previous sections, we observe the following growth-fragmentation.

Theorem 6.17. Under ¢,
({{Aaet",i>1}},a>0) £ (Z(a),a > 0).

In particular, the process of the sizes of excursions cut at heights is a signed growth-
fragmentation process.

Proof. The claim is essentially included in our work from the previous sections. We
argue on the event that there is no loop above any level (Proposition 6.6), that local
minima of y are distinct, and that there is no dislocation into two excursions with the
same size, which has full v¢—probability. First, Theorem 6.10 gives that, under v the
law of the locally largest fragment = in the stable-Brownian excursion is that of Z.
Secondly, the conditional independence and conditional law of the offspring of = was
established in Proposition 6.13. The only non-trivial statement is that we indeed recover
all the excursions in the genealogy of Z. This statement does not bring any new idea
as it is merely technical, so that we refer to the Brownian case [AS22, Theorem 4.1].
Note that the discontinuities of v do not conflict with conservativity at times when the
growth-fragmentation cells divide: indeed, by independence, they almost surely occur at
levels which are not local minima for the Brownian motion. O

We now determine the spine under the change of measure 73;;
Theorem 6.18. The vector (C;l, C~',0+1) is admissible for the locally largest evolution

=. Under 73z, the spine X defined in section 3.3 evolves as a 0-stable Lévy process with
Lévy measure 2vy(—y)dy and hence positivity parameter p’ =1 — p.

In particular, the positive growth-fragmentation X+ obtained by removing from X
all the negative cells and their descendants is the same as that of [BBCK18], for the
appropriate self-similarity index % < 0 < 1. Indeed, by the many-to-one lemma, the law
of the spine X7 for the cell system of positive masses is that of X conditioned to stay
positive, hence is distributed as the spine appearing in [BBCK18] for % <0 <1 (see
Remark 6.16 (ii)). Yet [BBCK18, Theorem 5.1] entails that the spine characterises the
law of the growth-fragmentation, and thus X* has the law of the growth-fragmentation
process described in [BBCK18] for % <6<l

Proof. There are several ways to prove admissibility. For example, we use that (M®™* a >
0) is a martingale (Proposition 6.14), and we condition on the first generation (the off-
spring of =) to obtain

Os_gln(z)|z|l+9 = ’Y?[M?ﬂ = 01173[‘E(a)|1+9]1a<3(z‘)] +’Y? Z C(;,;(_AE(S)”AE(S)P-’—G
s<a
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We then let a tend to infinity and get that

A8 |2 Oz AZO | = 05
5>

The Lamperti-Kiu representation of stable processes was established in [CPR13] (see
Corollary 11): it is then a simple check to see that Theorem 5.4 gives the same matrix
exponent. Alternatively, we can use the description of Theorem 6.15 of the spine as the
difference of two f-stable processes, together with a version of Proposition 3.8. O

6.7 Conditioning to continuously absorb at the origin

We conclude by revealing another martingale for the growth-fragmentation cell
system. Unlike in Section 6.5, this martingale will only be genealogical (in the form
of Theorem 3.5). We will see that the martingale converges vZ'-almost surely towards
the duration of the excursion, and describe the spine defined with respect to this change
of measure.

We start by observing from (6.3) that the law of the duration R under ~{* is

o )
R D) =S Prerea
and likewise g
Y (Redr)= P )

d
2V 2w C_r3/2+1/a "

Moreover, the same equation shows that the duration R under v¢, z # 0, has the law
of |2|*Rsgy(.), where R, and R_ denote the law of R under 7" and %, respectively.
Observe that, because a < 2, Ry and R_ both have finite expectations that we denote by
w4 and w_.

We take the point of view of Section 6.6, and we index the genealogy of the locally
largest fragment = by the tree U. In accordance with Section 3.2, the collection of sizes
at generation n will be written (X, |[u| = n), and the o-field generated by (X, |u| < n)
denoted ¢,,. We can now claim:

Proposition 6.19. Under v¢, the process

Ma_ Zwsgn?((() |X()|

[ul=

is a (¢,,)-martingale. Furthermore, it is uniformly integrable and converges v¥-almost
surely and in L' to the duration R of the excursion.

Proof. All the claims are a consequence of Lévy’s theorem and the following identity:
M= (n) =7 (R|9%,), 75 —a.s. (6.23)

Indeed, Lévy’s theorem then implies that M~ (n) — 7¥(R|¥%x) (a.s. and in L'), where
Yo = U,;>0 9n- But since R is ¥ -measurable, this means M*~(n) — R. It remains to
prove (6.23). We restrict to n = 0 (the general case follows by the branching property).
We split R over the daughter excursions ¢;, ¢ > 1, of =. Since the set of times 0 < s < R
which are not straddled by such an excursion is Lebesgue-negligible, we have R =
Zi>1 R;, where R; is the duration of the sub-excursion e;. We now use the conditional
law of the offspring (Proposition 6.13) to get

R | g() Z VAeZ

i>1
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The self-similarity property discussed in the paragraph preceding the proposition entails

YV (RI%0) =Y Wegn(aey|Aei]®,

i>1
which is precisely (6.23) for n = 0. O

Now we turn to the description of the spine X'~ with respect to (M*>»~(n),n > 0).
Recall the general change of measures in Section 3.3, from which we borrow the notation,
and write 73; for the change of measures started from z relative to M“~. The many-to-
one formula in Proposition 3.8 gives, for all ¢ > 0, all nonnegative measurable function f
vanishing at 0, and all F;-measurable nonnegative random variable B;:

Wagn(o |21 B (F(XT0)Bt) = £ | 3 wagnxu(op | X ()| F(Xi(0)) By

i>1

Denote by 73j the change of measures relative to the other martingale M%7, presented
in Proposition 6.14, and X the corresponding spine. Then the many-to-one formula for
P brings to

Wagn(z)Csgn(a)|2|” T B (F(X(8))By) = EF (wsgn(je(t))csgn()?(t))|X(t)|971f(X(t))Bt)'
(6.24)
The previous formula extends to functionals of (X~ (s),s < t). Hence X~ is a Doob
h-transform of X killed at the origin. Now recall from our description in Theorem 6.15
that X is a f-stable process. Thanks to [KRS19] (in the case < 1), we may deduce that
the law of X'~ is that of the stable process conditioned to absorb continuously at 0.

We saw that the change of measures relative to M®™* has a nice interpretation in
terms of targeting a point at infinity (see Theorem 6.15 and Remark 6.16(i)). This is
reminiscent of the situation obtained in the scaling limit from the peeling exploration
of large Boltzmann planar maps. In [BBCK18], the authors point out the existence of
two martingales M™* and M ™, for which they give the following descriptions. On the
one hand, the spine relative to the martingale M™ corresponds to targeting a point at
infinity in the infinite-volume version of the planar map. On the other hand, the spine
relative to M~ corresponds to targeting a uniform point in the size-biased planar map.
As it turns out, this image persists in our excursion setting.

Theorem 6.20. Let z € R* and define the probability measure
7? (dta du) = (wsgn(z)|Z|a)71]10§t§R(u)dtry? (du)

Under 72, the size (X (a) := Ael a > 0), of the uniform point t has the law of X'~
under 7, i.e. that of the f—stable process conditioned to be absorbed continuously at
the origin.

Proof. Let f a nonnegative measurable function defined on the set of finite cadlag
trajectories. From Bismut’s description of n¢ (Proposition 6.3), we see that

@(f(X@)(b),O <b<a))lyi)>a)

_ /O AAB(F(X N (T2 (4_yy) + X2(T2 4_),0 < b < @)L as,

where X! and X? are independent copies of X“, and T, and 7?2, are hitting times of
—b of independent Brownian motions. With the same notation as in Section 6.4, call
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nf = XY(T*,) + X%(T?,), which is a §-stable Lévy process. By the Markov property, and
a change of variables, this rewrites

T (F(XD(),0 <b < a)lyiysa) = / h dAEo(ha(n_,)) = /0 N dAEo(ha(n%)),

where hq(z) == E,(f(n?_,,0 < b < a)). Again, applying Bismut’s description of n¢
backwards, one obtains

ng(F(XP(5),0 <b < a)Lyysa) = 0¢ (ha(2(R(u)))R(w)).
We then disintegrate n{ over the endpoint:

_ dz o
ﬂ?f'_(f(X(t) (b)a 0 < b < a))]ly(t)>a) = /]R Wcsgn(z)’)/z (R)ha(z)

Now recall that in our notation, ¥¢(R) = Wsgn(2)|2|* = wegn(»)|2|?’ for all z € R*. Hence

_ dz
N (F(XD(),0 <b < a)Lyysa) = /R o0 Con(e) Wegn(o) B/ (-, 0 < b < ).

By duality for the Lévy process 1? (cf. [Ber96, Section II.1]), we can reverse the previous
equation in time:

E(f(X(t)(b)a 0<b< a))]ly(t)>a) =

dz = ( Wsgn(n) Cagn(na) el
~/]R* xl—ewsgn(r)csgn(r)Ex( wsgn($)csgn(I) ] fm,0<b<a)),

where under P, n has the law of —1? under P_,. On the other hand, disintegrating the
left-hand side over the endpoint, we find

E(f(X(t)(b)a 0 < b < a))]ly(t)>a)

dz —a
- /]R Wcsgn(m)wsgn(m)'Yz (f(X(t) (0),0<b< a))]ly(t)>a)'

Putting all the pieces together, we end up with

dx _
/]R* stgn(x)csgn(z)’yg(f(‘x(t) (b)> 0<b< a))]ly(t)>a) =

|0—1

dr = ((Wsgn(na) Csgnna) I
|z[1=¢ Clagn(a) By | —F— 02 20 0<b<a)).
/IR* |x‘179 Wsgn(z)“sgn(x) ( wsgn(x)csgn(x) ‘:U|‘971 f(% <b<a)

Hence for Lebesgue-almost every z,

—a = wsnacsna 7’(197
T (f(X(t)(b), 0=b= a))ﬂy(t)>a) N Ea"( ngi?r;CsZn:)) |‘T‘0_1 f(mﬂo =bs a)> .

A continuity argument that we feel free to skip ensures that (6.25) actually holds for
all x € R*. It remains to notice that the right-hand side of (6.25) is the same as in the
description (6.24) of the law of X~ under ~v~. We conclude that under 75, X ®) evolves
as the f-stable Lévy process 7 conditioned to absorb continuously at the origin. O
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