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Three-dimensional magnetohydrodynamics system
forced by space-time white noise
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Abstract

We consider the three-dimensional magnetohydrodynamics system forced by noise
that is white in both time and space. Its complexity due to four non-linear terms
makes its analysis very intricate. Nevertheless, taking advantage of its structure
and adapting the theory of paracontrolled distributions from [30], we prove its local
well-posedness. A first challenge is to find an appropriate paracontrolled ansatz
which must consist of both the velocity and the magnetic fields. Second challenge is
that for some non-linear terms, renormalizations cannot be achieved individually; we
overcome this obstacle by strategically coupling certain terms together rather than
separately. Our proof is also inspired by the work of [70].
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1 Introduction

When solutions to a system of partial differential equations (PDEs) lack sufficient
regularity, a common remedy is to multiply by a sufficiently smooth function, integrate
by parts to rid of any derivative on the solution, and only ask that its integral formulation
is well-defined; this is the standard definition of a weak solution. However, if the PDEs
are non-linear, then the lack of regularity creates difficulty in understanding any product
of the solution with itself because there is no universal agreement on the definition of
a product of distributions. Some physically meaningful models which have found rich
applications in the real world were forced by a term that is white in both space and
time, so-called space-time white noise (STWN). We refer to e.g., [50] for the Kardar-
Parisi-Zhang (KPZ) equation (1.4), [59] for the Navier-Stokes equations (NSE) (1.1) and
Burgers’ equation forced by STWN, as well as [2, 28, 45, 58] concerning the Boussinesq
system forced by STWN. While considering the mild solution formulation typically solved
the issue in case the noise is white only in time, the STWN leads to a lack of spatial
regularity of the solution, and the construction of a solution has created a significant
obstacle because the non-linear term seemed to be ill-defined in the classical sense.
Let us describe recent developments that ultimately led to the two novel approaches
of the theory of regularity structures by Hairer [37] and the theory of paracontrolled
distributions by Gubinelli et al. [30] (see also [33]).

Following the notations of Young [68, pg. 258], let us denote by V,,(f) the p-variation
of f and write f € W, if V,,(f) < co. Furthermore, we denote by C* the space of Holder
continuous functions with exponent o > 0 (e.g., [3, Definition 1.49]). Young [68, pg. 265]
proved an important theorem in which if f € W,,, g € W, where p,q > 0, % + é > 1, and
they have no common discontinuities, then their Lebesgue-Stieltjes integral [ g(z)df ()
still exists. In order to understand its implication, let us introduce the NSE. Let us denote
by u: TV x Ry — R”Y and 7: TV x R, + R the N-dimensional (/N-d) velocity vector field
and the pressure scalar field, respectively. Additionally, by denoting by v > 0 the viscous
diffusivity and 9, £ 2,2 = (21,...,2n), Op, = 8%7 and 9f = (827 forj € {1,...,N},
the NSE can be written as

ou+ (u-Vu+Vr—vAu=¢*, V-u=0, (1.1)
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with initial data u™(x) = u(z,0), where ¢* is the Gaussian field that is white in both

time and space; i.e. E[¢%(x,t)¢%(y, s)] = 0(z — y)d(t — s). We will also need the definition
of the Holder space with negative exponent; for this purpose, let us recall the basic
background of Besov spaces ([30] and also [46] on how the Littlewood-Paley theory on
R3 may be transferred to T?). Let us use the notation of A Sa,p B in case there exists
a non-negative constant C' = C(a, b) that depends on a, b such that A < CB; similarly
let us write A ~,; B in case A = C'B. Moreover, unless elaborated in detail, we denote
> kezs by >, First we recall the Fourier transform

Fk) & s 1 x)e @ dy
F) & Frn)) & o [ s@enid

with its inverse denoted by 1531, let D be the set of all smooth functions with compact
support on T3, D’ its dual. We let y, p € D be non-negative, radial such that the support
of x is contained in a ball while that of p in an annulus and satisfy

X(©) + > p(276) = 1V ¢, supp(x) Nsupp(p(277-)) =0V j > 1,
j=0

supp(p(2~"-)) Nsupp(p(277-)) = 0 for |i — j| > 1.

We see that x(-) = p(27!+) and define Littlewood-Paley operator as A; f £ Fr' (p; Frs(f))
where p; £ p(277-). We also write S;f £ >, ;| A;f. Now for o € R and p,q € [1, 0],
we may define the inhomogeneous Besov space

By (T%) £ {f € D'(T%): [|fll s, (ws) = 1127%(1A fll Lo (x3) lia (5> —13) < 0}

The Holder-Besov space C*(T?) is the special case when p = ¢ = oo; i.e. CY(T3) =
B . (T3). For o € (0,00) \ IN, C*(T?) = C*(T?) ([3, pg. 99]). We point out that

I lles S 1z S IFlles if 8 <0< aand[|S; o 277 [lca ¥ a < 0. (1.2)

Now for simplicity let us consider the 1-d analogue of (u - V)u in the NSE (1.1),
specifically ud,u corresponding to the non-linear term of the Burgers’ equation which
was studied by Da Prato et al. [19]. Following the discussion of [35, pg. 1548], assuming
that its solution u € C* for a > % we may multiply this non-linear term by a smooth
periodic function ¢ and understand it as

/wmmwwm> (1.3)
T

which is well-defined as a Young’s integral because yu € C* for a > % and f € Cr
for p € (0,00) implies f € W, in general. Unfortunately, the assumption of u € C* for
a > % turns out to be a wishful thinking. In fact, in the general case when the spatial
dimension is N, considering that the space-time dimension is NV + 1 so that the scaling
SeNVisS=(Sy,...,Sv+1) = (2,1,...,1) with the first entry informally representing
the dimension of time due to 9; and A, we actually know that & € C*(TY) for a < —%
where |S| = N + 2 by [37, Lemma 10.2] (see also [37, Lemma 3.20] and [5]). This leads
tou € CO‘(’]I‘N) fora <2 — % due to regularization from the diffusion (see [37, pg. 417,
481]). Therefore, the Young’s integral (1.3) is ill-defined even in case N = 1.

Although one may turn to the theory of stochastic integrals such as the It6’s integrals
at this point, its limitations have also been noticed over decades (e.g., [30, pg. 6], [35, pg.
1548]). In order to complement the theory of It6’s integrals, Lyons developed a theory

of rough path ([52, 53]). Subsequently, Gubinelli [29] extended the Lyon’s rough path
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theory; we refer to [25, 26, 34, 35, 42] for further study and applications of rough path
theory. As one of the most prominent examples of a result inspired from the rough path
theory, let us briefly discuss recent developments of the KPZ equation (1.4). The KPZ
equation, an interface model of flame propagation, was derived in [50, Equation (1)] as

Oth = 92h + M(9,h)? + & (1.4)

where h(z,t) represents the interface height, A > 0 is the coupling strength, z € $! and
&M is the STWN. Following [36, pg. 5621, let us consider a multiplicative stochastic heat
equation dZ = 02 Zdt+ \ZdW where 9;W = ¢". We denote by Z¢ the solution to the same
equation with W replaced by a mollified noise W€, which is obtained from multiplying
the k-th Fourier component of W by f(ke) for a smooth cut-off function f with compact
support such that f(0) = 1. Then Itd’s formula shows that h°(z,t) £ +In Z(z,t) (see
[55] on the positivity of Z€) solves

Oth® = 02h° + N(9,h)* — % Z f2(ke) + &Me (1.5)

keZ

where ), _, f?(ke) =~ %fR f?(x)dx — co. This simple computation displays the neces-
sity to rely on techniques from quantum field theory (e.g., [54, Section 4]) such as
renormalization, which amounts to strategically subtracting off a large constant from a
regularized equation, and replacing a standard product by Wick product (e.qg., [48, pg.
23]). These techniques actually have long history of its utility in stochastic quantization.
In particular, Da Prato and Debussche [18] proved the existence of a unique strong
solution to the 2-d stochastic quantization equation for almost all initial data with respect
to the invariant measure using such techniques (see also [6, 20]). Without delving into
further details, we mention that Hairer [36] in particular discovered two additional
logarithmically divergent constants beside the % in (1.5) and successfully introduced a
completely new concept of a solution to the KPZ equation (1.4) using rough path theory
(see also [41]).

Let us now discuss this direction of research in the case of the NSE (1.1). To the best
of the author’s knowledge, Flandoli and Gozzi [23] were the first to consider the 2-d
NSE in T? with the forcing that is not regular; they proved in [23, Theorem 4.3] that the
Kolmogorov equation associated to the NSE with covariance operator that is an identity
has a weak solution. However, due to the spatial roughness of the noise, the authors in
[23] were not able to make the connection to the original equation. Subsequently, Da
Prato and Debussche [17] overcame this difficulty using techniques of renormalization
and Wick products.

At this point let us introduce the magnetohydrodynamics (MHD) system of main
concern because the failure to apply the proofs of [17, 23], which we will explain shortly,
clearly displays the complexity of the MHD system in contrast to the NSE. We denote the
magnetic N-d vector field by b: TV x R, — R” and the magnetic diffusivity by n > 0,
where N € {2,3,4}. Then the MHD system reads as

Ou+ (u-Viu+Vr=vAu+ (b-V)b+&*, V-u=0, (1.6a)
b+ (u-V)b=nAb+ (b-V)u+&°, V-b=0, (1.6b)
for which we write the solution as y = (yi,...,¥6) = (u,b) = (u1,uz,us, by, be, b3), with

initial data y™(z) £ (v, ™) (z) = (u,b)(r,0), and & = (£, £P) where €% £ (€8, €%, £%) =
(€1,62,&3) and € & (€865 €8) = (&4,65,&6), is a Gaussian field which is white in both
space and time. For simplicity of computation, let us assume that v = n =1 as well as
that [, {“dz =[5 £°dz = 0 which in turn allows us to assume that (u, b) are also mean
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zero; this may be justified via a standard scaling argument of the solution to the MHD
system. Such MHD system forced by STWN has been studied by physicists for decades;
e.g., Camargo and Tasso [9] applied the renormalization group theory to the MHD system
forced by STWN and determined the effective viscosity and magnetic resistivity without
solving the system.

Remark 1.1. As a STWN, the correlation of £* and that of £? are both products of a delta
function in z with another delta function in . In the literature on Boussinesq system such
as [28, Equation (3)], the authors make an assumption corresponding to the MHD system
that the correlation of £* and ¢° vanish; i.e. E[{;Lf;?] =0foralli,j € {1,2,3}. Considering
that there is no physical reason why ¢* and £° should have any independence, in this
manuscript we shall assume that the correlation of ¢* and ¢ is also a product of a
delta function in x with another delta function in ¢ (see (3.2) which is a corollary of this
assumption). Our computations are thus more general. Indeed, it is easy to recover
the case E[¢/¢}] = 0 for all i,j € {1,2,3} because many terms within our proof vanish
due to the mixed non-linear terms such as (u - V)b and (b - V)u. This is an interesting
difference from the case of the NSE; the computations of the mixed non-linear terms
can be actually much simpler than the case of the NSE under the assumption of the zero
correlation among £* and £°.

It is well-known that if we take the L?(TV )-inner products of (1.1) with u, then the
non-linear term, as well as the pressure term, both vanish by divergence-free property;
e.g., Jps(u-V)u-udz = 3 [15(u- V)|u|?dz = 0. An analogous attempt of taking L?-inner
products on (1.6a) with u fails because

/ (b-V)b-udx #0 (1.7)
T3

in general. Yet, if we take L?(T%)-inner products on (1.6b) with b simultaneously and
add the two resulting equations, then all the non-linear terms and the pressure term in
(1.6a)-(1.6b) do vanish because [;(u-V)b-bdx = % [15(u- V)|b|?dz = 0 and

/ (b-V)b-u+ (b-V)u-bdz = 0. (1.8)
3

Even though there exist some extensions of techniques on the NSE to the MHD system
such as this, attempts to modify the proofs of [17, 23] on the 2-d NSE to the 2-d MHD
system face a non-trivial difficulty. In both works of [17, 23], the authors relied on the
following key identity:

/ (u-V)u-Audz = 0. (1.9
T2

In fact, one of the reasons why the authors admitted that extending to other boundary
conditions beside T? is not easy (e.g., [23, pg. 312]) is exactly this identity (1.9). The
identity (1.9) was used in [23, pg. 328] and [17, pg. 190], and it actually fails in the
case of the MHD system because [is[(u- V)u — (b- V)b] - Audz # 0 and even if we add
similarly to (1.8),

/ (- V)u— (b- V)8 - Au+ [(u- V)b — (b- V)u] - Abdz £ 0 (1.10)
T3

in general. In fact, the identity (1.9), which is equivalent to [,.,(u-V)(V xu)-(Vxu)dz = 0,
has also been used crucially in various other works on the NSE (e.g., [39]), many of
which have not been extended to the MHD system with (1.10) being one of the sources
of the technical issues. As we will elaborate in Remark 3.2, interestingly we will need to
renormalize certain term togethers very similarly to (1.8).
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Zhu and Zhu [70] gave a very nice discussion of how the proof within [17] cannot be
extended to the 3-d NSE and thus most certainly has no chance of being extended to the
3-d MHD system; let us recollect it here. Da Prato and Debussche [17] considered (1.1)
in T2, z to be the solution to the Stokes equation forced by the fixed STWN &% and the
equation solved by v £ u — z,q¢ £ © — p, specifically

Oz=0Az—Vp+&, V-2=0,

1
Btv:Av—Vq—idiv[(v—l—z)@(v—&—z)], V-v=0.

Similarly to the discussion of the Burgers’ equation in (1.3), due to [37, Lemma 10.2] (see
also [37, Lemma 3.20]) the solution z is very rough, and only in C*(T") for a < 1 — %
Thus, if N = 2, then z € C*(T?) for o < 0 and considering div(z ® z) € C%(T?) for
a < —1, the diffusion leads to v € C*(T?) for o < 1. This implies that according to Bony’s
estimates (see Lemma 1.2 (4)) the product v ® v and even v ® z can be well-defined,
leaving only z ® 2z for which one can turn to Wick products. However, in the case N =3
same computations show that not only z ® z but even z ® v is ill-defined.

Two novel approaches have been developed to bring about a resolution to such
an issue, specifically the theory of regularity structures due to Hairer [37] and that
of paracontrolled distributions due to Gubinelli et al. [30]. The work of Hairer [37]
allows one to construct a regularity structure endowed with a whole set of calculus
operations such as multiplication, integration and differentiation, so that one can recover
a fixed point theory, and finally rely on the reconstruction theorem to conclude the
existence and uniqueness of a solution to the original problem (see [10, 38, 40] for
further discussions). On the other hand, the theory of paracontrolled distributions relies
heavily on the Bony’s decomposition (e.g., [3, pg. 86]) beside the rough path theory,
which we now describe briefly. The purpose of the Bony’s decomposition is to split fg in
parts where the frequency of f and g are low and high, specifically

fg=">Y_ AifAjg=7<(f,9) +7>(f,9) +mo(f,g) where

4,j>—1

m(f,9)= > SifAjg,ms(f,9) = Y AjfSig,mo(f.9) = > AifAy.

j=z—1 j=—-1 Jlz—L|l—j|<1

The terms 7 (f,g) and 7~ (f,g) are called paraproducts while m(f, g) the remainder.
The key observation by Bony was that 7. (f,¢) and similarly 7~ (f,g) are well-defined
distributions such that the mapping (f,g) — 7<(f,¢) is a bounded bi-linear operator
from C*(TN) x C#(TV) to C#(TY) if a > 0, 8 € R. Heuristically, 7 (f, g) behaves at large
frequencies similarly to g, and f provides only a modulation of g at large scales. We will
rely heavily on the following lemma:

Lemma 1.2. ([30, Lemma 2.1], [33, Lemma 2.1], [12, Proposition 2.3]) Let o, 8 € R.

Then
Lo lm<(f, 9)lles S 1 fllze=llgllcs for f € Lo(TY), g € CP(TY),
2. [lms(f,9)llcass S I fllcellgllcs for B <0, f € C*(T?), g € CH(T?),
3. [Imo(f. 9)llcars S I flleallglles for a+ 8 >0, f € C*(T?),g € C7(T?).
4. fg is well-defined for f € C*(T3),g € CA(T3) if a + B > 0 and ||fg||cninta.potsr S

£ lle=llglics-

By our discussion, only difficulty in defining the product fg boils down to o (f, g),
and for this purpose, Gubinelli et al. in [30] relied on a paracontrolled ansatz (see (2.15)
and (2.17)) and a commutator lemma (see Lemma 5.1).
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Beside the work of Zhu and Zhu in [70], we wish to mention the work of Catellier
and Chouk [12], by which our work was inspired. The purpose of this manuscript is to
prove the local existence of a unique solution to the MHD system forced by the STWN
(1.6a)-(1.6Db); i.e.,

3
Ovu; — Auy = Z Pii &y — Z Pii, O, (wiug) Z Piiy Oz, (biby) (1.11a)
i1=1 ’Llj 1 11,] 1
3
Orbi — Aby = > Py & — Z Piiy Ou, (biy) + Z Piiy Ou, (uib), (1.11b)
11=1 713 1 Llj 1
u(z,0) = Pu™(-), b(x,0) =Pb™(.), (1.11c)

fori € {1,2,3}, where ﬁ;(k) =6(l—m)— k"k’“‘g so that P represents the Leray projection

onto the space of divergence-free vector fields. For brevity we define L £ 9, —

Theorem 1.3. Let §y € (0, ) and then z € (1,1 +6)), as well as y™ = (v, b") € C=*(T3).
Suppose that ¢ = )", f(ek)¢ (k)ey for e > 0 and f is a smooth radial cut-off function with
compact support such that f(0) =1, and y© = (u, b°) is the maximal unique solution to

3 u,€ (X3
Lyf _ 251:1 Piil 512;16 B % ’Ll;] 1 P“l 6'LJ ( ) +3 211 J=1 ,P”lalj (bl bj) (1.12)
Zi1:1 Piilgil 2 Zn =1 meaa:J( ) +3 Z“ =1 73“1an( f;bj),

such that v'>¢, b™¢, which is constructed identically to (2.2)-(2.7) except that (2.2) has
€¢ = (€w<,£%¢) rather than £ = (£*,£Y), belong to C([0,T¢);C2~%). Then there exists
y € C([0,7);C~*)? and {71}, specifically defined in (4.5), such that 7, increases to the
explosion time 7 of y = (u,b) that satisfies

sup ||y —yllc-- — 0 as € — 0 in probability. (1.13)
te[0,71]

Remark 1.4. We emphasize two new novelty of this work in comparison to the ap-
proaches of [12, 70]. First, let us acknowledge that a nonlinearly coupled systems
of equations forced by STWN have been studied before, e.g., a multi-component KPZ
equation

Othi = 02h; + S;riOph;Ochy + &

in [40, Equation (5.12)] where each ¢; is an independent STWN on R x T and Sji; € R.
We point out that the equations of h; is essentially identical while those of v and b
in (1.6a)-(1.6b) differ significantly, leading to the need to carefully take advantage of its
structure as follows.

* We need to define correct paracontrolled ansatz; see (2.15) and (2.17) for velocity
and magnetic fields, respectively. The correct choices (2.15) and (2.17) display
clearly the complexity of the MHD system due to the four mixed non-linear terms
(see Remark 2.3).

¢ Certain renormalizations must be “coupled” together. This major issue is elaborated
in detail in Remark 3.2. Interestingly, the nature of this problem is same as those
of (1.7)-(1.8).

Other differences from [70] are mentioned in Remark 3.1.

Let us also emphasize that there are many results on the NSE which have not been
extended to the MHD system despite much effort by many mathematicians. As already
mentioned, the work of Hairer and Mattingly [39] on the ergodicity of the 2-d NSE seems
difficult to be extended to the 2-d MHD system. In the deterministic case, there exist
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also abundance of results for which an extension from the case of the NSE to the MHD
system is a challenging open problem. For example, although Yudovich [69] over 55
years ago proved the global regularity of the solution to the 2-d NSE with zero viscous
diffusion, which is the Euler equations, its extension to the 2-d MHD system with zero
viscous diffusion remains open despite extensive interest from many mathematicians
(e.g., [11, 22, 49, 61]).

Remark 1.5. We point out an interesting open problem of extending our result to the
Hall-MHD system:

Ou+ (u-Vu+Vr=Au+ (b- V)b+ &, V-u=0, (1.14a)
b+ (u-V)b=Ab+ (b-V)u—€eV x (Vxb) xb)+£°, V-b=0, (1.14b)

where € > 0 is the Hall parameter. We note that the case ¢ = 0 reduces (1.14a)-(1.14b)
to the MHD system (1.6a)-(1.6b). Since this system was introduced by Lighthill [51]
over 75 years ago, it has found rich applications in astrophysics, geophysics and plasma
physics; we refer to [1, 13] for its study in the deterministic case and [60, 67] in the
stochastic case. By definition from [37, Assumption 8.3], the N-d Hall-MHD system is
not locally subcritical for any N > 2. We believe that extending Theorem 1.3 to the
Hall-MHD system, which is quasi-linear, is a mathematically challenging and physically
meaningful open problem.

Remark 1.6. All the previous work on the MHD and related systems forced by random
force have been devoted to the case the noise is white in only time and not space (e.qg.,
[4, 56, 57, 62]). Theorem 1.3 sheds light on the MHD system forced by STWN that
has been studied in the physics literature (e.g., [9]), and it has become clearer how to
establish similar results for other systems such as the Boussinesq system for which its
study with STWN has also been suggested by physicists for decades ([2, 28, 45, 58]).
Moreover, it will be interesting to study a system of PDEs forced partially by STWN, e.g.,
the Boussinesq system with only the equation of the temperature forced by noise that is
white only in time in [24].

Remark 1.7. This work was initially completed in 2019. Subsequently in 2021, strong
Feller property of the 3D MHD system forced by STWN was proven [64] via the approach
of [40] using the theory of regularity structures (see also [65]). In comparison to the
theory of regularity structures, the theory of paracontrolled distributions offers simpler
approach that has led to results which do not seem accessible yet via the theory of
regularity structures. One example is [31, 32] in which the authors successfully employed
the theory of paracontrolled distributions to the stochastic nonlinear wave equations
forced by STWN that falls outside the scope of the theory of regularity structures.
Second important example is the very recent application of convex integration to the
3-d NSE forced by STWN [44]. Let us briefly elaborate on this topic considering its
relevance to our current work. The convex integration is a new revolutionary technique
in deterministic hydrodynamic PDEs that led to, among many other breakthroughs,
non-uniqueness of the Euler equations in any dimension [21], resolution of Onsager’s
conjecture [47], and non-uniqueness of weak solutions to the 3-d NSE [8]. The impact
of convex integration has reached the stochastic community as well and very recently,
Hofmanova, Zhu, and Zhu [43] proved non-uniqueness in law of the 3-d NSE forced by
either additive or linear multiplicative noise that is white only in time (see also [7, 16]);
subsequently, the author in [66] extended this result to the 3-d MHD system forced
by either additive or linear multiplicative noise, although its diffusion —Awu, —Ab had
to be replaced by (—A)™u, (—A)™2b for any my, mq € (0,1) due to technical reasons.
Remarkably, Hofmanova, Zhu, and Zhu [44] extended [43] to the case of STWN, and
here, they crucially relied on the approach of paracontrolled distributions rather than
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the theory of regularity structures. Proving non-uniqueness of singular stochastic PDEs
forced by STWN via probabilistic convex integration rather than well-posedness is a
completely new approach that has great potential, especially for singular PDEs that are
not locally subcritical and fall outside the scope of the theory of regularity structures or
the paracontrolled distributions, e.g., the stochastic Yang-Mills equation in dimension
beyond three (see [14, 15]).

2 Proof of Theorem 1.3: fixed point procedure

Hereafter, we denote C®(T?) by simply C®. We consider {£¢}.~¢, a family of smooth
approximations of ¢ = (£, &%), to be specified subsequently, and study the MHD system
corresponding to ¢¢; we should formally denote its solution as y¢ £ (u€, b) but for brevity
omit it until (2.94) when it is clear. We recall that L £ 9, — A and study the following
system:

3 1 3
= Piil Z - 7%13;, ullu = PMQLJ 5 (2.1a)
ilz::l 11%:1 ’ 2 11%:1 )
3
Lb; = Z 'Piil'fgl Z ,Pmawj b“u] Z 73“18% u“ ) (2.1b)
i1=1 zl,] 1 117] 1
y(-,0) =P(u™,0")() € C7%, (2.10)

where ¢ 2 (£%,¢%) are periodic, independent STWN.

2.1 Paracontrolled ansatz

Let us approximate (1.11a)-(1.11b) as follows. We start with the linear equations
forced by noise first:

LuT = Z Pis £ Lb Z Pii, 8. (2.2)
i1=1 11=1

Remark 2.1. Informally, we denoted by e and e respectively the STWN of £* and ¢° and
by a downward line an integration after applying e *~P;;,. Moreover, a zigzag line will
represent an integration after applying e*tAPiil@wj, as we will see next in (2.3)-(2.4).
In the equations (2.3)-(2.4) we chose light colors of green ¢ and pink - to informally
represent the velocity field u, and dark colors of violet e and gray e to represent the
magnetic field b. Finally, we define u" and b" respectively in (2.6) and (2.7) where
we chose “F” only because it is the final piece such that the sum satisfies the original
system (2.1).

I a I

We proceed as follows. If we temporarily define v; = u; — u; and vT b; bT
and study the equation of Lv¥, then considering that £*,¢8 € C® for a < —% so that

117 511

uI ) bI € C* for a < —3, we see that within the equation of Lv; there are nonlinear terms
—% i =1 77“18%( L I bT b1) which are ill-defined according to Lemma 1.2 (4). This
Y

leads to the equation of Lu,’ in (2.3a) with (2.10b) below and repeating this procedure
also leads to (2.3b), (2.4)-(2.7):

3
Y 1 | DR I A | Y
Lu, :_5.2 PiiyOs, (uj, ouy —b; 0by), u' (-,0)=0, (2.3a)
i1,j=1
3
Y1 | A R I
Lb, :_5.2 PiiyOs, (b, ouy —u; 0by), b’ (-,0)=0, (2.3b)
11,j=1
EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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Lu} S % > Pii, Oa, (uT ouf + uY ouI- — bT ob]\.f - bY o bl-), (2.4a)

i1,5=1

3
1

L =-5 3 Punn, O] o 48, oul —ul 0b —u o), (2.4D)

i1,j=1
u? (-,0) :b\?(-,o) =0, (2.4c)

and finally with initial data of

u®'(-,0) = Pul() — uT (-,0) and b¥'(-,0) = Pb™(-) — bT (-,0) (2.5)

3
1
Lul = — 3 Z Piilawj[ull o(uj-% —I—uf) + (u;{ —l—uf:)oul» —l—ug <>u»Y

By b () + (! + ),

T (b%+bF)—(b%+bF) bT— j{objf

+uf)

Y \%H}F) Y \%+bF) (b:?erf:)(b?erf)}, (2.6)
Lbf = Z Piiy Ou; [b “ (uf +uf )+(b?+bf§><>ul'+b¥<>uf
+bi\{(uf +ul) (bf+b£)+(by+bF)(u? +uf)
—uLo(b?—&—bf)—(uf—&—ui) bT» u“ b\(
fuf (b?+bf) fb:-((uz +ul) - (uf Jruf:)(b? + b)) (2.7)

Remark 2.2. As we agreed to write y = (u, b) for brevity, let us also write

Jed ), ewl o JTawlnh e, es
Let us observe that y\/ ! y
!

in (2.4) using that y ,yy are known, but yF in (2.5)-(2.7) are the unknown. We also point

may be solved in (2.3) using that ' is known, y ' may be solved

out that another important feature of this construction is that u? (,0) =0, u? (,0)=0

but uf'(-,0) = Pum(~)—uT (-,0) so that (uT tul +u? +uf)(-,0) = Pu!®(-), and an analogous
statement for the equation of magnetic field can be made. Finally, let us observe that
lyE 0 le—- S 1ly™C)|le-- + ||yT(- 0)|c-- < 1 by the hypothesis of Theorem 1.3 that
ymreC 7?2z € (27 5 +00), 00 € (0, ) and yT clC¥fora < —3 due to (2.2) being a linear
heat equation so that yT € C~* indeed; this will be crucially used in (2.91).

We now specify that

uI ouj-? :7r<(u;g, I)-i—ﬂ' ( }, 1)+7To<>(u;,u1), (2.9a)
al ouf = o ul) + o () oo o), (2.90)
by ob; =m(b ?, I )+ 7 (b ?, I + 70,0 ( ]\f, I (2.9¢)
EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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bl obf =m (b, b I)+7r>(bf7b1)+7ro’o(bf7b1) (2.94)

blou;g =7<(u ? T )+ s (u ? T )+ o0 (u \?, I, (2.9¢)

blouJF (uj,b1)+7T>( 5 bi) + moe(u f,bl) (2.99

ulobj :7r<(b}:, I )+ 7 (b }:, I )+ o0 :?:, I (2.99)
qubf:w<(bf, I)+7r>(bf, I)+7ro,<>(bf,ul , (2.9h)

uI Oqu = ulujy, bI ob;-\/ = bIb]\»/, bI <>ujy = qujY’ uI ob;/ = u1b77 (2.10a)
uT oul- :uI E —-C5Y, b <>bI :bIbE ~ G5y, uT <>bE :ulbl ~ G5, (2.10b)
W oul =tlul — e 0w =l u) —cgin ob =0 6! 5, 2100
byoujY = i\/ujy - C5Y, uf ob]\-( :uiY b;f —-C5, (2.10d)

and finally,

oo ) = ot )~ 59, ol ) =minl ) —cpp. @i
0,0 (u F,l ) = mo(u F,E —-Cyy, w \?: E ) = mo(b “? E —crys (2.11b)

we postpone specific description of the constants; e.g., C’ v Cy's " and COY 3 are given in
(3.3), (5.7) and (3.55), respectively. Now we consider the followmg equations

LK;‘:uTi, K"(0)=0 and LKf’:bI, K{(0)=0

(2.12)
and define <>(u uT) of (2.9b) as follows:
7T0,<>( zF> j 7"'O<> Z 73“17T< %—f—u“,@z“Ku) T)
i1,Jj1=1
3
+ 70,0( Z n17T<(“j ]1’ Ty 21) )
i1,j1=1
3
¥ N
+ Z o 7)”17T< m“( —}—u“) K )’ j)
i1,j1=1
+ Z 7T0( 2117T<( Ijl(uﬁ +ujl)v il)auj)
i1,J1=1
- o w
—To,o( Z ,Piil7T<(bi1 +bzl’a%1K1) )
11,J1=1
3
_7TO,<>( Z ,Pii17T<(b;§:+bJF1’a%1Klbl) T)
i1,j1=1
3
Z o P1117T< Tjq (bz\l? + bZFl)’K;1)7uI)
i1,J1=1
3
) T k] T
7T0(,Pnl7r<(a:rjl (bjl +bj1)aKi1) )) +7T0(uz’uj) (213)
i1,J1=1

EJP 28 (2023), paper 39.
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where

70,0(Piiy T (u ?Jru“,a K} ),u !

(;{

=70 (Pii, m< (u

;) (2.14a)
zpawle]ul) T) _71-0( ( ? +u217P1118xJ1K;L1) T)
+ mo( ! P&K“T—?FPGK“T

0 7T<( +’LL21, i1 Y, ) ) (uil +ui1)7r0( i1 Yz gy ])
+ (UE +u£)7r0,<>(7)”18m71 K;Lla E)
7T0,<>(7)ii17r<(b\?:+b£78x“Kb) T) (2.14b)
Piiy 0a, K3, T)
)ul.)—(b:f:erf) o(Pis, 0, Kb u !

Tjp " 10 J)
+(bf+b5)ﬁ0,omha Kb u !

Zjq g1 ])

ZWO(Pii1W<(bY+bF8 Kb) T)—Wo(w<(b¥+bF

117 F T 117

—|—’/T0( (b\?:+biypzzlaz

J1?

We also define a paracontrolled ansatz of

3
Z i1 O, [ (u ?+ull,K“)+7r<(u} +ull K

11,71

I\D\H

—7r<(b\?:+bF Kb)—7r<(b\?:+bfl,Kf’1)]+ ut; (2.15)

717

additionally, we define

70,0 (Pis, Oz, K T)— 0(Piiy O, K u L) 70,0 (Piiy O, K T) 70 (Pii, Or, K, T)

J7 J2 217 J2 117 j2

770,0(7)2118 Kb T) (Pzzla K UT) 770,0(7)2118 bila L) (Pzzla Kb T)

77 12 Jr g2 117 32

Similarly we may define 7o (b, b T) of (2.9d) as follows:

RS
! ? by gl
7T07<>(bz 7b]> 7TO<> Z P2117T< +U“,az“K ) b )
i1,51=1

3
+7TO,O( Z Pi’b'17T<(uj\? JlﬂaiEanl) bT)

11,51=1

7T()(Ipiil7-r< (696_7‘1 (uz + Ui), Kjb'l)a bI)

1

\
w E'Mw
Il

+ 7TO(,PZ"L'17T< (a (U;{ + uﬁ)’Kfl)’bI)

Ty
i1,j1=1

3
+700( Y Pii1w<(b%+bp Oy, K™), bT)

i1 117 V%517
i1,J1=1
5 4 !
F u
_770,0( Pii17r<<bj1 +b]176$31K21> b )
i1,j1=1

3
—|— Z 7T0(Pii17T< (amjl (b:lé + bi)a Kju1)7 bl)

11,51=1

EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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3
S o Parc(0n (0] 105 K0 ) i) 216)
i1,j1=1

where 7r0<>(7?”17r<(u? +uf .0 Kb )5 bT) is identical to 7r0<>(P”17T<(u? —|—u“,aLJIK“) T)

117 U4

n (2.14a) except with u; replaced by bl. and K7, replaced by Kjl?1 while 7o o (Pis, < (b, +

0w, Kb uT) in (2.14b) with ol re-

919 YTy )’ J J

b, 0x, K3, bT) is defined as 7r0<>(7?“17r<(b\? +bF

11 7T,

placed by bl- and K; ’-’ replaced by K7 . We also define a paracontrolled ansatz of

bf:—— Z 73“18%[ m<(u E —|—u“,Kb)—|—7r<(u?

11,j1=1

FOK?D)

Jl’

+7r<(b\?:+bp K“)—7r<(b\§+bi,Kzul)}+b§; (2.17)

217

additionally we define

70,0(Piiy O, K T)éwo(mla JKSb L), 70,0 (Piiy O, K? T) 70(Piiy Ou, K7 T)

77 Jz 117 Jz 217 Jz

7T0,<>(’Pula K T)ﬁﬂo(lpﬂla KD

J’J2

T )’ 7r070(73“18 Ku T )ﬁWO(,Pula Ku T )

77 J2 117 J2 117 J2
Remark 2.3. This step is absolutely crucial and even following the case of the NSE in
[70], particularly the signs of the four terms within (2.17) are not clear at first sight. We
chose (2.17) in order to make the proof work, particularly bearing in mind the crucial
steps at (2.7), (2.36), and (2.16).

For g o (ul ,bl) of (2.99), it is essentially identical to mg . (ul, uI) in (2.13) with “I

replaced by bE because u!” has already been defined in (2.15). We leave details here for
completeness:

71-0,0( f7bl) 7T0<> Z P1117T< \? +UZ1,6 Ku) bT)

Tj1
i1,j1=1

3
+ 700l Y Pii1w<(u;g +ul 0., K, bT)

Ty
i1,51=1

3
+ Z 7o (Piiy, m<( x“( \g_'_u“) Ku) bT

11,51=1

)
3
+ o (Piiy T< (O, (u;{ +uﬁ),K§‘1),bE)

0,0 2117T<( —|—bzl,6 K ) b )

i1,J1=1 "
3
—7o0( Y Pii1w<(b\-?:+bF Op, KP), bT)

J1 J1? T x5
i1,j1=1

3
> mo(Piiym< (s, (b:? + 1), KG,): bb

i1,j1=1
3
(P 70y 5+ 850, K2),81)) 4wt o)
i1,j1=1
EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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0 K“)bT)151dentlcalt0FOQ(PHNQ(U?+u11,8 K3, T)

117 %Gy Ty

where g o (Pis, m< (u;) % +ul

!

in (2.14a) only with u;

; replaced by bT-, and similarly 7r070(7?ii17r<(b\?: +bf,0,, K?), bT)

117 7 x5y

(b\?: +0f,0,, K}, uT) in (2.14b) with uI replaced by bl». For

is defined as mg (P, < i s O

m0.0(bF, E) of (2.9h), it is also identical to g (b, bl) with bE replaced by uE, which is
automatic because we already defined b!" in (2.17). Now from (2.12), for all § € [0, 4] we
may compute

t -3
IKEOll s S [ (t_smiuI G, s gds S swp el ()], 4 gt%,  (218a)
0 ¢ s€[0,1] ¢z
b ! T T 8
1K@ S [ €= T,y gds S sup ()], 3 1! @18
0 ¢ s€[0,1] crzmz
by (2.12) and Lemma 5.3. We fix
0<(5<50/\1_32§0Al_z/\(2z—1). (2.19)
Let us assume that
uT bI € C([0,T];C"27%), (2.20a)
uTouE blobl-, uT T. bTouT e C([0,T);Cc~'3), (2.20Db)
doul, olob, bT<>uy You cc(o,T:c 4 %), (2.20¢)
f ]Y, \/ob\( Y ujy e C([0,T];¢7°), (2.20d)

?T To.0(u J?,I wo,o(b?,ul)EC([O,T];C_‘S), (2.20e)

7T0,<>(uj > Uj )

To0.0(Pi, O, K uT ), Tow(Pin 0, K2 ul ), 0.0(Pray0a, K2l ),

Jo J° Jl

70,0(Piiy O, KV T) 70,0(Piiy O, K T) 70,0(Piiy Ou, K" T)

217 Jl 77 J1 217 J1
70,0 (Piiy Ox K]b, Il), 70,0(Piiy Ox Kfl, El) e C([0,T];C¢™°) (2.20f)

for all 4, j,i1, j1 € {1,2,3} so that we may define a finite number of

C¢ é ZH uI,bI ”C*"* + Z II( uT <>uT bT <>bT uT <>bT bT ouT)(t)Hc,l,%

3,7=1

+ ZH (u; <>u ob\( B OU_Y b\(wb

j Vi 5 29 ”c—%—g
4,j=1
3
+ Z ||(uly ouj-y,byob;(,bzyoujy)ﬂcfa
i,j:l
3 Nt ) et 8wt ), el Dles
1,7=1
+ Z 7700 (Piiy O K]u7 Il) 770,0(7)1118 Kzul’ Il)
1,11,5,J1=1
Piiy 0n, Kb\ u ! Piiy 0n, K2 s u !
7r0,<>( 101 js jl) 7T0,<>( it Q1) jl))HC";
EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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+ Z 7TO<> Pzzla KJ 7bL) 770,0(731118 K;Ui’ Il)

,81,5,J1=1

70,0(Piiy O, K T)wo,o(mla JKP b L))HC 5]; (2.21)

77 Jl

let us write C¢ in case ¢ = 0. We mention in particular the inclusion of the last two
summations in (2.21) will be crucial in (2.55) and (2.58d). Now from (2.3) we see that

t -9
ap 6 0 )Bes S 3 sup /(t—sr 2
0

te[0,T] i = 1 t€[0,T]
x ||(uT oul,b!lobl, Loul,ullobT)Hc,I,gngch% (2.22)

by Lemmas 5.4 and 5.3, (2.19) and (2.21). Similarly from (2.4), by relying on Lemma 5.3,
(2.19) and (2.21) we may compute

7 oy

sup ||(u;’ ,b; s
te[0,T]
3
< Z ||(u11<>ujy,u§ o U b b\(, ?{ob
i1,5=1
e YooY ' e I
bi b;, <>u u Loby <>b )HC([OT]C,,,f) (t—s)" "2 ds S CeT,

and therefore

Y *
1y Nleqorye-s) + 1y oo met-2) S CeTH. (2.23)
Next, from (2.5)-(2.7), we may compute
sup i Sl o) Moy-s0 S It +17 (2.24)
te[0,T]
for
1 -6p+z )
2 sup EE Ry — O, (2.250)
t€[0,T)
-6
I2 2 sup e Z /||Pt gu o ?+u§“)+(u:{ +u£)<>u£ (2.25b)
te[0,T] =1
—l—ugoujY —I—UX(U;?—&—uj Y ?—&—u o
+ (u E +ui)(u} +UJF)7[)I] (b\-?:erF)f(b#?:erf:)obE
Yob\/ Y \?+bF) Y \?erF) (b;?erfI)(b?erf),
bT o(u]-? +ul) + (b\?:+bF)<>uT +bY Y
+b;\{(u; +uf) Jrujy (b?+b£)+ (l:?:-i-bF)(u-? +ul)
—uIl o(b;é—i—bf) — (uf —&—ui)obl UZ obi\f
) 8y -0 ) = )0 s
EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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by Lemma 5.4 where it is immediate that we may estimate for e € (0, 1) fixed,

1 _50-2 (L _s5y+
IS sup T T g+l 8D O))e) <1
te(0,T]

due to Lemma 5.3, (2.19) and Remark 2.2. Thus, we now focus on I%. First we may
estimate also for e € (0, 1) fixed,

— /||Pt S0 0wy ds
te[0,7]
776 +z ( +6)
< sup 17 /(t—s) G2 o evds <1 (2.26)
t€[0,T] 0

by Lemma 5.3, (2.19) and (2.20d). Second, e.g., we may also estimate

sup 1 /||Pt SED) g o s
te[0,T]

< — _ F
t;‘é‘}]t / (= )l oo IBF 3o s

50

2R 2
S( sup t ly™ (Ol p1-50)"T
te[0,T]

L+60—2
2

<1 (2.27)

by Lemma 5.3 and Lemma 1.2 (4). Similar computations on other terms in I% of (2.24)
show that for all ¢ € (0,1) fixed, there exists a maximal existence time 7. > 0 and
(uf',bF) € C([0,T.); C2~%) such that (u¥, bF) satisfies (2.5)~(2.7) and

-6+ ”
sup t7 2 [ly" () 15, = +o0. (2.28)
te[0,T.)
Now we set
§<B< +20 1<1 20 (2.29)
2 i 259 :

and realize that in the computation of (2.27), we could have instead estimated

B+z ¢ +[+o
/ 1P (B3 s (t =)Ly 671y sy ds
0
%4-50—; —50+= 2
St St[lp]s O] FE (2.30)
s€(0,t

by Lemma 5.3, (2.29), (2.19) and Lemma 1.2 (4). Thus, similar computations on other
terms in I} and 72 of (2.24) lead to

v*f

Ol 345 SO Ny™ llc- z,y Y

L+480-2 2
17T sup st ||yF () 0330 (2.31)

s€[0,t]

for all ¢ € (0,7.). This shows that (u?,b?)(t) € C2*# for all ¢ € (0,7.) due to (2.28). This
leads us to the next estimate of

Wl + 15513

EJP 28 (2023), paper 39. https://www.imstat.org/ejp
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- ¥ " Y I
Z ||7Dii1893j1 [7T<( +u117K )+7T<( +u31’ il)]Hc%—é

i1,J1=1

+ [ Piiy O, [ (\?+bF K")+vr<(b%+bF Koy + 1113

i1 117 g1’ 657
P.. O ? Kb \? Kb
+ || 111 Zjq [ ( Zl + u217 ) + T< (u] ]17 )]” *5
+ | Pii, Ou;, [0 (\?erﬁ,Ku) _7r<(b\é+bfl,K“)H|czé T Hbﬁ”ci* (2.32)

by the paracontrolled ansatz (2.15) and (2.17). First, we may estimate

Py O, [m< (1 ?+u117Ku)+77<(uj?

J1

Killlgy-s

]1’ c2~

Sl + K2y + )+l Wl K2y 2:33)
1Piiy B <y+b£,Kb>+7r<<b\f+b£,Kb>]|| -
sbﬁbf“ucw |Cga+||b?+chmn s s, (2.33b)

by Lemma 5.4, Lemma 1.2 (1), and (1.2). Similar estimates may be deduced for

”’Piilaacjl[ ( % + ul’ Kb ) + 7r<(uj\?

i1

o K3 s

]1’ c2~

||Pulaz [ (\?‘i’bF K“)*W<(b\?+bl’j Ku)]H %,5.

J1 217 J1?
Moreover, we have C2 18 < €29 by (2.29). Therefore, we obtain

IIuFIICTs + IIbFII yos S )30 (2.34)

Z 1wy +Ui, :1?:+bf:, uj, + uj, \?:erF)C;aOII(K“ K3 o3

Jl’ ]1 217 c2
i1,J1=1

Now we obtain from (2.15)

3
Luf:—% Z Piiy Ou [ < (u ?‘FUF UT)+7T>( \?-FUF uT)

7T J T
i1,j=1

! I

+7T07<>( j ’ 11)+7r0<>(uf7u11)
Fol

+71'<(?+u1, J)+,/T>(\? I3 T \? T F T)

+U1, J)+7TO<>(U1? ])+7r00( 41 j
0 U

Yo Vil

F F F
+u; i)+ (ug, +ug)(uy +uy)

— e (b\?:—l—bf,bl)—w (b\?:erf,bz ) — To.0(b ? T —wo,o(bf,bll)
(b\?erF bT)— (b\?erF b

I
117 Y] i1 j)_ﬂ—o<> i1 j _WO’O(bi’bJ)

\{.ob\{. Y \?+bF) Y \?erF) (b?+bf)(b}z+bf)}

b4 Y !
+: Z Pii (O, < (Llusy +ud), Kj) + me(uy, +uif, ;)
i1,j=1
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e ) K 4 ) a0 K

ARG

—7r<(b\? + b bT) 7r<(L(b\f +b5),K?) —7r<(b;f +bf,b11)

117 7] J
=21 (V(u; % +uf ), VK}) —2W<(V(uj +uf), VK})
+%4w¥+@»w@+%4w$+@mw¢m

where we used (2.12), that L = 9, — A, (2.6), (2.9a)-(2.9d). We make a crucial observation
that we can cancel out

(u ?+uf§, E) <(u ?+uF uT) (b\?+bf,b[1 (b\ﬁerﬁ,bE)

G Wiy ) and 7«

T<

to deduce

70

3
1
Lu?:—5 Z Piiy O, [ (u ?—i—uF uT )+ mo,0(u ;g, Il)+7T0<>(Uf,UL)

i1,j=1

(g +uf )+ ool ul) 4 moo(ul o)
\( Y-Fu;\{ ? l-’)—l—u\-((ui1 +uF)+(uE —i—ui)(u}—kuf)

(b\f-i-be) \?T bFT)

— > 3 Vi _7T<>J711 _7TO,<><j77,1

77r>(b\;:+bF b)) — mo.0(b \;: T ) — 70,0 (bE bT)

\{.ob\{. Y \?+bF) Y \?+bF) (b?erﬁ)(berbf)
—m<(L(u ?+u 0K = me(L(u ?+u )KL
+ m(L(bf +0F), KD + m(L(b? +0), K?)
+ 27 (V (u;, ! +up), VK}) +27r<(V(uj +ul), VK}!)
- 27r<(V(b:f: +b5), VK?Y) — 27r<(V(b? +0F), VKD )]) £ ¢b. (2.35)

Similarly we can compute

Lb?z—% 23: Piiy O, [m< (u %+u],b11)+7r>( ?+uj J)Il)

i1,j=1
+ 7o O(Uj? ; bL) + 70,0 (Ul bL)
brco] +oEad) 4] 40 )+ a0 )
—I—byouy—l—by u? +u) —I—uy b?+bf) (bYerﬁ)(u? +ul)
S Y 0 S Y. SN G T
et +uf ) = ] )~ w8 = oo ]
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—ui\{ obj\-{. —ui\{(b? +bf) —b;{.(u;{ +ul

i1

) - <u\g +u£>(b?+b5>]
P LS Pt (Ll uf) KD — (] 2]

i1 Vg
i1,j=1

+ < (L(u %+u KD + 7 (u \?+u bT)+7r<(L(by+bF),Kj"-‘)

0 Vi

+7r<(b? bE T)fm(L(b?Mf),K;‘)fm(b\?: bt T)

117 ] 37 11
ome (Y ), VEY) — 2m (V) +ul),VED)
- 27r<(V(b:? +b;), VK}) + 27T<(V(b;?: +b5), VK]

by (2.17), that L = 9; — A, (2.12), (2.7), (2.9e)-(2.9h). Again we cancel out

?—i—u ), (b? bl (b:?: bl !

( j Vi Jo 11)7T< i1 Uy

+ull bT)

)and7r<( 10 Y7

and obtain

3
Lblji :—% Z Piilawj[w>(u? F T )+7TO<> % T +7T0’<>(’u,§7 bT )

J’ 7/1 j ’ 11 L5
i1,j=1

(b}: bl I)+7ro<> \?: E + 0.0 (bF T)

117 ]

+b;{<>u;/+b;{(u;? uf) Y F+b£)+(b§?+bﬁ)(uf+
—7r>(b}:+bf, I) \?: T b T.)

ul _7T0<> 7 11 _WO,O(j)uzl
—7T>( ?

Pyl e
RS R 7 IRV G GRS

+ 7

Al
+'Uz21, j) '/TOO( Ui s ] 7T0’<>(’LL“, ])
U ) (T

+ 7 (L(u ?+u D) KG) = me(L ? +uf ), K7,

+ uf:)(b? +01)
- 7r<(L(b;? +05),K)) + 7T<(L(b\? +b7),K})

- 27r<(V(u;? ). VEK?) + 27T<(V(u;? +ul),VK})

+ 27r<(V(bz; +0F), VKY) - 27r<(V(b? +01), VEL)] 2 ¢t (2.36)

2.2 Renormalizations
In contrast to the NSE, we not only have to define mg(u?’, uT) but also (b bT ),

R
mo(uf’ bT), and 7o (bF T) First,

177 1 j
F T 1 3 ? u T
o (u; ,Uj) = ) Z 71'0(’P”17r<( + u“,a%Kﬁ) ) (2.37)
11,j1=1
1< A
_5 7T0(P¢i171'<(uj jl,aa;“KZLl) )
i1,J1=1
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3
% Z 7o (Piiy < (b \%—ka 9y KU uT)

110 TG00/ )

!

%Z oPamett 15,0, K8).1])

3
1 u
Y o Pamelon, ] +ul), K)ol

i1,j1=1

3
1 wy 1
_5 Z 7T0(Pii171'<(azjl(u]f+’LLJFI),KZ-1)7UJ-)
i1,51=1
3
1 !
+§ Z ,’TO(’Piilﬂ<(anl(b:1?:+b5)7Kgl?1)vuj)
i1,51=1
3
1 ! !
+§ Z WO(Pii17r<(a1jl(b;§:+bjF1)7K7?1)7uj)+7r0(ugvuj)
i1,j1=1

by (2.15) and Leibniz rule. Similarly,
Pl Y ..
(b} b;) =3 > wo(Pime(uy, +ufl,0x, K2, b)) (2.38)

7 0 j
11,j1=1

3
Z 70(731@17F<(U} ]1,5’3:“bil) bT)

i1,J1=1

N | =

[t

3
- = Z 770(73%17r<(b\§+b£,6 Ku) bT)

Tj1 " 1

[\)

i1,J1=1

T 0

1 > \% F u T
—I—iimzl::lﬂo(ﬂiﬂk(b + 05,0z, Ki), ;)

1< \? by gl
+3 Z 70(Piiy T< (O, (wiy +u; ) K3,),b5)

i1,j1=1

3
1
_5 Z WO(”PMIW<(3%.1(U§ +U£)7bil)7bl)

i1,51=1
3

-5 Z WO(Pii17r<(az_jl (b;?: + bi)vK]ul)vbl)

1 u
+ 9 Z 70 (Pii T< (a;, (b;f + bjfj)v K;), bI) + WO(bfa bI)
i1,J1=1

by (2.17) and Leibniz rule. We can define mo(ul’ 7le) and mo(bF, T) similarly. We only

consider the first four terms in 7o (uf’, I) of (2.37) and o (bf", bl) of (2.38) as other terms

are similar. For the first term in 7 (uZF , uI) of (2.37) we write

7o (Piiy < (u ?JFUW@ K}), T)ZWO(Pimk( E +ul, 00, K u

Ty Ty )

uj)+7r0(7r<( f +u“,’P”1(’“) K} ),u

Tj1

!

ol +uf Py, K2, T

Ty

i)
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- (uf + ui)wo(ﬂilamjl Kj”l,ul») + (uf + Ui)ﬁo(Pmaxh K, uE), (2.39)

for the second term in mo(ul’, ul) of (2.37) we write

( E +u£,6 K“),uT») :FO(Piilﬂ'<(Uj\§ +u£’8$j1Kiu1)’“I‘>

7o (Pii, m< (u s, Ky ), U
7T0(7T<(’LLJ-1 + ujlv 1Yz il)a uj) + 7T0(7T<(Uj1 + ujlv 111 YV, il)vuj)
- (uz + ujﬁ)Wo(Piil@zleﬁvu;) + (uz +uf )70 (Piiy Oy, Kﬁ,uﬁ), (2.40)
for the third term in mq(u?", uE) of (2.37) we write
o (Pisy T< (b:? + biv D, KJbl)’ UE) = mo(Piiy T< (b:f: + bﬁ’aﬂﬁjl KJl?l)’ uE)
- 7T0(7T<(b:? + bi,?’malel(;-’l),ul) + 7T0(7T<(b:? + bi,Pnl@%Kfl),uE)
- (b;f + b, )wO(Piila%K;z,uI») + (b;f + b£>w0<7>iila%K517uE), (2.41)

and for the fourth term in mo(u;", u;) of (2.37) we write

770(79“177<(b;?f + bfl,a%K;’l), uI») = o (Pii, < (bz: + bfl , 8%1(5’1), uE)

- 7T0(7r< (b;? + b£7piilale bil>7 UI) + 7T()(7T< (b;f + bjF;7Piilawj1 Kzi)? UI)
I

- (b\f + b5 )0 (Pii, Oa, Kfl,ul) + (b;f + b} )70 (Piiy Oy, K7 S uy). (2.42)

J1

Similarly we can write the first four terms of mo(bf ,bE). For the convergence of
wo(Pn‘l@wle;ﬁ,uE), 70(Piiy Ox;, Kﬁ,ug), 7r0(7?ii18$lej’.’1,uE-), wo(Piila%Kfl,uI-) as e — 0,

we need to do renormalization. We now estimate

|‘7T070(Pii17r<(ui\1? +u5aaleK%)»UE)”C—5
<H7r (P ( ? F 0. KU T _ ? F P.. 0. KY T
SHmo(Paay e (U, + Uy, oy, jl)vuj) 770(7T<(Ui1 + Uy, Piiy Oy, jl)auj)”C*‘s

K )les

wy o]
+ [|mo(m< (u;g g, Piiy Oy K5 ouy) — (ug, +ui )mo(Piiy O, K
+ ||(UE + Uﬁ)ﬂo,o(PmamhK}‘lauE)HH (2.43)
by (2.14b). For
L3 (2.44)

< - _ =
5_60<2 5

we may firstly estimate
I !
170 (Piiy < (U:{ +up, 0p, Ki ) uy) — mo(me (ugy, + iy, Piiy Oy, K34 ), 1) || -5

SIPiiy < (u? +up, O, KJ) — 7r<(UE +ufl, Piiy Oy, K ) ler-s-so lugll -3 -
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¥ !
Slhusy, + i g0 G oz sllugll 3 (2.45)

by linearity of my(f,-), that —¢ < % — 376 — 0p due to (2.44), (1.2), Lemma 1.2 (3) and

Lemma 5.2. Second, we may estimate

uy 1 w T
H7T0(7T<(UE + Uivpiilaz_nKjl)auj) - (UE JFuﬁ)WO(Piilazh Kjlauj)”(f"s

¥ !
Slhust +uE Ny —so 3oty (2.46)

where we used that —§ < % — % — 0p due to (2.44), Lemmas 5.1 and 5.4.

Remark 2.4. Let us emphasize that this estimate (2.46) seems very difficult, if not
impossible, without relying on the commutator estimate Lemma 5.1, e.g., by utilizing
only Lemma 1.2.

Third, we also estimate

| (u? +uf )00 (Piiy Ouy, K, uz- e~

Tj1

K uT)||c_5 (2.47)

Slhugy, + i1,y s 170,06 (Piiy i

71 Zjq Ji?

by Lemma 1.2 (4), (2.19) and (2.44). Applying (2.45)-(2.47) to (2.43) implies

Vs

1 Y 1
o0 (Pa ey, +ull, 0y K2 uplles < . +ulll g s KN sl 5 g

i1 3

+ Huf -l—ufHC%,JOHﬂ'O’Q('PZ‘iI(Q) KY ’U,T)Hcfs. (2.48)

1 T g1 g

Similarly we can deduce

Nz by 1 Y b !
0.0 (Pisy e by +bE, 8y, K2, up)le-s S b + B 1y 50 1K o3 s 1y

-3
c 2

+ Hb;?: + bi HC%,JO ||7r070(7>ii18r_7.1 Kb UT)HCfa, (2.49)

Ji’ 7

as well as

¥ ! ¥ !
00 (P el +ull 0y K2) 0 es St +ulll s so K2z s 8511,y

Ti1 7 0 2
¥

(21

70,0 (Pii, On, K2 bTA)||H, (2.50a)

+||u +ui” Tj1=77J10

1
cz %

||7T0)<>(’Pii1ﬂ'<(b? + bF 0,

11 11 Ty

ey o] ¥ . !
K205 s < lbsy + b5 g —so 1K aos 05,3 g
!

+||b:?+bf||c%750||770,<>(7’¢i18 Kj b

1 Tjp 10 Yy

Me-s.  (2.50b)

This leads to

3
! j u !
Imo.0(uf s u)lle—s S Y (g +wfill oy K5 g —sllull -y (2.51)

2
11,j1=1

I
+ IIUE il 350 10,0 (Piiy Oy, K, ) lle-s

1 ZTj1 g
j !
+ [luy, +ul ll o250 [170,0(Piiy Ou ) Ky u )l e

Tjp
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0B+ By 1 N ol y g

!
""_Hb?"’_bFHc**JoHﬂ—O <>(Ip“laﬂﬂnKval’ J)HC ®

I
+ ||b:1? + bi Hc%*‘so ||7TO’<>(,P”16$J1 Kll » Uj )HCH;)

3
+ Z ||7TO PZ7/17T<(6$]1( z +u11) Ku)qu)HC_‘s

i1,J1=1

+ mo(Pas e (B, () 4 ), K2 )l es

’

6 400 K)ol o

J177°77

+ [|7o (Pis, m< (O

Tjy

+||7T0(,Pii17r<(awjl(b.\?:+bF) K}) T)Hc s + |mo(uf, l)llc s

’ ]

by (2.13), (2.48) and (2.49). We may further estimate firstly within (2.51),

(o, +0

I0(Pan < (0, (s +4F ), K ) u s + o (Prsy (D FY K ) los

Tj1

(b;? + 5,0, K3, Do

()

(b:? + bi)vKgl?l)’uE)HC*J + H7r0(737:7;17r<(8$j1
()

U 1 + u‘i)HC7%7<§U ||K’Lu1 ||C%*50

+ (|70 (Piiy m< (O

L1

<00, Ny 1K s + 1,

s

+ [0, (b \?+bF)II 350 1K g —s + 110w, (B \é+bF)II .

HC ZlHCQ*‘SO)
!
il —y-3 S CE+ (Il oy a0 + 16711 1350 )CE (2.52)
by Lemma 1.2 (3) as % — 0y — 2 5 ~ 0 due to (2.44), Lemma 5.4, Lemma 1.2 (2), (2.19),

(1.2), (2.18), (2.21) and (2.23). Second within (2.51) we may estimate

ul I
o (uf, wy)lle-s S Nkl gy oo llugll -y -5 S ludll g sCe (2.53)

2

as 8 > g due to (2.29), Lemma 1.2 (3) and (2.21). Third, within (2.51) we may estimate

Jad a0y I gl g
+ Hb\? 00 1| 15 1K | HUT [ SCEH Wl Ly CE (2.54)
i cz-9% c3-s 33 ~ e TIY ligi-s Ce :

by (2.44), (2.18), (2.21) and (2.23). Fourth, within (2.51) we estimate

il

u;, + uf: ||c%,50 ||7T0,<>(Pii181le;ll , uE)Hcﬂs (2.55)

Y o
+ ||Uj1 +UJI'ZHC%—SO||7TO,<>(P1118I11K1H1’ J)HC °

7 1

+ ||bz + bFHCE,sD ||7TO O(Pulaa:“ I(_;;lauj)HC_‘S

v

+01bs, b7 1,3 s 10,0 (Piiy Oy, K7, I)Ilc 5 SCZ+1+y" Nl g0 (CE+1)

by (2.44), (2.21) and (2.23). Therefore, by applying (2.52)-(2.55) in (2.51) we obtain

I
17,0 (ui”, 15 )lle-s S CF 4 ly" Nl 3 -0 (CZ + 1) + [[wf[| 1315 Ce + 1. (2.56)
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Similarly;,

3
! ¥ !
oo ®F W) les £ 37 (sl -+l y s 1% I g—s 0]
i1,j1=1

j

+ flui, + ui”c%—fio 70,6 (Pis, O

Tj1
!
+ ||u;1g +uf1|\c%_5o||770,o(791113 K}, lle-s

Tjp T ri10 Vg

(2.57)

lo-1-32
C 272

K ) s

1
K g aloy 3 s

2

+ ||b:?+bf

15|
1 HC5_60

e Iy oo (Poty D B2 e

Zjq J1°

) Uy 00 (Prin Dy, K26 e

Tjp T ri10 Vg
° Ve ey ]
+ Z 170 (Piiy m< (Ox;, (wyy + g ), K5 ), b5)lle—s
i1,j1=1

+ ||7T0(7Dii17r< (awjl (uz + qul)a bil)v bT)HC“s

J

G 0 K0

i1 J

+ (|70 (Piiy m< (O

Ty

+ 7m0 (Pii, 7< (0, (bf +b7,), K7L, bT)H—zs + [lmo (b, bI-)IIc—s

J
by (2.16), (2.50a) and (2.50b), where tracing previous inequalities (2.52)-(2.55), we see
that

70 (Piiy 7< (O, (uz +ui),K§1),bE)HC% + 170 (Piiy < (9a, (uz +U£)7Kf’1)7bl)l|c—é
+ [l (Pii, < (0 (by+bf:)7K}§)7bT)llc—é

Tjp\"11 J

!
(ba\af +05), K3 ) b le-s S C2 + Iy |

+ |70 (Piiy < (Oa, Jaerd (2.58a)
(8, B lle—s S 1813+ Ce, (2.58b)
? F b
flu;, +uhHC%féo||Kj1||6%76||bj||67%7%
v T
0105y 05 g a0 I g s 1051l — 35 S CE+ (@™, 67)] g5, CE, (2.58¢)

j

||ui1

+u£” : 50”770,0(7)“‘18 Z

!
ch- 25, Me-s + g, + g llog s 1700 (Pisy Oay, K7y, b5)lc-5

Tjp T Vg

byl
K?.b

177]

+||b?f+bf||c%ﬂso||770,<>(7’ii18 K3 bT)||cf<S

1 Ty g0 Yy
+IIbJ\'?+bﬁllcéfsollm,o<%8 Kzi,dellcfa§C§’+1+|IyF||C%,50(C§+1)- (2.58d)

Ty

Thus, by applying (2.58a)-(2.58d) to (2.57) we obtain
0.0 5B llc—s S O3+ ¥ o0 (C2 + 1) + 9]y 1 Ci + 1 (2.59)

and similar estimates for || o (ul’, bl»)HCﬂs and H7r0,<>(bf,ul»)\|cfa follow.
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Next, by (2.4)-(2.7), (2.9a)-(2.9h), we see that

IIL(U? +uf )5 (2.60)

2

—||” Z Piiy O, s,

11,5=1

= —e m\ov

Y ) TfTob bY

<>uj i1

+ 7 (u ?-i-uF uT)—l—?ro,o(u}, 11)—1—77 (u ?-i-uF uT)—i—ﬂoO(uf,uL)
RTINS QW Y S o0

—l—u;\{ou;\{.—i— .\/ ? F)—l—u\»{.(uz—&—ui)—i—(u:{—i—ui)(u}—i—uf)

+ T (u

—7T<(b\?:+be1)—7r 0.0( \?: Tl —w>(by+bf,b11)—wo,o(bf,bll)
(b\fﬁ—bF \f T (b\P:erF bl ) — mo,0(b], bT)

117 ] WOO i1 J 1177 117 7]

—b;{. Y \?:+bF) Y \?:+bF) (bZ:eri)(b}:%—bf)]H s s

— <

C 272

and

IIL(bYerF)II _ (2.61)

3_
2

S
_||_7 Z 7?“1896] I 'J\( +b;, ouy —uT ob; ;{.obT

1
i1,5=1

ey +uf )+ moou, BL) + sl + a8+ oo o)

117 ]

+by<>uy+by ? ul’) Y Y+bF)+(bY+bi)(u?+uF)

+7T<(b\?+b£, E)+7TO<> :?, E —|—7T>(.\?+bF T)+7r0<>(blF1, I)

(b\f—‘y—bF T \? T —7T>(b\f+bF T)—ﬂ'o’Q(bF T)

J’ll_ﬂ-oj"bl j o Wiy j o Wiy
— e (uy,

—ui\{obj —u;\{(b:-?—kbf)—bj (u;g +uf‘;)—(u? +uF)(b\f+bF)|| 3

— T<

!
+uz 7b_7)77r 0 ’L 5 _7 — > z? 1)771-070(’“1'1’ 7
11 21 J J c 2~

8.
2
First, within (2.60)-(2.61) we may estimate

Y .Y, TbTob\/ Yob

”Piilax](u <>u] Uy Uy, 0y J ) 11

o oul b0 o bl Yob M ,-z-

5
11 j’ll ]"Ll ]’Zl 272

Ce (2.62)
by Lemma 5.4 and (2.21). Second, within (2.60)-(2.61) we may estimate

||,Pii18xj[ﬂ-<( ?_‘_uf’uL)—"_ﬂ- ( ?"i'ufauL)

+ 7 (u ?+uF T>+w>( ?Mf}, E)

117 J

—7r<(b\f+bF bT )—7T>(b\f—‘er bT

J 71 J711)
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(b\?—%bF bT)— (b\erbF T)]||C,,,,

+ [|Pis, O, [ (1 %—l—u] ,bIl)+7r>( ?+uj ,bL)
+7T<(b.»\§ by, E)+7r>(b\f by, E)
I T SRS T IN
S 0" R G B

<||(UT T bT T)||67777H( ?-FUF .\é_‘_bF b\%—‘er ?

3 ’Ll’ R 7,1 319 j 7 Vi i1 ] +’U, )Hc,,(go

SCE+1+(1+CHIY"I s (2.63)

05—%
due to Lemma 5.4, that —5 — g < —5 — 0o, Lemma 1.2 (1), Lemma 1.2 (2), (2.21), (2.19)
and (2.23). Third, within (2.60)-(2.61) we may estimate

[ rol [ ol

Piiy O [M0,0(w; g, ) + To0(us s uy ) + oo (ty, ,uy) + 700 (Ui, u;

— T0,0(b; bT)fwo,o(bF b;,) — mo.0(b \?: o] ) — mo,0 (bl , b 1)]||c,3

J J i ’Ll’J 21777
+||77n13xj[7T0,<>(u},b11)+7T0<>(U b ) + 70,0 (b :?, E + 70,0 (b7, T)

3_39
2

j’ 11 11 j
~roalb) ) = moaF ) — Tl 8]) = o (B0 g

§C§’+1+(1+C§)IlyFll 350 + Cell(u®, 09)]] 1345 (2.64)

by Lemma 5.4, that —5 — & < =4, (2.19), (2.59), (2.21) and (2.56). Fourth, within
(2.60)—(2.61) we may estlmate

Hmam]( Lo 0l ot 5 ow) ! ob gy
<" f, \/ b;{', Y u; u;! ob\/ Ye—s < Ce (2.65)
by Lemma 5.4, that —6 > —5 — & (2 19) and (2.21). Fifth, within (2.60)-(2.61) we may
estimate
1Pas 0, (0 (1, + ) (] + ), (g + ) + ), (2.66)

b?{(b? + bf),b;{.(b;? +bf), (b;f + bi)(b? +00),
b\f( 7

1

+uf),u) (b;?: +bf]),(bz: +b£)(u}

+ul),

i <b\»f+bF)7by(uf ) ] +u£)(b~y+b-F)>||

2

LGN SN AT CYRUTON G0 G (YN Y.

N||( Uiy U5 117 ] g T 11077 ] 7n )HC%*EO

I R I G Ea et SR

1’11 1’J R

where we used Lemma 5.4, that —5 — g < -4, (2.44), Lemma 1.2 (4) and (2.23). Applying
(2.62)—(2.66) to (2.60) and (2.61) shows that

+ ||( + Iy lIs

cz =%

_3_94
C 272

I\L(u} +uf ) ogos + IIL(b}: +67)]
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SCE+ 14 U+ Oy sy + Cell @t W)y oo + lly" 2. (2.67)

Therefore,

||7T<(L(ui? +uf ), K|, -5 + ||7T<(L(b:§ +67 ), KD -5

(IIL(U? ul )55 + L \? +0)l,

S oI KD
S[Cg + 1+(1+C£)||y .1

+ Cell(u ﬂ,bwc%w Iy BN KD g, (268)

Cé"so 2

by Lemma 1.2 (2) and (2.67). Next, we estimate

||(7r<<V(uf +uj, ),VK;‘L)JR(V(U} +ul), VK}), (2.69)
7r<(V(b;f +bf), VKY), 7T<<V(b\f +05), VK?))llc-2s

+ ||(7s (u ?+uF uT) (?—i-uF T)w>(bY+bF,bT) (b\?:+bF T))HC 25

TS GV ST G0N S GV RS SO S ST

VIRRE) 217 ] g Z1 ll’J
?-i-u u?-l—uFb + o \?:erF

NH( 50 Wiy 110 Y] Jo 11 )Hc%*é

< I K)o+ s 8Dl p)

11’ ]7 217 .7 3

el )], 1+[,+|| ol o,

3711’1’11

+ Z I bl 488wl bl B I KDy )

217 J1 Jl’ ]1
i1,j1=1

by Lemma 1.2 (2), (2.18), (2.21) and (2.34).

2.3 Estimates of ¢** and ¢!
We have

[

e-1-2s (2.70)

3
:||—% Z Piiy O, [ (u ?—i-uF uT)+7r0<> ! T —|—7T0<>(UF uT)

VRN S J’h

rul o Y+u?f? F)+u\.f<uf+ui)+(uf+“5><“}+“f)

(b\f+be ) — To.0( :?: T ) — To,0(bE bT)

-7 J 7 Y
_7T>(b\?:+b£abj)_'”0<> :f:vl WOo(bi,bE)

b bl —bf \me) b’ \?MF) (b?%i)(b?%f)
77T<(L(ui\1? +u£)aKju) 77T<(L(uj? +UJF)’K1U1)
(B0, 0 K 4 e, o) )
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+ 27r<(V(uz + ufl)7 VK}‘) + 27r<(V(uj + uf), VK})

— 27r<(V(b:f +b)), VKY) — 2w<(V(by +b5), VK )]|lc-1-2

by (2.35) and

[ (2.71)
=||—% 23: Pas0n, I )+l 0L+ ooy 0L+ ol L)

in =1

+7T>(b\%—|—b£, E)+7r00 \?: E + 70,0 (bF, l)

+by<>uy+by u;g ul’) \-/ ;?:erF)wL(b:erbi)(u; +uj)

S Y 0 - \g ul) = moo (e )

s ?+u“,bl)*ﬂ0<> ui b)) = moo(uf, 8])

—u;\l{‘ Y \?erF) (u% - (uIJrqu)(bijbf)
+w<(L(uE +ul), K} —mo(L ? ul'), K?)

— 7r<(L(b;f +05), K} + 7T<(L(b:f +b7),K}")
o (V! 4 ) VEY) 4 2m (V| +uf), VEY)
727T<(V(b:? +bf), VK}) — 27r<(V(b?: + bf), VK]l e-1-25

by (2.36). First, we may bound within (2.70)-(2.71),

[P, O, [ Z{( ?+u )+u\(( ?+UF)+(UZ-\1? +uf‘z)(u} +ul)
Y \?—ka) Y \?erF) (b.\fﬁ—bF)(b\?—i-bF)]

llc-1-25

Wl \/ NNt Y RATIN
i1 0 _7 ) 11 ) _7 HC_ ||( +uj 7ul1 ZFl" J bf’ 1 +bF Hcg—ﬁo
+||( +ul,b :f:+bF Mes H( j,b}:MF)II 5
N(1+Cg)[ +[ly" IIC%fsoJrlly [125] (2.72)

by Lemma 5.4, that —2§ < —§, Lemma 1.2 (4), (2.44) and (2.23). Similar computations
show that

1Py Oa, [b\/(u; +ul) + u;((bz: + b)) + (b:f: + bﬁ)(u}

— uj{(b?ﬁ + bf) — b;/(uz + ui) — (uf + ufl)(b;? + bf)]”cqua

SA+COL+ Iy g5 + 7 11Es)- (2.73)

+uf)

Second, we bound within (2.70)-(2.71)

1Puise, (g oy 50 05 Veross < ) o) by 0b, Yemss < C

J’ll J’ll

(2.74)
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by Lemma 5.4 and (2.21). Similarly,

||7D”18T] :{ ;\(, ;\{ Ob.\/ ||C*25 5 C&. (2.75)
Third, we bound within (2.70)-(2.71)

”PZH azj [(ﬂ—>( ?

ol ol ) ()
.

ol VPR ST N
PO W) m (L 4 uF) K e (D, 4 ul) K,

Te (L(b;?: +bf), K;’),w<(L(b}: +01), K?)
r (Vg ), VES), 7o (V(u, +

J
7T<(V(b:? +b}), VKY), b}: +b5), VK )]llc-1-26

<C’E(||(uz,bf)||cz+5+|| o ? W7 \f

J Wiy b5y

uj ), VEG),

Moy
+ Z ! 48,5 408wl +af b Dl I )
i1,j1=1

+[C+1+(1+CP)ly" ||C§_50+C§H(

O ages + Iy 12 < K™ K L3 -5
SO+ OO+ (109 g + 1187 Ny 00+ 17 1] (2.76)
by Lemma 5.4, (1.2), (2.69), (2.68), (2.18), (2.21) and (2.23). Similarly we bound

TR AN G RS (PRI SRS G B
i +uf ) me (L +

1

T ui),Kf)77T<(L( ?

+ u; n, Kb)
R(L(b? +b7), K}, e (L(b}: + b, K")

7r<(V(u:{ + ufi),VKé’),ﬂ'dV(uj + uf),VKfl),

7T<(V(b:1?: +bf), VK;),W<(V(b? + b, VK )|l o-1-2s
SA+CHIL+ W) Lgs + 17 oy -5 + 157 1125]. (2.77)
Fourth, we bound within (2.70)-(2.71)

H'Piilawj(’f(()’o(uj? >ui1)77T0 o(uF UT ) ™0 <>(

\? ]

iy 05), 0.0 (b bT)

1177

Uy, ,U/]) 7T0<>( £7ul’)7

ﬂo,o(b;é, bL), To.0(bL b

j 11) 7T0<>

Wo,o(u;,bll),wo,o(u bT) (b\?: !

I
j 0 Yiq Zl’uj) Woo(bi? ])

ﬂo)o(b?, uT»1 ), 7T0)<>(bF !

i j o 11) 71—00(“’
< v
Slmo.o(uy 5w,

i ’bI‘) mo.0 (1, T))Hc 1-25
-)WOO(u“,u]) \? T \? T

Z1’ J
7T0<> _7 ) 21 7T0<>

S O N % ) \? J)

21’]

11’]

(] T

j ’ 11 7TO<> i1 0 j ||C 25
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+ CEH Y - (CE + D)+ 10 V) |y Ce + 1

SCE+ 073 s0 (C2 4 1) + I By C 4 1 (2.78)

by Lemma 5.4, (2.56), (2.59), (2.21). Therefore, inserting (2.72)-(2.78) in (2.70) and
(2.71) gives

K b
(@ ) Dl 25 S (L4 CHIL+ 1t by oo + 7y sy + 97126 @79)

2.4 Construction of the solution

From the paracontrolled ansatz (2.15) and (2.17), for any ¢ € [0, T],T > 0 depending
only on C¢, we can obtain

||<uz ) >|\C%,50

Z ol +uf b+ KDyt I E B
i1,j=1
5
<0 (I b 5 Mosos + 15 B yos )t Ce+ ClGE B |y sy (2.80)
i1,j=1
for some C' > 0 by Lemma 1.2 (1), (2.44), (2.18) and (2.21). Therefore, for ¢ € [0, (c%s)%)
ZH uf O (O] 23— <O2+Z|| (uf Bl 23 —s0 (2.81)
due to (2.23). Similarly for any ¢ € [0,7],T > 0 depending only on Cg,
(uf", b; 5 S Z [ (g, +Uﬁ» ?erF)Czs; I B g5 + 1, 5)les
i1,7=1
(WW g7 les)t5 Ce + CZH (1) s (2.82)
=1
by (2.15), (2.17), Lemma 1.2 (2) (2.44), (2.18) and (2.21). This gives for ¢ € [0, (clcg)%)
ZII ul 07 )(O)lles S C2 +ZII ul, ) lcs (2.83)
due to (2.23). Now, due to (2.15), (2.17), (2.5) and (2.12) we see that
o 1 )
uf(,0) = > Py, ull () — u; (-,0) and bE(-, Z Piis by (1) = b; (-, 0) (2.84)
i1=1 i1=1
which, together with (2.35) and (2.36), leads to
3 ) T t
uf(t) = Po() Pis,ul® —u; (0) + / P,_ ¢ (s)ds, (2.85a)
=1 0
o ] f :
Vi) = PSP — b (0)) + / P o6t (s)ds. (2.85b)
=1 0
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Then we obtain
(D) ()] 13 (2.86)

t
S| PU(Py™ — yT ONllgg+0 + tHz/O 1Pea(0h, ¢ﬂ7b)(s)”c%+f*d8

3_8

t
<lIPy™ — y1 (0)[le-= + t‘”z/ (t—s)"17270Y(¢"", ") (s) ]| c-1-20dds
0
by (2.85a), (2.85b), Lemma 5.3 and (2.29). We are also able to estimate
2| (b1 (1)12 (2.87)
1 t ’
PP =l ) + ([ 1P )9 esds )
E t 3
<Py =y O3 + 13- % / (t—5)" 77 5T (P2 (5, 50 (5) |- 1-2) s
0
by (2.85a), (2.85b), Lemma 5.3, Holder’s inequality, (2.44) and (2.29). Thus,

2@, 6F) () lle-1-2s S EFF(L A+ GO+ (1w, 0) ()] 36 + Cé + (W, 69)(1)]34]

o1

SA+CH+A+CHPY™ - yT (0)lle--

t
+137% / (8= )2 5T OE (P2 (gh, §80) (5) | g-1-20)?ds] (2.88)
0

by (2.79), (2.81), (2.83), (2.86) and (2.87). By Bihari’s inequality and Remark 2.2, this

implies that for § < 172, there exists some T, € (0,7] which is independent of ¢ € (0,1)
such that

sup (65, ) (1) lle-1-25 S C(To, Ces [ly™ [l ||1/T (O)le-+)- (2.89)
t€|0,To

Thus, if C¢ is uniformly bounded over € € (0,1), then (2.89) holds for all € € (0,1). Next,
we estimate

3 —609+=

= (@ )0y (2.90)

3 —60+=

t
SEE AR~ Oy + [ DA 6y

i 19252 z u
SIPyn — g O)lle-- + 325 sup 265, ) (8)llc-1-25)
se|0,

by (2.85a), (2.85b) and Lemma 5.3. Thus,

%—50+z %—50+z

sup 02 [y (Ol 30 S sup £ = [CZ 4 (I(6F )] 1)
t€[0,To) t€[0,To)
i T 1_95_2z
SCZ+ sup [[Py™ =y (0)l|e-- +5 7275 (sup 72 (¢5", 67)(s)l|c1-20)
t€[0,To] s€[0,t]
i !
SCE + O(To, Ce, lly™lle-= 1y’ (Oe--) (2.91)
EJP 28 (2023), paper 39. https://www.imstat.org/ejp

Page 31/66


https://doi.org/10.1214/23-EJP929
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Magnetohydrodynamics system

by (2.81), (2.90), (2.89), (2.29) and Remark 2.2. By (2.28) and (2.91) we conclude that
T. > Tpy. Finally,

" @)lle-= Sl (< (u% +ul, K“),W<(b\? +07 K")) e

~

NH(U? + uF,b\f +07) (t)lle-- | (K, K°)

g5 + 1, 0F) |-
S S
<SC[(t3Ce + ly" (t)]lc-=)t 1 Ce + || (uF, b) | -] (2.92)
for some constant C' > 0 by (2.15), (2.17), Lemma 1.2 (2), (2.19), (2.23), (2.18) and (2.21).

Thus, for ¢ € [0, (%Q)%) we have

C s
Ft)|le-s < ————[C%7 + ||(u*, b)) (¢)]| -
ly" ()lle 71—00575%[ ¢ [[(w*, ) (®)| -]
2 in ! S+z|| o8 ! _(E2=2)  _(54z)
SCe + 1y le-= + [ly (0)]lc-= + sup s"7%[[¢ (S)IIc—l—zé/ (t—r)y" = r dr
s€[0,T] 0
<C(T, Ce, 9 le— llg' O)lle--) (2.93)
by (2.92), (2.85a), (2.85b), Lemma 5.3 and (2.89). Based on (2.21) we now define
Z(ge) é(urevbTe’uTe OuTe’bTe ObTE,’U,TE ObTE,bTe OUTE, (294)
uT€0u\{€7bTEOb'\(E’bTEOu\{€) \{.€OUT€7

UYEOUYE, \(Eobvﬁ’b\géou\{é’
Yo ey moto Pedle

7TO,O(U' 7“’ )3770,0

V.1

77r0,<>(u u )7

Voo

aWO,O(u

To,0(PDK™E, uT ), mo.0(PDK", uT ), To.0(PDEK™*, bT ), mo.0(PDK", bT 9)
eX 2 ([0, T);¢~%%)2 x C([0,T};C 1= 5)*C ([0, T); ¢~ 2)* x C([0, T];C )M,

equipped with product topology. Then we may show via similar arguments that for all
a > 0, there exists Ty > 0 sufficiently small such that the mapping (™, Z(£¢)) + (uf’, bF)
is Lipschitz in a norm of C([0,T,];C*) on the set {(y™, Z(¢°)): max{||y™|c--,Ce} < a}.
This implies the following result.

Proposition 2.5. Let 0y € (0,3), z € (1,3 + &) and (£)cs0 be a family of smooth

functions converging to ¢ as € — 0. Suppose that for any € > 0,y € C~* given, y° is the
unique maximal solution to

3 3 3
1 1
Lui =Y P&l — 5 Y P, (wivg) + 5 D P O, (biby), (2.95a)
i1=1 i1,j=1 i1,j=1
3 1 3 1 3
Lbi= ) Pkl =5 > Piin0u, (b)) + 5 Y Pisy s, (wiby), (2.95b)
i1=1 i1,5=1 i1,5=1
y°(-,0) = Py™(-) (2.95¢)

such that y©¢ = (uf>c, b¥) € (C((0,T.); C2~%))2. Suppose that Z(¢¢) converges in X so
that fori,i1,j,j1 € {1,2,3}, there exist families

PV VY Y Y Y Y

U1,i5 V2,45 V3,455 V4,i55 Us,i55 V6,555 V7,155 U8,i55 V9,455 V10,55
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Y XY XY ¥ T

V11 ,4] » V12 YR V13 K% » V14 RYR V15 KR V1e RYE Uy7 RYR

21},i,i1,5,71€{1,2,3} Satisfying

“IE - ULiﬂbie - Ul,i n C([O,T],Cféfg),
uIeouEE%vxj,bIEOb}—>v4’ij,u16<>ble—>v¥ﬁbl oul»e
uleou;{.“—w?,ij,blﬁobj 5—>v§i;,

€ \(e € Te _1_35
b ouy © = vg 5,07 Coui® = vy in C([0,TC7272),

ui\(e ouye = Ui, b Cob) = v, b Couy © = vy, in C([0,T];C
770,0(“1?67 Ee) = U1y 55 T0,0(U :ﬁ’ bl‘e) — V15,45
wo,o(uf ‘ bEE) — V3,45 T0,0 (U \?:ul) — fu;ﬁj in C([0,T];C°),
70,0(Piiy O, K°, L) — Wi 7700(73“18%](;”, Il) — Wi
70,0(Piiy O K“,bll) — Vi 70,6 (P, Oa, Kjf,bll) — vt in C([0,
as € — 0, where

uIe oul»e = ngule Cq; ij, I bIe = bISbE6 -y,

Jeed il cgp oo inl iy

uIE Ou;{'e = uieu;{'e, bIe o b;{‘6 = bieb;{.‘,

uIE ob; ‘= ulebyf,bie ou]\.fe = bieu;{‘e,

uye 3 u]\-(E = ul-\(eu;(E — 057, b o b;-\ge = bi\febj - Cy4,

b, ou;{e =0 u;{‘ - G5,

oot ) = o 1) — 0, maata 1) = mo

77070(%? € ble) = Wo(uj € bI»E) - C’f; , ﬂoyo(uye,ule) = ﬂo(u:ﬁ,u

WQ,O(PiiIBIjK;L’e,’U/EI) 7o (Piiy O, K7, u If),

70,0(Piiy 0, K, uEl) = m0(Piiy O, K I;)

70,0(Piiy O, K, bL ) = 70 (Piiy 0, K°, bL ),

70,0(Pii, 0, K, bl;) = mo(Pii, O, Kb Ef)

4

— U

W

6,ij

),

T);¢~°

)

(2.96)

inC([0,T];C™'~%),

(2.97)

with {C 7} es0, {C5% Y o, {Cr% 1 o C R fork € {1,2,3,4} to be specified subsequently,
e.g., cg);], Ce)gj and Ce)gj in (3.3), (5.7) and (3.55), respectively. Then there exists a unique

y € C([0,T];C%)?

0, and y depends only on (y®

where T = T (y™, vy
I

7”17"'7’021
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Details of the proof of Proposition 2.5 can be found in [12, Theorem 3.11, Proposition
3.12, and Corollary 3.13] (see also [70, Remark 3.9] in the case of the NSE). This
concludes the fixed point procedure of the proof of Theorem 1.3.

3 Proof of Theorem 1.3: renormalization
Hereafter let us write X £ uT( ) Xb 2 bT( t) where y = (u1,us,us, by, b, b3) and
following [12, Notation 4.1], for ki, ..., k, € Z3, we also write k; n 2 Z?:l k;. Since

X = uI t),Xp, = bI (t), we have
Xpo = Xii(k)ew, Xpi=>" Xpi(k)er, e 2 (2m) 26" (3.1)
k0 k0

where X(0) = 0, X?(0) = 0 due to mean-zero property of £* and £ and

N —|7€| [t— S| R
E[Xtuz(k)Xu (k)] = Lr4r=o Z TR Piiy (k)Pja, (), (3.2a)
’Ll 1
O 0 () e WRPl=sl
E[X?,(k) X2 ;(K)] = 1ggr=0 Z S Pii, (k) Pjs, (k) (3.2b)
i1=1
" T () e kPl—sl
E[Xt 7(k)X K] = 1gyr=o Z ToRE Pii, (k) iy (), (3.2¢)
Zl 1
) e kPl=sl
E[Xt,i(k)Xu (K")] = ligw=o Z 2|k\2 z‘il(k)Pjil(k)7 (3.2d)

for k € 73\ {0} due to (2.2). We regularize ¢ by £&€ £ 3, f(ek) ‘(k)er where f is a smooth
radial cut-off function with compact support such that f(0) = 1 so that

XZ: / Zpulpt SZfEk UEdes Xbe / ZPmPt stEk béks

i1=1 k0 i1=1 k#0

and the covariance of X', thjf follow from (3.2), only multiplied by f(ek)?.

We now devote ourselves to convergence and renormalizations. First, the existence
of vl,vl such that qu — vI,bT6 — vl in LP(Q; C([0,T);C~%~%)) forall p > 1 as e — 0 is
immediate from (2.2). Second, the convergence issues of

Ty Je el VoL

€,1]
u; “ou;© = u; ‘uy 00:1 —> Vg5, b;

! otl=b
u;[g obz = u‘[ebl6 ngéj — v¥j7 bIE ouEE = b-eul;-6 — C’S:Zj — v}éj

by (2.97) in LP(Q;C([O,T];C‘l‘g)) for all p > 1 as € — 0 are clear because :£1&y: =
&1& — E[€1&5] (see [48]) so that e.g.,

C’Sﬁj = E[u!e(t)ule (2m)~2 Z Z

klyfo ’Ll 1

2|k1\2 Piiy (k1) Jh(kl) (3.3)

by (3.1) and (3.2). It follows that C§y/ — oo as € \, 0.
We need to perform renormalizations on the following groups in (2.97);

Teoule ple ob\( u) ob\/ and b€ o

1. afirst group of u; “ o u;
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2. a second group of u;

Ceonle b cob and b cou,

3. a third group of woﬁo(u;g S uic), Woﬁo(u:&, bEE), WO,Q(u?E, bE-E) and 7r07<>(u;?:6 uTE)

J i ]
4. a fourth group of mo o (Pji, Oz, K?"E,UTE), 70,0(Pii, Oz, Kll-”e uTe), 70,0 (Pii, Oz, K bT.f)

T J J1 j 0 » Y1
b,e
and wo,o(Piiléijj ,bjf).

3.1 Groupl
I

i

Ve leon e uleon e anablcon, e,

Within the group 1 of (2.97), specifically u, € ¢ U

we focus on bIe owu; © and prove the existence of vg\\i—j € C([0,T);C~2~%) such that

bIe o qu € — v;{»j as € — 0. For simplicity of notations we write bI.EuiY €. First, from (2.3),

(2.97) and (3.1), we obtain

3 t

k i1,io=1 k1 ko,ks:kios=k 0
(XD () X0 (k) X2 (k) — X705 (ks) X005, (hy) X0, (o)]dser,.  (3.4)

We rely on :£18a3: = £16283 — B[663]6 — B[163]E — E[€16:]¢s (see [48]) and (3.2) to
deduce

X0 () X2 (k) XU (ko) — X6 (k) X 0 (k1) X2, (o)
=X () X (k1) X2 (o)

S,il S,iz
3 o= lk2|?|t—s|
€ - ~ - U, €
+ Lhps=0.kart0 2k ? — [ (€k2)?*Pjis (k2) Piyiy (k2) X5 (k1)
is=1

5. e-lalle=sl . .
+ Lka=0k1 20 D Wf(ﬁkl) Piis (k1) Piyig (k1) X7, (k2)
13=1

— X (ks) X 05, () X 0% (ko)

S,11 S,12

o~ kol [t—s| . .

3
— Lhys=0ka20 D Wf(ﬁb)QPjis (k2)Piyiy (k2) X5, (1)
is=1

3 o=lhil?Jt—s] . . .
— Lhiy=0kr 20 D Wf(ﬁkl) Pjis (k1) Piyig (k1) X7, (k2). (3.5)

iz3=1

Applying (3.5) to (3.4) gives

ol ety () (3.6)

J

1 > t 2y al
s X X [ )

k il,i2:1 kl,k‘g,k}_g:k‘lgg:k
x ik X6 (k) X0 (k1) X2 (ko) dsey,

S,iz

1 > ¢ 2y ol
SE oD VI VIND VRN R O

k i1,92,i3=1 k1,k2,k3:k123=k
e—\k2|2|t—3|

Wf(ekz)Q’pjig (ko) Pinis (kg)f(gfl (k1)dsex,

o
X Zk/’121/1@23:011927'50
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)3 Z Z Z /t TRl ISPy, (k)

k di1,io,is=1kq ko,kz:kioz=k 0
e—|k1l?t—s]|

2[k: |2
t
— 2 —8 A
ZIDSID M R O
k i1,in=1 k1 ko, kstkioz=k 0
x ki3 X6 (k) X0 (k1) XU, (ko):dsey,

522

3 Z Z Z /t 6*|l€12|2|tfs|'ﬁii1 (k12)

k i1,92,i3=1 k1,k2,k3:k123=k 0
o lhal?lt—s]

2(ko?

S SID SIRND DR SCTUC M

k i1,i2,63=1 ky,ko,kaikizs=k * O

X ik{3 Lkys—0,k1 £0 F(ek1)?Pjiy (k1) Piyay (k1) X 25 (ko) dsey,

X ik11.221k23:0,k2750 f(e 2) Jis (kQ) 213 (kQ) s 11 (kl)dsek

— k1 ]?[t—s|
2 € A S b,e
X Zk§.221k13:0;k1750Wf(ekl)gpjia(kl) i (k1) X075, () dsey, 2 Z .,
where ]Iiﬁ, Hfé are the terms in the third chaos while ]]f67 H?e, ]]t5 o H?,e are in the first

chaos.

3.1.1 Terms in the first chaos

Let us work on Hie of (3.6). We first rewrite

13, = Z 3 / ~ Iz ?lts]
i1,02,i3=1 kq,k27£0
x ikiz X7 i (R )6_‘]€2| |2t|;€:||§(6k2>275m(k12) Diis (k) Pjiy () dsex, (3.7)
and write s
L, -, 0, +0,, - Y Xrocopn (3.8)
71=1
where
i, o Z 3 / ~[kazl[ts]
i1,12,t3=1 k1,k27#0
.
x ingtb;(kl)e—\m ;kjﬁ; (6k2)275m(k12) Biyia (k2) Pjia (ka)dser,,  (3.9a)
e é Z Z / — 2|k |?[t—s]
in,i3=1 ko0
x ik f;;’j)j Piiy (ko) Piyiy (k2)Pjiy (k2)ds = 0. (3.9b)
We compute within (3.8),
E[|A,(15, — ;)P
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~E( S 02 k) Z Z/ ~[kaa[le=s|

k1#0 i1,12,i3=1 ka#0
2 .
e_IkZ‘ ‘t_b‘f(EkQ)Q ~

X k?z(Xs 161 (kl) thfl (k )) 2|k2‘2 'P“'l (klg) Aizig (kQ) Aji3 (/fg)dseklﬁ
Z Z 0(27 % )e, Z e —|k1z|?|t—s]
1,12,i3= 1/O k1#0 k2#0
e klPlt=sl £ (ehy)? . .
iz € € .
i k2|2( 2 Py (ki Pra (o Py (k) (RS, (i) — 25 (k)
N / 27%1)0(27 k) |a Z”2’3(15 s)a21,12z3(t—§)|
il,i2,¢3,i1,i2 i =17 1041 1, k/
X B[|(X)7, (k1) - Xé’;<k1>><X§:;<ka> - X, (k) [)dsds (3.10)

where we denoted

o lk2|7|t—s| ko)2 . R .
Q1901 — k12 5|72 € €
gt —s) £y et Flt=sliy k2|2f( 2) Piiy (k12)Piyiy (k2) Pjia (k2). - (3.11)
k2 0

We may further estimate for k; # 0, for any n € (0, 1),

E[|(X7, (k) — X7 (k) (Xg 5, (K) — X5 (R))I]

S,11
ek 7 _n
§1k1+k;_of|(k |12) k1|27t — 5| 2|t — 5|2 (3.12)

by Holder’s inequality, (3.2), (2.2) and mean value theorem. Applying (3.12) to (3.10)
gives

~5
B[ A, (7, ~ T, < / 212
i17i27i3,i1,i2,i3—1 0, k10
X la™ ls(t—5>a211’w‘°’(t—s)|f|(l;|12) [a| 7]t — 5|3t — 53 (3.13)
Moreover,
e~ k212 (t—s) 1

RGEIEDY

7 S 175
ko #0 [z (t—s)t2

by (3.11) and (5.1). This gives

/ B ()2 ()|t — |2t — 5|2 dsds
0t]2

g/ (t—s)2 175 (t—5)F 1" 3dsds < t7°. (3.14)
[0,t]2
Thus, applying (3.14) to (3.13) gives
E[|A,(I7, — i, P IPTS D 027k )2k [P172 e g2, (3.15)
k1 #0

Next, for any 7 € (0,1), we estimate within (3.8),

3
Z Xt 110,7.

’Lll
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e IR P f(eks)?
<ZE (X5 ( 2] )? Z Z/ e cks

i1,i2,i3=1 ko #0

X(e_lk”‘ (t_é)k” 4Py, (ki) — ™R K2 Py (b)) P (ko) P, (o) s

f eflleﬁ(tfs)f(d@)2 B )
s Z 2’3 | o Ial'e-9) 2 @316
k1740 k270
by (3.9), Lemma 5.5 and (3.2). We furthermore estimate for ¢ € (0,7),
, 2
— k2" (t=5) £ (k)2 _
3 / ¢ - Qf(e R (3.17)
o k2]
by (5.1). We also estimate
(ek1)? 2 (1427) (1+27).
Z|k [2— 2n 27) <Z T2t 02 k) S 21 "
k170 k1 750
applying this and (3.17) to (3.16) leads to, together with(3.15),
E[|AI] ] < t1me2e0F2n), (3.18)

Similarly we can show >_, _, 3¢ E[|A,If %) < tr—e2a+2m),

3.1.2 Terms in the third chaos

We work on H%ﬂe of (3.6) as follows:

E[|AI; ]~ Z > 0(27%)? (3.19)

k i1,i0,8),i5=1k1,ko,k3:k123=k, k| kb k) :k],s=k

812

B ) () K1 5 () K35 ) K )
0,t
X BT (= $)bi 2 (1 — 5)dsds
due to (3.6) and the fact that :£1£2&3: = :£361&2: (see [48]), where we also defined
bt —s) 2 e M POk By (k).

We can now apply Lemma 5.7 (2) with “Yy” = X" (k) X" (kg)f(fj(l@) and “Yy” =

S,41 S,i2
Xf o (k)X X o (k9) X3 (k3) and explicitly compute E[Y1Y>] = >°_ v(7) (see [63, Example
2. 2]) where the sum con51sts of six terms with

e—lk1l?|s—3] . .
[Lky 4 ,Okgéoz e feky)* Py (k1) Pigy (k1))

ko l?ls—3] F(eks)?

X[1k2+k;:0,k2¢ozWf(ﬁ@)zpm(/@)ﬁ <k2>1m3+k3_0k3¢02 ol P (k)]
=1

as one representative, and this can readily be bounded by a constant multiple of
Hf’ 1 fl(flk‘ )% o~ (ka*+1k21)|s=5] The other five terms may be computed and bounded simi-

larly (see [33, Section 9.2]) so that we are led to an estimate of

3
E[AI )<Y Z > 0(2 /M H |k|2 (3.20)

k i1,i9,4,,i5=1k1,k2,k3#0:k123=k i=1
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— . . A
> [67(|k1|2+‘k2|2)|575| |b;€11’222 (t _ 8)6211’212 (t _ §)|
o Pl S e - )byl (1 - ) Jdsds £ W 4 I

We may further estimate for any n € (0,1),

1
(- ) S

_ 3.21
S et .

by (5.1). Applying (3.21) to (3.20) shows that

3
mimd > > 279k) /[Ot Hf|k|2 (3.22)

k iy,iz,i),ih=1ki,ka,ks#£0:k1a3=k

x e~ Ukt ol =31 a2y _ s)biviz (t —5)|dsds
— (142n)
SNEECINND DI | P JPER SO TS
k ki,ko,ks#0:kia3=k i=1 k
where we used Lemma 5.6. Next,

3 3
miey oy e[ TR
0.2 -7 ||

k iy,i9,i),i5=1k1,k2,k3#0:k125=k

% ef\kl\Q\tfs\7|k2|2|37§|7|k3\2|t7§| ‘bilﬂiz (t o S)bihlé (t _ §)|d8d§

< —-q n
Nzk:(%@ k) > H |k E ‘kle st (3.23)

k1,k2,k3#0:k123=k i1=1

2

due to (3.20) and (3.21). At this point, this is identical to the estimate of Hij in (3.22);

thus, it may be bounded by the same bound on ]It1€1 in (3.22). Therefore, we now conclude
from (3.20), (3.18) and (3.6) that

EA () (]2 < e1-ega+20 (3.20)

for any ¢t € (0,1).
Let us now first assume that for ¢; < to,

[IA(T“ Lea ) sl (1) — e () + ol eu, 2 ()
<(e 2v 4 )|t1 —ty |n502q(1+2n(1+60)) (3.25)

for e1,e2 € (0,1), v > 0 and S € (0, 1) sufficiently small. Now it is clear that

||fHC—%—n(1+ﬁo)—e—§ ||fHB—%—n(1+ﬁo) < S -3 -n(+Bg)—e (3.26)

p
BPP

by Besov embedding (e.g., [3]). Therefore,

B0, 1) — 0 a2) e, ) 4 ol DIy
SE[Y 2w 300 ia, w4 1) -t 4 1)
g>—1
it ) + 8 )R
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< 3 2 A, (0w, 1) — 1, 1)

q>—1

it ) + 8 )R, S @+l

J

(3.27)

by (3.26), Gaussian hypercontractivity [48, Theorem 3.50] and (3.25). Thus, for every

i,j € {1,2, 3}, there exists vgj such that b15 <>ujY € — vg\\ij ase— 0in C([0,T);C2"%) as
desired in (2.96) if (1 + fo) + e+ 2 < ¢; therefore, by taking p sufficiently large and

1, €, Bo > 0 sufficiently small, we may assume that § > 0 is arbitrary small. Now to prove

(3.25), we may use that be(t)uiy (t) = Z?Zl Hi’e from (3.6) so that

bTelu}/el(tl)_bTelu}/el(tQ)_bTeQu?/eQ( )+bT€2 \{62( )

J J J

£ ) (E0) (E0) (Ex)  om

For brevity we only consider when [ = 5, and rewrite

~5
5 5 5 be1 ver, 11
IR | VRS | VSIS | VI )| G P tl o Z X} Cpl (3.29)
’Ll 1
[H5 B ﬁ5 Xb €1 061,11
ta,€e1 tz,él tz €1 t2,i1
7,1 1
5 5 3
5 T o b,ea ve,i1
[Htl,ez - Ht1,62 + Htl’fz - z : th 210 }
=1
o . -1, ~ xoe C] %
+ [ ta,e2 t27€2 tz €2 t2,i1
1,1 1 =

as we did in (3.8) and (3.9). For brevity we only consider v+ v+ V7 + v i
(15 _ ZS b JE1 051 11) (I5 . ZS b ,€1 Csl 11) We first compute

t1,€1 i1=1 t1 i1 to,€1 i1=1 tz i1

2 : b,e1 o i1 5 b,e1 o 11
t1 €1 th,zl t1 - ItQ €1 + th i1 t2 ]

211 ’Lll

Z Zthlelll 2 kl)ekl

i1,02,i3=1 k1
t1 e*\kQ\Q\tI*S‘f(e ko)? . A
Z/ 2|k ? =2 Py, (k) Py (ko)
ka0 2
X ( —|k12|?|t1— 5|]€Z2’P”1(k12) —67‘k2| lti— S‘klzpzz (k2)) ds
ta ,—|ka|? lt2=sl f (€1 k9)? - A
_ Z/ 2| k2|2 2Py (k) Py, (k2)
k2740 2
% (ef|k12| Itzislki%ﬁiil (k12) _ e*‘k2|2|t2*5‘k;2']5“-1 (kz)) dS”2]

3> (X0 00) = X2, ()

i1,12,13=1 ki

X 9(2_qk )6 175i2i3(k )Ajis(k )[
1)Ck 2 2 k;()/o

12 o lhaPlta s (e, )2
o’
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X (€7|k12|2|t278|/€11‘2275”1 (km) - 67‘k2|2|t275‘k§275“‘1 (/4}2)) dSHQ] (330)

by (3.9). Now we have two expectations in (3.30). For the first expectation in (3.30), we
can simply rewrite it for 0 <t; <t; < T as

Z ZXZE; 2 qkl)ekl (3.31)

i1,12,13=1 k1

t1 e—|k2|2|t1—s|f‘ € k2 2 R
x [Z/ 2( - ) PiQis(k2) jis(k2)
0 2|k
k20

X (6_‘k12‘2‘t1_5‘k§3ﬁm(klz) - e_lkzlzltl_s%;zﬁ”l(kQ)) ds

ta —|ka|?|ta—s| 2 .
P PR (o Py )

2
k270 2|k
X ( —|k12|?[ta— S\klzpul (k12) —e —lk2|?|t2— 9|k12fP”1 (k‘g)) d8]|2] 5 Vvti + ‘/;21 +V;‘§7t2

where

t1 e—|k2\2(t1—s)(1 _ e—|k2\2(t2—t1))

279k;)
|/~f1|2 24 / |Fal?

k270
> ( —[k12|?(t1— Dk Py (kra) — e = k2 |?(t1— g)]5'27)”1(]@)) ds]?, (3.32a)

vziéZ Z
k140

1 1 =1

t1 g—lka|?(t2—5)

Vt21éz Z 27"h)? Z/ T k2

k170 i1 i2= ) | k270
x (el =) kia Py, (kip) — e IR =9kL Py (ko)
—|k12| (ta— q)kzz Pzzl (ki2) + e~ |ka|?(ta— s)k,mpu (k‘g))dS] (3.32Db)
; t2 o—lkz|?(t2—s)
Va2 Z |k |2 2’1 / R
k1#£041,12=1 k270 ’
y <6_|k12‘2(t2_s)k§22'ﬁii1 (k12) _ e—‘k2|2(t2—s)k§275iil (kZ)) dS]2 (332C)

due to (3.2). On the other hand, the second expectation in (3.30) may be bounded clearly
as follows:

B> S (R0 On) = X8 (01)) 02Tk Jen, Pri (ko) Py (a)

i1,12,i3=1 k;

t2 o—|ka|?|t2—s|
<[ / : flerka) (o -thralta-sligy b, (kyo)

2
k270 2|k

— e IkalPlte=slpia By, (ky))ds][?)

ta o—|ka|?(t2—5)

ST B[R (k) - X0 (k)6 ) / e
0 |ka|

i1,i2=1 k1,ka#0
> ( —|k12|?(ta—s kzzpul(klz) —e —|k2|?(ta—s k”'P“(kg)) d8|2] A Vé (3.33)
where we used that X! (0) — X! (0) = 0. Now on V2, we may bound

t1,%1 ta,i1

|e—|k12|2(t1—3)ki22'ﬁ“.1 (k12) _ e—|k2\2(t1 —S)k;mﬁiil (k‘g)
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e~ lk12|? (t2— é)kwpm(klz)_'_e |k2|? (t2— S)klzp (ko)
§|€7|k12| (B =kia Py, (ki) — e~ RO =Py (k)|
+|e kPl By (kyp) — el =0k Py (k)| (3.34)
or we may bound it instead by
|e_|k12| (b2 S)kmpm(kw) _‘kw‘ (b2~ S)kwpm(kwﬂ
+ ekl =92 Py (ky) — e~ Ikal* 2= Py, (ky)). (3.35)

In the first case of (3.34) we may bound by

)
[a[ [t — |72 + k| [tz — 5 [ty — s (3.36)
for n € (0,1) due to Lemma 5.5. In the second case of (3.35) we may bound by
[fao|lfe™ 12 =e) — ekl =By, (ko)) (3.37)

+ ‘k2||[6_‘k2|2(t1_s) — 6_‘k2|2(t2_5)}75¢i1(/€2)| < (Jk1]®™ + |ko?M) |ty — t1|%(t1 - s)_(l_T")

due to mean value theorem and (5.1). Applying (3.34)-(3.37) to (3.32b) gives for any
Bo € (0,1),

k., |20(1=Bo)
Vi < Z Ll 1| 0(27%1)?|ty — ta|"P
k1 0
2
x Z |k: ‘2 (k122720 + |ky |2n/30)/ e~ Ik2*(t2=5) (4, _s)—“?'”ds , (3.38)
ka0 0
Furthermore, we can compute
t koo |2 (1— n) t kol? 14n
/ eIkl ta=s) () _ =952 g </ eVl (ti=9) (4, _ ) —0+3)
0 0
by (5.1). Therefore, we may estimate from (3.38)
0(27 %)
2 _ 4. |mBoga(1+2n(1+p0)) Ae M) _ ¢, |1Bo9a(14+2n(1+Bo))
V2 < |ta — ta]"P02 2Dy T <ty — ty["P02 o (3.39)

k10

if we choose 3y < ;. Similar estimates may be obtained for V;!,V;? and V! so that
applying these estimates in (3.30) and (3.31) lead to

E[|A,(IV? + V! + V7 4 IV8)|?] < [ty — ty |70 20(1F20(1450)), (3.40)

Through (3.29) and (3.28), this finally leads to (3.25).

Remark 3.1. Our estimate in (3.25) is slightly different from the analogous bound,

specifically “(e}” + e57)[t; — ty[P(=€)/2,” in [70, Equation (A.2)]. Moreover, our estimate
nBg

— to] 2 20(1+20(1+60)) on [70, p.

4504].

3.2 Group 2
Within the Group 2 of (2.97), specifically ulY €o qu c, bi\/6 S bjyﬁ, and byﬁ o qu €, we
focus on bi\{.E <>ujY ¢ and prove that b:{.e <>ujY € — 01{3”5 as ¢ — 0in C([0,7];C~°). Due to

similarity to the estimates for Group 1, we leave this in the Appendix.
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3.3 Group 3
Within 7r07<>(u;?5, IE) 70,0 (U; \3‘45 bT ), 0,0 (u j?e,bl-e), and wo,o(u?e, Ie) from the Group
3 of (2.97), we focus on woyo(ui\g €, ijE). Considering (2.4), (2.10a)-(2.10b) and (2.3) we

see that we may rewrite Lug = Z?:1 Lufl where

(>

Kalle

Lu\?

70,1

3
Z ioir Ony, (U, / P Z PjyizOx,, (u T T)( )ds]), (3.41a)

22,13 1

>

L“EQ—_* Z onnawn zl/ P Z ,thzawzg 12 13)() ]) (3.41b)
i1,J1=1

12,73 1

Lui?’é Z Pigir O, ( / P Z Prriad,, (ul,ul )(&)dslu, ). (3.410)
117]1 1 i2,i3—1
Lol o2 Z Piiids (| P Z i, (BL B )()ds]ul ) (3.41d)
10,4 4 1001 YT, t—s 1119 Tig 12 13 41/ .
il,jl_l 7,2,7,3 1
¥ A_i ool
Luio,5_ Z Plollaﬂﬂjl 11 Pt s Z ,lelzazls 12 23)( )ds]) (3416)
11,31 1 i2,i3=1
Lu? al Z Piyi, O P Z Pj1in0 T T)( )ds]) (3.410)
i0,6 4 101 rjl 11 t—s Jiiza 9% i ) .
i1,j1=1 i2,i3=1
Vs A !
Lui0,7* Z Plolla”ﬂgl Pf s Z P71728T73 12 13)( )dS]b )a (3419)
11 ,J1=1 i9,iz3=1
U oal 1.1 !
L5 = 5 Z Pigir Oa,, ([ Pt s Z PiyizOn,, (s, by, ) (5)ds]b;, ). (3.41h)
11 ,J1=1 i9,i3=1
%e Ts _ ? T €,%0J0
By (2.11b) we have mo o (u;, <, b55) = mo(u;, <, b;s) — C1'3>"° where
o 10 7 jo Zﬂ- uk zoa JO (342)

/

due to linearity. Now by necessity, as we will see, we shall actually work on 7r0(u17£ +
u;?m,bT ), T (u;gf + u}lwa ), (u;gf + ugm,bT ), (u?f + u;gwa ). Without loss of

generality we work on the last one, elaborating on the computations of uz ;o first. First,
we see from (3.41) that

3

(ugwa () %Z > > > 02 k2s)0(2 k)

k  |i—j|<1 k1,k2,k3 katki23a=k i1,i2,i3,j1=1

‘ ) 2 O U, € b€ b€ b€
x / ¢l (t=9) / X ()X (k) X (ks) KPS (k)

X e*"“12|2(57")dadsk'i32k{'123751-1¢2 (klg)’ﬁioil(klzi)ek' (3.43)
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By using the well-known expression of :£1£2£3&4: ([48] and [63, Example 2.2]) we can
rewrite

Lo yle )(t) (3.44)

7o (u8 ,807 “Jo

& t
Z Z Z Z 9(2_i1ﬁ23)9(2_jk4)/0 e—‘k123\2(t—s)

k |i—j|<1k1,ka,ks,katki23a=Fk i1,12,13,51=1

/0 X () KBS (k) X2 (k) X2 (k)

+BIXYE (k) XD, (k)] X025 (ka) X775 (ka): + BIX Y5 (k) XS (k) X005, (k) X5 (Fea):
+E[XY] (k)X (ka)|: X005 (ko) XD5 (s): + BIXDS (ko) X6, (k) X005, (k) X5 (Fea):
+ (X5, (ko) X775, (ka)|: X005 (k) X5, (): + B[X(5, (ks) tjo<k4>1:XZ:;:2<k1> Xos, (Ra):
+E[f<f;:;<k2>x es)BIXS (k) X5 (k)] + BIXDS (ko) X7, (k) JELX S5 (k)X 25 (ks))]
+E[XDS (ks) X775 (ka)[E[X 2 (k) X0 (ko))
x e W12 P (=) dodskis KL P; i) (kya)Proi, (kras)er 2 X! 4 ivmfﬂ'

Jj=1

where V[[[8 ! and VI[[8 Y vanish due to 1 k1p=0 and k % within the integrand. Using (3.2) we
may compute
3
> > 027 k)02 ky) (3.45)
k  [i—j|<1ki,ka:k1a=k,k27#01,i2,i3,i4,51=1
t ko|“(s—0o 2
« / i) [* b (k) K0 (b (2|k Lf (k)
0 0 2

X ﬁieu (k2)75j1i4(kQ)e_lklzIZ(S_O)dUdSkiék{lﬁiliz (k12)75i0i1 (k1>ek1i5:i3,i6:i2 £ ]Xf)ﬁ

by switching variables k; and k5. Next, we similarly compute using (3.2),
3

=0 DID MNP »

k |1 ]|<1k2,k3 kos=k,k17#0 i1,12,13,%4,j1=1
t
xa(z—ikm)e(z—jkl)/ e—\k123\2<f—s>/ XU6 (k) XV (Ks):
0 0

k1 (=) £l )2
e f(f 1) Pi6i4(k1>73 014(]{:1)67%12‘2(570)6[0'(15
2[k1 |2

X ki3 kT s Piyiy (k12) Pigiy (k123)er Lisig ig—in = X7, (3.46)

3

12 YD VD SUD SIS

k ‘7/ ]‘<1k1,k‘4 kia=k,k27#011,i2,i3,%4,j1=1

P t _ . e_‘k2| ‘5_0') 6]{/’ N
) R e O
0 0 2

X Py, (ha): X0 (k) X5, (ka)ie™ Rl =D dordski k!
X Piyin (k12)Pioiy (k1) er Lismiy ig—is = X7, (3.47)

3

% >y > > 02 k23)0(2 k)

k |i—j|<1 k2,k3:koz=k,k1#0 i1,12,i3,%4,51=1
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- =) )2 .
></O =) f( 1> Pi6i4(k1>7)j0i4(k1)

2k |2
X X};;(kQ) < (ks)e —lk12l*(s=9) g s
X ki ks Py, (le)Pioh(k123)ek‘1’i5=i27i6:i3 21X, (3.48)

3

i DU DD >, 0

k |i—j|<1k1,k2:k12=k,k3#0%1,12,i3,i4,51=1

, t 2 —|ks|? (t=9) f(eks)?
x 0(277k / o k12sl (t—s)/ € 3
@7k ), 0 2| k3|2

% Pjria (ks) Poi (k)X 0of, (k1) X5, (ke)ze ™ F12 (=) dods

O’ZQ 0'13

X kgk{lzgﬁmg(klz)ﬂoil(k123)6k 21X, (3.49)

3

vmfﬂz_ ¥ >y > 0(27 k2)0(2 7 ky) (3.50)

li—3|<1 k1,k27#0 i1,i2,i3,i4,i5,51=1

ke s) [ ek f(ek2)? s 5
/ 4|]€1| |]€2|2 1314(k1)7)]114(k1)

X Pim(/f2)75joi5(k2)€_|k“‘ (s=o)=Ikal* (s =)= kel (=) dor d sk k3 Py i, (K1) Pigiy (K2),

and
3
VIS = s> > > 0(27k2)0(2 7 k2) (3.51)
\z 71<1 k1,k27#0 i1,12,i3,i4,i5,51 =1

t — —0o) ,—|k1 s—o
X/ e—|k2\2(t—s)/ e k2| (t )6 k1] ( )f(ﬁkl)Qf(Gkg)Q
0 0 4|k [2[ko|?

X Pigis (k1) Piis (k1) Pigiy (k2) Pjosy (k2)e ™ ¥12F = dodskia ki By 1, (k12) Pigi, (k).

We define the sum of right hand side of VIII}"", VITY"® in (3.50)~(3.51) to be IX}'"; i.e.
3

Y S 02 k)02 ky)

\z JI<1 k1 k270 41,%2,13,04,05,51=1

/ alP—s) [T IR T(€R2)? a2 (sm0) - P (5—0) Ik (o)

8,7 A
X, & -

REEEE
X [Piyiy (k1) j1i4(kl)Pizis(k2)Pjoi5(k2)
+ Pigis (k1) Pjris (k1) Piyiy (k2) Pois (ko) k15K Piyiy (k12) Pigi, (K2) (3.52)

and formally define N

X;" & ol (3.53)
where we observe that lim._, CE “’30 = 00. Due to (3.45)—(3.52) applied to (3.44), we see
that

7 6
Ve 8,k €0
ol BL)(0) = ST = SO 4 (3.54)
k=1 k=1
Repeating similar procedure for 7 (u,:g 1O,blo)( t) for k € {1,...,7} within (3.42), we can
similarly define CJ’ g‘)iﬂ for k € {1,...,7}. Thereafter we shall define
Cyylo =y " Cppl. (3.55)
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3.3.1 Terms in the second chaos

Within (3.54) we see that IX>"! is a term in the fourth chaos while IX>"* for k € {2,...,6}
are in the second chaos. Let us first work on IX?’2 as follows:

%]
> oy x >

« 9(2_qk)29(2_ik123)9(2_i/k’123)0(2_jk1)9(2_j ki)/ e~ k123 (t—s)e—lk'123|2(t—§)

B[ A}

[0,t]?
. . “IkalP(t=0) f(ehey)2 e IR17(=2) £ (k! )2
E[XDS (k) X0 (k) X2, (k) X2, (k)1 ! !
/ / ng 2 ( 3) 077,,( 2) 5.9 ( 3)] 2|kl|2 2|k/1|2
X Piyis (k1) Piyir () Pjois (k1) P, g( (e el =) == dodz dsds
X kﬁ(k/lz)iSkﬁs(klzs) 1P nzz( ) ihi (kiz)fpioil(klﬁ)ﬂoii (K123 )exel] (3.56)

due to (3.46). By E[§11€12 521522] = E[{11é|E [512522] + E[¢11822]E[€12821] (see [48])
we can compute E[:X"¢ iy (R2) X 75 (a):: g ( 5) X3 (k:3) ] using (3.2), and rely on [33,
Section 9.2] to deduce

E[|A X} )] (3.57)
< > > 0(2  k123)0(2 " ka34)0(2 7 k1)
k

[i—7|<1,|e"—5|<1 k2, k3¢0‘k23:k k1,ks7#0

X 9(2_j/k 27%)° H f|k |2 /[0 1] 7 Ml ezl

- / / o2l em )=o) | ooy [y asa e~ P (=)= s P2 g s,
Within (3.57), we may estimate furthermore for k1, ko, k3, kg # 0,
4
H f(ek;)? / k12012 (t—8)—[k2sa[2 (=)
o1 kP S
. / / e M2l o= )= lkas G0 | gy [y 2 | asa e~ 1R P (=)= K P2 g g sds

L
§1j[1‘k 267

ka2 (1 = e~ (el ik ) a)2s (1 — e (kaal*+1ka|)3)
4| S

X |koqle!"t!® e 1k, dsds
fal il + TP ol F R e

2 2 2 2 2 2—
—|k —|k —|k t k s+|k s
Ik2sa " [k |"—[kal") / elfrzal st k2aal ™S ko 1o 9] | Kogal
[0,¢]2

t" 1
k|2 ka2 |k [ kg4

(3.58)

by mean value theorem. Thus, applying (3.58) to (3.57) leads to

E[|AX7 <) > > (3.59)

k |i—j|<1,)i’'—j"|<1 ka,k3#0:kas=k,k1,ka7#0
. . -/ -/ tn
X 0(27k193)0(277 k1 )0(27 " ko34 )0(277 ky)H(279k)?

[Fea |2 R | ey [~ [Rea |17

Now 27 ~ |k| = |ky + ks| < |kias| + |k1| &~ 27 as |i — j| < 1 so that ¢ < i. Similarly 2¢ < 27
as |i' — j/| < 1sothat ¢ < 4. Thus for e € (0,1 — n) sufficiently small we estimate
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from (3.59),

n —qL)2
EAXK IS > > 19271k)” < $729C27%€) (3.60)

ko|2|k3|220(0—n—5)20"(1=n—%)
k ka2k3#0:kas=Fk ¢<j,q<j’ LARLE

by Lemma 5.6. The estimate of IXf’3 may be achieved very similarly to IX?’2
We now consider IXf”4 of (3.54). Let us make an important remark here.

Remark 3.2. In particular, this is the renormalization on which we must diverge from
the previous study of a single equation (stochastic quantization [12] or NSE [70]) instead
of a system of coupled non-linear PDEs such as the MHD system. For example, if we

write
3

~ 8,4 ~ 8,4 €,1
X = - R - S (et ) (3.61)

i1=1
where

3

X, 2 (27)73 >0 > Yo 02 k)02 ky)

k#0 |i—j|<1 ki2=Fk,k3#0 i1,i2,i3,74j1=1

0,12

t
/ X () X0 (ke 92l i Py (ks endo
0

t ‘ — k3% (t=5) £( k)2 )

e € ~ ~ . ~

[ et S I P ()b P (i) (3.62)
0

and

9 . t o—2lks|*(t—s) 2
Ce 11( 75 Z Z Z 9 st 2 Jkg)/ € 2f(6]€3)
0 s

li—j|<1 k3 j1=1

XY Pjriy (ks)Phoi, (ks )ikh Py, (k3) = 0 (3.63)

as Zhu and Zhu did for the NSE (see [70, pg. 4489]), then the necessary estimate of
~4 .
X, — Z?lzl b (t)C5" (t) on [70, pg. 4491] works well because

i
2

Luz}/: Z “128 u <>u
21:

Jj=1

(see [70, pg. 4476]) in the case of the NSE. However, LuiY in the case of the MHD

system does not work due to the additional term of bEl o bI- in (2.3):

K2

3
L’LL-\{ = _% Z Piilazj(ulloul —bLObE)

11,j=1
This creates a huge obstacle.

We can actually overcome this difficulty remarkably by considering the sum of u;gyg

b4

with v, 7 in (3.41). This technique of strategically coupling certain renormalizations is

very reminiscent of the basic energy identity (1.7) and (1.8) actually. We emphasize that

7 b

it must be u,, . that we couple with u; g, not any other “;{,k fork € {1,...,6} in (3.41).
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;577 and LUE,S in

Now recalling (3.49), we see that the only differences between Lu
! bT so that we have

(3.41) consist of the sign and bLuT replaced by u,
3 . .
X; 12 Z > > > 02 k123)0(2 U ks) (3.64)
™2 5 limj|<1 k1, katkio=k ka0 i1,i2,i3,i4,51 =1
t 2 ks> (t=5) £(ck N .
X/ 67|k123| (tfs)/ 2|k|2f( 3) lei4(k3)7)j0i4(k3)
0 0 3
€ u,€ 2(s—0 i j A
x X0 (k) X2 (ko)™ 12l =) dodskis kb Py iy (k12) Pigiy (K12s)ex
In sum of (3.49) and (3.64) we obtain
3
7,4 A4
X4+ XPt = >
k |l _]|<1 k1,ka:ki1o=k k}g;é[) 11,12,13,%4,71=1
) t —[ks|*(t=5) £( ek
X 0(27 " k123)6( _JkS)/ e Ihazal’(t s)/ - 5(6 2
0 0 2|ks
x lei4(k3)73jol4(k3)[ Ulz(kl) O'lg(k ) - ngg(kl) azg(kQ)]
e lk12|"(s ")dodskgkﬁﬂ)m,z(klg) 1011(k123)6k (365)
We define now
~ 7,84 3
= =D DIDDEEDD )
k |i—j|<1ki1,ko:k12=Fk,k3#0i1,i2,i3,i4,j1=1
02 h120)0(2 k) / XD (k) XI5 (ha): — X5 (k) LS, (ko))
kil t— Dk Piriy (k12) Pigiy (k123)d
t k € — k3| (¢~ 5) f(eks)? - . )
X / e Izl (t=s) . Pjris(k3)Pioi (k3)kibadser, (3.66)
0 2|ks]
and
2l S Y Y s ke
|z 71<1 k3#044,j1=1
e—2lks|*(t=5) £(ck ) o
x / S (s, ()il By (h)ds (3.67)
0 2|ks]
where it can be readily confirmed that Cj " (t) = 0. Now we split
D{74+D(84 (IX74—|—IX8 4) IXZ,84 ~7,8,4 Z b“ 078611(t) (368)
11=1
Within (3.68) we first work on
o042 -
3
i 2D > 0@ k)02 k)
k "L ]‘<1]€1 ko:ki2= kkd;éO'thQ,’Ld,jl 1
https://www.imstat.org/ejp
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e_lkfilz(t_s)f(ekﬂ?))z

) o . t
X Pijyia (k3)Pjois (k3) ki3 k1%Piyiy (K12) ioz‘l(kma)ek/() e~ Ikizal*(t=s)

2|k3|?
o BB ()R k) = X2, (k) X5, (ke b
0
/ [REE (k) X8 (k) — X (k) X2 (ko) e F12 (=) s (3.69)
0

where we relied on (3.65) and (3.66). Within (3.69) we first focus on

/ [ Xo, (k)Xo (ke — X0, (k) X555, (R )iJe 2l do
0

g,12

t
_/[ O’Zz(kl) ;LZZ(]CQ) ;Lzez(kl) UlS(kZ)} 7\k12| (tfo-)do_
0

/ (XG5, (k) X0, (k) — X0 () X775, (o) ) (e 2l (o= ) — =) g
0

g,12 0,13 0,12
/ (XS, (o) X205 (ko) — X5 (k) X5 () Je™ 2l (=) o, (3.70)
We also define for k3 # 0,
B ) e~ ksl (H)f(ekg)
Cl]cizs ks (T = 8) Z e el =) k3| k745 Pigiy (K123)] (3.71)
11=1

so that we can now estimate

~7,8,4
E[A (X + DG X, )] (3.72)
SRR IENDYD 2
ke i3IS 1,14 =5 | <1 Ky bashaa=F,ka 20k} Kkl y=h! I 70

x > (2 k123)0(27" k! 05)0(2 7 k3)0(277 kY /

. . . . . . 2
12,13,J1,1%,1%5,J1 =1 (0,¢]

X C’J&m k3 (t o S)C]} A (t - §>|k12”k/12|

/ / Xb6 (k1) X5 (ka): Xg’,:g(ki))z;:;é(ké)i]
x (e —lk12|*(s=0) _ o—[k12|?(t— 0))(6—\%2\2(5—5) _e—\kiz\z(t—ﬁ))dgcw

/ / X5 U ) X35, Uho):s X (k) 55 (ke e 0= 0Pl

/ / E[X s (k) X2, (k2): X;:fé(ki)Xg’,Zg(ké)i]
x (e~ k12l (s=0) _ o= lkial*(t=0)y (o= IK*G=0) _ o~k (t-2)) gy g

4
/ / B0, (k) X5, (ko): X, (KD XS, ()l el (0=t 02 gg dg)dsds 2 ) " X

i=1
by (3.69)-(3.71) and Young’s inequality. Among the four terms on the right side of
(3.72), it suffices to work on the first two terms, namely X L4+ X2, First, due to

[511512 521522] = El&1én|E [512522] + E[¢11&22]E[€12621] (see [48]) we can compute
E[:X,5, (k) X005, (ko) X0, (K1) X2, (k5):] using (3.2) and deduce from (3.72)

0'12 0'13

3
X1+ X2 <> 02 k)? 3 > > Jkf?
k

limj|<1,]i" —57| <1 k1 ,ko£0:k12=k,k3,ka 70 j1,5, =1
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<[ 0 ko k)02 )62 )
[0,4]2

. it e —([k1?+]k2|?)|o—7|
X Cklgg,k‘g( )Ck124 k4 / / |k1 |k2|2
X (6*|k12|2(sfa) *|k12| (t—o) *|k12| E-2) _ 7|k12|2(t7§))d0d5
tpt o—([k1]?+|k2|*)|o—7]
e — 2(t—o+t—7 3
+/[ mEE e D dodadsds (3.73)

where we used a change of variable of k4 with —k,. Within (3.73) we may further estimate
for k12 7£ 0,

s 'S
/ / e~ ks 41k2l) 03] (o= lh12l*(5=0) _ o= lkaa*(t=0)) (o k12l*(5-7) _ o= Ikazl*(t-9)) gy 17

t t
—|—/ / 67(\161|2+\k2\2)\Ufﬁl6*|k12|2(t70+t7§)d0d6 5 |k1 |3 |t _ $|% ‘t B §|% (3.74)
s Js 12

due to mean value theorem and (5.1). Therefore, applying (3.74) to (3.73) gives

3

X'+ x2Sy 0w Y > >

k#0 \i—j\§1,|i’—j’|§1 k1,k2#0:k12=k,k3,ka7#0 jl,jizl

X 0(2  k125)0(27 " k124)0(2 T k3)0(277 ky) /[ | CP L r(t—9)
0,t]2

1
X Ol (b= 5)
k124>7€4( )‘k12||k1|2|k2|2(

Moreover, for ks, ky # 0,

t— s)i(t —35)idsds. (3.75)

1 1 : .y _ B
/[0 ]2(t —s)1(t— 5)40]2237,€3 (t— 5)02124,1@4 (t —3)dsds
t

iz 3 ipal ¥ 1= bRzl 3 o= dORaal ks e

~ o |ksl?|kal? |k123|% + [kal? |Kk124|? + [kal?
t2(ﬂ+5)
5 2 2 2 2)3 2 3_(2+9) (3.76)
ks |?|kal?(|k12s|? + |ks|?) =G H8) (|kioal? + |ka[2) 5~ (5 F5
by (3.71) and (5.1). Applying (3.76) to (3.75) leads to
X'+ x? <Zg(2—qk)2 Z ﬂ Z 1 1
T ki k2 #0:k1 2= |1612||k1|2|k2\2 <ingSi 2i(3=3(8+§)) 2i'(3-3(§+5))
<PEHEEH) 3 1 p@+920m45) 3.77)

3 ~Y

2071 S|k S29 ! Il

where we used that 27 < 27,29 < 2¢', and Lemma 5.6. Similar estimates may be obtained
for X3 and X*. Therefore, we conclude by applying (3.77) to (3.72) that

~7.8,4 . e
Bl A, (X[ + X3 — X, 7)) S 23 +6)92a0n+5), (3.78)

Next, within (3.68) we work on E[|A,(IX x, > Zzl 1 b:{ )OI (1))]2] where we may

write

3 3
'\( 7,8,
O R = DD DUND DD S @79
i1=1 ﬂ— k#O |[i—7|<1 k1,k2:k12=Fk,k3#0 i1,i2,i3,i4,j1=1
EJP 28 (2023), paper 39. https://www.imstat.org/ejp

Page 50/66


https://doi.org/10.1214/23-EJP929
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Magnetohydrodynamics system

t
[ DB, R L, () X2 (k) — Xt () X2 ()
0

o,12 0,13 0,12 g,t3
» i to=2lkal®(t=5) £(cka)2 . . o
02 k)2 k) [ s (k)P ) P ks
0

by (2.3), (2.10b) and (2.10c). Thus, by (3.66) and (3.79) we obtain

784 Zb“ 078611(t)

11=1
k t— i3
42 Z > > / e Im =i Py, (knz)ent(277 ks)
2
7T k¢0|z F|1<1 k1,katkia= kk3¢011,12»13,24,]1 17/10:]

X (X0, (k1) X2 (ko)ee Izl (=927 k105 ) Pigi, (K123) k]33

— X0, (k) X205 (R )e™ BP9 0(27 g P, (k)]
- (: gfz(kl)ngg(k) ~lhazal” (=90(27 k123) Pigiy (k123)kibs
— X (k) X2, (ka)e ™Rl =027 i) Py, (ks )i )]
—lks|?(t=5) £(ekea)2 . 2
< 2|k32f(6 3)” Pjris (k) Pjyi, (ks)dods £ > XI. (3.80)
=1

Due to similarity, let us work only on XI}, to which we use :£;&y: = & & — E[&1&2] (see
[48]) to deduce

3

i 22 2.

? k0 |i—7|<1 k1, k2:k12=Fk,k37#0 i1,i2,i3,14,51=1

x / R0 ki B (o) en0(2 T k) XU () XS (k)
[0,

0,13

x [z * =) (2= k 100 )Py i (Ris ) kihy — Kl (=027 k) P, (R ) R3]

—|ks|?(t—s) 2, .
X € f(6k3) /leu(k’g) j0i4(k‘3)d0'd8. (381)
2| k32

Now upon computing

3
AR~ 3 b (et 1),

i1
i1=1
we need to compute E[|A,XI;|?]. In its endeavor, we rely on the identity of E[¢,£263¢4] =

E[£2&3]E[€164] + E[§2§4] [61&3]) + ]E[§3§4] [€1€2] (48] and [63, Example 2.2]) and (3.2) to
compute E[X "¢ o (k)X ™€ (kQ)Xf . (K} )Xﬁ E, (k%)] and deduce

0'13

E|AXGP S Y > Lo, =0,k + =0

K,k A0 ki ko £0: k1o =k, K/ kb ik o =k

2 g o= (k112 +[k2|?) |0 7]
x [ e PO g (2 k)62 ) dodz
(0.2

|k1]?|k2|?
e Ml f(eks)?
(2~ k
Z Z Z 3/ e

|7, ]‘<111 ,J1=1 k3#0

X (G_WIQS‘ t=9)0(27 k123) Pigiy (k123)khs — e_‘k?’lz(t_s)@(?_iks) Diyiy (Ki3) k51 ) ds)?,
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where we observe that |k},| = [ki2| due to 1z, x; =0, +r,=0 SO that we may estimate

/ e lk2*(t=0) =k P (6=2) | o o | 1 | e~ (B P+ B2 1)o7 g5 g < —
0,42 k12|

for k12 # 0. Therefore, (3.74) gives for any n € (0, 1),
E[|A,X; %]
e~ Ikol?(1=5) (cky)?

0(2~ j
52 Z B ‘]“52 \k12|2 Z Z 202 k3/ e

k#0 k1,k2#0:k12=k ‘l ]‘<1741 ,J1=1 k3 #0

x (e~ 0129927k o0 ) Py i, (Kios ) Kby — e Rl (=902 kg )Py, (ks k] ds)?

0(27%)2 o,
<y (|k|3) 2020 3

k30

R S 2 (3.82)

due to a straight-forward extension of Lemma 5.5, Lemma 5.6 and (5.1). We obtain
similar estimates for E[|A,XI?|?] in (3.80). Together with (3.78), this concludes our

estimate of
E[|A,(X{* + X)) < 2290r2)¢2(5+8) (3.83)

if we choose ¢, > 0 such that ¢ < 7
For Ith’k, ke {l,...,6}, in (3.54), we obtained estimates of IXf’2 in (3.60) and IXZ’4 +
X% in (3.83). Next, within (3.54) let us work on

X - KK, K (3.84)
where
3
~8,5 i .
oI DD DD SRR S e
2k [i—j|<1 k1,kark1a=k,ko#0 i1,i2,i3,14,51=1
/ X6 (k) X (k4)167‘k1‘Q(tfs)k{iﬁioil(kl)/ e Ikial(s=2)
0 0
—lk21*(s=0) £ (k)2 .
e € PR R .
X |k2|2f( 2) kl"’Q’PZ-IZ-2(k12) i3i4(k2) j1i4(k‘2)d0'd8€k (385)
and

X7 e Z 3 3 S 027 k)82 k)

k |1, j|<1k1,k4 k1a=k,k2#01i1,12,i3,j1=1
s
u,€ kP (t—8) 1.J1 P —2|k2|?(s—
/ XS 12 kl (k4).6 Ik C S)kllpio’il(kl)/ € [kal*(s =)

0
f(GkQ)
* Tk

kS Py iy (k) Pigiy (k2)Pjyi, (ka)dodsey, (3.86)

so that IX,”” = 0. We define for ky # 0,

3 el (s=0) f(ehy)2
(& € PN
diyy ko (s — 0) & E e~ hzl*(s-2) |k2|2f( 2) k1% Piis (k12)|- (3.87)
i2,i3=1

Then we see that

U, € -b,€ u,€ b,€ L VuLE b,€ . LY ULE b,€ .
E[ X (kl)Xt,jo(k4) - X (kl)Xt,jo (k4)-- g,i;(kll)Xt,jO(kzl)' - -Xai;(k/l)Xt,jo (kﬁl)]

522 0'12
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=B[X L (k) X2 (RBLX DS (Ra) XD (K] + BLX L (k) XE (R)VELX S (ka) X5 (K]
—E[X 5 (k) X, (R)TEIX S, (k) X753, (kD)) — BIX S (k) X5, (RDIBLX Y, (ka) X2, (k)]
—E[X L () X2 RDIBRYS, (k) X P, (k)] — BIX LS (o) K75, (KDIBLRYS, (ka) X572 (K]
FE[X 5 (k) Xos, (ROIE[XS, (ka) X775, ()] 4+ BIX 0 (k) X7 (KDTELX s (ka) X2, (k7))
S ixul (3.88)

by E[:{11&12::621620:) = E&11821]E[&12822] + E[€11£22]E[£12621] (see [48]). By interpolation,
relying on [33, Section 9.2], and using (3.47), (3.85), (3.87), and (3.88) we obtain

B[, (57 - &)
S207E ) > 02 k)02 k)02 k) 0(27 )

l[i—j|<1,]¢’—5"|<1 k1,k4#0:k14=k k2 ,k3#0

L KRR E
/[Ot]2 /[Os % [0,3] |k | |l€ |2

X Ay kn (S — )dk137k3(570)|k1| dododsdsey, (3.89)

We can estimate for ki, k4 # 0,

/ / o k12 (t—st1-5) ey 2772
0,2 J[0,5]x[0,3] K112 |ka|?

ko, k';;éo
‘870"2|870'|2dk12 kg( dk13 k3 dCTdUdeS
<; Z |k12”k13| / / e k1Pt g3 l1k1]? = (k12 |* — k2 |*]s
™k |72 ka|? ke T k2|27 k3|2t Ji0.412 J10,5)x]0.3]
% eg[\k1|2—|k13|2—|k3| ]762[|k12\ +1k2]?] eg[\k13| +|ks|? 1% dodadsds
1 1 1 LA t2<ﬂ )
< 5 (=™ 0)” o — (3.90)
1|27 |ka |2 |2 |27 | k3|30 | |* [y [4 =456 =20y |2
ko, k3 £0
by (3.87) and (5.1). Therefore, applying (3.90) to (3.89) gives
8,5 5P n4e -
GG A [ D DUCK LD DI D e
k kl,kﬂéo k1a=k ¢<i |k | \
<t2(%+§)2‘1(%+% < $2(3+5 )2‘1(10”+26) 3.91
s > W, < (3.91)

k70
where we used that 27 < 27 so that ¢ < i and Lemma 5.6. Next, within (3.84) we estimate

3

BA( TP B0 Y Y S kAR

[i—j|<1 k1,katkia=k,k27#041,i2,13,54,51=1

8,12

/0 X (k) XS (k)i BP9 )Py (k)

x/ le —|k12]?(s—0o VK2 P, (ko) — e = lk2l? (=0 k8 Piyiy (ko)
0

e k2l*(5=0) £(ch)2 . )
x |k2|2f( 2) Piyia (k2)Pjri, (k2)erdods|?] (3.92)
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due to (3.85)—(3.86). For ki,ks # 0 we can compute E[: X;l;(kl)Xf;O(k4)::X;"iZ(k’1) X

tjo(k&;)] v E[:£11612::821622:] = E[€11&01]|E[612822] + E[€11822]E[612621] (see [48]) and
(3.2) to deduce

~85 —8,5
E[lA,(X, — X, 7)[]

<N k) > >

k,k’ li—G|<1,]" — 5| <1 k1, ka#0:k1a=k,ka#0,k} k) : k) =k’ kG #0
3 . .
X Z 9(2—%1)9(2—1 K02 7 ky)0(277 kg)/
‘‘‘‘‘‘ [0,t]2

oIk [?]s—3]

_ 20y B 12(+_T
X 1k1+ki:0,k4+kg:0W€ k1] (t—s) o= K1 (¢ S)|k1|\ki|

X ( / Ml B (ko) — e TR P, (K >>
0

« (/0 . — |k, 2 (5—7 (k' )ZSlezQ(kl ) — e—lké2(3—0)(k/2)i375i,2ig(k;)>

k2 l?(s—0) o~ K5 * (5-)

B exedododsds

<> 027k > > 0(27'k1)0(27 " ky)

k [i—d|<1,]é" —j7|<1 k1,ka#0:k1a=F, ko, ks £0

9(2—jk )9(2—j/k )/ e—|k1‘2(\s—§\+2t—s—§) |k |2
X 4 4 1
[0,£]2 k1 [?|Kal?
oy = - o
></ s ~ o S e k2l (=)= * G- grdzdsds  (3.93)
[0,5]x[0,5] K2 |?[ ks

for any n € (0,1) due to a change of variable of k), with k3 and Lemma 5.5. By applying
Holder’s inequality we can bound furthermore as
~8,5

E[A(K, — ")
<D 02 %) > > 0(27k1)0(2 " ki)
k

l[i—7|<1,|i' —5"|<1 k1,ka#0:k14=Fk,k2,k3#0

X 0(2’jk4)9(2’j/k4)/ 6*|k1|2(|3—§|+2t757§)&
[0.4]2 |23 ]?|al?

1 s
" (/ |S_J|<1n>da)2 </ ezucf(sa)dg) :
0 0

><</ |5_a|(1n)d?> (/ 62|k32(50)d0> dsds
0 0

< Zk: 0(2-9k)? > > 0(2 k)02 ky)

li—j|<1,]1" =57 |<1 k1,ka7#0:k1a=k,k2,k3#0

27
><9(2—jk4)9(2—j'k4)6—2t\k1|2/ ol IR

(0,42 K2 |?[ 3] |Ka?
n 2 1 n 2-.1
8|2 (1 — e 2Ik21"9)3 |53 (1 — e~ 2Iksl™5)3
|s|=( o )2 [s]=( o )% i, (3.94)
2 3

Finally, we continue to bound this by

B =85

E[A, (K —X,)P
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S S S T AT

L 3_10n_7
) a<i k1, ks#0:k1a= g Kl E

due to the mean value theorem, that 2¢ < 2 and Lemma 5.6. Combining this with (3.91)
in (3.84) gives

E[|A XS 2] < 23 +8)2005" %), (3.95)

Similar estimates for IXf ' may be deduced as well.

3.3.2 Terms in the fourth chaos
We finally work on ]Xf’1 of (3.54), specifically the first term of (3.44) where

3

x>t = Z > > > 02 kas)0(2 k)

k |i—j|<1k1,k2,k3,ka:k1234=k i1,12,i3,j1=1
¢ o 2 € € € €
x / b0 [T () X () K25, (k) X2 k)
X 67‘k12‘Q(Sig)dddskgk{agﬁiliz (k12)75i0i1 (klgg)ek. (396)

We can apply Lemma 5.7 (2) with “Y;” = :X“¢ (k1) X2¢ (ko) X2S (k3) X] (k4): and “Yy”

g,i2 0,13 8,J1

U, € b€ b€ b€ .
= :X.mé(k:’l)Xﬂ,3 (ké)XEji(kg)XtJ (k}): to explicitly compute E[Y1Y3] = ZW v(7) which
consists of 24 terms (see [63, Example 2.2]), with

BIXG5, (k) X2 (R)IBIXGS, (ko) X275 (R)IE[XL, (ky) X5, (R5)IELX,S, (ka) X775, (k)]

being one representative which can be bounded by a constant multiples of

4
H T Lky + ] =0, ko +ky =0, ks +k/, =0, k4 +k/, =0 (3.97)
j:

LT,

when kq, ko, k3, k4 # 0 and hence
ElIAXF 52002 > >
i | S1,187 = | <1 K k2 ka ka kg K Wy k201230 =] 05, =F

% 9(2*%123)0(271'/k/123)0(27jk4)9(27j/k51) / e*\klzs\Q(tfs)eflk'mzﬁ(tf?)
[0,¢]2

1 2 ’ 2/— —

—|k12|*(s—0)—|ki,|* (5—0) =

X e dodo
/[o,s]x[o,s] k12|22 (s ]2 kal?

X k12| k12| [k125 || K125 dSASLk, 1y =0,k 1y =0, ka+ 1y =0,k 4+ =0 (3.98)

due to [33, Section 9.2]. Within the right hand side of (3.98) we estimate

/ o~ k123 (t—s+1-73) / eIkl (s=045-7) 45 dd sds
[0,]2 [0,5]%[0,5]

6*275\/6123\2 6|/€123|2t -1 ) 1 n

1g.. <————1 o
|k‘12|4 |k‘123|2 ] k12,k1237#0 ~ ‘k12|4 |k123|4_277 k12,k1237#0

by mean value theorem so that

E[AG ISy Y 3 0(27k)> (3.99)

k |i—jI<1,|i' =5 |<1 k1,k2,k3, ka7#0:k1234=k,k127#0,k1237#0
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. - -/ -/ 1
027 k123)0(277k4)0(27" k1023)0(277 K
X ( 123) ( 4) ( 123) ( 4)|]€12‘2‘k1|2‘]€2|2‘k3|2|k4|2|]€123|272n
< 0(2~9k)2 2—1'/(3—271—6) < 4194(2n+e) 0 2—q < $194(2n+e€)
Sy SE W

by Lemma 5.6, and that 29 < 21 By applying (3.60), (3.83), (3.95) and (3.99) to (3.54)
we have shown so that

EllAgmoo (! %80 € 232008 )

Yo

due to (3.41). Similarly to how we deduced (3.25) from (3.24), we can also prove

IE)[|Aq(7T07<>(u\g El,bkl)(tl) — WO,Q(U? e, bI;l)(tg) (3.100)
N \?62 Tez \?62 162 2] < (27 2 - 2(2+%) q(w—”+£)
0,0 (g, 250557 )(#1) + mo,0(uy, @, 0552 (82)) 7] S (€77 + €57 [tr — o 2702907 5,

50 _¢

Recalling again that B,: N —C % » as in (3.26), we deduce

Bl (g DL (1) — oot 1) 1) (3.101)

—°n_._3

*ﬂo,o(u?”ablf)(tl) +7r0,0(u?62,bI062)(t2)||z s s S (7Pt — o 3FE)

by the Gaussian hypercontractivity theorem [48, Theorem 3.50] and (2.12) as we did in
(3.27). If we choose 7, ¢, p > 0 such that %77 +e+ % < 4, we have proven that there exists

€ C([0,TY; C*‘S) for ig, jo € {1,2,3} such that woyo(u? bT €) — v':?- . ase— 0in

16 ,%0J0 7 Jo 16,i0j0

Lr(Q;C([0,T];C~?)) as desired in (2.96).

3.4 Group 4
Among

70,0(Piiy 0u, K u ale )y 0,0 (Piiy 0, K u le ), 0,0 (Piiy Oz, K€ e

Jj 07 J’Jl J’Jl)

and 7o o (Pis, 9u, K e )

J 77N

from Group 4 of (2.97), we can work on g o (Pji, O, K“ € bT ¢) and show the existence of

vt e ([0, T];C~7) such that g o(lelaz]Kue,bL) — vii77t as € — 0. Because the

estimates are similar and straight-forward, we leave this in the Appendix.
4 Conclusion of the proof of Theorem 1.3

With these convergence results, we may now conclude the proof of Theorem 1.3. By
a similar argument that we showed already, and in particular (2.20a) and (2.23), we

can prove the existence of v > 0, (uT bT) e C([0,T];C~272)2, (u ¥ by) € C([0,T];C79)2,
(u? ,b\f) € C([0,T];C2~%)? such that for all p > 0,

Te  Te T Al Ye Ve w? Y
E[[[(u ,6") — (uw ,0)]|” [OT]C,;,%)KW” Efff(u” 0" ) — Neqome-s S
Bll -l D, gen @)
c([0,T);C
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Letting €, = 27" and ¢ > 0, proving

S R({f o) — @l o, (s iast @
k=1

1
0,T);,C" 22
[0.7) ) e

by Chebyshev’s inequality and (4.1) is standard. By Borel-Cantelli lemma, this implies

I

that (u; Ek,bTe’“) — (uT bT) in C([0, TY; C‘%‘%) P-a.s. as k — oo and analogous conclusions

[ R

Ve 1Y ¥

hold for (u;" “*,b;" *) and (u; “*,b;” °*). Hence, we have shown that sup,, _o-r e égc <
oo P-a.s. where Cf is that of (2.21), (u”',0") = limy_, oo (u">*, b5) in [0, To], y = (u,b) =

(uT vul 4 u? + uF,bT + by + b\? + b") as the solution to (2.1) on [0,7,] where Ty is
independent of ¢ and

sup [[(u®,b%) — (u,b)[|c-= =0 (4.3)
t€[0,To]

as k — oo P-a.s. due to Proposition 2.5.

By identical proof to the case of the NSE on [70, p. 4497-4498] (because it does not
rely on the precise structure of the equations), it follows that there exist the explosion
time 7 > 0 and the maximal solution y on [0, 7) such that

sup |ly(t)lle-= = +oo, (4.4)
t€l0,7)

and that if we define
2 inf{t:||y(t)|lc-- > L} AL, 75 = inf{t:||y*(t)||c-= > L} AL, p5 = inf{t:C¢ > L} (4.5)
for Cg in (2.21) and L > 0, then 7, increase to L as L. /* o0, and for all L, Ly, Ly > 0,

sup e = ylle-= — 0 (4.6)
te[o,pzl/\m/\rzg]

as ¢ — 0 IP-a.s. Finally, we can compute

P({t sup ]Hye —Ylle-= > €}) 4.7)

€[0,7r,

<P({  sup 1y = lle—= > €e}) + P({py, <7e}) + P({7, <70 ApL,})

te[0, 7L APy ATE]

where the right hand side can be shown to vanish as € N\, 0 due to (4.6). This completes
the proof of (1.13) and Theorem 1.3.

5 Appendix

5.1 Preliminaries

The following inequality is standard and was used many times:
SL1p|oz|Te_a2 <c¢ forallr>0. (5.1)
a€R
We also list useful lemmas which were used throughout, mostly from [30, 70] (see also
[27, Appendix A]).
Lemma 5.1. ([30, Lemma 2.4], [70, Lemma 3.3]) Suppose « € (0,1),5,v € R satisfy

A

a+ f+v>0and 3+~ <0. Then for smooth f, g, h, the tri-linear operator C(f,g,h) =
mo(m<(f,9),h) — fmo(g, h) satisfies

IC(f, 9, Wllea+ser S 1 fllcallglles [ Alle,

and thus C can be uniquely extended to a bounded tri-linear operator in L3(C%(T?) x
CP(T3) x CY(T3),CoTA+7(T3)).
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Lemma 5.2. ([70, Lemma 3.4]) Let P be the Leray projection, f € C*(T3), g € C#(T?)
for < 1 and 8 € R. Then for every k,l € {1,2,3},

1Prim<(f,9) = 7<(f, Prag)llcars S | flleellgllcs-

Lemma 5.3. ([30, Lemma A.7], [70, Lemma 3.5]) Let P; be the heat semigroup on TN,
Then for f € C*(T3),a € R and § > 0, P, f satisfies

_3
IPefllcars St2 | fllce-

Lemma 5.4. ([70, Lemma 3.6]) Let P be the Leray projection and f € C*(T%) for a € R.
Then for every k,! € {1,2,3},
1P fllce S N fllee-

Lemma 5.5. ([70, Lemma 3.11]) Let P be the Leray projection. Then for any n €
(0,1),4,5,l € {1,2,3} and t > 0,

a-m)

e Ry Pra(hz) — el RGPy (ko) < "]t

Lemma 5.6. ([70, Lemma 3.10]) For any [, m € (0, N) such that [+ m — N > 0,

> S
|k |l|k: |m ~ |k‘l+m—N
k1,ko€ZN\{0}:k1+ko=k 112

Finally, recall from [48, Definition 1.35] that a Feynman diagram of order n > 0
and rank r > 0 is a graph consisting of a set of n vertices and a set of r edges without
common endpoints. The Feynman diagram is complete if r = 7. A Feynman diagram
labelled by n random variables &1, ..., &, is a Feynman diagram of order n with vertices
1,...,n. The value of such a labelled Feynman diagram ~ with edges (i, jx),k=1,...,7,
and unpaired vertices {i:i € A} is v(v) £ [T,_; El&, & T a &i-

Lemma 5.7. ([48, Lemma 3.4 and Theorem 3.12])

1. Wick products are given by

£ = 3 (1) Du(y),

~

where summation runs over all Feynman diagrams + labeled by {§;}7 .

normal variables, with £k > 0 and [4,...,{; > 0. Then
EY:...Y:] =Y v(y)
v

where summation runs over all complete Feynman diagrams v labeled by {¢;;}
such that no edge joins two variables with &; ;, and &;,;, with i; = 5.

.3

5.2 Details of renormalizations for Group 2

Due to (2.3), (2.10c), (2.10b) and relying on the representation of U (t) in (3.4), we
may compute

3
byeu}e@):wi) DS ¥ (5.2)

i1,i2,J1,J2=1 k ki,k2,k3,ka:k1234=k

[
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x/ d5d§67|k12|2(t’s)e*““?"*‘Q(t*g)Piil(klz)ijl(%Oikgikgfl
[0,t]2

X (X005 () X205 (ko) X206 (k) Xaof (a) — X2 (k) X2, (k) X (k) X (k)

8,12 5,01 5.2 $,i1
-b,€ U, E -b,€ b€ U, E -b,€ b€ -b,e
= Xoi (k) X (ko) X5, (ka) X305, (Ra) + X (k) X, (ko) X375, (Rs) X35, (Ka) ey

We can apply Lemma 5.7 (1) with "51525364:" = X:::l (kl)X:jz(kQ)X;; (kg)Xg”;(lﬁl)
to write it as Z,Y(—l)T(V)v(v) with the sum over all Feynman diagrams ~ labeled by
{)A(f:fl (k1), X;f? (ka), Xg’; (ks), Xg’;(m)}, and split to groups of fourth, second, and ze-

roth Wiener chaos (see [63, Example 2.2]). We repeat for X’f; (kl)Xf;(kg)X;‘; (k3) x

U, E -b,€ U, € o-b,€ b€ O U, € >-b,e -b,€ b,
X§,j2 (k4), X (/ﬂl)X&i2 (kg)Xgﬂ-1 (kg)Xg’jz (k4), and XSJ1 (kl)Xs,ig (kQ)X§7j1 (kg)Xg)jz (k4) to
write
byéujY ‘W= VI, + VIZ + VI (5.3)

~—~ ~—~ ~—~
4th chaos  2nd chaos  Oth chaos

where

1 3
14
Mele Yy % 50

i1,12,J1,J2=1 k ki,k2,k3,ka:k1234=k

x/ dsd?eke_“"12‘2(t_s)_|k34‘2(t_§)ﬁm(k12)73jj1(/€34)iki22ik§i
[0,t]2

X X5, (k) XU, (ko) Kot (ka) X3, (k) — X005 (k) X0, (ko) X, () X5, ()

ER2) S,J1 S,J2 S,11 5,01
b€ O U, € b,€ o-b,€ O U, € b, -b,€ b€
— X0 (b)) XS (ko) X505 (Rs) X5, (Ra): + X0 (Ra) X7, (ko) X375, (Rs) X375, (K],

VI? consists of 16 terms with

2% A 1 >
V= ST 2 22 /[Mz (5.5)

i1,42,51,52=1 k ko2,ka:kaa=k,k1#0
—|k12]%(t—8)—|ka—k1|2(t—=3) P A 2o 1.0 j
x ezl ke B9 Dy, (ko) Py, (ka — ka)ikibi(ky? — k)

> 6_‘k1|2|8_§‘f(6k1)2 A A b,e b, e
x> 32 Pisjs (k1) Pjajs (k1): X 7, (ko) X375, (ka):dsdSer Lig=iy ig=iy js=ja,ja=j
Js=1

being a representative, and

3
1 . o R
VI3 2 / e—\klz\ (Qt_S_S)Pii k Ak
t 4(27T) Z Z Z (0,42 1( 12) ]]1( 12)

i1,92,51,52=1 k ki,ka70
F(eky)2 f (eky)2e (k117 +Ik217)ls 5]
Ak |?[ ko |?

M=)

X k2 k72 dsds (5.6)

3
X Z [Pisja (k2)Pjujs (k2) Piy iy (k1) Py (k1) + Py (k2) Pioa (k2) Py jo (k1) Py iy (k1)

Finally, from (5.6) we define
VI3 2 CyY. (5.7)
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5.2.1 Terms in the second chaos

In order to estimate E[|A,VI?|?], we consider only VI?* in (5.5) as others are similarly

estimated. W? use E[:§11§12ZZ§21§223] = E[§11€21}E[§12§22] =+ E[éllfgg]E[flgfgl] (see [48]) to
compute E[:X[F, (ko) Xg75, (ka): X[ (ky) X2, ():] and deduce

S,J2
E[AVIPP] S 027 %) >
k ko, ka#0:kaa=k k1 7£0,k} K, kb, =k, k! #0

X/ o=kl (b=8) = |ba—Fa[? (4=5) o= |K{ P (b—0) — Ky~ K1 (6-0)
[0,1)¢

-k Pls=3] o= I¥iPlo—a] 1
[ [? k2 Ikal?[Ral?
X 1k2+k§:07k4+k2:0d8d§d0d5 (5.8)

X |ko(ks — k1)|[k1o (k) — K1)

where we denoted k|, 2 k| + k). Considering the characteristic function 1 Kotk =0,k +k, =0,
we see that it may be further estimated as

S 0(2 k)2 3 / o= IF1al? (b=5) = [ka—F1 | (t=5)p = | K} — k2 | (t—0) — |k} +ka|* (t=7)
P iz ka0 kaa=k k1 b £0 7 [0t
11 1

. o ’ =
X [k12(ka — k1)|[(K] — k2) (K + ka)| k2 TR |k2|2|k4|2d5d5d0d?

4
1 1
<t° 6(27k)>
~ Z Z ( ) j1;11|kj|2 |k4_k1‘276‘k4_k3|276

k  ko,ka#0:koa=k,k1,k3#0

1
5t522qe Z 9(2—qk)2W S 1€924ae (5.9)
k0

by a change of variable k] with —k3, mean value theorem, and Lemma 5.6.

5.2.2 Terms in the fourth chaos

We wish to estimate
~1
E[|AVI] = B[ 02 %k)VI, (k)ex|*] (5.10)
k

where VIt1 is that of (5.4) of which it suffices to estimate for example a mix term such as
second and third terms multiplied; i.e.

3

E[> 02 %) > 3 k12 (t=8)=|kaal* (t=5) (5.11)
k i1,%2,J1,J2=1 k1,k2,k3,ka:k1234=k [0,2]2
X XU (k) K05, (ko) X3 (k) X2, (ka):dsdSer Py, (k12) Py, (kaa)ikihikd|
3

<>y Y 3 /[0 ) o K 2 (t=) =K 4 2(1=7)
k’ Wt

;! g YA A ’ ! ’ !’ ’ — L/
1,85,91,J2=1 K1,k k5K K o34=F

X ()R (k) XL, (k)RS (Ry):dodaen Py (Ko Py iy (K )i(Ra) i (K )5

’
1

We can apply Lemma 5.7 (2) with “Y;” = :)A(;f’;(kl)f(b’-e (ko) X327 (k3) X2 (kq): and “Ya”

S,12 5,71 5.J2
b€ U, € o-b,e b€ o .
=X (ki)X;‘J,z(k’Q)Xaji(kg)XE,jé(kg): to compute E[Y1Y2] = > v(y) explicitly (see
[63, Example 2.2] for details) and see that it consists of 24 terms, one representative
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being
3
Vil £1k1+k' =0,ka+k)=0,ks +k, =0,k +k} =0 Z Ty ko ks, ka0 (5.12)
Z3,i47i5,i6:1
flklmsfa\f( k1)? f|k2|2|sfa\f( k2)? .
e €R1 e €R2
2|k1‘2 Pilia(kl)PL'IL3(k ) 2|k2|2 Plzu(kQ)P (kQ)
—|k3\2\§—5\f( k )2 . ) —|k4|2|§—af( k )2 A .
(& €ER3 e €Ky
2|k3‘2 leis (kg)'])jiis (kd) 2|k4|2 szia (k4)7)j§i6 (k4)
where k = k234 = —k534 = —k’ so that we can bound it by

Z 0(2-7k)2 Z / o k122 (2t—s—0) — [z * (2t —5-7)
- 0,44

k1,k2,k3,ka#0:k1234=kK
k12| |ksa|®
k1 [ {2 |?| k3| |kal?
By relying on [33, Section 9.2], this estimate leads us to
E[|A VI *] S Ze > (5.13)
k1,k2,k3,ka7#0:k1234=k
% / [e—um|2(2t—s—a)—|k34|2(2t—§—5) |]<?12|2V€34|2
(0,44 K1 |2 [k |? | k3 |?[kal?
+ o Tkaal? (=)~ a2 (4=9) ~ ks P (=)~ as (o) k12| |K3a]F14]| k23]
K1 ]2 k2| k3| ka2
Within (5.13) we may further estimate for k1, ko, k3, kg # 0,

dsdsdodo.

|dsdsdoda.

/ e—|k12\2(2t—s—a)—\k34\2(2t—§—5) ‘k12|2|k34|2 dsdsdods

o or [2 a2 s 2 a2
tﬁ

<1 5.14

~ km,ku;ﬂ)|k1|2|k2|2|k3|2|k4|2|k12|2—e|k34|2—e ( )

where we used mean value theorem, while for k1, ks, k3, k4 # 0,

/ oK1 2(t=8) [ s | (t=5)— k12 (t—)— [ oas 2 (o) (|’<?12|’<?34||k14||k23|
(0,1 k1 [?[k2|?|ks3|?|ka|?

t€ 1
R P P AT

) dsdsdodo

(5.15)

by mean value theorem. Therefore, applying (5.14) and (5.15) to (5.13) gives
E[|A,VI}?] <t629 —ag) v + VI v v (5.16)

where

vt 2 Z 1k12,k34750
k1,k2,k3,ka7#0:k1234= kHJ 1|k |2|k12|2 €|k‘34‘2 ¢

VI2 & Lp14£0,k257#0
k1,k2,k3,ka7#0:k1234= kHJ 1|k |2|k14|2 6|k23‘2 ¢

due to Holder’s inequality. We may estimate

teZGQ qk, 1/ ,/ <22qet5292 qk k|26< 1 )2< 1 )2522q€t€

|k|12=2¢=9 || 12—2=9
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by Lemma 5.6. We may apply identical estimates to ), 6(2-9k)?VII' in (5.16) to deduce
E[|A, VI 7] < te22%e, (5.17)

Similarly to how we deduced (3.25) from (3.24), we can obtain an analogous Lipschitz
bound on

B A (b @ ow, (1) b @ o) (1) — b @ 0w (1) 45 @ 0wl (1)),

J i j 5 i
with which similar arguments using Besov embedding, Gaussian hypercontractivity [48,
Theorem 3.50], as we did in (3.25)-(3.27), imply that there exists vﬁ;‘% e C([0,T);C77)
for i,j € {1,2,3} such that for all p € (1,00), bi\/6 ouj»ye — vm in LP(Q;C([0,T];C7%))

13,5
as desired in (2.96).

5.3 Details of renormalizations for Group 4

Due to (2.12) we can write down
u,€ Te
7o (Pi1i2 amjo Kjo ’ bjl )(t)

T Z Z - ¢ )
(21)3 Z 9(27”‘:1)0(2 jkg)/ e |k1|2(t75)ik{0
2 0

k |i—j|<1k1,k2:k12=k

s,J0

1 o t . ,
+— 0(27 k1) Py, (K / e~ Ikl (t=9) 0o
Gl X e kP | 1

E Ji—j|<1k1#0,ka:k12=k

X ;XU’E (kl)Xz’;l (/ﬂg):dsekﬁilh (kl)

3 —|k1]*(t 5)]('( k )2 )
e € ~ ~ o
X 1k12:0 Z 2|]€1‘2 ! Pj0j2 (k‘l) J172 (kl)d89(2 jkg)ek (518)
J2=1

by :£1&2: = &€ — E[€1&9] (see [48]) where the second term can be shown to be actually
zero. Thus,

E[|Agm0(Piyiya,, K5, 6 ) (1)

~> > > 0(2 k)02 K)0(2 7 k)

koK' |i—G|<1,|i" —57|<1 k1, katkia=k, k) k):k] =k

<O [ D g
[0,2]2
x BEX00 (k) X, (@);:)A(;;O(k;))%f’;i (K3):Jene Piyiy (k1) Piris (K. (5.19)
We may compute E[X:;O (kl)f(fjji (kg)::f(;f’;o (ki)f(f”ji (k%):] for k1, ko # 0 using the identity
E[:£11&12::801802:] = E[¢11621]B[€12622] + Bl€11622]E[£12€21] (see [48]) and (3.2) to deduce
from (5.19)

E[|Agm0(Py1,0s, K¢ 0l) (1))

Tjo~"Jo 7701

SIS >

i—j|<1,]i' =5/ | <1 k1, ke #0:k12=Fk

) y ) , e—IF1l?(2t—5—5+|5-3])
X 027 k)02 k1)0(2 T kp)0 (277 k2)9(2*qk)2/ 5 dsds
[0,1]2 k2|
1
<1220\ T (27 9k) % < 7220 5.20
k#0
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where we used mean value theorem, Lemma 5.6 and that 29 < 2¢. Similarly to how we
deduced (3.25) from (3.24) we can also show

Kjuo’el s bIﬂ)(tl) — ﬂovo(PhQ@% K;gil brel )(tg)

J1 LV

E[|Aq(m0,0(Piyi,0,

Tjo

K;ZQ , bT 2(t1) + 7T07<>(7DZ‘12‘28 K;«;’Ez brﬁz)(tZ))|2}

J1 Tjo LAY

S(] + e[t — to 2002 (5.21)

— 70,0(Piyiy 0

Tjo

so that applications of Besov embedding and Gaussian hypercontractivity theorem [48,
Theorem 3.50] as we did in (3.25)—(3.27) implies that there exists vy}>7°* € C([0,7];C~?)

for iy,1s, jo, j1 € {1,2,3} such that for all p € [1,00), we have o o(Pi,i,0u,, K. °, blf) —
vy >707 as € — 0 in LP(Q; C([0, T];C ).

References

[1] M. Acheritogaray, P. Degond, A. Frouvelle and J-G. Liu, Kinetic formulation and global
existence for the Hall-Magneto-hydrodynamics system, Kinet. Relat. Models, 4 (2011), 901-
918. MR2861579

[2] G. Ahlers, M. C. Cross, P. C. Hohenberg and S. Safran, The amplitude equation near the
convective threshold: application to time-dependent heating experiments, J. Fluid Mech.,
110 (1981), 297-334.
[3] H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Differential
Equations, Springer-Verlag, Berlin Heidelberg, 2011. MR2768550
[4] V. Barbu and G. Da Prato, Existence and ergodicity for the two-dimensional stochastic
magneto-hydrodynamics equations, Appl. Math. Optim., 56 (2007), 145-168. MR2352934
[5] N. Berglund and C. Kuehn, Model spaces of regularity structures for space-fractional SPDEsS,
J. Stat. Phys., 168 (2017), 331-368. MR3667364
[6] L. Bertini and G. Giacomin, Stochastic Burgers and KPZ equations from particle systems,
Comm. Math. Phys., 183 (1997), 571-607. MR1462228
[7]1 D. Breit, E. Feireisl, and M. Hofmanovd, On solvability and ill-posedness of the compressible
Euler system subject to stochastic forces, Anal. PDE, 13 (2020), 371-402. MR4078230
[8] T. Buckmaster and V. Vicol, Nonuniqueness of weak solutions to the Navier-Stokes equation,
Ann. of Math., 189 (2019), 101-144. MR3898708
[9] S. J. Camargo and H. Tasso, Renormalization group in magnetohydrodynamic turbulence,
Phys. Fluids B, 4 (1992), 1199-1212. MR1161392
[10] G. Cannizzaro, P. K. Friz and G. Gassiat, Malliavin calculus for regularity structures: The case
of gPAM, ]. Funct. Anal., 272 (2017), 363-419. MR3567508
[11] C. Cao, J. Wu and B. Yuan, The 2D incompressible magnetohydrodynamics equations with
only magnetic diffusion, SIAM J. Math. Anal., 46 (2014), 588-602. MR3163239
[12] R. Catellier and K. Chouk, Paracontrolled distributions and the 3-dimensional stochastic
quantization equation, Ann. Probab., 46 (2018), 2621-2679. MR3846835
[13] D. Chae, P. Degond and J.-G. Liu, Wel-posedness for Hall-magnetohydrodynamics, Ann. Inst.
H. Poincaré Anal. Non Linéaire, 31 (2014), 555-565. MR3208454
[14] A. Chandra, I. Chevyrev, M. Hairer, and H. Shen, Langevin dynamic for the 2D Yang-Mills
measure, arXiv:2006.04987v2 [math.PR]. MR4517645
[15] A. Chandra, I. Chevyrev, M. Hairer, and H. Shen, Stochastic quantisation of Yang-Mills-Higgs
in 3D, arXiv:2201.03487 [math.PR]. MR4479815
[16] E. Chiodaroli, E. Feireisl, and F. Flandoli, Ill posedness for the full Euler system driven by
multiplicative white noise, Indiana Univ. Math. J., 70 (2021), 1267-1282. MR4318474

[17] G. Da Prato and A. Debussche, Two-dimensional Navier-Stokes equations driven by a space-
time white noise, J. Funct. Anal., 196 (2002), 180-210. MR1941997

EJP 28 (2023), paper 39. https://www.imstat.org/ejp
Page 63/66


https://mathscinet.ams.org/mathscinet-getitem?mr=2861579
https://mathscinet.ams.org/mathscinet-getitem?mr=2768550
https://mathscinet.ams.org/mathscinet-getitem?mr=2352934
https://mathscinet.ams.org/mathscinet-getitem?mr=3667364
https://mathscinet.ams.org/mathscinet-getitem?mr=1462228
https://mathscinet.ams.org/mathscinet-getitem?mr=4078230
https://mathscinet.ams.org/mathscinet-getitem?mr=3898708
https://mathscinet.ams.org/mathscinet-getitem?mr=1161392
https://mathscinet.ams.org/mathscinet-getitem?mr=3567508
https://mathscinet.ams.org/mathscinet-getitem?mr=3163239
https://mathscinet.ams.org/mathscinet-getitem?mr=3846835
https://mathscinet.ams.org/mathscinet-getitem?mr=3208454
https://arXiv.org/abs/2006.04987v2
https://mathscinet.ams.org/mathscinet-getitem?mr=4517645
https://arXiv.org/abs/2201.03487
https://mathscinet.ams.org/mathscinet-getitem?mr=4479815
https://mathscinet.ams.org/mathscinet-getitem?mr=4318474
https://mathscinet.ams.org/mathscinet-getitem?mr=1941997
https://doi.org/10.1214/23-EJP929
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Magnetohydrodynamics system

[18] G. Da Prato and A. Debussche, Strong solutions to the stochastic quantization equations, Ann.
Probab., 31 (2003), 1900-1916. MR2016604

[19] G. Da Prato, A. Debussche and R. Temam, Stochastic Burgers’ equation, NoDEA Nonlinear
Differential Equations Appl., 1 (1994), 389-402. MR1300149

[20] G. Da Prato, A. Debussche and L. Tubaro, A modified Kardar-Parisi-Zhang model, Electron.
Commun. Probab., 12 (2007), 442-453. MR2365646

[21] C. De Lellis and L. Székelyhidi Jr., The Euler equations as a differential inclusion, Ann. of
Math., 170 (2009), 1417-1436. MR2600877

[22] ]J. Fan, H. Malaikah, S. Monaquel, G. Nakamura and Y. Zhou, Global Cauchy problem of 2D
generalized MHD equations, Monatsch. Math., 175 (2014), 127-131. MR3249890

[23] F. Flandoli and F. Gozzi, Kolmogorov equation associated to a stochastic Navier-Stokes
equation, J. Funct. Anal., 160 (1998), 312-336. MR1658680

[24] J. Foldes, N. Glatt-Holtz, G. Richards and E. Thomann, Ergodic and mixing properties of
the Boussinesq equations with a degenerate random forcing, J. Funct. Anal., 269 (2015),
2427-2504. MR3390008

[25] P. Friz and N. Victoir, Differential equations driven by Gaussian signals, Ann. Inst. Henri
Poincaré Probab. Stat., 46 (2010), 369-413. MR2667703

[26] P. Friz and N. Victoir, Multidimensional Stochastic Processes as Rough Paths, Cambridge
University Press, United Kingdom, 2010. MR2604669

[27] M. Furlan and M. Gubinelli, Weak universality for a class of 3d stochastic reaction-diffusion
models, Probab. Theory Relat. Fields, 173 (2019), 1099-1164. MR3936152

[28] R. Graham and H. Pleiner, Mode-mode coupling theory of the heat convection threshold, The
Physics of Fluids, 18 (1975), 130-140.

[29] M. Gubinelli, Controlling rough paths, J. Funct. Anal., 216 (2004), 86-140. MR2091358

[30] M. Gubinelli, P. Imkeller and N. Perkowski, Paracontrolled distributions and singular PDEs,
Forum Math., 3 (2015), 1-75. MR3406823

[31] M. Gubinelli, H. Koch, and T. Oh, Renormalization of the two-dimensional stochastic nonlinear
wave equations, Trans. Amer. Math. Soc., 370 (2018), 7335-7359. MR3841850

[32] M. Gubinelli, H. Koch, and T. Oh, Paracontrolled approach to the three-dimensional stochastic
nonlinear wave equation with quadratic nonlinearity, ]J. Eur. Math. Soc., to appear.

[33] M. Gubinelli and N. Perkowski, KPZ reloaded, Comm. Math. Phys., 349 (2017), 165-269.

MR3592748

[34] M. Gubinelli and S. Tindel, Rough evolution equations, Ann. Probab., 38 (2010), 1-75.
MR2599193

[35] M. Hairer, Rough stochastic PDEs, Comm. Pure Appl. Math., LXIV (2011), 1547-1585.
MR2832168

[36] M. Hairer, Solving the KPZ equation, Ann. of Math., 178 (2013), 559-664. MR3071506

[37] M. Hairer, A theory of regularity structures, Invent. Math., 198 (2014), 269-504. MR3274562

[38] M. Hairer and K. Matetski, Discretisations of rough stochastic PDEs, Ann. Probab., 46 (2018),
1651-1709. MR3785597

[39] M. Hairer and J. C. Mattingly, Ergodicity of the 2D Navier-Stokes equations with degenerate
stochastic forcing, Ann. of Math., 164 (2006), 993-1032. MR2259251

[40] M. Hairer and J. C. Mattingly, The strong Feller property for singular stochastic PDEs, Ann.
Inst. H. Poincaré Probab. Stat., 54 (2018), 1314-1340. MR3825883

[41] M. Hairer and J. Quastel, A class of growth models rescaling to KPZ, Forum Math., 6 (2018),
1-112. MR3877863

[42] M. Hairer and H. Weber, Rough Burgers-like equations with multiplicative noise, Probab.
Theory Related Fields, 155 (2013), 71-126. MR3010394

[43] M. Hofmanovd, R. Zhu, and X. Zhu, Non-uniqueness in law of stochastic 3D Navier-Stokes
equations, arXiv:1912.11841 [math.PR].

[44] M. Hofmanov4, R. Zhu, and X. Zhu, Global existence and non-uniqueness for 3D Navier-
Stokes equations with space-time white noise, arXiv:2112.14093 [math.AP]. MR4546626

EJP 28 (2023), paper 39. https://www.imstat.org/ejp
Page 64/66


https://mathscinet.ams.org/mathscinet-getitem?mr=2016604
https://mathscinet.ams.org/mathscinet-getitem?mr=1300149
https://mathscinet.ams.org/mathscinet-getitem?mr=2365646
https://mathscinet.ams.org/mathscinet-getitem?mr=2600877
https://mathscinet.ams.org/mathscinet-getitem?mr=3249890
https://mathscinet.ams.org/mathscinet-getitem?mr=1658680
https://mathscinet.ams.org/mathscinet-getitem?mr=3390008
https://mathscinet.ams.org/mathscinet-getitem?mr=2667703
https://mathscinet.ams.org/mathscinet-getitem?mr=2604669
https://mathscinet.ams.org/mathscinet-getitem?mr=3936152
https://mathscinet.ams.org/mathscinet-getitem?mr=2091358
https://mathscinet.ams.org/mathscinet-getitem?mr=3406823
https://mathscinet.ams.org/mathscinet-getitem?mr=3841850
https://mathscinet.ams.org/mathscinet-getitem?mr=3592748
https://mathscinet.ams.org/mathscinet-getitem?mr=2599193
https://mathscinet.ams.org/mathscinet-getitem?mr=2832168
https://mathscinet.ams.org/mathscinet-getitem?mr=3071506
https://mathscinet.ams.org/mathscinet-getitem?mr=3274562
https://mathscinet.ams.org/mathscinet-getitem?mr=3785597
https://mathscinet.ams.org/mathscinet-getitem?mr=2259251
https://mathscinet.ams.org/mathscinet-getitem?mr=3825883
https://mathscinet.ams.org/mathscinet-getitem?mr=3877863
https://mathscinet.ams.org/mathscinet-getitem?mr=3010394
https://arXiv.org/abs/1912.11841
https://arXiv.org/abs/2112.14093
https://mathscinet.ams.org/mathscinet-getitem?mr=4546626
https://doi.org/10.1214/23-EJP929
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Magnetohydrodynamics system

[45] P. C. Hohenberg and J. B. Swift, Effects of additive noise at the onset of Rayleigh-Bénard
convection, Physical Review A, 46 (1992), 4773-4785.

[46] D. Iftimie, The 3d Navier-Stokes equations seen as a perturbation of the 2d Navier-Stokes
equations, Bull. Soc. Math. France, 127 (1999), 473-517. MR1765551

[47] P. Isett, A proof of Onsager’s conjecture, Ann. of Math., 188 (2018), 871-963. MR3866888

[48] S. Janson, Gaussian Hilbert Spaces, Cambridge University Press, United Kingdom, 1997.
MR1474726

[49] Q. Jiu and J. Zhao, Global regularity of 2D generalized MHD equations with magnetic diffusion,
Z. Angew. Math. Phys., 66 (2015), 677-687. MR3347406

[50] M. Kardar, G. Parisi and Y.-C. Zhang, Dynamic scaling of growing interfaces, Phys. Rev. Lett.,
56 (1986), 889-892.

[51] M. J. Lighthill, F. R. S., Studies on magneto-hydrodynamic waves and other anisotropic wave
motions, Philos. Trans. R. Soc. Lond. Ser. A, 252 (1960), 397-430. MR0148337

[52] T. Lyons, Differential equations driven by rough signals, Rev. Mat. Iberoam., 14 (1998),
215-310. MR1654527

[53] T. Lyons and Z. Qian, System Control and Rough Paths, Clarendon Press, Oxford, 2002.
MR2036784

[54] R. Mikulevicius and B. Rozovskii, Martingale Problems for Stochastic PDE’s, in Stochastic
Partial Differential Equations: Six Perspectives. R. A. Carmona and B. Rozovskiii editors.
Mathematical Surveys and Monographs 64, AMS (1999), 243-326. MR1661767

[55] C. Mueller, On the support of solutions to the heat equation with noise, Stochastics, 37
(1991), 225-245. MR1149348

[56] M. Sango, Magnetohydrodynamic turbulent flows: existence results, Phys. D., 239 (2010),
912-923. MR2639610

[57] S. S. Sritharan and P. Sundar, The stochastic magneto-hydrodynamic system, Infin. Dimens.
Anal. Quantum Probab. Relat. Top., 2 (1999), 241-265. MR1811257

[58] J. Swift and P. C. Hohenberg, Hydrodynamic fluctuations at the convective stability, Physical
Review A, 15 (1977), 319-328.

[59] V. Yakhot and S. A. Orszag, Renormalization group analysis of turbulence. I. basic theory, J.
Sci. Comput., 1 (1986), 3-51. MR0870313

[60] K. Yamazaki, Stochastic Hall-magneto-hydrodynamics system in three and two and a half
dimensions, J. Stat. Phys., 166 (2017), 368-397. MR3596853

[61] K. Yamazaki, Second proof of the global regularity of the two-dimensional MHD system
with full diffusion and arbitrary weak dissipation, Methods Appl. Anal., 25 (2018), 73-96.
MR3898698

[62] K. Yamazaki, Ergodicity of a Galerkin approximation of three-dimensional magnetohydrody-
namics system forced by a degenerate noise, Stochastics, 91 (2019), 114-142. MR3878429

[63] K. Yamazaki, A note on the applications of Wick products and Feynman diagrams in the
study of singular partial differential equations, J. Comput. Appl. Math., 388 (2021), 113338.
MR4194395

[64] K. Yamazaki, Strong Feller property of the magnetohydrodynamics system forced by
space-time white noise, Nonlinearity, 34 (2021), https://doi.org/10.1088/1361-6544/abfae7.
MR4281449

[65] K. Yamazaki, Approximating three-dimensional magnetohydrodynamics system forced by
space-time white noise, arXiv:2002.12732 [math.AP].

[66] K. Yamazaki, Non-uniqueness in law of three-dimensional magnetohydrodynamics system
forced by random noise, arXiv:2109.07015 [math.AP].

[67] K. Yamazaki and M. T. Mohan, Well-posedness of Hall-magnetohydrodynamics system forced
by Lévy noise, Stoch. PDE: Anal. Comp., 7 (2019), 331-378. MR39932438

[68] L. C. Young, An inequality of the Holder type, connected with Stieltjes integration, Acta.
Math., 67 (1936), 251-282. MR1555421

EJP 28 (2023), paper 39. https://www.imstat.org/ejp
Page 65/66


https://mathscinet.ams.org/mathscinet-getitem?mr=1765551
https://mathscinet.ams.org/mathscinet-getitem?mr=3866888
https://mathscinet.ams.org/mathscinet-getitem?mr=1474726
https://mathscinet.ams.org/mathscinet-getitem?mr=3347406
https://mathscinet.ams.org/mathscinet-getitem?mr=0148337
https://mathscinet.ams.org/mathscinet-getitem?mr=1654527
https://mathscinet.ams.org/mathscinet-getitem?mr=2036784
https://mathscinet.ams.org/mathscinet-getitem?mr=1661767
https://mathscinet.ams.org/mathscinet-getitem?mr=1149348
https://mathscinet.ams.org/mathscinet-getitem?mr=2639610
https://mathscinet.ams.org/mathscinet-getitem?mr=1811257
https://mathscinet.ams.org/mathscinet-getitem?mr=0870313
https://mathscinet.ams.org/mathscinet-getitem?mr=3596853
https://mathscinet.ams.org/mathscinet-getitem?mr=3898698
https://mathscinet.ams.org/mathscinet-getitem?mr=3878429
https://mathscinet.ams.org/mathscinet-getitem?mr=4194395
https://doi.org/10.1088/1361-6544/abfae7
https://mathscinet.ams.org/mathscinet-getitem?mr=4281449
https://arXiv.org/abs/2002.12732
https://arXiv.org/abs/2109.07015
https://mathscinet.ams.org/mathscinet-getitem?mr=3993248
https://mathscinet.ams.org/mathscinet-getitem?mr=1555421
https://doi.org/10.1214/23-EJP929
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Magnetohydrodynamics system

[69] V. Yudovich, Non stationary flows of an ideal incompressible fluid, Zhurnal Vych Matematika,
3 (1963), 1032-1066. MR0158189

[70] R. Zhu and X. Zhu, Three-dimensional Navier-Stokes equations driven by space-time white
noise, J. Differential Equations, 259 (2015), 4443-4508. MR3373412

Acknowledgments. The author expresses deep gratitude to Prof. Carl Mueller and
Prof. Marco Romito for valuable discussions. He also thanks Prof. Jared Whitehead for
suggesting references [2, 28, 45, 58] on the Boussinesq system. Moreover, the author
expresses deep gratitude to the anonymous referee and the editor for the valuable
suggestions and comments that have improved this manuscript significantly. This work
was supported by a grant from the Simons Foundation (962572, KY).

EJP 28 (2023), paper 39. https://www.imstat.org/ejp
Page 66/66


https://mathscinet.ams.org/mathscinet-getitem?mr=0158189
https://mathscinet.ams.org/mathscinet-getitem?mr=3373412
https://doi.org/10.1214/23-EJP929
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Proof of Theorem 1.3: fixed point procedure
	Paracontrolled ansatz
	Renormalizations
	Estimates of ,u and , b
	Construction of the solution

	Proof of Theorem 1.3: renormalization
	Group 1
	Terms in the first chaos
	Terms in the third chaos

	Group 2
	Group 3
	Terms in the second chaos
	Terms in the fourth chaos

	Group 4

	Conclusion of the proof of Theorem 1.3
	Appendix
	Preliminaries
	Details of renormalizations for Group 2
	Terms in the second chaos
	Terms in the fourth chaos

	Details of renormalizations for Group 4

	References

