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Tightness for thick points in two dimensions*

Jay Rosen’

Abstract

Let W; be Brownian motion in the plane started at the origin and let 6 be the first exit
time of the unit disk D;. Let

1 0
pio (@, €) = *2/ L{B(z.0} (We) dt,
me? Jo

and set u5(€) = sup,cp, to(z,€). We show that

v/ ug(e) —/2/7 <loge*1 — %loglogf:*l)

is tight.
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1 Introduction

Let W; be Brownian motion in the plane started at the origin and let § be the first
exit time of the unit disk D;. In [12] we showed that

1 0
lim su 7/ 1 Wy dt =2, a.s., (1.1)
0 zegl 2 10g2(6) o {B(m,e)}( t)
where B(z, ¢) is the ball of radius ¢ centered at z. The integral above is the occupation
measure of B(z,¢€), and points = with large occupation measure are referred to as thick
points. Taking square roots we can write this as

, 1 I —
li%log(e_l)\/mbellglm o 1{3(176)}(Wf)dt— 2/71', a.s. (12)
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Tightness for thick points

Let 0
1
ol = =5 [ Liptap W) (1.3)
0

me2

and set pj(€) = sup,ep, po(x,€). Then (1.2) says that /u(e) ~ \/2/mloge !, as e — 0.
In this paper we obtain more detailed asymptotics. Let

1
me =/2/7 <loge1 — 2loglogel) . (1.4)

We will say that the thick points in D, are tight if /u(e) — m. is a tight family of random

variables. That is,
din T (|t - m

Theorem 1.1. The thick points in D, are tight.

>K> =0. (1.5)

In fact we obtain the following improvement on the right tail of (1.5).

Theorem 1.2. On D, for some 0 < C,(C’, zy < oo and all z > z,

1o * _ 72\/%,2
eh_I,%IP (1/,%(6) me > z) < Cze , (1.6)

hIHIP( uZ(e)—mezz) > ('ze 2V2T 2, (1.7)

e—0

It follows from Brownian scaling that Theorems 1.1 and 1.2 hold if D, is replaced by
any disc centered at the origin.

For reasons of symmetry it is easier to work on the sphere S?, and derive our results
for thick points in D; from results for thick points on S?. We use By(z,r) for the ball
centered at z of radius r, in the spherical metric d. To distinguish this, we use B.(z,r)
for the Euclidean ball in R? centered at x of radius 7.

Let X, be Brownian motion on S?, see for example [11], started at some point v
(the ‘South Pole’). For some (small) r* let 7 be the first hitting time of 9By(v,r*) (the
‘Antarctic Circle’). Let w. = 27(1 — cose), the area of By(z,€), and set

1

p“‘r(xv 6) = ;/ 1{Bd(m,E)}(Xt) dt, (1.8)
€ JO

and

With ji} . = sup,cg2 fir (2, €) we will say that the thick points on S* are tight if | /i% . —
m. is a tight family of random variables.
Theorem 1.3. The thick points on S? are tight.

As in Theorem 1.2 we obtain the following improvement for the right tail.
Theorem 1.4. On S?, for some 0 < C,C’, 2y < oo and all z > z,

1o — > < 72\/§z

25%]1) (,/,um Me > z) < (Cze , (1.9)
and

Um P (\/fE, —me > 2) > C'ze V272, (1.10)

e—0

Theorems 1.3 and 1.4 are stated and first proven for r* sufficiently small. In Section 8
we show that they hold for any 0 < r* < 7.

In analogy with [12], rather than work directly with occupation measures, we work
with excursion counts. To define this let h; = 2arctan(rge~'/2) with ry small, see (2.5).
For some dy < 1/1000 let F; be the centers of a dyh; covering of S2,

Let 7., be the number of excursions from 0By (7, hi—1) to 0Bq (v, ly) prior to 7. We
will obtain the following result for sup,cp, 7, .
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Theorem 1.5. On S?, for some 0 < zy,C, (" < oo, all L large and all zy < z < log L,

C'ze 22 <P (sup \/2T7 ;. — (2L —log L) > z) < Cze 2. (1.11)
zeFr, ’
Equivalently
Clze 2 <P <sup TJp >2L(L—log L+ z)) < Cze %, (1.12)
x€F,

Since L ~ log h;l, Theorem 1.5 is then suggestive of Theorem 1.4 if we knew that on
average the occupation measure of B, (z, hy) during an excursion from 0B, (z, hz) to
0By (x,hr,—1) was ‘about’ h% While this is basically known for our choices of hy,hy_1,
see [12, Lemma 6.2], it is more delicate to get the precision necessary to show the
equivalence of Theorem 1.5 with (1.9).

We now write (1.11) in a more convenient form. Set

log L

pr=2-22 (1.13)

We will prove the following version of Theorem 1.5.
Theorem 1.6. On S?, for some 0 < zy,C, (" < oo, all L large and all zy < z < log L,

Clze”?* <P [sup 277, > prL + z] < Cze 22, (1.14)
zeFy, ’

1.1 Background

This paper is based in many ways on my work [7] with Belius and Zeituni on tightness
for the cover time of S2. The general approach is similar, and whenever results of that
paper could be used directly I did so. However, the mathematics often necessitated
different arguments.

The family

{fi(z,€);x € By(v,r*),e > 0}

is associated with a second order Gaussian chaos H(z,¢), x € By(v,7*),e > 0 by an
isomorphism theorem of Dynkin [18]. Intuitively,

H(z,e) = / Gz dm(y) — E </ Gf/ dm(y)) (1.15)
Bd(af,s) Bd(ac,e)

where G, is the mean zero Gaussian process with covariance u(z, y), the Green’s function
for B,(v,r*) and m denotes the standard surface measure on S2. Since u(z, ) = oo for
all x, (1.15) is not a priori well defined. Nevertheless, this would suggest that there is a
close relationship between ji; . = sup,¢ g2 fi- (7, ¢) and the supremum of Gaussian fields.
For details on H and the isomorphism theorem see [25, Section 2].

1.2 Open problems

1. Based on the analogy with the extrema of Branching random walks and log-
correlated Gaussian fields, one expects that Theorem 1.1 should be replaced by the
statement that the sequence of random variables 4/} (¢) — m. converges in distribution
to a randomly shifted Gumbel random variable. The recent paper [24] contains a much
more precise conjecture about this limit. Let A3 be the continuous additive functional
for planar Brownian motion started at the origin with Revuz measure v, which is uniform

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
Page 3/45


https://doi.org/10.1214/23-EJP910
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Tightness for thick points

measure on 9B, (z,¢€). Planar Brownian motion does not have local times, but 4;*° can
be thought of as an approximate local time at x. It is shown in [24] that

pie (F) = log (1/e) 62/ V2T A (1.16)
F

converges in probability to a random Borel measure u (F') called the critical Brownian
multiplicative chaos. The conjecture is that for some c;,co > 0

lim P ( ppe) < me+ z) = (exp[—c1p (D7) e(—c22)]) (1.17)

e—0

A key step in proving such convergence would be the improvement of the tail esti-
mates in Theorems 1.2 and 1.4 for z large, which in turn would require a corresponding
improvement of Theorem 1.6.

2. In [12] we also proved a conjecture of Erdos and Taylor concerning the number L},
of visits to the most visited site for simple random walk in Z2 up to step n. It was shown
there that

*
n

i
i (logn)?

=1/r as. (1.18)

The approach in that paper was to first prove (1.1) for planar Brownian motion and
then to use strong approximation. Subsequently, in [29], we presented a purely random
walk method to prove (1.18) for simple random walk. See also [5] and more recently
[23]. A natural problem is to prove tightness for \/E In fact, the conjecture in
[24] mentioned above was actually stated for the random walk, and also conjectures a
complete description for the landscape at high values of the field.

See [1, 9] for random walks on trees, and [2, 3] for planar random walks.

3. Following [12] we analyzed thick points for several other processes. See [13] for
transient symmetric stable process, [14] for spatial Brownian motion and [15] intersec-
tions of planar Brownian motion. One can ask about tightness or some analog for these
processes.

1.3 Structure of the paper

In Section 2 we obtain the upper bounds for excursion counts in Theorem 1.6, and
in Section 3 we derive the lower bounds. These sections employ many of the tools
developed in [7]. In Section 4 we show how to go from results on excursion counts
to Theorems 1.3 and 1.4 which involve Ji,(z,¢) in S2. Here we have to deal with a
new problem for the upper bounds: fi,(z,¢) in S? is not in general monotone in e. This
requires interpolation and a continuity estimate which are developed in Sections 5 and 7.
In the short Section 8 we derive our results on thick points for the unit disc in the plane
from our results on thick points for S?, and use this to show that Theorems 1.3 and 1.4
hold for any 0 < r* < m. The last section is an Appendix containing the barrier estimates
we need for Sections 2 and 3.

1.4 Index of notation

The following are frequently used notation, and a pointer to the location where the
definition appears.
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po(, €) (1.3)
me (1.4)
c* (1.6)
fir(z,€) (1.8)
By(x,r), Be(z,7) page 2
pL (1.13)
T, hy (2.2)
F (2.4)
T (2.6)
Iz (2.14)
az+(1) (2.15)
ky (2.16)
Fr (2.17)
Flrjlv,Hm,l (2.47)
B (2.49)
Crm,i (2.52)
Dy () (2.55)
B (2.63)
T " (2.66)
B (1) (3.2)
() (3.3)
Th T (3.3)
Fy (3.4)
Wyk(n) (3.10)
Ni.a (3.11)
Ni, I (3.12)
Hia (3.18)
AR (3.52)
fy-,z (3.11)
Ni.a (3.11)
Ny (3.12)
1y (3.13)
Hia (3.18)
i (3.30)
By k.a (3.31)
Ma:,ga,b(n) 4.1)
tr (2) (4.5)
My, yo.an(n) (4.27)
D. (8.2)

2 Upper bounds for excursions

Let
h(r) = 2arctan(r/2) (2.1)

and let
m=roe',1=0,1,..., and  h;=h(r) (2.2)

for some ry < 1. We can take ry < 1 sufficiently small that forall 0 <z < g

r—a23<h(x)<z and |M(z)—1] <2 (2.3)
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For some dy < 1/1000 let F; be the centers of an dyh; covering of S52. 1t follows from the
above that
|F| < crf2 = cr6262l7l > 0. (2.4)

Recall that 7, is the number of excursions from 9B, (z,hi-1) to 0Bq (x, h;) prior to
7. In this section we will assume that 2r* < hg so that for all y € By(v,r*) we have
Bd(l}, 7‘*) Q Bd(y, ho)

The reason for using i(r) is due to the following result for S2, see [7, (2.6)]. If H, is
the first hitting time of A, then for any u; < us < ug

B) gy

PreOBaOL) [Hop 0.ntu)) < HoBa(o,nus))] = o (1)
os (i)

The next Lemma provides simple bounds which will be adequate to handle points
which are close to the ‘South Pole’ v.

Lemma 2.1. For L large, any y € BS (v, hy) and all |z| <log L,

P [, 277, > prL+ z] < cke o2, (2.6)

for some ¢ < oo independent of 1 < k < L — 1.
Ify € Bq(v,hp-1)

P {, /2’7'ny > pr L+ z] < ce 2222, 2.7)

Proof. Fork <[—1,let 7;??0 be the number of excursions from 9By (y, hi—1) to By (y, h;)

between Hyp,(y,n,) and Hop,(y,n,)- We first estimate probabilities involving 7;":‘70. Using
(2.5), an excursion from 9By (y, hy) hits By (y, hj—1) before exiting By(y, ho) with proba-
bility k/(I — 1), and then the probability to hit 9By (y, ki) before exiting By(y, ho) is 1 — 7.

Thus, using the strong Markov property,

I{; 1 n
k—0 _
< k e T
— l— 1 )
for n large. Since (recall (1.13))
(prL+2)? = (ppL)® +2zprL + 22
= 4L%? —4LlogL + 42L + z*> — 2zlog L + log® L, (2.9)

it follows that for L large

P27/ = pul+ 2| < che 2 Le . (2.10)

(2.6) follows since for y € Bj (v, hy) we have 7,7, < TF*°.
For (2.7) we note that for y € By (v, h,—1) we have 77, < 7;L7L_1_’0. O

Lemma 2.2. For L large and all 0 < z < log L,

P sup \/ﬁ > prLLl+ =z
YyEFLNB4(v,hiog 1)

< ce (2.11)

for some ¢ < oo.
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Proof. By Lemma 2.1 the probability in (2.11) is bounded by

L—2
P
k=log L

sup ,/2’7;TL >prLL+ 2 (2.12)
yEFLNBg(v,hi)NBS(v,hpy1) ’

sup 1/2’7;TL >prL+ 2
yEFLNB4(v,hp 1) ’
L—2

< Z |F. N By (v, h) N BG (v, hit1) |ck;e_2LLe_22

k=log L
+|Fr N By (v,hp—1) [ce 2bL2e™2*

o0
< cLe %* E ke 2% < ce™ 22,
k=log L

+P

O

Thus we only need deal with y € BS (v, hiog 1,). However, Lemma 2.1 would give, for
example, that

P < CLe %, (2.13)

sup ,/27;TL >pL+ 2
yEFLNBS(v,h1) .

which would be disastrous if we let L — oo. To deal with this we introduce a barrier.
Let

I =1A(L—1). (2.14)
Fix z and set
aop () =a(,Lz)=pl+z+17" (2.15)
Let
k, = inf{k |y € BS (v, hy)}, (2.16)
and
FEZFLQBE(U,hlogL). (2.17)

Since o 4 (L) = prL + z and k, < log L for y € F}, our desired upper bound will
follow from the next Lemma.

Lemma 2.3. There exists zy > 0 such that for all zo < z <log L and all L large
P[3yecFile{ky+1,...,L} s.t. T, > a2, (1) /2] <cze . (2.18)

Although this formulation looks more complicated and demanding than our desired
upper bound, it will allow us to proceed level by level and to eventually use a barrier
estimate. The next Lemma will be used in our proof.

Lemma 2.4. For L large, any y € BS (v, hy) and all 0 < z <log L,
P77, > a2, (1) /2] < ckle™ e~ 2CH0 =GR /2, (2.19)
for some ¢ < oo independent of k > 1 andl € {k+1,...,L}.

Proof. Asin (2.8)
Q)

e 2 (2.20)

IP[’EZI Zai,Jr (l)/2] Scl,1
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and
a2, () = 12p2 + 202+ 1/ Ylpp + (2 + 11/
logL log” L 1/4 log L
— 72 _
l<4 4L+L)+2(+l )l< 7
Fz+ 12 (2.21)
Hence
(/2 = ( logL> 1202+ 1Y + 2+ 1/M?/20+ 0L(1)
1/4 1/4\2
> (2l —2logl) +2(z+1;/")+ (z+1;/7)7 /2l + or(1), (2.22)
using the concavity of the logarithm. Our result follows. O

The proof of (2.18) will be provided in Sections 2.1-2.3, and is split into two cases.
For [ which are not too large, i.e. [ < L — (4log L)4, we can deal with (2.18) one level at a
time. This is the content of Section 2.1. For larger I’s, which are handled in Section 2.2,
and in particular for [ = L, we need to proceed inductively and make use of the facts
established for lower levels. This method can be traced back to Bramson’s work [10].
Some crucial auxiliary estimates are postponed to Section 2.3.

2.1 Proof of (2.18) for / not too large
Proposition 2.5. There exists zy > 0 such that for all zy < z < log L and all L large

P [aye File {ky+1,...,L_ (410gL)4}
s.t. T > a2, (1) /2] <ce™®%.(2.23)

Proof. We use a packing argument. Let ¢(l) = el Considering separately the case

of | < L/2and L/2 < < L — (4logL)", we see that for some mj
1/4 4
/% > 4logl, mo<1<L-—(4logL)*, (2.24)

so that I ;
W):Wg, mo <1< L—(4logL)*. (2.25)
e L

We define modified radii by

1 1
=1 ——— 7 andr+=(1+> r forl > 1. (2.26)
- ( ¢><11>) P 0)
Note that
2.3) Q2) Ti TI—1 Ti—1
h(ritiog 6(1) < Titlogo() = —n = < ) (2.27)

o(l) eo) ~ o(l—1)
Using this and (2.3) we have for ¢(() large enough

1
—h(Tiq10g 6(1) < h(rl ). (2.28)

1
h(Tl+10g¢(l)) < h(Tl_l) and h('l"l) 103

h(ri;l) 103

For each y € S? let y; denote the point in F; closest to y (breaking ties in some
arbitrary way). By the definition of Fj ., ¢(1), recalling that dy < 10~3, we have

1
d (Y, Yit10g 6(1)) < 108 —=h(r10g 6(1)) (2.29)
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so that using (2.28) we see that for all y € S?

Ba (y, 1) C By (Y108 61y, B(rH)) € Ba (Yi10g 61y, M(ri_1)) € Ba (y, hi—1) - (2.30)
Now for k <[ —1 set
=11 1 and rt, = 1—&—L forl >0 (2.31)
Tt = o0 L Tou = o0 ro > 0. .

As in the proof of (2.28) we have

1
—h(rieg o)) < hrg,),

h(rl—&-log ¢(l)) < h(rk) and h(’r’o) 103

_ 1
h(rk,l) 103
so that (2.29) also implies that

By (yl—i—logd)(l)vh(’r];l)) C Ba (y,h(rr)) C Ba(y,h(ro)) C Ba (yl—i—logd)(l)a h(ﬁf,z)) . (2.32)

For each y € Fi10g ¢(1) let ’72’?0 be the number of excursions from 9By (y, h(r;_,)) to

0By (y, h(r]")) prior to the first excursion from 0B, (y, h(r;l)) to 0By (y, h(rg l)) Then

define N
TR0 =Th20 for y € S\ Fj 10g o) forall I > k + 1.

I+log ¢ (1)1
It follows from (2.30) and (2.32) that 7~;kf_>0 > 7;k§’_>0 > 7;[ forall [ > k, + 1. Thus
Lemma 2.6. For ally € S?,1 > k, + 1 we have that

Tho0 > 77, (2.33)

Y, — 'Y,
Because of this the probability in (2.23) is bounded above by

log L L—(4log L)*

2 X > P77z a2, (1)/2] (2.34)

k=1 I=k+1 yEBd(vﬁh(’l"k_l))ﬁFl+1Og¢(L)

log L L—(4logL)*

= Z Z | Ba (v, h(rr-1)) N Fiiiog o) | P {72’?0 > a§7+ (1) /2}

k=1 I=k+1
log L L—(4log L)4

SN e [T s 02 (/3]

k=1 I=k+1

IA

for some arbitrary y € Fj o5 ¢(1)- We show below that for all k£ </
P 7470 > 02, ()/2] < e e, (2.35)

and since
o) L 1/4
§ : § :e. 2(l k) —20— lL 6_22<Ce 2z7
k=1 I=1

this will complete the proof of (2.23).
We now turn to the proof of (2.35). Let

log (Tl_—l/rg:l) B log ((1 - ﬁ) (1 n %)—1 e_(z—1)>

P = = ]
log (T;L/T(J)il) log (™)

_ 1= 142/6() +0(s()?) _ L 1=2/6(0+ O(s(1)?) (2.36)
l ! ’ '

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
Page 9/45


https://doi.org/10.1214/23-EJP910
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Tightness for thick points

and

—1
log <T;’l/r(—£l> _ log ((1 - ﬁ) (1 + %) e—k)
log (7"1:1/7“({1) log ((1 - ﬁ) (1 + %)_1 e(l1)>

k+2/6()+0((1)%) _ k+0(e()™")
I—1+2/6() + 0(6()-2) -1

Using the fact that p; < 1 together with (2.36) we can write

q

1—b/6(1
p=1- 7;/¢( ) (2.37)
with 1 — b;/¢(1) > 0. In addition, using (2.25) and possibly increasing my,
Iy
— <3, [ > my. (2.38)
o(1) ’

Since ¢ is the probability for an excursion from 9By (y, h(ry, z)) to hit By (y, h(r;_,))
before 0By (y, h(r, l)) and p; is the probability for an excursion from By (y, h(Tl_—1)) to
hit 9By (y, h(r]")) before 0By (y, (rg l)) we see that as in (2.8)

z ) b
P[T40 > a2, (/2] < ? s—(1-3t) | (2.39)
By (2.22) we have that
ag +(l) 1/4
o > (20—2logl) +2(z +1;/%) + 22/2L + 01, (1), (2.40)
so that, for k <1
P70 2 a2, (/2] < cie™ (24 2) (1-5t), (2.41)

We claim that

2 (o)

that is

2 (1 - dlel)) > Alby /(1)

for z > 2 sufficiently large. For [ > my, this follows from (2.38), and for [ < mgy we can
just increase z further. Thus for such z

P [T470 2 a2, (/2] < ere” (267 () o2 (2.42)

For k <[ < mg this already proves (2.35) with ¢ sufficiently large. For [ > my, using
(2.38) again we now have

_ 1/4
P |70 2 a2, (0)/2] <% (21211%) 2z (2.43)
and (2.24) completes the proof of (2.35). O
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2.2 Proof of (2.18) for [ very large

We will show that for some small but fixed constant ¢ to be chosen later we have that
for all L sufficiently large and all 2y < z <log L

Playngde(o,ého) and k, +1<I<L

—2z
such that \/ﬁ > a, + (1) 1 < cze T (2.44)

Here 0, the center of By (0,¢hy), is used to denote an arbitrary point in S2. A simple
union bound (over ~ (1/¢hg)? balls) then completes the proof of (2.18).
Now consider

Gi = {\J2T;s < e (1) forall U =k, +1,....,Land ¥y € Fy 11 Ba (0,¢ho) }
Let L' = L — (4log L)*. With
H, = {Ely € F; N By (0,¢ho) st /277, > a4 (1), k, < z} , (2.45)
we will prove that for all [ > L’
P [H; N Gis] < cre~ld =2, (2.46)

so that we have
L
P[g7] < Z PG NG 1] +P[G]/]
I=L'+1
L
< Y PHiNG o]+ PG5

I=L'+1

L
< Y e LPIGE) < cze
I=L'+1
by Proposition 2.5, which will prove (2.44).
Setting FJ* = F, N BS (v, hy,) N By (v, him—1), so that k, = m for y € F}*, and for any
I>m

Moy = {Ely € F' N By (0,¢ho) s.t. /277, > az7+(l)} , (2.47)
we will prove that for all | > L'
log L Vi
S P HmiNGia] <cze ' 7%, (2.48)
m=1

which gives (2.46) since, recall (2.17), F} = Fr N B (v, hiog 1.).
To prove (2.48) we need to work with the following localized version of #,, ;. For any

[ >mlet
Bt = {ax € FJ" 1 By (um, hy) st /277, > az,+(Z)} , (2.49)

where u,, is used to denote an arbitrary point in F}*. By a union bound, P [H,,; N G;—2]
is bounded above by

=) S P By N Gia] . (2.50)
Hence it suffices to show that
log L
1/4
Z e 2mp BmiNGi_o] < cre Al 22 (2.51)
m=1
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Since G;_o C Cpy,;, Where

Cmy = {, 2T < a4 (I) foralll =m+1,...,1 - 2} , (2.52)

it suffices to show that

log L
Z e 2mp Bt NCri] < cze_2l_l1L/4_2Z. (2.53)

m=1

We show in the next Section that for all > L — (4log L)*

1 2
P [Bm,l N { 277 10 S 5oaa (= 2)” <ce ol (2.54)

It follows from this that with

Dini(j) = {\/m € Iaz,+(zfz>+j}, (2.55)

where I, = [s, s + 1], it suffices to show that

log L Ta. 4 (1-2) 5
e 3" P BN Comit N Da(—5)] < cze 20722 (2.56)
m=1 j=0

We also show in the next Section that we can find a fixed jo such that for all jo <
j < 2aq.(l—2), uniformly in 1 < m < logL and 2z < z < logL, for any C,,; €

f(ﬁfm’k,k: 1,...,z—2)
P [Bm,l | Cont 1 Dm,l(—j)} < Ce ¥, (2.57)

by taking ¢ > 0 sufficiently small.
It follows from the barrier estimate (9.5) that for 0 < j < %az7+(l —2),

P ot Da(—)] < e 252 5% s (12 b+ ) (L4). 259

Combining the last 2 displays we can bound the left hand side of (2.56) by
026_21_2Z_11L/4Ze_4j1{j2jo}+2j(1 +])7 (259)
=0
which proves (2.56).
2.3 Proof of the continuity estimate (2.57) and the bound (2.54)

We first prove that for some j, fixed and all jo < j < 2o (1), uniformly in 1 < m <
log L and zo < 2 < log L, for any Cp, € F (TTW,C,k: T 2)

P Byt | G 1 Pa ()] < Ce™ . (2.60)

Proof. For each vy € (0,1] and y, let 7,7 be the number of excursions from 9B (y, h(71-1))
to OB (y, h(77)) prior to 7, where

rii=r-1(1—7v), m=rl+7). (2.61)

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Note that

Ty 7 = T, forall y' such that d (y,y’) < %, (2.62)

since then

Ba (y,hi—1) D Ba (¢, h(ri-1 (1 =7))) D Ba (y', h(ri (1 +7))) D Ba (y, ) -

Let
Bk = {ay € F{" N By (um, &hy) such that /277 > a+,z(z>} . (2.63)
Note F}* not F[*. From now on we fix
v . and k= log (2( )—7)+1 (2.64)
= -, = oy ()= . .
ot (1) —j -

We will show that with these values

IP[B””“ Cni NDpy(—j)| < Ce ™. (2.65)

m,l

Using (2.62) this will imply (2.60), since for each y € FJ" N By (um, ¢h;) there exists a
representative y' € F{" N By (um, ¢h;) such that

O
2004.0)—j) ' 27

To show (2.65), we first show that for some c3 > 0

{1 [2T7 = > ay () — % ‘cﬁml N DmJ(j)] < demead”, (2.66)

Let 7,7"'~*" be the number of excursions from 0B (y,h(7-1)) to B (y, h(71)) during
the ﬁrst n excursions from 0B (um, hi—2) to OB (tn, hi—3). Using the Markov property
we have that

d<yay/) <rp=

P\ 2Tr L >ap.() - % Crn N Dm,l(—j)] (2.67)
P27 5 2 ar:() *% Dm,l(]’)}
P ;
= P 1/27;771,” > Oé+ Z(l) — 5 ’/27;m’l 2 S Iaz,+(l)j:|

U, T 7 um j
P \/ ,7;mnz 2 1—2 >Cl{+z )2‘4/27;val_2€‘[az,+(l)—j‘| .

To prove (2.66) it suffices to show that show that uniformly for s € I, 1)

P [\/ 2T > () - ‘;] < e, (2.68)

To see this, let s = a, () —j + ¢, where 0 < ¢ < 1. Setn = s?/2 and § =

(s ()= 3)7 /2,

g = PP [Hop e n(ri(149)) < HoBa(unh_s)]
It _3—1 _ 1
_ 0gri—3 — 10gT;—2 _ 7 (2.69)
logri—s —log(ri (1+7)) 3+0(v)
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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and
p o= PPl QN [ Hyp i) < HoBa(um hin(149)))
_ log(ria (1=7)) —log(n(1+7)) _1+0() (2.70)
logri—3 —log(ri (1 +7)) 3+0()
[6, Lemma 4.6] states that if § < np/q then
P [,Eumngz,n < 9} < ef(\/ﬁfx/ﬁi@)z. (2.71)
The same proof shows that if 6 > np/g then
P [Timree > 9| < e (VI Vi) (2.72)

Translating back this shows that

P [ 27'“"{1*2’32/2 > ay () — ]] < e*(\/q:(fu,z(l)*j+C)*\/li>(Oé+,z(l)*%))2/2 (2.73)

Um T 2
once we have verified that

az (1) = 5 = (e (D) =7+ DVa/p.

N .

But the right hand side

=(a:() =+ DA+ 0 () = (ay (1) =5) + O (1),

since v (o (1) — 7) = 1. Thus we can use (2.73) for all j > ¢3 for some c3 < co. For such
j we therefore have

’ [V 2T 2 (1) i] < cemd (8O0 (ar0-1)))"

and since v (ay,.(I) —j) = 1 and j < Say . (1) so that j < (a4 (1) — ), it follows that
J . '
1 (0= 4) =2t - +o4 <2

<

2

so that we obtain (2.68) for all j > c3. By enlarging ¢’ we then have (2.68) for all j.

We now bound
éva N Dm,l(_j):l <P |:\/27:_Z;m;l > a+,z(l) - % ‘51%,[ N Dm,l(_j):|

+P [Bg;fj N { 277 = <oap.(l) - %} ‘&M ﬂDm,l(—j)} : (2.74)

Because of the bound (2.66), to prove (2.65) it suffices to show that

P [3;;5 n { [2T7 - <op(l) - %} ‘ém,z n Dm,l(—j)] < Ce Y. (2.75)

”

&
P [B;J

We use a chaining argument. Assign to each y € F/}, N By (wm, ¢h;) a unique “parent

g € FY_ 1 N By (un,chy) such that d (7,y) < riy;. In particular, fori = 1 we set § = u,.
Let q= q(gv y) =d (ga y) /rl and set

A= swp [Ty = T | < doji (a2 (1) - ) v, (2.76)

yEF ,NBa(um,chy)

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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where dy will be chosen later, but small enough that dg ), -, iem2 < 1,

We note that as ¢ increases y and y will be closer together so we expect ’7';;[ — 7;7}[
to decrease, and on the right ¢,/q is also decreasing in 4, but we are now taking the sup
over a larger set. As we will see, this combination will allow us to complete the chaining

argument to prove (2.75).

We now show that
k—1 .
- j
Dl an{\2Tr 5 <av.) -3} (2.77)
c { /277 < ay (1), Yy € F" 0 By (tm, ) }

For this, we use q = d (3,y) /i < ripi/m =e ‘fory e F%,; to see that for any trajectory

in the left hand side of (2.77) and all y € F|"* N By (tm, ¢h(ry))

o\ 2
T < (are0=3) 2 d ) = o Y i

i>1
which, since dy Y-, ie™"/? < §, implies that
.2 . .
7;7:;l S (a+,z(l) - %) /2 + %] (a+,z(l) - .7) -

= ai,z(l)/2 - a+,z(l)j/2 + (%)2/2 + %Ou_z(l)j — %
< of.(0)/2.

This establishes (2.77) and taking complements we see that

B;’n’“l = {Ely € F}" N By (um,¢hy) such that /277 > a+,z(l)} (2.78)

k—1 .
c izulAg W27z are - 3

It follows that

Um ;T

. k—1
BN {270 s < ana) - %} C izulAg. (2.79)

We can thus bound P [Bjnkl N { 277 & <og:(l) — %} ‘5m,z N Dm,l(j)] by
k—1
P

i=1

sup [Ty — Tos | = doji (ay = (1) — j) \/a‘ﬁm,l mDmJ(—j)l . (2.80)

YEF N Ba(um,ch)
Since |F}?; N By (tm, éhy)| < ce?, a union bound gives that (2.80) is at most

k—1
c E e?! sup
i=1

QEFZL NBg (um ,6}’”)

P [’7?& —Tis | = doji (g (1) — ) Va ’ Coni ﬂDm,z(—j)} . (2.81)

We can write the last probability as
d

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Using [7, Lemma 5.6] with § = dgji and n = (a4 .(I) — j)?/2, we find that for an
appropriate choice of dy, ¢, the last probability is bounded by ce 37" < ce~*U+%) since
1,7 > 1. To apply [7, Lemma 5.6] we must verify several points.

First, we need to verify that for some small ¢y we have 6 < ¢y(n — 1), that is dyji <
¢y(ay (1) — 4)%. For this it suffices to note that for j,! in our range i/(a; (1) — j) <
(k=1 /(ay2(1) = ) = (log 2(ay 2 (1) — 7))/ (c4,2 (1) — j) goes to 0 as L — oo.

Secondly, we need to show that § < ((n — 1)q)%. Since we have already seen that
0 < é(n — 1), it suffices to show that (n — 1)¢*> > ¢3 for some ¢, > 0, or equivalently that
V2n q > cb > 0. That is, (ay (1) — j)d(§,y) /ri > ch. Assume that d (§,y) > czry for a
small c3 > 0, so that, see (2.64),

(et = (1) = A (G:y) /11 = ealas,o(1) = e = ey /2.

With the F; constructed appropriately we can indeed assume that either d (7,y) > csri
for a small c¢3 > 0, or that y = g, in which case the corresponding term in the sum in
(2.81) is zero. Also, by taking ¢ = ¢q¢/2 we will have d (3,y) /1 < qo.

Thus we see that (2.81) is at most

k—1
ey et < e, (2.83)

=1
This completes the proof of (2.75). O

Proof of (2.54). As in (2.62)

T, 7 =T, for all y such that d (y, um) <

Um,T1

T
— 2.84
5 ( )

where we take « to be some fixed small number. Hence under B,,,; we have , /27 a2
a1 (). The fact that for all [ > L — (4log L)*

1 g
P { 274 02 < §az,+(l —2), \2T] & = O4z,+(l)} <ce ok (2.85)

then follows easily as in the proof of (2.68). (In fact, the proof uses the same ideas but is
much easier). O

3 Lower bounds for excursions

In this section we will prove the following.

Lemma 3.1. There exist 0 < c¢1, ¢y < oo such that for all L large and all0 < z <log L,

(1+ 2)e%

T+oe®to G-

P {sup 27;T’L > pLL—i—z} >
yeFL
This will immediately give the lower bounds in Theorems 1.6 and 1.5 and hence
complete the proofs of those Theorems.
Note that for any z it suffices to show that (3.1) holds for all zy < z < log L, since by
adjusting ¢; we then get (3.1) forall 0 < z <log L.

Let
B. (1) =prl+ z, (3.2)
and
o () =as_ (I,L,2) = prl+2—1/" (3.3)
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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For each k > 1 we define Tk " be the number of excursions from 9By (y,h;_1) to
0By (y, ) durlng the first m excursmns from 0By (y, hi,) to OBy (y, hx—1). We abbreviate
T T with z fixed.

Choose ro in (2.2) sufficiently small that 4h(r_1) < r*. (Recall that 7 is the first hitting
time of 9B, (v,r*).) Let 7 = hy/20, and with FY := By(v,7) we set

FY=FNFy, sothat ce*t <|FP| < cpet, (3.4)

where we can take ci, co independent of ry. Compare (2.4).
In this section we show that

Lemma 3.2. There exists a 0 < ¢ < oo such that for all 0 < rq sufficiently small, L large
and all0 < z <logL,

(1+2)e %

P e
(1—|—z)e 2z 4 ¢

sup \/QTL >prL+2

yeF?

(3.5)

Since the probability of 2% excursions from 0By (v, hy —7) to dBy(v, hg + 7) before 7 is
greater than 0 and does not depend on L, (3.5) will imply Lemma 3.1. We note that the rg
used in this Lemma, and hence all h;, are smaller than the corresponding quantities used
until now. This is for notational convenience and, as can easily be seen, does not affect
Lemma 3.1 which concerns large L. We could have kept the original ry and in place of A;
used h;,j for some fixed k, but this would have made the notation cumbersome.

The proof of Lemma 3.2 uses a modified second moment method and occupies the
rest of this section.

We introduce the events Z,, ., beginning with a barrier event. Let

~

.= {2} Sae () fori=1,...L—1and 2T} 2 pp+2},  (3.6)

for y € Fr. As discussed in [7], we need to augment fw by information on the angular
increments of the excursions. Instead of keeping track of individual excursions, we track
the empirical measure of the increments, by comparing it in Wasserstein distance to a
reference measure. This will suffice for the decoupling arguments used in [7, Section
4.5] which we will use. Recall that the Wasserstein L'-distance between probability
measures on R is given by

diya (1, v) = inf /\:L —y|d¢(x y)} (3.7)

EEP2(p, )

where P?(u, ) denotes the set of probability measures on R x R with marginals p, v. If 1
is a probability measure on R with finite support and if §;, 1 <+ < n denotes a sequence
of i.i.d u-distributed random variables then it follows from [19, Theorem 2] that for some

co = co()
Prob {d%,Va ( Z(Sgb,,u> 3?} <2 (3.8)

Let W; be Brownian motion in the plane. For each k let v, be the probability measure
on [0, 27| defined by

vi(de) = PO (arg Wiy, ) € da), (3.9)

where arg x for x € R? is the argument of x measured from the positive z-axis and P" is
the law of W. started from w.

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Returning to X;, our Brownian motion on the sphere, and using isothermal coordi-
nates, see [7, Section 2], let 0 < 8 ; <27, i =1,2,... be the angular increments centered

at y, mod 27, from X to Xy , the endpoints of the i’th excursion between
dB(y,hy) OB (y,hj_1)

0B(y, hi) and 0B(y, hi—1). By the Markov property the 6y ;, i = 1,2,... are independent,
and using [7, Section 2] we see that each 6}, ; has distribution v;,. We set, for n a positive

integer,
1« colog(L — k
Wyk(n) = {d%Na (nZJQk,i,uk> < Oi(ﬁ)} (3.10)
=1

We are ready to define the good events 7, .. For a € Z let
Nio = [(prk + 2z —a+1)%/2]. (3.11)

We set
Ni = Ni,q if 27;1),C €1y ktz—as (3.12)

where I, = [s,s +1]. With L, = L — (500log L)* and d* a constant to be determined
below, let

Ty. =Ty O Wy (i), (3.13)
and define the count
J.= Y 1z, .. (3.14)
yeFy?

To obtain (3.5), we need a control on the first and second moments of J,, which is
provided by the next two lemmas. In fact, (3.5) will follow directly from these two
Lemmas as in the proof of [7, Proposition 4.2], taking into account that |F?| does not
depend on ry. Most of this section is devoted to their proof. We emphasize that in the
statements of the lemma, the implied constants are uniform in ry smaller than a fixed
small threshold.

Lemma 3.3 (First moment estimate). There is a large enough d*, such that for all L
sufficiently large, all0 < z < log L, and all y € F?,

P(Z,.) = (1+2)e *le 2. (3.15)
Let
(3.16)
Go = {wy):y,y € Frst. d(y,y') > 2ho},
Gr = {,y):y,y € Fp st 2h, <d(y,y') <2hy_1} for1 <k < L,
Gr = {wy):yy eFrst. 0<d(y,y)<2hp_1}.

Recall from (2.14) that k;, = k A (L — k).

Lemma 3.4 (Second moment estimate). There are large enough d*, ¢/, such that for all
L sufficiently large, all0 < z < log L and all (y,y’) € G, 1 <k < L,

1/4

P(Iyﬁz me/72) < C/(]. + 2)674L+2k672z676kL ) (3.17)

Before turning to the proofs, we introduce some notation and record some simple
estimates that will be useful in calculations. Recall (3.2), (3.11)-(3.12) and for a € Z let

My = {,/27;{k e I,,Lk+z_a} - {, /271, € Iﬁz(k)_a}. (3.18)

Note that on Hj, , we have N = Ny ,.

EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Before proceeding we need to state a deviation inequality of Gaussian type for the
Galton-Watson process 73,1 > 0 under PSW, the law of a critical Galton-Watson process
with geometric offspring distribution with initial offspring n. The proof is very similar to

[6, Lemma 4.6], and is therefore omitted.
Lemma 3.5. Foralln=1,2,3,..., and all |,

2
pew (‘\/le—«/zTo‘ 20) <ce %, 0>0. (3.19)
Using (2.5) and the strong Markov property, it is easy to see that
the P-law of 7;"",1 > 0, is PCW. (3.20)
Therefore, we obtain the following estimates from Lemma 3.5, for § € R:
P <\/2le’"2/2 < 0) < e~ (=022 ypg < g (3.21)
and
P (\/2Tf’”2/2 > 9) < e~ =072 ifg > . (3.22)
In the proof of our moment estimates we will need the following.
Lemma 3.6. Forany a,b < L/logL and k < L
P {v 2T 2 Lz b] (3.23)
< o= 2(L—R)=2(a=b)— S ook
Proof. By (3.22) we have that forall § >n > 1
p 7% > 92/2} < coxp |01 (3.24)
vl = =P\ T ) ‘
We apply this with 6 = pr, L + z — b and
n=p0,(k)—a=prk+z—a
so that
0—n=p,(L—k)+a—0,
and hence
(60 —n)? (L — k) (a —b)?
—— >2(L—k)—2 logL)+2(a—b)+ ——— 1).
2L =gy 2 2L =R = 2 0B )+ 2= b) s+ 0u(1)
This gives (3.23). O
3.1 First moment estimate
In this subsection we prove Lemma 3.3.
For the lower bound we have that
~ L_d* o~
P[Z,.] > P {Iy} -y r {Iyﬂ W, (Nk)} (3.25)
k=L,
L-d*
> (1 +2)e ke — Z P [Iy,z ﬂ Wik (Nk)} ,
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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where for P {I z} we have used the barrier estimate (9.12) of Appendix I. We note that

PZ, - Wer V0] < Y P(The), (3.26)
a>k}/*
where R
Iye = yzﬂﬁkaﬂ vk (Nka) - (3.27)
We show below that forall Ly <k <L —-d*and0<2<loglL,
Yp (f;;;g) < (14 2) (e2he2%) emelor (Lk), (3.28)
a>k}/*

which will finish the proof of the lower bound for (3.15) for d* sufficiently large.
Furthermore, it is easily seen using (3.23) and the fact that L — k£ < (5001log L)4 that
the sum in (3.28) over a > L3/ is much smaller than the right hand side of (3.28), hence
it suffices to show that
L3/4
Sp (15 g) < (14 2) (e 2he2%) emelor (Lk), (3.29)

azki/4

We now turn to the proof of (3.29). Let

J;k:{ 27;,{l§pLz+zforzz1,...,k}, (3.30)
and

By ko= { o7 W2 > L z} . (3.31)
Then with

ICk,p,a yk 3ﬂ7‘[}c 3,pﬂH}ca ﬂ W Nk,a)ﬂBy,k,a
we have
1,3/4
P (Iff“) < Y P(Kkpa), (3.32)

p>(k—3);/*

plus a term which is much smaller than the right hand side of (3.28).

Let
N 1 n co
W?ik(n) = {d\lNa <TL Zéek,ﬂyk) € \/EII} s (3.33)
=1
so that
Wy 5 (Niksa) € Un—iog -y Wik (Nk.a), (3.34)
and consequently, setting
Limpa = Kipa YWy 7 (Nka), (3.35)
we have -
P(Kipa) < Y, P(Lrmpa)- (3.36)
m=log(L—k)
Let

kmpia = ) k 3m7'lk dpmHkam " (Nk.a) -

To prove (3.28) it suffices to prove that for all m > log(L — k),

1,3/4 1,3/4
2
S Y P(BykaNLimpa) <(1+2) (e e ) e (3.37)
a>ky/* p>(k—3);/*
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Lemma 3.7.

P (Lhpa) = P (J_;k_3 (Mo [V Hia (\WER (Nk,,a)) (3.38)

<Cl+z2)(1+p) e 2h=2(z=p) ge(p=a)® g=m®

Proof. By (3.8)

P (Wye? (Ni.a) \’Hk,a> <e ™ (3.39)
By (3.23) 2
P (Hpa | Hi—sp) < ce P, (3.40)
and by (9.14) we see that
P (s VHisp) < OO+ 2) (L4 p) e 220, (3.41)
O

The presence of W;L” (N,a) in £}, , will allow us to effectively decouple B, 1 q
from £ More precisely, it follows as in the proof of [7, Lemma 4.7] that for some

k,m,p,a*
P (By .o N Lhmpa) < {«/2T" W2 s Ltz — Mom} (3.42)

My < o0
XP (Lympa) + e 4k

We note that by (3.23)

(a—Mgm)?2
{ o7 P2 2PLL+z—Mom} < e 2T Mo TR (3.43)

Putting this all together with (3.38), and using |a — p| < 1 + (p — a)? we find that

2
P (Byka N Lynpa) < C(L+ 2)e 272272 (1 4 p) gm0 e ati=m, (3.44)

Summing first over p and then over a it is easy to see, using a fraction of the exponent
m? /2, that (3.37) holds for all m > log(L — k). This completes the proof of the lower
bound in (3.15).

Since Z, , C fy,z the upper bound in (3.15) follows from the barrier estimate (9.11)
of Appendix I. O

3.2 Second moment estimate: branching in the bulk
We prove the second moment estimate for y,y’ € F? with
2hi_1 < d(y,y") < 2hg_s.
In this subsection we prove Lemma 3.4 for
(500log L)* < k < L — (5001log L)*. (3.45)

Here we will not have to keep track of the angles.
We need to “give ourselves a bit of space”, and we therefore define

kt =k 4 [100log L]. (3.46)
Let N
Tyiots = { 2T, < prl + z; l:l,...,k—4,k+4,...,L—1}
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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N { Th, > prL+ z} (3.47)

where we have skipped the barrier condition for £ — 3, ...,k + 3. To obtain the two point
bound for the range (3.45) we will bound the probability of

~ k+,a2 _(k+)/2
Iy,z;kj:?) N { 27, L =/ > prL + Z} , (3.48)

v,
which contains the event Z,, . N Z, ..

Let GY denote the o-algebra generated by the excursions from OB4(y', hg—1) to
0Bq(y', h(ry+)). Note that Z,, ,.13 € GY'. Since

kt.a?2 _(kt)/2
{ N ZpLL+Z}

is measurable with respect to the first o2 (k') excursions from dBq(y', h(ry+)) to

~ =+ 042 +
0Ba(y', h(ri+_1)), we can effectively decouple Z, ..j+3 from 27;13L = - (K072 > pLL+z}.
More precisely, it follows from the basic ideas in [6, sub-section 6.2] that
=~ kt+,a2 _(kt)/2
P |Zy s, (2T P > 42 (3.49)
~ kt,a? _(k+)/2
By Lemma 9.3
P [fy’z;kig} < (1 + z)e2Le2, (3.50)

Using (3.23) for the last term in (3.49) together with the fact that in the range (3.45)
we have (k+)1L/4 > 5001log L, we find that (3.49) is bounded by

c(l+ 2)6_2Le_226_2(L_k+)_Q(H)lLMLQ, (3.51)
<c(l+ Z)€_2LL202e_2(L_k)_2(k+)1L/4e_2Z.
<e(l+ Z)e—ZLe—Q(L—k)—ki/‘le—Zz.
3.3 Second moment estimate: early branching
In this subsection we prove Lemma 3.4 for

1<k < (500log L)*.

Since we no longer have ké/ * > log I we will have to use barrier estimates to control
the factors of L such as arise in the first line of (3.51). On the other hand, since the
number of excursions at lower levels is not so great we don’t need such a large separation.
Let

k=k+[100logk], k. =k+ [100logz]. (3.52)
Forv € {y,v'}
Jiz = { 27;]?;52/2 <pll+zforl=k+1,...,L—1;
\/27;%’52/2 > prL + z} ,
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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with the barrier condition applied only for [ > k.
We first consider the case where z < 100k. Then

o (F)
P(ly:0ly) < > P (I oNTyepas). (3.53)

n=1

Let GY denote the o-algebra generated by the excursions from 0B,(y, hx—1) to
0B4(y,h(r;)). Note that fylﬁz;kig € GY. Since, under our assumption that z < 100k,
the number of excursions from dBy(y, hi—1) to dBg(y, h(r;)) is dominated by n = O(k?),
it follows as in (3.49) that

p (Ji _ miy/.z.kig) <P (ﬁ ~) P (fy, Z.kig) . (3.54)
y,n,k " y,n,k s
By the barrier estimate (9.16) of Appendix I, with n = 3, (%) -t

1/4

P (J;n z) < ctnt/2em2AL=R)=2t < 202 —2(L—k) =2k " (3.55)

where the last step followed from the fact that ki/ 4 < FI%/ 4 <t<pB, (E) < ck. Since, under
our assumption that z < 100k, the number of terms in (3.53) is < ck?, and using (3.50),
we find that (3.53) is bounded by

ck2046—2(L7k)72k1L/4(1 t2)e e (3.56)

_ _gl/e
< C(].+Z)€ AL+2k—k;/ e 2z'

Thus we can assume that

z > 100k. (3.57)
We have
P(,.N1Iy..) (3.58)
oz, —(kz)
= > Lpepti)tiize P ({, [2T}), = n} NI,.0N Iy,yz>
n=1
ay (k)

Y lnmsoneeem® ({270 =np L2y
n=1

Since in the above sums n < ¢z in view of (3.57), we can bound the first sum in (3.58)
by

oz, —(kz)
Z 1{n:32(kz)7t;t22/2}lp (J;,n,kz me’,z;kiS) (3.59)
n=1
o, —(kz) R
<c¢ Y Ynmpu(eo-nze/n P (Jj;nk) P (Iy%z;kﬂ)
n=1
az,—(kz)
<e > lnep(k)-titzz/2yP (L@m) (1+z)e?le?,
n=1

as before. Instead of (3.55) we now have

P (J;n’k) < ot 2122 L—ka) =2 < (202 —2L—k)—2/2 (3.60)
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where the last inequality used ¢ > z/2. In view of (3.57) and the fact that the number of
terms in the sum is < cz, this gives the desired bound for the first sum in (3.58).

Note next that if ¢ < z/2 then we must have n = §,(k,) — t > z/2, (but we still have
n < cz by (3.57)). Thus we can bound the second sum in (3.58) by

O‘z,—(kz)

> uzenyP ({\/ﬁ =} OV N ) (3.61)

n,n’'=1

ay (ks

)
<c Z ]-{nZz/Q}IP ({ \/ 27;1,kz = n} n J'j,n,kz> P (‘]'j/,n’,kz) '
n,n'=1

as before. Then by the Markov property, this is bounded by

az,—(kz)

¢ > TP ({270 =) P (T ) P (T ) - (3.62)

n,n’=1

By (3.21)-(3.22) with n > z/2 and then (3.57)

P ({5 =) <7 <

while now, instead of (3.60), we use

P (J;nk) < ot 22 2(Lka) =2 < cz202e’2(L’k), (3.64)

and a similar bound for P (J}, ;). Thus (3.62) is bounded by

o, (k)
c E e—lOzz404e—4(L—k) S 06_102240862k6_4L+2k.

n,n’'=1

In view of (3.57), this gives the desired bound for the second sum in (3.58).

3.4 Second moment estimate: late branching

In this subsection we prove Lemma 3.4 for L — (500log L)* < k < L — 1.
Consider first the case

L—(500log L)* <k < L —d*.

We will bound the probability of
k,aZ _(k)/2 P
A= 27;’11 ' >prL+ 2 ﬂWyﬁk (Nk)ﬁl'ylﬁz;kig, (3.65)

(which contains the event Z, , N7, .).
The presence of W, ; (Ny) in A will allow us to effectively decouple the event

k.a? _(k =~ . . .
27;)1: s-(R)/2 > prL + z} from 7, ..x+3. More precisely, it follows as in the proof
of [7, Lemma 4.7] that for some M, < oo
. 2 k
P(A) <P { o= > b Lt 2 — My log(L — k)} (3.66)
xIP (fy’,z;k:j:?)) + e 4k,
EJP 28 (2023), paper 18. https://www.imstat.org/ejp
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Using (3.23) and (3.50) this shows that

1/4

]P(A) S CeiQ(Lik)+2M0 log(Lfk)72kL (1 +Z)672L672Z +674L (367)

By taking d* sufficiently large we will have Mylog(L — k) < k;i/ 4 /2, which then gives
(3.15). O

For L —d* < k < L—1 we simply bound the term P (Z, . N Z,/ ) by P (Z, .) and obtain
from (3.15) the following upper bound

1/4

P(Z,.NZ,.) <c(l+z)e?le ™ <cge(1+ z)e” L2k ek =22 (3.68)

O

4 Excursion counts and occupation measure on S

In this section we prove Theorems 1.3 and 1.4.

For0 <e<a<b<m,let M. q4p(n) be the total occupation measure of By(z, €) until
the end of the first n excursions from 0By (z, a) to 0By (z,b). With w, = 27(1 — cos(e)),
the area of By (z,¢), let

— 1
M:L’}e,a,b(n) = ;Mm,e,a,b(n)~ (41)
In particular, when starting from 0By (z, a),
_ 1 Hop,(z,b)
Mac,e,a,b(l) = ;/ 1{B,i(:v,€)}(Xt) dt. (4.2)
e Jo

The following Lemma is proven in Section 6.

Lemma 4.1. For some ¢ > 0, uniformly in z € 52, and hy, /100 < € < hy,

_ 1 ,
P (Mm,e,hkyhk_l(n) < ;(1 —9) n) < emedn (4.3)
and )
P (Mz’eyhk’hk_l(n) 2 ;(1 + 5) n) S 6—06271 (44)
Recall i, (y,€) from (1.8) and set
tr (z2) =2L(L —log L+ z). (4.5)

Lemma 4.2. We can find 0 < ¢, ¢, z9 < oo such that for L large, all zy < z < log L, and
alle,,y € Fy, such that hr, /100 < ¢, < hy,

1
dz2e72 <P <3y € Fr s.t. iy (y,€6y) > =11, (z)) < cze %2, (4.6)
i
For the sphere, it suffices to take ¢, = ¢ independent of y. The present formulation

is needed for the plane, as we will see in Section 8. To clarify the connection with
(1.9)-(1.10) we note that for some 0 < ¢, = ¢.(19) < 00,

(mhL + 2)2 = %tL (mz + Cy + OL(l)) . (47)

In fact, using the last two displays for hy1 < € < hy would prove the lower bound (1.10),
but for the upper bound (1.9) we need the sup over all y not just y € F.. We will deal
with this in Lemma 4.4.
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4.1 The upper bound for (4.6)
We first show that, with F;" = F, N By (v, hiog 1.),

Py =P (Ely € Ff st i (y,¢y) > ltL( )) < cze %, (4.8)
If

-/zl\L,z { sup \/27;7:L ZPLL+Z}7

+
yer,

then by (2.11)

P1

IN

~ ~ 1
P (Ae) +P (B3 FY 8 (1) 2 210 )

IN

~ 1
ce T+ P <.A2 .3y € Ff st fir (y,ey) > =t (z)) .
’ : Vs
Recalling the notation Fj* = Fr, N BS (v, k) N By (v, him—1), we then bound

~ 1
P ( 7,20 3Y € Ffst i (y,¢y) > ;tL (z)) 4.9)

L-2

< Z Ce2(L7m)

m=log L

sup PP (\/27;3 < pLL+z, fir (y, ) 2 ftL )
yeF™
1
s

+c sup P <\/27;T <prLl+z pr(y.ey) > (Z)> :
yeFLﬂBd(U,thl) ’

We treat the case in the sum. The case of y € F;, N By (v,hy_1) can be treated
similarly.
We can write

1
P <1 2T < pLLl+ 2z, fir (y,€y) > ;tL (z)) (4.10)
z4+MLY? 1
= z; P (,/27ZL €1, 1+.—jand i, (y,€,) > —tr (z))
=
1
+P (,/ 77, < ppL— ML'Y? and fi, (y,¢,) > —tL( )>.

Lemma 4.3. Forally € F}", logL <m < Landj < z+ ML'/?

1
P <,/27'yL € Ly, 1vemj and fi- (y,€,) > —tr (2 )> (4.11)

< cme*QLLe*Q(z*j)e*C/jZ,
and
P (\/ﬁ < prL — MLY? and i (y,¢,) > %tL (z)> <ce . (4.12)
Proof of Lemma 4.3. By (2.9)

(prL+2—35)%/2 <tp (2 —j+2M?) (4.13)
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for all j < z + ML'/?. Hence for such j

_ 1
P (\/ 27;;[, € IpLL+Z—j and Hr (y7 Ey) > ;tL (Z))
_ . 1
<P (\/ 27;T,L € IPLL+2*j7 My:eyahL;hL—l (tL (Z —J+ 2M2)) > ;t[, (Z)> :

Using the Markov property and then (2.6), we have for y € F" this is

Consider first the case of 4M2 < 7. We now apply (4.4) with
n=ty(z—j+2M?) =t () — 2(j — 2M?)L ~ L?

and
§=2(j —2M?)L/t; (= — j+2M?) < 1

for 4M? < j < z+ ML? to see that
M 1
g <M“y’h“h“ (tr (== +2M%) = —t1 (z)> (4.14)
=P (Myveythth—1 (tL (Z - ] =+ 2M2))
Z % (tr (z—j+2M?) +2(j — 2M2)L)>
=P (MyveythahL—1 (tL (Z - ] -+ 2M2))

1 2(j — 2M?)L , ,
> 01 t — 2M
_77(+tL(z—j+2M2) L(Z I )

((j—2A12)L)2 Y

< e TG < o,
For j < 4M? we simply bound the probability in the first line of (4.14) by 1 which we

can bound by Ce—¢'7 * for C sufficiently large.
Similarly, for (4.12) we use

1
P (\/2% < pLL —MLY? and fi; (y,¢,) > —tr (z)> (4.15)
_ 1
<P <My75yahL7hLl (tL (—ML1/2 + 2M2)) > —tr, (Z)) <e 4
™

by (4.14) with z — j = —ML'/?, for M sufficiently large. O

Then using (4.9) and Lemma 4.3 we see that

~ 1
P ( oI EF st fir (y,6y) > ;tL (z)) (4.16)
L 2+ MLY/? , L
<C Z emLe2(E=m) Z e 2Le20zd) =" 4 Z ce 4L,
m=log L j=1 m=log L

This is easily seen to be bounded by the right hand side of (4.8).
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Recalling the notation F} = Fy, N BS (v, hiog 1) from (2.17), to complete the proof of
the upper bound for (4.6) it remains to show that

1
Py =:1P (Hy € Ff st fir (y,ey) > =t (z)) < cze %, (4.17)

i

Note that with £, as in (2.16), if
AL,Z:{ayeF;,le{kyH, L} st T >, (1)/2}, (4.18)
then
] 1
P < PMLJ+P<1¢ﬂy€ﬂﬁtu4%%) th)

1
< cze 4P (Az L.y € Ff st fir (y,6y) > =t (z)) )
’ T

P( 7.3y € Fp st iz (y,6) > —tL (4.19)

by (2.18). Recalling again the notation F* = F, N BS (v, hyn) N By (v, him—1), we have that
log L 1
s

:ZIP( T EF st iy (y,6y) > —tp (z))
m=1

Since

.ACLZ:{supT <a? (l)/Q,ky+1§l§L} (4.20)
’ yeFry;

and k, = m for y € F[", we see that

1
P ( 7. € FI" st fir (y,6y) > ;tL (z)) (4.21)

< ceQ(L—m)

sup ]P(7'yfl<a (0)/2,m+1<I<Landj, (y,hs) > ltL( ))

yer™
With
B =T <02, 0/ 2m+1<1< L1} (4.22)
we have for y € F}",
1
P(Eﬁlg +(0)/2,m+1<1<Landfi, (y,e) > ftL( )) (4.23)
2+ MLY/? 1
= Y (Bl T s and i (6 2 22
j=1

fo 1
(BZI{ m,z) 27;/7:L < Qz+ (L) -z ML1/2 and Hr (y7€y) > ;tL (Z)> .

Here, M > 1 is a fixed constant to be chosen shortly.
Recalling, see (2.15), that a, 4+ (L) = pr. L + 2, and using (4.13) we see that

(ozt (L) = 5)° /2 < tp (2 — 5 +2M?)
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for all j < z + ML'/2. It follows that for such j
1
P (B BT € Ty a0 () 2 200(2))

J— . 1
<P (B%,m,z’ \/ 27;/T,L € Iaz,ﬁ»(L)*j’My7€y7h/L7hL—1 (tL (Z —J+ 2M2)) > ;tL (Z))

=P (2T Say ) m+1 SIS D=1, \2T7 € L))

_ 1
<P (My,ey,hbhu (tn (=~ 5+ 200%) > L4, (z)) 7

by the Markov property. Using the barrier estimate (9.5) of Appendix I, and recalling
that m = k, < log L, this is bounded by

. i 1
ce ?Le™2E70) o m?2j (24 m) P (My@y’hL’hLl (tr (z—j+ 2M2)) > ;tL (z)) . (4.24)

The rest of the proof of (4.17) follows as in the proof of (4.8). This completes the
proof of the upper bound in Lemma 4.2.

We now remove the restriction that y € F, in the upper bound, subject to a continuity
restriction on €,. As mentioned, this will complete the proof of the upper bound (1.9).

Lemma 4.4. We can find 0 < ¢, C, zg < oo such that for L large, all zy < z < log L, and
all hr,/20 < €, < hp41 such that |e, — e,/| < Cd(y,y')/L for ally,y’ € S?,

1
P (Hy s.t. fir (y,€y) > —t1, (z)) < cze %%, (4.25)
T

Proof of Lemma 4.4. Let F} be the centers of a dfoh 1, covering of S? which contains F;,.
For any y € S? we can find y' € F} such that d(y,y’) < %hL, so that by our assumptions
ley — €| < C4%hy. If we sete, = (1+ 1)¢, for all y € S? we see that for L large
hr/30 < & < 2hr41 and |6, — €| < dthL. It follows from Lemma 5.1 below that it
suffices to prove that

1
P (Ely € Fy st jir (y,6) > =ty (z)) < cze %, (4.26)
™

We note that there are too many points in Fi to prove (4.26) using the methods used
to prove (4.6). We will need to use the continuity estimates of Section 7.

For0 <e<a<b<m,let My, 4.4.5(n) be the total occupation measure of By(y, €,)
during the first n excursions from 9By (yo, a) to By (yo,b). With w, = 27(1 — cos(e)), the

area of By (y,¢€), let
— 1
My e, yo.a(n) =

My e, yo,ap(n). (4.27)

For yo € Fp, let
Dy, ={y € F | d(y,y0) < doh/2}. (4.28)

Following the proof of the upper bound for Lemma 4.2, to prove (4.26) it suffices to show
that

_ 1 /s
P sup My’gy7y07hL7hL71 (tL (Z -7+ 2M2)) > ;tL (Z)) < ce ¢ 32 (4.29)

y€Dy,

for j < z + ML'/? sufficiently large. Setting e = SUPyep,, €y and using our condition on
|€y — €y/| to control the denominator in (4.27), we see that it suffices to show that

P ( sup My eyong hp o (t (2 =7 +2M?)) > %tL (2 — M2/2)> <ce 7. (4.30)
YEDy,
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Abbreviating Y, = M.« yo.n, 1, (1) where n = t;, (z — j + 2M?) we have that

P ( sup My.cyonpho_y (to (2 —j +2M?)) > %tL (z— M2/2)> (4.31)

yE€Dy,

e vi 1
<P (My0757hL7hL1 (tL (Z -Jj+ 2M2)) > ;tL (Z —j/2 — MQ/Q))

+P | sup |V -V M| >jL/2).
yeDyo

As in the proof of Lemma 4.3, the first term on the right hand side is bounded by ce=c'7”
for j < z + M L'/? sufficiently large. We then bound

P | sup [V -V | > L/2 (4.32)
YEDy,
log, L
<SP sup v, — v > L2
1=1 Y,y €Dy, d(y,y' )2~ dohr
log, L
<y o sup P (|Yy(") v > jL/212>.
-1 Y,y €Dy, d(y,y’)~2 - dohL

It follows from Lemma 7.2 with n = t1, (2 —j+2M?) ~ 2L* as above and § =
3723212, d(y,y') = 27 'dy that for some Cj > 0

92l sup P (|Yy("> —YM| > jL/ZZQ) (4.33)
Y,y €Dy, d(y,y")~2" doh

< 2% exp (~Coj?2/2 /851

whose sum over [ is bounded by ce=“7”. In order to apply Lemma 7.2 we have to verify
that 0 < \/d(y,y)n/2. In our situation this means that j/23/2 < 2-1/24}/*L/2, for all
j < 2ML'/2. Thus we have to verify that 21/20/2//2/12 < d}/>L*/2, which follows from
the fact that [ <log, L, L is large and dy, M are fixed.

4.2 The lower bound for (4.6)

Recall the notation 7;11 = 7; m121 from the beginning of Section 3. Let 7, be the time
needed to complete z? excursions from 9By (y, k1) to 0B, (y, ho), and set

1 [
fr, (y,€) = 7/ 1{Bd(y,e)}(Xt) dt. (4.34)
0

We

Recall FL0 from (3.4). We will prove the following analogue of Lemma 3.2.

Lemma 4.5. There exists a 0 < ¢ < oo such that for all 0 < r( sufficiently small, L large,
all0 < z<logL, and all h;,/100 < ¢, < hy,

1
P | sup fir, (y,¢y) 2 —tr (2) (4.35)

yer? T (A +2)e +c

1 < (1+ 2)e %

As before, the lower bound in (4.6) will follow from this, and hence combined with
(4.25) we see that for some 0 < zp, and all z5 < z <log L

1
e <P <E|y s.t. fir (y,€y) > —tp1, (z)> < cze %2, (4.36)
0
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Combined with (4.7) it is easy to check that this implies Theorem 1.4.
To prove (4.35) set

1
Zyzva=ZLyzra N{ir, (v, 6y) 2 ;tL (2)} (4.37)

for some d < oo to be chosen shortly. We use the second moment method used in the
proof of Lemma 3.2. Indeed, since fy,”d C 7y, .+q all upper bounds needed follow from
those used in the proof of Lemma 3.2, and it only remains to prove the appropriate lower
bound for fy)erd.

As in (3.25)-(3.26) we have

~ ~ 1
P (Iyyz-ﬁ-d) Z P (Iy,z+da la‘ry (y7 hL) Z ;tL (Z)> (438)

L—ar

- Z Z P [fy,erdek:,a ﬂ Wyc,k (Nk,a)} .

Using the Markov property and then the barrier estimate (9.12) of Appendix I,

~ 1
P (Iy,zm fr, (Y, €y) > —tL (z)) (4.39)

()
P (Tyeta) P ( My (0.4 0) 2 210())
> E(]. + Z)€_2L6_2(Z+d)
—_— 1
N A R EE CACRRUR2)
= ¢(1 + z)e2Le20EHd)

P (M (0 G ) 2 2 (12 )t +a)

>0 (T and My s 11+ ) >

S

—_

IR CINE
> 6(1 + Z)e—2Le—2(z+d)(1 —e tp (z+d) ),

where the last line used (4.3). It should be clear from the structure of ¢;, (z + d) that
o (

ot (dL)?
we can choose some d < oo so thate ~ 72G+9 < 1/2 uniformly in 0 < z < log L. Finally,
after fixing such a d, we can show as in the proof of the first moment estimate in Section
3.1, that for d* large enough, the last line in (4.38) is much smaller than the last line of
(4.39). O

Thus we have completed the proof of Theorem 1.4.

4.3 The left tail

Lemma 4.6. There exists a 0 < ¢ < oo such that for all 0 < r( sufficiently small, L large,
all0 < z<logL, and all h;,/100 < ¢, < hy,
62z

T e 4 ¢

1
P | sup fir, (y,€y) > ;tL (—2) (4.40)

yeF?
This will complete the proof of Theorem 1.3 since, as discussed right after the

statement of Lemma 3.2, the probability of completing 2 excursions from 9By (y, h1) to
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9By (y, ho) before time 7 for all y € FY is a strictly positive function of ry which goes to 1
as ro — 0.

The proof of Lemma 4.6 is very similar to our proof of the lower bound on the right tail,
except we now have to change the upper barrier to allow for negative z. Fix |z| < log L.
We fix Z > 0 once and for all. We abbreviate,

~ N l l
52 (l) = f/E\J)LL"FZ (l,L) =X <1 — L) + (le —+ ZL> y (441)
and R
Fore () =Aom (L, L, 2) = B (1) — 1/ (4.42)

The barrier estimates needed are given in Lemma 9.6. We point out that the factors
(1 + z) which appear on the right hand side of (4.35) but not (4.40) come from the
difference in the initial points of the barriers. O
5 Interpolation used to reduce (4.25) to (4.26)

Recall, (1.8), that

_ 1 T
fr(y,€y) = ” /0 L By(y,e,)y (Xt) dt, (5.1)
where w,, = 2m(1 — cos¢,), the area of B4(y,¢,), and, (4.5),
tr (2) =2L(L—logL+ z). (5.2)

Lemma 5.1. Assume that d(y,y’) < a%, €y — €| < thL, and hr, /30 < €,,€ey < 2hryq.
We can find a d; < oo such that for all L large and z < log L, if

1
fr (Y ey) > —tr (), (5.3)
then for any ¢; > 30(a + b),
1
fr (y, (L+c1/L)ey) > —tL (z—dy). (5.4)

Proof. Under our assumptions, for any z € Bq(y', €,) we have d(z,y) < d(z,y")+d(y,y’) <
ey +alt < (1+ %)e, so that

Ba(y',ey) € Ba(y,(1+c1/L)ey). (5.5)
It follows that
_ 1 T
/J'T(y/>€y’) = / 1{Bd(y/,ey/)}(Xt> dt (5.6)
wey/ 0
1 T
< LiBy(y.(14er/L)e, )} (Xi) dt
wiyl 0
w 1+c1/L)ey _
= Ry, (L4 e /De,).
Hence ]
fr (Y€)= —tr (2) (5.7)
implies that
wE, ’ ].
fr(y, (1 +c1/L)ey) > —————t1 (2). (5.8)
W(ltei/L)e, T
But under our assumptions
wE ’
— - 14+0(/L). (5.9)
W(ltc1/L)ey,
This gives (5.4). O
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6 Green’s functions and proof of Lemma 4.1

Let G,(z,y) denote the potential density for Brownian motion killed the first time
it leaves B.(0,a), that is, the Green’s function for B.(0,a). Recall that B.(z,r) is the
Euclidean ball in R? centered at z of radius r. We have, see [15, Section 2] or [17,
Chapter 2, (1.1)],

1 1
Go(z,y) = ——log |z — y[ + —log ('mlx—yé)’ y # 0, (6.1)
v iy a
where )
a
i =12, 6.2)
lyl
and ) )
Go(z,0) = ——log |z| + — log a. (6.3)
iy Vi

Let v denote the south pole of S2. If o denotes stereographic projection, then
o (Bg(v,h(a))) = Be(0,a), see [7, (2.4)]. We claim that in the isothermal coordinates
induced by stereographic projection o, the Green’s function for o (By(v, h(a))) = B.(0,a)
is just G, (7, y). To see this we must show that if Ag: is the Laplacian for S? in isothermal
coordinates and dV (y) is the volume measure, then

388 [ Gule.)f5) V() = ~f() (6.4

for all continuous f compactly supported in B.(0,a).
For x = (x1,x2), let
1

. 6.5
(+ 1+ )P ©o

g(z) =

As shown in [30, Chapter 7, p. 6-9], the stereographic projection ¢ is an isometry if we
give R? the metric
g(2) (dzy ® dxy + drg @ dxs) . (6.6)

Because of (6.6) the Laplace-Beltrami operator takes the form

1
—— (92, +02) . (6.7)
g(l‘) ( 1 2)
Thus, Ag2 = éA and dV (y) = g(y) dy, so that (6.4) holds.

Proof of Lemma 4.1. Let ¢ = h(a) so that h(a) < hy. 1f 7, , is the first exit time
of By(v,hx—1) and pp, is uniform measure on dB4(v, hy), then by symmetry, for any
z € 0Bg(v, hy)

Thi_1
L o= FF (/ 1{Bd(v7€)}(Xt)dt> (6.8)
0

Thi—1
= IEPm (/ 1{Bd(v,e)}(Xt)dt) .
0

Since uniform measure p;, on 9By(v,h;) goes over to uniform measure ~,, on
0B.(0, 1), using the discussion at the beginning of this section we have

Ji1 = / / GT‘k—l(x7 y) d’YT'k (a:)g(y) dy' (6.9)
B.(0,&) JOB.(0,r)
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We recall, [27, Chapter 2, Prop. 4.9] or [17, Chapter 1, (5.4), (5.5)], that
[ g (e~ dute) =log (b v o). 6.10)
9B.(0,b)

This shows that for y € B.(0, 7))

/ Gr_ (z,y) dyr, (2) (6.11)
636(0,7“1‘,)
_ 1 yl .
== —log |z — y| + log Im —Yro o) | dyr ()
T JoB.(0,r1) Tk—
1
= ( logrwrlog( il \ym ))
™
1
= (—logri +logry—1) = - log(rk,l/rk) ==
Thus
1 1 1 1
J1= ’/ 9(y) dy = —Area (By(v, h(@))) = —wh(a) = —we. (6.12)
B (0,0) ™ m n

It follows that for any z € 0Bg4(v, hy)

_ 1
E* (Mychpne, (1) = (6.13)

™

By the Kac moment formula, for any z € 0Bg(v, hy), with = o(z)

Thi—1
E* ((/ 1iB,(v,e} (Xt) dt) ) (6.14)

0
:n!/ Gy (@, 910) [[ Gros i1, w5) [ [ 9(wi) dyi

B (0,) j=2 i=1
Sc"n!/( : mlfﬂyln o1 (Yj—1,Yj dez
(0, j=2 i=1

< c"nla®" (log (rr_1/a) + co)"”

where the last inequality follows as in the proof of [15, Lemma 2.1]. It follows that for
any z € 0Bg4(v, hy)

E* ((ﬂmhk?hkil (1))") < ¢™n! (log (rp—1/a) + o)™ . (6.15)

By (2.3), our assumption that Ay /100 < ¢ < hy, implies that e < r;_;/a < 200e. Using
(6.13) and (6.15), our Lemma then follows as in the proof of [16, Lemma 2.2] which
uses moment inequalities to show that excursion times are concentrated around their
mean. O

7 Continuity estimates

The goal of this Section is to prove the continuity estimate Lemma 7.2 which was
used in the proof of (4.26).

For fixed u € S?, let 7, be the first exit time of By(u, a) and let p,, be uniform measure
on 0B4(u, m). Recall that for some dy < 1/1000, we take F] to be the centers of an dyh,
covering of S2.
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Lemma 7.1. If d(u,v),d(u,v) < doh/2, do/L < d =: d(v,?)/hy, < do, and hy, /20 < € <
hL+1, then

The-1 Thy—1
EPrL (/ 1{Bd('u,6)}(Xt) dt — / 1{Bd(5,e)}(Xt) dt) = O7 (71)
0 0

Thy, 1 Thy 1 2 47
EPrL (/ 1{Bd(’u,e)}(Xt) dt — / l{Bd(ﬁ,e)}(Xt) dt) < ce*d”, (7.2)
0 0

and

Thr 1 Thr 1 2
sup E* ((/0 1{Bd(v,€)}(xt)dt—/0 1{Bd(g76)}(Xt)dt> ) < cetd®. (7.3)

z€0Bg4(u,hr)

Proof of Lemma 7.1. As in (6.8)-(6.9) we have

Thy 1 Thy 1
Jy = e </ I{Bd(v,e)}(Xt)dt_/ l{Bd(E,e)}(Xt) dt)
0 0
= [ [ Gusle) (@) o) (7.4)
where
A5 (Y) = (Lo(Baw,e)t — HoBa@eor) M)g(y) dy. (7.5)

Then by (6.11)-(6.12) we have that

1

o= o [dns (7.6)
iy
1

- (Area (Bg(v,€)) — Area (Bq(v,¢€))) = 0,

since all balls of radius ¢ on the sphere have area w, = 27(1 — cose€). This completes the
proof of (7.1).
We next observe that

Thy _1 Thy_y 9
EPre ((/ l{Bd(v,e)}(Xt)dt—/ 1{Bd<5,6)}(xt)dt> ) (7.7)
0 0

- 2///G”71(x,y)G”,l(y,z) dyry, () dpiy 5(y) dpty 5(2)
- %//Gm,l(yw) ity 5(y) dity 5(2)

as above.
We note that for b < a

1 1 «
Gultt, ) =~ 10g (bl — ) + 2108 (b ke = ] ) = Guplo). .0

since
2

* a~oy *
by), = =—5 =10 . 7.9
( y)a b2|y|2 ya/b ( )

Using this to scale by r;, we see that

/ / G’I"L—l (y7 Z) dﬂv,'ﬁ(y) d/‘v,ﬁ('z) = 7“4[1, / / Ge(y7 Z) d//fL,v,E(y) d,uL,v,i?(z)7 (710)
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where
dirws(W) = (MoBawe)r — HoBa@e)y) (rey)g(roy) dy
= (1{%0(34(1),6))} - 1{#(7(3(1(57,6))}) (v)g(rry) dy. (7.11)

For y in our range we have g(rry) = 1 + O(e), and it is easy to check that up to
errors of order e, %J(Bd(v,e)) and %U(Bd(ﬁ, €)) can be replaced by B.(v',¢/rr) and
Be(v' — (0,6¢/rL), ¢/rr) for some o' with |v/| < dy and 0 < § < cad.

Hence with

dV’U’(y) = (I{Be(v’,e/rL)} - 1{Be(v’f(0,6e/r[‘),e/rL)}) (y) dya (7.12)

it remains to show that
//Ge(y, 2) dpro (y) dpy (2) < CO2. (7.13)

The symmetric difference of B.(v',s) and B.(v' — (0,ds),s) consist of two disjoint
pieces we denote by A, B. They have the same area

Area (A) = 252 arcsm< > 65\/ 4—02)s2 < §s2. (7.14)

We observe that

2
iy s i) = i 21+ o) = i (el o) =0 )

y—0 a y—> y—)O a

It follows that for ¥, z in our range, log (@ |z —y? |> is bounded, hence to prove (7.13) it
suffices to show that

// |log |y — z|| dpw (y) dpe (2) < C62. (7.16)
It is then easy to see that we need only show that
/ / |log|y—z|’dydz§0(52. (7.17)
AJa

It is also clear that we only need to consider |y — z| < 1/2. Writing y = (y1,42), 2 = (21, 22)
we see that

//|10g|yfz||1{‘y_z‘§1/2}dydz (7.18)
AJaA

< / / |10g|y_z||1{\y—z\§1/2} dyy dys dzy dzs
[0,1]%[0,8] /[0,1]x[0,8]

< / / |log [y1 — 21| dy1 dyz dz1 dzy < C62,
[0,1]%[0,6] J[0,1]x[0,5]

which completes the proof of (7.17).
To obtain (7.3), arguing as before we need to show that

Ky = sup //GrH (2,9)Gry (Y, 2) ity 5(y) dpte5(2) < ce*s?. (7.19)
2€0B.(0,rL)

Scaling in r;, as before shows that

Ki=rt s [ [ GGy 2) dirs(v) duss(2) (7.20)
€9B.(0,1)

But for y in our range, G.(z,y) is bounded uniformly in x € 9B,(0, 1), so that (7.3) follows
as before. O
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The same proof shows that

- Thy 1 Thy 1 2n
sup I </ LBy(v,e)} (Xt) dt */ LBy (Xt) dt)
IeaBd(u,hL) 0 0

< (2n)lefetnd?m. (7.21)

)

< nlchd". (7.22)

and hence by the Cauchy-Schwarz inequality

1 1

Thy 1 Thy 1
sup [E® ( */ LBy (v,e)} (Xt) dt — */ LBy (w0} (Xt) dt
z€dBy(u,hL) We Jo We Jo

Recall (4.27) and set o
Yy(n) = My1€7u»hL7hL—1 (Tl)

Lemma 7.2. For some dy > 0 we can find Cy > 0 such that, ifid(u,v), d(u,v) < dohr/2,
do/L < d(’l)7’17) = d(?),@)/h[‘ < dU, hL/20 <e< hL+1, and 6 < \/d(v,'ﬁ)n/Q, then
P ([ =Y > oyn) < e Qo 0D, (7.23)

Proof of Lemma 7.2. We follow the proof of [7, Lemma 5.1].
Let T; denote the successive excursion times Ty, (u,h,) 907, 5, (00, _,, frOM OBg(u, hr_1)

to B4(u, hy) and set

1 Thy 1
Yoi= o LB, (v,e} (Xtq1,) dt, (7.24)
e Jo
so that .
Y =3"Y,, (7.25)
i=1

Let J be a geometric random variable with success parameter ps > 0, independent of
{Yo., Ym}. It follows from (7.22) and the proof of [7, Corollary 5.3] that, abbreviating
d = d(v,), if cod\ < p3/2 then for some ¢4

J—1
sup E* | exp | A Z (Yo — Y5, < etadM/ps, (7.26)
2€0Bg4(u,hr) i=1

and from (7.22) together with (7.1) and the proof and notation of [7, Lemma 5.5] it
follows that, after perhaps enlarging c4

Jo—1 B R
E (exp <A Y (You—Ysy) (X?'))) < eer(B/m) (7.27)
i=Jy

The essence of [7, Lemma 5.5] is to use a renewal argument to allow one to take
advantage of (7.1) to eliminate the linear term in the expansion of the exponential so
that, as opposed to (7.26), we now have a quadratic term in the exponential.

Then, instead of [7, (5.33)] we set

§=0/Vdn <1/2.
With this it follows from the proof of [7, Lemma 5.1] that for cod) < p3/2
P (|YU(”) v > Wﬁ) (7.28)

< 6_592/g + exp (c4)\20f2n/p3 + 204)“9\/% - )\9\/5)
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By taking d, sufficiently small we can be sure that ¢,d < 1, so the above holds for any
A < ps3/2. If we set

A =p30/Vdn < p3/2
we see that
exp (C4A2d2n/p3 + 2400V dn — /\Gx/ﬁ>

= exp (C4p392cz+ 2c4p30° — p302/\/3) ,

which completes the proof of (7.23) for dy sufficiently small. O

8 From the sphere to the plane, and back

Using (6.7) it follows from [28, Chapter 5, Theorem 1.9], that we can find a planar
Brownian motion W; such that in the isothermal coordinates induced by stereographic
projection,

t
Xy =Wy,, where U, :/ ds. (8.1)
! v ! 0 g(Xs)
where ¢ is defined in (6.5).
We take the v of this paper to be v = (0,0,0). Let
D, =0 (Bg(v,r*)) = B ((0,0),2tan(r*/2)) . (8.2)

For the last equality see [7, (2.4)]. If 0 is the first hitting time of 9D, by W;, then under
the coupling (8.1) we see that § = U,. Set

10
po(w,€) = 7/ LB, (2,0} (Wy) dt. (8.3)
0

Te?
Lemma 8.1. For some —oco < dy,ds,ds,dy < oo, all x € D, and all e sufficiently small
po(@,€) < (1+dy € fir (2, 9" (@)e(L + dse)), (8.4)

and
po(w,€) > (1+ds €) fir (2, 9" (2)e(1 + dse)). (8.5)

Proof of Lemma 8.1. We first note that for ¢ sufficiently small, we can find ¢; < ¢3 such
that uniformly in 2’ € B.(x,2¢) and = € D,

9(@)(1 + c1€) < g(2') < g(2)(1 + c26). (8.6)

For 2’ € B.(z,¢), with 2, = z + t(2’ — 2)
1
d(z,z') < / g 2 (xy) |2 — x| dt < g% (x)|z’ — z|(1 + cse). (8.7)
0

Hence
Be(z,€) C By(x,g"*(x)e(1 + c3€)). (8.8)

Similarly, for some ¢4 < c3

Be(z,€) 2 By(x,g"*(x)e(1 + c4e)). (8.9)
Consider .
/0 L{Bawg/2(@)e(1+esey Wor) dt. (8.10)
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By the nature of U; in (8.1) it follows that whenever the path Wy, enters By(x, g'/?(x)e(1+
cz€)) it is slowed by a variable factor between and Hence the

1 1
g(x)(1+cse) g(x)(1+cee) *
amount of time spent in By(x, g*/?(2)e(1 + c3¢)) during each incursion is multiplied by a
variable factor between g(x)(1 + c7¢) and g(x)(1 + cge). Thus

T 0
A 1{Bd(x7g1/2(x)6(1+035))}(WUt) dt > g(l’)(1+c7€) A 1{Bd(x,gl/2(x)e(l+03e))}(Wt) dt7 (8.11)

and

T 0
/0 1{Bd(z,gl/2(x)e(1+¢:3e))}(WUt)dtSg(l‘)(l—FCgE)/o 1{3(1(3[/,’91/2(I)E(IJFCM))}(I/Vt)d)f7 (8.12)

It follows from (8.8) and (8.11) that
0
/O LB, (2,0} (W) dt (8.13)

9
S/O L Bu(a,g/2(@)e(1+ese))y (W) dt

1 T
< g(x)(l—i—07e)/0 L Bu(a,g' /2 (2)e(14cse))} (WO, ) dt.

Since ws = 27 (1 — cos (8)), we see that if we set 6, = g'/?(z)e(1 + c3¢), then uniformly in
x € D, and sufficiently small ¢

(1+ foe) < # < (1+ foe),

so that by (8.13)

1 9
pe(z,€) = —5 [ Lp.(ee)(We)dt
TmE 0
1 T
< - 1 Wy, dt
< ST J, e (70)
]. ws _ 1/2
= = 7\ 1
(1 ¥ C7€) g (l‘) €2 H (‘T g (SC)E( + 636))
< (1+de) fir(z, g (2)e(1 + cs6)), (8.14)
where L
~ + Jo€
1+de) = .
( + 6) 1+ cre
This completes the proof of (8.4).
The lower bound (8.5) is proven similarly using (8.9) and (8.12). O

Lemma 8.2. We can find 0 < ¢, ¢, zy < oo such that for L large and all $;h, < e < thp
and zp < z <logl,

ze 2VIE <P ( sup pp(y, €) > me + z) < cre~2V2mz, (8.15)
y

Proof of Lemma 8.2. We consider the upper bound. By (8.4) it suffices to show that

P (\/sup,uT(y,gl/Q(y)e(l + da€)) > me + z) < cze~2V2mz, (8.16)
Yy
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Since for € in our range

(me +2)% = %tL (var =+ o).
(compare (4.7)), (8.16) follows from Lemma 4.4 once we verify the condition that |ey —
ey| < Cd(y,y')/L, where now e, = g'/%(y)e(1+dae)). This follows easily since g is smooth
and we can assume that 2 < g'/2(y) < 1. We also point out that for 5h;, < e < +h; and
L large we have 55hy, <€, < hry1.

The lower bound is similar. O

We note that 141 = 5-hy > 15/, so all € are covered by Lemma 8.2.

Lemma 8.2 is the analog of Theorem 1.2, but where now 6 is the first hitting time of
0D, see (8.2). Theorem 1.2 then follows by Brownian scaling. To spell this out for later
use, let 6, be the first hitting time of 9B.(0, a) and set

1
[La($, 6) = 2
e

Oa
/ LB (.o} (W) di. (8.17)
0
Then it follows from Brownian scaling that for any a,b > 0,

{pa(x,€2); T, €2} law {ttva (b, bes); T, €z} (8.18)

The left tail and then Theorem 1.1 can be proven similarly.

8.1 From r* small to any r* <7
We first note the following extension of Lemma 8.2.

Lemma 8.3. We can find 0 < ¢, ¢, zy < oo such that for L large and all 5hy, < €, < thy,
with |e, —e,| < Cly —y'|/L and zp < z < log L,

1
dze <P (sup po(y, €y) > =tr, (z)) < cze %2, (8.19)
Y T

This follows as in the proof of Lemma 8.2, once we observe that in Lemma 8.1 we
can allow the € to depend on =x.

It follows from (8.18) that for any fixed a > 0, Lemma 8.3 holds with 6 replaced by 6,.

We now show that Theorem 1.4 holds for any 0 < r* < . This is done by using
Lemma 8.1. That is, with a = 2tan(r*/2) we have that for some —oco < dy, ds, d3,dy < 00,
all x € D, and all e sufficiently small

fir(z,€) < (1+dy €) po, (z, g7 2 (2)e(1 + dae)), (8.20)

and
fir(z,€) > (1+ds €) po, (z, g7 2 (2)e(1 + dye)), (8.21)

Theorem 1.4 then follows from Lemma 8.3 just as Lemma 8.2 followed from Lemma 4.4.
Theorem 1.3 can be proven similarly.
9 Appendix I: barrier estimates

In what follows, we use the notation H, ; = [y,y + 0] from [8]. The following is a

variant of [8, Theorem 1.1], which can be proven similarly. We set

l
fap (l;L):a+(bfa)z. 9.1)
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Theorem 9.1. a) For all fixed § > 0,C >0, > 1 and ¢ € (0,1) we have, uniformly in
V2 < z,y < nL such that 22/2 € N, any 0 < x < a, 0 <y < b, that

1_
PV (\/2Tl < fan (LL)+CI2 5 1=1,... L—1,/2T € Hy,g)

l+a—z)1+b-y) [z @
2
<c 7 yLe . (9.2)

b) Let Tubeq, 5(5L) = [fay (L) — C12™, fus (L) — CIZ %] . If in addition to the
conditions in part a), we also have (1 +a—z)(1+b—y) < nL, max(zy, |y — z|) > L/n
and [y, y + 6] N V27 # (), and Tubeaé(l; L)YN V2N # { for all 1=1,...,L-1, then

PAY, (V2T € Tubeg a5 L), 0 =1, L= 1,/2Ty € Hys)

1 — 1 — w—y)?
s te-2)(tb=y) ([T N et g3
L yL

and the estimate is uniform in such x,y,a,b and all L.
Similar results hold if we delete the barrier condition on some fixed finite interval.

For the last statement, we simply note that following the proof of [8, Lemma 2.3] we
can show that the analogue of [8, Theorem 1.1] holds where we skip some fixed finite
interval.

Recall that

log L
pL =2 — Oi, aex()=a(l,L,z)=pl+z+1/" (9.4)

Lemma 9.2. Let m = k, + 1 < log L. Forany k > L — (logL)*, 0 < j < a. (k)/2 and
z <logL

]P[ 277, < (D), l=m,... k=15 \2T7, € 1o, (- (9.5)

1/4
< ce —2k—2z—2k}’

27 % m? (1+z+m+ki/4) (1+7).

Proof of Lemma (9.2). Using the Markov property, the probability in (9.5) is bounded by

O‘ZHr(m)
Sop [, [o17 . € IS]
s=0
x sup P { ZT;Z’N/Q <o,4+(),l=m+1,...)k—1,
xely /
m,z? /2
2Ty7 S Iaz L (k)— j:| , (9.6)
and using the fact that T, y m < Tzl”,,? and (2.8), we see that (9.6) is bounded by
az,4(m) R 5
Z e 5 /2" qup P [ 2T;nl’$ /2 <a,y0),l=m+1,...,k—1;
5—0 el .
m,z? /2
2Ty, S ]az+( )J:| . (9.7)

Recall that a, 4 (1) = prl + 2 + li/ %, Using this we can write the last probability as

Kis:=P {W<pd+z+l?4 forl=m+1,....k—1;
m,z2/2
W € Ika'+z+kl/4 :| . (9.8)
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Using the fact that forall 1 <1<k -1
ot <tk (9.9)
see [7], it follows that
Ky, < P3Y, [\/ﬁ< pr(m+1)+z+ (m+0)" + k",

forl=1,....k—m—1;y/2T el v |- (9.10)

Lk+z+k;

Thus using (9.2), with a = prm + z + (m,, 1/4 + k1/4) and b = prk + 2z + k£/4, Yy =
ka‘ +z+ ]412/4 - j,

. op btk 2)?
K15<c(1+a_x)(1+j) ;v ef(L+2tkfm) ) .
T kE—m y(k—m)

We have

1/4 . 2
(ka+z+kL 7371) (ork)? _ /4 .
e~ 3(k—m) < ce  TA-m/F) e Q(Z‘H% J x)

1/4

log L .
S Ce2k%672(k+m)72272kL +2]+2w7

1 T 2k log L
k—mA\/ y(k—m) € K

= +/x, and by assumption,

a—x§c<k1/4+m+z)

Hence we can bound (9.7) by

az,+(m)

+25 Z \/gef(sf2m)2/2m.
s=0

1/4

c (1 + kjll/4 +m+ z) (14 7) e 2h272k0

Our Lemma follows. O

Lemma 9.3. For all L sufficiently large, and all 0 < z < log L,

IP[ 2TL <. (I) forl=1,...,L—1; 2T}, z,oL—I—z}

gIP[ 27!, < prl+z forl=1,...,L —1; \/2T} szL—&—z}
<c(l4z)e 224 (9.11)
and
P [ oT! <o, (1) forl=1,...,L—1;,/2T}! € IPLHZ]
> (1 + z)e—2L—2z—z2/4L. (9.12)
Similar results hold if we delete the barrier condition on some fixed finite interval.

Proof of Lemma 9.3. The first inequality in (9.11) is obvious. Theorem 9.1 requires that
y < b which we will not have if we go all the way to L. Instead, using the Markov property
at! =L — 1 and (3.22) we bound

P[ 2T, < ppl+z forl=1,...,L - 1; 2Ty{L2pL+z}

pL(L—1)+=
<e Y IP{ 27!, < ppl+z forl=1,....L—

)

VT € Lpuniyiay] €772 (9.13)
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If j > L/2, then e=3%/2 < ¢=L?/8 50 we get a bound much smaller than (9.11). Thus
we need only bound the sum over 1 < j < L/2.
It follows from (9.2), witha =z, b=pr(L — 1)+ 2z, y = pr.(L — 1) + z — j that the last
probability is bounded by
A2 AHG) L 1)) /2n-1)

L L2
<ec(l+2)(1+7) e~ 2L=2(=0)~(==4)* /AL

and our upper bound follows after summing over j.
The lower bound follows similarly using (9.3). The last statement in our Lemma
comes from the last statement in Theorem 9.1. O

Lemma 9.4. Ifk > L/2, 0 < z < log L and L is sufficiently large, then uniformly in
0<p<k,

P { 2T}, < ppl+z forl=1,....k—1; /2T, € IkaJrz_p] (9.14)
< C(l + Z) (1 +p) e—2k—2(z—p)—(z—p)2/4k.

Proof of Lemma 9.4. Using Theorem 9.1 with a = 2, y = prk + z — p,b = ppk + z this is
bounded by

(1 + Z) (1 +p) ief(ka+zfp)2/2k

o = (9.15)
< C(l +2) 51 +p) o2l0(L)k/L g~ 2k—2(2—p)—(—p)* /4k
- k

(9.14) follows since by the convexity of log we have e2108(L)k/L < g2log(k) — g2, O

Lemma 9.5. If k£ < 1og5 L, 0 < z<logL and L is sufficiently large, then uniformly in
m=prk+z—t,

P [\/27;?,1’”2/2 <ppltzforl="k+1,...,L—1; \/2T/ 7" > pLL+z]

< c(l + t)m1/2672(L7k)72t7t2/4(L71c)' (9.16)
Proof of Lemma 9.5. As before, we can bound the probability by
pr(L—1)+z

3 IP{ oTEm* 2 < iz forl=k+1,...,L—2; (9.17)

Yl
Jj=0

k,m?/2 —j2
2Ty,L71/ € IpL(L1)+zj:| e’ /2.
Also, as before, we need only bound the sum over 1 < j < L/2.

It follows from (9.2), with the x of that estimate givenby m = a—tand a = prk+2,b =
pr(L —1)+ z,y = pr(L — 1) + z — j that the last probability is bounded by

(1+1) (1 +7) m _(ep ki)
(T=F=D 9.18
Lk LL—kK)° ’ (9.18)

and
_(epkorig)?
e (L—k—1)
I OACE0) SRPTPR ST CyP Y
< ce 2(L—k—1) )= (t=3)"/2( )
< Ce? log(L)(L—k)/L o =2(L—k)=2(t—j)~(t—5)*/2(L—k) (9.19)
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This gives
IP[ 27;/1fiwrl2/2§le+z foril=%k+1,...,L—1; WEPLL+Z:|
pr(L—1)+z ~
<c Z (L+1t)(1+) m_ A
pa L—k L(L — k)

o 2(L—k)=2(t=5)—(t=3)*/2(L—k) ,—5°/2

(9.16) follows since by the convexity of log, e2!108(F)(L=k)/L < g2log((L=k)) — ([,.—E)2, O

The following Lemma states the barrier estimates needed for the proof of the left
tail estimates in Theorem 1.3. For notation see Section 4.3. The proof of this Lemma is
similar to the proofs of Lemmas 9.3-9.5.

Lemma 9.6. For all L sufficiently large, and all |z| <log L,

p { 2T <7, (1) forl=1,...,L—1; /2T > pLL+z]

SIP[ 2T, < B.(1) forl=1,....,L —1; /2T} szLH}

Sce—QL—Qz—zz/élL. (9.20)
and
P { 0T <7, (1) forl=1,...,L—1; /2T € IPLHZ}
Zce’zL’%’zg/“. 9.21)

Similar results hold if we delete the barrier condition on some fixed finite interval.
Ifk > L/2, |z| <logL, and L is sufficiently large, then uniformly in p < k,

IP[ 27}, < B.(1) forl=1,....k—1; 2T}, €13

) (9.22)

< C (1 +p) e—2k—2(z—p)—(z—p)2/4k.

Ifk <log” L, |z| <log L, and L is sufficiently large, then uniformly in m = Ez(k) —t,

P {1/27;’3“2 <B(l) forl=k+1,...,L—1; 2T > pL—|—Z} (9.23)
C

< /(1_|_t)m1/2672(L7k)72t7t2/4(L7k).
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