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Abstract

The asymptotic behaviors of the integrated density of states N(\) of Schrodinger
operators with nonpositive potentials associated with Gibbs point processes are
studied. It is shown that for some Gibbs point processes, the leading terms of N()) as
A | —oo coincide with that for a Poisson point process, which is known. Moreover, for
some Gibbs point processes corresponding to pairwise interactions, the leading terms
of N(X) as A | —oo are determined, which are different from that for a Poisson point
process.
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1 Introduction

We consider the random Schrédinger operator on L2(R?, dr) defined by

Hy, = =84V, Vi) = [ ol = p)na(dy), a.n
R

where ug is a nonpositive measurable function on R¢, and 7,, is a point process (see
Section 2). We call uq the single site potential. We assume that 7, is stationary and
ergodic (see Section 2). The integrated density of states (IDS) N()) of the Schrédinger
operator is the nondecreasing function formally given by

1
lim ——#{eigenvalues of H” ; less than or equal to A},
L—o0 |AL‘ T
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IDS associated with Gibbs point process

where Ay, is the box (—L/2,L/2)? C RY, |A.| denotes Lebesgue measure of Ay, and
H}ZJ .1, 1s the operator H, restricted to Ay, with Dirichlet boundary condition. Because of
the ergodicity of 7., both N(A) and the spectrum of H,  are independent of w almost
surely. Moreover, N(\) increases only on the spectrum. See [2, 12] for the precise
definition and the properties of the IDS.

The asymptotic behaviors of the IDS near the infimums of the spectra are well-studied.
For a stationary Poisson point process (see [3] for the definition) and a nonpositive and
integrable single site potential uy which is continuous at the origin and has a minimum
value of less than zero there, the spectrum is R apart from some exceptional cases (see

[1] for details), and it holds that

~ Alog )|
uo(0)

which is proved by Pastur in [11] (see also [12, (9.4) Theorem]), where we write f(\) ~
g(A) (A ] —o0) if f(A)/g(\) converges to one as A | —oco. See [9] for the asymptotic
behavior for a singular nonpositive single site potential, and [6, 10, 11] for that for a
nonnegative single site potential.

The aim of this work is to investigate the asymptotic behaviors of N(\) as A | —oco
for nonpositive single site potentials and Gibbs point processes: point processes with
interactions between the points. We mainly deal with pairwise interaction processes
(i.e. Gibbs point processes corresponding to pairwise interactions: the energy of the
points {z;}is >, . »(x; — z;), where ¢ is a nonnegative symmetric function on R? with
compact support). In [16], Sznitman proved a result that is equivalent to determining
the leading term of the asymptotic behavior of the IDS for a nonnegative single site
potential with compact support and a pairwise interaction process.

From the proof of (1.2) in [12, (9.4) Theorem], we can find that for a Poisson point
process, the probability that many points exist in a small domain affects the leading term
of the IDS. Therefore, for a Gibbs point process corresponding to a weak interaction
that does not prevent the points from gathering (e.g. Example 3.2), we expect that
the IDS satisfies (1.2). This is proved in Theorem 3.3. However, for a general Gibbs
point process, (1.2) does not hold. In Corollary 4.2, for a pairwise interaction process
satisfying some conditions, we determine the leading term of the asymptotic behavior of
the IDS:

©(0) 22

2[|uoll%
where |lug||%, defined in Section 4, depends only on ug and the support S of ¢. This
implies that the IDS decays much faster than that for a Poisson point process. In this
case, because of the repulsion of the points, the probability that some clusters of many
points occur affects the leading term of the IDS (see (4.5) and (4.6)). The main tools
for the proof of (1.3) are Proposition 3.4, which is used in the proof of (1.2) in [12, (9.4)
Theorem], and the upper estimate of the Laplace functional in Proposition 4.6.

This paper is organized as follows. Section 2 introduces the Gibbs point processes
(see e.g. [3, 13, 14]). In Section 3, we prove that the leading term of the asymptotic
behavior of the IDS for a Gibbs point process corresponding to a weak interaction
is identical to (1.2). In Section 4, we treat a pairwise interaction process satisfying
some conditions and determine the leading term of the asymptotic behavior of the
corresponding IDS, which is different from (1.2).

log N(A) ~ (A —o0), (1.2)

log N(\) ~ (A} —00), (1.3)

2 Gibbs point processes

Let (C, F) denote the space of all locally finite measures on (R%, B(R%)) which can be
written as a countable sum 2?21 0z; (n € Ziso U {+o00}, ; € RY, z; # x; for any i # j),
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equipped with the o-algebra F generated by { M }xcp(re), where 6, denotes the Dirac
measure at * € RY, and for every A € B(R?), M, is the function on C defined by
M (n) = #(A Nsuppn). We note that all n € C is simple (i.e. n({z}) < 1 for any = € R9).
We call a C-valued random element a point process.

Let C¢ be the set of all finite measures in C. We introduce an energy function to define
the interaction between the points.

Definition 2.1. An energy function is a measurable function U from C; to R U {400}
such that:

e U maps the null measure to 0;

« ifU(n) = +oo, then U(6, + 1) = +oo for all x € R\ suppn;

e U(ren) = U(n) for any n € C; and any = € R?, where 7,1(-) = n(7_, -), and 7, is the
translation by vector x.

We introduce a pairwise energy function: an energy function corresponding to a
pairwise interaction.

Definition 2.2. An energy function defined by

Uum= Y, el-y (2.1)
{z,y}Csuppn
7Y
is called a pairwise energy function, where ¢ is a measurable and symmetric (i.e.
¢(x) = p(—x)) function from R? to R> U {+o0o} with compact support.

For a pairwise energy function U defined by (2.1) and a bounded A € B(R%), we
define
U= > elz—y) (meCy).
{z,y}Csuppn
{z,y}NAH£D, z#y
For an energy function U except for pairwise energy functions and a bounded A € B(R%),
we set

Ua(n) =U(n) —U(nac) (n€Cy),

where 7, denotes the measure 7(- N A), A° = R?\ A, and oo — 0o = 0 for convenience.
We can see Uy () means the variation of the energy when adding 7, to ..
In this paper, we assume the finite range property:

Definition 2.3. We say that an energy function U has a finite range R > 0 if for all
bounded A € B(R?) and all i) € Cy, it holds that

Un(n) = Ur(Ma+B(0,R))

where B(z, R) is the closed ball centered at x with radius R, and A + B(0, R) denotes
theset{x+y |z €A, y< B(0,R)}.

A pairwise energy function defined by (2.1) has a finite range R > 0 if and only if the
support of ¢ is included in B(0, R).

For an energy function U with a finite range R > 0, we can define

Ur(n) = Usx(ma+B(0,r))s h(@.n) =Ugy(n+6:) (n€C, v € R\ suppn).

The function h is called the local energy function, which means the variation of the
energy when adding 4, to 7.

Let A denote the o-algebra generated by {Ma'}x/ca, arepre)- When an energy
function U has a local energy function bounded below, for every v € C and every bounded
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A € B(RY) with positive Lebesgue measure, we define the probability measure Py, on
(C7 IA) by 1

ZA(7)

where 77 is the distribution of the Poisson point process with intensity z (see [3] for the
definition), and Z, (v) is a normalizing constant: Z,(y) = [ e~Urmata) 7l (dp). We see

PA,V(dn) _ e—UA("]A"F"/AC)ﬂ—l(dn)’

Za(y) > / mt(dn) = e M > 0. (2.2)
{Mp=0}

Moreover, if the local energy function A is bounded below by a € R, since for any distinct
points z1,...,z, € A,

n n J—1
U (Z 6xj + '}/AC> = Z h(xj, Z(SJ;7 + ’yAc> > an,
j=1 i=1

j=1
we have
Za(7) < /e—a]V[A(U)ﬂ—(dn) =exp(|A](e7* — 1)) < +oo0. (2.3)
C

Now we introduce the Gibbs point processes.

Definition 2.4. We assume that an energy function U has a finite range, and its local
energy function is bounded below. A point process is a Gibbs point process for the
energy function U if its distribution P on C satisfies the following conditions:

e for all bounded A € B(R?) with positive Lebesgue measure and all bounded F-
measurable function f, it holds that

/cf(n)P(dn) :/C/cf(nA+'YAC)PA,7(d77)P(d’Y)§ (2.4)

e for P-almost ally € C, U(n) < 400 whenevern € C; and suppn C supp 7.

The equation (2.4) is called the Dobrushin-Lanford-Ruelle equation (DLR equation).
We call a Gibbs point process for a pairwise energy function a pairwise interaction
process. We note that if U is identically zero, the corresponding Gibbs point process is
the Poisson point process with intensity one.

We say a point process is stationary if its distribution P satisfies P(7,A4) = P(A) for
all z € R? and all A € F. Under the assumption in Definition 2.4, at least one stationary
Gibbs point process for U exists (see [4, 5]).

A point process with a distribution P is called ergodic if P(A) is either zero or one
for any A € F such that P(A© 7,A4) = 0 for all z € R%, where A © B denotes the
symmetric difference of A and B. If an energy function with a finite range R > 0 has
a local energy function bounded below by a € R?, and R% ¢ is sufficiently small, then
the corresponding DLR equation has a unique solution (see [8] for more details). The
uniqueness guarantees the stationarity and ergodicity of the corresponding Gibbs point
process (see [13, Section 4]).

We end this section by introducing stochastic domination. We say that a measurable
function f on (C, F) is increasing, if f(n) < f(v) whenever suppn C supp~. If an energy
function U has a local energy function bounded below by — log z for some z > 0, then
the corresponding probability measure P, , is stochastically dominated by 7*: for any
bounded A € B(R?) and any bounded F,-measurable increasing function f, it holds that

/fdPAﬁg/fdwz,
c c
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(see [7] for the proof). If there is a Gibbs point process for U, then for its distribution P,

we also have
/fdPg/fdwz, (2.5)
C C

from the DLR equation.

3 Weak interactions

As we see below, for a nonpositive bounded integrable single site potential and a
stationary and ergodic Gibbs point process with a local energy function bounded below,
the Schrodinger operator (1.1) is essentially self-adjoint on Cg° almost surely, and the
corresponding IDS exists, where C2° denotes the set of all smooth functions on R?
with compact support. We note that all Schréodinger operators in this paper have these
properties.

Let P be the distribution of the Gibbs point process. From (2.5), for any p € [1, c0)
and any bounded A € B(R%), we have

/C/AIVn(w)l”de(dn)S/C/A|V,,(x)|pqud,,)<OO7 (3.1)

where z > 0 is a constant such that the local energy function is bounded below by
—log z. The essential self-adjointness is proved in [2, Proposition V.3.2] using (3.1) and
the stationarity. For the existence of the IDS, see [2, Chapter VI].

Now, in this section, we consider a Gibbs point process for an energy function
satisfying the following condition.

(W) There exists a positive constant ¢; and a positive function r on (1, c0), such that

1
lim r(z) =0, lim log r(z) =0,
T—00 T—00 logx
and for any 0 < ¢ < gq,
sup UnB(o,r()) = o(zlogz) (z — 00),
Mpa(nBo,r(2)))=14e)z]

where [z] denotes the least integer greater than or equal to z.

Condition (W) implies that the interaction between many points in a small region is
sufficiently weak.

Example 3.1 (Energy function with a bounded local energy function). Some energy
functions have bounded local energy functions. An example is an area energy function:

(5)

which has the local energy function & satisfying 0 < h < |B(0, R)|, where R > 0 is a
constant. If a local energy function h of an energy function U is bounded above by a € R,
then we have U(n) < aMga(n) for all n € C;. Hence, the energy function U satisfies
condition (W).

Example 3.2 (Pairwise energy function). In general, local energy functions of pair-
wise energy functions are unbounded. However, a pairwise energy function such
that the closer the two points approach, the weaker the interaction gets, could sat-
isfy condition (W). For example, a pairwise energy function defined by (2.1) such
that p(z) = O(exp(—|z|7?)) (Jz] — 0) for some p > 0, satisfies condition (W) (let
r(z) = 27 (logz)~1/P).

n

U B,

Jj=1
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The main result in this section is the following.

Theorem 3.3. Let an energy function U with a finite range satisfy condition (W), its
local energy function be bounded below, and a single site potential ug be nonpositive,
integrable, continuous at the origin, and have a minimum value of less than zero
there. We assume that a Gibbs point process for U is stationary and ergodic. Then the
corresponding IDS satisfies that

~ Alog )|
uo(0)

The asymptotic behavior (3.2) coincides with (1.2): the asymptotic behavior of the
IDS for a Poisson point process.

One of the main tools in this paper is the following, which is proved by the Dirichlet-
Neumann bracketing and the path integral representation of the Laplace transform of
the IDS (see [12, (9.1) Theorem and (9.2) Theorem] and [2] for the proof).

Proposition 3.4. For a stationary and ergodic Gibbs point process with a local energy
function bounded below, and a nonpositive bounded integrable single site potential u,
the following hold:

log N(\) (A —00). (3.2)

e foranye > 0 and any 6 € (0,1/2), there exists Ao < 0 such that for any A < X,

log N()\) > logP(sup Vi(z) < (1 +5)A); (3.3)

|z| <o

e foranyt > 1andany ) € R,
log N(\) < At + log (/ exp (—t/ uo(—x)n(dx)>P(dn)>, (3.4)
C R4

where P is the distribution of the Gibbs point process.

The integral [ exp(—t [ uo(—z)n(dz))P(dn) on the right-hand side of (3.4) is called
the Laplace functional.

Proof of Theorem 3.3. Let P be the distribution of the Gibbs point process.

(Lower bound) For simplicity, we put u(xz) = —uo(—z) (i.e. u is nonnegative, and
Vy(z) = — [u(y — z)n(dy)). We assume that the energy function U has a finite range
R > 0, and the local energy function is bounded below by — log z for some z > 0.

Fix nonempty bounded A € B(R?) and n € IN. Let A = {My =n, Mp,\a = 0} € Fay,
where Agp = A+ B(0, R). For all 7 € A and P-almost all v € C, we have

UAR (WAR + ’Y(AR)C) = U(77A + fyAQR\AR) - U(fyA2R\AR>
=U(ma) < sup  U(na).
M]Rd (na)=n

Hence, from the DLR equation and (2.3), we obtain

P(MA = Tl) > P(A) > // 1 1A(nAR)eiUAR(nAR+'Y(AR)C)7T1(d77)P(d7)
cJe Zng ()
AP (3.5)

Ze—zlAR|7'eXp(— sup U(nA)),
n! Mpa(na)=n

where 14 is the indicator function of A.
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Let U satisfy condition (W) with a constant £y > 0 and a function r. Fix ¢ € (0,u(0))
such that (14 ¢)/(u(0) —¢) < (1+¢€0)/u(0). We find ¢ € (0,1/2) such that u(0) — e < u(z)
whenever |z| < 26, and we have

‘51‘1<p§ V,(z) < —(U(O) - E)MB(O,é) (1)

From (3.3) and (3.5), for all sufficiently small A\ < 0, we get
log N(A) > log P(—(u(0) — &) Mp(o,5) < (L +€))

> log P(Mp(x) = n(}))

> —logn(\)! — z|B(0,2R)| + n(\) log |A(N)] — sup Unany),
Mpa(nany)=n(X)

where we put A(A) = B(0,r(|A|/u(0))) and n(A) = [(1 + €)|A|/(u(0) —€)].
From condition (W), we have

n(A)log [A(N)] — sup U(nay) = o(Alog|A]) (AL —o0).
Mpa(nacny)=n(X)

Hence, we obtain

— !
lim inf M > liminf log n(M)! — l+e ,
Moo |Allog|A| = M—oo [Allog|A]| u(0) — ¢

where we use Stirling’s formula in the last equation. This implies that

lim inf log N(4) > ! .
M—oc |Alog || ~ uo(0)

(Upper bound) From (2.5) and (3.4), for all¢t > 1 and all A € R, we obtain

log N()) < )\t+log< /C exp(t /R ) u(x)n(dm))wz(dn)).

We substitute ¢ = (log |A|)/u(0), and with the simple calculation of the Laplace functional
of the Poisson point process (see [12, (9.4) Theorem]), we obtain that

lim s log N(\) < 1
im sup < .
Moo |Alog|A] = ug(0)

4 Pairwise interactions

4.1 Main results

In this section, we consider a pairwise interaction process corresponding to a pairwise
interaction such that the repulsion does not fade as the two points approach each other
(cf. Example 3.2). For such a pairwise interaction process, the leading term of the
asymptotic behavior of the IDS could be affected by the values of the single site potential
that are not necessarily the minimum value (cf. (1.2)). To represent the effect, we define

|ul|% = sup{z u(z;)? | {x;}52, C RY, z; — x; € S° for any i # j},
j=1
for every bounded S € B(R?) and every measurable function v on R?. We introduce the

following condition associated with the range of the interaction.
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(S) S € B(R?) is nonempty, bounded and symmetric (i.e. S = —S), and for any « € (0, 1),
aS C Int S,

where S denotes the closure of S, Int S is the interior of S, and for ¢ € R, aS
denotes the set {ax | z € S}.

We remark that S € B(R?) satisfying condition (S) is a bounded star domain (i.e. aS C S
for any « € (0,1)) including the origin in its interior; however, the converse is false.

The following theorem gives the upper and lower estimates of the asymptotic behavior
of the IDS for a pairwise interaction process.

Theorem 4.1. Let S € B(]Rd) satisfy condition (S), and uy be a continuous integrable
nonpositive single site potential satisfying 0 < ||ug||% < co. Moreover, we assume that a
pairwise interaction process for an energy function U defined by (2.1) having a finite
range is stationary and ergodic. Then, we have the following:

(a) Ifp is upper semi-continuous at the origin, ©(0) > 0, and ¢(x) = 0 whenever x € S°,
then it holds that 0
lim inf A~2 log N\ > —L)Q; (4.1)
Al—oo 2[|uoll
(b) If uy has a compact support, and there exists a positive constant a such that
p(x) > a whenever x € S, then it holds that

limsup A2 log N(\) < a

—_—. 4.2)
Al —o0 2HUOH%

From Theorem 4.1, we determine the leading terms of the asymptotic behaviors of
the IDS for some pairwise interaction processes:

Corollary 4.2. Let a single site potential uyg be a nonpositive continuous function that is
not identically zero, with compact support, and ¢ be continuous at the origin and satisfy
that ¢(0) > 0, ¢(x) > ¢(0) for any x € S, and ¢(z) = 0 for any x € S¢, where S € B(R?)
satisfies condition (S). We assume that a pairwise interaction process for a pairwise
energy function defined by (2.1) is stationary and ergodic. Then the corresponding IDS
satisfies that

©(0) 1o
log N(X) 2||u0||25)\ (A —o0).
Remark 4.3. When ¢ is not upper semi-continuous at the origin and is bounded on a
neighborhood there, we can apply Theorem 4.1 (a) by replacing the value of ¢(0) so that
( is upper semi-continuous at the origin. Similarly, Corollary 4.2 could be applied by
replacing (0) so that ¢ is continuous at the origin. These are justified by the fact that
the pairwise interaction processes are independent of the value of ¢(0).

Remark 4.4. Corollary 4.2 includes the Strauss processes (i.e. ¢ = alp(,g) for some
a, R € (0,00)) introduced in [15]. In this remark, we fix a single site potential satisfying
the condition of Corollary 4.2. Theorem 4.1 implies that for a pairwise interaction
process such that ¢; < ¢ < ¢ on a neighborhood of the origin for some ¢, c2 € (0, 00),
the corresponding IDS satisfies that

log|log N(A)| ~ 2log || (A —o0). (4.3)

For a hardcore process (i.e. ¢ = 400 on a neighborhood of the origin), the corresponding
IDS does not satisfy (4.3). In this case, there is a constant 3 such that V,, > 3 for
P-almost all n € C, where P is the distribution of the hardcore process, and hence
N(X\) = 0 whenever ) is less than 3.
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4.2 Proof of Theorem 4.1 (a)

To apply (3.3), we use (4.5) unlike either case of a Gibbs point process in Section 3 or
a Poisson point process. Let P be the distribution of the pairwise interaction process in
Theorem 4.1 (a).

Proof of Theorem 4.1 (a). For simplicity, we put u(z) = —uo(—z). We fix &g > 0. From
the continuity of v and condition (S), we can find finite points x1,...x; € R4 such that
u(z;) is positive, z; — z; € (S)¢ (i # j), and

k
lull —e0 < D ula)). (4.4)
j=1

By continuity of « and upper semi-continuity at the origin of ¢, for any ¢ € (0, min; u(z;)),
there exists 0 € (0,1/2) such that:

» x—ye€S°forany « € B(z;,6) and any y € B(z;,9) (i #j);

* u(zr) > u(x;) —e whenever z € B(z;,20) (j=1,...,k);

* p(z) < ¢(0) + € whenever z € B(0,26).

We put A; = B(x;,0), T =S (A; +5), and T =T\ U}, A;. We fixny, ..., ni € N,

Let A denote the event {My, = n1,..., Ma, = ng, Mr, = 0} € Fr. Since forall v € C
and all n € A, we have Ur(nr + yre) = U(nr), from the DLR equation, we obtain

P(My, =15 j=1,....k) > P(A) > / La(ne)e V)7 (d)
C

k
1 n;g _— e)n? —
> Hnj;V‘ﬂ s (0O +em3 /21T

Jj=1

where we use the fact that Zr(y) < 1 (see (2.3)).

This implies that there exists ng € IN such that for any ni,...,ng > ng,
p(0) + ¢ ¢
log P(My, :nj;jzl,...,k)2—(1—|—8)TZn?. (4.5)
j=1

We note that

k
sup Vy(z) < — Z(u(wj) — &) My, (n),

lz|<8

and from (3.3) and (4.5), for all sufficiently small A < 0, we obtain

k
log N(\) > logP<— Z(u(m]) — )My, < (1+ e))\>

" “””W

>togp (i, =[5
J

> —(1+ 5)490(0)2+ 2 Xk:( < 5)2/\2,

u(z;)

;jl,...,k) (4.6)

i=1
k
where ¢; = u(x;)?/ 375, u(z;)?.

From (4.4) and (4.6), we obtain (4.1). O
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4.3 Proof of Theorem 4.1 (b)

For the proof, we set the simple functions that approximate u, where u(z) = —uo(—x).
For every n € IN, we put

Up () = Z Un,j1a, ; (), (4.7)

jezd
where u,, j = sup,c,, , u(y), and A, ; denotes the box {z + j/n | z € (0,1/n]%}.
Lemma 4.5. Let S € B(Rd) satisfy condition (S). Then for any b > 0, it holds that

T [luall,,, = [lul,
where S, denotes the set (S¢ + B(0,b/n))°.

Proof. We note that v is a nonnegative continuous function with compact support. Fix a
constant b > 0. It is easy to see that for all n € IN,

lunll3,,, > llull’. (4.8)

Since dist(S°, aS) > 0 for any « € (0,1), we can find a monotonically non-increasing
sequence ($3,)52,,, (no > 1) convergent to one, such that

dist (Sc, 1S> >b/n (n>ng),
B
where for every A, T' € B(R?), dist(A,I') means inf{|z — y| | € A, y € I'}. This implies
that
S C BnSpn  (n>ng). (4.9)

We fix € > 0. We find L > 0 such that suppu,, C B(0, L) for all n € IN. For each n > ng, we
note that ||u,||s,,, < oo, and choose finite points 1, ... znk, € R? such that |z, ;| < L,
Tn,i — Tn,j € (Sb/n)c (Z 7é ])' and

kn
unll?,,, =& <Y un(@n ) (4.10)
j=1

We can find a constant K > 0 independent of ¢ such that k£, < K for all n > ny. We put
Ynj = Pnon, ;. From (4.9), we get

Yn,i — Yn,j S ﬁn(sb/n)(. C SC (7/ 7é j)a ‘xn,j - yn,jl S (ﬁn - 1)L (411)

Since u is uniformly continuous, and w,, is uniformly convergent to u, there exists § > 0
such that for all sufficiently large n € NN, |u,(z) — u(y)| < € whenever |z — y| < J. Hence,
from (4.10) and (4.11), for all sufficiently large n € IN, we obtain

kn
Hun”%b/n —e< Z(u(yn]) + 5)2 < Jull% + 2emK + €K, (4.12)
j=1

where m is the maximum value of u. The lemma is proved by combining this and (4.8). O

Let P be the distribution of the Gibbs point process in Theorem 4.1 (b). The key to
the proof of Theorem 4.1 (b) is the next proposition: the upper estimate of the Laplace
functional as t — oo.
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Proposition 4.6. We put
k
x) = Zvlej (x)
j=1

wherevy,...,vp >0, Ay, ..., A, € B(R?) are disjoint bounded sets with positive Lebesgue
measure such that foreachj =1,...,k, v —y € S whenever z,y € A;. Then we have

1
limsup ¢~ log </ exp (t/ v(x)n(dx)) (dn)) < —max Yy v, (4.13)
t—00 I R4 2a JEKjEJ

where K denotes the set

{Jc{1,...,k} |foralli#jeJ,
there are z € A; and y € A; such thatx —y € S°}.

The proof of Proposition 4.6 proceeds via two lemmas.

Lemma 4.7. For the sets Ay, ..., A, € B(R?) in Proposition 4.6 and any ¢ € (0,1), there
exists ng € IN such that for any ny,...,ng > no,

@

k
logP(Mp; =nj;j=1,...,k) < 1—87271?—0,2 nin;,
j=1 (i.5)€l

[\

where I = {(i,j) e N? | 1<i< j<k,andx—y € S foranyxz € A;, y € A;}.

Proof. Let A denote the event {My, =n;;j=1,...,k} and A = U* i—1AAj. It is obvious
that Up(na + yac) > U(na) for all n,y € C. By the DLR equation and (2. 2) we obtain

P(A) < elA‘/lA(nA) )

K Aan
H eXp 772”] j—1)—a Z nin; |,

(i.5)el

which proves the lemma. O

Lemma 4.8. Letc > 0, v1,...,v; > 0, and I be a subset of {(i,j) € N? | 1 <i < j < k}.
Then, for any ¢ > 0, there exists T' > 0 such that for allt > T,

Z Zexp(cZn —2¢ Y nznj+t2v]nj>

n1=0  nE=0 (i,4)€l (4.14)
< 1 HE
_exp(( +5)(}r€15}§(];v3>40>’

where Ky ={J C {1,...,k} | (i,j) ¢ I wheneveri,j € J}.
The idea of the proof is to change of variables:

oo

Z Z exp (n1 + n2) ) = Z Z exp(—mf),

n1=0 ny=0 m1=0 moe{mi,mi1—2,...,—m1}

where we put m; = ny + ng, mg = ny — ns.
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Proof of Lemma 4.8. We fix ¢ > 0. Let G(¢;I) denote the left-hand side of (4.14). We
have

t0) = i i <—c§k:n?+t§:lvjnj>

nr=0

k 00
H (/ exp ch + tvjx)dx 4+ max exp(—ca:2 + t%-x)) (4.15)

z€[0,00)
k t2
< exp <(1 +¢) valE) ,
j=1

for all sufficiently large ¢t > 0.
Now we investigate the case that I # (. We assume that (1,2) € I without loss of
generality. We consider

= Z Z exp(—c(n% + ng) —2¢(ning + X + naY) + t(ving + UQ?’ZQ)) (4.16)

n1:0 TLQZO
in the left-hand side of (4.14), where we put
2 m Y=
(1,5)el (2,5)el
J#2
We put m; = ni + ng, my = n; — ny and have

= tv tv
Go(t) = Z exp(—cm1 (cX +cY — 71 - 22>m1)

m1:0

t t
< e (ex e B )

ma€{mi,mi1—2,...,—m1}

t’Ul tvg
< 1 — — X Yy - — - =
< E: m 4+ ) exp( cm? (c +c 5 5 )m)

t t t t
{exp((—cX—l—cY—l— % — 12)2)771) +exp<<cX —cY — % + ;)2>m>}

< Z exp(—cn% —2em X + (14 E)tvlnl) + Z exp(—cn% —2enoY 4+ (1 + €)t’U2TLg),
TL1:O ng:O

for all t > T”, where T’ = 1/(e min; v;). Hence, for all ¢ > 7", we obtain

G(t; 1) < Z exp(—cZn? —2c Z nin; + (1 + s)thjn])

n; >0, for j#2 j#£2 (3,5)EI2 J#2
+ Z eXp<—cZn? —2c Z nin; + (1—|—e)thjnj>,
n;>0 for j#1 J#1 (i.j)€n J#1

where I} = {(i,j) € I | i, #1} (1=1,2).
If I; # () or I, # (), the above procedure can be repeated. We iterate 2*~! — 1 times at
most, and for all ¢t > 7”, we obtain

0o l
G(t;1) < ok Z Z Z exp (—cZn +(1+ 5)kt2vmjnj>. 4.17)
j=1

{ml,...,mL}EKI n1=0 n;=0

The lemma is proved by (4.15) and (4.17). O
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Proof of Proposition 4.6. We fix ¢ € (0,1). Let [k] denote the set {1,...,k}.
From Lemma 4.7, for ng € IN large enough, we have

Lew(t [ oman) pan

k
= Z Z exp (tz’()jnj>P(MAj =n;; j € [k])

JC[k] n;>ng for j€J,
0<n;<ng for je[k]\J

k
< k(no+1)exp <tn0 Zv]) + Z k(ng + 1) exp (tno Z ’Uj)

j=1 J(#0)C[k) JE[RNT

X Z exp(thjnj)P(MAj =nj;jed)

nj>ng for jeJ jeJ

k
gk(noJrl)exp<moz:vj>{IJr ) >

j=1 J(#0)C[k] n;>0 for j€J
xexp(—(l—a)an?—(l—s)a Z nin; +thjnj>},
jeJ (4,5)€I(J) JjEJ

where I(J) ={(i,j) e I x J|i<j andz—y € Sforanyz € A;, y € A,;}.
From Lemma 4.8, for any nonempty subset J C {1,..., %} and all sufficiently large
t > 0, we obtain

> exp(_(l_@gzn;_u_g)a > nmj+tzvjnj>

n;>0 for j€J = (i,)€1(J) =

1+e 5\ t2
< 2\
- exp(l —€ <J’Iéli%}((J) Z K ) Qa)’

jeJ’

where K (J) ={J' C J | (i,5) # I(J) wheneveri,j € J'}.
Since K(J) C K, we obtain (4.13). O

Proof of Theorem 4.1 (b). We put u(x) = —uo(—2z) and u,, as (4.7). We note that for each
n € N, u, ; = 0 except for finitely many j € Z?. We fix ¢ > 0. From Proposition 4.6, for
all sufficiently large n € IN and all sufficiently large ¢ > 0, we have

g [exp( [ uwmian)) piam) <tos( [[exp(t [ untaintan))pian)

t2

<(1 2

>~ ( + 5) <}I€12}<)i Zun,J > 2@7
jeJ

where for each n € IN, we put

K,={JCZ"| foralli#j € J, there existz € A, ; and y € A,, ;
such thatz —y € S° }.

If{i,j} € K,, (¢ # j), thenforany z € A,,; and any y € A,, j, we have z — y € (52\/3/”)6.
This implies that

log</c exp(t /]Rd u(x)n(dac))P(dn)) <1 +5)||un|\%2ﬁ/n£, (4.18)
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for all sufficiently large n € IN and all sufficiently large ¢ > 0.

We put
_ alAl
= y ,
(1+ E)Huanzﬁ/n
and from (3.4), (4.18), and Lemma 4.5 we obtain (4.2). O
References

[1] K. Ando, A. Iwatsuka, M. Kaminaga and F. Nakano, The spectrum of Schrodinger operators
with Poisson type random potential, Ann. Henri Poincaré 7 (2006), 145-160. MR2205467

[2] R. Carmona and ]J. Lacroix, Spectral Theory of Random Schrédinger Operators, Probability
and its Applications, Birkhauser, Boston, Inc., Boston, MA, 1990. MR1102675

[3] D. Dereudre, Introduction to the theory of Gibbs point processes, In Stochastic Geometry,
181-229, Lecture Notes in Math., 2237, Springer, Cham, 2019. MR3931586

[4] D. Dereudre, R. Drouilhet, H.-O. Georgii, Existence of Gibbsian point processes with geometry-
dependent interactions, Probab. Theory Related Fields 153 (2012), 643-670. MR2948688

[5] D. Dereudre and T. Vasseur, Existence of Gibbs point processes with stable infinite range
interaction, J. Appl. Probab. 57 (2020), 775-791. MR4148057

[6] M. D. Donsker and S. R. S. Varadhan, Asymptotics for the Wiener sausage, Comm. Pure Appl.
Math. 28 (1975), 525-565. MR0397901

[7] H.-O. Georgii and T. Kiineth, Stochastic comparison of point random fields, J. Appl. Probab.
34 (1997), 868-881. MR1484021

[8] C. Hofer-Temmel and P. Houdebert, Disagreement percolation for Gibbs ball models, Stochas-
tic Process. Appl. 129 (2019), 3922-3940. MR3997666

[9] F. Klopp and L. Pastur, Lifshitz tails for random Schrodinger operators with negative singular
Poisson potential, Comm. Math. Phys. 206 (1999), 57-103. MR1736990

[10] S. Nakao, On the spectral distribution of the Schrédinger operator with random potential,

Japan. J. Math. (N.S.) 3 (1977), 111-139. MR0651925

[11] L. A. Pastur, The behavior of certain Wiener integrals as ¢t — oo and the density of states of
Schrodinger equations with random potential, Teoret. Mat. Fiz. 32 (1977), 88-95 (in Russian).
MR0449356

[12] L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators, Grundlehren der
mathematischen Wissenschaften, 297, Springer-Verlag, Berlin, 1992. MR1223779

[13] C. Preston, Random Fields, Lecture Notes in Mathematics, Vol. 534, Springer-Verlag, Berlin-
New York, 1976. MR0448630

[14] D. Ruelle, Statistical Mechanics: Rigorous Results, Reprint of the 1989 edition, World Scien-
tific Publishing Co., Inc., River Edge, NJ; Imperial College Press, London, 1999. MR1747792

[15] D. J. Strauss, A model for clustering, Biometrika 62 (1975), 467-475. MR0383493

[16] A.-S. Sznitman, Brownian survival among Gibbsian traps, Ann. Probab. 21 (1993), 490-508.
MR1207235

Acknowledgments. The author would like to thank Professor Naomasa Ueki for the
useful discussions.

EJP 28 (2023), paper 158. https://www.imstat.org/ejp
Page 14/14


https://mathscinet.ams.org/mathscinet-getitem?mr=2205467
https://mathscinet.ams.org/mathscinet-getitem?mr=1102675
https://mathscinet.ams.org/mathscinet-getitem?mr=3931586
https://mathscinet.ams.org/mathscinet-getitem?mr=2948688
https://mathscinet.ams.org/mathscinet-getitem?mr=4148057
https://mathscinet.ams.org/mathscinet-getitem?mr=0397901
https://mathscinet.ams.org/mathscinet-getitem?mr=1484021
https://mathscinet.ams.org/mathscinet-getitem?mr=3997666
https://mathscinet.ams.org/mathscinet-getitem?mr=1736990
https://mathscinet.ams.org/mathscinet-getitem?mr=0651925
https://mathscinet.ams.org/mathscinet-getitem?mr=0449356
https://mathscinet.ams.org/mathscinet-getitem?mr=1223779
https://mathscinet.ams.org/mathscinet-getitem?mr=0448630
https://mathscinet.ams.org/mathscinet-getitem?mr=1747792
https://mathscinet.ams.org/mathscinet-getitem?mr=0383493
https://mathscinet.ams.org/mathscinet-getitem?mr=1207235
https://doi.org/10.1214/23-EJP1054
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Gibbs point processes
	Weak interactions
	Pairwise interactions
	Main results
	Proof of Theorem 4.1 (a)
	Proof of Theorem 4.1 (b)

	References

