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1. Introduction

We consider on a complete probability space (Ω̂, F̂ , P̂) a d-dimensional process
Xθ = (Xθ

t )t≥0 solution to the following inhomogeneous stochastic differential
equation (SDE)

dXθ
t = b(θ, t,Xθ

t )dt + σ(t,Xθ
t )dBt, (1.1)

where Xθ
0 = x0 ∈ R

d, B = (Bt)t≥0 is a d-dimensional Brownian motion. The
unknown parameter θ = (θ1, . . . , θm) belongs to Θ, an open subset of Rm for
some integer m ≥ 1. Let {F̂t}t≥0 denote the natural filtration generated by B.
We always suppose that the coefficients b = (b1, . . . , bd) : Θ × R+ × R

d → R
d

and σ : R+ × R
d → R

d ⊗ R
d are measurable functions satisfying the Lipschitz

continuity and linear growth condition (A1) below under which equation (1.1)
has a unique {F̂t}t≥0-adapted solution Xθ possessing the strong Markov prop-
erty. Let P̂θ denote the probability measure induced by Xθ on the canonical
space (C(R+,R

d),B(C(R+,R
d))) endowed with {F̂t}t≥0, where C(R+,R

d) is
the set of Rd-valued continuous functions defined on R+, and B(C(R+,R

d)) is
its Borel σ-algebra. Let Êθ denote the expectation with respect to (w.r.t.) P̂θ.

Let P̂θ

−→, L(P̂θ)−→ , P̂θ-a.s., P−→, and L(P)−→ denote the convergence in P̂θ-probability,
in P̂θ-law, in P̂θ-almost surely, in P-probability, and in P-law, respectively. For
x ∈ R

d, |x| denotes the Euclidean norm. |A| denotes the Frobenius norm of the
square matrix A, tr(A) denotes the trace, and ∗ denotes the transpose.

For n ≥ 1, we consider a discrete observation Xn,θ = (Xθ
t0 , X

θ
t1 , . . . , X

θ
tn) at

deterministic and equidistant times tk = kΔn, k ∈ {0, . . . , n} of the process
Xθ solution to (1.1) under the high-frequency and infinite horizon conditions.
That is, Δn → 0 and nΔn → ∞ as n → ∞. Let Pθ

n denote the probability law
of the random vector Xn,θ. We say that the local asymptotic mixed normality
(LAMN) property holds at θ0 ∈ Θ with rate of convergence ϕnΔn

(θ0) and
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asymptotic random Fisher information matrix Γ(θ0) if for any u ∈ R
m,

log dPθ0+ϕnΔn (θ0)u
n

dPθ0
n

(Xn,θ0
) L(P̂θ0 )−→ u∗Γ(θ0)1/2N (0, Im) − 1

2u
∗Γ(θ0)u,

as n → ∞, where N (0, Im) is a centered R
m-valued Gaussian random vector

independent of Γ(θ0) with identity covariance matrix Im. Here, Γ(θ0) is a sym-
metric positive definite random matrix in R

m×m, and ϕnΔn
(θ0) is a diagonal

matrix in R
m×m whose diagonal entries tend to zero as n goes to infinity. If

Γ(θ0) is non-random, we say that the local asymptotic normality (LAN) prop-
erty holds at θ0. The LAMN property plays a fundamental role in the asymp-
totic theory of statistics. This property developed by Jeganathan [19] extends
the LAN property which was introduced by Le Cam [23] and Hájek [13] in
the situations where the asymptotic Fisher information matrix is deterministic.
These properties allow giving the notion of asymptotically efficient estimators in
the sense of Hájek-Le Cam convolution theorem as well as the lower bounds for
the variance of estimators (see Jeganathan [19]). More precisely, a sequence of
estimators (θ̂n)n≥1 of the parameter θ0 is called regular at θ0 if for any u ∈ R

m,
as n → ∞,

ϕ−1
nΔn

(θ0)
(
θ̂n −

(
θ0 + ϕnΔn

(θ0)u
)) L(P̂θ0+ϕnΔn

(θ0)u)−→ V (θ0), (1.2)

for some R
m-valued random variable V (θ0), independent of u. When the LAMN

property holds at point θ0, the law of V (θ0) conditionally on Γ(θ0) is a convo-
lution between the Gaussian law N (0,Γ(θ0)−1) and some other law GΓ(θ0) on
R

m, i.e.,
L
(
V (θ0)|Γ(θ0)

)
= N

(
0,Γ(θ0)−1) � GΓ(θ0).

Hence, V (θ0) can be written as a sum of two independent random variables

V (θ0) law= Γ(θ0)−1/2N (0, Im) + R,

where R is a random variable with distribution GΓ(θ0), independent of N (0, Im)
(see [19, Corollary 1]). Consequently, a sequence of regular estimators (θ̂n)n≥1 of
the parameter θ0 is called asymptotically efficient at θ0 in the sense of Hájek-Le
Cam convolution theorem if as n → ∞,

ϕ−1
nΔn

(θ0)
(
θ̂n − θ0) L(P̂θ0 )−→ Γ(θ0)−1/2N (0, Im),

where Γ(θ0) and N (0, Im) are independent (i.e., take u = 0 in (1.2) and R = 0).
We refer the reader to Section 7.1 of Höpfner [14] or Le Cam and Lo Yang [24]
for further details.

On the basis of continuous observations with increasing observation window,
the LAMN property was established by Luschgy [26] for semimartingale, Ku-
toyants [21] for ergodic diffusions (see Proposition 2.2), null-recurrent process
(see [21, Remark 3.42]) and for Ornstein-Uhlenbeck process (see [21, Remark
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3.47]), Bishwal [7] for inhomogeneous diffusions (see [7, Chapter 4]), Overbeck
[30] for Cox-Ingersoll-Ross process, and Benke et al. [6] for Heston model. The
asymptotic likelihood theory for multidimensional inhomogeneous diffusion pro-
cesses (1.1) whose drift coefficient depends linearly on the parameter can be
found in Section 5 of [2, Chapter 9]. Besides, the asymptotic properties of the
maximum likelihood estimator and Bayes estimator for the nonlinear drift pa-
rameter of one-dimensional inhomogeneous and homogeneous diffusions were
studied in [7, Chapter 4], [28] and [38].

On the basis of discrete observations at high frequency, Gobet [11] proved
the LAMN property for inhomogeneous diffusion on a fixed time interval. In
the case of increasing observation window nΔn, Gobet [12] obtained the LAN
property for homogeneous ergodic diffusions using Malliavin calculus. Later
on, Shimizu [33] showed the LAMN property for the non-recurrent Ornstein-
Uhlenbeck process using the explicit expression of the transition density. More
recently, Ben Alaya et al. [5] have proved the LAN, LAMN, and LAQ (local
asymptotic quadraticity) properties for the Cox-Ingersoll-Ross process. Recall
also that results on parameter estimation for discretely observed non-ergodic
diffusions can be found in Jacod [16] where the rate is (

√
nΔn,

√
n) for the drift

and diffusion parameters, and in Shimizu [34] where the rate varies depend-
ing on the observed Fisher information. Indeed, in [16], the author constructed
estimators from a moment type contrast function for the drift and diffusion pa-
rameters of multidimensional homogeneous and non-ergodic diffusions and es-
tablished the consistency of the estimators in the sense of tightness under some
suitable smoothness and identifiability conditions. These estimators converge at
rate

√
nΔn for the drift parameter and at rate

√
n for the diffusion parameter.

In [34], the author constructed M -estimators from a quadratic-type contrast
function for the drift and diffusion parameters of one-dimensional homogeneous
diffusions without ergodicity assumption and established the consistency of the
M -estimators in the sense of tightness. These M -estimators converge with a va-
riety of rates of convergence for the drift and diffusion parameters. Besides, the
parameter estimation for discretely observed multidimensional ergodic diffusions
can be found in Yoshida [39].

On the basis of discrete observations at low frequency, Aït-Sahalia [1] studied
the LAN, LAMN, LAQ properties, and the asymptotic properties of maximum
likelihood estimator (MLE) for one-dimensional homogeneous diffusions. For
this, the author constructs a closed-form sequence of approximations to the
transition density via the Hermite polynomials.

To summarize, the following table contains the aforementioned known results
on the LAMN and LAN properties for homogeneous and inhomogeneous diffu-
sions on the basis of continuous or discrete observations on the time interval
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[0, T ] with T → ∞.

Diffusions Continuous observations Discrete observations
Homogeneous Ergodic • Kutoyants [21]: • Gobet [12]:

(LAN) diffusions (Pro. 2.2) diffusions
• Overbeck [30]: • Ben Alaya et al. [5]:
Cox-Ingersoll-Ross Cox-Ingersoll-Ross
• Benke et al. [6]:
Heston model

Non-ergodic • Kutoyants [21]: • Shimizu [33]:
(LAMN) null-recurrent process Ornstein-Uhlenbeck

(Rem. 3.42) • Ben Alaya et al. [5]:
Ornstein-Uhlenbeck Cox-Ingersoll-Ross
(Rem. 3.47)
• Overbeck [30]:
Cox-Ingersoll-Ross
• Benke et al. [6]:
Heston model

Inhomogeneous Ergodic • Luschgy [26]:
(LAN) semimartingale
Non-ergodic • Luschgy [26]:
(LAMN) semimartingale

• Bishwal [7]:
1-d diffusions (Cha. 4)

The validity of the LAN or LAMN property based on discrete observations
at a high frequency of solution to a general inhomogeneous and ergodic or non-
ergodic SDE when the length of the observation window tends to infinity has
not been investigated yet. In addition, one of the motivations for the current
work is to understand the problem in [1] for the case of high frequency.

In this paper, we prove the LAMN property for a general class of inhomo-
geneous diffusions observed at discrete times without assuming ergodicity. The
validity of the LAQ property will be considered in future work. Unlike the
Ornstein-Uhlenbeck process, the transition density of the solution to the gen-
eral equation (1.1) is not explicit. Our strategy is to use the Malliavin calculus
approach initiated by Gobet [11] in order to derive an explicit expression for the
logarithm derivative of the transition density with respect to the parameter (see
Lemma 3.3). With the help of this explicit expression, we derive an appropriate
expansion of the log-likelihood ratio (see (3.11), (3.12) of Section 3). To treat
the main contributions, we need to use the asymptotic behavior of the observed
Fisher information process based on the continuous observation (see condition
(A4)) and the multivariate central limit theorem for continuous local martin-
gales. Thanks to conditions (A5)-(A7), the negligible contribution is shown by
using four technical Lemmas 4.1-4.5. This technique is not the same as the one
of Gobet [12]. Indeed, Gobet [12] used a change of transition densities and the
upper and lower bounds of the Gaussian type of the densities. In our situation,
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it is not clear if one could use that technique. Instead, we need to use a change
of measures. Two approaches will lead to the squared exponential moment. To
deal with this moment, Gobet [12] used the ergodic property whereas we need
here condition (A7) that can be verified in several models, which may not pos-
sess the ergodicity, by using the explicit expression of the density or moment
estimates. It should be noted that our new strategy allows us to get, for the
first time, the LAN and LAMN properties from high-frequency observations for
diffusions whose both drift and diffusion coefficients are time-dependent (see
Section 5.2.2).

The paper is organized as follows. In Section 2, we formulate assumptions
on equation (1.1) and state our main result in Theorem 2.1. In Section 3, an
explicit expression for the score function is first presented, which allows trans-
forming the log-likelihood ratio. The proof of the main result is then given
by following the aforementioned strategy. The convergence of the remainder
terms is given in Section 4. Several illustrated examples will be given in Sec-
tion 5 which discusses homogeneous ergodic diffusion processes, homogeneous
Ornstein-Uhlenbeck process, two-dimensional Gaussian diffusion process, null-
recurrent diffusion process, and a generalized exponential growth process, inho-
mogeneous Ornstein-Uhlenbeck process and a special inhomogeneous diffusion
process. Finally, the proofs of some technical results are given in Section 6.

2. Assumptions and main result

We first recall a few concepts on the statistical inference for the experiment based
on continuous observations. For details, we refer the reader to Barndorff-Nielsen
and Sørensen [4]. For any T ≥ 0 and θ ∈ Θ, we let P̂θ

T denote the probability
measure generated by the process XT,θ := (Xθ

t )t∈[0,T ] solving (1.1) on the mea-
surable space (C([0, T ],Rd),B(C([0, T ],Rd))). Here C([0, T ],Rd) denotes the set
of Rd-valued continuous functions defined on [0, T ], and B(C([0, T ],Rd)) is its
Borel σ-algebra. Therefore, P̂θ

T is the restriction of P̂θ to F̂T . We define the log-
likelihood function of the family of probability measures (P̂θ

T )θ∈Θ as �T (θ) =
log dP̂θ

T

d̂̂PT

, where ̂̂PT is a probability measure on (C([0, T ],Rd),B(C([0, T ],Rd)))

which is supposed to satisfy that P̂θ
T is absolutely continuous w.r.t. ̂̂PT , for all

T ≥ 0 and θ ∈ Θ. In fact, by [18, Chapter III] and [25, Chapter 7], for all
θ, θ1 ∈ Θ, the probability measures P̂θ

T and P̂θ1

T are absolutely continuous w.r.t.
each other and its Radon-Nikodym derivative is given by

dP̂θ
T

dP̂θ1
T

((Xθ1

t )t∈[0,T ]) = exp
{∫ T

0

(
b(θ, t,Xθ1

t ) − b(θ1, t,Xθ1

t )
)∗
σ−1(t,Xθ1

t )dBt

− 1
2

∫ T

0

∣∣∣(b(θ, t,Xθ1

t ) − b(θ1, t,Xθ1

t )
)∗
σ−1(t,Xθ1

t )
∣∣∣2dt}.
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Therefore, the log-likelihood function is given by

�T (θ) = log dP̂θ
T

dP̂θ1
T

((Xθ1

t )t∈[0,T ])

=
∫ T

0

(
b(θ, t,Xθ1

t ) − b(θ1, t,Xθ1

t )
)∗
σ−1(t,Xθ1

t )dBt

− 1
2

∫ T

0

∣∣∣(b(θ, t,Xθ1

t ) − b(θ1, t,Xθ1

t )
)∗
σ−1(t,Xθ1

t )
∣∣∣2dt,

where P̂θ1

T is considered as the dominating probability measure ̂̂PT of the family
of probability measures (P̂θ

T )θ∈Θ. The score vector which is defined as the vector
of the first derivatives of the log-likelihood function is given under the measure
P̂ by the gradient

∇θ�T (θ) =
∫ T

0
(∇θb(θ, t,Xθ

t ))∗σ−1(t,Xθ
t )dBt, (2.1)

which is a martingale w.r.t. the filtration {F̂t}t∈[0,T ]. The quadratic variation
of the score vector martingale which is also the bracket process is given by

[∇θ�(θ)]T = 〈∇θ�(θ)〉T =
∫ T

0
(∇θb(θ, t,Xθ

t ))∗σ−2(t,Xθ
t )∇θb(θ, t,Xθ

t )dt, (2.2)

which can be interpreted as the observed Fisher information process at θ based
on (Xθ

t )t∈[0,T ].
We next impose the following assumptions on equation (1.1).

(A1) For any θ ∈ Θ, there exists a constant L > 0 such that for all x, y ∈ R
d

and t ≥ 0,

|b(θ, t, x) − b(θ, t, y)| + |σ(t, x) − σ(t, y)| ≤ L|x− y|,
|b(θ, t, x)| + |σ(t, x)| ≤ L (1 + |x|) .

Moreover, the Lipschitz constant L is uniformly bounded on Θ.
(A2) The diffusion matrix σ is symmetric, positive and satisfies a uniform

ellipticity condition. That is, there exists a constant c ≥ 1 such that for
all x, ξ ∈ R

d and t ≥ 0,

1
c
|ξ|2 ≤ |σ(t, x)ξ|2 ≤ c|ξ|2.

(A3) The functions b and σ are of class C1 w.r.t. θ, t and x. Each partial
derivative ∂xib and ∂xiσ is of class C1 w.r.t. x, ∂θib is of class C1 w.r.t.
t, ∂θib is of class C2 w.r.t. x. Moreover, for any (θ, θ1, θ2, x) ∈ Θ3 × R

d

and t ≥ 0, there exist positive constants C and γ ∈ (0, 1], independent of
(θ, θ1, θ2, x, t), such that



4282 N.K. Tran and H-L. Ngo

(a) |g(·, t, x)| ≤ C for g(·, t, x) = ∂xib(θ, t, x), ∂xiσ(t, x), ∂tσ(t, x),
∂2
θixj

b(θ, t, x), ∂2
xixj

b(θ, t, x), ∂2
xixj

σ(t, x), ∂3
θixjxk

b(θ, t, x);

(b) |h(·, t, x)| ≤ C (1 + |x|)
for h(·, x) = ∂θib(θ, t, x), ∂tb(θ, t, x), ∂2

θit
b(θ, t, x);

(c) |∂θib(θ1, t, x) − ∂θib(θ2, t, x)| ≤ C|θ1 − θ2|γ (1 + |x|).
(A4) For θ ∈ Θ, there exist a m×m non-random diagonal matrix

ϕT (θ) = diag(ϕ1
T (θ), . . . , ϕm

T (θ))

whose diagonal entries ϕ1
T (θ), . . . , ϕm

T (θ) are strictly positive and tend
to zero as T → ∞, and an m × m symmetric positive definite random
matrix Γ(θ) such that 〈∇θ�(θ)〉T converges to Γ(θ) at rate ϕT (θ)ϕT (θ) in
P̂θ-probability as T → ∞. That is, as T → ∞,

ϕT (θ) 〈∇θ�(θ)〉T ϕT (θ) P̂θ

−→ Γ(θ).

(A5) For any θ ∈ Θ, p ≥ 1, there exists a function ψt(θ) which is strictly
positive and ψ−1

t (θ) ≥ 1 for any t ≥ 0 such that

sup
t≥0

Êθ
[∣∣ψt(θ)Xθ

t

∣∣p] < ∞.

(A6) For any θ ∈ Θ, i, j, p ∈ {1, . . . ,m} with i ≤ j, i ≤ p, and p0 > 1 close to
1, as n → ∞,

Δnϕ
i
nΔn

(θ)ϕj
nΔn

(θ)(ϕp
nΔn

(θ))γ
n−1∑
k=0

(
1 + ψ−2

tk
(θ)

)
→ 0,

Δ
3
2
nϕ

i
nΔn

(θ)ϕj
nΔn

(θ)
n−1∑
k=0

(
1 + ψ−6p0

tk
(θ)

)
→ 0.

(A7) For all θ ∈ Θ, i ∈ {1, . . . ,m}, k ∈ {0, ..., n − 1} and constant C > 0,
there exists a constant c > 0 such that for n large enough,

Êθ
[
eC(ϕi

nΔn
(θ))2Δn|Xθ

tk
|2
]
≤ c.

In order to apply the Malliavin calculus, the uniform ellipticity condition (A2)
and regularity condition (A3) on the coefficients are required. Conditions (A4),
(A5), (A6) and (A7) are needed in this setting where the diffusions can be
ergodic or non-ergodic. On the one hand, condition (A4) ensures the asymptotic
behavior for the main terms in the expansion of the log-likelihood ratio which
are determined by the score vector and its quadratic variation. Let us recall that
condition (A4) is analogous to the general condition (3.3) of Barndorff-Nielsen
and Sørensen [4] which is given for general asymptotic likelihood theory for
stochastic processes. This condition (A4) is also similar to the condition (2.12)
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of Luschgy [26] which is established for semimartingales. On the other hand,
conditions (A5), (A6) and (A7) guarantee the convergence of the negligible
terms in the expansion of the log-likelihood ratio.

Now, for fixed θ0 ∈ Θ, recall that a discrete observation of the process Xθ0

is given by Xn,θ0 = (Xθ0

t0 , X
θ0

t1 , . . . , X
θ0

tn ). The main result of this paper is the
following LAMN property.

Theorem 2.1. Assume conditions (A1)-(A7). Then, the LAMN property holds
for the likelihood at θ0 with rate of convergence

ϕnΔn
(θ0) = diag(ϕ1

nΔn
(θ0), . . . , ϕm

nΔn
(θ0)),

and asymptotic random Fisher information matrix Γ(θ0). That is, for all u ∈
R

m, as n → ∞,

log dPθ0+ϕnΔn (θ0)u
n

dPθ0
n

(Xn,θ0
) L(P̂θ0 )−→ u∗Γ(θ0)1/2N (0, Im) − 1

2u
∗Γ(θ0)u,

where N (0, Im) is a centered R
m-valued Gaussian random variable independent

of Γ(θ0) with identity covariance matrix Im.

Remark 2.2. The exact maximum likelihood estimation is essentially based
on the transition densities which are available in some very special cases. Thus,
the MLE cannot be written explicitly for general diffusions. Instead, the pa-
rameter estimation for diffusion processes observed discretely at high frequency
has been investigated mainly in the ergodic and homogeneous cases by using
different approximate schemes. More precisely, in the one-dimensional setting,
the approximate discrete-time scheme known as Euler-Maruyama’s is used in
[9] for diffusion processes with constant diffusion coefficient. Later on, in [20]
the author studies diffusion processes with nonlinear coefficients and constructs
a minimum contrast estimator via a contrast function by approximating the
transition density by the density of a Gaussian law. In the multidimensional
setting, in [39] the author proposes an adaptive maximum likelihood type es-
timator for diffusion processes with multiplicative diffusion coefficient by using
a discretization of the continuous-time likelihood function. Later on, the au-
thors propose respectively in [35, 36] two kinds of adaptive maximum likelihood
type estimators and three kinds of adaptive Bayes type estimators based on
the quasi log-likelihood functions for diffusion processes with nonlinear coeffi-
cients. For the case of the Ornstein-Uhlenbeck process, the asymptotic behavior
of MLE-type approximation in the ergodic case is established in Theorem 1 of
[32] whereas the asymptotic behavior of a trajectory-fitting estimator (TFE) in
the non-ergodic case is obtained in Theorem 2 of [33].

As a consequence of Theorem 2.1, all of the aforementioned estimators for
the drift parameters are asymptotically efficient. There are very few results on
the estimation for non-ergodic homogeneous diffusions, and for ergodic and non-
ergodic inhomogeneous diffusions (see Chapter 7 of [7]). However, Theorem 2.1
could serve as a benchmark to verify the asymptotic efficiency of any estimators
in these cases.
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As usual, constants are denoted by C and may change value from one line to
the next.

3. Proof of the main result

3.1. Representation of the score function using Malliavin calculus

To simplify the exposition, for i ∈ {1, . . . ,m} we use the notations

θ0 = (θ0
1, . . . , θ

0
m), u = (u1, u2, . . . , um),

θ0+ := θ0 + ϕnΔn
(θ0)u = (θ0

1 + ϕ1
nΔn

(θ0)u1, . . . , θ
0
m + ϕm

nΔn
(θ0)um),

θ0+
i := (θ0

1, . . . , θ
0
i−1, θ

0
i + ϕi

nΔn
(θ0)ui, θ

0
i+1 + ϕi+1

nΔn
(θ0)ui+1,

. . . , θ0
m + ϕm

nΔn
(θ0)um),

θ0+
i (�) := (θ0

1, . . . , θ
0
i−1, θ

0
i + �ϕi

nΔn
(θ0)ui, θ

0
i+1 + ϕi+1

nΔn
(θ0)ui+1,

. . . , θ0
m + ϕm

nΔn
(θ0)um).

Under (A1), (A2) and (A3)(a), for any t > s the law of Xθ
t conditioned on

Xθ
s = x possesses a positive transition density pθ(s, t, x, y) which is differentiable

w.r.t. θ. The density of Xn,θ = (Xθ
t0 , X

θ
t1 , . . . , X

θ
tn) is denoted by pn(·; θ). To

transform the log-likelihood ratio, we first use the Markov property to rewrite
the global likelihood function in terms of a product of transition densities and
then apply the mean value theorem to get the following decomposition

log dPθ0+ϕnΔn (θ0)u
n

dPθ0
n

(Xn,θ0
) = log pn(Xn,θ0 ; θ0+)

pn(Xn,θ0 ; θ0)

=
n−1∑
k=0

log pθ
0+
1

pθ0 (tk, tk+1, X
θ0

tk
, Xθ0

tk+1
)

=
n−1∑
k=0

log
(
pθ

0+
1

pθ
0+
2

pθ
0+
2

pθ
0+
3

· · · p
θ0+
i

pθ
0+
i+1

· · · p
θ0+
m−1

pθ
0+
m

pθ
0+
m

pθ0

)
(tk, tk+1, X

θ0

tk
, Xθ0

tk+1
)

=
n−1∑
k=0

log pθ
0+
1

pθ
0+
2

(tk, tk+1, X
θ0

tk
, Xθ0

tk+1
) +

n−1∑
k=0

log pθ
0+
2

pθ
0+
3

(tk, tk+1, X
θ0

tk
, Xθ0

tk+1
) + · · ·

+
n−1∑
k=0

log pθ
0+
m

pθ0 (tk, tk+1, X
θ0

tk
, Xθ0

tk+1
)

=
n−1∑
k=0

ϕ1
nΔn

(θ0)u1

∫ 1

0

∂θ1p
θ0+
1 (�)

pθ
0+
1 (�)

(tk, tk+1, X
θ0

tk
, Xθ0

tk+1
)d�

+ · · · +
n−1∑
k=0

ϕm
nΔn

(θ0)um

∫ 1

0

∂θmpθ
0+
m (�)

pθ
0+
m (�)

(tk, tk+1, X
θ0

tk
, Xθ0

tk+1
)d�. (3.1)
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We next apply the Malliavin calculus to get an explicit expression for the loga-
rithm derivative of the transition density appearing in (3.1). For this, to avoid
confusion with the observed process Xθ generated by the Brownian motion
B, we introduce a new independent d-dimensional standard Brownian motion
W = (Wt)t≥0 by which an independent copy Y θ = (Y θ

t )t≥0 of Xθ is gener-
ated. The Malliavin calculus on the Wiener space induced by W will be ap-
plied. Let (Ω̂, F̂ , {F̂t}t≥0, P̂) and (Ω̃, F̃ , {F̃t}t≥0, P̃) be two canonical filtered
probability spaces associated respectively to each of two Brownian motions B
and W . The product filtered probability space of these two canonical spaces is
(Ω,F , {Ft}t≥0,P), that is, Ω = Ω̂ × Ω̃, F = F̂ ⊗ F̃ , P = P̂ ⊗ P̃, Ft = F̂t ⊗ F̃t.
Let E, Ê, Ẽ denote the expectation w.r.t. P, P̂ and P̃, respectively.

On the probability space (Ω̃, F̃ , P̃), we consider the flow process Y θ(s, x) =
(Y θ

t (s, x), t ≥ s), x ∈ R
d on the time interval [s,∞) and with initial condition

Y θ
s (s, x) = x satisfying

Y θ
t (s, x) = x +

∫ t

s

b(θ, u, Y θ
u (s, x))du +

∫ t

s

σ(u, Y θ
u (s, x))dWu. (3.2)

The independent copy Y θ = (Y θ
t )t≥0 of Xθ is defined by Y θ

t ≡ Y θ
t (0, x0) which

thus satisfies

Y θ
t = x0 +

∫ t

0
b(θ, u, Y θ

u )du +
∫ t

0
σ(u, Y θ

u )dWu. (3.3)

The Malliavin derivative and the Skorohod integral w.r.t. W are respectively
denoted by D and δ. The space of random variables which are differentiable in
the sense of Malliavin and the domain of δ are respectively denoted by D

1,2 and
Dom δ. The Malliavin derivative of a differentiable random variable F ∈ D

1,2

is DF = (D1F, . . . ,DdF ) where Di denotes the Malliavin derivative in the ith
direction W i of the Brownian motion W = (W 1, . . . ,W d) for i ∈ {1, . . . , d}.
The Skorohod integral of a R

d-valued process U = (U1, . . . , Ud) ∈ Dom δ is
defined as δ(U) =

∑d
i=1 δ

i(U i) where δi is the Skorohod integral w.r.t. W i. For
a more detailed presentation on the Malliavin calculus, we refer to the book [29]
by Nualart.

For any k ∈ {0, . . . , n− 1}, under (A1), (A2) and (A3)(a)-(b), the process
(Y θ

t (tk, x), t ∈ [tk, tk+1]) is differentiable w.r.t. x and θ (see Kunita [22]). More-
over, the corresponding Jacobian matrix and the derivative w.r.t. θi are respec-
tively denoted by (∇xY

θ
t (tk, x), t ∈ [tk, tk+1]) and (∂θiY θ

t (tk, x), t ∈ [tk, tk+1])
which are solutions to the equations

∇xY
θ
t (tk, x) = Id +

∫ t

tk

∇xb(θ, s, Y θ
s (tk, x))∇xY

θ
s (tk, x)ds

+
d∑

j=1

∫ t

tk

∇xσj(s, Y θ
s (tk, x))∇xY

θ
s (tk, x)dW j

s , (3.4)

∂θiY
θ
t (tk, x) =

∫ t

tk

(
∂θib(θ, s, Y θ

s (tk, x)) + ∇xb(θ, s, Y θ
s (tk, x))∂θiY θ

s (tk, x)
)
ds
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+
d∑

j=1

∫ t

tk

∇xσj(s, Y θ
s (tk, x))∂θiY θ

s (tk, x)dW j
s , (3.5)

for i ∈ {1, . . . ,m}, where σ1, ..., σd : R+×R
d → R

d are the columns of the matrix
σ. Furthermore, the random variables Y θ

t (tk, x), ∇xY
θ
t (tk, x), (∇xY

θ
t (tk, x))−1

and ∂θiY
θ
t (tk, x) belong to D

1,2 for any t ∈ [tk, tk+1] (see Nualart [29, Section
2.2]). The Malliavin derivative of Y θ

t (tk, x) satisfies the following equation

DsY
θ
t (tk, x) = σ(s, Y θ

s (tk, x)) +
∫ t

s

∇xb(θ, u, Y θ
u (tk, x))DsY

θ
u (tk, x)du

+
d∑

j=1

∫ t

s

∇xσj(u, Y θ
u (tk, x))DsY

θ
u (tk, x)dW j

u ,

for s ≤ t a.e., and DsY
θ
t (tk, x) = 0 for s > t a.e. By (2.59) of Nualart [29], we

have

DsY
θ
t (tk, x) = ∇xY

θ
t (tk, x)(∇xY

θ
s (tk, x))−1σ(s, Y θ

s (tk, x))1[tk,t](s). (3.6)

For all k ∈ {0, ..., n− 1}, x ∈ R
d, the probability law of Y θ starting at x at time

tk is denoted by P̃θ
tk,x

, i.e., P̃θ
tk,x

(A) = Ẽ[1A|Y θ
tk

= x] for all A ∈ F̃ , and the
expectation w.r.t. P̃θ

tk,x
is denoted by Ẽθ

tk,x
, i.e., Ẽθ

tk,x
[V ] = Ẽ[V |Y θ

tk
= x] for all

F̃-measurable random variables V .
Following the approach developed by Gobet in [11, Proposition 4.1], the score

function is represented in terms of a conditional expectation involving the Sko-
rohod integral.

Lemma 3.1. Under (A1), (A2) and (A3)(a)-(b), for all i ∈ {1, . . . ,m},
k ∈ {0, ..., n− 1}, θ ∈ Θ, and x, y ∈ R

d,

∂θip
θ

pθ
(tk, tk+1, x, y) = 1

Δn
Ẽθ
tk,x

[
δ
(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

) ∣∣Y θ
tk+1

= y
]
,

where Uθ(tk, x) = (Uθ
t (tk, x), t ∈ [tk, tk+1]) with Uθ

t (tk, x) = (DtY
θ
tk+1

(tk, x))−1.

Next, the Skorohod integral appearing in Lemma 3.1 can be decomposed as
follows.

Lemma 3.2. Under (A1), (A2) and (A3)(a)-(b), for all i ∈ {1, . . . ,m},
k ∈ {0, ..., n− 1}, θ ∈ Θ, and x ∈ R

d,

δ
(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

)
= Δn(∂θib(θ, tk, x))∗σ−2(tk, x)

(
Y θ
tk+1

− Y θ
tk

− b(θ, tk, Y θ
tk

)Δn

)
−Rθ,k

1 + Rθ,k
2 + Rθ,k

3 −Rθ,k
4 −Rθ,k

5 ,

where

Rθ,k
1 =

∫ tk+1

tk

∫ tk+1

s

tr
(
Ds

(
((∇xY

θ
u (tk, x))−1∂θib(θ, u, Y θ

u (tk, x)))∗
)
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· σ−1(s, Y θ
s (tk, x))∇xY

θ
s (tk, x)

)
duds,

Rθ,k
2 =

∫ tk+1

tk

(
(∇xY

θ
s (tk, x))−1∂θib(θ, s, Y θ

s (tk, x))
)∗

ds

·
∫ tk+1

tk

(
(∇xY

θ
s (tk, x))∗σ−1(s, Y θ

s (tk, x))

−(∇xY
θ
tk

(tk, x))∗σ−1(tk, Y θ
tk

(tk, x))
)
dWs,

Rθ,k
3 =

∫ tk+1

tk

(
((∇xY

θ
s (tk, x))−1∂θib(θ, s, Y θ

s (tk, x)))∗

−((∇xY
θ
tk

(tk, x))−1∂θib(θ, tk, Y θ
tk

(tk, x)))∗
)
ds

·
∫ tk+1

tk

(∇xY
θ
tk

(tk, x))∗σ−1(tk, Y θ
tk

(tk, x))dWs,

Rθ,k
4 = Δn(∂θib(θ, tk, Y θ

tk
))∗σ−2(tk, Y θ

tk
)
∫ tk+1

tk

(
b(θ, s, Y θ

s ) − b(θ, tk, Y θ
tk

)
)
ds,

Rθ,k
5 = Δn(∂θib(θ, tk, Y θ

tk
))∗σ−2(tk, Y θ

tk
)
∫ tk+1

tk

(
σ(s, Y θ

s ) − σ(tk, Y θ
tk

)
)
dWs.

The following explicit expression of the score function is due to Lemmas 3.1
and 3.2.

Lemma 3.3. Under (A1), (A2) and (A3)(a)-(b), for all i ∈ {1, . . . ,m},
k ∈ {0, ..., n− 1}, θ ∈ Θ, and x, y ∈ R

d,

∂θip
θ

pθ
(tk, tk+1, x, y)

= (∂θib(θ, tk, x))∗σ−2(tk, x) (y − x− b(θ, tk, x)Δn)

+ 1
Δn

Ẽθ
tk,x

[
−Rθ,k

1 + Rθ,k
2 + Rθ,k

3 −Rθ,k
4 −Rθ,k

5
∣∣Y θ

tk+1
= y

]
.

Using (A1), (A2), (A3)(a)-(b) and Gronwall’s inequality, it is straightfor-
ward that for any k ∈ {0, ..., n − 1}, θ ∈ Θ, x ∈ R

d and p ≥ 2, there exists a
constant C > 0 such that

Ẽθ
tk,x

[∣∣∇xY
θ
t (tk, x)

∣∣p] + Ẽθ
tk,x

[∣∣(∇xY
θ
t (tk, x))−1∣∣p]

+ sup
s∈[tk,tk+1]

Ẽθ
tk,x

[∣∣DsY
θ
t (tk, x)

∣∣p]
+ sup

s∈[tk,tk+1]
Ẽθ
tk,x

[∣∣Ds(∇xY
θ
t (tk, x))

∣∣p] ≤ C, (3.7)

Ẽθ
tk,x

[∣∣∂θiY θ
t (tk, x)

∣∣p] ≤ C (1 + |x|p) , (3.8)

for t ∈ [tk, tk+1], where C is uniform in θ. Consequently, we have the following
estimates.
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Lemma 3.4. Under conditions (A1), (A2), and (A3)(a)-(b), for any k ∈
{0, ..., n− 1}, θ ∈ Θ, x ∈ R

d and p ≥ 2, there exists a constant C > 0 such that

Ẽθ
tk,x

[
−Rθ,k

1 + Rθ,k
2 + Rθ,k

3

]
= 0, (3.9)

Ẽθ
tk,x

[∣∣∣−Rθ,k
1 + Rθ,k

2 + Rθ,k
3

∣∣∣p] ≤ CΔ2p
n (1 + |x|p) . (3.10)

The equality (3.9) follows from the proof of Lemma 3.2, Ẽθ
tk,x

[Wtk+1 −Wtk ] =
0, and Ẽθ

tk,x
[δ(Uθ(tk, x)∂θiY θ

tk+1
(tk, x))] = 0. The estimate (3.10) can be ob-

tained by using Itô’s formula, Burkholder-Davis-Gundy’s inequality, conditions
(A1), (A2), (A3)(a)-(b) and (3.7).

3.2. Proof of Theorem 2.1

Proof. First, using the decomposition (3.1), Lemma 3.3 and equation (1.1), we
obtain

log dPθ0+ϕnΔn (θ0)u
n

dPθ0
n

(Xn,θ0
)

=
n−1∑
k=0

m∑
i=1

ϕi
nΔn

(θ0)ui

∫ 1

0

(
(∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
(
Xθ0

tk+1
−Xθ0

tk
− b(θ0+

i (�), tk, Xθ0

tk
)Δn

)
+ 1

Δn
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
Rθ0+

i
(�),k −R

θ0+
i

(�),k
4 −R

θ0+
i

(�),k
5 |Y θ0+

i
(�)

tk+1
= Xθ0

tk+1

])
d�

=
n−1∑
k=0

m∑
i=1

ξi,k,n +
n−1∑
k=0

m∑
i=1

ϕi
nΔn

(θ0)ui

Δn

∫ 1

0

{
Z4,�
i,k,n + Z5,�

i,k,n

+ Ẽθ0+
i

(�)
tk,Xθ0

tk

[
Rθ0+

i
(�),k −R

θ0+
i

(�),k
4 −R

θ0+
i

(�),k
5

∣∣∣Y θ0+
i

(�)
tk+1

= Xθ0

tk+1

]}
d�, (3.11)

where Rθ0+
i

(�),k = −R
θ0+
i

(�),k
1 + R

θ0+
i

(�),k
2 + R

θ0+
i

(�),k
3 and

ξi,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0
(∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
(
σ(tk, Xθ0

tk
)(Btk+1 −Btk) +

(
b(θ0, tk, X

θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)
)
Δn

)
d�,

Z4,�
i,k,n = Δn(∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
∫ tk+1

tk

(
b(θ0, s,Xθ0

s ) − b(θ0, tk, X
θ0

tk
)
)
ds,

Z5,�
i,k,n = Δn(∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
∫ tk+1

tk

(
σ(s,Xθ0

s ) − σ(tk, Xθ0

tk
)
)
dBs.
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Next, we decompose
∑n−1

k=0
∑m

i=1 ξi,k,n. For this, observe that ξi,k,n = ξ1,i,k,n +
ξ2,i,k,n, where

ξ1,i,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0
(∂θib(θ0, tk, X

θ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
(
σ(tk, Xθ0

tk
)(Btk+1 −Btk) +

(
b(θ0, tk, X

θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)
)
Δn

)
d�,

ξ2,i,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0

(
∂θib(θ0+

i (�), tk, Xθ0

tk
) − ∂θib(θ0, tk, X

θ0

tk
)
)∗

· σ−2(tk, Xθ0

tk
)
(
σ(tk, Xθ0

tk
)(Btk+1 −Btk)

+
(
b(θ0, tk, X

θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)
)
Δn

)
d�.

Then, we write ξ1,i,k,n = ξ1,1,i,k,n + ξ1,2,i,k,n, where

ξ1,1,i,k,n = ϕi
nΔn

(θ0)ui(∂θib(θ0, tk, X
θ0

tk
))∗σ−1(tk, Xθ0

tk
)(Btk+1 −Btk),

ξ1,2,i,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0
(∂θib(θ0, tk, X

θ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
(
b(θ0, tk, X

θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)
)

Δnd�.

Notice that
n−1∑
k=0

m∑
i=1

ξ1,1,i,k,n = u∗ϕnΔn
(θ0)∇θ�nΔn

(θ0) −
n−1∑
k=0

H1,k,n,

where ∇θ�T (θ) is given by (2.1) and

H1,k,n = u∗ϕnΔn
(θ0)

∫ tk+1

tk

(
σ−1(t,Xθ0

t )∇θb(θ0, t,Xθ0

t )

− σ−1(tk, Xθ0

tk
)∇θb(θ0, tk, X

θ0

tk
)
)
dBt.

Now, we treat ξ1,2,i,k,n. For this, using the mean value theorem, we write

b(θ0, tk, X
θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)

= −
(
b(θ0+

i (�), tk, Xθ0

tk
) − b(θ0+

i+1, tk, X
θ0

tk
) + b(θ0+

i+1, tk, X
θ0

tk
)

− b(θ0+
i+2, tk, X

θ0

tk
) + · · · + b(θ0+

m−1, tk, X
θ0

tk
) − b(θ0+

m , tk, X
θ0

tk
)

+ b(θ0+
m , tk, X

θ0

tk
) − b(θ0, tk, X

θ0

tk
)
)

= −
(
�ϕi

nΔn
(θ0)ui

∫ 1

0
∂θib(θ0+

i (α�), tk, Xθ0

tk
)dα

+ ϕi+1
nΔn

(θ0)ui+1

∫ 1

0
∂θi+1b(θ0+

i+1(α), tk, Xθ0

tk
)dα
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+ · · · + ϕm
nΔn

(θ0)um

∫ 1

0
∂θmb(θ0+

m (α), tk, Xθ0

tk
)dα

)
= −

(
�ϕi

nΔn
(θ0)ui∂θib(θ0, tk, X

θ0

tk
)

+ ϕi+1
nΔn

(θ0)ui+1∂θi+1b(θ0, tk, X
θ0

tk
) + · · · + ϕm

nΔn
(θ0)um∂θmb(θ0, tk, X

θ0

tk
)
)

−
(
�ϕi

nΔn
(θ0)ui

∫ 1

0

(
∂θib(θ0+

i (α�), tk, Xθ0

tk
) − ∂θib(θ0, tk, X

θ0

tk
)
)
dα

+ ϕi+1
nΔn

(θ0)ui+1

∫ 1

0

(
∂θi+1b(θ0+

i+1(α), tk, Xθ0

tk
) − ∂θi+1b(θ0, tk, X

θ0

tk
)
)
dα

+ · · · + ϕm
nΔn

(θ0)um

∫ 1

0

(
∂θmb(θ0+

m (α), tk, Xθ0

tk
) − ∂θmb(θ0, tk, X

θ0

tk
)
)
dα

)
,

where, to simplify the exposition, we have set for j ∈ {i + 1, . . . ,m},
θ0+
i (α�) : = (θ0

1, . . . , θ
0
i−1, θ

0
i + α�ϕi

nΔn
(θ0)ui, θ

0
i+1 + ϕi+1

nΔn
(θ0)ui+1,

. . . , θ0
m + ϕm

nΔn
(θ0)um),

θ0+
j (α) : = (θ0

1, . . . , θ
0
j−1, θ

0
j + αϕj

nΔn
(θ0)uj , θ

0
j+1 + ϕj+1

nΔn
(θ0)uj+1,

. . . , θ0
m + ϕm

nΔn
(θ0)um).

Thus,
n−1∑
k=0

m∑
i=1

ξ1,2,i,k,n = −1
2u

∗ϕnΔn
(θ0)

〈
∇θ�(θ0)

〉
nΔn

ϕnΔn
(θ0)u + 1

2

n−1∑
k=0

H2,k,n

−
n−1∑
k=0

m∑
i=1

(
Ki,k,n + Ki+1,k,n + · · · + Km,k,n

)
,

where 〈∇θ�(θ)〉T is given by (2.2), and for j ∈ {i + 1, . . . ,m},

Ki,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0

∫ 1

0
(∂θib(θ0, tk, X

θ0

tk
))∗σ−2(tk, Xθ0

tk
)�ϕi

nΔn
(θ0)ui

·
(
∂θib(θ0+

i (α�), tk, Xθ0

tk
) − ∂θib(θ0, tk, X

θ0

tk
)
)

Δndαd�,

Kj,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0
(∂θib(θ0, tk, X

θ0

tk
))∗σ−2(tk, Xθ0

tk
)ϕj

nΔn
(θ0)uj

·
(
∂θj b(θ0+

j (α), tk, Xθ0

tk
) − ∂θj b(θ0, tk, X

θ0

tk
)
)

Δndα,

H2,k,n = u∗ϕnΔn
(θ0)

∫ tk+1

tk

(
(∇θb(θ0, t,Xθ0

t ))∗σ−2(t,Xθ0

t )∇θb(θ0, t,Xθ0

t )

− (∇θb(θ0, tk, X
θ0

tk
))∗σ−2(tk, Xθ0

tk
)∇θb(θ0, tk, X

θ0

tk
)
)
dt ϕnΔn

(θ0)u.

Therefore, we have shown that
n−1∑
k=0

m∑
i=1

ξi,k,n =u∗ϕnΔn
(θ0)∇θ�nΔn

(θ0)
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− 1
2u

∗ϕnΔn
(θ0)

〈
∇θ�(θ0)

〉
nΔn

ϕnΔn
(θ0)u−

n−1∑
k=0

H1,k,n

+ 1
2

n−1∑
k=0

H2,k,n −
n−1∑
k=0

m∑
i=1

(Ki,k,n + Ki+1,k,n + · · · + Km,k,n)

+
n−1∑
k=0

m∑
i=1

ξ2,i,k,n. (3.12)

Next, using condition (A4) and the multivariate central limit theorem for con-
tinuous local martingales (see [37, Theorem 4.1]), we obtain that as n → ∞,(

ϕnΔn
(θ0)∇θ�nΔn

(θ0), ϕnΔn
(θ0)

〈
∇θ�(θ0)

〉
nΔn

ϕnΔn
(θ0)

)
L(P̂θ0 )−→

(
Γ(θ0)1/2N (0, Im),Γ(θ0)

)
, (3.13)

where N (0, Im) is independent of Γ(θ0). Thus, from (3.11), (3.12), (3.13) and
Lemmas 4.8-4.11 below, we complete the proof of the desired result.

4. Negligible contributions

This section aims to prove the convergence of the remainder terms in the ex-
pansion. For this, we first need some preliminary results.

Lemma 4.1. Let n ∈ N and (ζk,n)k≥1 be a sequence of random variables defined
on (Ω,F , {Ft}t≥0,P) such that ζk,n is Ftk+1-measurable for all k.

a) [10, Lemma 9] Assume that as n → ∞,

(i)
n−1∑
k=0

E [ζk,n|Ftk ] P−→ 0, and (ii)
n−1∑
k=0

E
[
ζ2
k,n|Ftk

] P−→ 0.

Then as n → ∞,
∑n−1

k=0 ζk,n
P−→ 0.

b) [17, Lemma 3.4] Assume that
∑n−1

k=0 E [|ζk,n||Ftk ] P−→ 0 as n → ∞. Then∑n−1
k=0 ζk,n

P−→ 0 as n → ∞.

Using (1.1) and Burkholder-Davis-Gundy’s inequality, we get the following
estimates.

Lemma 4.2. Assume conditions (A1)-(A2).

(i) For any p ≥ 2, k ∈ {0, ..., n−1}, θ ∈ Θ and x ∈ R
d, there exists a constant

C > 0 such that for all t ∈ [tk, tk+1],

Êθ
[∣∣Xθ

t −Xθ
tk

∣∣p∣∣F̂tk

]
≤ C |t− tk|

p
2
(
1 + |Xθ

tk
|p
)
.
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(ii) For any k ∈ {0, ..., n−1} and function g defined on Θ×R
d with polynomial

growth in x uniformly in θ ∈ Θ, that is, |g(θ, x)| ≤ c(1 + |x|p) for some
constants c, p > 0, there exists a constant C > 0 such that for all t ∈
[tk, tk+1],

Êθ
[∣∣g(θ,Xθ

t )
∣∣∣∣F̂tk

]
≤ C

(
1 + |Xθ

tk
|p
)
.

Thanks to condition (A5), the following estimate will be useful in the sequel.

Lemma 4.3. Assume (A1), (A5). For any p ≥ 1, there exists a constant
C > 0 such that

n−1∑
k=0

Êθ0
[∣∣Xθ0

tk

∣∣p] ≤ C

n−1∑
k=0

ψ−p
tk

(θ0).

Now the change of measures on Ik = [tk, tk+1] is applied. The probability law
of Xθ starting at x at time tk is denoted by P̂θ

tk,x
, i.e., P̂θ

tk,x
(A) = Ê[1A|Xθ

tk
=

x] for all A ∈ F̂ , and the expectation w.r.t. P̂θ
tk,x

is denoted by Êθ
tk,x

, i.e.,
Êθ
tk,x

[V ] = Ê[V |Xθ
tk

= x] for all F̂-measurable random variables V . From [18,
Chapter III] and [25, Chapter 7], under (A1) and (A2), for all θ, θ1 ∈ Θ, x ∈ R

d

and k ∈ {0, ..., n − 1}, the probability measures P̂θ
tk,x

and P̂θ1

tk,x
are absolutely

continuous w.r.t. each other and its Radon-Nikodym derivative is given by

dP̂θ
tk,x

dP̂θ1
tk,x

((Xθ1

t )t∈Ik) = exp
{∫ tk+1

tk

(b(θ, t,Xθ1

t ) − b(θ1, t,Xθ1

t ))∗σ−1(t,Xθ1

t )dBt

− 1
2

∫ tk+1

tk

∣∣∣(b(θ, t,Xθ1

t ) − b(θ1, t,Xθ1

t ))∗σ−1(t,Xθ1

t )
∣∣∣2dt}. (4.1)

To treat the conditional expectations in the remainder terms, two following
lemmas will be used. For this, we fix some k ∈ {0, . . . , n − 1}, and let V θ be
a F̃tk+1 -measurable random variable which will be Rθ,k, (Rθ,k)2, Rθ,k

5 , (Rθ,k
5 )2.

Moreover, let V̂ θ be a F̂tk+1 -measurable random variable which will be defined
in the proof of Lemma 4.11.

Lemma 4.4. Assume (A1) and (A2). Then, for any k ∈ {0, ..., n−1}, θ ∈ Θ,
x ∈ R

d,

Êθ0

tk,x

[
Ẽθ
tk,x

[
V θ|Y θ

tk+1
= Xθ0

tk+1

]]
= Ẽθ

tk,x

[
V θ

]
+ Ẽθ

tk,x

[
Ẽθ
tk,x

[V θ|Y θ
tk+1

]
(dP̃θ0

tk,x

dP̃θ
tk,x

((Y θ
t )t∈Ik) − 1

)]
. (4.2)

Similarly, we have

Êθ0

tk,x

[
V̂ θ0]

= Êθ
tk,x

[
V̂ θ

]
+ Êθ

tk,x

[
V̂ θ

(dP̂θ0

tk,x

dP̂θ
tk,x

((Xθ
t )t∈Ik) − 1

)]
. (4.3)
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The following lemma is used to estimate two second terms appearing in (4.2)
and (4.3) when θ = θ0+

i (�). For this, for j ∈ {1, . . . ,m} we set

θj(0+) := (θ0
1, . . . , θ

0
j−1, θj , θ

0
j+1 + ϕj+1

nΔn
(θ0)uj+1, . . . , θ

0
m + ϕm

nΔn
(θ0)um).

Lemma 4.5. Assume (A1), (A2), (A3)(b) and q > 1. Then, there exist
constants C,Ci, . . ., Cm > 0 such that for any i ∈ {1, . . . ,m}, k ∈ {0, ..., n− 1},
x ∈ R

d and n large enough,∣∣∣∣∣∣Ẽθ0+
i

(�)
tk,x

[
Ẽθ0+

i
(�)

tk,x

[
V θ0+

i
(�)|Y θ0+

i
(�)

tk+1

]( dP̃θ0

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik) − 1

)]∣∣∣∣∣∣
≤ C

(
Ẽθ0+

i
(�)

tk,x
[|V θ0+

i
(�)|q]

) 1
q
√

Δn(1 + |x|)

×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|x|
)
eCi(ϕi

nΔn
(θ0))2Δn|x|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn

(
ϕi
nΔn

(θ0) + ϕi+1
nΔn

(θ0)
)
|x|

)
× eCi+1((ϕi

nΔn
(θ0))2+(ϕi+1

nΔn
(θ0))2)Δn|x|2 + · · ·

+ ϕm
nΔn

(θ0)
(
1 +

√
Δn

(
ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0)
)
|x|

)
× eCm((ϕi

nΔn
(θ0))2+···+(ϕm

nΔn
(θ0))2)Δn|x|2

)
. (4.4)

Similarly, let q > 1. Then, there exists a constant C > 0 such that for any
i ∈ {1, . . . ,m}, k ∈ {0, ..., n− 1} and x ∈ R

d,∣∣∣∣∣∣Êθ0+
i

(�)
tk,x

[
V̂ θ0+

i
(�)

( dP̂θ0

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik) − 1

)]∣∣∣∣∣∣
≤ C

√
Δn (1 + |x|)

(∣∣∣ ∫ θ0
i

θ0
i
+�ϕi

nΔn
(θ0)ui

(
Êθi(0+)
tk,x

[∣∣V̂ θi(0+)∣∣q]) 1
q

dθi

∣∣∣
+

∣∣∣ ∫ θ0
i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

(
Êθi+1(0+)
tk,x

[∣∣V̂ θi+1(0+)∣∣q]) 1
q

dθi+1

∣∣∣
+ · · · +

∣∣∣ ∫ θ0
m

θ0
m+ϕm

nΔn
(θ0)um

(
Êθm(0+)
tk,x

[∣∣V̂ θm(0+)∣∣q]) 1
q

dθm

∣∣∣). (4.5)

Remark 4.6. The expression (4.2) in Lemma 4.4 is analogous to the last equal-
ity on page 911 of [11]. From (4.2), the estimate (4.4) in Lemma 4.5 is analogous
to (4.19) of [11, Proposition 4.2]. In [11], the author used the change of transi-
tion densities and the Gaussian lower and upper bounds for the densities. There
is no exponential term in (4.19) of [11, Proposition 4.2] since the coefficients are
bounded. The arguments we use here are the change of measures and the esti-
mate of the squared exponential moment. The exponential terms appear in (4.4)
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due to the fact that the drift coefficient and its derivative w.r.t the parameter
are unbounded.

Remark 4.7. As will be seen in the proof of (4.4), when |∂θib(θ, t, x)| is
bounded, the exponential term eCj(ϕi

nΔn
(θ0))2Δn|x|2 does not appear in the esti-

mate (4.4). As a consequence, condition (A7) is not required for i.

In all what follows, without further mention, conditions (A1), (A2), (A3)
and Lemma 4.2 (ii) will be applied repeatedly.

Lemma 4.8. Under conditions (A1)-(A3) and (A5)-(A6), as n → ∞,

−
n−1∑
k=0

H1,k,n + 1
2

n−1∑
k=0

H2,k,n −
n−1∑
k=0

m∑
i=1

(Ki,k,n + Ki+1,k,n + · · · + Km,k,n)

+
n−1∑
k=0

m∑
i=1

ξ2,i,k,n
P̂θ0

−→ 0.

Lemma 4.9. Under conditions (A1)-(A3) and (A5)-(A7), as n → ∞,

n−1∑
k=0

m∑
i=1

ϕi
nΔn

(θ0)ui

Δn

∫ 1

0
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
Rθ0+

i
(�),k∣∣Y θ0+

i
(�)

tk+1
= Xθ0

tk+1

]
d�

P̂θ0

−→ 0.

Proof. We apply Lemma 4.1 a) with

ζk,n = ζi,k,n :=
ϕi
nΔn

(θ0)ui

Δn

∫ 1

0
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
Rθ0+

i
(�),k∣∣Y θ0+

i
(�)

tk+1
= Xθ0

tk+1

]
d�,

for i ∈ {1, . . . ,m}. Applying (4.2) of Lemma 4.4 to V θ0+
i

(�) = Rθ0+
i

(�),k, using
the fact that Ẽθ0+

i
(�)

tk,Xθ0
tk

[Rθ0+
i

(�),k] = 0 by (3.9), (4.4) of Lemma 4.5 with q = 2,

and (3.10) with p = 2,

∣∣∣ n−1∑
k=0

Êθ0
[
ζi,k,n|F̂tk

]∣∣∣
=

∣∣∣∣ n−1∑
k=0

ϕi
nΔn

(θ0)ui

Δn

∫ 1

0
Êθ0

tk,Xθ0
tk

[
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
Rθ0+

i
(�),k∣∣Y θ0+

i
(�)

tk+1
= Xθ0

tk+1

]]
d�

∣∣∣∣
≤ C

n−1∑
k=0

ϕi
nΔn

(θ0)
√

Δn

(1 + |Xθ0

tk
|)

×
∫ 1

0

(
Ẽθ0+

i
(�)

tk,Xθ0
tk

[|Rθ0+
i

(�),k|2]
) 1

2
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|
)

× eCi(ϕi
nΔn

(θ0))2Δn|Xθ0
tk

|2 + ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · ·
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+ ϕm
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2
)
d�

≤ C(ϕi
nΔn

(θ0))2Δ
3
2
n

n−1∑
k=0

(
1 + |Xθ0

tk
|2 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|3
)

× eCi(ϕi
nΔn

(θ0))2Δn|Xθ0
tk

|2 + Cϕi
nΔn

(θ0)ϕi+1
nΔn

(θ0)Δ
3
2
n

×
n−1∑
k=0

(
1 + |Xθ0

tk
|2 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|3
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · · + Cϕi
nΔn

(θ0)ϕm
nΔn

(θ0)Δ
3
2
n

×
n−1∑
k=0

(
1 + |Xθ0

tk
|2 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|3
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2 .

Thus, using Young’s inequality for products with 1
p0

+ 1
q0

= 1 and p0 close to 1,
we get

∣∣∣ n−1∑
k=0

Êθ0
[
ζi,k,n|F̂tk

]∣∣∣ ≤ C(ϕi
nΔn

(θ0))2Δ
3
2
n

×
n−1∑
k=0

{
1
p0

(1 + |Xθ0

tk
|2 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|3)p0 + 1

q0
eq0Ci(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2
}

+ Cϕi
nΔn

(θ0)ϕi+1
nΔn

(θ0)Δ
3
2
n

n−1∑
k=0

{
1
p0

(1 + |Xθ0

tk
|2 +

√
Δn(ϕi

nΔn
(θ0)

+ ϕi+1
nΔn

(θ0))|Xθ0

tk
|3)p0 + 1

q0
eq0Ci+1((ϕi

nΔn
(θ0))2+(ϕi+1

nΔn
(θ0))2)Δn|Xθ0

tk
|2
}

+ · · · + Cϕi
nΔn

(θ0)ϕm
nΔn

(θ0)Δ
3
2
n

n−1∑
k=0

{
1
p0

(1 + |Xθ0

tk
|2 +

√
Δn(ϕi

nΔn
(θ0)

+ · · · + ϕm
nΔn

(θ0))|Xθ0

tk
|3)p0 + 1

q0
eq0Cm((ϕi

nΔn
(θ0))2+···+(ϕm

nΔn
(θ0))2)Δn|Xθ0

tk
|2
}
.

Then, taking expectation in both sides and using Lemma 4.3 and (A7), we
obtain

Êθ0
[∣∣∣ n−1∑

k=0

Êθ0
[
ζi,k,n|F̂tk

]∣∣∣]
≤ CΔ

3
2
n (ϕi

nΔn
(θ0))2

(
n +

n−1∑
k=0

ψ−2p0
tk

(θ0) + (
√

Δnϕ
i
nΔn

(θ0))p0

n−1∑
k=0

ψ−3p0
tk

(θ0)
)
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+ CΔ
3
2
nϕ

i
nΔn

(θ0)ϕi+1
nΔn

(θ0)
(
n +

n−1∑
k=0

ψ−2p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0)

+ ϕi+1
nΔn

(θ0))p0

n−1∑
k=0

ψ−3p0
tk

(θ0)
)

+ · · · + CΔ
3
2
nϕ

i
nΔn

(θ0)ϕm
nΔn

(θ0)

×
(
n +

n−1∑
k=0

ψ−2p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0))p0

n−1∑
k=0

ψ−3p0
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [ζi,k,n|F̂tk ] P̂θ0

−→ 0.
Next, applying Jensen’s inequality, (4.2) of Lemma 4.4 to the random variable

V θ0+
i

(�) = (Rθ0+
i

(�),k)2, (4.4) of Lemma 4.5, and (3.10) with p ∈ {2, 4}, we obtain
n−1∑
k=0

Êθ0[
ζ2
i,k,n|F̂tk

]
≤

n−1∑
k=0

(ϕi
nΔn

(θ0))2u2
i

Δ2
n

∫ 1

0
Êθ0

tk,Xθ0
tk

[
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
(Rθ0+

i
(�),k)2|Y θ0+

i
(�)

tk+1
= Xθ0

tk+1

]]
d�

≤
n−1∑
k=0

(ϕi
nΔn

(θ0))2u2
i

Δ2
n

∫ 1

0

{
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
(Rθ0+

i
(�),k)2

]
+ C

√
Δn(1 + |Xθ0

tk
|)
(
Ẽθ0+

i
(�)

tk,Xθ0
tk

[|Rθ0+
i

(�),k|4]
) 1

2

×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · ·
+ ϕm

nΔn
(θ0)

(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2
)}

d�

≤ CΔ2
n(ϕi

nΔn
(θ0))2

n−1∑
k=0

(1 + |Xθ0

tk
|2) + C(ϕi

nΔn
(θ0))3Δ

5
2
n

×
n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|4
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2

+ C(ϕi
nΔn

(θ0))2ϕi+1
nΔn

(θ0)Δ
5
2
n

n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δn(ϕi

nΔn
(θ0)

+ ϕi+1
nΔn

(θ0))|Xθ0

tk
|4
)
eCi+1((ϕi

nΔn
(θ0))2+(ϕi+1

nΔn
(θ0))2)Δn|Xθ0

tk
|2 + · · ·

+ C(ϕi
nΔn

(θ0))2ϕm
nΔn

(θ0)Δ
5
2
n

n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δn(ϕi

nΔn
(θ0)
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+ · · · + ϕm
nΔn

(θ0))|Xθ0

tk
|4
)
eCm((ϕi

nΔn
(θ0))2+···+(ϕm

nΔn
(θ0))2)Δn|Xθ0

tk
|2 .

Thus, using Young’s inequality with 1
p0

+ 1
q0

= 1 and p0 close to 1, Lemma 4.3
and (A7),

Êθ0
[ n−1∑
k=0

Êθ0
[
ζ2
i,k,n|F̂tk

]]
≤ CΔ2

n(ϕi
nΔn

(θ0))2
(
n +

n−1∑
k=0

ψ−2
tk

(θ0)
)

+ CΔ
5
2
n (ϕi

nΔn
(θ0))3

(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δnϕ
i
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)

+ CΔ
5
2
n (ϕi

nΔn
(θ0))2ϕi+1

nΔn
(θ0)

(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0)

+ ϕi+1
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)

+ · · · + CΔ
5
2
n (ϕi

nΔn
(θ0))2ϕm

nΔn
(θ0)

×
(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [ζ2
i,k,n|F̂tk ] P̂θ0

−→ 0 for
any i ∈ {1, . . . ,m}. Thus, by Lemma 4.1 a), the result follows.

To prove the two following lemmas, we will proceed as in the proof of Lemma
4.9.

Lemma 4.10. Under conditions (A1)-(A3) and (A5)-(A7), as n → ∞,

n−1∑
k=0

m∑
i=1

ϕi
nΔn

(θ0)ui

Δn

∫ 1

0

{
Z5,�
i,k,n − Ẽθ0+

i
(�)

tk,Xθ0
tk

[
R

θ0+
i

(�),k
5

∣∣Y θ0+
i

(�)
tk+1

= Xθ0

tk+1

]}
d�

P̂θ0

−→ 0.

Lemma 4.11. Under conditions (A1)-(A3) and (A5)-(A7), as n → ∞,

n−1∑
k=0

m∑
i=1

ϕi
nΔn

(θ0)ui

Δn

∫ 1

0

{
Z4,�
i,k,n − Ẽθ0+

i
(�)

tk,Xθ0
tk

[
R

θ0+
i

(�),k
4

∣∣Y θ0+
i

(�)
tk+1

= Xθ0

tk+1

]}
d�

P̂θ0

−→ 0.

5. Examples

5.1. Homogeneous diffusions

5.1.1. Homogeneous ergodic diffusion processes

Let Xθ = (Xθ
t )t≥0 be the unique strong solution of the following d-dimensional

SDE

dXθ
t = b(θ,Xθ

t )dt + σ(Xθ
t )dBt, (5.1)
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where Xθ
0 = x0 ∈ R

d. This is a particular case of the model discussed in [12].
To guarantee the ergodicity of Xθ, we impose the following assumption on the
drift coefficient.

(A4’) There exist constants c0,K > 0 such that for all (θ, x) ∈ Θ × R
d,

b(θ, x)x ≤ −c0|x|2 + K.

Under (A1)-(A3) and (A4’), the process Xθ admits an unique invariant prob-
ability measure πθ(dx) and the ergodic theorem holds. That is, for any πθ-
integrable function g, as T → ∞,

1
T

∫ T

0
g(Xθ

t )dt P̂θ

−→
∫
Rd

g(x)πθ(dx).

Moreover, supt≥0 Êθ[|Xθ
t |p] < ∞ for all θ ∈ Θ and p ≥ 1. Therefore, (A4) is

satisfied with m×m diagonal matrix ϕT (θ) = diag( 1√
T
, . . . , 1√

T
) with ϕ1

T (θ) =
· · · = ϕm

T (θ) = 1√
T

and

Γ(θ) =
∫
Rd

(∇θb(θ, x))∗ σ−2(x)∇θb(θ, x)πθ(dx).

Moreover, (A5) is valid with ψt(θ) = 1 for t ≥ 0, and (A6) holds since ψt(θ) = 1
and ϕ1

nΔn
(θ) = · · · = ϕm

nΔn
(θ) = 1√

nΔn
. By [12, Proposition 1.1], (A7) is

valid. As a consequence of Theorem 2.1, under (A1)-(A3) and (A4’), the LAN
property holds at θ0 with ϕnΔn

(θ0) = diag( 1√
nΔn

, . . . , 1√
nΔn

) and asymptotic
Fisher information matrix Γ(θ0).

Remark 5.1. Theorem 2.1 can be seen as an extension of [12, Theorem 4.1]
when the unknown parameter appears only in the drift coefficient and when
equation (1.1) is inhomogeneous and can be ergodic or non-ergodic.

5.1.2. Homogeneous Ornstein-Uhlenbeck process

Let Xa,b = (Xa,b
t )t≥0 be the unique strong solution of the one-dimensional SDE

dXa,b
t = (b− aXa,b

t )dt + σdBt, (5.2)

with given initial condition Xa,b
0 = x0, θ = (a, b) ∈ R

2 are unknown parameters
and σ > 0. By Itô’s formula, the solution process is given by

Xa,b
t = Xa,b

0 e−at + b

a
(1 − e−at) + σ

∫ t

0
e−a(t−s)dBs. (5.3)

For t > 0, the transition density pa,b(t, x0, y) of Xa,b
t is given by

pa,b(t, x0, y) =
√

a

πσ2(1 − e−2at) exp
{
−(y − b

a − (x0 − b
a )e−at)2

σ2

a (1 − e−2at)

}
. (5.4)
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Based on (Xa,b
t )t∈[0,T ], the observed Fisher information process at (a, b) is given

by

1
σ2

(∫ T

0 (Xa,b
t )2dt −

∫ T

0 Xa,b
t dt

−
∫ T

0 Xa,b
t dt T

)
.

Case 1: a > 0. The solution Xa,b is ergodic with invariant Gaussian distribution
N ( b

a ,
σ2

2a ) (see [21, Example 1.26]). That is,

πa,b(dx) = f(a, b, x)dx =
√

a

πσ2 exp
{
− (ax− b)2

aσ2

}
dx.

By [21, Example 1.35], as T → ∞,

1
T

∫ T

0
(Xa,b

t )2dt P̂a,b

−→
∫
R

x2πa,b(dx) = b2

a2 + σ2

2a ,

1
T

∫ T

0
Xa,b

t dt
P̂a,b

−→
∫
R

xπa,b(dx) = b

a
.

Thus, (A4) is satisfied with ϕT (a, b) = diag( 1√
T
, 1√

T
) and

Γ(a, b) = 1
a2σ2

⎛⎝b2 + aσ2

2 −ab

−ab a2

⎞⎠ .

Moreover, supt≥0 Êa,b[|Xa,b
t |p] < ∞ for all (a, b) and p ≥ 1. Thus, condition

(A5) is valid with ψt(a, b) = 1 for t ≥ 0. Condition (A6) holds since ψt(a, b) = 1
and ϕ1

nΔn
(a, b) = ϕ2

nΔn
(a, b) = 1√

nΔn
. Using (5.4) and the fact that 1−e−2atk ≤

2atk, tk
nΔn

≤ 1 and e−atk ≤ 1, we get

Êa,b
[
e
C(ϕ1

nΔn
(a,b))2Δn|Xa,b

tk
|2
]

= Êa,b
[
e
C Δn

nΔn
|Xa,b

tk
|2
]
≤ c,

for n large enough and some constant c > 0. Thus, (A7) holds. As a conse-
quence of Theorem 2.1, the LAN property holds at (a0, b0) with ϕnΔn

(a0, b0) =
diag( 1√

nΔn
, 1√

nΔn
) and Γ(a0, b0).

Case 2: a < 0. From (5.3), eatXa,b
t − Xa,b

0 − b
a (eat − 1) = σ

∫ t

0 easdBs, t ≥ 0
is a square integrable martingale. Thus, the martingale convergence theorem
implies that as t → ∞,

eatXa,b
t → Xa,b

0 − b

a
+ Za, P̂a,b-a.s.,

where Za := σ
∫∞
0 easdBs has Gaussian law N (0,−σ2

2a ). Then, the integral ver-
sion of the Toeplitz lemma implies that as t → ∞,∫ t

0 Xa,b
s ds∫ t

0 e−asds
→ Xa,b

0 − b

a
+ Za, P̂a,b-a.s.,
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0 (Xa,b
s )2ds∫ t

0 e−2asds
→

(
Xa,b

0 − b

a
+ Za

)2
, P̂a,b-a.s.

which deduces that as t → ∞,

1√
t
eat

∫ t

0
Xa,b

s ds → 0, P̂a,b-a.s.,

e2at
∫ t

0
(Xa,b

s )2ds → − 1
2a

(
Xa,b

0 − b

a
+ Za

)2
, P̂a,b-a.s.

Thus, (A4) is satisfied with ϕT (a, b) = diag(eaT , 1√
T

) and

Γ(a, b) =
(
− 1

2aσ2 (x0 − b
a + Za)2 0

0 1
σ2

)
.

Moreover, supt≥0 Êa,b[|eatXa,b
t |p] < ∞ for p ≥ 1. Thus, (A5) is satisfied with

ψt(a, b) = eat. Assume that
√

Δn

nΔn
e−6p0anΔn → 0 where p0 > 1 and p0 close to 1,

then (A6) is valid. Using (5.4) and e2a(nΔn−tk) ≤ 1 and eatk ≤ 1, we get for n
large enough and some constant c > 0,

Êa,b
[
e
C(ϕ1

nΔn
(a,b))2Δn|Xa,b

tk
|2
]

= Êa,b
[
e
Ce2anΔnΔn|Xa,b

tk
|2
]
≤ c.

Thus, (A7) holds.
As a consequence of Theorem 2.1, under condition

√
Δn

nΔn
e−6p0a0nΔn → 0, the

LAMN property holds at (a0, b0) with ϕnΔn
(a0, b0) = diag(ea0nΔn , 1√

nΔn
) and

Γ(a0, b0).
When Δn = − logn

6αp0a0n
with α ≥ 2, we have Δn → 0, nΔn → ∞ and

√
Δn

nΔn
e−6p0a0nΔn → 0.

5.1.3. Two-dimensional Gaussian diffusion process

Let Xθ = (Xθ
1 , X

θ
2 )∗ = (Xθ

t )t≥0 be the unique strong solution of the following
2-dimensional SDE (see [26, Section 4.1])

dXθ
t = A(θ)Xθ

t dt + dBt, (5.5)

with Xθ
0 = 0, where

A(θ) =
(
−θ1 −θ2
θ2 −θ1

)
,

B = (Bt)t≥0 is a 2-dimensional Brownian motion, θ = (θ1, θ2) and Θ = R
2. By

Itô’s formula,

Xθ
t = eA(θ)t

∫ t

0
e−A(θ)sdBs, where eA(θ)t = e−θ1t

(
cos θ2t − sin θ2t
sin θ2t cos θ2t

)
.
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For t > 0, the density pθ(t, y) of the marginal Xθ
t is given by

pθ(t, y) = 1
π
√

2

√
θ1

1 − e−2θ1t
exp

{
−θ1|y|2

1 − e−2θ1t

}
. (5.6)

The observed Fisher information process at θ = (θ1, θ2) based on (Xθ
s )s∈[0,t] is∫ t

0 |Xθ
s |2ds I2.

Case 1: θ1 > 0. By ergodicity, as t → ∞,

1
t

∫ t

0
|Xθ

s |2ds −→ lim
s→∞

Êθ[|Xθ
s |2] =

∫
R2

|x|2πθ(dx) = 1
θ1

, P̂θ-a.s.

Thus, (A4) is satisfied with ϕ1
t (θ) = ϕ2

t (θ) = 1√
t

and Γ(θ) = 1
θ1
I2. Furthermore,

for any p ≥ 1, supt≥0 Êθ[|Xθ
t |p] < ∞. Thus, (A5) holds with ψt(θ) = 1 for

t ≥ 0. Condition (A6) holds since ψt(θ) = 1 and ϕ1
nΔn

(θ) = ϕ2
nΔn

(θ) = 1√
nΔn

.
Using (5.6) and the fact that 1 − e−2θ1tk ≤ 2θ1tk, tk

nΔn
≤ 1 and e−θ1tk ≤ 1, we

get that for n large enough

Êθ
[
eC(ϕ1

nΔn
(θ))2Δn|Xθ

tk
|2
]

= Êθ
[
eC(ϕ2

nΔn
(θ))2Δn|Xθ

tk
|2
]

= Êθ
[
eC

Δn
nΔn

|Xθ
tk

|2
]
≤ c,

for some constant c > 0. Thus, (A7) holds. As a consequence of Theorem 2.1,
the LAN property holds at θ0 = (θ0

1, θ
0
2) with ϕnΔn

(θ0) = diag( 1√
nΔn

, 1√
nΔn

)
and Γ(θ0) = 1

θ0
1
I2.

Case 2: θ1 < 0. From [26, Section 4.1], as t → ∞,

e−A(θ)tXθ
t −→

√
− 1

2θ1
V (θ), P̂θ-a.s.,

− θ1e
2θ1t|Xθ

t |2 −→ 1
2 |V (θ)|2, P̂θ-a.s.,

2θ2
1e

2θ1t
∫ t

0
|Xθ

s |2ds −→
1
2 |V (θ)|2, P̂θ-a.s.,

where V (θ) ∼ N (0, I2). Thus, (A4) is satisfied with ϕ1
t (θ) = ϕ2

t (θ) = −
√

2θ1e
θ1t

and Γ(θ) = 1
2 |V (θ)|2I2. Moreover, supt≥0 Êθ[|eθ1tXθ

t |p] < ∞ for any p ≥ 1.
Thus, (A5) holds with ψt(θ) = eθ1t. Assume that

√
Δne

−(6p0−2)θ1nΔn → 0
where p0 > 1 and p0 close to 1, then (A6) is valid. Using (5.6), we get that for
n large enough

Êθ
[
eC(ϕ1

nΔn
(θ))2Δn|Xθ

tk
|2
]

= Êθ
[
eC(ϕ2

nΔn
(θ))2Δn|Xθ

tk
|2
]

= Êθ
[
e2Cθ2

1e
2θ1nΔnΔn|Xθ

tk
|2
]
≤ c,

for some constant c > 0. Thus, (A7) holds. As a consequence of Theorem 2.1,
under condition

√
Δne

−(6p0−2)θ0
1nΔn → 0, the LAMN property holds at θ0 =
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(θ0
1, θ

0
2) with ϕnΔn

(θ0) = diag(−
√

2θ0
1e

θ0
1nΔn ,−

√
2θ0

1e
θ0
1nΔn) and

Γ(θ0) = 1
2 |V (θ0)|2I2.

Notice that when choosing Δn = − logn
(6p0−2)θ0

1αn
for some α > 2, we have

Δn → 0, nΔn → ∞ and
√

Δne
−(6p0−2)θ0

1nΔn → 0 as n → ∞ provided that
nΔ

α
2
n → 0 since θ0

1 < 0.

5.1.4. Null-recurrent diffusion process

Let Xθ = (Xθ
t )t≥0 be the unique strong solution of the one-dimensional SDE

(see [21, Section 3.5.1])

dXθ
t = −θ

Xθ
t

1 + (Xθ
t )2

dt + σdBt, (5.7)

where Xθ
0 = x0 and σ > 0. Notice that Xθ

t does not follow the Gaussian law.
Observe that b(θ, x) and ∂θb(θ, x) are bounded. In this case, it can be checked
that the sum of type

∑n−1
k=0 |Xθ0

tk
|p for p ≥ 1 will not appear in the estimates

of all the negligible terms and thus we do not need to use Lemma 4.3 to treat∑n−1
k=0 Êθ0 [|Xθ0

tk
|p]. As a result, (A5) is not required. Moreover, thanks to the

fact that ∂θb(θ, x) is bounded, (A7) is not required (see Remark 4.7). Condition
(A6) now writes as nΔ

3
2
n (ϕnΔn

(θ))2 → 0 as n → ∞. The observed Fisher
information process at θ based on (Xθ

t )t∈[0,T ] is
∫ T

0
(Xθ

t )2

σ2(1+(Xθ
t )2)2 dt.

Case 1: θ > σ2

2 . The process Xθ is ergodic with invariant density

f(θ, x) = 1
G(θ)(1 + x2)θ/σ2 with G(θ) =

∫ ∞

−∞

dx

(1 + x2)θ/σ2 .

By ergodicity, as T → ∞,

1
T

∫ T

0

(Xθ
t )2

σ2(1 + (Xθ
t )2)2

dt
P̂θ

−→ Γ(θ) := 1
σ2G(θ)

∫ ∞

−∞

x2

(1 + x2)2+θ/σ2 dx.

Thus, (A4) holds with ϕT (θ) = 1√
T

and Γ(θ), and (A6) is valid. As a conse-
quence of Theorem 2.1, the LAN property holds at θ0 with ϕnΔn

(θ0) = 1√
nΔn

and Γ(θ0).
Case 2: −σ2

2 < θ < σ2

2 . We set γ(θ) := 1
2 + θ

σ2 and

K∗(B, γ(θ)) = Γ(1 + γ(θ))
2(γ(θ)2B)γ(θ)Γ(1 − γ(θ))

, B = 2
σ2

(
1 + 2θ

σ2

)− 4θ
σ2+2θ ,

where Γ(·) is the Gamma function. Let η be a random variable with stable
distribution function having the Laplace transform E[e−pη] = e−pγ(θ) .

With ϕT (θ) = T− γ(θ)
2 , it follows from page 298 of [21], we have that as

T → ∞,

1
T γ(θ)

∫ T

0

(Xθ
t )2

σ2(1 + (Xθ
t )2)2

dt
L(P̂θ)−→ Γ(θ),
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where
Γ(θ) := K∗(B, γ(θ)) 2

σ2

∫ ∞

−∞

x2

(1 + x2)2+θ/σ2 dx η−γ(θ).

Thus, (A4) is not valid, and the central limit theorem for continuous local
martingales cannot be applied in this case. Instead, from (3.113) of [21] or
Proposition 1 of [15], we have that as T → ∞,(

1
T

γ(θ)
2

∇θ�T (θ), 1
T γ(θ) 〈∇θ�(θ)〉T

)
=

(
−1

T
γ(θ)

2

∫ T

0

Xθ
t

σ(1 + (Xθ
t )2)

dBt,
1

T γ(θ)

∫ T

0

(Xθ
t )2

σ2(1 + (Xθ
t )2)2

dt

)
L(P̂θ)−→

(√
Γ(θ)N (0, 1),Γ(θ)

)
,

where N (0, 1) is independent of Γ(θ), which shows the convergence (3.13) that

does not require (A4). Condition (A6) is valid provided that nΔ
2(σ2−θ)
σ2−2θ

n →
0 as n → ∞. Consequently, from the proof of Theorem 2.1, under condition

nΔ
2(σ2−θ0)
σ2−2θ0

n → 0, the LAMN property holds at θ0 with ϕnΔn
(θ0) = (nΔn)−

γ(θ0)
2

and Γ(θ0).

5.1.5. A generalized exponential growth process

Let Xθ = (Xθ
t )t≥0 be the unique strong solution of the one-dimensional SDE

dXθ
t = θa(Xθ

t )dt + dBt, (5.8)

with given initial condition Xθ
0 = x0. The unknown parameter θ is positive. For

some constant c > 0, the known trend coefficient admits the representation

a(x) = cx + r(x), x ∈ R,

such that the function r satisfies the following Lipschitz and growth conditions
with appropriate constants K ≥ 0, L ≥ 0 and γ ∈ [0, 1). That is, for all (x, y) ∈
R

2,

|r(x) − r(y)| ≤ L |x− y| ,
|r(x)| ≤ K (1 + |x|γ) .

See Dietz and Kutoyants [8]. Suppose further that r is of class C2 and its first
and second derivatives r′ and r′′ are bounded. When r(x) = 0 for all x ∈ R, Xθ is
an Ornstein-Uhlenbeck process with exponential rate in infinity. When taking a
large value, Xθ behaves like an Ornstein-Uhlenbeck process. Notice that Xθ

t does
not follow the Gaussian law generally. The observed Fisher information process
at θ based on the continuous observation (Xθ

t )t∈[0,T ] is given by
∫ T

0 a2(Xθ
t )dt.



4304 N.K. Tran and H-L. Ngo

By [8, Lemma 2.1 and Corollary 2.2], as t → ∞ and T → ∞,

e−θctXθ
t −→ x0 + ξθ∞ + ρθ∞, P̂θ-a.s.,

e−2θcT
∫ T

0
a2(Xθ

t )dt −→ c

2θ (x0 + ξθ∞ + ρθ∞)2, P̂θ-a.s.,

where ξθ∞ =
∫∞
0 e−θcsdBs and ρθ∞ =

∫∞
0 e−θcsθr(Xθ

s )ds. Thus, condition (A4)
satisfies with ϕT (θ) = e−θcT and Γ(θ) = c

2θ (x0 + ξθ∞ + ρθ∞)2.
Moreover, supt≥0 Êθ[|e−θctXθ

t |p] < ∞ for p ≥ 1, see Lemma 2.1 of [8]. Hence,
condition (A5) holds with ψt(θ) = e−θct. Assume that

√
Δne

(6p0−2)θcnΔn → 0
where p0 > 1 and p0 close to 1, then condition (A6) is valid. Now, it remains
to check condition (A7). For this, using the Maclaurin series of the exponential
function, we write

Êθ
[
eC(ϕnΔn (θ))2Δn|Xθ

tk
|2
]

= 1 +
∞∑
i=1

(CΔn)i

i! Êθ
[(
e−θcnΔn |Xθ

tk
|
)2i]

≤ 1 +
∞∑
i=1

(CΔn)i

i! Êθ
[∣∣e−θctkXθ

tk

∣∣2i] . (5.9)

From Lemma 2.1 of [8], we have the following decomposition

e−θctXθ
t =: ηθt = x0 + ξθt + ρθt ,

for any t ≥ 0, where

ξθt =
∫ t

0
e−θcsdBs, ρθt =

∫ t

0
e−θcsθr(Xθ

s )ds.

Then, for any t > 0 and even number p ≥ 2 and p ∈ N, we get that

Êθ
[∣∣e−θctXθ

t

∣∣] ≤ 3p−1
(
|x0|p + Êθ

[
|ξθt |p

]
+ Êθ

[
|ρθt |p

])
. (5.10)

First, since ξθt follows the Gaussian distribution, we have

Êθ
[
|ξθt |p

]
= (p− 1)!!

(
Êθ

[
|ξθt |2

]) p
2

= (p− 1)!!
(

1
2θc (1 − e−2θct)

) p
2

≤ (p− 1)!!
(

1
2θc

) p
2

, (5.11)

where (p− 1)!! denotes the double factorial of p− 1.
Next, using (2.15) and (2.16) of [8], we have that P̂-a.s.

|ρθt | ≤
θK

μ

(
2 + ηθ∗

)
≤ θK

μ

(
2 +

(
|x0| + ξθ∗ + 2θK

μ

)
e

θK
μ

)
,

where μ = θc(1 − γ), ηθ∗ = supt≥0 |ηθt | and ξθ∗ = supt≥0 |ξθt |.
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Using Doob’s maximal inequalities, the fact that 1 < p
p−1 ≤ 2 and (5.11), we

have that for any t ≥ 0,

Êθ

[(
sup

0≤s≤t
|ξθs |

)p]
≤

( p

p− 1

)p

Êθ
[
|ξθt |p

]
≤ 2p(p− 1)!!

( 1
2θc

) p
2
.

This implies that

Êθ
[
|ξθ∗ |p

]
= Êθ

[(
sup
s≥0

|ξθs |
)p]

= lim
t→∞

Êθ

[(
sup

0≤s≤t
|ξθs |

)p]
≤ 2p(p− 1)!!

( 1
2θc

) p
2
.

Thus, we obtain

Êθ
[
|ρθt |p

]
≤

(
θK

μ

)p

2p−1
((

2 +
(
|x0| +

2θK
μ

)
e

θK
μ

)p

+ ep
θK
μ Êθ

[
|ξθ∗ |p

])
≤

(
θK

μ

)p

2p−1
((

2 +
(
|x0| +

2θK
μ

)
e

θK
μ

)p

+ ep
θK
μ 2p(p− 1)!!

( 1
2θc

) p
2
)
.

(5.12)

From (5.10), (5.11) and (5.12), we obtain that for any t > 0 and even number
p ≥ 2 and p ∈ N,

Êθ
[∣∣e−θctXθ

t

∣∣p] ≤ 3p−1
{
|x0|p + (p− 1)!!

( 1
2θc

) p
2 +

(
θK

μ

)p

2p−1

×
((

2 +
(
|x0| +

2θK
μ

)
e

θK
μ

)p

+ ep
θK
μ 2p(p− 1)!!

( 1
2θc

) p
2
)}

. (5.13)

Inserting (5.13) into (5.9) and using again Maclaurin series of the exponential
function, we get that

Êθ
[
eC(ϕi

nΔn
(θ))2Δn|Xθ

tk
|2
]
≤ 1 + 1

3

∞∑
i=1

(CΔn)i

i! 9i
{
|x0|2i + (2i− 1)!!

( 1
2θc

)i

+ 1
2

(
θK

μ

)2i

4i
((

2 +
(
|x0| +

2θK
μ

)
e

θK
μ

)2i
+ e2i θK

μ 4i(2i− 1)!!
( 1

2θc

)i
)}

≤ 1 + S1 + S2

+ 1
3

(
exp

{
9C|x0|2Δn

}
+ 1

2 exp
{

36C
(θK
μ

)2
(
2 +

(
|x0| +

2θK
μ

)
e

θK
μ

)2
Δn

})
,

where

S1 = 1
3

∞∑
i=1

1
i!

(
9CΔn

2θc

)i

(2i− 1)!!,

S2 = 1
6

∞∑
i=1

1
i!

(
144CΔn

2θc

(
θK

μ

)2

e2 θK
μ

)i

(2i− 1)!!.
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Using Stirling’s approximation n! ∼
√

2πn(ne )n for n large enough, there exists
a natural number i0 such that for all i > i0,

(2i− 1)!! = (2i)!
2ii! ∼

√
2π2i(2i

e )2i√
2πi( i

e )i
=

√
2
(2i
e

)i

.

This implies that

S1 ≈ 1
3

i0∑
i=1

1
i!

(
9CΔn

2θc

)i

(2i− 1)!! + 1
3

∞∑
i=i0+1

1√
2πi( i

e )i

(
9CΔn

2θc

)i √
2
(2i
e

)i

= 1
3

i0∑
i=1

1
i!

(
9CΔn

2θc

)i

(2i− 1)!! + 1
3
√
π

∞∑
i=i0+1

1√
i

(
9CΔn

θc

)i

,

which, by the D’Alembert criterion, converges when n is large enough. Similarly,
the series S2 converges for n large enough by using the same arguments. Thus,
we have shown that there exists a constant C0 > 0 such that for n large enough

Êθ
[
eC(ϕi

nΔn
(θ))2Δn|Xθ

tk
|2
]
≤ C0.

Hence, (A7) is valid.
As a consequence of Theorem 2.1, under condition

√
Δne

(6p0−2)θ0cnΔn → 0,
the LAMN property holds for the likelihood at θ0 with rate of convergence
ϕnΔn

(θ0) = e−θ0cnΔn and asymptotic random Fisher information

Γ(θ0) = c

2θ0 (x0 + ξθ
0

∞ + ρθ
0

∞)2.

Notice that when choosing Δn = logn
(6p0−2)θ0cαn for some α > 2, we have Δn → 0,

nΔn → ∞ and
√

Δne
(6p0−2)θ0cnΔn → 0 as n → ∞ provided that nΔ

α
2
n → 0

since θ0 > 0.

5.2. Inhomogeneous diffusions

5.2.1. Inhomogeneous Ornstein-Uhlenbeck process

Let Xθ = (Xθ
t )t≥0 be the unique strong solution of the one-dimensional SDE

dXθ
t = −θA(t)Xθ

t dt + dBt, (5.14)

where Xθ
0 = 0, A : R+ → R is measurable with

∫ t

0 A2(s)ds < ∞ for every t

(see [26, Section 4.2]). By Itô’s formula, Xθ
t = f(θ, t)

∫ t

0 f(θ, s)−1dBs where
f(θ, t) = exp{−θ

∫ t

0 A(s)ds}. The observed Fisher information process at θ

based on (Xθ
s )s∈[0,t] is given by

∫ t

0 A2(s)(Xθ
s )2ds. The expected Fisher infor-

mation at θ and t based on (Xθ
s )s∈[0,t] is given by

IXθ (t) =
∫ t

0
A2(s)f(θ, s)2

∫ s

0
f(θ, u)−2duds.
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Case 1: Consider the set of explosive parameters

Θ0 :=
{
θ ∈ R : −θ

∫ t

0
A(s)ds → ∞ as t → ∞ and

∫ ∞

0
f(θ, s)−2ds < ∞

}
.

For any θ ∈ Θ0, we have supt≥0 f(θ, t)−2Êθ[(Xθ
t )2] =

∫∞
0 f(θ, s)−2ds < ∞ and

as t → ∞,

f(θ, t)−1Xθ
t −→

( ∫ ∞

0
f(θ, s)−2ds

) 1
2 ξ, P̂θ-a.s.,

ϕt(θ)2
∫ t

0
A2(s)(Xθ

s )2ds −→ ξ2, P̂θ-a.s.,

where ξ ∼ N (0, 1) and

ϕt(θ) =
(∫ ∞

0
f(θ, s)−2ds

∫ t

0
A2(s)f(θ, s)2ds

)− 1
2
.

Thus, (A4) is satisfied with ϕt(θ) and Γ(θ) = ξ2.
Moreover, supt≥0 Êθ[|f(θ, t)−1Xθ

t |p] < ∞ for any p ≥ 1. Thus, (A5) holds
with ψt(θ) = f(θ, t)−1. As a consequence of Theorem 2.1, under (A6)-(A7),
the LAMN property holds at θ0 ∈ Θ0 with ϕnΔn

(θ0) and Γ(θ0) = ξ2.
Case 2: Consider the set of parameters

Θ1 :=
{
θ ∈ R : lim

t→∞
IXθ (t) = ∞,

and lim
t→∞

1√
IXθ (t)

A(t)f(θ, t)2
∫ t

0
f(θ, s)−2ds = 0

}
,

where assume that A is continuous. For any θ ∈ Θ1, as t → ∞,

ϕt(θ)2
∫ t

0
A2(s)(Xθ

s )2ds −→ 1, in L2(P̂θ),

where ϕt(θ) = IXθ (t)− 1
2 . Thus, (A4) is satisfied with Γ(θ) = 1. As a conse-

quence of Theorem 2.1, under (A5)-(A7), the LAN property holds at θ0 ∈ Θ1
with ϕnΔn

(θ0) and Γ(θ0) = 1.
When A(t) = 1, Xθ becomes the classical homogeneous Ornstein-Uhlenbeck

process which has been addressed in Section 5.1.2.
When A(t) = 1

1+t , then Θ0 = (−∞,−1
2 ) and Θ1 = (−1

2 ,∞). For t > 0, the
density pθ(t, y) of the marginal Xθ

t is given by

pθ(t, y) = 1√
2π

2θ+1 (1 + t− 1
(1+t)2θ )

exp
{

−y2

2
2θ+1 (1 + t− 1

(1+t)2θ )

}
. (5.15)

For θ ∈ Θ0, we choose ϕt(θ) = −(2θ + 1)tθ+ 1
2 , ψt(θ) = (1 + t)θ, and (A6)

is valid provided that nΔ
1+ 1

2((−6p0+2)θ+2)
n → 0 where p0 > 1 and p0 close to
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1. Using (5.15), it can be checked that (A7) holds. For θ ∈ Θ1, we choose
ϕt(θ) =

√
2θ+1

log(1+t) , (A5) is valid with ψt(θ) = 1√
1+t

, (A6) is valid provided

that
√

Δn(nΔn)3p0+1

log(1+nΔn) → 0 where p0 > 1 and p0 close to 1. Using (5.15), it can be
checked that (A7) holds.

5.2.2. A special inhomogeneous diffusion process

Let Xθ = (Xθ
t )t≥0 be the unique strong solution of the one-dimensional SDE,

which is a special case of the Hull-White model,

dXθ
t = θb(t)Xθ

t dt + σ(t)dBt, (5.16)

with given initial condition Xθ
0 = 0, where b : R+ → R and σ : R+ → (0,∞)

are known Borel-measurable functions. Here, θ ∈ R is an unknown parameter.
See Barczy and Pap [3].

By Itô’s formula, the SDE (5.16) has a unique strong solution given by

Xθ
t =

∫ t

0
σ(s) exp

{
θ

∫ t

s

b(u)du
}
dBs = f(θ, t)

∫ t

0
σ(s)f(θ, s)−1dBs,

where f(θ, t) = exp{θ
∫ t

0 b(u)du}. The observed Fisher information process at θ
based on (Xθ

s )s∈[0,t] is given by
∫ t

0
b2(s)(Xθ

s )2
σ2(s) ds. The expected Fisher information

at θ and t is

IXθ (t) =
∫ t

0

b2(s)
σ2(s) Êθ

[
(Xθ

s )2
]
ds =

∫ t

0

b2(s)
σ2(s)f(θ, s)2

∫ s

0
σ2(u)f(θ, u)−2duds.

Case 1: Consider the set of parameters

Θ0 :=
{
θ ∈ R : lim

t→∞
IXθ (t) = ∞ and

∫ ∞

0
σ2(s)f(θ, s)−2ds < ∞

}
.

Then, for any θ ∈ Θ0, we have

sup
t≥0

f(θ, t)−2Êθ[(Xθ
t )2] =

∫ ∞

0
σ2(s)f(θ, s)−2ds < ∞

and

f(θ, t)−1Xθ
t −→

(∫ ∞

0
σ2(s)f(θ, s)−2ds

) 1
2
ξ, P̂θ-a.s.,

1
IXθ (t)

∫ t

0

b2(s)(Xθ
s )2

σ2(s) ds −→ ξ2, P̂θ-a.s.,

as t → ∞, where ξ ∼ N (0, 1) (see the proof of [3, Theorem 7]). Thus, (A4) is
satisfied with ϕt(θ) = IXθ (t)− 1

2 and Γ(θ) = ξ2.



LAMN property for multivariate inhomogeneous diffusions 4309

Moreover, supt≥0 Êθ[|f(θ, t)−1Xθ
t |p] < ∞ for any p ≥ 1. Thus, (A5) holds

with ψt(θ) = f(θ, t)−1. As a consequence of Theorem 2.1, under (A6)-(A7),
the LAMN property holds at θ0 with ϕnΔn

(θ0) = IXθ0 (nΔn)− 1
2 and Γ(θ0) = ξ2.

Case 2: Consider the set of parameters

Θ1 :=
{
θ ∈ R : lim

t→∞
IXθ (t) = ∞,

and lim
t→∞

1√
IXθ (t)

b(t)
σ2(t)f(θ, t)2

∫ t

0
σ2(s)f(θ, s)−2ds = 0

}
.

Then, for any θ ∈ Θ1, as t → ∞, (see [3, Theorem 10])

1
IXθ (t)

∫ t

0

b2(s)(Xθ
s )2

σ2(s) ds −→ 1, in L2(P̂θ).

Thus, (A4) is satisfied with ϕt(θ) = IXθ (t)− 1
2 and Γ(θ) = 1. By Theorem 2.1,

under (A5)-(A7), the LAN property holds at θ0 with ϕnΔn
(θ0) = IXθ0 (nΔn)− 1

2

and Γ(θ0) = 1.
When σ(t) = σ > 0, Xθ becomes the inhomogeneous Ornstein-Uhlenbeck

process which has been considered in Section 5.2.1.
When b(t) = 1

1+t , and σ(t) = 2+t
1+t then Θ0 = (1

2 ,∞) and Θ1 = (−∞, 1
2 ) \

{−1
2}. For t > 0, the density pθ(t, y) of the marginal Xθ

t is given by

pθ(t, y) = 1√
2πv2(θ, t)

exp
{

−y2

2v2(θ, t)

}
, (5.17)

v2(θ, t) = 1
−2θ + 1(t + 1) − 1

θ
− 1

2θ + 1
1

t + 1 + 8θ2 − 1
θ(4θ2 − 1)(t + 1)2θ.

For any θ ∈ Θ0, we choose ϕt(θ) = 2θ−1
tθ−

1
2
, ψt(θ) = 1

(1+t)θ , and (A6) is valid

provided that nΔ
1+ 1

2((6p0−2)θ+2)
n → 0 where p0 > 1 and p0 close to 1. Using (5.17),

(A7) is valid. For any θ ∈ Θ1, we choose ϕt(θ) =
√

−2θ+1
log(2+t) , condition (A5) is

valid with ψt(θ) = 1√
1+t

, and (A6) is valid provided that
√

Δn(nΔn)3p0+1

log(2+nΔn) → 0
where p0 > 1 and p0 close to 1. Using (5.17), (A7) is valid. To the best of
our knowledge, the results obtained for this concrete inhomogeneous diffusion
process are new in the context where both the drift and diffusion coefficients
depend on the time variable t.

Remark 5.2. In models (5.14) and (5.16) we consider a particular case that
the initial condition Xθ

0 = 0 for simplicity. The case that Xθ
0 �= 0 can be treated

by a similar argument.
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6. Proof of technical results

6.1. Proof of Lemma 3.1

Proof. For all t ∈ [tk, tk+1], using the chain rule of the Malliavin calculus, we
have (

Dt(f(Y θ
tk+1

(tk, x)))
)∗

=
(
∇f(Y θ

tk+1
(tk, x))

)∗
DtY

θ
tk+1

(tk, x),

where f : Rd → R is a continuously differentiable function with compact sup-
port. Thus, we have (∇f(Y θ

tk+1
(tk, x)))∗ = (Dt(f(Y θ

tk+1
(tk, x))))∗ Uθ

t (tk, x) with
Uθ
t (tk, x) = (DtY

θ
tk+1

(tk, x))−1 since DtY
θ
tk+1

(tk, x) is an invertible matrix a.s.
Then for any i ∈ {1, . . . ,m}, using the duality relationship of the Malliavin
calculus on [tk, tk+1], we get

∂θiẼ
[
f(Y θ

tk+1
(tk, x))

]
= Ẽ

[(
∇f(Y θ

tk+1
(tk, x))

)∗
∂θiY

θ
tk+1

(tk, x)
]

= 1
Δn

Ẽ
[∫ tk+1

tk

(
Dt(f(Y θ

tk+1
(tk, x)))

)∗
Uθ
t (tk, x) ∂θiY θ

tk+1
(tk, x)dt

]
= 1

Δn
Ẽ
[
f(Y θ

tk+1
(tk, x))δ

(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

)]
. (6.1)

By (3.8), the family ((∇f(Y θ
tk+1

(tk, x)))∗ ∂θiY θ
tk+1

(tk, x), θ ∈ Θ) is uniformly in-
tegrable. This is the reason why we can interchange ∂θi and Ẽ. Next, using the
stochastic flow property,

∂θiẼ
[
f(Y θ

tk+1
(tk, x))

]
=

∫
Rd

f(y)∂θipθ(tk, tk+1, x, y)dy, (6.2)

and

Ẽ
[
f(Y θ

tk+1
(tk, x))δ

(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

)]
= Ẽ

[
f(Y θ

tk+1
)δ
(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

)
|Y θ

tk
= x

]
=

∫
Rd

f(y)Ẽ
[
δ
(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

) ∣∣Y θ
tk

= x, Y θ
tk+1

= y
]

× pθ(tk, tk+1, x, y)dy. (6.3)

Thus, the desired result follows from (6.1)-(6.3).

6.2. Proof of Lemma 3.2

Proof. First, using (3.4) and Itô’s formula, we obtain

(∇xY
θ
t (tk, x))−1 = Id −

d∑
j=1

∫ t

tk

(∇xY
θ
s (tk, x))−1∇xσj(s, Y θ

s (tk, x))dW j
s
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−
∫ t

tk

(∇xY
θ
s (tk, x))−1(∇xb(θ, s, Y θ

s (tk, x)) −
d∑

j=1
(∇xσj(s, Y θ

s (tk, x)))2
)
ds.

This combined with (3.5) and Itô’s formula implies that

(∇xY
θ
t (tk, x))−1∂θiY

θ
t (tk, x) =

∫ t

tk

(∇xY
θ
s (tk, x))−1∂θib(θ, s, Y θ

s (tk, x))ds.

(6.4)

Then, using (3.6), the product rule (1.48) of Nualart [29], the fact that the
Skorohod integral and the Itô integral of an adapted process coincide, and (6.4),
we obtain

δ
(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

)
= δ

(
σ−1(·, Y θ

· (tk, x))∇xY
θ
· (tk, x)(∇xY

θ
tk+1

(tk, x))−1∂θiY
θ
tk+1

(tk, x)
)

= (∂θiY θ
tk+1

(tk, x))∗((∇xY
θ
tk+1

(tk, x))−1)∗

·
∫ tk+1

tk

(∇xY
θ
s (tk, x))∗σ−1(s, Y θ

s (tk, x))dWs

−
∫ tk+1

tk

tr
(
Ds

(
(∂θiY θ

tk+1
(tk, x))∗((∇xY

θ
tk+1

(tk, x))−1)∗
)

· σ−1(s, Y θ
s (tk, x))∇xY

θ
s (tk, x)

)
ds

=
∫ tk+1

tk

((∇xY
θ
s (tk, x))−1∂θib(θ, s, Y θ

s (tk, x)))∗ds

·
∫ tk+1

tk

(∇xY
θ
s (tk, x))∗σ−1(s, Y θ

s (tk, x))dWs

−
∫ tk+1

tk

∫ tk+1

s

tr
(
Ds

(
((∇xY

θ
u (tk, x))−1∂θib(θ, u, Y θ

u (tk, x)))∗
)

· σ−1(s, Y θ
s (tk, x))∇xY

θ
s (tk, x)

)
duds.

Next, adding and subtracting the vector ((∇xY
θ
tk

(tk, x))−1∂θib(θ, tk, Y θ
tk

(tk, x)))∗
in the first integral and the matrix (∇xY

θ
tk

(tk, x))∗σ−1(tk, Y θ
tk

(tk, x)) in the sec-
ond integral together with Y θ

tk
(tk, x) = Y θ

tk
= x, we obtain

δ
(
Uθ(tk, x)∂θiY θ

tk+1
(tk, x)

)
= Δn(σ−1(tk, x)∂θib(θ, tk, x))∗(Wtk+1 −Wtk)

−Rθ,k
1 + Rθ,k

2 + Rθ,k
3 .

(6.5)

Finally, from equation (3.3) we write

Wtk+1 −Wtk = σ−1(tk, Y θ
tk

)
(
Y θ
tk+1

− Y θ
tk

− b(θ, tk, Y θ
tk

)Δn

−
∫ tk+1

tk

(
b(θ, s, Y θ

s ) − b(θ, tk, Y θ
tk

)
)
ds−

∫ tk+1

tk

(
σ(s, Y θ

s ) − σ(tk, Y θ
tk

)
)
dWs

)
.
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This combined with (6.5) concludes the desired result.

6.3. Proof of Lemma 4.4

Proof. For y ∈ R
d, we denote g(x, y) := Ẽθ

tk,x
[V θ|Y θ

tk+1
= y]. Then, we get

Êθ0

tk,x

[
Ẽθ
tk,x

[
V θ|Y θ

tk+1
= Xθ0

tk+1

]]
= Êθ0

tk,x

[
g(x,Xθ0

tk+1
)
]

=
∫
Rd

g(x, y)pθ
0
(tk, tk+1, x, y)dy

=
∫
Rd

g(x, y)p
θ0

pθ
(tk, tk+1, x, y)pθ(tk, tk+1, x, y)dy.

Next, using (4.1) in [27] for homogeneous diffusions and (3.2) in [31] for inho-
mogeneous diffusions, together with the fact that Y θ is the independent copy of
Xθ, we have

pθ
0

pθ
(tk, tk+1, x, y) = Ẽθ

tk,x

[
dP̃θ0

tk,x

dP̃θ
tk,x

((Y θ
t )t∈Ik)

∣∣∣Y θ
tk+1

= y

]
.

Thus, we write

Êθ0

tk,x

[
Ẽθ
tk,x

[
V θ|Y θ

tk+1
= Xθ0

tk+1

]]
=

∫
Rd

g(x, y)Ẽθ
tk,x

[
dP̃θ0

tk,x

dP̃θ
tk,x

((Y θ
t )t∈Ik)

∣∣∣Y θ
tk+1

= y

]
pθ(tk, tk+1, x, y)dy

= Ẽθ
tk,x

[
g(x, Y θ

tk+1
)
dP̃θ0

tk,x

dP̃θ
tk,x

((Y θ
t )t∈Ik)

]

= Ẽθ
tk,x

[
g(x, Y θ

tk+1
)
]

+ Ẽθ
tk,x

[
g(x, Y θ

tk+1
)
(dP̃θ0

tk,x

dP̃θ
tk,x

((Y θ
t )t∈Ik) − 1

)]

= Ẽθ
tk,x

[
V θ

]
+ Ẽθ

tk,x

[
Ẽθ
tk,x

[
V θ|Y θ

tk+1

](dP̃θ0

tk,x

dP̃θ
tk,x

((Y θ
t )t∈Ik) − 1

)]
,

which concludes (4.2). The proof of (4.3) can be obtained by using change of
measures.

6.4. Proof of Lemma 4.5

We need to introduce the following auxiliary estimate.

Lemma 6.1. Let h : R → R be a convex function and ξ = (ξs)s≥0 be a stochastic
process. Then, for any τ > 0, we have

E
[
h

(∫ τ

0
ξsds

)]
≤ sup

s∈[0,τ ]
E [h(τξs)] ,
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provided that all the expectations are well-defined.

Proof. Let U be a continuous random variable which is independent of ξ, and has
a uniform distribution over the interval [0, τ ]. Then, using Jensen’s inequality,
we get

E
[
h
(∫ τ

0
ξsds

)]
= E [h (EU [τξU ])]

≤ E [EU [h (τξU )]] = 1
τ

∫ τ

0
E [h(τξs)] ds ≤ sup

s∈[0,τ ]
E [h(τξs)] ,

where EU is the expectation w.r.t. the uniform distribution over [0, τ ]. The result
follows.

Proof. We start proving (4.4). Using (4.1) for Y , we get

dP̃θ0

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik) − 1

=
(dP̃θ0+

i+1
tk,x

− dP̃θ0+
i

(�)
tk,x

) + (dP̃θ0+
i+2

tk,x
− dP̃θ0+

i+1
tk,x

)

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

+ · · · +
(dP̃θ0+

m
tk,x

− dP̃θ0+
m−1

tk,x
) + (dP̃θ0

tk,x
− dP̃θ0+

m
tk,x

)

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

∂θi

(dP̃θi(0+)
tk,x

dP̃θ0+
i

(�)
tk,x

)
((Y θ0+

i
(�)

t )t∈Ik)dθi

+
∫ θ0

i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

∂θi+1

(dP̃θi+1(0+)
tk,x

dP̃θ0+
i

(�)
tk,x

)
((Y θ0+

i
(�)

t )t∈Ik)dθi+1

+ · · · +
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

∂θm

(dP̃θm(0+)
tk,x

dP̃θ0+
i

(�)
tk,x

)
((Y θ0+

i
(�)

t )t∈Ik)dθm

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

∫ tk+1

tk

(∂θib(θi(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )

·
(
dWt − σ−1(t, Y θ0+

i
(�)

t )
(
b(θi(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)

·
dP̃θi(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)dθi

+
∫ θ0

i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

∫ tk+1

tk

(∂θi+1b(θi+1(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )

·
(
dWt − σ−1(t, Y θ0+

i
(�)

t )
(
b(θi+1(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)
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·
dP̃θi+1(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)dθi+1 + · · ·

+
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

∫ tk+1

tk

(∂θmb(θm(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )

·
(
dWt − σ−1(t, Y θ0+

i
(�)

t )
(
b(θm(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)

·
dP̃θm(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)dθm. (6.6)

Thus, we have

Ẽθ0+
i

(�)
tk,x

[
Ẽθ0+

i
(�)

tk,x
[V θ0+

i
(�)|Y θ0+

i
(�)

tk+1
]
( dP̃θ0

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik) − 1

)]

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

Ẽθ0+
i

(�)
tk,x

[
Ẽθ0+

i
(�)

tk,x
[V θ0+

i
(�)|Y θ0+

i
(�)

tk+1
]

·
∫ tk+1

tk

(∂θib(θi(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )
(
dWt − σ−1(t, Y θ0+

i
(�)

t )

·
(
b(θi(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)dP̃θi(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

]
dθi

+
∫ θ0

i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

Ẽθ0+
i

(�)
tk,x

[
Ẽθ0+

i
(�)

tk,x
[V θ0+

i
(�)|Y θ0+

i
(�)

tk+1
]

·
∫ tk+1

tk

(∂θi+1b(θi+1(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )
(
dWt − σ−1(t, Y θ0+

i
(�)

t )

·
(
b(θi+1(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)

·
dP̃θi+1(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

]
dθi+1

+ · · · +
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

Ẽθ0+
i

(�)
tk,x

[
Ẽθ0+

i
(�)

tk,x
[V θ0+

i
(�)|Y θ0+

i
(�)

tk+1
]

·
∫ tk+1

tk

(∂θmb(θm(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )
(
dWt − σ−1(t, Y θ0+

i
(�)

t )

·
(
b(θm(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)

·
dP̃θm(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

]
dθm.

Next, we treat the first term on the right-hand side. For this, using Hölder’s
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inequality with 1
q + 1

p + 1
r = 1 and Jensen’s inequality, we get

Di :=
∣∣∣∣ ∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

Ẽθ0+
i

(�)
tk,x

[
Ẽθ0+

i
(�)

tk,x
[V θ0+

i
(�)|Y θ0+

i
(�)

tk+1
]

·
∫ tk+1

tk

(∂θib(θi(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )
(
dWt − σ−1(t, Y θ0+

i
(�)

t )

·
(
b(θi(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)
dt
)

·
dP̃θi(0+)

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

]
dθi

∣∣∣∣
≤

∣∣∣∣ ∫ θ0
i

θ0
i
+�ϕi

nΔn
(θ0)ui

(
Ẽθ0+

i
(�)

tk,x

[
|V θ0+

i
(�)|q

]) 1
q

·
(
Ẽθ0+

i
(�)

tk,x

[∣∣∣ ∫ tk+1

tk

(∂θib(θi(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )

·
(
dWt − σ−1(t, Y θ0+

i
(�)

t )(b(θi(0+), t, Y θ0+
i

(�)
t ) − b(θ0+

i (�), t, Y θ0+
i

(�)
t ))dt

)∣∣∣p]) 1
p

·
(
Ẽθ0+

i
(�)

tk,x

[(dP̃θi(0+)
tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

)r]) 1
r

dθi

∣∣∣∣.
Now, using the mean value theorem, Burkholder-Davis-Gundy’s inequality, con-
ditions (A2) and (A3)(b), and Lemma 4.2 (ii) applied to Y θ0+

i
(�), we get for

some constant C > 0,

Ẽθ0+
i

(�)
tk,x

[∣∣∣ ∫ tk+1

tk

(∂θib(θi(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )
(
dWt − σ−1(t, Y θ0+

i
(�)

t )

· (b(θi(0+), t, Y θ0+
i

(�)
t ) − b(θ0+

i (�), t, Y θ0+
i

(�)
t ))dt

)∣∣∣p]
= Ẽθ0+

i
(�)

tk,x

[∣∣∣ ∫ tk+1

tk

(∂θib(θi(0+), t, Y θ0+
i

(�)
t ))∗σ−1(t, Y θ0+

i
(�)

t )

·
(
dWt − σ−1(t, Y θ0+

i
(�)

t )(−�ϕi
nΔn

(θ0)ui

∫ 1

0
∂θib(θ0+

i (α�), t, Y θ0+
i

(�)
t )dα)dt

)∣∣∣p]
≤ C(

√
Δn)p(1 + |x|p)

(
1 + (

√
Δnϕ

i
nΔn

(θ0))p|x|p
)
.

Next, using again (4.1) for Y , Cauchy-Schwarz inequality, and the fact that the
expectation of an exponential martingale is equal to 1, we get

Ẽθ0+
i

(�)
tk,x

[(dP̃θi(0+)
tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik)

)r]
≤

(
Ẽθ0+

i
(�)

tk,x

[
exp

{
2r

∫ tk+1

tk

(
b(θi(0+), t, Y θ0+

i
(�)

t ) − b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)∗
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· σ−1(t, Y θ0+
i

(�)
t )dWt − 2r2

∫ tk+1

tk

∣∣(b(θi(0+), t, Y θ0+
i

(�)
t )

− b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)∗
σ−1(t, Y θ0+

i
(�)

t )
∣∣2dt}]) 1

2

×
(
Ẽθ0+

i
(�)

tk,x

[
exp

{
2(r2 − r

2)
∫ tk+1

tk

∣∣(b(θi(0+), t, Y θ0+
i

(�)
t )

− b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)∗
σ−1(t, Y θ0+

i
(�)

t )
∣∣2dt}]) 1

2

=
(
Ẽθ0+

i
(�)

tk,x

[
exp

{
2(r2 − r

2)
∫ tk+1

tk

∣∣(b(θi(0+), t, Y θ0+
i

(�)
t )

− b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)∗
σ−1(t, Y θ0+

i
(�)

t )
∣∣2dt}]) 1

2
.

Then, using the mean value theorem, conditions (A2) and (A3)(b), Lemma 6.1,
and the argument in the proof of [12, Lemma A.1], we get for n large enough,

Ẽθ0+
i

(�)
tk,x

[
exp

{
2(r2 − r

2)
∫ tk+1

tk

∣∣(b(θi(0+), t, Y θ0+
i

(�)
t )

− b(θ0+
i (�), t, Y θ0+

i
(�)

t )
)∗
σ−1(t, Y θ0+

i
(�)

t )
∣∣2dt}]

= Ẽθ0+
i

(�)
tk,x

[
exp

{
2(r2 − r

2)�2u2
i (ϕi

nΔn
(θ0))2

×
∫ tk+1

tk

∫ 1

0

∣∣(∂θib(θ0+
i (α�), t, Y θ0+

i
(�)

t )
)∗
σ−1(t, Y θ0+

i
(�)

t )
∣∣2dαdt}]

≤ Ẽθ0+
i

(�)
tk,x

[
exp

{
C(ϕi

nΔn
(θ0))2

∫ tk+1

tk

(1 + |Y θ0+
i

(�)
t |2)dt

}]
≤ sup

t∈[tk,tk+1]
Ẽθ0+

i
(�)

tk,x

[
exp

{
C(ϕi

nΔn
(θ0))2Δn(1 + |Y θ0+

i
(�)

t |2)
}]

= sup
t∈[0,Δn]

Ẽθ0+
i

(�)
0,x

[
exp

{
C(ϕi

nΔn
(θ0))2Δn(1 + |Y θ0+

i
(�)

t |2)
}]

≤ K sup
t∈[0,Δn]

Ẽθ0+
i

(�)
0,x

[
exp

{
C(ϕi

nΔn
(θ0))2Δn|Y

θ0+
i

(�)
t |2

}]
≤ KeC(ϕi

nΔn
(θ0))2Δn|x|2 ,

for some constants K,C > 0. Thus, we have shown that

Di ≤ C(Ẽθ0+
i

(�)
tk,x

[|V θ0+
i

(�)|q]) 1
q

√
Δn(1 + |x|)ϕi

nΔn
(θ0)(1 +

√
Δnϕ

i
nΔn

(θ0)|x|)

× eCi(ϕi
nΔn

(θ0))2Δn|x|2 ,

for some constants C,Ci > 0. The same arguments also apply to the other
terms. Therefore,∣∣∣Ẽθ0+

i
(�)

tk,x

[
Ẽθ0+

i
(�)

tk,x
[V θ0+

i
(�)|Y θ0+

i
(�)

tk+1
]
( dP̃θ0

tk,x

dP̃θ0+
i

(�)
tk,x

((Y θ0+
i

(�)
t )t∈Ik) − 1

)]∣∣∣
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≤ C
(
Ẽθ0+

i
(�)

tk,x
[|V θ0+

i
(�)|q]

) 1
q
√

Δn(1 + |x|)

×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|x|
)
eCi(ϕi

nΔn
(θ0))2Δn|x|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|x|

)
× eCi+1((ϕi

nΔn
(θ0))2+(ϕi+1

nΔn
(θ0))2)Δn|x|2 + · · ·

+ ϕm
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|x|

)
× eCm((ϕi

nΔn
(θ0))2+···+(ϕm

nΔn
(θ0))2)Δn|x|2

)
,

for any q > 1, some constants C,Ci, . . . , Cm > 0 and n large enough. This
concludes (4.4).

We next prove (4.5). Proceeding as (6.6) and using (1.1), we get

dP̂θ0

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik) − 1

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

∫ tk+1

tk

(∂θib(θi(0+), t,Xθ0+
i

(�)
t ))∗σ−2(t,Xθ0+

i
(�)

t )

·
(
dX

θ0+
i

(�)
t − b(θi(0+), t,Xθ0+

i
(�)

t )dt
)dP̂θi(0+)

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik)dθi

+
∫ θ0

i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

∫ tk+1

tk

(∂θi+1b(θi+1(0+), t,Xθ0+
i

(�)
t ))∗σ−2(t,Xθ0+

i
(�)

t )

·
(
dX

θ0+
i

(�)
t − b(θi+1(0+), t,Xθ0+

i
(�)

t )dt
)dP̂θi+1(0+)

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik)dθi+1

+ · · · +
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

∫ tk+1

tk

(∂θmb(θm(0+), t,Xθ0+
i

(�)
t ))∗σ−2(t,Xθ0+

i
(�)

t )

·
(
dX

θ0+
i

(�)
t − b(θm(0+), t,Xθ0+

i
(�)

t )dt
)dP̂θm(0+)

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik)dθm.

Then, using change of measures and (1.1), we get

Êθ0+
i

(�)
tk,x

[
V̂ θ0+

i
(�)

( dP̂θ0

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik) − 1

)]

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

Êθ0+
i

(�)
tk,x

[
V̂ θ0+

i
(�)

∫ tk+1

tk

(∂θib(θi(0+), t,Xθ0+
i

(�)
t ))∗

· σ−2(t,Xθ0+
i

(�)
t )

(
dX

θ0+
i

(�)
t − b(θi(0+), t,Xθ0+

i
(�)

t )dt
)dP̂θi(0+)

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik)

]
dθi
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+
∫ θ0

i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

Êθ0+
i

(�)
tk,x

[
V̂ θ0+

i
(�)

∫ tk+1

tk

(∂θi+1b(θi+1(0+), t,Xθ0+
i

(�)
t ))∗

· σ−2(t,Xθ0+
i

(�)
t )

(
dX

θ0+
i

(�)
t − b(θi+1(0+), t,Xθ0+

i
(�)

t )dt
)

×
dP̂θi+1(0+)

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik)

]
dθi+1

+ · · · +
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

Êθ0+
i

(�)
tk,x

[
V̂ θ0+

i
(�)

∫ tk+1

tk

(∂θmb(θm(0+), t,Xθ0+
i

(�)
t ))∗

· σ−2(t,Xθ0+
i

(�)
t )

(
dX

θ0+
i

(�)
t − b(θm(0+), t,Xθ0+

i
(�)

t )dt
)

×
dP̂θm(0+)

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik)

]
dθm

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

Êθi(0+)
tk,x

[
V̂ θi(0+)

∫ tk+1

tk

(∂θib(θi(0+), t,Xθi(0+)
t ))∗

· σ−2(t,Xθi(0+)
t )

(
dX

θi(0+)
t − b(θi(0+), t,Xθi(0+)

t )dt
)]
dθi

+
∫ θ0

i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

Êθi+1(0+)
tk,x

[
V̂ θi+1(0+)

∫ tk+1

tk

(∂θi+1b(θi+1(0+), t,Xθi+1(0+)
t ))∗

· σ−2(t,Xθi+1(0+)
t )

(
dX

θi+1(0+)
t − b(θi+1(0+), t,Xθi+1(0+)

t )dt
)]
dθi+1

+ · · · +
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

Êθm(0+)
tk,x

[
V̂ θm(0+)

∫ tk+1

tk

(∂θmb(θm(0+), t,Xθm(0+)
t ))∗

· σ−2(t,Xθm(0+)
t )

(
dX

θm(0+)
t − b(θm(0+), t,Xθm(0+)

t )dt
)]
dθm

=
∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

Êθi(0+)
tk,x

[
V̂ θi(0+)

∫ tk+1

tk

(∂θib(θi(0+), t,Xθi(0+)
t ))∗

· σ−1(t,Xθi(0+)
t )dBt

]
dθi +

∫ θ0
i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

Êθi+1(0+)
tk,x

[
V̂ θi+1(0+)

·
∫ tk+1

tk

(∂θi+1b(θi+1(0+), t,Xθi+1(0+)
t ))∗σ−1(t,Xθi+1(0+)

t )dBt

]
dθi+1

+ · · · +
∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

Êθm(0+)
tk,x

[
V̂ θm(0+)

·
∫ tk+1

tk

(∂θmb(θm(0+), t,Xθm(0+)
t ))∗σ−1(t,Xθm(0+)

t )dBt

]
dθm.

Next, using Hölder’s inequality with 1
q + 1

p = 1, Burkholder-Davis-Gundy’s
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inequality, conditions (A2) and (A3)(b), and Lemma 4.2 (ii), we get

∣∣∣Êθ0+
i

(�)
tk,x

[
V̂ θ0+

i
(�)

( dP̂θ0

tk,x

dP̂θ0+
i

(�)
tk,x

((Xθ0+
i

(�)
t )t∈Ik) − 1

)]∣∣∣
≤ C

√
Δn(1 + |x|)

(∣∣∣ ∫ θ0
i

θ0
i
+�ϕi

nΔn
(θ0)ui

(
Êθi(0+)
tk,x

[|V̂ θi(0+)|q]
) 1

q dθi

∣∣∣
+ · · · +

∣∣∣ ∫ θ0
m

θ0
m+ϕm

nΔn
(θ0)um

(
Êθm(0+)
tk,x

[|V̂ θm(0+)|q]
) 1

q dθm

∣∣∣),
which concludes (4.5). Thus, the result follows.

6.5. Proof of Lemma 4.8

Proof. First, observe that
∑n−1

k=0 Êθ0 [H1,k,n|F̂tk ] = 0. Next, using Itô’s formula,
we get

n−1∑
k=0

Êθ0[
H2

1,k,n|F̂tk

]
≤ C

(
(ϕi

nΔn
(θ0))2 + . . . + (ϕm

nΔn
(θ0))2

)
Δ2

n

n−1∑
k=0

(1 + |Xθ0

tk
|4).

Then, taking expectations on both sides and using Lemma 4.3, we obtain

Êθ0[ n−1∑
k=0

Êθ0[
H2

1,k,n|F̂tk

]]
≤ CΔ2

n

(
(ϕi

nΔn
(θ0))2 + . . . + (ϕm

nΔn
(θ0))2

)
×

(
n +

n−1∑
k=0

ψ−4
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [H2
1,k,n|F̂tk ] P̂θ0

−→ 0.

Therefore, by Lemma 4.1 a), H1,k,n
P̂θ0

−→ 0.
Next, using Itô’s formula and Lemma 4.3,

Êθ0[ n−1∑
k=0

Êθ0[|H2,k,n||F̂tk

]]
≤ C

∑
i,j∈{1,...,m}

Δ
3
2
nϕ

i
nΔn

(θ0)ϕj
nΔn

(θ0)

×
(
n +

n−1∑
k=0

ψ−3
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [|H2,k,n||F̂tk ] P̂θ0

−→ 0.

Therefore, by Lemma 4.1 b), H2,k,n
P̂θ0

−→ 0.
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Now, using (A2) and (A3) and Lemma 4.3, Êθ0 [
∑n−1

k=0 Êθ0 [|Kj,k,n||F̂tk ]] is
bounded by

CΔnϕ
i
nΔn

(θ0)ϕj
nΔn

(θ0)
(
(ϕi

nΔn
(θ0))γ + . . . + (ϕm

nΔn
(θ0))γ

)(
n +

n−1∑
k=0

ψ−2
tk

(θ0)
)
,

which, by (A6), tends to zero. Thus, by Lemma 4.1 b), Kj,k,n
P̂θ0

−→ 0 for j ∈
{i, i + 1, . . . ,m}.

Finally, we treat ξ2,i,k,n. For this, we write ξ2,i,k,n = ξ2,1,i,k,n+ξ2,2,i,k,n, where

ξ2,1,i,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0

(
∂θib(θ0+

i (�), tk, Xθ0

tk
) − ∂θib(θ0, tk, X

θ0

tk
)
)∗

· σ−2(tk, Xθ0

tk
)σ(tk, Xθ0

tk
)(Btk+1 −Btk)d�,

ξ2,2,i,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0

(
∂θib(θ0+

i (�), tk, Xθ0

tk
) − ∂θib(θ0, tk, X

θ0

tk
)
)∗

· σ−2(tk, Xθ0

tk
)
(
b(θ0, tk, X

θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)
)

Δnd�.

Observe that
∑n−1

k=0 Êθ0 [ξ2,1,i,k,n|F̂tk ] = 0. Using (A2) and (A3) and Lemma 4.3,

Êθ0
[ n−1∑
k=0

Êθ0
[
ξ2
2,1,i,k,n|F̂tk

]]
≤ CΔn(ϕi

nΔn
(θ0))2

(
(ϕi

nΔn
(θ0))2γ + . . . + (ϕm

nΔn
(θ0))2γ

)(
n +

n−1∑
k=0

ψ−2
tk

(θ0)
)
,

which, by (A6), tends to zero. Thus, by Lemma 4.1 a), ξ2,1,i,k,n
P̂θ0

−→ 0.
Next, using (A2) and (A3) and Lemma 4.3,

Êθ0[ n−1∑
k=0

Êθ0[|ξ2,2,i,k,n||F̂tk

]]
≤ CΔnϕ

i
nΔn

(θ0)
(
(ϕi

nΔn
(θ0))γ + . . . + (ϕm

nΔn
(θ0))γ

)
×

(
ϕi
nΔn

(θ0) + . . . + ϕm
nΔn

(θ0)
)(
n +

n−1∑
k=0

ψ−2
tk

(θ0)
)
,

which, by (A6), tends to zero. Thus, by Lemma 4.1 b), ξ2,2,i,k,n
P̂θ0

−→ 0. The
result follows.

6.6. Proof of Lemma 4.10

Proof. We apply Lemma 4.1 a) with

ζk,n = ζi,k,n
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=
ϕi
nΔn

(θ0)ui

Δn

∫ 1

0

{
Z5,�
i,k,n − Ẽθ0+

i
(�)

tk,Xθ0
tk

[
R

θ0+
i

(�),k
5

∣∣Y θ0+
i

(�)
tk+1

= Xθ0

tk+1

]}
d�.

Using (4.2) of Lemma 4.4 with V θ0+
i

(�) = R
θ0+
i

(�),k
5 , and (4.4) of Lemma 4.5 with

q = 2, the mean value theorem for vector-valued functions, and Lemma 4.2 (i)
applied to Y θ0+

i
(�), we get

∣∣ n−1∑
k=0

Êθ0[
ζi,k,n|F̂tk

]∣∣
≤ C

n−1∑
k=0

ϕi
nΔn

(θ0)
Δn

∫ 1

0

√
Δn(1 + |Xθ0

tk
|)
(
Ẽθ0+

i
(�)

tk,Xθ0
tk

[|Rθ0+
i

(�),k
5 |2]

) 1
2

×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · ·
+ ϕm

nΔn
(θ0)

(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2
)
d�

≤ C(ϕi
nΔn

(θ0))2Δ
3
2
n

n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|4
)

× eCi(ϕi
nΔn

(θ0))2Δn|Xθ0
tk

|2 + Cϕi
nΔn

(θ0)ϕi+1
nΔn

(θ0)Δ
3
2
n

n−1∑
k=0

(
1 + |Xθ0

tk
|3

+
√

Δn(ϕi
nΔn

(θ0) + ϕi+1
nΔn

(θ0))|Xθ0

tk
|4
)
eCi+1((ϕi

nΔn
(θ0))2+(ϕi+1

nΔn
(θ0))2)Δn|Xθ0

tk
|2

+ · · · + Cϕi
nΔn

(θ0)ϕm
nΔn

(θ0)Δ
3
2
n

n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δn(ϕi

nΔn
(θ0) + · · ·

+ ϕm
nΔn

(θ0))|Xθ0

tk
|4
)
eCm((ϕi

nΔn
(θ0))2+···+(ϕm

nΔn
(θ0))2)Δn|Xθ0

tk
|2 .

Here, we have used the fact that Êθ0

tk,Xθ0
tk

[Z5,�
i,k,n] = Ẽθ0+

i
(�)

tk,Xθ0
tk

[Rθ0+
i

(�),k
5 ] = 0 and

the mean value theorem for vector-valued functions to write

σi(s, Y
θ0+
i

(�)
s ) − σi(tk, Y

θ0+
i

(�)
tk

)

=
(∫ 1

0
Jσi(tk + v(s− tk), Y

θ0+
i

(�)
tk

+ v(Y θ0+
i

(�)
s − Y

θ0+
i

(�)
tk

))dv
)

·
(

s− tk

Y
θ0+
i

(�)
s − Y

θ0+
i

(�)
tk

)
,
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where the Jacobian matrix is given by

Jσi =

⎛⎜⎝∂tσ1i ∂x1σ1i . . . ∂xd
σ1i

...
...

. . .
...

∂tσdi ∂x1σdi . . . ∂xd
σdi

⎞⎟⎠ .

Thus, using Young’s inequality with 1
p0

+ 1
q0

= 1 and p0 close to 1, Lemma 4.3
and (A7),

Êθ0
[∣∣∣ n−1∑

k=0

Êθ0
[
ζi,k,n|F̂tk

]∣∣∣]
≤ CΔ

3
2
n (ϕi

nΔn
(θ0))2

(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δnϕ
i
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)

+ CΔ
3
2
nϕ

i
nΔn

(θ0)ϕi+1
nΔn

(θ0)
(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0)

+ ϕi+1
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)

+ · · · + CΔ
3
2
nϕ

i
nΔn

(θ0)ϕm
nΔn

(θ0)

×
(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [ζi,k,n|F̂tk ] P̂θ0

−→ 0.
Next, applying Jensen’s inequality, (4.2) of Lemma 4.4, (4.4) of Lemma 4.5,

the mean value theorem for vector-valued functions, and Lemma 4.2 (i), we get

n−1∑
k=0

Êθ0
[
ζ2
i,k,n|F̂tk

]
≤ 2

(ϕi
nΔn

(θ0)ui)2

Δ2
n

n−1∑
k=0

∫ 1

0

{
Êθ0

tk,Xθ0
tk

[
|Z5,�

i,k,n|2
]

+ Ẽθ0+
i

(�)
tk,Xθ0

tk

[
|Rθ0+

i
(�),k

5 |2
]

+ C
√

Δn(1 + |Xθ0

tk
|)
(
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
|Rθ0+

i
(�),k

5 |4
]) 1

2

×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · ·
+ ϕm

nΔn
(θ0)

(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2
)}

d�

≤ CΔ2
n(ϕi

nΔn
(θ0))2

n−1∑
k=0

(1 + |Xθ0

tk
|4) + CΔ

5
2
n (ϕi

nΔn
(θ0))3

n−1∑
k=0

(
1 + |Xθ0

tk
|5
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+
√

Δnϕ
i
nΔn

(θ0)|Xθ0

tk
|6
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2 + CΔ

5
2
n (ϕi

nΔn
(θ0))2

× ϕi+1
nΔn

(θ0)
n−1∑
k=0

(
1 + |Xθ0

tk
|5 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|6
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · · + CΔ
5
2
n (ϕi

nΔn
(θ0))2

× ϕm
nΔn

(θ0)
n−1∑
k=0

(
1 + |Xθ0

tk
|5 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|6
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2 . (6.7)

Thus, using Young’s inequality with 1
p0

+ 1
q0

= 1 and p0 close to 1, Lemma 4.3
and (A7),

Êθ0
[ n−1∑
k=0

Êθ0
[
ζ2
i,k,n|F̂tk

]]
≤ CΔ2

n(ϕi
nΔn

(θ0))2
(
n +

n−1∑
k=0

ψ−4
tk

(θ0)
)

+ CΔ
5
2
n (ϕi

nΔn
(θ0))3

(
n +

n−1∑
k=0

ψ−5p0
tk

(θ0) + (
√

Δnϕ
i
nΔn

(θ0))p0

n−1∑
k=0

ψ−6p0
tk

(θ0)
)

+ CΔ
5
2
n (ϕi

nΔn
(θ0))2ϕi+1

nΔn
(θ0)

(
n +

n−1∑
k=0

ψ−5p0
tk

(θ0)

+ (
√

Δn(ϕi
nΔn

(θ0) + ϕi+1
nΔn

(θ0))p0

n−1∑
k=0

ψ−6p0
tk

(θ0)
)

+ · · · + CΔ
5
2
n (ϕi

nΔn
(θ0))2ϕm

nΔn
(θ0)

(
n +

n−1∑
k=0

ψ−5p0
tk

(θ0)

+ (
√

Δn(ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0))p0

n−1∑
k=0

ψ−6p0
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [ζ2
i,k,n|F̂tk ] P̂θ0

−→ 0.

Therefore, by Lemma 4.1 a),
∑n−1

k=0 ζi,k,n
P̂θ0

−→ 0 for any i ∈ {1, . . . ,m}. Thus,
the result follows.

6.7. Proof of Lemma 4.11

Proof. We write

ζk,n : =
ϕi
nΔn

(θ0)ui

Δn

∫ 1

0

{
Z4,�
i,k,n − Ẽθ0+

i
(�)

tk,Xθ0
tk

[
R

θ0+
i

(�),k
4

∣∣Y θ0+
i

(�)
tk+1

= Xθ0

tk+1

]}
d�

= ζi,1,k,n + ζi,2,k,n,
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where

ζi,1,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0
(∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)Mi,1,k,nd�,

ζi,2,k,n = ϕi
nΔn

(θ0)ui

∫ 1

0
(∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)Mi,2,k,nd�,

Mi,1,k,n =
∫ tk+1

tk

(
b(θ0, s,Xθ0

s ) − b(θ0, tk, X
θ0

tk
)

−
(
b(θ0+

i (�), s,Xθ0

s ) − b(θ0+
i (�), tk, Xθ0

tk
)
))

ds,

Mi,2,k,n =
∫ tk+1

tk

(
b(θ0+

i (�), s,Xθ0

s ) − b(θ0+
i (�), tk, Xθ0

tk
)
)
ds

− Ẽθ0+
i

(�)
tk,Xθ0

tk

[ ∫ tk+1

tk

(
b(θ0+

i (�), s, Y θ0+
i

(�)
s )

− b(θ0+
i (�), tk, Y

θ0+
i

(�)
tk

)
)
ds

∣∣Y θ0+
i

(�)
tk+1

= Xθ0

tk+1

]
.

First, we treat ζi,1,k,n. For this, using the mean value theorem, we write

b(θ0, s,Xθ0

s ) − b(θ0+
i (�), s,Xθ0

s ) = b(θ0+
i+1, s,X

θ0

s ) − b(θ0+
i (�), s,Xθ0

s )

+ b(θ0+
i+2, s,X

θ0

s ) − b(θ0+
i+1, s,X

θ0

s ) + · · · + b(θ0+
m , s,Xθ0

s ) − b(θ0+
m−1, s,X

θ0

s )

+ b(θ0, s,Xθ0

s ) − b(θ0+
m , s,Xθ0

s )

= −�ϕi
nΔn

(θ0)ui

∫ 1

0
∂θib(θ0+

i (α�), s,Xθ0

s )dα

− ϕi+1
nΔn

(θ0)ui+1

∫ 1

0
∂θi+1b(θ0+

i+1(α), s,Xθ0

s )dα

− · · · − ϕm
nΔn

(θ0)um

∫ 1

0
∂θmb(θ0+

m (α), s,Xθ0

s )dα.

Therefore,

b(θ0, s,Xθ0

s ) − b(θ0, tk, X
θ0

tk
) −

(
b(θ0+

i (�), s,Xθ0

s ) − b(θ0+
i (�), tk, Xθ0

tk
)
)

= b(θ0, s,Xθ0

s ) − b(θ0+
i (�), s,Xθ0

s ) −
(
b(θ0, tk, X

θ0

tk
) − b(θ0+

i (�), tk, Xθ0

tk
)
)

= −�ϕi
nΔn

(θ0)ui

∫ 1

0

(
∂θib(θ0+

i (α�), s,Xθ0

s ) − ∂θib(θ0+
i (α�), tk, Xθ0

tk
)
)
dα

− ϕi+1
nΔn

(θ0)ui+1

∫ 1

0

(
∂θi+1b(θ0+

i+1(α), s,Xθ0

s ) − ∂θi+1b(θ0+
i+1(α), tk, Xθ0

tk
)
)
dα

− · · · − ϕm
nΔn

(θ0)um

∫ 1

0

(
∂θmb(θ0+

m (α), s,Xθ0

s ) − ∂θmb(θ0+
m (α), tk, Xθ0

tk
)
)
dα.

Then, using the mean value theorem for vector-valued functions, we write

∂θj b(θ0+
j (α), s,Xθ0

s ) − ∂θj b(θ0+
j (α), tk, Xθ0

tk
)
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=
(∫ 1

0
J∂θj

b(θ0+
j (α), tk + v(s− tk), Xθ0

tk
+ v(Xθ0

s −Xθ0

tk
))dv

)
·
(

s− tk
Xθ0

s −Xθ0

tk

)
,

for all j ∈ {i, . . . ,m}, where the Jacobian matrix is given by

J∂θj
b =

⎛⎜⎝∂2
θjt

b1 ∂2
θjx1

b1 . . . ∂2
θjxd

b1
...

...
. . .

...
∂2
θjt

bd ∂2
θjx1

bd . . . ∂2
θjxd

bd

⎞⎟⎠ .

This, combined with (A2)-(A3), Lemma 4.2 (i) and Lemma 4.3, we obtain

Êθ0
[ n−1∑
k=0

Êθ0
[∣∣ζi,1,k,n∣∣|F̂tk

]]
≤ CΔ

3
2
nϕ

i
nΔn

(θ0)
(
ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0)
)(
n +

n−1∑
k=0

ψ−2
tk

(θ0)
)
,

which, by (A6), tends to zero. Thus, by Lemma 4.1 b),
∑n−1

k=0 ζi,1,k,n
P̂θ0

−→ 0.
Next, we apply Lemma 4.1 a) to ζi,2,k,n. To simplify the exposition, we set

V̂ θ0
= (∂θib(θ0+

i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
∫ tk+1

tk

(
b(θ0+

i (�), s,Xθ0

s ) − b(θ0+
i (�), tk, Xθ0

tk
)
)
ds,

V θ0+
i

(�) = (∂θib(θ0+
i (�), tk, Xθ0

tk
))∗σ−2(tk, Xθ0

tk
)

·
∫ tk+1

tk

(
b(θ0+

i (�), s, Y θ0+
i

(�)
s ) − b(θ0+

i (�), tk, Y
θ0+
i

(�)
tk

)
)
ds,

Then, using (4.3) and (4.2) of Lemma 4.4 with V̂ θ0 and V θ0+
i

(�), (4.5) and (4.4)
of Lemma 4.5 with q = 2, and Lemma 4.2 (i), |

∑n−1
k=0 Êθ0 [ζi,2,k,n|F̂tk ]| is bounded

by

Cϕi
nΔn

(θ0)|ui|
n−1∑
k=0

∫ 1

0

√
Δn(1 + |Xθ0

tk
|)

×
{∣∣∣ ∫ θ0

i

θ0
i
+�ϕi

nΔn
(θ0)ui

(
Êθi(0+)
tk,Xθ0

tk

[|V̂ θi(0+)|2]
) 1

2 dθi

∣∣∣
+

∣∣∣ ∫ θ0
i+1

θ0
i+1+ϕi+1

nΔn
(θ0)ui+1

(
Êθi+1(0+)
tk,Xθ0

tk

[|V̂ θi+1(0+)|2]
) 1

2 dθi+1

∣∣∣ + · · ·

+
∣∣∣ ∫ θ0

m

θ0
m+ϕm

nΔn
(θ0)um

(
Êθm(0+)
tk,Xθ0

tk

[|V̂ θm(0+)|2]
) 1

2 dθm

∣∣∣ +
(
Ẽθ0+

i
(�)

tk,Xθ0
tk

[|V θ0+
i

(�)|2]
) 1

2
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×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · ·
+ ϕm

nΔn
(θ0)

(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2
)}

d�

≤ CΔ2
nϕ

i
nΔn

(θ0)
(
ϕi
nΔn

(θ0) + ϕi+1
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0)
) n−1∑

k=0

(
1 + |Xθ0

tk
|3
)

+ CΔ2
n(ϕi

nΔn
(θ0))2

n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|4
)

× eCi(ϕi
nΔn

(θ0))2Δn|Xθ0
tk

|2 + CΔ2
nϕ

i
nΔn

(θ0)ϕi+1
nΔn

(θ0)
n−1∑
k=0

(
1 + |Xθ0

tk
|3

+
√

Δn(ϕi
nΔn

(θ0) + ϕi+1
nΔn

(θ0))|Xθ0

tk
|4
)
eCi+1((ϕi

nΔn
(θ0))2+(ϕi+1

nΔn
(θ0))2)Δn|Xθ0

tk
|2

+ · · · + CΔ2
nϕ

i
nΔn

(θ0)ϕm
nΔn

(θ0)
n−1∑
k=0

(
1 + |Xθ0

tk
|3 +

√
Δn(ϕi

nΔn
(θ0) + · · ·

+ ϕm
nΔn

(θ0))|Xθ0

tk
|4
)
eCm((ϕi

nΔn
(θ0))2+···+(ϕm

nΔn
(θ0))2)Δn|Xθ0

tk
|2 .

Here, we have used Êθ0+
i

(�)
tk,Xθ0

tk

[V̂ θ0+
i

(�)] = Ẽθ0+
i

(�)
tk,Xθ0

tk

[V θ0+
i

(�)] due to the fact that

Y θ0+
i

(�) is the independent copy of Xθ0+
i

(�) and the mean value theorem for
vector-valued functions to write

b(θ0+
i (�), s, Y θ0+

i
(�)

s ) − b(θ0+
i (�), tk, Y

θ0+
i

(�)
tk

)

=
(∫ 1

0
Jb(θ0+

i (�), tk + v(s− tk), Y
θ0+
i

(�)
tk

+ v(Y θ0+
i

(�)
s − Y

θ0+
i

(�)
tk

))dv
)

·
(

s− tk

Y
θ0+
i

(�)
s − Y

θ0+
i

(�)
tk

)
,

where the Jacobian matrix is given by

Jb =

⎛⎜⎝∂tb1 ∂x1b1 . . . ∂xd
b1

...
...

. . .
...

∂tbd ∂x1bd . . . ∂xd
bd

⎞⎟⎠ .

Then, using Young’s inequality with 1
p0

+ 1
q0

= 1 and p0 close to 1, Lemma 4.3
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and (A7),

Êθ0
[∣∣∣ n−1∑

k=0

Êθ0
[
ζi,2,k,n|F̂tk

]∣∣∣]
≤ CΔ2

nϕ
i
nΔn

(θ0)
(
ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0)
)(

n +
n−1∑
k=0

ψ−3
tk

(θ0)
)

+ CΔ2
n(ϕi

nΔn
(θ0))2

(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δnϕ
i
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)

+ CΔ2
nϕ

i
nΔn

(θ0)ϕi+1
nΔn

(θ0)
(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0)

+ ϕi+1
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)

+ · · · + CΔ2
nϕ

i
nΔn

(θ0)ϕm
nΔn

(θ0)

×
(
n +

n−1∑
k=0

ψ−3p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0))p0

n−1∑
k=0

ψ−4p0
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Therefore,
∑n−1

k=0 Êθ0 [ζi,2,k,n|F̂tk ] P̂θ0

−→ 0
as n → ∞.

Next, applying Jensen’s inequality, (4.2) of Lemma 4.4, (4.4) of Lemma 4.5,
the mean value theorem for vector-valued functions, and Lemma 4.2 (i),∑n−1

k=0 Êθ0 [ζ2
i,2,k,n|F̂tk ] is bounded by

2(ϕi
nΔn

(θ0)ui)2
n−1∑
k=0

∫ 1

0

{
Êθ0

tk,Xθ0
tk

[
|V̂ θ0 |2

]
+ Ẽθ0+

i
(�)

tk,Xθ0
tk

[
|V θ0+

i
(�)|2

]
+ C

√
Δn(1 + |Xθ0

tk
|)
(
Ẽθ0+

i
(�)

tk,Xθ0
tk

[
|V θ0+

i
(�)|4

]) 1
2

×
(
ϕi
nΔn

(θ0)
(
1 +

√
Δnϕ

i
nΔn

(θ0)|Xθ0

tk
|
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2

+ ϕi+1
nΔn

(θ0)
(
1 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · ·
+ ϕm

nΔn
(θ0)

(
1 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2
)}

d�

≤ CΔ3
n(ϕi

nΔn
(θ0))2

n−1∑
k=0

(1 + |Xθ0

tk
|4) + CΔ

7
2
n (ϕi

nΔn
(θ0))3

n−1∑
k=0

(
1 + |Xθ0

tk
|5

+
√

Δnϕ
i
nΔn

(θ0)|Xθ0

tk
|6
)
eCi(ϕi

nΔn
(θ0))2Δn|Xθ0

tk
|2 + CΔ

7
2
n (ϕi

nΔn
(θ0))2
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× ϕi+1
nΔn

(θ0)
n−1∑
k=0

(
1 + |Xθ0

tk
|5 +

√
Δn(ϕi

nΔn
(θ0) + ϕi+1

nΔn
(θ0))|Xθ0

tk
|6
)

× eCi+1((ϕi
nΔn

(θ0))2+(ϕi+1
nΔn

(θ0))2)Δn|Xθ0
tk

|2 + · · · + CΔ
7
2
n (ϕi

nΔn
(θ0))2

× ϕm
nΔn

(θ0)
n−1∑
k=0

(
1 + |Xθ0

tk
|5 +

√
Δn(ϕi

nΔn
(θ0) + · · · + ϕm

nΔn
(θ0))|Xθ0

tk
|6
)

× eCm((ϕi
nΔn

(θ0))2+···+(ϕm
nΔn

(θ0))2)Δn|Xθ0
tk

|2 .

Then, proceeding as for the term (6.7), we get

Êθ0
[ n−1∑
k=0

Êθ0
[
ζ2
i,2,k,n|F̂tk

]]
≤ CΔ3

n(ϕi
nΔn

(θ0))2
(
n +

n−1∑
k=0

ψ−4
tk

(θ0)
)

+ CΔ
7
2
n (ϕi

nΔn
(θ0))3

(
n +

n−1∑
k=0

ψ−5p0
tk

(θ0) + (
√

Δnϕ
i
nΔn

(θ0))p0

n−1∑
k=0

ψ−6p0
tk

(θ0)
)

+ CΔ
7
2
n (ϕi

nΔn
(θ0))2ϕi+1

nΔn
(θ0)

×
(
n +

n−1∑
k=0

ψ−5p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0) + ϕi+1
nΔn

(θ0))p0

n−1∑
k=0

ψ−6p0
tk

(θ0)
)

+ · · · + CΔ
7
2
n (ϕi

nΔn
(θ0))2ϕm

nΔn
(θ0)

×
(
n +

n−1∑
k=0

ψ−5p0
tk

(θ0) + (
√

Δn(ϕi
nΔn

(θ0) + · · · + ϕm
nΔn

(θ0))p0

n−1∑
k=0

ψ−6p0
tk

(θ0)
)
,

which, by condition (A6), tends to zero. Thus,
∑n−1

k=0 Êθ0 [ζ2
i,2,k,n|F̂tk ] P̂θ0

−→ 0.

Therefore, by Lemma 4.1 a),
∑n−1

k=0 ζi,2,k,n
P̂θ0

−→ 0 for any i ∈ {1, . . . ,m}. Thus,
the result follows.
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