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1. Introduction

Empirical process theory is one of the key concepts in proving uniform conver-
gence rates and weak convergence of composite functionals. It is preferable to
have a theory which can be applied to observations which are dependent but
also nonstationary. Locally stationary processes allow for a smooth change of
the distribution over time but can locally be approximated by stationary pro-
cesses and thus provide more flexible time series models (cf. [6]). This paper
extends the theory of our recent paper [14] where we have established an empir-
ical process theory for locally stationary processes under functional dependence
considering function classes that are at least Holder-continuous. Here, we ad-
ditionally allow for nonsmooth functions, in particular, our framework includes
(but is by far not limited to) the empirical distribution function (EDF).

The only papers that are known to the authors that explicitly deal with
functional convergence of locally stationary processes are [14] and [12]. For sta-
tionary processes, a vast range of theoretical results are available. A prominent
idea to measure dependence of random variables is given by mixing (cf. [9]). The
publications [2], [21] and [10] derive large deviation results and uniform central
limit theorems under absolute regularity (8-mixing). In [16], refined results are
available. Other general theories are based on Markov chains and other types of
mixing, cf. the overview in [14].
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Regarding the functional weak convergence of the EDF, more specific con-
ditions were derived in the literature for stationary observations. [11, Theorem
4] provide functional convergence of the EDF using bounds for covariances of
Holder functions of the random variables. Another abstract concept was intro-
duced by [3] via S-mixing (for stationary mixing), which imposes the existence
of m-dependent approximations of the original observations. They then derive
strong approximations and uniform central limit theorems for the EDF. Other
approaches were presented in [4] and [7]. In [19] and [12] uniform central limit
theorems for the EDF were derived for stationary and piece-wise locally sta-
tionary processes under functional dependence.

Our empirical process theory is derived under the dependence concept of
functional dependence (cf. [18]). In combination with the theory of martingales
it allows for sharp large deviation inequalities (cf. [20] or [22]). We assume that
X = (Xij)j=1,...d, ¢ = 1,...,n, is a d-dimensional Bernoulli shift process of the
form

Xi = Xi,n = Jz,n(A,), (1.1)

where A; = o(e;,€;—1, ...) is the sigma-algebra generated by ¢;, i € Z, a sequence
of i.i.d. random variables in R? (d, de N), and some measurable function J; ,, :
(RHNo 5 R4 § = 1,...,n, n € N. We note that X; still depends on n, but for
the sake of readibility we omit the dependence on n.

For a real-valued random variable W and some v > 0, we define |W||, :=
E[|[W|*]/. If &} is an independent copy of e, independent of ¢;,i € Z, we
(i=k) . yx(i=k) ._

define A; = (€iy e, Eimkt 1, €1k Eimk—1, -.) and set X in

Jin (A (Fk)). The uniform functional dependence measure is then given by

5X(k) = sup 7sudeXiij;(i_k)||V. (1.2)

i=1,...,n j=1,...,

The value §;X measures the impact of g on Xj. The representation (1.1) actually
does cover a large variety of processes. We additionally allow J to vary with ¢
and n to cover processes which change their stochastic behavior over time. This
is exactly the form of the so-called locally stationary processes discussed in [6].

Since we are working in a time series context, many applications ask for
functions f that not only depend on the actual observation of the process but
on the whole (infinite) past Z; := (X;, X;-1, X;—2,...). In the course of this
paper, we aim to derive asymptotic properties of the empirical process

Gull) = =Y ANZ D) ~Bf(Ze )} feF (Y

where
F c{f: (RHYNo x [0,1] — R measurable}.

Let H(e, F,|| - ||) denote the bracketing entropy, that is, the logarithm of the
number of e-brackets with respect to some distance ||-|| that is necessary to cover
F (this is made precise at the end of this section). We will define a distance
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V., which guarantees weak convergence of (1.3) if the corresponding bracketing

entropy integral fol VH(e, F, V,,)de is finite.

Our main contributions are the following:

e We derive maximal inequalities for G, (f) where the class F consists of
nonsmooth functions.

e We state conditions to ensure asymptotic tightness and functional conver-
gence of G, (f), f € F.

Eventhough our theory allows for general function classes, we will have a special
focus on the EDF. In particular, we derive functional convergence of the EDF
under weak conditions on the moments and the dependence structure of the
process X;. We will see that our results typically pose weaker conditions on
the underlying dependence structure than comparable results for the stationary
case mentioned above. In particular, we compare our results with [12] where the
authors discussed the EDF of piece-wise locally stationary processes.

The paper is structured as follows. In Section 2, we present our main re-
sult Theorem 2.8, the functional central limit theorem under minimal moment
conditions. We then derive a version for stationary processes, and discuss its
application on empirical distribution functions where the underlying process is
either stationary or locally stationary. It is the aim of Section 2.6 to show a
wide range of applicability of our theory. Some assumptions are postponed to
Section 3, where a new multivariate central limit theorem for locally stationary
processes is presented. In Section 4 we provide new maximal inequalities for
Gn(f) in case of a finite and infinite function class F. In Section 5 a conclusion
is drawn. We postpone all detailed proofs to the Appendix, Section A.

We now introduce some basic notation. For a,b € R, let a A b := min{a, b},
aV b :=max{a,b}. For k € N,

H(k) := 1 Vlog(k) (1.4)

which naturally appears in large deviation inequalities. For a given finite class
F, let |F| denote its cardinality. We use the abbreviation

H=H(F|)=1Vlog|F| (1.5)

if no confusion arises. For some distance || ||, let N(¢, F,||-||) denote the bracket-
ing numbers, that is, the smallest number of e-brackets [I;,u,] :={f € F:1; <
f < u;} (i.e. measurable functions [;, u; : (R¥)No x [0,1] — R with ||u; — ;|| < e
for all j) to cover F. Let H(e, F,| - ||) := logN(e, F, || - ||) denote the bracketing
entropy. For v > 1, let

/]

1 n . Y 1/u
o= (oI DIE) (16)
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2. A functional central limit theorem under functional dependence
and application to empirical distribution functions

A process X;, i = 1,...,n, is called locally stationary if for each u € [0,1],
there exists a stationary process X;(u) approximating X; for i = 1,...,n, i.e.
X, ~ X;(u) if |u— L] is small (cf. [6]). The exact form needed is stated in
Assumption 2.5. Thus, X; behaves stationary around each fixed (rescaled) time
point u € [0,1], but over the whole time period ¢ = 1,...,n its distribution
can change drastically. Deterministic properties of the process like expectation,
covariance, spectral density or empirical distribution functions therefore also
depend on the rescaled time u € [0,1]. As an example, consider the localized
empirical distribution function of X,

A R i/n—wv
G (e0) = 1= S K( )10y, (2.1)

where K : R — R is a kernel function and h,, > 0 a bandwidth. The goal of this
paper is to provide a general empirical process theory which allows to show, for
instance, a functional central limit theorem of G, 5, (2, v) for fixed v € [0, 1] of
the form

[Vh(Gn, (,0) = G(z,0))], o > G(@)er (2.2)

where (G(z))zer is a centered Gaussian process and G(z,v) = P(Xy(v) < z)
denotes the distribution function of Xo(u).

Clearly, the additional localization via kernels changes the convergence rate of
the empirical process. To discuss (2.1) with the general form (1.3), we therefore
suppose that any f € F has a representation

f(z,u) = Dy p(u) - f(z,u), z e (RHNe 4 €0,1], (2.3)

where f is independent of n and Dy ,(u) is independent of z = (2;);en,. For
the specific example given in (2.2), we would consider

1 uU—v

N el

and thus Dy, ,(u) = ﬁK(“h_n“) and fy(2,1) = Lizo<ay-

We now introduce the necessary assumptions for our empirical process theory
based on the functional dependence measure. Based on the decomposition (2.3),
we define the following two function classes based on f, which mimic the one-

step-ahead mean and variance forecast,

f:{(z,u)nﬁfz(z,u) = ) - Liz<a) ::UE]R}7

FO = A(z,u) » E[f(Zi,u)|Zio1 =2 :i € Z, f € F},
F@ = {(z,u) » E[f(Z,u)?|Ziiy = 2% i e Z, f € F}.

For s € (0,1], a sequence z = (2;)jen, of elements of R? (equipped with the
maximum norm | - |«) and an absolutely summable sequence L = (L;) en, of
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nonnegative real numbers, we set

0 1/s
|2]L,s 1= (ZLHZJEO) o lale = el
=0

Definition 2.1. A class G is called a (L, s, R,C)-class if L = (L;)jen, is a
sequence of nonnegative real numbers, s € (0,1] and R : (R%)No x [0, 1] — [0, 00)
satisfies for all u € [0,1], 2,2’ € (RH)No, g € G,

lg(z,0) — g(=',w)| < |z = /I3, - [R(z.u) + R, w)].

Furthermore, the tuple C' = (Cg,Cg) € (0,00)? satisfies sup, |9(0,u)| < Cg,
supy |R(0, u)] < Cr.

2.1. Main assumptions

There are two basic assumptions on f connected to our main result. The first
is a compatibility condition which connects smoothness properties of F*), k €
{1,2} with corresponding moment assumptions on the process X;, i = 1,...,n.

Assumption 2.2 (Compatibility condition on F). The classes F*), k € {1,2},
are (L, s, R, C)-classes for some L, s, R, C, and there exists p € (1,00], Cx >0
such that

sup [R(Zi—1,u)ll2p < Cr,  sup [ Xijl| 2 < Cx.
7, 1,7 P
Let D,, > 0 and A(k) > 0 such that
2dC ka(aX (k—3j—1))° < A(k) s (1§:|D (i)|2)1/2<1n>
] sp - - = ’ up | — ’ . - '
Rj:O 3\0 2ep J fer \n finl n
Based on Assumption 2.2, we define for f € F,
oo
Va(f) = 1 fll2m + Y min{|[ fllz.n, DuA(k)}, (2.4)
k=1

where | fll2,» is given by equation (1.6). Clearly, V,,(f — g) can be interpreted
as a distance between f,g € F, albeit it is actually a seminorm. Furthermore,
let

Bla) ==Y AG). (2.5)

The following assumptions are also required when stating a multivariate cen-
tral limit theorem on the empirical process G, (f).

Assumption 2.3. Let F be an envelope function of {f : f € F}, that is, If()] <
F(-) for all f € F. There exists p € (1,00] such that sup, ,, |[F'(Z;,u)|2p < 00,
sup, 4, | F(Zo(v),u)||2p < oo. Furthermore, either
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o X, is stationary, or
o forallc>0 and f € F,

sup iE[ sup |f(20(v),u) — f(Zo(v) + a,u)ﬂ <oo. (2.6)

wwelo,1] € alL 7 s<c
Additionally, (2.6) also holds for F instead of f.
Assumption 2.4. There exists some s € (0,1] such that for every f € F,
f(z,u1) = f(z,u2)] < |ur —ug|* - (R(z,u1) + R(z, uz)),
and sup,, ,, |R(Zo(v),u)||2 < oo.

Assumption 2.5. For each u € [0, 1], there exists a process X;(u) = J(A;,u),
1 € Z, where J is a measurable function. Furthermore, there exists some Cx > 0,
¢ € (0,1] such that for every i € {1,...,n}, u1,us € [0, 1],

1Xi = X( )| 2 SCOxn™%, | Xi(u) — Xi(up))]

20p < Cxlur — ugl.
p—1

For Z;(u) = (X;(u), X;—1(w), ...) it holds that sup,, ,, | R(Zo(v), u)|2p < co.

For f € F, let DY, = sup,—y Dyn(L) where Dy, can be recalled in
equation (2.3).

Assumption 2.6. For all f € F, the function D°° O has bounded variation

uniformly in n, and

D
fn
sup — E Dy ( <0 00, — 0. 2.7
neN T ! \/ﬁ ( )

One of the two following cases hold.

(i) Case K = 1 (global case): For all f,g € F, u v E[E[f(Z;, (u),u)|Zo] -
E[g(Z;,(u),uw)|Zo]] has bounded variation for all ji,jo € Ny and the fol-
lowing limit exists:

1
5O = fim /0 Dy (w)Dy () - 3 Conl F(Zolw), u), 5(Z5(w), u))du.

n—oo -
JEZ

(i1) Case K = 2 (local case): There exists a sequence hy, > 0 and v € [0,1]
such that suppDy ,,(-) C [v — hp,v + hy,]. It holds that

hn — 0, sup(hl/?. DY) < oo.
neN

The following limit exists for all f,qg € F:

5@ hm/ Dy () Dy () - 3 Con(F(Zo(v),0), 5(Z;(v),v))-

n—oo
JEZ
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While Assumption 2.3 asks for smoothness of f in the L%-sense if X; is
nonstationary, Assumption 2.4 requires the function class F to behave smoothly
in the second argument. Assumption 2.5 formulates what it means for a process
to be locally stationary (cf. [6]). The last Assumption 2.6 mainly controls the
behavior of the factor Dy ,(u) of f € F (from equation (2.3)) which does not
depend on the observations. Assumption 2.6 looks rather technical but is crucial
to this context. The first part including (2.7) guarantees the right normalization
of Dy (-). The second part ensures the convergence of the asymptotic variances
Var(G,,(f)) and covariances Cov(Gy,(f), G, (g)) with respect to the behavior of
Dyn(-)-

Assumptions 2.4, 2.5 and 2.6 are needed to allow for very different function
classes F which later on becomes very important as we consider function classes
of infinite cardinality. In many special cases, however, some of these assumptions
are automatically fulfilled. For example,

e If f(z,u) = f(z) does not depend on u, Assumption 2.4 is fulfilled.
o If X, is stationary, Assumption 2.5 is fulfilled.
o If Dy, (u) =1, Assumption 2.6 is fulfilled.

We aslo need an additional submultiplicativity assumption on the dependence
term G(:) from (2.5).

Assumption 2.7. There exists a constant Cg > 0 such that for each q1,q2 € N,

Bla1g2) < Cp - B(q1)B(g2)-

It is easily seen that Assumption 2.7 is fulfilled if A(k), in Assumption 2.2,
follows a polynomial (A(k) = ck=® for ¢ > 0,a > 1) or exponential decay
(A(k) = cpF for ¢ > 0, p € (0,1)), cf. [14, Lemma 7.9]. It is generally not

possible to show Assumption 2.7 if A(k) contains a factor of the form logl(k).

2.2. A functional central limit theorem

We now state our main result. Recall the definition of V,, from (2.4). In the
space
(F) ={G: F = R|[|Glloo = ;HI;IG(f)l < oo}, (2.8)
€

the following theorem holds true.

Theorem 2.8. Suppose that F satisfies Assumptions 2.2, 2.8, 2.7, 2.5, 2.4, 2.6.

For
Y(e) = /log(e=1 v 1)loglog(e ™! Ve) (2.9)

suppose that

1
sup/o Y(e)/H(e, F, V,,)de < 0.

neN

Then in (>°(F),

(Gl jer = [6(N)] jer
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where (G(f))fer is a centered Gaussian process with covariances

Cov(G(f),G(g)) = lim Cov(Gy(f),Gn(g)) = =™

n—roo

and X is from Assumption 2.6.

Here, the weak convergence is meant in the usual sense with outer probabil-
ities. The properties of the space ¢>°(F) can be found in [17], for instance.

Note that it is a result of the convergence of the finite-dimensional distri-
butions in Section 3, Theorem 3.1, and asymptotic tightness in Section 4.2,
Corollary 4.5.

If further conditions in Assumption 2.2 are imposed, we derive simpler forms
of V,, which are shown in the table below. In this case we suppose that D,, €
(0,00) is independent of n € N and A(k) is of polynomial or geometric decay.
These results are proven in [14, Lemma 7.11 and Lemma 7.12].

The theorem significantly simplifies if X; is stationary, f(z,u) = f(z0), de-
pends only on one observation and no weighting is present, i.e. Dy ,(u) = 1.
Assumptions 2.3, 2.4, 2.5 and 2.6 are then directly fulfilled. These assumptions
are needed only to provide a (pointwise) central limit theorem for locally sta-
tionary processes. They basically ask for several smoothness properties of f.

In more detail, let

Go(h) = % > {h(X) ~ Br(X)}.

where X; = J(A;), i = 1,..,n, is a stationary Bernoulli shift process and
HC{h :_Rd — R measurable} with envelope function h, i.e. for h € H we have
|h(-)| < h(:), such that

hV(z) = E[h(X1)[Xo = 2],  h®(20) = E[A(X1)?| X = 20]'/?
are Holder continuous with exponent s and constant Ly, that is, for all 2,2’ € R,

KD (2) =BV ()] < Lulz = 2'1°, |0 (2) = WP ()] < Lulz — 2/,

Assumption 2.2 automatically is satisfied with R(-) = 3 and thus Cr = 3,

L = Ly as well as Cg = max{h("(0), (2 (0)}. Recall B(-) in equation (2.5)
and the functional dependence measure &% (k) from (1.2). Then we have the
following corollary of Theorem 2.8 in notation of Assumption 2.2.

Corollary 2.9. Suppose that || X1|l2s < oo and put D, := 1. Let A(k) fulfill
A(k) > dLy 05 (k — 1)° and there exists Cz > 0 such that for all q1,q2 € N,

Bla1q2) < CpB(q1)B(ge)- (2.10)

Furthermore, ||h(X1)||25 < 0o for some p > 1. Assume that

1
sup/ Y(e)y/H(e, H,V,)de < o0,
0

neN
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where Y(e) is from (2.9). Then it holds in £>°(H) that

G ()] er > (GO e

where (G(h))nen is a centered Gaussian process with covariances

Cov(G(h1),G(ha)) =Y Cov(h1(Xo), ha(Xk)).

keZ

2.3. Application to empirical distribution functions of stationary
processes

As an example, consider the family of indicators
H = {hz(ZO) = ]l{ZOS:E} T € R}7

which is the function class corresponding to the empirical distribution function

[G xeR [ Zﬂ{x <I}} 2€R = [@”(h)]he”ﬂ'

Suppose that X;, i = 1,...,n, is stationary. Define the conditional distribution
function
G.(z) =P(X; < z|Xo = 2).

Then we have the following corollary for dependence coefficients (cf. equation
(1.2)) that follow a polynomial decay.

Corollary 2.10. Suppose that X; is stationary and z — G,(x) is Lipschitz
continuous with Lipschitz constant Lg for all x € R. Suppose that for some
5€(0,3], [ X1ll2s < oo and 655(k) < ck™* with > 1, ¢ > 0. Then,

[Gn(@)], e > [G@)], g

where G(z) is a Gaussian process with

COV( ( ) G ZCOV ﬂ-{X0<x}a:ﬂ-{Xk<y})
kEZ

Proof of Corollary 2.10. Due to min{l,w} < w?® for a € [0,1], w > 0, we have
that for any s € (0, 3],

|G, (z) — G (z)] < min{l, Lg|z — 2|} < Lg |z — 2'|°.

and
|G- (x) — G (x)[V? < min{1, (Lg|z — 2'))"/?} < Lz — 2)°.

Choose A(k) = cLg(k — 1)~*%, which is easily seen to satisfy (2.10) (in partic-
ular, 8(q) < oo for ¢ € N) for some Cg = Cg(a, s, ¢, Lg) chosen large enough.
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TABLE 1
Equivalent expressions of Vi, and the corresponding entropy integral under the condition
that Dy, € (0,00) is independent of n. We omitted the lower and upper bound constants
which are only depending on ¢, p,a and Dy. Furthermore, 6 = 6(o) fulfills & — 0 for o — 0.

A(F)
g ¥ a>1l,e¢>0 |ep?, pe (0,1),c>0
Va(f) 1 £12,n max{||f]l,5, 1} [1£1]2,n max{log(|| fllz..), 1}
Jo VH(e, F, Va)de | [§ e~ a(e)/H(e, F, - [2,n)de | [ log(e™H)(e)y/H(e, F, [ - [[2,n)de

Note that H(e,H, || - ||l2..) = O(log(e™1)) for a given € > 0 by [17, Example
19.6], since in the stationary situation of the corollary, ||hl|z., = E[h(X1)?]'/2.
Since as > 1, Table 1 implies that

[ veVER Vi =0( [ e Vo Tie) <o

Corollary 2.9 now implies the assertion. O

2.4. Comparison with other functional convergence results for the
empirical distribution function of stationary processes

In the literature, several functional convergence results for the empirical distri-
bution function were already provided. Here we list some approaches which are
closely related to the functional dependence measure and compare the results
to Corollary 2.10.

In [4], stationary processes of the form X; = J(G;) are considered where
G; = (€i,€i-1,...) and J is measurable. Therein, the function .J itself is assumed
to fulfill a (geometrically decaying) Lipschitz condition, i.e. for any sequences
(a;), (a}) with a; = af, i <k,

|7((a:)) = J((a7))] < Ca* (2.11)

for some constants C, « > 0. Based on this, 1-approximation coefficients a;, are
defined as upper bounds on

E||Xo — E[Xolo (g0, .-, ex)]||; < a-

There is a strong connection between 7% (k) and ag, since it is possible to choose
ar <D 57(5). The work of [4, Theorem 5] shows that under summability
conditions on ay, the S-mixing coefficients and monotonicity assumptions on
F ={ft : t € [0,1]}, a uniform central limit theorem for (G,,(ft)):e[o,1) holds.
Compared to our setting, (2.11) would lead to a geometrically decaying func-
tional dependence measure 6~ (k). Thus, the result in our Corollary 2.10 is much
less restrictive regarding the dependence of the underlying process.

In [7, Theorem 2.1], a uniform central limit theorem for the empirical distri-
bution function is shown under 35(k) = O(k=1~7), v > 0, by using specifically



Empirical process theory under functional dependence 3395

designed dependence coefficients B2(k), k € Ny, based on the idea of absolute
regularity. We now compare this result with Corollary 2.10. In [8, Section 6.1]
it was shown that if X; = J(G;) is stationary and the distribution function of
X is Lipschitz continuous, then for any v € [0, 1] one has

Ba(k ( Z 6X(j ) Y (Hl), v = min{y, 1},

j=k+1

where C' > 0 is a constant independent of k. The condition B2(k) = O(k=177)
now naturally provides a decay condition on §;X (k). With v = 2s which corre-
sponds to the moments of the process we have given in Corollary 2.10, we see
after a short calculation that 32(k) = O(k~177) asks for
S AV
s 2s

In other words, if the results from [7], [8] are transferred to the functional de-
pendence measure setting, they need a more restrictive decay condition.

Meanwhile, [3] investigates strong approximations of the multivariate empir-
ical distribution function process (that is, contrary to our approach, the results
are limited to empirical distribution functions). They assume that the stationary

process X; = J(G;) allows for approximations (X-(m)) such that for all m, 1,

P(X; — X™ | >m ) <m4 (2.12)

with some A > 4, and for any disjoint intervals Iy, ..., I, of integers and any
positive integers m1, ..., m,., the vectors {Xi(ml) cie )., {Xi(mr) :j €I} are
independent provided the separation between I, and I; is greater than my +m;.
Under these assumptions, [3, Theorem 1, Corollary 1] shows that the empirical
distribution function of X; weakly converges to some Gaussian process.

When having knowledge about the functional dependence measure, Xi(m)

could be chosen as Xi(m) = E[X;|ei, ..., €i—m]). Then by Markov’s inequality,

X X(m)
(|X X |> )7 ” —— ||2s < Z 5
j=m+1

so that (2.12) leads to a decay condition on §:X(5). After a short calculation, we
see that (2.12) is fulfilled if

1
aZ(E—&-l)A—i—L

again a more restrictive decay condition than given in Corollary 2.10.

The work of [11] discusses the functional convergence of the multivariate
empirical distribution function under a general growth condition imposed on
the moments of Y1, {h(X;) — Eh(X;)}, where h € H, are Hélder continuous
functions with exponent v € (0, 1] approximating the indicator functions. They
also relate their result to the functional dependence measure.
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2.5. Application to empirical distribution functions of locally
stationary processes

In this section, we apply our theory to the localized empirical distribution func-
tion G, 5, (x,v) from (2.1) on a locally stationary process as motivated in the
beginning of Section 2. Afterwards, we compare our result with [12] and [19].

Suppose that X; is locally stationary in the sense that for each u € [0,1],
there exists a stationary process X;(u) = J(A;,u), i € Z, for a measurable
function J such that

- B - -
X — Xz'(g)||2s < Cxn™*, [ Xi(u) = Xi(u')||2s < Cxlu—u'[*
for a constant Cx >0, ¢ € (0,1], u,u’ € [0,1] and i € {1,...,n}.
Recall G(z,v) = P(X;(v) < ). Define the conditional distribution function
of the stationary approximation of Xj,

G.(z,v) =P(X,(v) <z | Xo(v) = 2).

Finally, we have to impose a regularity assumption on the distribution function
Gi(x) :=P(X; < z) of the locally stationary process itself.
We have the following generalization of Corollary 2.10.

Corollary 2.11. Let v € (0,1). Suppose that there exists some Lg > 0 such
that

e 2 G,(x,v) is Lipschitz continuous with constant Lg for all x € R,

o & — G(z,v) is Lipschitz continuous with constant Lg,

o x — G;(x) is Lipschitz continuous with constant Lg and limg,_,_ o sup; ,,
Gi(xz) =0, limy_, 4 o inf; , Gi(x) = 1.

Assume that K : R — R is a Lipschitz continuous kernel function with
[ K(x)dx =1 and support C [—3, 3].

Furthermore, for some s € (0, 3] let sup; ,, [| Xill2s < 00 and 855 (k) < ck™
with o > %,c>0.

Then for hp,n — co, h, — 0,

4 =
[Gn,hn (z, v)]xeR — [G(x,v)]xeR,
where G(z,v) is a Gaussian process with
Cov(G(z,v),G(y,v)) = /K(u)zd%ZCOV(ﬂ{mv)sz}v1{5@@)@})-
keZ

Proof of Corollary 2.11. We verify the conditions of Theorem 2.8. By min{1,
w} < w® for a € [0,1], w > 0, we have for any s € (0, %],

|G (x,v) — Gy (z,v)| <min{l, Lg|z — 2'|} < L]z — 2/)°.
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and
|G (2,0) — G (,0) % < min{1, (Lg|z — 2'|)Y/?} < L |z — 2|°.

This shows Assumption 2.2 with p 00, R(-) = 1 =Ck.

Choose A(k) = cLg(k—1)~¢ Wthh can easily be seen to satisfy Assump-
tion 2.7 (in particular, 8(¢) < oo for ¢ € N) for some Cz = Cg(a, s,¢, Lg)
chosen large enough. Regarding Assumption 2.3 we first have

“E sup 12 Zyw) <o) = YzZo()+asay|’]

€ Legla|<e
< iIE\Jl 5 -1, |
= s H{Zo(v)<a} {Zo(v)<z—£5}
< L®(Zo(w) < 2) - PZow) <o — -5))
c La
< L@ -c@- S0
< (G) = Gale - 1
1

< C—Smin{l,c} <1.

The envelope function is the constant 1-function and satisfies the required
condition trivially. Therefore, Assumption 2.3 holds true. Assumption 2.4 is
automatically satisfied for fixed v € (0,1). For Assumption 2.6, note that

Din(u) = \/LK(H U) satisfies

1 & )
_EDn_ § K <K2<oo
n — 5 (n) nh K15

oo

\/%\KL)O. Thus D%L < ‘Kh — 0, and the support satisfies

and Dfn <

supp[Dyn ()] C [v — hyn,v + hy). Finally, h /2D°° < |K|oo < o0 and, since
€(0,1),

1 1
1 _
nlggo/ Dy n(u)Dgn(u)du = Jg{}o — K(uh—v)2du = /K(u)Qdu
0 n JO0 n
This shows all conditions of Assumption 2.6 (ii).
It holds that H(e, H, | - |2..) = O(log(e~!)) which is proven subsequently.
Let ¢ > 0. Since lim, , o sup; ,, Gi(z) = 0 and lim, o inf; , Gi(x) =
1, there exists vy = wn(¢) > 21 = z1(¢) > 0 such that sup, , Gi(r1) < e,
inf; ,, Gi(z1) > 1 — e. Define xj41 = 21 + 5 - %, j =12,..,N — 1 with
N=1+ fM1 Put 29 = —oco and 41 = 00. Then for j = 1,2, ..., N—1
we have

||]l{.<$j+1} - ]1{»<zj+1}||§ n

< sup El(lix,<oppny — Lix,<a,3)) = sup [Gi(wj41) — Gi(x)]

i=1,...,n i=1,....,n
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2
< Lelwjp —z[ <€,

which shows that [1(.<, },1{.<z,,,}); 5 =0,..., N are e-brackets with respect to
I [|2,n. Hence, H(e, #, || - [|2,n) = O(log(e™1)).
Since as > 1, Table 1 implies that

[ veVER T =0( [ e o Tie) <o

Theorem 2.8 now implies the assertion. O

In [19] a similar result is obtained for stationary sequences and accounts for
weighted empirical processes, that is, (1 + |z])?/2G.(z,v) for v > 0.

The recently published work [12] considers functional convergence of the em-
pirical distribution function of piece-wise locally stationary processes. They im-
pose that the functional dependence measure to decay geometrically cf. [12,
assumption (A5)]. In the above Corollary 2.11 we were able to provide some
weaker assumptions in general. In particular, we only need polynomial decay
of the dependence coefficients. For instance, let us consider the linear locally
stationary processes

— i
Xin =Y ar(=)eik,
n
k=0

where ¢; is i.i.d. with Ee; = 0, E|e[ < oo and ay : [0,1] — R are arbi-
trary functions with sup,ep 1y lar(u)| < k%, a > 1. Then, §X(k) = O(k™®).
In the same manner other decay rates can be realized by setting §:X (k) =
O(sup,epo,1] |ak(u)|) for an appropriate choice of the coefficients ay(-).

We note that Assumption 2.5 also covers recursively defined time-varying
processes like the tvARMA model, cf. Proposition 2.4 in [5], defined by

. I
Zaj(ﬁ)Xt(—)j :Zﬁk(g)a( n etk
k=0

Jj=0

where ¢; is i.i.d. with Ee; = 0, E|e;| < oo and «j, Bk, 0 : [0,1] — R are of
bounded variation with ag(u) = Bo(uw) = 1, a;(u) = a;(0), Bx(u) = Bx(0) for
u < 0 such that >-7_ a;(u)2’ # 0 for all w and 0 < [2] <144, § > 0. In this

case it is not sufficient to assume a representation X, (m) = )N(l(") (i/n).

i
2.6. Further applications

Our theory allows for empirical process theory of general function classes. We
illustrate further applications in two short examples.

Example 1 (Distribution of residuals): Consider the locally stationary
time series model which is defined recursively via

i

1
X :m(Xi—lv_)+U(Xi—1a_)€i7 1= 17...,7?,,
n n
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where €;, ¢ € Z, is an i.i.d. sequence of random variables with Ee; = 0, Var(e;) =
1 and o,m : R x [0,1] — R. These functions can be estimated with typical
Nadaraya-Watson-type estimators

iz, v) = % Z?:l K, (v - %)Khn (x - Xi1)X;
o Ly K, (v—5)Kp, (v — X;_1)

and

n [ N i 2
AN K, (0= DK, (2 — Xi) - (X — (X, 2))
IS Kn, (v— 1)Ky, (v — X;-1)

with some bounded kernel K : R — R and K (-) := £ K (5 ). Besides estimation

of m(-),o(+), it may also be of interest to derive the distribution function G; of ¢;.

Xi—m(Xj,_l,i/n)
&(X1 —1 ,’L/TL) °

6% (x,v) :

Following the approach of [1], we define empirical residuals &; =

Then the convergence of (G (x))zer,

o(X;_1,i/n) o(X;_1,i/n)

1 n 1 n
Ge(z) = n E 1:1{51-95} = n E - 1{€i§r,a(Xi_l«i/m+m(xi_lJ/n)—m(xi_lwi/m}
1= 1=

can be discussed with empirical process theory and analytic properties of m, .
Following the proof of Lemma 1 in [1], we have to define

F o= {fw,dl,dz (57 z7u) = ]]-{Egm-dz(z,u)erl(z,u)} :
—o00 < & < 00, dy € CITO(R,[0,1]), da € CLHO(R, [0,1])},

where R is the union of all domains of X;, i =1,...,n, § > 0 and C1T9(R, [0,1])
is the class of differentiable functions d : R x [0,1] — R (with respect to the
first component) such that

<1

— b

d —d
ldll1+s = max{sup |d(z)], sup|d ()]} + sup 14D =L (fjj yl(}y)'
T T T,y -

and C1T°(R,[0,1]) is the class of differentiable functions d : R x [0,1]
(with respect to the first component) such that ||d|j1+s < 2, inf,{d(z)}

Then, one has to show that £ € CI*°(R,[0,1)), mem ¢ CI*°(R,[0,1]) based
on assumptions on m, o, K and provide the entropy of F, so that

(\/ﬁ(éeu) - GE(x)))mGR = (G”(fa;,m;m,g))fwﬁ,m s EF

g
‘o

— R
1
> 5.

o

can be discussed with our theory.

The following example shows how to provide results for Nadaraya-Watson-
type estimators. In particular, we make use of the maximal inequality provided
in Section 4, Corollary 4.2.

Example 2 (Kernel density estimation): Let K : R — R be some
bounded kernel function which is Lipschitz continuous, satisfies [ K (u)du = 1

and has support C [—31, ]. For some bandwidth h, > 0, put Kj(-) := + K (7).
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We consider the localized density estimate of the density 9%, (v) of the sta-

tionary approximation X 1(v),
i
Inh ZKhln — = 0)Kh, , (X; — )

where hi,, hon, > 0 are bandwidths. Suppose that:

e For some s < 1, a > 571, 635(j) = O(j7*) and sup,,,, | Xil2s < oo.

e There exists px > 2s,Cx > 0 such that for u large enough, |K(u)| <
Ck |u|_pK.

e There exist constants C, Lg > 0 such that the following holds. The con-
ditional density gx,|x,_,—- of X; given X;_; = z satisfies [gx,|x,_,=z]c0 <
Cw and for any x € R, z = gx,|x,_,—-() is Lipschitz continuous with
constant L.

a(sA )

We show that if log(n) (nhy, nh;(;AQ) 1) - O(1),

N N log(n
SUp [, (2,0) ~ B, (2,0)] = 0,1/ By (213)
z€R,v€(0,1] Ny nh2n

To do so, note that
Vi nha g (Gnn, (2,0) = B, (2,0)) = G (fo),
with
F={fow(z,w) = Vhi3Kn,, (u—0) - V/honKp, (2 — ) : 2 € R,v € [0,1]}.
To obtain (2.13), we use Corollary 4.2. We have for x € {1,2},

1
PP () = KE[KMY”(XZ-—IV|Xi71:Z]K
1 Y— T\ n 1/k
= ——( [ K(Z—= (X ==(y)d
han (/ ( han ) Fxixia=W) y)

11 1/k
= hi,” </K(w)Kin\Xi,1:z(x +wh2,n)dw) .
Hence,
|6 (2) = n9 ()]
1_ " 1/k
S hé‘,n ? (/ |K(w)| |fX7;‘Xi71:Z("L’ + wh27n) - fX'ilxi—IZZ/ (:r + wh27n)|dw> °

On the other hand, | fx,|x,_,—:(z+when)—fx, x,_ == (x+wha )| < min{Lg|z—
#'|,Cx}. For s < 1, we obtain

1_1 1/
W) @) < k([ IR@)rw) " [Caomin {1, 221 - 2]
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11 /e 14 ,
< hg ([ IK@)) T OR T L - 2

This shows that Assumption 2.2 is satisfied with R(-) = 3 = Cg and Ly =
Lg and A(k) = Lg(k — 1)7%%. As before, it is easily seen that Assumption 2.7
is satisfied.

We apply Corollary 4.2 with F' = % =: Cp . For the grids V;, = {in=3:
2,n

i=1,..,0%}, X, = {in3:ie{—2[n3 2], .. 2[n3"2]}}, we obtain

V nhl,nhQ,n sup ‘gn,hn (QL',’U) - Egn,hn (l‘,’l})|

TEX,vEV,

= sup  |Gu(fe0)| = Op( 10g(”))~

zEXn,veEVy

The discretization of (2.13) is rather standard and postponed to the Appendix,
Section A.4. Under additional conditions on the process, it is possible to replace

Egn.n(z,v) by g;(l(v)(x) by introducing a typical bias of the order O( nh‘;’n +
\/nh3 ). However, these are purely analytical considerations and are omitted.

Remark 2.12. As mentioned in the introduction, our theory allows us to dis-
cuss functions that depend on the whole infinite past. As an example let us
consider M-estimation. In the (stationary) MA(1)-model

X, =0g;_1 +¢;

with i.i.d. &; ~ N(0, 1), we perform a maximum likelihood estimation of §. Then,
the quasi log-Likelihood is, up to some constants, of the form

1 n
L) =~ > £(23,0),  Zp = (Xi Xi1,.,X1,0,0, )
=1

where f: RYx [-1,1] = R, f(2,0) = > 7o ,(—0)*zy,. The asymptotics of LS (6)
can then be studied via

Lal6) = = £(Z:,0),

which now depends on infinitely many past observation X;, —co < i < n. Such
a replacement can be performed uniformly in # with high probability, as long
as f is summable with respect to its first argument. The advantage of this
replacement lies in the fact that f does not have to depend on .

3. A general central limit theorem for locally stationary processes

In this section, we provide a multivariate central limit theorem for G, (f).
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It is possible to show the following analogue of a multivariate central limit
theorem for G,,(f) as in Theorem [14, Theorem 3.4]. The proof is similar to the
proof given in [14, Theorem 3.4]; the only difference appears in [14, Lemma 7.8]
for which we supply the proof in the Appendix, Section A.3, Lemma A.6 under
the different Assumptions 2.3, 2.4, 2.5 and 2.6.

Theorem 3.1. Suppose that F satisfies Assumptions 2.2, 2.3, 2.5, 2.4 and 2.6.
Letm €N, fi, .., fm € F and £ = 5 )11 . Then,

.....

n f1(Zi, L) fi( z,;)
d

Z{ : -E : }%N(O’ZK%
v fu(Zis %) o un)

where X is from Assumption 2.6.

4. Maximal inequalities and asymptotic tightness under functional
dependence

We now provide an approach for empirical process theory if the class F consists
of nonsmooth functions. Our approach is based on the decomposition

Gu(f) =G (f) + G2 (f)

into a martingale

GO (f) = Z ' E[f(Zi, %)IZi—ﬂ}

and a process

GOy \FZ{E |Zz 1] - ]Ef(Zi,%)}

which is smooth with respect to the arguments Z; if Assumption 2.2 is fulfilled.
The second part G can then be controlled in a similar way as done in [14,
Section 4], therefore this term is only discussed in the Appendix. Note that [14]
cannot be directly applied because Assumption 2.2 therein asks for all elements
of a function class F to be at least Holder continuous (or of (L, s, R, C')-class

for some L, s, R, C). The term GS}) is dealt with by using a Bernstein-type

inequality for martingales. Observe that the conditional variance of (G%l )( f) on
Z;_1 is bounded from above by

RA(f) == Y B (2 2 12im).

The first step is now to bound R2(f) uniformly over f € F.
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4.1. Mazimal inequalities

Based on §(-) from equation (2.5), we define
¢*(z) :==min{q e N: 8(¢) < ¢q-x}.

Let Di°(u) := supgex |Dyn(u)|, where Dy, is given by equation (2.3). For
v > 2, choose DS, such that

1 . o0 Z v 1/V o0
(5 > DE(E) )" <D, (4.1)
Put Dp° = D35,. For § > 0, let

r(6) :=max{r > 0: ¢"(r)r < d}.

The specific values for ¢*(-) and r under polynomial and exponential decaying
A(-) are given in the table below.

TABLE 2
Equivalent expressions of ¢*(-) and r(-) taken from [14, Lemma 7.10]. We omitted the lower
and upper bound constants which are only depending on C, p, c.
A(G)
Ci—,a>1 | Cpl, pe (0,1)
q*(z) max{zfé ,1} | max{log(z—1),1}

r(8) min{éﬁ,&} min{ﬁ,é}

Recall V;, from equation (2.4) and H = H(|F|) = 1V log|F| as in (1.5). We
have the following theorem.

Theorem 4.1 (Controlling the variance). Let F satisfy |F| < oo and Assump-
tion 2.2. Then there exists some universal constant ¢ > 0 such that the following
holds. If supex | fllc < M and sup;cz Vo (f) < o, then

2 2 1 g 00\ 2 quH
_ <e- — .
Emax |73 (F) ~ER)(f)| <e: min  [Dur(g-)o +Ca(D)80) + =]
(4.2)
Furthermore,
M2H | MZ%H

2 . 2 < 9. LA *

]Er}lea])__(‘Rn(f) ERn(f)‘_Qc [Dnr(Dn)o+q(n(D%o)20A) . } (4.3)

Theorem 4.1 in conjunction with [14, Theorem 4.1] can be used to provide
uniform convergence rates for G, (f).

Corollary 4.2 (Uniform convergence rates). Suppose that F satisfies | F| < oo,
Assumption 2.2 for some v > 2, and Assumption 2.7. Let F' := supscr f and
assume that for some va € [2, 0],

Cpop = sup || F(Zs, u)|, < oo.

7,
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If
b, e,
sup sup V,,(f) < oo, Sup —— < 00, sup ———>——— < 09,
neN feF neN DOO neN nl_ﬁr(D‘; )2
(4.4)
then

max [G,,(f)| = Op(VE).

fer

4.2. Asymptotic tightness

In this section, we extend the maximal inequality from Theorem 4.1 to arbitrary
(infinite) classes F. Here, the submultiplicativity assumption on 3(-) from (2.5)
becomes important again.

Recall H(k) = 1Vlog(k), D,, as in Assumption 2.2, D3 = D59, as in equation
(4.1) and H(e, F,V) as the bracketing entropy. For n € N, § > 0, define

§ . Deonl/?

m(n,d, k) = r(]DTn) . IORER

(4.5)
Here, m(n, ¢, k) represents the threshold for rare events in the chaining pro-
cedure. We have the following maximal inequality.

Theorem 4.3. Let F satisfy Assumption 2.2 and 2.7, and F be some envelope
Junction of F. Furthermore, let ¢ > 0 and suppose that sup ;e » Vo(f) < o. Let
Y be defined as in (2.9). Then there exists a universal constant ¢ > 0 such that
for each n > 0,

P(sup 6] =)
1 Do D,
1

HET+DT<>)'/O Y(e)y/1VH(e, F, V) de

IN

+ VAlFL s pmimoncs 7 v ]
crr-1qe2y (DN [0 L

Remark 4.4. Let m > 0. The chaining procedure found in [13] for martingales
uses the fact that for functions f, g with |f| < g and g(-) > m,

G (N <G (9)] +2v/n - —Z]E |ZZ <160 )|+2\/E—Ri§9).

Afterwards, bounds for the conditional variance R?(g) are applied. In our case,
these bounds are not sharp enough. We therefore employ the inequality

2
G < 16D (0)] + 206D (g)] + 2y
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and are forced to use the “smooth” chaining technique applied on Gg) (g9) as in
[14, Theorem 4.4] and on R?(g) from Theorem 4.1.

We now obtain asymptotic equicontinuity of the process G, (f) by using
Theorem 4.3 for Gg) and [14, Theorem 4.4] for Gg).

Corollary 4.5. Let F satisfy the Assumptions 2.2, 2.7, 2.5, 2.4 and 2.3. For
Y from (2.9), suppose that

sup /000 P(e)\/1V H(e, F,V,,)de < 0. (4.7)

neN
Furthermore, let D,,, D2 € (0,00) be independent of n, and
Dy(%)
su
i:l,.I.).,n Vn

Then, the process G, (f) is equicontinuous with respect to V', that is, for every
n>0,

- 0. (4.8)

lim limsupIP’( sup |Gn(f) — Gn(g)| > 77) =0.
30 nooo [,9€F.V(f—g)<o

Remark 4.6. Compared to [14, Corollary 4.5], the condition (4.7) of Corol-
lary 4.5 is not optimal due to the additional (small, but nonconstant) ¢ (g)-factor
(cf. (2.9)). The reason here is that we do not approximate the distance R2(-)
uniformly over the class F in an external step but evaluate the needed bounds
for R2(-) during the chaining process. This is also the reason why our result
does not include the i.i.d. version as a special case. However, in comparison to
the results of [14, Lemma 7.12] we do not lose much due to this factor in the
presence of polynomial dependence. Even in the case of exponential decay, the
additional factor is of the same size as the factor already contributed due to
dependence.

In comparison to our approach in [14], the smoothness assumptions on f
therein, allow us to directly calculate the functional dependence measure of the
process f(Z;, ). If f itself is nonsmooth we build up our theory upon the de-
composition of G, (f) into G&”( f) and Gg)( f). The calculations regarding the
conditional expectations E[f(Z;,£)|Z;_1] in ngl)(f) now have to be adjusted.

19
This incorporates further technicglities in the proofs. More precisely, the tight-
ness argument becomes more complex. However, as a martingale difference we
can discuss it with Friedman’s martingale inequalities, which in turn lead us to
impose conditions on the variance E[f(Z;, £)?|Z;_1]*/?. At the same time, the
proof of the central limit theorem for finite-dimensional distributions has to be
adapted to our new setting as we also have to deal with the limit distribution of
the variance. So, our theory here can be seen as a generalization of [14], although
small compromises have to be made in form of the entropy condition and proof

strategy.
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5. Conclusion

In this paper, we have developed an empirical process theory for locally station-
ary processes and function classes of possibly nonsmooth functions. Here, the
dependence was quantified with the functional dependence measure. We have
proven maximal inequalities and functional central limit theorems. An empirical
process theory for locally stationary processes is a key step to derive asymptotic
and nonasymptotic results for a large class of time series.

We have shown that our theory can be applied to empirical distribution func-
tions (EDF's) and kernel density estimators, but much more structures can be
discussed. Compared to earlier papers in the context of stationary processes
and the EDF, our results provide remarkable weak conditions on the depen-
dence decay of the process. In particular, compared to [12], we could prove that
functional weak convergence of the EDF holds under much simpler assumptions.

From a technical point of view, the linear and moment-based nature of the
functional dependence measure has forced us to modify several approaches from
[14]. A main issue was given by the fact that the dependence measure only trans-
fers decay rates of continuous functions. The nonsmooth nature of the function
class was dealt with a decomposition into a martingale and a conditional expec-
tation part.

Appendix A: Appendix

We now provide some proof details for the main sections.

A.1. Proofs of Section 2
Lemma A.1. Let Assumption 2.2 hold for some v > 2. Then for all u € [0, 1],
o FZil (k) < Dya(u)| - A(K), (A1)
sgp H sup |E[f(Z,',u)|Zi_1}

fEF
~E[f(Zi,u)| Zia]" 0P| < Dp(u)-Ak), (A.2)
sup [|[f(Zisu)ll2 < |Dgn(u)|-Ca. (A3)

Furthermore,

Bl (w2 2]

“Ef(Zow?|Zia] V)| < 2D ()] £ (Zew)l - AR)(AA)
| sup [BL(Zi, )21 Zi0)

feF

“Elf(Zow?|Za V|| < D) s A),




Empirical process theory under functional dependence 3407

where Ca = 2max{d, d}|Lr|,C5%Cr + Cs.

Proof of Lemma A.1. Let ufz(z u) = E[f(Z;i,u)|Z;_1 = 2] and ﬁ(f?g(z,u) =
E[f(Z:,u)?|Z;_1 = z]. We have by Assumption 2.2 that

sup |E[f(Zi,w)|Zi—1] — ]E[f(Zi,U)|Zi71]*(i_k)Hl,

= |Df,n<u>\-supHﬂ;lz(zi,l, w) — a0z )|,

< IDgn(l-swp |70 - 2O, L A0+ RS,
el pv
< IDga(w)] - sup S el Xea s X;"E’;’?;
j=0 _pv_
p—1
< (IR wl,, + [BEZT W) )
k—1
< |Djn(u)|- QdCRZLH(s%(k —j—1),
§=0

that is, the assertion (A.1) holds with the given A(k). The proof of (A.2) is
similar.
We now prove (A.3). We have

E[f(Zi,u)’] = E[E[f(Zi,u)?|Zi1]] = Df,n(u)zE[ﬂSf?(Zi_l,u)Q]
and thus [|f(Zi,w)ll2 = [Dgn(w)| - |87 (Ziw1,0)||2- Since

1) ()] < AP (g, ) — 1220, u)| + 220, )],

the proof now follows the same lines as in the proof of [14, Lemma 7.3].
We now show (A.4) and (A.5). We have

_(2 2 _(2 _(2
AP AN | = B ) = AP )] - (A7) (o) 4 A (2 w)l)-
We then have by the Cauchy Schwarz inequality that

2 _ (2 ( k)
sup |fiy 1 (Zi—1, (22
[ sup (A2 201,002 = 53¢ w?l]

< Hsup|uf1 i) — B2 )|

2H sup ’ﬁfz(Zi,huﬂ ‘kA.(ﬁ)
fer fer v

v

Since {/4 s feFied{l,..,n}}forms a (Lr,s, R,C)-class for some Lz, s, R,
C, the ﬁrst factor in (A.6) is bounded by A(k) as before. Furthermore,

B2z )] < a8z ) — AP0, w)] + 1550, )]
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< eli, W (R(zw) + RO, w) + [3)(0,)).
Note that

H|ZH|SLN [R(Zi_1,u) + R(0,u)]

oo
H ZLf,ﬂZiflijo

dlLF|1 sup ||XU|

)

v

IN

o, (IR0l + 1RO,

vap - (Cr + |R(0,u))

IN

IN

We now obtain (A.5) from (A.6) with the given Ca.
By the Cauchy-Schwarz inequality we have for ¢ > 2,

E[f(Zi,u)?|Z;i_
51/%( )| 1](k)

= sup L (2 u)?| Zi] ~ ELf (2w Zia Y

v)2
= 1Dpa()]-sup | Dpa(w) (522w = B2 w?) |
< Dpa)]-sup | (Ziorw) = AENZID )|
X2HDfn Ap) (Zieyw)| (A7)
Furthermore,

|Prn@a?(Zisw)|, < 1B (Z0w? 202 < 15(Ze )l (AS)

Since Assumption 2.2 holds for ,u;) the first factor in (A.7) is bounded by
Dy n(u)A(k) as in the proof of [14, Lemma 7.3]. Inserting this and (A.8) into
(A.7), we obtain the result (A.4). O

A.2. Proofs of Section 4.1
A.2.1. Proof of Theorem 4.1

In this section, we consider
Will) = EU(Z D1 Zial, Sul) = D0 (W) — W),

Then .
= STWS), Ralf)? — ERa(f) =
i=1

We obtain from Lemma A.1, (A.4) and (A.5) the following results with v = 2.
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Lemma A.2. Suppose that Assumption 2.2 holds. Then for each i = 1,...,n,
jeEN, seNU{0}, feF,

[ sup (Wi —wip || < capEAG),
fer 1 n
Wilh) = Wi D, < 2ADgal(= )| 12, >||2A<j>7
Wil < 15z DB

We approximate W;(f) by independent variables as follows (cf. also [20], [22]).
Let
Wi;(f) =EWi(f)lei-j €i-jt1, e,  JEN,

and

)= > AWi;(f) —EW;;(f)}
=1

Let ¢ € {1,...,n} be arbitrary. Put L := Llog(Q)j and 7 :=2! (1=0,...,L — 1),
71, := ¢. Then we have

L
Wi(f) = Wilf) = Wig(f) + D (Win,(f) = Wi, () + Win(f)

(in the case ¢ = 1, the sum in the middle does not appear) and thus

L
Sn(f) = [Sn(f +Z nn - nTl—l(f)] +Sn,1(f)-
=1
We write
12 J+1
Suiri(F) = Sums () = 3 Tualf),
=1
(im1)An
Ti,l(f) = Z [Wk,‘n (f) - Wk,n71 (f)} .
k=(G—-1)m+1

The random variables T; ;(f), Ty (f) are independent if |i — ¢’| > 1. This leads
to the decomposition

1
Iflea}(‘ﬁsn(f)‘ < max— |S f) = Sn.q(f)]

% 1
zZ ()
Ti 1
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1
+$€a}<g\5n,1(f)!

=: A1 + A2 + A3. (Ag)

The next result is a uniform bound on means of independent random vari-
ables.

Lemma A.3. Assume that Q;(f), i =1,...,m are independent variables indexed

by f € F which fulfill EQ;(f) =0, - 321 |Qi(f)llx < 0q and |Qi(f)| < Mg

a.s. (i=1,...,n). Then there exists some universal constant ¢ > 0 such that

Eamax | 30,01 < oo + M), (A.10)
i=1

ferx m

where H s defined by (1.5).

Proof of Lemma A.3. Let Q; = Q;(f). By Bernstein’s inequality, we have for
each f € F that

1 & 1 x?
T R S —
mi3 2 L3 Qi3+ 252
< 9 ( 1 x? )
exp( —=—"———),
R

where we used in the last step that [|Q;]|3 = E[Q7] < Mg|Qill:-
With standard arguments (cf. the proof of Lemma 19.33 in [17]), we conclude
that there exists some universal constant ¢; > 0 with

1 & oM MoH
E ‘_ S o ‘ < ( geMa i . Mo )
I}lea}( m = @l = @ ( m yr m

The result follows by using (272Me)1/2 < oMall 4 95, O

We now prove Theorem 4.1 based on Lemma A.2 and Lemma A.3 and the
decomposition (A.9).

Proof of Theorem 4.1. We first discuss A,. We have

Z sz’,l(f) .

1
n -

L

E E max
fer ) .

=1 i lgzg\_%j{-l,zodd

Since Wi ;(f) = Wi -1 (£l < 2min{||Wi(£)]1,8) " (j — 1)}, we have for
each f € F,

T (iTl)/\TL

1 1
;lllTi,zlll < >y —H > (Wk,j—Wk,jfl)Hl

. Tl .
Jj=Ti—1+1 k=(G—-1)7+1
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(i1)An

Tl
© S ],

. Tl .
J=7i—1+1 k=(G—-1)7+1

(it1)An

<2 ¥ Tl S minf WAl 6 PG - 1)}

J=Ti—1+1 k=(G—-1)7+1

(im)An (im)An
1 W,
<2y mm{f > WDl Y 66
J=Ti—1+1 —(i—1)m+1 L p=(i—Dm+1
T
= 2 Z min{ai’l,Aiﬁjyl},
j=Ti—1+1
where
1 (im)An 1 (i) An Wit
Oil = — ST WP, Ai = > G-,
b p—(i—1)m+1 b= (i—1)m+1
We conclude that
L L5 +1 )
_— —||T;
EERPE
. [£+1 L -] +1
< 2 Z mln{— Z lean Z Aijat
j=mi—1+1 T =1
L 1 1 o
S DR TES S AT IS SELe) SR
j=7i—1+1 i=1 i=1
Furthermore, it holds that
1
STl < 2sup [Wilf)lloo < 20115 < 207 (A.12)

By Lemma A.3, (A.10), we have with some universal constant ¢; > 0 that

EA,
L 1 L]+t ) oM2H
L Tl n n 9
<2 ( sup Z min{lz||Wi(f)||1’lz51Wi(f)(j)}+qM H).
=1 fef] =7Ti—1+1 " i=1 n i=1 n

(A.13)
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By Lemma A.2 and the Cauchy-Schwarz inequality for sums,

IN

IN

IN

where

L T n n
o1 1 Wi, .
sup min{— W; ,— 6"
lz;fef] zz:+1 {n;” (Nl n; 1 ()}
=Ti—1
T - 1 n
Zsup > mm{—ZIIf(Ziy— ZDfn Wz
= 1f€]:] =1_1+1 n =1

Zmln{sup 1£13,5 2D, sup [ fll2.n - A}

Jj=1
iuprHam qupllfl\Qn)

s (1~ V(1 1.0)
Va(£)],

sup [
feF

V(iﬂ) =x+ Zmln{annA(])}

Jj=1

)Ilz-

AG)}

(A.14)

(A.15)

and in the second-to-last equality the fact that x + z - V(z) is increasing in z.
also have [[Wio(f) = EWio(f)llee < 2[f3 < 2M? and [[Wio(f) -

We

EW; o(H)l1 < 2|W;(f)]l1. Thus by Lemma A.3, (A.10),

Eds < Erpea;!— 1) =EWio())|
M?H
< 2cl(;up ZHW M+ =) (A.16)
MZ2H
< 2 2 —). AT
< 2e(sup 113, + =) (A.17)
Finally,
o0 1 n
EA; < ) Esup —Z(Wi,jﬂ(f)—Wi,j(f))’
=g feF'Mi 4
o0 1 n
< n ||5uP|W ije1(f) — i,j(f)|||1~
j=q =1
Since \Wu+1(f) - )\ [EW;(f)=0=0) — Wy(f)= =T |A]) < E
(Wi (f) =) —Wy(f ) 1)|\.A]Where we use the notation H (JF;)**(i— 9
‘ILI(.;-;M((Z J)> and f**(l J) (52787,717~ o Ei— J751 j— 1,51_‘7_2,...)., we have

| ;22_|Wi,j+l(f) = Wi (Dl
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< || Bfma Wi ()70 — Wi LA
< sup [Wi(f)= 0D — ()G
fer

| sup [Wi(f) - Wi(£) ||, < DE(L2CaAG),  (A18)
feF n

which shows that

EA; < (Df)QC’AB(q). (A.19)

Collecting the upper bounds (A.13), (A.14), (A.17) and (A.19), we obtain
that

Emax| 25,0 < ter + 1) [sup [1fll2Val)] + OF)2Catle) + L1
max | — . .
E I n n > (&G flell]?' 2,nVn n APg n
(A.20)
By (A.29), Va(/) < o implies |13, < Bar(s)[f 2,0 and thus
o
[ fll2,n < Dn’"(m),
thus -
sup [[|fll2.nVa(f)] < Dar(g-)e (A.21)
feF n
Inserting (A.21) into (A.20) yields the first assertion (4.2) of the lemma.
We now show (4.3) with a case distinction. We abbreviate ¢* = ¢* (%)
If q*% <1, we have ¢* € {1, ...,n} and thus
o M?H
P < o(Dar(g-)o+ BX)CaBla) + 4 =)
o M?H
< _ *
< 2C(Dnr(Dn)a+q )
o 9 . H
= 2C(DnT(—)U+M ~m1n{q —,1}). (A.22)
D, n
If q*% > 1, choose qo = [ 7] < 7. By simply bounding each summand with
M?, we have

1 o
= < 2 < — 2
Er;lea}(‘nsn(f)‘ < M 7C(Dnr(DH)J+M)

< 2C(DHT(D%)J+M2-min{q*g,l}). (A.23)

n

holds. Putting the two bounds (A.22) and (A.23) together, we obtain the result
(4.3). O

The following lemma is an auxiliary result to prove Corollary 4.2 and Lemma
A5,
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Lemma A.4. Let F be some finite class of functions. Let R > 0 be arbitrary
and assume that sup e || flloo < M. Then there exists a universal constant
¢ > 0 such that

MH

1 /T
Er;lea}(|G£L)(f)|]]'{R”(f)2§R2} S C{R H+ W}, (A24)
where H is defined by (1.5).

Proof of Lemma A.4. By Theorem 3.3 in [15], it holds for x,a > 0 and a mea-
surable function f that
2

P(IGD ()] = o, Ru(f)? < B2) < 2exp ( - %W)
+ W)

Using standard arguments (cf. the proof of Lemma 19.33 in [17]), we obtain
(A.24). O

Proof of Corollary 4.2. Let us define the following functions first.
For m > 0, define ¢/, : R — R and the corresponding “peaky” residual
function ¢y, : R — R via

() = (xV (=m)) Am, o () =z =@ (2).

Now, let @ > 1, and ¢ := sup,,cysup ez Vo (f) < oo. Put

- (@

M, =
"TVH DR
Let F(z,u) := D°(u) - F(z,u), (recall F = sup sz f). Then

P((max |G, (/)] > QVE)

< P(1pax(Ga()| > QVI, sw F(Z, Ly< )
+P<i:si%?7n F(Z, E) > Mn>
< P(r;lea;|Gn<¢AM,z<f>>| > Qﬁ)
HP’(—n I}lgﬂZE ﬂ{mz sl > %)
+IP>( sup F(ZZ-,E)>MH). (A.25)

i=1,...,n

For the first summand in (A.25), we use the decomposition

P (max G (o, ()] > S5
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< P(max |G (oh, ()] > Vi) + B max (G (o, (/)] > QvH)
< B(max 60 (4, () > L max oy, (1) < o)

B ((max Ra (e, (1) > %)

+B( max |G (¢, (1) > %). (A.26)

We now discuss the three terms separately. By Lemma A.4, we have

P(I}leaXIGﬁf)(sOM (D> ==, r;lea}c R, (D) < Q%)

Q¥ VI + oVIQ'? < o

< qual @V <o

By Theorem 4.1 and (A.31),

B( max Ba (o4, (1)) > @*/%0%)

2c o ./ M?H \MH
< g D)o+ 0 (pyes) )
O_Ql/2 2
2¢ 1, * r( D?f) 0Q1/22 002
< agmlot e () b= 2(05)?]
9 B 1/2 1/2 59 .
< Ll er(eter) [ (R o]
2¢ T w1
< ol (eror
2c _
< gin [1+q* (CAlc ]

for Ca defined in Lemma A.1.
By [14, Theorem 4.1] applied to W;(f) = E[f(Z;, £)|Z;_1],

Q\/ﬁ)

< Qi [V 40 (rE))r L g

vVH D2 Dge
16co
1/2
< Q\/_[O'\/ H+oQY?VH]| < QU
Inserting the upper bounds into (A.26), we obtain
QVH 8c 1 1600'
A

P(max|Galehr, ()] > L5 < i+ gz li+0° (Ca'C5%)] + G =
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for @ — oo. The second and third summand in (A.25) were already discussed
in the proof of [14, Corollary 4.3] (equation (7.34) and (7.35) therein; note
especially that we only need there that ||[F(Z;, )|, < Cp,, instead of Ca
which is part of the assumptions), and converge to 0 for ) — oo under the
given assumptions. O

The following Lemma A.5 is used to prove Theorem 4.3.

Lemma A.5 (Compatibility lemma 2). Let ¢ : (0,00) — [1,00) be some func-
tion and k € N, § > 0. If F fulfills |F| < k and Assumptions 2.2, 2.7, then
there exists some universal constant ¢ > 0 such that the following holds: If
supser Valf) <0 and supser || flloe < min,8, k), then

DOO
Emax G0 (N1, p<aswey £ 200+ =) - v©@)5VHE), (A27)
2¢(1+¢*(Cx'Cy )(D“)2)

IN

P( sup R(f) > 260(5) ) L (A.28)

feF

$(6)?
Proof of Lemma A.5. By Lemma A.4 and since r(a) < a (cf. [14, Lemma 7.5]),

m(n, o, k)H
Emax [GL) ()L, (p<ose) < { 8)0\/H +T()}
< 2 [W»HD;:%(D%)] )
< 2 (H%OO) W (8)0\/H(k),

which shows (A.27).
For d = arg mingen {|fllan - + DaB()} and since |fllzn < Va(f) < 8 we
)

have with 7(2) > 2=,

130 Pndllfll3n _ PuVa(Hllfll2n
Deer(L) = Dgd Do - ]D)OO

(A.29)

Therefore, || f1|3,, < Dnr(&)ﬂf\\gm and thus || f|l2,n < ]D)nr(&). Note that due
to r(a) < a, ' '

ER

< (Dnr(ﬂ)%))Q <52, (A.30)

n

s

Recall that £,,0rm(q) = @. By Assumption 2.7, we have that for any z1,zs > 0,

G = q*(x1)q* (x2) satisfies
Bnorm((j) < Cﬁﬂno’r‘m(q*(wl))ﬁnorm(q*(l‘g)) < Cﬁ$1332-
Thus, by definition of ¢*,

¢ (Cprrwz) < ¢ (21)q" (22). (A.31)

3I'—‘
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We obtain that
* 6 2 1 * 6 2 * —1,v—2
0 (rg ) <0 () 0 (C5'C5). (A.32)
By (A.30), Markov’s inequality, Theorem 4.1 and (A.32),

11»( sup Rn(f)? > 2¢(5)252)

feF
< ]P’( sup |Ru(f)? — ER, (f)?] > 1/1(5)262)
feF
< 1/)(5)0252 ' [D,LT(H)%”)5+(]* (T(&)Q%)T(&)Q(D?)z]
2c 2 * d 0 12 41 —2Y (ryoor2
< ope 0 0 (Mg)rgo)] (056t @3]
2c 2 2 s (r—1-2\ D \2
< %5 [5 +4%q (CAlcﬂ2>(}DTn) }
§ 2¢(1+¢*(C3'C52) (3)%)
B ¥(6)? ’
which shows (A.28). O

Proof of Theorem 4.3. In the following, we abbreviate H(d) = H(d, F, V) and
N(6) = N(4, F, V). The proof follows the lines of [14, Theorem 4.4]. We present
it here for completeness. Recall again that for m > 0, ¢, : R — R and the
corresponding “peaky” residual function ¢y, : R — R via

P () = (zV (=m)) Am, gy () =z — @) (2).

We choose dp = o and ; = 2736, and
1
m; = 5m(n, 5, Njt1),

as well as M,, = %mo. We then use

Wnl < ‘ & ’ 1 : ‘ (A
E;gg‘Gn (f)’ Ef:fl;g{ﬂ) G, ()| + Tn ;E[F(Z )L(r(z)>m]s (A33)
where F(M,) := {oy (f): f € F}.

We construct a nested sequence of partitions (Fjx)r=1,...,n;, j € N of F(M,)
(where N; := N(dg) - ... - N(J,)), and a sequence Aj; of measurable functions
such that

sup | f — g < Ajy, V(Ajk) < 6.
f,9€F ik
In each Fj, we fix some f;j, € F, and define m;f := f; 5 where ¢;f :=
min{i € {1,..., N;} : f € Fj;}, and put A;f := Ay, ¢, and

I(o) := /oaw(s)\/l Vv H(e, F, V)de,



3418 N. Phandoidaen and S. Richter

as well as

T::min{jZO:(Sng\/aﬁ)}\/l. (A.34)

For functions f, g with |f] < g, it holds that

GO < IGP(g) +2vn- —ZE |zl 1]

IN

(1) (2) ENT Rz L
G (9)] +2IG 7 (9)] + 2v/n n; l9(Z;

G (g)] +2|G2 (9)] + 2v7llgll1.n-

Using a similar approach as in [14, Section 7.2, equations (7.8) and (7.9)]
applied to W;(f) = f(Z;, ) —E[f(Z;, £)|Z;_1], and the fact that || f — 7o f||oc <

) n

2M,, < mg, we have the decomposition

IN

sup |GV (f)|

fer
< sup |G (mof)]
ferF
T—1
+5up G (@, (f = me D)+ up (66, o, (i1 f = 75)
fer j=o0feF
T—1
+ZsuplG“)( )
Jj= —o fe€F
< sup |G (mo f)|

fer
+{ sup G (o, (Ar))| + 2sup (G (), (A )]
fer fer

+2visup A fl0 )
feF
T—1
+ Z Jéug ‘G;l)(sofnj_m_ﬁl (i1 f — ij))’
— fc

T—1
+ 3 {sup [0 min {lol,,, Ay, 2, )|

=0

+2sup G2 (min { |y, (A1), 2m5})|

+2\/EJSCU'E_ ||Aj+1fﬂ{Aj+1f>mj+1} ||17n}
€

+JZ::0 { ?161.17-)' ‘Gg)(min{w’ij*mﬁl (Ajf)|7 2mj})‘
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+2 sup ‘Gg) (min { “P%,-—mjﬂ (A f) ,2mj})‘
feF
420/ sup (A, F(a, fom, —my 0} ||1,n} (A.35)
feF
We have for f € F(M,),
mof = o, (mof),

oh (Arf) < min{A,f,2m.},

Soglj*mj—l(ﬂ.j"rlf_ﬂjf) < min{Ajf’ ij}’

min{e,,  (Aj41f),2m;} < min{A;f,2m;},
min{gy, . (A;f),2m;} < min{A;f,2m;}. (A.36)

We therefore define the event
Qn = { sup  Ru(pou, (m0f)) < 20¢(0)}

fer (M)

N ﬂ { sup R,(min{A;f,2m;}) < 26;4(5;)}.

j=1 feF(My)

From (A.35) and (A.36), we obtain

sup [G(f)[1q,
FEF(My)

. 8
< P G (oS ) [ L isup e s as,,y B f)<200(0)}
+{sup [GL (eh, (A1)
feF
XL fsup e r(aryy B (min{A, £,2m, })<26,4(5,)} + 232}
T—1
+) sup )GS)(%Anrmm (mj1f — ij))‘
i feF

XL fsup e 7 (ar,,) R (min{A, f,2m;})<26,4(5;)}

72mj})‘

T—1

+ o G(l) . Vv A
JZ—:O;EE):) " (mln{’<pmy+1( J+1f)

XLfsup e r(ar,y R (min{A; f,2m;})<26,0(5,)}y + 284
T—1
+> sup }Gél)(min{!sﬁX@jfmm(Ajf)l,Qmj})‘
j=07€

XL fsup e rar, ) R (min{A; £,2m;})<26,0(5;)) T 285
= Ry +{Ry+2Rs} + Rs + {Ry + 2Ry} + {R5 + 2R5}. (A.37)



3420 N. Phandoidaen and S. Richter

We now discuss the terms R;, i = 1,....,5 separately. The terms R;, ¢ €
{2,4,5} can be discussed similarly to the proof found in [14, Theorem 4.4]. Put

D
Cn = 201+ ),

where ¢ is a resulting constant from the bound in [14, Theorem 4.1 or Lemma

7.2).

e Since [{mof : f € F(M,)}| <

< N(bo), M0 flloe < My < m(n, 6o, N(é1)), we
have by Lemma A.5:

ERy = E sup |G (m0f) T fsup,crinr,) Bon(mof)<2000(60)}
fEF(My)

< Cuth(60)d0+/1V IogN(51).

e It holds that |{¢), (A+f): f € F(My)} < N..If g := ¢}, (A;f), then
lgllee < ms <m(n,d;, Nr11). We conclude by Lemma A.5:

ERy < Esup |G (h (Arf))
feF
X]l{sque}'(Mn) Ry (min{A+ f,2mr})<26-4(5-)}
< Cotp(6:)0; - /1 VIog Ny ;.

e Since the partitions are nested, it holds that [{¢7, ., ., (mj+1f —m;f)

feFMu)} < Njp1. I g =, . (T f — 7 f), we have [|g]loc <
mj —mjp1 < mj < m(n,d;, Nji1). We conclude by Lemma A.5:

T—1
ER; < ZE?EE G%”(w%rm,-ﬂ(ﬁﬁlf—ﬂjf))‘
=0 -

XL fsup e 7 (ar,,) R (min{A, f,2m;})<26,4(5;)}
T—1
< G Y 9(8;)854/1V 1og Ny
§=0

e It holds that [{min{epy,  (Aj11f).2m;}: f € F(Mp)} < Njy1. If g =
min{ep;,  (Aj41f),2m;}, we have |glloc < 2m; = m(n,d;, Njy1). We
conclude by Lemma A.5:

T—1
ER, < Z]E]S:ug)_’G%l)(min{|<p>)/1j+1(Aj+1f)|,2mj})‘
j=0 7€
XL fsup;c r(ar,,) R (min{A, f,2m;})<26,4(5;)}
T—1

IN

C’n 1/)(5]‘)5]‘\/1\/10gNj+1.

<.
Il
o
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o It h01d§ that [{min{ey, . . (A;f),2m;} : f € F(Mp)} < Ny If
g :==min{py, ., . (A;f),2m;}, we have [|gllec < 2m; = m(n,d;, Nji1).
We conclude by Lemma A.5 that:

727”]‘})‘

T—1
ERs; < ZEsup ‘G;l)(minﬂapxlrmjﬂ(Ajf)
— fer
=0

XL fsup e 7 (ar,,) R (min{A, £,2m;})<26,4(5;)}

T—1
< Cu > (6585 \/TVIog Njy1.
=0

Inserting the bounds for ER;, i =1,...,5 and the bounds for R;, i € {2,4,5}
from the proof of [14, Theorem 4.4] into (A.37), we obtain that with some
universal constant ¢ > 0,

T+1

gﬁi ) [Z $(87)6;1/1V 1og Njt1 + I(a)] .
n =0

(A.38)

ID)OO
E sup ‘G;l)(f)‘]].gn <eéo(l+ =2+
feF(My,) Dy,

Note that
E)m@mzz/ wE)de <2 [ p(x)da.
=k =k 0+ 0

By partial integration, it is easy to see that there exists some universal constant
¢y > 0 such that

O
| P(x)dz| < cpdrpt)(6r), (A.39)
0
thus -
37 60(8;) < 2e069 (). (A.40)
j=k

Using (A.40), we can argue as in the proof [14, Theorem 4.4] (see (7.44), (7.45)
and (7.46) therein) that there exists some universal constant é; > 0 such that

> 9(8;)0;1/1VIog N1 < é21(0).
Jj=0

Insertion of the results into (A.38) yields

DX D,
E sup |GP(f)|la, <& (36 +1)(1+ 2+ —2)I(0). (A.41)
fEeF(My) D, D

Discussion of the event €,,: We have

P2) < P suwp Ralghy, (of)) > 20(0)o)
feEF (M)



3422 N. Phandoidaen and S. Richter

T+1
+ ZP( sup R, (min{A;f,2m;}) > Qw(éj)éj)
j=1 FEF (M)
=: R} +Rj. (A.42)

We now discuss R7, i =1,2. Put

ID)OO
Ce = 20{1 +q¢"(Cr'C5?) (HT")2},
n
where c is from Lemma A.5.

o Since {3y, (70f) : f € F(Mn)} < N() = N(o), [¥gar, (m0f)lloe <
2M,, < m(n,o,N(0)) and V(g5 (m0f)) < V(mof) < o, we have by
Lemma A.5:

CO
R; < .
LT (o)
e It holds that [{min{A; f,2m;} : f € F(M,)}| < N;41. We have || min{A, f,
2m;}oo < 2mj = m(n,d;, Njy1) and V(min{A; f,2m;}) < V(A f) < 6;.
We conclude by Lemma A.5 that:

T+1

1
RE<CS ———.
$2 G2 Ty

Inserting the bounds for Ry, i = 1,2, into (A.42) yields

P(Q5) <207 7 (;4)2. (A.43)
j=0 "V

We now have

S | A | 2
2 e < 2/0 007" = Tog(log(e))

Jj=0

We conclude that for each n > 0,

P(sup [G(F) >n) < P(sup|GL ()] >0, Q) + ()
fer fer
1
< —Esup |G (f)[la, +P().
n fer
Insertion of (A.33), (A.41) and (A.43) gives the result. O

Proof of Corollary 4.5. We will follow the proof of [14, Corollary 4.5]. Define
F.={f—-g:f,g€ F} We obtain

P( s [Gulf) = Gulg) 2 n)
V(f-g)<o, f,geF
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< ]P’( sup [GO(f )|>2)+IP( sup |G§f)(f)\zg)(A.44)
V(f)<o, feF V(f)<o, feF

Now let F(z,u) := 2D (u) - F(z,u), where F is from Assumption 2.3. Then
obviously, F is an envelope function of F.

We now discuss the second summand on the right hand side in (A.44). By
Markov’s inequality and [14, Theorem 4.4] applied to W;(f) = E[f(Z;, %) Zi—1),
we obtain as in the proof of [14, Corollary 4.5] that

P( sup_ ~|@53><f>|zg)
V(f)<o, feF

1V H(u, F,V)

[2f(1+ DOO
4,/1ng HFQE

< @B

1, r(o) n:| . (A45)
{F>1in1/2 \/—T(%)} Hl,

The first summand in (A.45) converges to 0 for ¢ — 0 (uniformly in n) since

o/2 o
sup/ V1VH(u, F,V)du < sup/ Y(e)y/1V H(e, F,V)de < 0.

neNJo neNJQ

We now discuss the second summand in (A.45). The continuity conditions
from Assumption 2.3 on F' yield as in the proof of Lemma A.6(ii) that for
all u, u1, ug,v1,v2 € [0,1],

IF(Z;,u) — F(Zi(%),u)u2 < Clgnt - /2, (A.46)
|E(Zi(v1),ur) — F(Zi(v2),v2)||2 < Ceont - (Jv1 — v2] /% + |us — ua2|®®).(A.47)

In the same manner of [14, Corollary 4.5], we now obtain with (A.46) and (A.47)
that
HF2 {(F>1 n1/2&}“1n_>0 (A.48)

\/1VE(S)
for n — oo (this is obvious if Z; is stationary, i.e. the first part of Assumption 2.3
is fulfilled), which shows that (A.45) converges to 0 for ¢ — 0, n — oo.
We now consider the first term in (A.44). By Theorem 4.3, we have with
some universal constant ¢ > 0 that

P( s 6V 1)

V(f)<o, feF
2[ ( Dy D,

+DT+D?)./O P(e)y/1VH(e, F,V)de

4./1vH HF2

IN

Lp>tmmoNg }Hl]

+c(1 +q* (0310/;2) (%%)2) /00 @da (A.49)
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For the first summand in (A.49),
/ Y(e)\/1V H(e, F,V)de
0
o/2 /2
< 2{2/ ¥(2e)\/1V H(e, F,V)de < 2\/5/ Y(e)y/1VH(e, F,V)de.
0 0

Note that it is easily seen that N(e, F,V) < N(5,F,V)? (cf. [17], Theorem
19.5), thus

H(e, F,V) < ZH(%,}", V). (A.50)

Together with (4.7) and the uniform boundedness of D,,,D3°, we obtain that
the first summand in (A.49) converges to 0 for o — 0 (uniformly in n).

The third summand in (A.49) converges to 0 for o — 0 (uniformly in n) since
Jy~ ew(e)?de < oo and by the uniform boundedness of I,,, D

The second summand in (A.49) converges to 0 for n — oo by (A.48). O

A.3. Proofs of Section 3

Lemma A.6. Let F satisfy Assumptions 2.5, 2.4. Suppose that Assumptions
2.2, 2.3 hold. Then there exist constants Ceont > 0,Cf > 0 such that for any
fewr,

(i) for any j > 1,

1P f(Zi,u) |2
sup || f(Zisu)ll2

i=1,....,n

sup [|f(Zi,u)]l2 < Cf, sup || f(Zo(v), w)l2 < Cf.

Dyn(u)A(5),
CA . Df,n(u),

IN A

Y _1
(i) with x = 3,

1F(Zew) = FZiCE) )l < Coome ™, (A1)

1£(Zi(v1),w1) — F(Zi(v2),u2)ll2
< Ceont (|'Ul - U2|§SI + |U1 - U2|§S). (A52)

Proof of Lemma A.6. (i) If Assumption 2.2 is satisfied, we have by Lemma A.1
that

1P f(Zssu)llz = | P—jELf (Zs, u)| Ai—a]|2
IELf(Zi, u)| Ai1] — B[ (Zi, w)| A 1] ||
Dy n(u)A(F)-

The second assertion follows from Lemma A.1.

IN A
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(i) Let Cr = SUp,, ||R(Zo(v),u)||2 and Cr := max{sup; , [|[R(Z;,u)|2,

Sup,, , | R(Zo(v),u)||2}. We first use Assumption 2.4 and Hoélder’s inequal-
ity to obtain

1 (Zi(v),u1) - :(Zz‘(ﬂ),uzﬂh i (A.53)
< ur =l ([R(Zi(w), w2 + | R(Zi(v), uz)|2)
S 20R|U1 — UQ|<. (A54)

Assume w.l.o.g. that

1 5 5 2
sup —E| sup_|f(Zo(v),w) ~ F(Zo(v) + a,u)[*| < Cn.
u,v & ‘alL]:‘SSC

(which is obvious if Z; is stationary, i.e. the first part of Assumption 2.3
is fulfilled; in this case Z; = Z;(v) for all v). Let ¢, > 0 be some sequence.
Let Cy := max{sup, , | f(Zi,u)|l2p,5up, , | f(Zo(v), u)||25}- Then we have
by Jensen’s inequality,

1F(Ziyw) = f(Zi(v),u),

f F(7 2 1/2
< E[|f(Ziw) - FZ), 0 2 2000 <o)
f 7 1/2
+E[(f(Zs,u) = FZi0) 017, 200010, 50
77 5 211/2
< E[l ‘sllp< |f(Zi(v)7u)—f(ZZ-(v)+a7u)| }
HIF(Ziwl, + F(Ziw), 0| P Zs = Zi0)] s s > cn)'T
112 = Zi(0) sl 22 s
< Cnej +204( - )

(o= &1 4 0o}
cs '

< CRC; + ZCfCXOL}"l + ZL}',jjgs) )
=0

We obtain with ceont := Cr +2C7Cx (|LF|1 + Z;io Lz ;j*°) that

_ _ . v— L[SS 4SS
IF(Zo) ~ FZ) 0l < ceone- [e5 + 22 ] (ags)
n
Furthermore, as above, for any ¢ > 0,
1£(Zi(v1),u) = f(Zi(v2), w)ll2
1 Zo(vr) = Zo(wa)ls, all 22 s
< s _ ’ p—1
< Cpe*+205( - )
— Ss
< Cpe® +2C;Cx|Lyls - '”107”“ (A.56)

From (A.55), we obtain the first assertion with v = % The second assertion
follows from (A.56) and (A.54). |
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A.4. Details of Section 2.6

We first show that the supremum over z € R, v € [0, 1] can be approximated
by a supremum over grids z € X,,, v € V,,.
1
For some @ > 0, put ¢, = Qn2s. Define the event A,, = {sup,_; _,|Xi| <
¢n}- Then by Markov’s inequality,
P(AY) <n-

n

(A.57)

is arbitrarily small for @) large enough.
Put gy, (2,0) := 5 320 Ky, (i/n — 0) K, , (Xi — 2)1{|x,|<c,}- Then

on An, g;)hhn(.) = gn7hn(')' (A58)

Furthermore,

\/ nhl,nhQ,n ’Egn,hn ($7 U) - Egz,hn (JJ, U)’

iy g K oo &
< Lo K| > E[Kn,, (Xi — 2)1x,15e,]
TLth P
Xi—l' s
S Vb (hnnhen) ”H Klooe,* sup B[R (5—=)1Xi[]
< Q7 (nhynhon) VK 2C¥ = o(1). (A.59)

For |z| > 2¢y, we have Kp, , (X; — 2)1{x;1<c,} < hy'(
and thus

n \—PKk — hBPK—1.—DPK
h:l) - hn cn

o o 2|K|oCk 1
Vg, (0) = B 0] 2 g )2
1,n
hPK
< 2,n =o(1). (A.60)
T Qrr(nhinhan)l/? ' '
By (A.58), (A.59) and (A.60), we have on A,
V nhl,nh2,n sup |gn,h71 ($7 ’U) - Egn,hn (.’IJ, U)|
z€R,vE0,1]
= Vnhiphe, s gy, (2,0) =By, (2, 0)] 4+ 0,(1)
z€R,vE|0,1]

= /nhyyhas, sup |9n., (2,0) —Egy 1, (2,0)] + 0p(1)

|z|<2¢,,v€(0,1]

= Vnhinhon  sup o Gun, (2,0) = Egnn, (2,0)] + 0p(1).(A.61)
|z|<2¢y,v€(0,1]
Let X, = {in™3 :i € {-2[c,]n>,...,2[cn,|n3}} be a grid that approximates
each x € [—2c,,2¢c,] with precision n=2, and V,, = {in™3 : i = 1,...,n3}. Since
K are Lipschitz continuous with constant L,

vV nhinhe sup |(§7n,hn (z,v) —Egn,n, (x,v))

jo—a’|<n—3,Jv—v’|<n—3
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—(Gn,h, (& 0) = B, (2, 0)) |
_ 7/ o
o V1 sup [LK|K|oo|33 | | LrlKloolv —v \]
\/m |z—z'|<n=3,|lv—v'|<n—3 hQ,n hl,n
= O(n™). (A.62)

We conclude from (A.57), (A.61) and (A.62) that

Vnhinhen  sup  |Gnon, (2,0) = Egn p, (2,0)]

z€R,vE[0,1]

= nhiphen sup |G, (2,0) — Egnp, (x,v)| + Op(1) (A.63)

TEX, ,wEV,

It was already shown that Assumption 2.2 is satisfied. Furthermore, we can
choose D,, = | K|, D2, = % with 15 = 0o, and F(z,u) = SUpfer flzu) <

va2,n
2 1,n

1Kl _. 0. . Note that
/h2,n c~YFn-:

E[(/TanKn, . (X; — 2))%]
= E[E[(Vh2nKn,, (Xi — 2))?| Xi1]]

- /(/K(w)nfxilxi_lzz(m+wh2m)dw)1/”dpxi,1(z)

< O ([ K(w?du)

therefore

| fz,0

2.n < Dncoo/K(w)Zdw,

which implies ¢ := sup,ensupsez Va(f) < 0o. Due to A(k) = O(k~*%), the
last condition in (4.4) is fulfilled if

]
sup og(n)

= < 00.
neN nhgynhf;’l
,

By Corollary 4.2, we have

V nhl,nhQ,n sup ‘gn,hn (:E) - Egn,hn (:I;7 U) |

TEX, vEV,

= Jiug\Gn(f)l = Op(Vog | F]) = O(v/log(n)).
€
With (A.63), it follows that

Vrhinhen  sup  |Gnn, (2,0) — Egnp, (z,0)| = Op(\/log(n)).

z€R,vE€[0,1]
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