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1. Introduction

Let X = (X}):>0 be a scalar stochastic process. Two path dependent functionals
of X which are of interest in many applications are its occupation and local times
respectively defined by

g 4Oy
Or(A) = / 14(Xy)dt and Lp(y) = W
0

(), (1)
which measure the time the process spends inside a Borel set A C R or at
a point y € R, whenever the occupation measure A — Or(A) is absolutely
continuous with respect to the Lebesgue measure. We aim at studying optimal
L2-approximations of these functionals given the observations X;, at t; = kA,
for k =1,...,n with time distance A, = T'/n, where the time horizon T > 0
is fixed and in the high frequency limit as n — oco. The minimal L2-error is
achieved for the conditional expectations E[Or(A)|G,] and E[Lr(y)|G,], where
G is the sigma field generated by the X, , but these two conditional expecta-
tions may be unfeasible to compute when the law of X is unknown. Instead,
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the standard estimators in the literature are based on integral approximations
using the Riemann sums

n

. - . A,
OT,n<A>:Ank§_jllA<th_l> and LT,n<y>=thkz_jll[y-hn,ﬁhn](&k_l)
(2)

for some bandwidth parameter h,, > 0. These approximations may be far from
optimality since they crucially depend on the smoothness of the law of the
underlying process. The main result of this article is to settle this question in
the context of symmetric a-stable processes by proving exact convergence results
for the L?-approximation errors.

The approximation of occupation and local times is important in many appli-
cations and has been extensively studied in the literature. For stationary contin-
uous time stochastic processes for instance, the irregularity of the sample paths
implies non-standard rates of convergence in the non-parametric estimation of
the probability density with kernel type estimators, as has been noticed in [9, 7].
The question of optimality with respect to the sampling of discrete time obser-
vation schemes has been studied in [5], while the rate optimality is considered
in [10] through the study of a projection estimator. We focus in this article on
non-parametric methods, but for processes which are no longer stationary. For
scalar diffusion processes X and intervals A, the standard estimators have been

studied by several authors [6, 20, 14, 19], satisfying the rates of convergence Ai/ 4
for Op(A) and AY* for Lr(y). These rates can be explained in the context of

L?-approximations of integral functionals fOT g(X¢)dt for non-smooth integrands
g [3]- In this way, [1, 2] obtain similar results for more general Markovian and
non-Markovian processes such as semimartingales or fractional Brownian mo-
tion. Rate optimality of the Riemann sum estimators in the case of Brownian
motion (with drift) can be obtained from [20, 13, 2], but it is unclear if their
methods extend to jump processes, or if Riemann estimators are asymptotically
efficient in the sense of reaching the minimal asymptotic error. More recently,
there is also some interest in numerical analysis for the LP-approximation error
in the context of analysing Euler schemes with non-degenerate coefficients ([18],
[17]), see also [8].

Similar to [13, 2], we assess the question of optimality by studying the con-
ditional expectations E[Or(A)|G,], E[LT(y)|Gn]. For explicit computations, we
restrict to symmetric a-stable processes for 0 < a < 2, but we expect that our
results hold also for more general Lévy processes. We prove the exact constants
for the asymptotic L?-approximation errors of the conditional expectations and
for the Riemann sum estimators. In both cases we obtain the rates of conver-
gence A%Hmin(l’l/a))m for occupation times (up to log-factors) and A%lfl/o‘)ﬂ
for local times. In particular, we show that the Riemann sum estimators are
rate optimal, but asymptotically efficient only for o < 1, surprisingly. Let us
point out that while the conditional expectations are explicit estimators up to
the possibly unknown parameter «, they depend on the marginal densities of X
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and are therefore not known analytically for o < 2, requiring numerical approx-
imations. Our results imply, however, that it is sufficient to use the standard
estimators. The general proof strategy is to compute L? terms explicitly, leading
to Riemann integrals and then argue by dominated convergence or improper in-
tegral divergence, using precise asymptotics with respect to the law of a-stable
distributions.

The paper is organised as follows. In Section 2.1 we recall properties of stable
processes. Section 2.2 presents the L2-approximation results for standard esti-
mators of occupation and local times. Consistency and rates of convergence in
a general setting are discussed, along with exact asymptotics for some impor-
tant cases. Section 2.3 compares these results to the exact asymptotics for the
conditional expectations. All proofs are deferred to Section 3.

2. Main results
2.1. a-stable processes

Suppose that X = (X;)¢>0 is a scalar symmetric a-stable Lévy process for
0 < a <2, that is Xg =0 and X is a self-similar Lévy process such that

d
(th)tzo = bl/a(Xt>t20, b> 0.
In particular, each X; has for ¢ > 0 the characteristic function u — E[e?X¢] =
e~ 11"t and thus the Lebesgue density

Jai(x) = tl%fa (tl%) with  fo(x) = l/o e cos(xt)dt, xeR, (3)

™

cf. [24]. For a = 2, X is a Brownian motion (up to scaling factor), and a Cauchy-
process for o = 1.

Since X has right-continuous paths, the occupation time Or(A) in (1) is
well-defined for each Borel set A C R and any 0 < a < 2. We write

Or(y) = Or([y, o)), y€ER.

The local time process Lr(y) in (1), however, exists only for o« > 1, cf. [15,
Theorem 2.1]. Recall also the occupation time formula

[ s = [ s )

which holds for all nonnegative measurable functions f, cf. [22].

2.2. Results for the Riemann estimators

We begin by a simple, but general consistency result for (’A)T,n(A), which can be
shown exactly as in [20, Proposition 2.1]. Convergence of L., (y) to Ly(y) in
probability (and in L?) will follow from Theorem 4 below.
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Proposition 1. Let X be a stochastic process with right-continuous (or left-
continuous) paths such that for all t > 0 the law of X; is absolutely continuous
with respect to the Lebesque measure A. If A C R is a Borel set such that
A(A\A) = 0, where A and A denote the closure and the interior of A, then
P-almost surely

lim Or,,(A) = Orp(A).

n—oo

Let us consider L2-rates of convergence of this estimator. For o > 1 we follow

the proof strategy outlined in [2, Corollaries 6 and 7] for fractional Brownian
motion by upper bounding the characteristic function of the bivariate distribu-
tions (X, Xy) for 0 < t < ¢’ < T'. This leads to a general control of the error
approximation on every interval [a, b].

Theorem 2. Let 1 < a < 2 and let —o0o < a < b < oco. Then for sufficiently
small e >0

ATV Orn([a,B]) = Or([a,0) |72y < C(AV T )TV,
with C' < 0o is independent of a,b,T and n.

The proof of Theorem 2 breaks down for 0 < a < 1 due to the singularity
of fo+ near t = 0, yielding only suboptimal rates of convergence. This can
be resolved by assuming an initial distribution Xy having a bounded Lebesgue
density and the same upper bound from Theorem 2 still applies up to a small
polynomial loss in the rate of convergence, as has been shown in [2, Theorem
15], noting that indicator functions of bounded intervals have fractional Sobolev
regularity s < 1/2.

In the important case when A = [0, 00) is a half-line, we will now obtain exact
convergence results with explicit constants for all 0 < o < 2. This is new even
in the Brownian case (upper and lower bounds in the this case can be found in
[20, Proposition 2.3]).

Theorem 3. Define ¥(x) := (z — |x]) — (v — |z])?, @ > 0, where |x| is the
integer part of x. If 1 < a < 2, then

1 1/al A _17020(1/ ) < Y(x)

1-1/« 2 — 1-1/c
nlirrgo AL / |Or,»(0) *OT(O)HLZ(P) =T WEHXM r2—1/a i
If0 < a <1, then

L 1A I'(a)sin("F) o

HILH;OAHQ(logn) 1||OT,n(0)_OT(0)”%2(IP) = 127 2| X177

If a =1, then
. B P 1
nl;ngo A, %(logn) 2||(9T,n(0) - OT(O)”%%P) = 1252

We will see in the next section that the additional logn factors for 0 < a <'1
are necessary. Using Theorem 2 we also state a general upper bound for the
estimation of the local time.
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Theorem 4. Let 1 < a < 2 and let y € R. Then for any sufficiently small
e>0

L (y) = Lr ()| Fa@y < CQAV T )TV Ry~ 4+ AT 2R2),

where C' < oo is independent of a,b,T and n. If h, = Ai/a, then

A Lrn(y) = Lr(y)Zee) < COAV T )TV

In the Brownian case we recover the rate of convergence AY* from [14], and
therefore improve on [2, Corollary 7] and [19, Theorem 2.6].

2.3. Optimal estimation results

In this section we will derive the exact asymptotics for the LZ-error of the
conditional expectations E[Or(y)|G,] and E[Lr(y)|G,] as n — oo with explicit
constants. Note that local times are square integrable and therefore E[L7(y)|Gy]
is well-defined (see [16]).

Theorem 5. If 1 < a <2 and y € R, then
lim_ A, YO 1)[G]-Or (9) e
= QE[LT(y)]/ E [Var (O1(z)| X1)] dz.
0

If0<a<1, then

') sin(Z2

. —_ —_ _) —
Jim A2 (logn) EOr(0)]G] — Or(0)|[3a) = — 52 EI|X1| .

If a =1, then

1
lim A;2(logn) 2[E[Or (0)/Gn] — Or(O)]2:e) = 155

In view of Theorems 2 and 3 we conclude that the Riemann estimator @Tn(y)
is rate optimal for all 1 < @ < 2 and all y € R, while for 0 < a < 1, Or.,,(0)
is even asymptotically efficient and achieves the minimal possible error. In par-
ticular, the Riemann estimator automatically recovers the different regimes for
«. Efficiency does not hold true for 1 < a < 2, in particular not for Brownian
motion, as the next proposition shows.

Proposition 6. For all 1 < a < 2 we have

limy oo An |07, (0) — O (0122,

: —i/a . =:C, > 1.
limy, 00 Ay [E[O7(0)]Gn] — OT(O)HL2(]P>

)
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We therefore conclude that the Riemann estimator (’A)T’n(O) always has a
strictly larger estimation error than E[Or(0)|G,] for all 1 < a < 2. To get some
idea of how large C\, is, let us use (7) from the proof of Proposition 6 to lower
bound C, by

2Qa+ 1) (a—1) [ P(z) d
ad o p2—1/a ™"

c,>C, =

Now C, can be easily evaluated numerically, and Figure 1 shows that a — C,
increases with a. In particular, Cy &~ 2.08.

We conclude by an exact convergence result for local times at any y € R,
which proves together with Theorem 4 the rate optimality of the Riemann esti-
mator [A/T’n(y). We conjecture that there is an analogous statement to Proposi-
tion 6 for local times, but a proof seems difficult.

Theorem 7. Let 1 < o < 2, y € R and set C(a) = —(a — 1)I'(a) cos(7*).
Then
: - E[Lr(y)]
1/a—1 _ 2 _ ZET\I)]
Jim AV ELr )] 6]~ Lr(0) ey = s | EVar(La(@)] X1)lds,
Remark 8. For oo = 2 Theorems 5 and 7 can be obtained from [13, Theorem
3.

Remark 9. Let us discuss some further properties of @T’H(A) and
E[O7(A)|Gn].

(i) Section 3 of [1] shows that the Riemann estimator is asymptotically effi-
cient as n — oo for approximating integral functionals with smooth inte-
grands when X is a Brownian motion, implying that the integral approx-
imations in (1) can not be improved asymptotically by considering higher
order quadrature rules such as the trapezoidal rule.

(ii) From (14) in the proof of Lemma 16, we can see that

n

E[OT<A)|gn] = Zga(th—uth - th-—1)’ A c Ra (5)
k=1
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for a function g, depending explicitly on o and the density f,. This sug-
gests that an asymptotically efficient estimator for 1 < a < 2 needs to
use also the independent increments X;, — X;, , besides the time points
Xi, _,, but this seems not to be necessary for 0 < ao < 1.

(iii) The identity (5) suggests to use the conditional expectation as estimator.
While it is possible to pre-estimate « from the observations, cf. [4], f, is
generally not known in closed form and needs to be numerically approxi-
mated. In view of the good performance of the Riemann estimators across
different models, cf. [2], one should refrain from using (5) as estimator if
X is not precisely a symmetric a-stable process.

3. Proofs

All along the proofs, Z, Z are generic standard a-stable random variables, inde-
pendent of each other. For two non-negative functions f and g, we write f < g
if sup § < 4o00.

3.1. Proofs of results for the Riemann estimators
8.1.1. Proof of Theorem 3
Let us decompose Vr, := [|Or(0) — @T’n(O)H%Z(P) as

107(0)132 @) + 107, (0)]| 728y — 2E[O7(0)O7,1,(0))]. (6)

We first compute these three expression explicitly. For this, observe the following
properties of marginal and joint densities of the standard a-stable distribution.

Lemma 10. Define
plo,y) =P(Z20,2>0,2"°2 <y"*2), 2y=>0,

Then we have for 0 <r <t that P(X, >0,X, >0) =%+ o(t —r,r).

Proof. Observe for 0 < r < t by symmetry and independence of increments that
P(X,>0,X:— X, >0) = i. Therefore

1
P(X, 20,X, > 0) = 7 +P(X, 20,0 > X, - X, > —X,).

By the 1/a-self-similarity we can write X; — X, 4 (t—r)ez, X, L ypljag,
Symmetry yields Z < _ 7 such that

1 ~ ~ 1
P(X; 20,Xe 20)= 7 +P(Z 20,0< (¢ — ez <ypllaz) = g Tet—rr).

O
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Lemma 11. The function ¢ from Lemma 10 enjoys the following properties for
z,y,0>0,0<a<T:

(1) ¢(x,y) + ¢y, ) = 1,
(it) plaz,ay) = p(z,y),
(i) [y pla—z, z)de = ¢, )
(iv) faT oz —a,a)dx = %E[min(T, aD™1)] - ¢ with D = (1 + |Z/Z]*)~L.

Proof. (i) follows from (Z, Z) £ (Z,2), (ii) is clear. For (iii), substitution shows
Jo e(@,a — z)dx = [ p(a — x,x)dz and the claim follows from (i) and

/Oa o(x,a — x)dx = %(/Oaw(x,a—x)dx+/(Ja o(a — x,x)dz).

For (iv), on the other hand, we have

T T
/ plz —a,a)de = E[l{z>031 750 / L ()2 <alZ|~} 47]
T
= E[l{ZZO}l{Zzo}/a 1{19%}@]
1 . = o a
= ZE[mln(T,a(l +1Z2/Z2|%))] — 1
Lemma 12. We have ||OT(0)||%2(P) =377
Proof. Use Lemma 10 to obtain

T T
07Oy =2 [ [ PO 20,5, 2 O)dtar
0 r

T Ty T [ T—r
= 2/ / —dtdr + 2/ / oz, r)dxdr.
o Jr 4 o Jo

Consequently, by changing the variables x,r and using Lemma 11(i)

T2 T T—r T T—x
02Oy =5+ [ [ elandsars [ [ ot rdrds
0 0 0 0

S / ' / (o) + ol ) drdr

T2 T T*’l"l 3
. Zdxdr = =T2. O
4+/0/0 4=y

Lemma 13. We have ||@T,n(0)”2L2(1P>) =3T? 4+ 3TA, + 1 AZ.
Proof. Since X = 0, expanding the square shows that \\@Tn(0)||%2 (p) €dquals

n—1 n—1

E[(An + A, Z 1[0,00)(th))2] = A’IQ’L + 3A?z ZP(th 2 0)
k=1 k=1
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n—2 n-—1

+2A23 0 ) P(Xy, >0, X4, > 0).
k=1 j=k+1

As the distribution of X; is symmetric for ¢ > 0, the first two terms are just
A2 4 %A% (n — 1). Together with Lemma 10, the last display is thus equal to

n—2 n—1 n—2 n—1
AZ 4 Az(n—l )+2A23 " ) 7+2AQZ e k)An, te).
k=1 j=k+1 k=1 j=k+1

By Lemma 11(ii) and an index change in the last sum we have

n—2 n—1 n—2n—k—1
23 3 Gl —RAt) =2 Y o k)
k=1 j=k+1 k=1 j=1
n—2n—k—1

k=1 j=1
Lemma 11(i) thus implies
OOy — 22 22 5 5 L e 55
k=1 j=k+1 k=1 j=1
= gTQ + gTAn + iAi O
Lemma 14. We have 2E[O7(0)Or,,(0)] = 372+ 3TA,, — %A%E[g’((ﬁDD))] with

D= (1+|2/Z)*)"!

Proof. Let A = 2E[O7(0)O7.,(0)]. Since Xy = 0, Lemma 10 and splitting the
integral into two parts show

T T
A= 2An/ P(X, > 0)dr + 2A,, Z/ P(X,, >0,X, > 0)dr

=TA, +2A, Z/ —dr +2A, Z/ o(ty — r,r)dr
4*2[& jz:J/ T‘*thtk d

We thus get from Lemma 11(iii), (iv) that

-1 n—1

Bn (n—1)+A4, 2_: %’“ - %(Z E[min(7, %An)} = ).

k=1 k=1 k=1
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Since min(T, £A,,) = T'min(1, -£5), this means that

> nD
n—1 k n—1 k I_TLDJ
;mln(T, EA") = T;mm(l, n_D) =T ’; ) +T(n—1-—|nD])

[nD](|nD] +1)

ok G i ~T|nD] +T(n—1)
= g(l - —7/’517?) —nD)+T(n—1).

Noting that D L1 D, we have E[D] = 1/2. The last line therefore has
expectation

DS [W0D)] S0 T By [ VeD) ] 0
2 2 D 2 4 |D1-D) 4

4

where we used for the last equality the relation ¢ (nz) = ¥ (n(1 — z)), which
follows from |x] + |n — x| = n — 1. From this obtain the result. O

Proof of Theorem 3. The decomposition (6) and Lemmas 12, 13, 14 show

_AY AL L[ ¢(nD)
Vin =" T3 E [D(l — D)}

Denote the Lebesgue density of D = (14 |Z/Z|*)~" by fp. By the symmetry
DL1- D, we have fp(x) = fp(1 — ). A change of variables combined with
the equality 1 (nz) = ¥(n(1 — x)) thus allows for rewriting the last display as
A2 AZ /2 Y(x) T
Vi = =2 4 =0 S fp (1) da
=y 4 Jo x(l—x/n)fD n)

The result follows from studying the dz-integral integral as n — oo for different
a. For 1 < a <2, we find from Lemma 19(i) and 0 < z < n/2 that

n

—1+1/a Y(x) f (I)< Y(x)

o(I—x/n)" P \n) ~ g2-1/a"

which is integrable for « > 0. Part (i) of the theorem follows then immediately
from the dominated convergence theorem and the convergence in Lemma 19(i).
For part (ii) and 0 < e < 1, note that fp is bounded and the limit fp(0+) :=
lim, o fp(z) exists according to Lemma 19(ii). By Lemma 20(i), we conclude

that
L") 2\ gy = L0001 [ W)
logn/o x(lfx/n)fD (n) de = logn /0 :L’(lfx/n)dglj

logn/o (1 —z/n) (/D (ﬁ) — [p(0+))dz = 6 + o(1).
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Finally, for part (iii) and o = 1, we find from Lemmas 19(iii) and 20(ii) that

n/2 - .
(10g1n)2 /0 %JtD <E) dx =

L4 2 y)log((a/n) "t —1)
(logn)? 2 /0 x(l—x/n)(l—Zx/n)d

converges to ziz, thereby implying the claimed convergence. This finishes the
proof. O

3.1.2. Proof of Proposition 6

According to Theorems 5 and 3 for 1 < « < 2 it suffices to show

oT1- 1/a1“(1/0)EHZH o Y@ g0

2—1/a

2E[L7(0)] f,° E [Var ( (91( )| Z)] dx

From (3) and the occupation time formula (4) we infer E[Lr(0)] =

fOT fa,:(0)dt = w((;/al)) T'~Y/*, The result follows from
> a
| ENar (1) )] de < 55 El 21 g
3
@ . a o

o 210 = 50— 1)2a+ 1)

Recall (19) in Lemma 18 with p, ; being the density of X, A X, such that

o) [e’s} 1 2
/ E [Var (O1(z)| Z)] dz < / E (/ 1X,,,>mdr> ] dx
0 0 0
00 1 1 1 1 ¢S]
:/ / / P(X, A X > x)dsdrdx :/ / / upr,s(uw)dudsdr
0 0 T 0 T 0

2
20a+ )(2a+ 1) / ufa(u)du

/// / Ufor(U+ ) fa,s—r(v)dvdudsdr

- 1Z1] [Xs1x.50ly, <odsd
4(a—|—1)(2a+1) EflZl + // X,201x, <oldsdr.

By the symmetry X 2 _X we deduce for s > r

0=E[Xs(1x.>0lx,<0+ 1x,<0lx,>0)]
=E[X(21x,>01x,<0 +1—1x,>0 — 1x,<0)]
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and therefore

2E[Xs1x,>01x,<0] = E[Xs1x,>0] — E[Xs1x, <0]
= E[Xs1x,>0] — E[(Xs — X;)1x, <0] — E[X;1x, <0]
Sl/a _ 7,.l/oc

=L T w2

From this obtain (7). To conclude let us compute [, m;p,(f/)a dz = fol mﬁi—ffadx +

Yooy fo (w+k)2 —*~s—7xdx. Integration by parts entails

Y(x) o? — 2« 1+1 1
de = (1 + k)H/e — it/
g a2 l/e T At a—1;a+1 + )
k_l/a (1+k)l/a
a? o? & 141/ 141/
= EYeq @ _ 1
a+1+a712a+1 [(+k) )

k=1

1
7 kl/oc o kl/a 1 - l/a.
(1+7)

We then use the inequalities

, (o — 1 (o —1)(2 — o
(1+x)a—12a’x+a(a2 )xQ_O‘(a 6)( a)l‘3

for o' € (1,2) and = € (0,1), as well as

. "1 — o "1 — a2 — o
(1+$>a §1+a//m_a(2a)m2+a( a6)( a)xS

for o € (0,1) and x € (0,1) to obtain

o x2Me T atd
n a2 T 20 pl+1/0 a+1 04+1_(oz+1)(05f1)
oa—1 — o+ 1 ok 202 k2 6a3k3
1 a—1 (a—1)(2a-1)
. kl/a o k,l/a 1 -
+ ok  202k? + 6a3k3
o (20-1) & /a3
= _ k «
—
= k=1
2 e <] e%e]
> ° +1/ xl/"“de——(Zail)/ a3y
6a® —6a® +a+1 o’

> )
6(ac—1)(a+1) 2(a—1)(2a+1)
which holds for oo > 1. This yields (8) and finishes the proof.
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8.1.3. Proof of Theorem 2
Let g = 1j44), 0 < t,¢/ < T and define

By :=E[(9(Xe) — 9(Xa, 1178, ) (9(Xer) = 9(Xa, 1077a,1)]

The main idea of the proof is to get a tight control on E} ; using Fourier calculus,
see Lemma 15 below. Note that A, |[t/A,| = tg_1, if tx—1 < t < tg. On the
time interval [0,A,], the estimation error |Oa, ([a,b]) — @An,n([azbeL?(P) is
bounded by A,,, which allows us to write

107 ([a, 8]) — Orn(la, 1)) [72(p) < 247 +4(Ar + Ag),

k=2 k'=k+1" =1 Ve 1

tr 1%

n tr tr
Eypdt'dt, Ay = / By pdt'dt.
k=2 t

tr—1

Lemma 15(i,ii) gives
A S v T/ A2 S (@, Ay 1A, log )
k=2

< (1 V. Te/a)(Tl—l/a—e/aArlfl/a + Ai—e/a logn)

5 (1 V. Ts/a)Tlfl/afe/aA;LLJrl/a’

<AL DAY T AL Al )
k=2

,S (1 vV TQ&:/O[)Tvl—1/()1—2(5/(,1Arll-l-l/u7

| Az

using that n'/®*+/@=1logn < 1 for a > 1 and € small enough. The result follows
from modifying e.

Lemma 15. The following holds:

(i) If tk—y <t <t and ty_1 <t < tp, k # K, then for sufficiently small
e>0

By S (v T/ ), S Al 175/ A Tog ).
(i1) If t—1 <t <t <tg, then for sufficiently small e >0
Bl S Ao+ 1T 4 AL/ 1o ALt

Proof. Assume first that —0o < a < b < co. The Plancherel theorem (on R?)
shows for 0 < t < ¢/ < T that

Elg(Xe)g(Xe)] = (2m)7° - Fg(w)Fg(v)p(—u,t; —v,t)d(u,v),  (9)

where @(u,t;v,t') = E[e?*X++Xi] is the characteristic function of (X, Xy)
and Fg(u) = [, g(x)e™*dx = (iu) "' (e™? — ™) is the Fourier transform of g.
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By independence of increments, we have ¢(u, t;v,t') = e~ lutvl®t=v["{'=) fo;
t’ > t. From (9)

IEt,yIS/R LAl TYA A THIE " ld(u, v), (10)

where EZ:‘}) = QD(U, v, t/) —QD(’LL, v, tk’—l)_w(ua tk—1;7, t/)+g0(ua tk—1;0, tk’—l)'
By an approximation argument, this upper bound is also true for any —oo <
a < b < oo. Consider now first t_1 <t <t and tgr_1 <t <tp, k #Kk'. Then

t,—/ / 2 wp(u,ryv, ) dr' dr
thr—1

:/ (|v]*u + v|* = |v|**)(u, 73 v, 7" )dr' dr.
te—1 Jityr_4

Using |v] < |u| + |u + v|, as well as distinguishing the cases |u + v| < |u| and
|u + v| > |u|, we have on the one hand for 0 < e < 1
LAl THA A7) < (A [l =D o7 2ful + 2Ju + o[+ ul =)
< 20|72+ (ul = Al ) fu o), (1)
and on the other hand
(LA Jul 7@ A 7D+ o)

< (LA Pl (017 (=2 Al ™9 e+ 0]0FF)

< ol T+ o7 (a7 A ] T ) e+ o)) (12)
Note that |u + v|felutel®r/2 < p=Bla for g > 0, [ |o[Te I!I"0"="dy <
(r' =)=V for 4 > —1, as well as [fo e [“T1"du < rm Vo o (Ju] 7= A

|u|~17%)du < 1. Multiplying (11) by |v]|?* and (12) by |v|®, yields then in (10),
as long as 1 + ¢ < a and using the upper bound r/* < T/«

te b
| By v </ / 2+1/a( *1/a+7,,7(1+6)/a)
tr_1
+ (=) e/O‘))dr dr.
S (1VT6/a)/ /tk/ —2+1/a—(1+e)/a
te—1 Jtpr_q

+ (' =) Y dr dr
<@V Te/a)(t,;ﬁlﬁ/%}/a A log n).

This proves (i). Let now t,_1 < t <t < tx. To compute E[g(X;,_,)?], we use (9)
to obtain E[g(X:, _,—<)g9(Xt,_,+e)] and let € — 0. Then, (10) still holds, but this
time with

t
By = / (O3 0,8') — Oyiplus 50, b))

te—1
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t
- / (0] — Ju + o] )pu 750, ) + [l (u, 730, tor) -

th—1
Similar as above, after multiplying (11) by |v|®, we have
1 1
/ (LA =)Ao @ (u, 50, 8)d(u,0) S (F —r) (e g pmrea/a),
R2 |u |v]
Moreover, by symmetry in u,v and because o(u,r,v,tx—1) = @(v,tg—1,u,T),
the same upper bound follows with respect to |u|*¢(u,r;v,tx_1) when ¢ —r,r
are replaced by r — t_1,tx_1. At last, using |ul® < |u + v|® + |v|¢ and arguing
as after (12), we find that

LA ATl oot i, ) dude
RQ

1 1 1 1
< ay, e € S (——A B (U v, t)dud
S [ bt ol ol o) e e Ao Do,
5 T—l—s/a(t/ _ T‘)_E/a + T_l(t/ _ T)—2e/a_
Combining the last two displays, we find as in (i) from (10) for sufficiently small
€

|Brarl S A + 657 + Ao i e Aol O

8.1.4. Proof of Theorem 4

Note that L7, (y) = (2hn) " O7.0([y — hn, Y+ hn]). By Theorem 2 for 1 < o < 2
and sufficiently small € > 0 we then get
1Lz (y) = Lol Z2@) S 1200) T OP([y = by y + Bal) = Lr () 72(p)
+ (1V T9)h; 2T tame Al +t/e (13)
The occupation time formula (4) yields Or(ly — hn,y + hy]) =

f[y—hn yihn] Ly(x)dz such that because of f[y—hn yinn 4% = 2hn

1(2hn) T O1([y = oy y + hn]) = L () | 2y

1 1
3 [ 12+ hoa) = Lol oy do

T
2

IN

1/a 1
[ AT 4 o) = (T ) ey

where we used the self-similarity of X, which also transfers to its local time, cf.
Proposition 10.4.8 of [22]. A typical moment bound for local times, see for ex-
ample [16, Lemma 5.2], therefore implies that the last display is upper bounded
up to a constant by

Tl—l/a(T—l/ahn)(a—l)/Q — T1/2—1/(2a)h$la—1)/2.

Using this in (13) yields the claim.
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3.2. Proofs of optimal estimation results

We first present some results on conditional expectations.
Lemma 16. Suppose that y € R and Z 4 X, is independent of X .
(i)
107 (y) — E[OT(:‘/”gnm%?(P)

= A2 %E [Var (ol(kl/az + A;l/ay)‘ z, Xl)] .
k=0

(it) If 1 < a <2, then with C(a) = —(a — 1)I'(r) cos( %)
L () — B[ L () | Gall 3o

n—1
= AZ?C(a) 2 Y E {Var (Ll(kl/aZ + A;l/o‘y)‘ Z, Xl)] .
k=0
Proof. (i). Set g(x) = 1(x > y), € R, such that

Or(y) - ElOr()|Ga] = 3 / " (9(X,) — Elg(X,)|G.])dr-
k=1

th—1

By independence and stationarity of the increments, the Markov property im-
plies for t,_1 <r <t

E [g(XT)| gn] =K [g (XT)| thflath - thfl]
=E [g (XT” - th71 + th—l) | th:—17th - th71] (14)
d a
=E [9 (Ai/“X@n)*l(r—tH) + tiélz) Z, Xl} ;

concluding by X, — Xy, _, 4 A}L/QX(An)—l(T,tkil), X, 4 t,g_ﬁZ due to self-
similarity. In particular, the random variables ftt:_l (9(X,) —E[g(X,)|Gn])dr be-
ing uncorrelated for different k, we obtain

HOT(?J

~—

- E[OT(y)|gn]||2L2(]P’)

tr
Var / g9(X,)dr
k th—1

n 1
=AY E [Var (/ g(AY X, — 1)/ Z)dr
k=1 0

E

I
M=

th,—l ) th - th—l)]

zx)].

The result follows from g(A,l/aXT - ti/_alZ) =1(X, > (k—1)'Y*Z + A;l/ay).

1
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(ii). Applying the It6-Tanaka formulas of [21] for o = 2 and of [11, Theorem
2.1] for 1 < o < 2 we find

Cla)Lr(y) = |Xr —y|* " = y|*~" = Mr(y)

for a square integrable martingale (M;(y)); such that for all 0 < s < t, M(y) —
M, (y) is independent of o (M, (y),u < s). Indeed, for o = 2 we have M;(y) =

f(f sgn(X, —y)dX, and for 1 < a < 2

t
Mi(y) = /0 /R [ Xu- —y+ 2" — | Xue — Y q(du, do),

with ¢ being the compensated Poisson random measure associated with X. As
in (i),

E[Mia, (y) — M—1)a, ()| Gnl
=E[Ma, (y) — Mp—1)a, )| Xep—1, Xe, — Xe, ]
LE[Ma, (v - /%2)] 7, Xa,],

and the random variables (Mga,(y) — ME—1)a,(y) — E[Mpa,(y) —
M~y (¥)|Gn])r are uncorrelated. Consequently,

C()?|| L (y) — E[Lr ()] Gallli2@) = M7 (y) — E[Mr(2)| GulllZ2p)

= ZH:E [Var (MAn(y - tllc/falz)‘ Z’XA"H
k=1
= :Z;]E {Var (LAn(ti/aZ"'y)’ Z, XA")} ’

using the symmetry Z 2 _Z in the last line. The result follows from
self-similarity of X and Proposition 10.4.8 of [22], which implies that

A,l/a_lLAnt(Arl/aa) is a version of the local time L;(a). O

Proof of Theorem 5. Observe the equality in Lemma 16(i). Since the first sum-
mand in that sum is of order O(AZ2) and thus asymptotically negligible, we only
have to study the sum for £ > 1, which equals

n—1
AfLZ/E [Var (01 (k72 4+ 8;29) | %1)] fu(w)da. (15)
k=1"R
Let first 1 < a < 2. After a change of variables the last line equals

n—1
/ B [Var (O (z)] X1)] A2F/2 37 % p (Ao oy — /o).
R k=1
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Since f, is uniformly bounded, dominated convergence implies

A, Zt_l/afa Al/at—l/a _ ’;1/ay)

T T
—>/ t—l/afa(t—l/“y)dt:/ fot(y)dt
0 0

This equals E[Ly(y)] by the occupation time formula (4), and the claim follows
from using dominated convergence again.

Let now 0 < a < 1 and suppose y = 0. Decompose the expected Value
in (15) as E[Var(Y|X,)] = E[Y? - E[Y|X1)?] with Y = O (k/*z) = [, 1(
/e x)dr. Multiplying out the square yields

n—1

1n1
X, A X, |
S0 (k) // ( < Kn |XT/\X320>drds
0

- / / Q'X A X 'aJ /\(n—l)) 1(X, A X, > 0)drds.

Writing similarly E[O;(k'/%2)|X;] = fol Je1(z > kY%2) fo . x, (2)dzdr with
the conditional density f, sx, from Lemma 18, using symmetry and taking
expectations allows to rewrite (15) as

2A2 / / (n = 1) fc;( )h(;vz)dzalx7 (16)

Zl+a

with h(u) = fol fol uT(p, s(u) — Elprs x,(w)])drds for prs, prsx, from
Lemma 18. In order to conclude, consider the decomposition

[T LA, e /M”“ =]

ZlJra

By Lemma 18(i,ii), h(u) — %, u — 00 and sup,sq |h(u)| < oo, and so the
expression in the last display converges uniformly in x > 0, when divided by
logn, to he(00)/(12cr). The result is obtained from dominated convergence and
noting 2 f;~ f“(I)d:c =E[|Z]79].

At last, let a = 1 and suppose again y = 0. As for 0 < a < 1 it suffices to
study (16)7 which we rewrite as

2A2 /100 log(z)%ﬁ(z)di;

oo

=2A2 /1n log(Z')7TL2ZZJ2 h(z)dz + 2A2(n — 1) / log(2) =

n—1 i ’22

h(z)dz,
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with  h(z //log / zf1(z)(pr.s(x2) — Elpr s, x, (x2)])dzdrds.

(17)
Lemma 18(iii,iv) yield h(u) — {5, u — 00, sup,sq|h(u)] < oo. Noting
fln @dz = w, the claim follows from dominated convergence. ([

Proof of Theorem 7. According to Lemma 16(ii) and changing variables we have

1Lz (y) — B[ Lz ()| Gl 72 @)

1 “1/a —1/a
_ A21ag(e)-? /R E [Var (L ()| X1)] 3 7 Fa(AY g oy ey g

k=1 "k

By a typical moment bound for local times, cf. [16, Lemma 5.2, and the same
Riemann sum convergence as after (15), we conclude by dominated convergence

Ai/afl ||LT(y) — E[LT(y)|gn] ”%2(]1”)

—>C(a)_zE[LT(y)]/E[Var(Ll(x)|X1)]dx. O

R

3.3. Auziliary lemmas for asymptotic results

In this section, we collect a number of technical properties for a-stable distri-
butions. We begin by recalling a well-known asymptotic property in the case
a < 1. For a proof see [12, Theorem 2.4.2], or [23, page 246] for the value of the
limit.
Lemma 17. If 0 < a < 1, then ho(z) = 2T f,(x), © > 0, is a non-negative
non-decreasing function satisfying

lim hq(x) = e sin(ﬂ

T—r+00 ™ 2

7T(a) =: he(00). (18)

The next two lemmas are used in Theorems 5 and 3.

Lemma 18. For 0 < a < 1 let p, s denote the Lebesgue density of X, N X
Jor 0 <r,s <1, fosx, 18 the conditional Lebesgue density of Xs for 0 < s <
1, conditional on X1 and set prs x,(2) = 2farix,(2) [ fasix, (2)dZ, z > 0.
Then, as z — 00:

(i) 217, 5(2) = (r A 8)ha(00),
(1) 1+QE[pT5X1( )] = r8ha(00).

(iii) log(zz//rr) IS zfi(x prs(mz)dx—> —— ifa=1

. 2 zZ/r rvVs .
(iv) TELL [ x fi (2)Elpr,a x, (2)ldz — 22 if a = 1.
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Proof. By independence of increments it is not difficult to see for 0 < r < s that

pr,S( )= far / far +U)fas r(v)dv (19)

Monotone convergence and Lemma 17 yield (i). On the other hand, again by
independence of increments, the conditional density for 0 < r < 1 is given by

—_ faﬂ‘(z)fa,l—r(l‘ - Z)
faﬂ"\Xlzz(z) = fa,l(x) ,

recalling that fo1 = fo. Denote W, (z,2) = [° fo rx,=-+2()dZ. As above,
monotone convergence and Lemma 17 imply then as z — oo
1
(z4+z)Hfon
| el aasto =22z = [ faei(oyiz
0

—x

U, (z,2) =

(z+x) /0 (= + ”T)Hafaﬁr(z + 2) fan—r(z — 2)dZ

~ hia(0)

using symmetry of f,i1—, in the last line. Since also trivially ¥(z,z) <
U(—o0,z) =1, we find from this by dominated convergence

1+aE[/’rsX1( )] _2Z1+a/ focr J{all . / fa s|X1= z( )dzfa 1( )
—oultep (o) / ot (@)W, (2, 2)da (20)
R

— 2rsha(oo)/ fa1—r(x) - fa1-s(2)dZdx = rshq(00),
R

—

again using symmetry of the densities. This shows (ii). For (iii) let again 0 <
r < s. From (19) we find that

i 1 z 1 (> vz
/0 a:fl(x)pm(xz)dx = ggl (07 ;) + ;/(; gl(;7 ;)fa7s—r(v)dv

where g1(a, b) fo xf1(x) f1(a + bz)dx. Lemma 21 implies for z — co

o P T U I
IOg(z/r)/O f1(@)pr.s(x2)d %2r+r/0 fra—r(v)do = —.

At last, starting from (20), we have

/O 2f1(2)Elpr,s, x, (2)]dx = 2 /0 zf1(2) for(22) /]R fan—r(2)V, (22, 7)dEda.

For a = 1, the density is f1(z) = m and so légg}j) z f1(2) fa,r(z2) is clearly
integrable uniformly in z > 0. Since U,(xz,2) < 1 by (ii) and ¥,(xz, &) —

s |7 fa1-s(%)dZ, the last display equals, as z — oo,

95 /OOO a:f1(36)fa,r(333)/wal—?'(j) _j fa1—s(Z)dZdx 4+ 0 (M)

(z/r)?
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= 291(07 ;) +0 (%) :

We conclude with Lemma 21. O

Lemma 19. Let fp denote the Lebesque density of D = (1 +|Z/Z|*)~1.

(i) If 1 < a < 2, then supg.,<1/2 |zt =Y fp(x)| < oo and 'Y fp(x) —
#F(é)EHZH as x — 0.

(i) If 0 < «a < 1, then supgcycio fo(z) < 4 and fp(x) —
2 sin(Z)(a)E[| Z] ] as z — 0.

(iti) If o =1, then fp(z) = Z(1 —2z) log(z~' — 1).

Proof. For all 0 < a < 2 denote by g, (z) = 4fooo Yfa(y) falzy)dy, x > 0, the

density of | Z/Z|, such that

1
fo(z) = =g 17V —g) W eg (27 =)V, o<z <1 (21)
«
(i). For 1 < o < 2, E[|Z]] is finite and therefore g, (x) < 2sup, ¢ fo(y)E[|Z]].
Together with the property go(z) = 2 2g,(z71) for  # 0, we get from (21) for
0 <z < 1/2 that

217 ()| S 22 (1 — )T = 1) = (1T g,

The claimed convergence follows from g, (x) — 2f,(0)E[|Z]] as  — 0 and from
fa(0) = (am) 7T (1/a).
(ii). Observe first that

1%, (x) = ooifa(y)h zy)d
o) =4 [ = Wh )y

is non-decreasing in = > 0 and converges to 2hy(c0)E[|Z|~%] as z — oo by
the monotone convergence theorem and Lemma 17. This yields with (21) for
0<z<1/2

fD(l') 5 xflfl/a(l _ x)71+1/a(x71 _ 1)7171/04 _ (1 _ 1,)72 < 47

and the claimed convergence of fp(z) as z — 0.
(iii). For a = 1, the equality is a straightforward consequence of Lemma 21
and the equality fp(z) = 427 2g;(0, 271 — 1). O

Lemma 20. Recall the function 1 (z) = (x — |z]) — (x — [z])%, * > 0, from
Theorem 3. It holds:
(Z) hmn_H‘oo loén 0 x(l—(x)/n)d ;

=1,
Sy 9 n/2 () log((x/n) " t—1 _
(i) limp 400 (logln)2 0 x((1)—mg/(7£)(/1—)2z/n)) dz = 5.
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Proof. (i). Using the relationship x=1(1 —z/n)~t =1 =n"1(1— x/n) L<ont

for 0 < x < n/2and ¢(z) < 1, it is enough to study the limit of —— logn On/2 L) gy,

Moreover, since we have for n = 2k + 1 odd the bound fk+1/2 w(w)d <1/k <
1/n, we only have to consider n = 2k even. Denoting by [z] = x — |z] the
fractional part of z € R, we have

/j@dm /+ j; dx—Z/ f]j;

Since j7! — (j + )"t < j2 for 0 < x < 1 is summable in j, we conclude that

1 * 1 =1t 1
lim / de: lim Zf/ (x — 2?)de = =.
k—+oo log2k J, = k—+oo log 2k =7 Jo 6

(ii). Note that

1 1 2 1

c(—z/m(l=2z/n) = n=22/n)  n(l=z/m)(1=2e/n)

For 0 < 2 < n/2 the last term is bounded by the second one. Since

"2 () log((z/m) = 1) | _ (V2 log(a™t — 1)
/0 n(l —2x/n) dx§/0 1—2x

dx < o0,

it is thus enough to compute the limit of

1 "2 () log("2*)
1 €T
1m /0

n—+oo (logn)? x

n/2 n/2
- lim / Y e~ i / Y(@)logz
0

n—+oo logn x n—+oo (logn)? x

dzx

)

where we used log((z/n)~1—1) = logn + log(1 — z/n) — logz in the last line.
We show below that the second term equals —1/12. Together with the result
from (i) we get (ii). In order to find the limit for the second term, note that as
in (i) it is enough to consider n = 2k even. As above, we have

/kw(x)log:c Z/ x — 22 log]er)dac.
0 z Jtx

Noting that |bgj(j_7:m) — 10%| < j~2for 0 < x < 1 is summable, the claimed limit

is obtained from

1 k 1 .1
lim / CICIL UF N Z o6i _ 1 g
k—+oo (log2k)? J x k—+oo (log 2k 2
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Lemma 21. Let a =1 and define

[e's} 1 S T
g1(a,b) :/0 fi(z)fila + br)dr = ﬁ/o T+ D+ @rbed) ™

Then for every a > 0 and b > 0, we get the following equality

(a.b) = 1 [1+a2—b21 (1+a2)
NG = 221+ a2 — 02)2 + 4a?b2) 2 8T

+ mab — a(l + a® — b2)(g — arctan(a))]. (22)

In particular,

logb w22

m2(b? —1)’ b oo log b

gl(oab) = gl(a,b) = 13

and gl(a7b) S gl(ovb) = #%il)'

Proof. We only compute 72g; (a,b) = fooo (sz)(li(a%w
erties being easily deduced from (22). Writing K;; = (1+a%—b%*)? +4ab?, we
shall use the decomposition

B dx, all the other prop-

K;; _ 1+a®—0*—2abx  b*(3a® +b° — 1) + 2ab’x
(1+22)(1+ (a+bz)?2) 1+ a2 1+ (a+ bx)?
to obtain
ey 1@ B[ 20 22b* 4 2ab
(14 22)(1 + (a +bx)2) 2 1+22 14 (a+bx)?
n 2ab  ab(1l+ a® +b?)
1+22 14 (a+bx)?
and

Ka,b t—4o00
+ tlggl 2abarctan(t) — a(1 + a® + b?)(arctan(a + bt) — arctan(a))

2 b 1 2_b2
T000) g TP TP (0014 £2) — log(1 + (a + bt)?) + log(1 + a)]

which yields (22). O
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