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Abstract: Working with so-called linkages allows to define a copula-based,
[0, 1]-valued multivariate dependence measure ¢'(X,Y) quantifying the
scale-invariant extent of dependence of a random variable Y on a d-dimen-
sional random vector X = (X1,...,Xg) which exhibits various good and
natural properties. In particular, CI(X,Y) = 0 if and only if X and Y
are independent, ¢1(X,Y) is maximal exclusively if Y is a function of X,
and ignoring one or several coordinates of X can not increase the resulting
dependence value. After introducing and analyzing the metric D1 under-
lying the construction of the dependence measure and deriving examples
showing how much information can be lost by only considering all pairwise
dependence values ¢'(X1,Y),...,¢1(Xg,Y) we derive a so-called checker-
board estimator for ¢'(X,Y) and show that it is strongly consistent in
full generality, i.e., without any smoothness restrictions on the underlying
copula. Some simulations illustrating the small sample performance of the
estimator complement the established theoretical results.
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1. Introduction

Consider a random vector (X1, Xa,..., X4, Y) on a probability space (€2, 4, P),
write X = (X1,...,X4), and suppose that (X 1,Y1),...,(Xn,Ys) is a sample of
(X.,Y). Two of the major questions (think of problems like feature selection or
regression) in statistics are (i) how much information X provides about Y (or,
equivalently, how dependent Y is on X) and (ii) how this dependence can be
estimated in terms of (X1,Y7),...,(X,,Yn). Seemingly natural requirements
for a measure d quantifying the extent of dependence of Y on X are:

(N) 6(X,Y) €[0,1] (normalization).

(I) 6(X,Y)=0if and only if Y and X are independent (independence).
(C) §(X,Y)=1if and only if Y is a function of X (complete dependence).
(S) 9 is scale-invariant.

(IG) ¢ fulfills the information gain inequality

0(X1,Y) <0((X1,X2),Y) <+ <6((Xy, ..., Xa),Y).

Not surprisingly, various ‘dependence measures’ (fulfilling the afore-mentioned
five properties to different extents) and their estimators have been introduced
and studied in the past 15 years, see for instance, [3, 8, 9, 11, 16, 24, 37, 38,
47, 46, 48] and the references therein. The majority of these works focuses on
the bivariate setting, including the measures ¢ studied in [9] (implemented in
the R-package wicor), (1 studied in [24, 48] (R-package gad) or MIC studied
in [37, 38] (R-package minerva). Leaving the 2-dimensional setting and aiming
at general multivariate measures the number of works decreases significantly,
for a brief survey we refer to [3, 23, 46] and the references therein. In [47,
46], for instance, the authors introduce the by now well known multivariate,
characteristic function based dependence measure distance correlation which
generalizes the idea of correlation and is able to characterize independence of
two random vectors X and Y in arbitrary dimension. Distance correlation,
however, is not capable of detecting complete dependence in full generality, i.e.,
it does not attain the value 1 exclusively for the case that Y is a function of X
(and hence violates the afore-mentioned property (C)).
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The recently introduced measure of conditional dependence T (see [3]), which
is a multivariate extension of the highly performant bivariate measure £ (see
[9]) resolves this problem. Its remarkable estimator T),, implemented in the R-
package FOCI, performs generally very well and has attracted a lot of attention
in the statistical community, which is reflected by a large number of follow-
up works. In [10, 21], for instance, extensions of the (conditional) dependence
measure to topological spaces and multivariate output Y were developed and
studied. Furthermore, the authors in [44] derived the (previously conjectured)
asymptotic normality of T}, under independence (see [3]) and some mild con-
ditions, a result which, in turn, allows to apply 7}, in the context of testing
for conditional independence. Following [44] T;, does not have optimal power
in testing for independence, which agrees with the bivariate setting as stud-
ied, e.g., in [32, 45]. For an excellent overview concerning 7T,, and related no-
tions/generalizations we refer to [19] and the references therein.

In the current paper we focus on an extension of the bivariate, copula-based
dependence measure (; and its so-called checkerboard estimator to multivariate
X. In dimension two, (; and £ are closely related - in fact, £ is the La-version of
the older L;-based measure (1. Moreover, the estimators of the population values
- although being based on entirely different ideas - perform comparably well (see
[24]) in most situations, with the (; estimator exhibiting a slightly higher power
in detecting deviation from independence as well as attaining only values within
[0, 1], whereas the estimator of £ may also be negative (a property potentially
hard to interpret for applicants outside the statistical community). As main
result we will show that the introduced extension of (; yields a dependence
measure fulfilling all five properties (N), (I), (C), (S), (IG), and derive a strongly
consistent estimator for it.

Note that the seemingly natural extension of (; interpreted as distance to
independence does not yield a reasonable measure: In fact, for random variables
X,Y with continuous bivariate distribution function H, marginals F,G and
(unique) copula A according to [48] the measure (; is defined by

(X, Y) =G (A) = 3D (A I).

Thereby II denotes the bivariate product copula and D; is the metric on the
family C? of all bivariate copulas defined by

Di(A, B) = /[] /H K, [0,]) — K5, [0, 0])] dA(u) dA(v),

where K4(+,-), Kg(-,-) denote the Markov kernels (regular conditional distribu-
tions) of A, B € C?, respectively. Proceeding analogously and considering

= v|) — Kpg v d v
Dua By = [t 0,0 K 0.0]) X ) X0),

does not yield a metric on the family C” of all p-dimensional copulas since,
firstly, the (conditional) probability measures K4(u, ) and Kg(u,-) are only
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unique A% and BY?-almost everywhere, whereby Al+¢ and BY? de-
note the d-dimensional marginal copulas of A and B, respectively. And secondly,
none of the two marginals needs to be uniformly distributed on [0,1]?. An al-
ternative approach based on ¢; of all pairs was studied in [15], the obtained
notion, however, did not exhibit the desired properties either since only consid-
ering all bivariate marginals may go hand in hand with losing a lot of relevant
information.

In the sequel we will show how working with the so-called linkage operator
(see [31]) which allows to transform general random vectors X to random vectors
uniformly distributed on [0, 1]¢ provides a way to overcome the afore-mentioned
problems and hence opens the door to extending (7 to a measure fulfilling all five
desired properties. Notice that a similar, linkage-based approach was studied [7],
the focus there, however, was on the technically less demanding case of absolutely
continuous random vectors and, moreover, no estimator was provided. Also note
that focusing only on univariate variables Y entails no restriction since the
dependence of a random vector (Y7,...,Y;,) =Y on X may be quantified by
simply considering the dependence scores of (X, Y7),...,(X,Y.).

The rest of this paper is organized as follows: Section 2 gathers preliminaries
and notations that will be used in the sequel. In Section 3 we recall the definition
of linkages, express the connection between copulas and their linkage in terms
of Markov kernels and prove a characterization of copulas fulfilling the so-called
conditional independence property. In Section 4 we then introduce the metric D
on the space Cﬁd of linkages, discuss various (topological) properties (extending
those in [48]) and show that the family of so-called checkerboard copulas (which
are key for the construction of our estimator) is dense in (Cf;, D1). Based on D,
we then construct the non-parametric measure of dependence ¢! in Section 5
and show that the obtained measure fulfills all five properties mentioned before.
Finally, we construct a checkerboard estimator for which we prove strong con-
sistency in full generality (Section 6). Various examples and graphics illustrate
both the obtained results and the ideas underlying the proofs. A simulation
study illustrating the performance of our estimator and some technical proofs
can be found in the Appendix A and B.

2. Notation and preliminaries

Throughout the paper p € N will denote the dimension and d is defined by d :=
p — 1. Bold symbols will be used to denote vectors, e.g., = (z1,z2,...,24) €
R? and we will also write (x,y) for (z1,...,74,y) € R. The p-dimensional
Lebesgue-measure will be denoted by A, in case of p = 1 we will also simply
write A and I will denote the unit interval [0, 1]. Moreover, C* denotes the family
of all p-dimensional copulas, in the two-dimensional setting we will also write
C, do will denote the uniform metric on C?, i.e.,

d (A, B) := max |A(x) — B(x)|.

xzclr
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It is well known that (C?,dw) is a compact metric space (see, for instance, [14,
36]). For every C' € C? the corresponding p-stochastic measure will be denoted by
pe, ie., pe([0,z]) = C(x) for all ¢ € I, whereby [0, z] := szl[(),xi] = [0, z1] X
---x[0,z,)]. II, and M, denote the p-dimensional product and the p-dimensional
minimum copula, ie., I, (z1,...,2,) = H5:1 xz; as well as M,(xq,...,x,) =
min{z,...,z,}, for p = 2 we will also simply write IT and M. If we consider
the marginal copula with respect to the first k variables, we will simply write A*,
i.e., we have A*(z1,...,2) = A(z1,...,71,1,...,1), furthermore C*% denotes
the i-j-marginal for ¢ # j and i,5 € {1,...,p}, i.e,

C(ziy2j) =C(, ..., L, 1, ..., Lo, 1., 1).

For more background on copulas and p-stochastic probability measures we refer
to [14, 27, 36] and the references therein.

In what follows, Markov kernels will play a prominent role. For every metric
space (€2, d) the Borel o-field on © will be denoted by B(Q2). Let (£21,.4;) and
(Q2, A2) be measurable spaces. A map K : 1 x Ay — [0, 1] is called Markov ker-
nel from (1, .A;) to (2, As) if for every fixed Az € A, the map wy — K (w1, Ag)
is A;-B(R)-measurable and for every fixed wy € €y the map Ay — K(wq, Az) is
a probability measure on As. Given a j-dimensional random vector Y and a k-
dimensional random vector X on a probability space ({2, .4, P), i.e., measurable
mappings Y : (2, A, P) — (R, B(R’)) and X : (2, A,P) — (R*, B(R¥)), we say
that a Markov kernel K is a regular conditional distribution of Y given X if

K(X(w), F) =E(lpoY|X)(w)

holds P-almost surely for every F' € B(R7). It is well-known that for each random
vector (X,Y) a regular conditional distribution K(-,-) of Y given X always
exists and is unique for PX-a.e. z € R¥, whereby PX denotes the push-forward of
P under X . It is well known that K (-, -) only depends on P(*X>Y) hence, if (X,Y)
has distribution function H (in which case we will also write (X,Y) ~ H) we
will let Kg(-,-) denote (a version of) the regular conditional distribution of Y
given X and simply refer to it as Markov kernel of H. Furthermore, we will
write F? for the family of all p-dimensional distribution functions.

If C € C* is a copula, then we will consider the Markov kernel of C' (with
respect to the first k-coordinates) as mapping K¢ : I¥ x B(I?~%) — I. Defining
the x-section of a set G € B(IP) as Gy := {y € I’ : (x,y) € G} the so-called
disintegration theorem yields

pe(G) = B Ke(z, Gz) ducr (), (1)
so for the particular case k = d := p — 1 we have
no(' x F) = | Ko(@, F)ducs(x) = A(F). (2)
I

For more background on conditional expectations, regular conditional distribu-
tions and general disintegration we refer to [25, 27].
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In the sequel U4(0, 1) will denote the uniform distribution on I and if X ~ F
we write F'~ for the pseudo-inverse of the distribution function F,i.e., F~(y) :=
inf{x e R: F(x) > y}.

3. Copulas and linkages

Suppose that X1,..., Xy are random variables on (€2, A, P) with cumulative dis-
tribution functions Fi, ..., F; and let H denote the cumulative distribution func-
tion of the random vector X = (X1, Xo, ..., Xy4). According to Sklar’s theorem
(see, for instance, [14, 36]) there exists a unique subcopula S : cl(Range(Fy)) X
-+ x cl(Range(Fy)) — [0, 1] such that for all z € R?

H(zy,...,2q) = S(Fi(x1),..., Fa(xq)). (3)

If Fy,...,Fy are continuous distribution functions, then S is a copula and
unique, otherwise S can be extended in uncountably many ways to a copula
C € C? (see [14]). To ensure uniqueness of C in the general setting, we agree on
working with the multi-linear interpolation of S (see, for instance, [14, 17]).

In what follows we will work with the so-called modified distribution function
(see [14, 2.3.4.] or [42]). Let Z be a random variable on (2, A, P) with distribution
function F' and r € [0, 1] be fixed. Then F" : R — [0, 1], defined by

Fr'(z2):=F(z=)+r[F(z) —F(z-)|=P(Z < 2)+r -P(Z ==2)

is called modified distribution function of Z. The following well known lemma
which considers random 7 gathers the main properties of the generalized distri-
butional transform (a.k.a. generalized PIT) F®(Z) of Z (for a proof see [42]).

Lemma 3.1 (Generalized PIT). Suppose that Z has distribution function F,
that R is uniformly distributed and that Z and R are independent. Furthermore,
set U := FR(Z). Then the random variable U is uniformly distributed on [0, 1]
and the identity F—(U) = Z holds with probability 1.

To simplify notation we will write
Fap..a—1(zdlzy, .. 24-1) == Kg (21, ..., 241, [0, 24])
as well as
F£|1...d—1(md|3317 cosxgo1) =Kpg(xy,...,2q-1,[0,2q))+rKp(z1, ... ,x4-1, {xa}),

for the conditional and the modified conditional distribution functions, respec-
tively, where X = (X3,...,X4) ~ H and r € I. If R ~ #4(0,1) and X are

independent, then for all vectors (z1,...,24_1) € R?"! the random variable
Fﬁl...dq(del’ ...y x4—1) (i-e., the generalized probability integral transform
Fcﬁl...dfl(yulv ..., xq) of the random variable Y ~ Kg(z1,...,24-1,")), is uni-

formly distributed on I. Suppose that ©» = (r1,79,...,7¢) € I, then following
[39, 43] the transformations ®” : RY — I¢ and ¥ : I¢ — R? are defined by

" (21,22, .., xa) = (F]" (21), Fgrfl(i%\fﬂl), EEE F;ﬁ_“d_l(xdﬁh oy Td-1))
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for all z € R? and
U(ug, ug,...,uq) = (21,22, -, 2d),

whereby z; = F| (u1) and, inductively

zi=Fy, o (uilz, 2,0 2i)
for ¢ = 2,3,...,d. Both transformations are well known in statistics: ®" is

called Rosenblatt transformation and was introduced by Rosenblatt in 1952
[39] for absolutely continuous random variables and generalized in [41, 43] to
the general setting. The ‘inverse’ transformation ¥ is well known in the context
of generating samples. The following lemma gathers the main properties of the
mappings ®® and U (see [31, 39] for the absolutely continuous setting as well
as [43, Proposition 2 and Theorem 3] and [42, Section 3] for the general case).

Lemma 3.2. Suppose that X = (X1,Xs,...,Xq) ~H, U = (Uy,Us,...Uyg) ~
Iy € C? and that R = (Ry, Ry, ..., Rq) ~ Il is independent of X and U. Then
the following statements hold:

1. OR(X1, Xa, ..., Xy) ~ I,
2. W(Uy,Us, ..., Ug) ~ H.
In particular, ®® o U(Uy,Us, ..., Uy) ~ 14, and
3. UodB(Xy, Xy,...,Xy) = (X1, Xa,..., Xq) with probability 1.

For the rest of the paper we agree on the following conventions. Suppose that
X = (Xi,...,Xy4) and Y are defined on the same probability space (2,4, P),
(X,Y) ~ H with univariate marginals Fy, ..., Fy and G, respectively. We say a
random vector X is uniform if its distribution function restricted to I¢ coincides
with Iy, ie., PX = )\d|]1d. Moreover, let R1,...,Rq, R, be ii.d., uniformly dis-
tributed on I and write R = (Ry,..., Ry). Following [31] the joint distribution
function of the random vector (U, V') defined by

(U, V) = (7(X), 2"(Y)) (4)

is called linkage of (X,Y), or linkage of H. The family of all p-dimensional
linkages, i.e., copulas with d-dimensional uniform margin, will be denoted by

Ch, ={C €C’:C(x1,...,24,1) = Ug(21,...,2a)}.

Interpreting the linkage construction as operator from F* to Cﬁd we will also
write L : FP — Cfy .

In other words: if (X,Y) ~ H then (U,V) = (®®(X),®% (Y)) ~ L(H).

In the sequel we will mainly focus on the linkage operation on the space
of copulas, i.e., the mapping L : C* — Cﬂd assigning each copula its linkage,
implying that for every p-dimensional random vector (X,Y) ~ C € C? we
have (U,V) = (®%(X),Y) ~ L(C). Notice that the random vectors (Xi,Y)
and (U, V) have the same distribution by construction. The following useful
lemmata describe the connection between the copula and its linkage in terms of
the corresponding Markov kernels and partial derivatives.
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Lemma 3.3. Suppose that (Xy,...,Xq,Y) ~ A€ CP and let (U,V) be defined
according to Eq. (4). Then

KL(A)(xth ey Tdy [07yD = KA(\IJ(1'17$2, ey fEd)7 [Ovy])
defines a Markov kernel of L(A), i.e., the following identity holds for all (x,y) =
(‘Tla cee 7xd7y) el

L(A) (1,22, . 50, y) = /[ (¥ ), 0.9) )

Proof. Obviously, the mapping F +— Ka(¥(x1,x2,...,24),F) is a probabil-
ity measure for every fixed x € I¢. Moreover, measurability of the mapping
(x1,...,2q) = Ka (\I/(xl,xg, cey ), [O,y]) for every fixed y € [0, 1] is a direct
consequence of measurability of ¥ and the fact that K 4(-, ) is a Markov kernel.
Since the family

D:={ECI: (x1,...,2q) = Ka(¥(z1,22,...,24), F) is measureable}

forms a Dynkin system containing the family of all intervals of the form [0, y] we
conclude that K,(4)(-,-) is a Markov kernel and it remains to show that (z,y) —
K4(¥(x),[0,y]) is a regular conditional distribution of L(A). Fix y € [0, 1], then
using change of coordinates and applying Lemma 3.2 repeatedly yields

/M Ka(U(z1, 29, ..., 24), [0,]) dX4()
— [, (oaa@) Ka(¥(@). 0.4]) dB*"* ) (a)
— [ 0. (87 0 0(©) Ka(W o % 0 0(D). 0.4]) P
= [t (@7X)) K (0 97(X). [0.4]) ap
— [ B (07(X) Ka(X.[0.6) P
=P(®R(X) <u,Y <y) = L(A)(u1,uz,.. ., ua,y),

which completes the proof. O

Lemma 3.4. Suppose that (U, ...,Us,V) ~ C € Cpy, and let Kc(-,-) denote
the Markov kernel of C. Then, for every v € I we have
oiC

Ke(u,. .. ua,[0,0]) = m(uh-umd,v) ()

for X-a.e. w € I¢. The same result holds for any ordering of the mized partial
derivatives in Eq. (5).
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Proof. Since both, a proof for the existence of the mixed partial derivatives
and the fact that the ordering does not matter seems to be hard to find in the
literature a proof is given in the Appendix (see A). |

Obviously every linkage C' € Cpy, fulfills L(C) = C and, consequently, we
have K1) (x,[0,y]) = Ko (,[0,y]) for every y € I and A-a.e. @ € 1%

Figure 1 depicts a sample of size n = 1.000 drawn from a tri-variate copula
C underlying the following random vector (Xl,f(g,f/): The bivariate margin
(Xl, )~(2) follows a Marshall Olkin copula M Oq 5,1 with parameter a = 0.5 and
B = 1, whereas Y is defined by Y = X; + X,. The graphics show how the
dependence structure between the first and second coordinate is removed by
applying the linkage operation.

In general, deriving analytic formulas for L(A) is intractable. For copulas
A € C* satistying the so-called conditional independence property (w.r.t. the
first coordinate, also see [4])

KA (ajl, >p< Ez) = HKA“(xlin) (6)

=2

for »-a.e. z1 € I and Es,...,E, € B(I), however, the linkage is easily express-
able (see Proposition 3.6). Letting C] denote the family of all copulas satisfying
Eq. (6) it is straightforward to verify that there is a one-to-one correspondence
between C and C? x C? x --- x C? = (C?)?. The construction of higher di-
mensional copulas from copulas in C? is also discussed in [14][Section 5] via the
so-called C-lifting - considering C = {II3}+¢; establishes the link to Eq. (6).
Furthermore, the conditional independence property is also crucial in the con-
text of factor copula models, see, e.g., [1, 28, 29] and the references therein. In
fact, Eq. (6) yields a 1-factor copula model in which X, ..., X, are assumed to
be conditionally independent given the random variable X;.

The following lemma will be useful for deriving the afore-mentioned expres-
sion for the linkage:

Lemma 3.5. Suppose that A € C? fulfills the conditional independence property
(w.r.t. to the first coordinate). Then for every j € {2,...,p} we have

1. Kyi(x1,[0,22) % - - x [0, 25]) = ngz K 41 (21, [0, 25)) for A-a.e. 1 € T and

2. Kai(z1,...,25-1,[0,2;]) = K1 (21,[0,2;]) for pai-1-a.e. (xq,...,xj_1) €
-t
Proof. Setting z;41 = 1,242 = 1,2;43 = 1,...,2, = 1 and using the fact
that K 41:(21,[0,1]) = 1 for every i € 2,..., p the first assertion follows. Using
disintegration for every (z1,...,z;) € IV on the one hand we have

Aj(xl, . 7‘Tj) = / KAj (81, sy S5—-1, [0, xj])dﬂA_j—l(Sl, ey ijl);
[0,z1] % x[0,2;_1]
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0.00.0 0.00.0
¢ (X1.X) ~C" d X1 Y)~C™ e (XY)~C*

Fia 1. Sample of size n = 1.000 drawn from the copula C' underlying to the random vector
(X1, X2,Y), where (X1, X2) follows a Marshall Olkin copula MOq 5,1 with parameter o = 0.5
and B =1 and Y is defined by X1 + X2 and its linkage L(Cy). (a) depicts the sample of
(X1,X2,Y) ~ C, (b) a sample of (U1,Us2,V) ~ L(C). (c-e) show the bivariate marginal
samples of C' and (f-h) the bivariate samples of the linkage L(C), respectively.

on the other hand, applying (6) and disintegration yields

Aj(ml,...,a:j): : ]KAj(Sl,[O,IQ] X X [O,xj])d)\(sl)
O,wl
j—1
= KAlj (51, [0, JTJ]) H KAli (81, [0, 1‘1]) d)\(Sl)
[Ovzl] 1=2

= : | KAlj (81, [O, xj])KAj—l(Sl, [O, l‘z] X+ X [0, .’L‘j_l]) d)\(Sl)
0,:51
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:/ KAlj(Slv[O7xj])d:uAj*1(Sla"'7Sj—1)'
[O iEl]X X[O Zj 1]

Applying Radon-Nikodym therefore yields the second assertion. O

Proposition 3.6. Suppose that (X1,...,X4,Y) ~ A € C? and assume there
is some coordinate j € {1,...,d} such that X1,...,X;-1,Xj41,...,Xa, Y are
conditionally independent given X;. Then the following identity holds for all
T1yeees g,y € L2

L(A)(x1,...,24,y) = Ajp(a:j,y)ﬂd(xl, e T, T - Td)-

Proof. Without loss of generality we may consider j = 1. Using disintegration
and change of coordinates as well as applying Lemma 3.3 and Lemma 3.5 yields

L(A)(x1,...,24,y) = ./Qn[O,m] 0 OF(X)K (X, [0,4]) dP
N /n /m Li0,2) © ) () K a(s, [0, y])dP™ (5) dP(w)
B / //Hd 1 1o,z © D (8) K 4o (51, [0, y)) K aa (51, d(s2, . ., 84))dA(51) dP(w)

/ /KAIP 51,[0,1] H/ 0 (P (51]30)) K s (51, ) dP(w)dA(s1)
[0,21]

:/ KA1p(S1, 07y] Hml d)\ 81) = A p(l'l, )Hd71(I27. . .,l‘d)7
[0,21]

=2

which completes the proof. O

The conditional independence property in Eq. (6) may seem far to restrictive
to be of any practical relevance. The following examples, however, show that
both, the family of empirical multilinear copulas and the class of completely
dependent copulas (according to [15, Definition 1]) satisfy Eq. (6), implying
that the family of copulas satisfying Eq. (6) is dense in (C?, d).

Ezample 3.7. Suppose that (X1,Y7),...,(X,,Y,) is a sample from C € C?
and let C,, denote the resulting empirical copula obtained via multilinear in-
terpolation of the subcopula (see, for instance, [18]). Since every p-dimensional
empirical multilinear copula is universally simplified (see [35, Theorem 7.1]),
Eq. (6) is obviously satisfied and Proposition 3.6 directly yields

L(Cn)(xh SR 7xday) = é’rllp(‘rlvy) ' Hd—l(£27 D ,J}d)

for all (x,y) € I”.

Figure 2 depicts the density of a 3-dimensional empirical multilinear copula
C,, and its linkage L(C,,) for a sample of size n = 20 drawn from (X1, X2,Y),
Whereby (Xl,XQ) MOQOyp.3,1 and Y =X, +X> (top 2 panels).



A multivariate dependence measure and its estimation 2217

1.0 1.0 1.0
| - ] - u
-. | |
0.8 . 0.8 -.. 0.8 - =
.. - | | n
06 -. 06 f . 06 . ..
- n - | | = -
04 . . 04 - 0.4 f
|| .. ||
] ] m
0.2 . . 0.2 - . 0.2 a
= - .. -
ol ™ m ol ® m 00| HT

N
f 9 V) ~LED"® h

1.0 1.0 . . 1.0

0.8 0.8 -.- 0.8

| ]
06 06 - . 06
|
=]
0.4 04 .. - 0.4
-
=]
0.2 0.2 - 0.2
0.0 0.0 - 0.0

0.0 02 04 06 08 10 0.0 0.2 04 06 08 1.0 0.0 02 04 06 08 10

Fic 2. (a) Density of the empirical multilinear copula Cpn, € C3 of a sample of size n = 20
according to Example 3.7. (b) Density of the linkage L(Cr) of the empirical multilinear copula
Chn. (c-e) Density of the bivariate margins of Cn. (f-h) Density of the bivariate margins of
L(Cy).

Ezample 3.8. Suppose that (X,Y) ~ A € C?, whereby X ~ A? is completely
dependent (w.r.t. the first coordinate) according to Definition 1 in [15], i.e.,
there exist A-preserving transformations Sy, S3,...,Sg : I — I such that for all
E € B(I41)

KAd(xl,E) = 1E(SQ($1), S3(.131), ey Sd(xl))

is a regular conditional distribution of A?. In particular, for every j € {2,...,d}
and E; € B(I) we have that K 41, (21, Ej) = 1g, 0.S;(z1) holds for A-a.e. z; €1
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and every j € {2,...,d}. Hence using disintegration yields

Kaio(z1,E)) = Ka(xy,82,...,84,Ep)Kpa(z1,d(s2,...,54))

Id—1

= KA($1,52($1)7 .. .,Sd(xl),Ep)

for every fixed E, € B(I) and A-almost every z; € I. Furthermore, again by
using disintegration we get

0 ]KA <81,>p<Ej> d)\(sl):uA ([O,Iﬂ X <>p<E]>>

:/ Ka(s1,82,...,84,Ep)dpaa(si,...,sq)
[0,21]x ( E;)
X

X5—
B ~/[0,w1] /

d
= KA(Sl, S2(81), ey Sd(51),Ep) H ]lEj o Sj(Sl)d/\(Sl)
[O,ZL’l]

J

Ka(s,Ep)K ga(s1,d(s2, ..., 5a))dA(s1)

d
=2

d .

j=2 Ej

j=2

P
= / HKAU (Sl,Ej)d)\(Sl)
[0,2121]

=2

for every 7 € I implying Eq. (6) via Radon-Nikodym theorem. Altogether this
shows
L(A)(z,y) = Alp(ﬂfhy)ﬂd—l(m, ces Td)-

Studying the map L in more detail it is possible to find copulas A, B € C*
such that do (A, B) is strikingly large where although d.(L(A),L(B)) = 0
holds. In the 3-dimensional setting, for instance, define A € C? implicitly by
pa = py @A and B € C3 by pup = puw ® A, whereby M denotes the upper
and W the lower Fréchet-Hoeffding bound. It is straightforward to verify that
dso(A, B) = 1/2 holds, corresponding to 75% of the diameter of (C3,d..); on
the other hand we have L(A) = I3 = L(B), implying d-(L(A), L(B)) = 0.
Conversely, if do (A, B) is small, one might expect that so is doo (L(A), L(B)).
The following theorem shows that this conjecture is wrong.

Theorem 3.9. The linkage operation L : CP — Cﬁd s not continuous w.r.t.
oo -

Proof. We construct a sequence of 3-dimensional copulas A,, which converges
to A w.r.t. deo, however, L(A,,) does not converge to L(A). Suppose that A €
Ch, C C3 fulfills A*® # II,. Since A € C}, we have L(A) = A. According to
[13, Proposition 3.2] we can find a sequence of empirical multilinear copulas
(An)nen such that limy, o doo(An, A) = 0. Considering Example 3.7 we know
that L(A,,)?3 = Iy, so altogether we get

liminf do (L(A,), L(A)) > liminf doo (L(A,)?3, L(A)??) = doo (I, A?%) > 0.

n— o0 n—oo
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Extending this construction in arbitrary dimensions p > 4 is straightforward.
|

4. The metric space (Cf;,, D1)

We now tackle the extension of the dependence measure ¢! introduced in [48] to
the multivariate setting and start with introducing the pseudometrics D1, Do,
and D, on C” whose restrictions to Cﬁd are metrics.

Definition 4.1. Suppose that A, B € C? and let L(A), L(B) denote the link-

age of A and B according to Eq. (4), respectively. Then the pseudometrics
D1, D, Dy, : CP — [0, 1] are defined by

Di(AB) 1= [ [ IKun(@.0.6) = Kun (@ 0.5DlaN @A) (7

Doo(A, B) = sup Hd\KL(A)(w, [0,y]) = K1) (a, [0, 5]) [dA" () (8)

as well as
Dp(A.B) = [ [ |Kuin(@.10.9) = Kuay (e, 00D ¥ @)ixe) - (0)

for p € (1,00).
As in [48] in the sequel we will mainly work with D; which can be interpreted

as L'-distance of the conditional distribution functions of the corresponding
linkages. To simplify notation we will also write

04 = [ IKuia(@.10.9) = Ko (@ 0.0)dX' @) (10)

for all A, B € C*.

Remark 4.2. Since every copula A € C? fulfills A = L(A), in the bivariate setting
the pseudometrics Dy, Do, and D, coincide with the metrics defined in [48].
Notice that in the p-dimensional setting the pseudometrics defined according to
Eq. (9) are conceptionally different to those studied in [15] - the latter consider
conditioning on only one variable (hence assuring identical distributions of the
conditioning variable), whereas here we condition on d-variables in order to
quantify the influence of a d-dimensional random vector X on a random variable
Y.

The following lemma shows that Dq, D), Do defined according to (7), (8)
and (9) are indeed metrics on the family of linkages and pseudometrics on C?.
The proof essentially follows [48, Lemma 4] with some minor adaptations and
is, therefore, deferred to the Appendix A.

Lemma 4.3. D1, Dy, and D,, defined according to (7), (8) and (9) are metrics
on Crpld and pseudo-metrics on CP.
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As in the bivariate setting the following inequalities, the proof of which is
analogous to [48, Lemma 5 and Theorem 6] and can therefore be found in the
Appendix, hold:

Proposition 4.4. For every pair A, B € C? the function ¢4 g defined accord-
ing to Eq. (10) is Lipschitz-continuous with Lipschitz constant 2. Moreover the
following inequalities hold:

1. doo(L(A), L(B)) < Do (A, B)
2. D1(A,B) < D (A,B) <2y/D1(A, B)

3. Db(A,B) < Di(A,B) < Dy(A, B)

Proposition 4.4 yields the following direct consequence.

Corollary 4.5. For A, Ay, As, ... € C? the following three conditions are equiv-
alent:

1. limy_e0 D1 (A, A) =0,
2. limy o0 Doo(Ay, A) =0,
3. 1imy 00 Dp(An, A) = 0.

In other words: All three metrics induce the same notion of convergence.

Remark 4.6. The idea of constructing metrics via Markov operators correspond-
ing to copulas as introduced in [48] carries over to the constructions studied
here: In fact, defining a linear operator T : LY(I, B(I), \) — L (14, B(1?), \9)
by setting

(Teh@) = [ 1)Ke.dy)

for every f € L'(I,B(I),\) and every C' € Cf it is straightforward to verify
that T fulfills the following three conditions:

1. Tcl=1.
2. Fgr every f € LY (I, B(I),\), f > 0 implies T f > 0.
3. Ju(Tef)(@)d\(x) = [} f(y)dA(y) for every f € L' (I, B(I), ).

Hence, T¢ is a Markov operator in the sense of [33][Definition 1]. Moreover,
following the proofs of Lemma 2 and Theorem 6 in [48] it can easily be verified
that for every sequence (Cp,)nen € Cl’-’[d and C € C{—’Id convergence of the corre-
sponding Markov operators in the strong operator topology on L!(I¢, B(I4), \%)
is equivalent to convergence w.r.t. D1.

It is well known that the family of shuffles of M as well as the family of
checkerboard copulas are a dense subset of C” with respect to the uniform dis-
tance ds (see, e.g., [34]). According to [48] in the bivariate setting shuffles of
M are not dense in (C2, D;) since shuffles of M are special cases of complete
dependence, checkerboard copulas, however, are dense. We now show that the
just-mentioned denseness also holds in (Cﬁd7 Dy) and start by recalling the defi-
nition of checkerboard approximations. Let N € N be arbitrary but fixed. Doing
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FiG 3. Empirical copula and pseudo-observations of the sample (X,Y)1,...,(X,Y)n of size
n = 30 drawn from (X,Y) = (X1, X2,Y) according to Example 4.9 (left panel) and density
of the 7-checkerboard approximation €%7(An) of the empirical multilinear copula An (right
panel).

so, for every N € N and every vector i = (iy,...,iq) € Z := {1,..., N}9 the
d-dimensional hypercube RY}; is defined by

; i1—1 1 ig—1 1
RzN{lT,Nl]x...x[dN Nd] (11)
Definition 4.7. A copula A € C? is called checkerboard copula with resolution
N e N if and only if p4 distributes its mass uniformly on each p-dimensional
hypercube R with i € Z. We will refer to CBy as the family of all checkerboard
copulas with resolution N, the set CB := |JycyCBn denotes the family of all
checkerboard copulas.

Definition 4.8. For a copula A € C” and N € N the (absolutely continuous)
copula €By(A) € CBy, defined by

EBN(A)(x,y) = Np/

(7% [552) 1
0.()] ez jeT

NX[%’JW.

](s,t)d/\p(s,t),
(12)

is called N-checkerboard approximation of A (or simply N-checkerboard of A),
whereby Z := {1,...,N}? and J :={1,...,N}.

Ezample 4.9. Suppose that X7 ~ U(0,1),set Xo = 2X;( mod 1) aswellasY =
X;1. Furthermore, let (X1,Y7),...,(X,,Y, be a sample of size n = 30 drawn
from (X,Y) = (X;1,X>,Y). Figure 3 depicts the empirical multilinear copula
A, together with the pseudo-observations of the sample and the 7-checkerboard

x

approximation €87 (A4,,).

In the following we partially extend Definition 3.1 from [26] and say that a
sequence of copulas (A, )neny € CP converges k-weakly conditional to C' € C?
if and only if for pyx-a.e. € I¥ we have that the sequence (Ka, (,-))nen of
probability measures on B(I?~*) converges weakly to the probability measure
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K4(z,-). In the latter case we will write A, Teweel 4, Considering, however,
that bivariate and higher dimensional marginal measures of two p-dimensional
copulas may be singular with respect to each other, this definition of k-weak
conditional convergence only makes sense in subclasses of copulas having, e.g.,
the same marginals (as it is the case for Cﬁd), a fact illustrated by the following
example:
Ezample 4.10. Let (A,)nen be a sequence of p-dimensional copulas such that
A, =11, for every n € N and p > 3. Then the Markov-kernel K4, (x,-) is
only unique for A-a.e. z € I? and we could, e.g., define K4, (x,-) for ev-
ery x € [0,1] by Ka,((z,2,...,2),[0,y]) := L (x) for every x € I. Con-
sidering the upper Fréchet Hoeffding bound M, € C? with Markov kernel
K, (v, 2,...,2),[0,y]) = Ljq(x) for M-ae. z € I, we would have that A,
converges d-weakly conditional to M,, which is absurd.

Within the class of linkages, however, weak conditional convergence does
make sense and, additionally, fulfills the following natural properties:

Proposition 4.11. Let (Cp,)nen € Cﬁd be a sequence of linkages such that C,,
converges ‘d-wee’, to C, i.e. for \%-a.e. © € I? we have

weakl
Ko, (z,) — Ko(=,)

as n — 0o. Then the following assertions hold:

1. lim, 0 D1(C,,,C) = 0.
2. limy, 00 doo (Cp, C) = 0.
3. For every k € {1,...,d} we have C), hwees ¢ as n — .

Proof. Let y € [0,1] be arbitrary but fixed. Then considering
0= ol x {uh) = [, Kel. {1})ax'(z)

we can find a set A; € B(I¢) with AY(A;) = 1 such that Ko (x, {y}) = 0 holds
for every @ € A;. Letting A denote the set of all € Ay such that K¢, (x,-)
converges weakly to K¢(x,-) for every @ € A we get

lim Ke, (@,[0,3]) = Kc(=,[0,9]),

and applying Lebesgue’s theorem on dominated convergence completes the proof
of the first assertion. Assertion (2) is a direct consequence of Proposition 4.4 (1)
and (2).

To prove assertion (3) we can proceed as follows: Set m := d — k and fix
g € TN Q. Then there exists a set A, € B(I?) with A%(A;) = 1 such that
Ko(z,{q}) = 0 as well as lim,_,o K¢, (x,[0,q]) = Kc(x,[0,q]) for every @ €
Ag. Setting A :=( A, obviously A4(A) = 1. Considering the Z-section Agz
of A, defined by

qeQNI

Az ={sel™: (x,s) € A}
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for every & := (z1,...,7), and defining T' := {& € I¥ : A™(Az) = 1} yields
I' € B(I*) and A*(T') = 1. For every Z € T, (y1,...,ym) € Az and Y1 € QNI
we therefore get

m+1
lim KCn (iv >< [07y2]> = lim / KCn((:E7S)7[anerl])d)‘m(s)
X721 [0,v:]

n—oo ! n—oo
=1

= lim Ke, ((2,5),[0, ym1])dN"(s)

0 S [0,y:]NAs

- /x lim Kc, ((&,$), [0, ym+1])dA"(s)

71 00,y:]NAg nreo

- / Ko((Z, ), 0, yma])AN"(5)
X1 [0,y:]

m+1
= KC <fi:7 >< [O7yz]> .

i=1

Thereby we used the fact that, without loss of generality, we may assume that
the identity

m+1
Ka (j’ >< [073/1]) = /Xm 03] KA((i,S),[O,ym+1])d)\m(S)

i=1

holds for A = C,, and A = C, all & € I*¥ and all (yi,...,%m) € I". Since weak
convergence of m + 1-dimensional distribution functions Hy, Ho, ... to H is well
known to be equivalent to pointwise convergence on a dense subset, we have
shown that A\*-almost all conditional distribution functions

m—+1
(ylv LR 7ym+1) = KCn <i:7 >< [07y1]>

i=1

;7:;1 [0, yi}), which completes the

proof. O

converge weakly to (y1,...,¥m+1) — Ke (:i, X

The following theorem shows that the checkerboard aggregation €8y (C') of
a linkage C' converges to C' even w.r.t. ‘d-wce’, implying convergence w.r.t. D;.

Theorem 4.12. For every C € Cﬁd the checkerboard approzimation €By(C)
of C' converges d-weakly conditional to C, i.e., for X*-a.e. © € I we have

weakl
Kesy (o) (@) ——% Ke(z,-)

as N — oo.

Proof. The proof is quite technical and hence deferred to the Appendix A. O
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Corollary 4.13. For every C € Cﬁd the checkerboard approximation €Bn(C)
of C' converges to C with respect to the metric D1, i.e., we have

lim D;(€By(C),C) = 0.
N —o0

Proof. The assertion directly follows from property (1) in Proposition 4.11. O

Since checkerboard copulas are absolutely continuous, Corollary 4.13 implies
the following result.

Corollary 4.14. The set of all absolutely continuous copulas is dense in (Cﬁd, Dy).

Further topological properties of the metric space (Cﬁd7 D) analogous to the
ones mentioned in [48] also hold in arbitrary dimensions. Proving the following
result can be done in exactly same manner as in [15, Theorem 3.

Theorem 4.15. The metric space (Cﬁd,Dl) is complete and separable.

5. A non-parametric and multivariate dependence measure ¢!

Main objective of this section is to study the multivariate measure of dependence
¢Y(X,Y) defined according to (13) which quantifies the extent of dependence
of a univariate random variable Y on a d-dimensional random vector X =
(X1,...,X4). Ensuring uniqueness of the underlying copula we will from now
only consider p-dimensional random vectors (X,Y) with continuous distribution
function, the general setting and consequences on the dependence measure (! are
briefly discussed in Section 7. After introducing the measure ¢! and providing an
alternative handy expression we show that ¢! fulfills all five properties mentioned
in the introduction and then derive a strongly consistent estimator é,ll of ¢!
which works in full generality (i.e., without any smoothness assumptions about
the underlying copula A).

For (X,Y) with copula A € C? the dependence measure ¢!(X,Y) is defined
by

CH(X,Y) = ¢'(A) = 3D1(A,11,). (13)
The normalization factor 3 will become clear in Theorem 5.6 and will, addi-
tionally, also be discussed in Section 7. Obviously, ¢! can be interpreted as

L,-distance of the conditional distribution function of L(A) and independence
copula II,.

Lemma 5.1. Suppose that (X,Y) has continuous distribution function H and
copula A. Then

X Y) =3 [ [ 1Kala.0.6) = idpas(2)aAw).

whereby A% denotes the (marginal) copula of the random vector X = (X1, ...,
X4q)-
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Proof. Suppose that U = (Uy,...,U) ~ II% Since the Markov kernel of II,
is K, (x, [0,y]) = y applying Lemma 3.3, change of coordinates and using the
second assertion in Lemma 3.2 yields

Dl(A,Hp)Z/H/HJKL(A)(w’ [0,4]) — yl dX(z)dA(y)
:/H [ VEA((@),[0.9]) ] 4BV (@)aN(y)
_ /]I /Hd|KA(m, [0,4]) — y| dP*@ (2)dA(y)
_ / /Hd'KA(“” 10.]) — | jtas () dA(y).

which completes the proof. O

Remark 5.2. The so-called ‘simple measure of conditional dependence T(Y, X )’
as recently introduced in [3] and defined by

_ [E(Var(P(Y > #X)))du(?)
) = V(L s du®)

whereby 1 denotes the law PY of Y, is easily shown to coincide with the squared
D, distance between A and 1I, in our setting, whereby A denotes the copula
underlying the random vector (X,Y), i.e., we have T(Y,X) = 6D3(A,II,).
In [3] a strongly consistent estimator T,, for T(Y, X) with very good small
sample performance was derived. Since from our point of view an interpretation
of negative values of T;, (which are possible) are not at all straightforward for
applicants outside the statistical community our estimator for ¢! (which is easily
transferable to Ds) only attains values in [0, 1].

(14)

Before deriving the estimator we will focus on the main properties of ¢!, and
start with recalling the definition of complete dependence of a random variable
Y (response) on a random vector X (input).

Definition 5.3 (Complete dependence, [30]). Let (X,Y) be a random vector
defined on (2,.4,P). We say that Y is completely dependent on X if there
exists a measurable function f such that we have P(Y = f(X)) = 1.

The subsequent lemma provides some characterizations of complete depen-
dence in the setting considered so far:

Lemma 5.4. Suppose that (X,Y) ~ H with H continuous and let Fy,... Fy
and G denote the corresponding univariate marginal distribution functions. Fur-
thermore set U = (Uy,...,Uy) with Uy = F1(X4),Us = F5(X3),..., Uy :=
Fy(Xq) and V := G(Y), and let A denote the copula of (U,V). Then the fol-
lowing statements are equivalent:

1. (X,Y) is completely dependent.

2. There exists a j1qa-\ preserving transformation h : 1% — 1 such that V =
h(U) a.s..
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3. There exists a jipa-\ preserving transformation h : 14 — 1 such that the
measure pa can be expressed as

pA(E % F) = paa (B0 b= (F))
for every E € B(I?) and F € B(1). In particular, we have

Az, y) = paa([0,2] Vh7([0,9]))

for all x € 1¢ and y € 1.

4. There exists a juqa-\ preserving transformation h : 1% — 1 such that
K(z,F):=1poh(x) = djam) (F)

18 a reqular conditional distribution of A.

5. There exists a fiqa-\ preserving transformation h : 1¢ — 1 such that
pa(C(h)) = 1, whereby T'(h) := {(z,h(x)) : = € 1%} denotes the graph
of h.

Proof. (1) < (2): Suppose that (X,Y) is completely dependent. Defining h :
I =1 by
h(ui, ... uq) :=Go f(F (u1),...,F; (ua)),

obviously h is measurable. Moreover, for P-almost every w € {2 we have
V=GY)=Gof(X)=GofoF (U)=h(U),
whereby F~ = (Fy,...,F; ). Considering that for every E € B([0, 1]) we have
() = jiaa(h™1(E)) = PY (h™2(B)) = PO (E) = BV (E) = A(E),

shows that h is 44 — A preserving. To show the reverse implication define the
measurable function f : R? — R by f(z) := G~ o ho F(x), which yields

Y =G (V)=G oh(U)=G ohoF(X)=f(X) as.

(2) = (3): The implication follows from the fact that for every E € B(I%) and
F € B(I) we have

pa(Ex F)=PYUVNE x F) =PU MU (E x F)
—PY(ENR(F)) = paa(EORY(F))).
(3) = (4): It suffices to show that K (x, F) := 1roh(x) = dp(a)(F) is a Markov

kernel of A. Since h is p4a-A preserving, K(x, F) is a Markov kernel. If E €
B(]0,1]%) and F € B([0,1]) then

pA(E X F) = pga(EN R (F)) = /

Lo hu)pas(e) = [ K@ F) dpo )
E E



A multivariate dependence measure and its estimation 2227

so K(x, F) is a regular conditional distribution of A.
(4) = (2): Using disintegration we have

P(V = h(U)) = pa(T(h)) = HdKM(w{hQODduAAU)

- / 1 ngay) ((w)) dpiga () = 1.

Altogether we have therefore shown that the conditions (2), (3) and (4) are
equivalent and it remains to show that (4) and (5) are equivalent, which, using
disintegration, can be done as follows: On the one hand,

paCm) = [ Kate, (M0)e) dpas(a) = /Hd]l{h(w)}oh(w)dum(ac)zl,

and on the other hand, p(I'(h)) = 1 implies that K4(x,{h(x)}) = 1 for p4a-
almost every x € I¢, and the proof is complete. O

The following example shows that Lemma 5.4 no longer holds for discontinu-
ous marginal distribution functions and working with multilinear interpolation
to assure uniqueness of the copula.

Ezample 5.5. Suppose that X and Y are discrete random variables with

/3 ifi=1,j=1
/3 ifi=2j=2
1/3  ifi=3,j=1

0 otherwise.

Obviously, Y is completely dependent on X (but not vice versa). However, it
is straightforward to verify that the unique copula A underlying (X,Y’) in the
afore-mentioned sense assigns mass uniformly to each of the rectangles [0,1/3] x
[0,2/3], [1/3,2/3] x [2/3,1] and [2/3,1] x [0,2/3] and is hence far away from
complete dependence according to Eq. (5) in Lemma 5.4. Figure 4 depicts the
support of (X,Y’) as well as the density of the absolutely continuous copula A.

We can now prove the main result of this section:

Theorem 5.6. Let (X,Y) be a p-dimensional random vector with continuous
distribution function H and copula A. Then C* fulfils the following properties:

1. ¢1(X,Y) €[0,1] (normalization).

2. (H(X,Y) =0 if and only if Y and X are independent (or equivalently, if
and only if L(A) =1I,) (independence).

3. (HX,Y) =1 if and only if Y is a function of X (complete dependence).

4. If o1,...,0a,0p, : R — R are strictly increasing or decreasing transfor-

mations, then writing ¢ = (¢1,...,p4) we have (Hp(X),p,(Y)) =
CHX,Y) (scale-invariance).
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1
‘ ‘ .
23 Density

1 2 3 0 113 213 1
X u

Fi1c 4. Support of (X,Y) (left panel) and density of the corresponding unique copula A (right
panel) according to Example 5.5.

5. For X = (X4, Xa,...,Xy) the following chain of inequalities holds:
Cl(le Y) < Cl((XhXZ)y Y) <...< <1((X1a BREE) Xd)ay)

(information gain,).

Proof. Considering that D; is a metric on Cﬁd the second assertion directly
follows if we can show that L(A) = II, if, and only if, ¥ and X are indepen-
dent, which can be done as follows: Since Y and X have continuous marginal
distribution functions Sklar’s theorem implies that ¥ and X are independent if,
and only if, V and U, defined according to Lemma 5.4, are independent. Using
the independence property of conditional expectations (see [27]) we get that
Ka(z,[0,y]) = y for every y € I and ji4q-a.e. € 9. Hence, applying Lemma
3.3 we have
ey = [ yixiw) = (@)
(0,z]

Suppose now that L(A) = II,. Then applying Lemma 3.4 we get for every y € I
that Kp(a)(x,[0,y]) =y for M-a.e. & € I?. Hence, using Lemma 3.2 and 3.3 it
follows that

Aw)= [ Kalo,[0.6) ditas(o) = [, Vo a5, 0.3]) diaa(s)
= [ Va1 0 W Ka (W (3). 0.6 N (5) =y [ By 0 W5 X ()
= y/[w dpga = Aw)y,

implying that V' and U are independent.
Let y € (0,1) be arbitrary but fixed and set

D, = {f 1% — [0,1] : f is measurable and /Hd f(x)dppga(x) = y} .
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Then according to [7, Lemma 3.3] f maximizes the function
vide [ |f@ = di

on D, if and only if f is an indicator function. In addition to that, we obtain
maxysep, Jia |f(€) —yldpa(x) = 2y(1 —y). Following the proof of [48, Lemma
12] we conclude that that for every A € C” the function ¢ 11, fulfills ¢4 11, (y) <
2y(1 — y) for every y € [0,1] with equality if and only if (X,Y") is completely
dependent. Hence ¢}(X,Y) < 1 with equality ¢}(X,Y) = 1 if and only if
(X,Y) is completely dependent. To show the remaining assertions we proceed
as follows:

According to [14, Theorem 2.4.1] copulas are invariant with respect to con-
tinuous and strictly increasing transformations, hence, assertion (4) is trivial if
©1,...,9, are all strictly increasing. Otherwise we can proceed as follows: Let
I = {iy,...,i;} denote the set of indices corresponding to strictly decreasing
mappings (¢, ) eq1,....k} and define o; : I — 1 by

oi(u) =

1—u ifiel
U otherwise.

Following [14, Theorem 2.4.3] we denote the copula A underlying the random
vector (¢(X),p,(Y)) by

A, v) = p7 707 ([0, 00] x .. x [0,ug] x [0,0])
=P(o1(U1) S ui,...,04(Ua) < ug,0,(V) < 0).

Suppose that p € I, ie., that ¢, is strictly decreasing (otherwise the proof
proceeds in the same manner with several simplifications). Using change of co-
ordinates as well as the fact that

KA(UI(-Tl)a e ,ad(xd), [O,y]) = KA<.’171, ey Xd, [1 —-Y, 1])

holds for every y € [0,1] and p4a-a.e. € € I¢ we have

s

K;(z,[0,9]) - y‘ dpt za(z)dA(y)
= /H/Hd 1K (2, [0,y]) — y| dp'S 7 (2)dA(y)
— /11 3 |K i(01(21), ..., 0a(xa),[0,y]) = y| dpaa(zi, ..., xq)dA(y)

= [ [ a1 = 5.1 =3l dieas (@)X,

Therefore considering

[ [ st = 1) = sl dpas()ary)
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= /]1 3 |Ka(x,[0,y]) — y|ldpaa(z)dA(y)

assertion (4) follows.
Finally, using disintegration yields that

KAlp ($1, [O,y]) = /KAlz,p (xl,il,’g, [O,y])KAm (l’l,d.’tg)
1

holds for A-a.e. z1 € I and that

holds for par...j—1-a.e. (z1,...,xj_1) € 7! and every j € {3,...,d}. Using
the triangle inequality and disintegration we therefore obtain

! = 1p\T1, |Y, - Z1
C(&Jﬂ—3AAMA( 0, 4]) — o] dA(z1)dA(y)

=3

/ K i (21, 0, 0, y]) K a2 (1, das) — y| dM\(@1)dA(w)

<3//ﬁxmwamx%myb ol i (21, 22)dA(y)
HZ
Xl’X2) Y)

Proceeding in the same manner yields assertion (5). |

The following example shows that there are situations where random vari-
ables (input/predictor variables) considered individually have no influence on
the response Y, considered jointly, however, they provide a lot of information
onY.

Ezample 5.7. Suppose that (X1, X2,Y) ~ Coupe € Cf},, whereby Coupe denotes
the uniform distribution on the union of the four cubes

(0,5) x(0.5) x (0:3)  (0:3) x (3,1) x (3, 1)
(3:1) x(0.3) x (5:1)  (5:1) x (0,5) x (3. 1)-

Figure 1 in [35] depicts the density of the copula Ceype. Obviously, Coype sat-
isfies

13 _ 23 _
CCube - CCube - CCube - H7

implying ¢1(X1,Y) = (}(X,,Y) = ¢(}(X3, X3) = 0. In other words: Only know-
ing X7 or only knowing Xs provides no additional information on Y. On the
other hand, it is straightforward to verify that ¢!(Ccupe) = 0.75, i.e., knowing
(X7, X2) provides a lot of information on Y.
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0

Fic 5. Density of the copula Cgube (top panel) and the copula égube (bottom panel) for N = 4
defined in the proof of Theorem 5.8. The dependence measure (1 fulfills (1 ((Cgube)13) =

C((C8ue)™) = ¢ ((CBupe) ™) = 0 as well as ¢ (CY,.) = § = ¢ (Cope)-

Slightly modifying Example 5.7 yields the following striking result.

Theorem 5.8. For every 6 € [0,1) we find a copula A € CP with the following
properties: If (X1, Xo,...,Xq,Y) ~ A then (1(X1,Y) = (H(Xo,Y) = ... =
(X4, Y) =0 but

(X1, Xoy ., Xg),Y) > 6.

Proof. Fix N € N satisfying N > ﬁ and let Ri{,j’k denote the 3-dimensional
hypercube defined by

i t—1 1 —1 k-1 k
k= [ ) < ) < v
for (i,7,k) € {1,...,N}3. Letting C%,,. denote the uniform distribution on
the union of the N? cubes Rﬁ\’,j’k whereby (i,5) € {1,...,N}? and k := j +
i —1( mod N), it is straightforward to verify that (Cévube)12 = (Cé\fube)l3 =
(Cgube)23 = Il,. Figure 5 (top panel) depicts the density of CZ, ;.. Let C’gube
denote the uniform distribution on the union of the cubes Ry with (4,7) €
{1,...,N}2 Figure 5 (bottom panel) depicts the density of é’éube. For every

j €1{2,..., N} there exists an interval exchange transformations h; : I — I such
that
chube (hj(l'l), Z2, [0, y]) = Kégube (l‘l, T, [O, y])
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holds for A2-a.e. (z1,22) € I x (%, &) and every y € L Since every h; is
A-preserving using change of coordinates it is straightforward to verify that

Dy (Cé'vube’ Hg) =D (C‘gube, Hg) holds for every N € N. It remains to show

Dy ((égube)lg ,Hg) = Dy (EBy (M), 1L,) > §

which can be done as follows: According to the results of Section 6 in [48] we
can find a transformation matrix Ty such that Vy Il := Vi (um,) = pes ()
holds (see Eq. 29 in [48]). Using the triangle inequality and the fact that for all
bivariate copulas C;,Cy € C? the inequality

Dy (Vy C1,Vy Cs) < +D1(Cy,Cs)
holds, we get

Dy (€8N (M),112) > Di(Il2, M) — Dy (€Bn (M), M)
1

1 1
=_——D 11 M)> - — —D{(Il,, M
3 1(Vw I, Ve )_3 N 1(ITg, M)
_1 1
3 3N’

Letting (X1, X2,Y) be a random vector with distribution function C% . we
therefore have

Cl((XlaX2)7Y) = Cl(CJCVube) = Cl(éévube) 2> 1—- % > 6’

whereas ¢}(X1,Y) = (!(X3,Y) = 0, which proves the assertion for dimen-
sion 3. Adding uniformly distributed random variables Xs, ..., X4 such that
(X3,...,Xq) and (X1, X5,Y) are independent completes the proof for arbitrary
p>3. O

While Theorem 5.8 demonstrates that considering additional ‘input’ variables
can increase the information gain on Y significantly, it is equally interesting to
know, in which cases adding input variables provides no further information on
the output Y w.r.t. ¢*. The following proposition shows that the conditional
independence property as defined in Eq. (6), is sufficient.

Proposition 5.9. If (X1, Xs,..., X4, Y) ~ A and let Xo,..., X4, Y be condi-
tionally independent given the variable Xy (i.e., Eq. (6) is satisfied), then we
have

(X1, ., Xq),Y) = CHXL,Y). (15)

Proof. Since X, ..., Xy, Y are conditional independent given X; we can apply
Lemma 3.5 (2) and obtain that for every y € I

KA(xla <oy Xd, [Oa y]) = KAl" (1’1, [Ovy])
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holds for pga-a.e. € 1%, Therefore, we have
) =3 [ [ 1Ko, 0. - ylire)dAw)
1J1
= 3/]1 y [K a1 (21,[0,9]) — yldpaa(zr, ..., zq)dA(y)

= 3/ . ‘KA(xla -y Xds [ODy]) - y|d/’6Ad(x1a s 7xd)dA(y)
1J1
= <1((X17 e 7Xd)7y)7
which completes the proof. O

At the first glance, it might seem natural that the conditional independence
property is also a necessary condition for Eq. (15) - the following example falsifies
this conjecture.

Example 5.10. Let A € C%2 be defined by

1
A(l’hl’z, y) =T122y + 5951(1 - xl)xgy(l - y)

It is straightforward to verify that A is a 3-dimensional copula with the fol-
lowing two-dimensional marginals: A'%(z1,22) = @122, A?(22,y) = 22y and
AB3(z1,y) = z1y + s21(1 — 21)y(1 — y). Hence, the corresponding Markov ker-
nels are given by

K p12(x, [0, 2]) = K g23(x, [0, 2]) = z for M-a.e. z €1,

K q13(21,[0,y]) =y + 5221 — D)y(y — 1) for A-ae. z1 €1,

Ka(w1,[0,29] x [0,y]) = 22y + 5(221 — 1)a3y(y — 1) for A-a.e. 21 €I and

Ka(z1,72,[0,9)) = y + (221 — D)a2(y — 1)y for A\%-a.e. (z1,22) € I2.
Obviously, we have that K 4(z1, [0, z2] x [0,y]) # Ka12(x1, [0, y]) K 413 (21, [0,9])
for M-a.e. x; € I, so Eq. (6) does not hold and X5 and Y are not conditionally
independent given X;. Nevertheless, the integrand of D, fulfills

|K a1 (21, [0,9]) —y| = ‘/H(KA(CUIJU% [0,y]) — y) Karz (21, dwa) (16)

< / Ka(w1,20,0,9]) — 9| Kais (a1, da),  (17)
I

with equality if and only if Ka(z1,22,[0,y]) > y or Ka(z1,22,[0,y]) <y for
K g12(xq,-)-a.e. w9 € I. The latter implies that Dy (A, 1l,) = Dy (A, II3) if, and
only if, we have equality in Eq. (17) for A2-a.e. (z1,y) € I2. Since in our example
obviously

Ka(z1,22,[0,y]) =y + (221 — Da2(y — D)y > y & (221 — 1)(y — 1)y > 0,
we have equality in Eq. (17), implying

(X1, Y) = C((X1, Xa),Y) = é
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6. A strongly consistent estimator for ¢!(X,Y)

As illustrated in Proposition 3.3 in [24], without prior aggregation the empirical
multilinear copula can not be used to estimate ¢! in full generality. Mimicking
the approach [24] we will use so-called empirical checkerboard copulas and con-
struct a strongly consistent estimator for ¢! in full generality, i.e., without any
regularity assumptions on the underlying copula. The following lemma will be
key for establishing strong consistency (see Lemma 1 in [22]).

Lemma 6.1. Suppose that A € C* and A, denotes the empirical multilinear
copula estimator. Then with probability 1 we have

doo(An, A) = O (,/bgl:g"> . (18)

Our so-called empirical checkerboard estimator (f,ll of ¢! is defined by

&3 [ [ 1K ofemy (a0 =3l X (@A)

- S/H/HJK@%N(")(A")(CB’ [anD - y| du(Q%N(n)(An))d (IB)d}\(y),

where the resolution N(n) depends on the sample size n. In other words: We
aggregate the empirical multilinear copula to a checkerboard with a coarser grid
and then plug the checkerboard copula in the analytic expression of ¢!(A). Con-
sidering that according to Theorem 3.9 the linkage operation is discontinuous
w.r.t. doo, the proof in the 2-dimensional setting as established in [24] can not
be directly applied to the p-dimensional setting considered here, a different ap-
proach is needed. We start with the following lemma whose proof is analogous
to the one of [24, Lemma 3.10]:

Lemma 6.2. Suppose that A, B € CP. Then the corresponding checkerboard
approzimations €Bx(A), EBN(B) € CBN fulfill

The next lemma states that D;(A,II,) can be approximated well by dis-
cretization in y.

Lemma 6.3. For every A € C” and N > 1 we have

2 1
Diam) - <5 |

j J
K (2. [0, 4]) - N’ duas(a) < Di(ATL) 4~
(19)
Proof. According to Proposition 4.4 the function ¢4 1 is Lipschitz-continuous
with Lipschitz constant 2. We therefore have

Z ) ¢An —®an, (£)dAy <Z/ b, (9) — b, ()] dAw)

N
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IN

2
N )

which, considering

—Z/Hd Ka(2,[0.%]) - ‘dum Z¢An (—)

yields the desired result. O

Based on the previous two lemmata we can now prove the main result of this
section (despite being technical the proof is not moved to the Appendix since it
contains various ideas).

Theorem 6.4. Let (X1,Y1),(X2,Y2),... be a random sample from (X,Y)
and assume that (X,Y) has continuous distribution function H and underlying
copula A € CP. Then setting N(n) := |n*] for some s fulfilling 0 < s < 55

lim ¢, = lim ¢' (@B (An) = ¢'(4)

n—oo

holds with probability 1.

Proof. To simplify notation we will write Ap for the checkerboard approxima-
tion @By (A) and Ay for the empirical checkerboard copula €8y ;,,)(4,). Fix
€ > 0. Then there exists a continuous function f. : I — R such that

1A = fellzs o) = / KA, 0.4]) — fela, )] d(ias © X)(@,9) < <
(20)

see, for instance, [40, Theorem 3.14] or [6, Corollary 4.2.2]. Since f. is uniformly
continuous there exists some ¢ € (0,¢) such that

llz —a'l|, <6 = |fe(x) — fe(a)] < e

holds for all =, ' € 1. If Ny € N fulfills NLO < 6 and N > Ny then using the
triangle inequality yields

‘Dl (An,IL,) — D1 (A, IL,)
= | [ 1 10,90 = vl g @a) = [ [ 1Ka@. 0.9 = sldieaa(e)ars )]
/ K 4, (2 10,]) — yl di g (@)dA(y / / a2, 10,]) — yldpaq (@)dA(y )'

[ 1K ,10,0]) = ol g )Ny //Hd\KA 10.) = shdas(@)i )|
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We first consider the second integral I5. Using the fact that Ay is an N-
checkerboard copula we have

pag (Riy)Kay (@,[0,y]) = pay (R x [0,9]) (21)

for every & € int(RY); if [ad, (R%) = 0 for some i € Z we obviously have

pay (R < [0,y]) =0 = pa(RY x [0,y]) for every y € I. Applying Lemma 6.3,
Eq. (21) and the fact that

HAN (R’?\] X [Ovy]) _ /-‘A<R’]i\f X [O’y])

pag (RY)  pas(RY)
holds for y € {0, %, %,..., &} and every i € Ty := {i € T with paa(RY) > 0}
we get
411
I < N + N;/Hd Kay (,[0,%]) - N‘ dpya ()

4|1y pay (By x [0, %]) 5
_N+‘N;ie 0/}v :“A;IV( &) N duA?lV(w)
A [ g l04) - 2 duasta)

02 ey /1.

‘LEI

<.
H
z‘ i
é\k

— Ka(z,[0,%]) ' dpi4a(8) dppga () dA(y).

Again using the triangle inequality, the fact that the mapping y — K (-, [0,3])
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is non-decreasing as well as disintegration we therefore get

§%+§‘:/[LLZ/ pad(R /1

N N i€Zg

Ka(s,]0,%])

K (s.[0,]) \ Q4 (3) dp g () dA(y)

Z/lﬂAd /1

J=1 [T* zGIO

Ka (57 [07 yD
Ko (. [0.4]) \ Qg (3) dpga () dA(y)

Z;[:O/?v #Ad(lRﬁv) /g‘v

j=1 [T‘N] i€

o,
[0

Ka(=,[0,y])

K (e [0, 2]) ' Q10 () dpipa () dA(Y)

5 Doy it e

Al ez,

Ka(s,[0,4])

z|e

K (. [0,9) \ Qg (3) dpipa () AA(y).

Applying the triangle inequality and equation (20) yields
6

1

iy L 1 (8, 10.0]) = felo )] i) dgs (@) )

N

L
o
“Jo

~ +[[Ka— fEHLl(;LAdxA) +e+ || Ka— fEHLl(uAd XX)

jna (R
T / o) — Ka (@, 0,9])] dpiaa(s) dpina () dA(y)

>
/ 1 / [F=(8,9) = fo(@,y)| dpiaa(s) djiga (@) dA()
1 ie1, /

< 9e.

For I; we proceed as follows. Using equation (21), applying the triangle in-
equality and the fact that ||z| — |y|| < |2 — y| holds for all real numbers z, y we
have

/‘AN(R§V X [O,y]) _
paq (Riy)

pay (Riy < [0,9])
Had (Rﬁv)

UES Y| dpzq ()

[S(],

1€Zg

-/,

1] ditag (@) ) NG
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= ‘ 32 i (Bl < 10.90) = g (30| = [iay (Rl x [0.8]) = i, (i) dAw)

i€Ty

< /HZ ‘/‘AN(Ré\r x [0,y]) — pay (R x [07y])’ +y ‘u% (Riy) - Had, (Rﬁv)‘ dX(y)

i€Ty
<C-N%. (dm(AN,AN) +dw(A§@,A%)) <C.N. (doo(/ln,A) +doo(/1Z,Ad))
<20 N do(A,, A).

According to Lemma 6.1 there exists a set A € A with P(A) = 1 such that for
every w € A we can find a constant ¢(w) > 0 and an index ny = ng(w) € N such
that

log(log(n))

doo (A (w), A) < c(w) »

holds for all n > ng. Altogether we conclude that for every w € A and N(n) =
[n*] with 0 < s < 5 we have convergence and the proof is complete. O

Remark 6.5. Simulations (see Appendix B) insinuate that the range of the pa-
rameter s according to Theorem 6.4 for which we have consistency can be ex-
tended to the interval (07 %d) We conjecture that the optimal choice of s (optimal
in the sense that the estimator performs well independent of the underlying de-
pendence structure) is setting s = %.

As a consequence, the publicly available R-package ‘qmd’ (short for: quan-
tification of multivariate dependence), which contains the afore-mentioned es-
timator considers s = %. All simulations presented in the Appendix can be
reproduced using the ‘qmd’-package.

7. Concluding remarks

This paper generalizes and extends results going back to [7, 48] by considering
linkages and a metric on the space of linkages which induced the multivariate de-
pendence measure ¢'. The derived checkerboard estimator is strongly consistent
in full generality.

As one of the next steps we will address properties of (! (Theorem 5.6) and
strong consistency of (A}L in the discrete and mixed setting. As already mentioned,
ties have a strong influence on the resulting copula. We conjecture that when
working with multilinear interpolations (to assure uniqueness of the copula)
the marginal distribution of Y has to be incorporated in the definition of ¢?,
particularly in order to attain the maximum value of 1 can not be reached in
the setting of complete dependence. One possible approach could be to modify
the definition of ¢! to

X, Y) = i) (22)
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where A € CP is the copula underyling (X,Y) and C € C? denotes the cop-
ula underlying (Y,Y") (constructed via bilinear interpolation of the subcopula
induced by (Y,Y)).

Additionally, we will try to prove or falsify the conjecture that the permissible
range of the parameter s according to Theorem 6.4 can be enlarged to (07 é)

Appendix A: Additional proofs

Proof of Lemma 3.4. We prove the statement for dimension p = 4, the general
case can be handled analogously. Since C' € Cﬁg is a linkage disintegration yields

Cl(w1, a2, 23,y) = / / K (51,5, 53, 0, 4])dA(s3)dA(52)dA(51)
[O,Il] [0,12] [07263]

for all w1, s, 73,y € I. Fix y € I. Then for arbitrary (xs,x3) € I? there exists a
set A? ,) € B(I) with )\(A%’I2 vs)) = 1 such that for every z; € AY y1(0,1)

(2,2 (z2,23
the partial derivative g—ﬁ in (z1, 9, x3,y) exists and fulfills

0
—C($1,$2,$3,y) :/[ i ]KC(m17327837[Ovy])d)\(s3)d>\(82)-
0,1‘2 0,3‘:3

6x1
Setting AY := (0,1) N, 1s)eq2ri2 Az(’xz,xs) obviously yields AY € B(I) as
well as A(AY) = 1. Consider z; € AY as well as (z2,23) € 2, suppose that
Lo, To, 25,23 € QNI fulfill x, < zo < 7Ty, 253 < x5 < T3 and define I}, by

C(x1 + h,z2,23,y) — C(x1, 22, 23,Y)
h

In(z1, 22, 23, 9) 1=
for h € [—x1,1 — 1]\ {0}. Using the fact that C is 4-increasing obviously

In(z1, 29, 25,y) < In(x1, 22, 23,y) < In(v1,T2,73,y) (23)

holds. Moreover, by construction, for the left and the right part of Eq. (23) the
limit for h — 0 exists and fulfills

lim Ih((Ela Loy L3, y) = / Kc(xh 52, 83, [07 y])dA(SS)dA(82)7
h—0 [0,z,] /[0,z5]
lim Ih((Ela E27 537 y) = / Kc(xh 52,53, [07 y])dA(SS)dA(82)7
h—0 [0,Z2] J[0,%3]

which (via considering limes inferior and limes superior and the fact that Q is
dense in R) implies the existence of limy,_,o I, (z1, 22, 23,y) = a%C(xl, X9, X3,Y)
as well as

0
a—C(:cl,xg,wg,y) :/ Kc(1, 82,83, [0,y])dA(s3)dA(s2)
1 (0,22] /[0,23]

=:F1(z1,22,23,y)
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for every (z2,23) € I2 and x; € AY.
Now fix 1 € AY and z3 € I. Then the mapping xzo — Fi(x1,22,23,y) is
absolutely continuous and non-decreasing, so there exists a set A?xl zs) with

)\(A‘q(’gc1 ES)) = 1 such that the partial derivative 2—2 exists and fulfills
0
a—F1(171,I2,$37y) = Kc(z1,22,53,[0,y])dA(s3) . (24)
Z2 [0,23]

=:Fa(z1,%2,73,Y)

Proceeding as before and considering A% := (0,1) N (,,con A‘l(’whm) we get
that for z1 € AY, x5 € AY and arbitrary x3 € I the partial derivative of
Fy with respect to zo exists and satisfies Eq. (24). Furthermore, we find a set
AY ) € B(I) with A(AY ) = 1 such that

(z1,72 (z1,72)

0
8—:63F2($1,$273337?J) :KA($1,$2,5537[0,?J]) (25)

holds for 2y € AY, x5 € AY and x3 € A}

(z1,22)"
In the sequel we will use the following Dini derivatives of a function f :

(0,1)* — I with respect to the first coordinate (see, for instance, [20])

if(xl To, T3 y) — inf sup f(xl + A,$27.'L'3,y) - f(xl,l'g,l'g,y)

(91’1 TTeTe h>0 Ae(—h,h)\{0} A ’
0~ . f(xl+A,$2,.'L'3,y)_f(.’Ifl,xQ,x,?,,y)

- = f .
Jy (TP T ) = oy A

and consider the set I'Y defined by

rv.= {(wl,l'g,l'g) S (0,1)3 :

ot 0~

51‘ C(l’],xg, lfg,y) — —C(:L’ ,1’2,373,1}) —]1(.]:1,1’2,1’3,y)7
9 ( I Y ’ ) 9 F ( ? Y ? ) ( I Y Y )
1 L1,X2,T - X1,X2,T — 1 2(L1,T2,T3 5

ot o0~
a—mF2($1,90279€37y) = a—%F2(901,$27$3>y) = K¢(xy, 22, 23, [O,y])}

Note that continuity of the maps x1 — C(x1,z2, z3,y), T2 — Fi(z1,22,23,7)
and x3 — Fy(x1,x9,x3,y) implies measurability of the considered Dini deriva-
tives, so I'Y € B(I?) follows immediately. Finally using disintegration twice and
considering

3(TY) — 2Ty x1) = 2(my 1
W) = [ )iN@) = [ )N

:/AH/HA ((rs,),,) dA@2)dr()
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_ /A y /A A((ry,),,) dA(2)dA()

2AAL 2y =1
shows \3(I'Y) = 1.
Using Fubini’s theorem, repeating the above procedure with a different order
of the partial derivatives yields another Borel set of full A3-measure and the
proof is complete. 0

Proof of Lemma 4.8. First of all we show that the integrand of D; (or D,
respectively) is measurable. Define H on [0,1]” by H(x,y) = Kpa)(x,[0,y]).
Then H is measurable in « and non-decreasing and right-continuous in y. Fix
z € [0,1]. For every ¢ € QN [0, 1] define

Ag={zel’: H(w,q) < z} € B([0,1]),

and set

A= | Agx[0,q) € B([0,1]").
qeQnI

Using right-continuity it is straightforward to see that A = H~1([0, 2)), from
which measurability of H directly follows.
Furthermore, if Dy (A, B) = 0 then there exists a set A C [0, 1] with \*(A) =
1 such that for every (x,y) € A we have Kpa)(x,[0,y]) = Kp(z,[0,]). It
follows that
AMAz) =AM{y el: (z,y) e A}) =1

holds for almost every € I¢. For every such & we have that the kernels coincide
on a dense set, so the conditional distribution functions have to be identical.
Using disintegration shows L(A) = L(B). Note that on the space of copulas
we might have D;1(A, B) = 0 although A # B. The remaining properties of
a metric are obviously fulfilled. The fact that D, and D, are metrics can be
shown analogously. O

Proof of Proposition 4.4. We start by showing that the function ¢4 p defined
by

o400 i= [ Ky (@0.) = Ko, 0.9 X (@)
is Lipschitz continuous with Lipschitz constant L = 2. In fact, if s < ¢, defining

G by
G :={x €0, l]d s Ky (z, (s,t]) > Ky (z, (s, 1])}

and using Scheffé’s theorem (see [12]), we have
|94,B(s) — ¢a,B(t)] < /H|KL(A)($7 (s:]) = Kpm) (@, (s,1])|d\ (x)
]1,

= 2/ KL(A)(:B7 (S7t]) - KL(B)(xv (svt])d)‘d(m)
G
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<2 [ Kug(a.(s.) d¥i(@) < 2A((s.) = 20 9)

which shows Lipschitz continuity.
Statement (1) follows directly from disintegration and the triangle inequality
since

doo(L(A), L(B)) = sup_|L(A)(w,y) — L(B)(z,y)|

(z,y)€lr

0.2] Kr(a)(s,[0,9]) — Kr(5)(s, [0, y])dA%(s)

= sup
(z,y)€lr

gwﬂmwmmmwmmmwm%>
yel J1d

= Doo(A, B).

The first inequality in the second assertion is obvious. Using Lipschitz continuity
we can find some yo € [0,1] such that ¢4 5(yo) = sup,ecio,1) ¢4,5(y). Further-
more the area between the graph of ¢4 p and the z-axis contains the triangle
Ay with vertices {(yo — %@0),0), (Y0,0), (Yo, ¢4,5(y0))} or the triangle A,y

with vertices {(yo,0), (yo + %(y”), 0), (Yo, ¢4,8(y0))}. Hence, we have
¢A,B2(yo) 7 DOO(A,B)2

6 5(y)dNy) > ®a,8(yo) _ ’

which proves assertion (2). The first inequality in the third assertion is trivial
since the integrand only attains values in [0, 1], the second one follows from
Holder’s inequality. O

Proof of Theorem 4.12. Since C € Cﬁd it is straightforward to verify that
By (C) € Cfy, holds for every N € N. Fix y € (0,1), let Jy(y) denote the

unique interval of the form Jy(y) := %, %} containing y, and let @

be a countable dense subset of (0,1). For every ¢ € () we find a set A, with
A(A,) = 1 such that for every € A, the point = is a Lebesgue point of
the mappings (x — Kc(z,[0,q])) and (xz — Kc(x, (¢ — 0,9 + 0))) for every
6 € QnN(0,1). Setting Ag := (¢ Aq and defining E; by

E,={xeAy: Kc(x,{q}) =0}

for every ¢ € @, both Ag and E,; are of A-measure 1. Considering A :=
(Nyeq Eq) \ Q7 therefore yields A\%(A) = 1.
As first major step we now show that

i Kesy (o) (z, In(y)) =0

holds for every (x,y) € A x Q. Fix (x,y) € A x Q and € > 0. Then there exists
some 0 € QN (0,1] such that Ke¢(zx, (y — 6,y + J)) < e. Furthermore, there
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exists an Ny € N such that for all N > Ny we have Jy(y) C (y — 6,y + d). Let
(R%(x)) yen denote the unique sequence of hypercubes (according to equation
(11)) containing @. It is straightforward to verify that (R% (x))nen shrinks
nicely to = with respect to A% (see [40]). Using the fact that the probability
measure Keop 0y (T, ) is constant on each hypercube and

pess (o) (Riv (@) X In(y)) = ne(Riy(®) x In(y))
holds for every N € N yields

Keg o) (z, In(y)) = m/m - Kem () (8, In(y))dA(s)

- m“wmm (Riy () x In(y))
= @) IO

1
S S 010 0N

Applying Lebesgue’s differentiation theorem (see [40, Theorem 7.10]) we obtain

lim sup Kes () (a:, JN(y)) = lim sup Ko (s, JN(y))d)\d(s)

N—o0 Nosoo ARy () /R;‘V(m)

1
§limsup%/
Nooo ARy () JRi (a)

=Ko (m, (y — 6,y +9)) <e.

Ko (s, (y—0,y+ 5))d)\d(s)

Since e was arbitrary we have shown that limy o Kex (o) (2, Jn(y)) = 0.
Let (x,y) be as before. Then using the afore-mentioned property of €8y (C)
again yields

Kem g (o) (@, [0,y]) = m /Ri " Kewy(c)(5,[0,y]) dA(s)

- s d(g
 M(RY () /Ry‘v(m Kc(s,[0,y]) dX(s)

’ m /R}:V(w) Kemy(0)(8,[0,9]) — Ko(s, [0,9]) d)\d(s)
1
< SR S DI
! J(y

- m /%(m) Ke (s, [0, %D dA(s)
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S /  Ke(s,[0,y]) dN(s)

Jr7’/A Kem )8, In(y)) dN4(s)
Ry ()

- ; S ‘(s
- 5w s o, K@ D )

+ Kess (o) (@, IN ()

Applying Lebesgue’s differentiation theorem and the results of the first part of
the proof yields

limsup KC‘BN(C)(ma [an]) S Kc(m, [O7yD

N—oc0

Proceeding in a similar manner we also get

1
KG%N(C)(J}, [O,y]) > )\d(TN(w)) /Rx(m) Kc(s, [O,y])d)\d(s)

1 P N
+7./ Kens oo (s [0, 29211 ard(s
MR (@) Jrg @ N )( [ N D (s)

1 J(y
T o 0 (2 0 ]) 20
= 71 S d S
= ) L, K 0D A)
— Keny o) (@, In(Y)),

implying
lgriglof KQ‘%N(C)(“’? [07 y]) > KC(:I:, [07 yD
Altogether we have shown

ngnoo KC%N(C) (w7 [07 y]) = KC(w7 [Oa y])
Since weak convergence of univariate distribution functions Fiy, Fs,... to F' is
equivalent to pointwise convergence on a dense subset (see [5]), we have shown
that A%-almost all conditional distribution functions (y — Ky (c)(2,[0,9]))
converge weakly to (y — Kc(z, [0,y])).

Appendix B: Simulation study

In order to illustrate the small/moderate sample performance as well as the con-
vergence speed of our estimator (! we consider several dependence structures
ranging from independence to complete dependence. If not specified otherwise,
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we considered s € {%, o }. Furthermore, the minimum resolution of the checker-
board aggregation was set to N = 2. For the extreme cases of independence and
complete dependence we compared our estimator with the results obtained by
the ‘simple measure of conditional dependence T, (using the function ‘codec’
in the R-package ‘FOCT’, see [2]).

B.1. Independence

To test the performance of CATIL in the setting of ¥ and X being independent
for different dependence structures of X we considered d € {2,3,4}, generated
samples (x1,y1),...,(Tn,yn) of sizes n € {100,500, 1.000,5.000,10.000} and
calculated {“}l as well as T},. These steps were repeated R = 1.000 times, the
obtained results are depicted as boxplots in Figs. 6, 7 and 8. Obviously, é}L only
attains positive values and tends to 0 for increasing sample size, whereas T,
varies strongly around 0, i.e., also attains large negative values. Hence, inter-
preting values of f}L between 0 and 0.3 must be done with care and always under
consideration of the sample size n. The simulations insinuate that (f,ll exhibits
slightly smaller variance.

S s

] . Quantity

§ 04 1. ) BE ( with s
g 02 + + - —_ . - ¢ with s,
;% + -+ — — BT
LI | M S . S e o —— —

-0.4

[ n=100 [ =500 [ n=1.000 [ 1=5.000 [ n=10.000

F1G 6. Bozplots summarizing the 1.000 obtained estimates for {A}L((Xl,Xg), Y) for two differ-
ent choices of s (s1 = 1/3 (magenta) and s = 1/4 (green)) as well as for T (Y, (X1, X2))
(gray). Samples of size n are drawn from normally distributed as well as exponentially dis-
tributed random variables: X1 ~ N(0,1), X2 ~ N(0,1), Y ~ E(1); X1, X2,Y independent.

S s

3 ) Quantity

8 o4 . B with s,
g + i ES it s,
& 02 . + + + — — ' T

g - -+ - . "

a 00— [ [ [~ e e

l n=100 l n=500 l n=1.000 l n=5.000 l n=10.000

Fi1c 7. Bozplots summarizing the 1.000 obtained estimates for 5,,11((X1,X2,X3),Y) for
two different choices of s (s1 = 1/4 (magenta) and so = 1/6 (green)) as well as for
T (Y, (X1,X2, X3)) (gray). Samples of size n are drawn from: X1 ~ U(0,1), Xo := X1 +¢
with & ~ N(0,0.12), X3 ~ E(1) and Y ~U(0,1); X and Y are independent.
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E]

3 Quantity

§ 0.4 T : ¢ with s,
3 h ¢ with s,
E_ 0.2 ++ ++ . - - —_ R ’
<] 00 Lol mm . ,-',-,+ ,,,,,,,,, r!:_]_ ,,,,,,,,, j_,_|_ -

[ n=100 [ n=500 [ n=1.000 n=5.000 || n=10.000

Fic 8. Boxplots summarizing the 1.000 obtained estimates for CL((X1, X2, X3, X4),Y) for
two different choices of s (s1 = 1/5 (magenta) and s3 = 1/8 (green)) as well as for
Tn (Y, (X1,X2, X3,X4)) (gray). Samples of size n are drawn from: X1 ~U(0,1), X2 := 2X(
mod 1) + €1, X3 ~ U(0,1), X4 := 2X3( mod 1) + €2, whereby 1,62 ~ N(0,0.12) and
Y ~U(0,1); X,Y independent.

So7 : + —_— ————
©

2 06 ; + Quantity

é 05 —|— ' ¢ with s
S

S04 B ¢ with s,
803

go. !

| n=100 =500 || n=1.000 | n=5.000 | n=10.000

Fia 9. Boxplots summarizing the 1.000 obtained estimates for é}L(CCube) for two different
choices of s (s1 = 1/3 (magenta) and sz = 1/4 (green)). The true value of ¢ (Coupe) = 0.75
is depicted as black horizontal line.

B.2. Ccupe

To test the performance of GL for Coupe € C? according to Example 5.7, we
generated samples of size n € {100, 500, 1.000, 5.000, 10.000} and calculated f}L
These steps were repeated R = 1.000 times, the obtained results are depicted as
boxplots in Figs. 9. Obviously, 5711 converges to the true value from below. Not

surprisingly the speed of convergence of CA}L strongly depends on the resolution
N, defined by N(n) := [n®].

B.3. Complete (functional) dependence

In order to test the performance of (f,ll for the opposite extreme of complete de-
pendence, we generated samples of size n € {100,500, 1.000, 5.000, 10.000} and
calculated gt,ll as well as T;, for several different functional dependence structures.
These steps were repeated R = 1.000 times. The results for some specific depen-
dence structures in the three-, four- and five-dimensional setting are depicted in
Figs. 10, 11, 12 and 13. It can be seen that the convergence speed of @L is the
better the larger the parameter s (or the lower the dimension).
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F1a 10. Boxplots summarizing the 1.000 obtained estimates for é}l((Xl,Xg),Y) for two dif-
ferent choices of s (s1 =1/3 (magenta) and so = 1/4 (green)) as well as for T (Y, (X1, X2))
(gray). Samples of size n are drawn from: X1 ~U(—1,1), Xo ~U(—1,1) and Y := X + X32.

o N
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Dependence value
o o
e
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F1G 11. Bozplots summarizing the 1.000 obtained estimates for CA}L((Xl,Xz),Y) for two dif-
ferent choices of s (s1 =1/3 (magenta) and s2 = 1/4 (green)) as well as for Tn (Y, (X1, X2))
(gray). Samples of size n are drawn from: X1 ~ N (0,1), X2 ~ N (0,1) and Y := X1/X2.

n=10.000

Quantity

BE Cwith s,
BES Cuith s,
BT

Fic 12. Bozplots summarizing the 1.000 obtained estimates for é,ll((Xth,Xg),Y) for

two different choices of s (s1

1/4 (magenta) and s2

= 1/6 (green)) as well as for
T (Y, (X1,X2, X3)) (gray). Samples of size n are drawn from: X1 ~ U(0,1), X2 := 2X4(
mod 1), X3 ~U(0,1) and Y := X1 + X2 + X3( mod 1).
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F1G 13. Bozplots summarizing the 1.000 obtained estimates for CATIL((Xl,Xz,Xg,XAL),Y) for
two different choices of s (s1 = 1/5 (magenta) and so = 1/8 (green)) as well as for
T (Y, (X1,X2, X3,X4)) (gray). Samples of size n are drawn from: X1 ~ U(0,1), Xo ~

(0,

1), X3 NU(U,].), X4 NU(O,].) and Y := X1 + X2+ X3+ X4.
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