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Abstract: We revisit the problem of designing an efficient binary classifier
in a challenging high-dimensional framework. The model under study as-
sumes some local dependence structure among feature variables represented
by a block-diagonal covariance matrix with a growing number of blocks of
an arbitrary, but fixed size. The blocks correspond to non-overlapping inde-
pendent groups of strongly correlated features. To assess the relevance of a
particular block in predicting the response, we introduce a measure of “sig-
nal strength” pertaining to each feature block. This measure is then used to
specify a sparse model of our interest. We further propose a threshold-based
feature selector which operates as a screen-and-clean scheme integrated into
a linear classifier: the data is subject to screening and hard threshold clean-
ing to filter out the blocks that contain no signals. Asymptotic properties of
the proposed classifiers are studied when the sample size n depends on the
number of feature blocks b, and the sample size goes to infinity with b at a
slower rate than b. The new classifiers, which are fully adaptive to unknown
parameters of the model, are shown to perform asymptotically optimally
in a large part of the classification region. The numerical study confirms
good analytical properties of the new classifiers that compare favorably to
the existing threshold-based procedure used in a similar context.
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1. Introduction

Statistical methodology for high-dimensional data is a rapidly growing area
where inferential and algorithmic procedures for models with the number of fea-
tures exceeding the number of observations are of great interest. High-dimensional
statistical problems emerge in a variety of applied fields such as genomics and
proteomics, cosmology, information technology, finance and banking. Classifica-
tion is one of the key techniques of high-dimensional statistics where the goal is
to predict the categorical class labels of new instances based on past observa-
tions.

Despite the abundance of off-the-shelf classifiers with excellent performance
in the classical large-sample scenario (examples include support vector machines,
AdaBoost, CART, and Artificial Neural Networks classifiers), a straightforward
extension of these procedures to high-dimensional settings encounters serious
challenges for the following reasons. First, these classifiers fail to explore the
sparsity patterns of the high-dimensional data. With a variety of modern ex-
perimental techniques that make it possible to automatically measure a high
number of features on each subject, the number of individually relevant fea-
tures, or groups (blocks) of such features, is often a small part of the entire set
and is hidden in that set. Incorporating too many noise feature variables with
little or no relevance to the classification problem at hand can severely deteri-
orate the performance accuracy. Second, many classification problems in high
dimensions stem from applications where identifying useful features, or groups
of features that are jointly informative for the class label, is of primary impor-
tance. Examples of applications include, among others, the problems of cancer
classification with genomics data and disease classification with medical imag-
ing data, where the goal is to design a parsimonious classifier that would not
only control the total number of features in the model without noticeable loss of
quality but also allow for effective training procedures and good interpretation.
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Such type of applications may require the use of feature selection techniques
that would effectively operate in high-dimensional settings under various spar-
sity and weakness assumptions.

These thoughts have motivated us to look at the classification problem in a
sparse setup, where only a small fraction of a large number of feature blocks
(which are unknown to us) are “useful”, and each useful block of feature vari-
ables contributes weakly to distinguishing between classes. Aiming at modelling
the phenomena of growing dimensions, we use the asymptotic framework that
operates over a sequence of classification problems with increasingly many fea-
ture blocks and relatively fewer observations.

In general, the classical theory of supervised classification is not designed to
work in a sparse framework. Therefore, over the last decades, substantial efforts
have been made to develop appropriate alternatives for standard classification
procedures, such as linear and quadratic classifiers (see, for example, Ahmad and
Pavlenko [1], Aoshima and Yata [2], Chan and Hall [6], Fan et al. [11], Ingster
et al. [16]). Several effective classifiers that are suitable for situations where the
class-covariance matrices are diagonal have been recently proposed and studied
(see, for example, Ingster et al. [16] and Donoho and Jin [10]). Some of these
procedures suggest, prior to the classification step, a feature selection step by
thresholding. The most recent classification studies pertaining to sparse models
have shown that, even under the relatively strong assumption of independence
of feature variables, many statistical challenges are yet preserved.

In this paper, we examine a new sparse block-diagonal model reflecting the
situation where only a small fraction of feature blocks are useful for classification.
Statistical properties of the proposed classifiers depend crucially on the accu-
racy of a cleaning step that identifies relevant feature blocks. Cleaning is done
by means of hard thresholding, with carefully chosen data-driven thresholds,
that filter out the blocks containing no signals. The choice of threshold depends
on the level of signal separation strength: the weaker the signal, the harder the
problem of removing useless feature blocks from the subsequent classification
analysis. Where possible, we adopt our newly proposed variable selection tech-
niques to set up an appropriate threshold that would retain all useful feature
blocks and perhaps a few useless ones. When the signal strength of useful blocks
are too weak to allow feature selection, we propose to use hard thresholding,
which is obtained by employing weighted Kolmogorov-Smirnov test statistics
with suitably chosen weight functions. These statistics are known to distinguish
between the pure noise and the sparse mixtures of noise and signal.

By construction, the proposed classifiers contain a random number of terms,
representing classification functions for useful feature blocks, which makes the
study of their efficiency properties highly nontrivial. In a large part of the clas-
sification region, the proposed classifiers are shown to have the maximum clas-
sification error and the Bayes classification error tending to zero as the number
of feature blocks increases; for the rest of the classification region, numerical
results with simulated data are reported.

In Section 2 we introduce a high-dimensional model of our interest and indi-
cate the fundamental limits of sparse classification. In Section 3 we study the
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classification problem at hand when the covariance matrix ¥ of the data is
known. The more difficult case of unknown X is treated in Section 4. Results
of the numerical study are summarized in Section 5. Concluding remarks are
given in Section 6. Proofs of Lemmas 1-3, which are essential ingredients for
the proofs of Theorems 1 and 2, the main results of this work, are deferred to
Section 7.

Throughout the paper, the symbol x2()) is used for a chi-square random
variable with v degrees of freedom and noncentrality parameter A. The sym-
bol F,, ,,(\) is used for an F' distributed random variable with 14 numera-
tor and 5 denominator degrees of freedom and noncentrality parameter \. ®
denotes the cumulative distribution function (cdf) of a normal N(0,1) distri-
bution. The notation A, ~ B, means that limsup,_,., As/By = 1. We write
Ap = o(Bp) and Ay = O(By) for b — o when limsup,_,., |As/By| = 0 and
0 < liminfy_, o |Ap/Bpy| < limsup,_,., |As/Bs| < o0, respectively. We use the
symbol loga for the natural (base e) logarithm of the number a. For an event
A, I(A) is the indicator of A. We denote by [n] the set {1,...,n} for some n € N.
The Euclidean norm of a vector x € R¥, k > 1, is denoted by |x|. The stochastic
symbols op; (1) and Opy,, (1) are short for a sequence of random variables that
converge to zero in probability and for a sequence that is bounded in probability,
respectively, reflecting the fact that the sequence of random variables involves
an observation generated by distribution I, [ € [2].

2. Model and problem

Let X1 = (Xél))je[[nﬂ and X(2) = (X§2))j€[nﬂ be random samples drawn from
the populations II; = N, (0, X) and IIy = N,(u, X), respectively, where Xlg-l) =

(Xl(?,...,XZ()lj))T for j € [n] and I € [2]. The mean vector g # 0 and the

common covariance matrix 3 = Cov(Xg.l)), l € [2], are generally unknown.
Assume further we observe a random vector Xy € RP, which is independent of
X, 1 e [2], and the distribution of X; is known to be either IT; (the pure noise)
or Il (the signal). The goal is to design a classifier ¢ = 1) (Xo; X, X(2)) that
would assign Xg to either II; or Ily and would have small classification error
when the dimension p is much larger than the sample size n. The problem of
allocating X to either II; or Ils is difficult only when II; and II; are “close”
to each other. A particular type of closeness for large p is described by the
sparsity assumption, which is stated rigorously in Section 2.1 below. Under this
assumption, the data is grouped in a large number of blocks, and only a small
fraction of the blocks are relevant for classification.

Let E, denote the expectation with respect to the joint distribution of X,
X® and X when X ~ II; for i € [2]. In the present situation of equally-sized
random samples, it is natural to measure the accuracy of ¥ by the Bayes risk
7Em, (¥) + (1 — m)Eq, (1 — ) with 7 = 1/2, that is, by

Rp(¥) = (1/2)En, (¥) + (1/2)En, (1 —¥), (2.1)
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and also by the maximum risk

Ry (¢) = max (En, (¢), En, (1 - ¢)) . (2.2)

Here, Ep, (1) is the probability of misclassifying Xo as II; when Xg € Ils.
Likewise, Err, (1—1)) is the probability of misclassifying X, as ITo when X € II;.
In what follows, R(¢)) will be either the Bayes risk R 5(¢)) or the maximum risk
R ().

Assume that 3 is a block-diagonal matrix of the form 3 = Diag (23, ..., X))
with each block ;) being symmetric and positive definite. Then, the new ob-
servation and each element of the training samples can be split into b feature
blocks: for j € [n], I € [2]

T T
(T O _ (D T M) \T
X, = (XO’[] LX] [b]) S ((Xm]) LX) ) .

For k € [b] and b = 2,3,..., we define Bk) = Bgy,e and ﬁ[k] = i[k”, by

S = o2n —1 {Z:: (X(l) ) (Xg',l[)k])li (Xf[)k] - ﬂ[k]> (Xf[)k] - ﬂ[k])T},

Jj=1

and take 1 = (,Ll[Tl]7...,ﬂE,;])T as an estimator of u = (NB]W"’“E;])T and

s = Diag(f][l], cee f][b]) as an estimator of 3 = Diag(Zpy,..., X)-
In the case of known ¥, we propose to use the classifier 1/35, = QZJb(Xo; X(Q))
given by

b
Uy = H{ Z (X, — g /2) "2 ﬁ 1< 0} ; (2.3)
k=1

=1

where @y, is one if the kth feature block of the data is “useful” and zero other-
wise. The new observation X is allocated to II; when &b(XO) =1 and to I,
otherwise. As seen from Theorem 1 in Section 3.2, the risk R(wp) of v with
suitably chosen @y, k € [b], tends to zero when b tends to infinity in a large
part of the classification region. Similarly, in the case of unknown 3, we may
consider the classifier 1, = 1/AJb(X0; XM X)) defined as

b
. ) a1
y = H{ Z (Xo,i0) — Bp/2) g gy < 0} ; (2.4)

k=1 :(.:Jk=1

where @y, is one if the kth feature block of the data is “useful” and zero otherwise,
which allocates Xg to to II; when @[AJb(XO) = 1 and to II; otherwise. As follows
from Theorem 2 in Section 4.1, the risk ’R(d}b) of 1y, with suitably chosen wy,
k € [b], converges to zero as b tends to infinity in a large part of the classification
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region. The behavior of 1% and 1@, in the remaining part of the classification
region, where the selection of useful feature blocks is impossible, is examined in
Sections 3.3 and 4.2, and the related numerical results are presented in Section
5. The random functions @, and @y are some good estimators of wy = ]I(A%b #
0),k € [b], that attempt to remove most of the useless blocks of the data for
which wg = 0 from further consideration. Due to the technical issues presented
by the case of unknown X, the cases of known and unknown ¥ will be treated
separately.

2.1. Asymptotic regime and sparsity assumption

We shall design a classifier ¢ = ¢ (Xo; X*, X)) in a high-dimensional frame-
work when (i) the sample size n and the dimension p go to infinity together in
such a way that n = n, — o0 and n = o(p) as p — oo, (ii) the covariance matrix
3 is a sparse block-diagonal matrix of the form ¥ = Diag (2[1]7 ey E[b]), where
each block X, is symmetric and positive definite, and (iii) feature variables that
are deemed useful for classification appear in groups (or blocks), according to
the structure of 3; the useful feature blocks are rare and each block contributes
weakly to the classification decision.

We first treat the case of equally-sized pg x po blocks so that bpy = p, and
then comment on the case of unequally-sized blocks. In modern settings, it is
often the case that the dimension p exceeds the number of observations n. In
this work, we consider a sequence of classification problems in which py (po < n)
is a fixed known integer, the number of blocks b is the driving parameter, and
n relates to b through

n=>0"(1+0(1) as b— o (2.5)

for some known 6 € (0,1), implying n = o(p) as p — . (Below, we may think
that n = [b”].) This assumption yields logn ~ @logp as p — o0, which corre-
sponds to scenario (C) in Ingster et al. [16] and refers to as the regular growth of
dimensionality. This asymptotic approach is also similar to the triangular array
setup studied in Greenshtein and Ritov [13]. The number of blocks b of X is
assumed to be al least 2 because the parametrization used for the model of our
interest requires from log b to be nonzero (see relation (2.8) below).

In an ideal setup, when g and 3 are known, the optimal (using the Bayes
risk with equal prior probabilities) classifier g = 1o(Xo), which is obtained by
employing the likelihood ratio approach, has the risk

Rp(to) = ®(=A/2),

where A2 = u7 X7 is the squared Mahalanobis distance between II; and II.
For the block-diagonal matrix 3 = Diag (2[1], . .,E[b]), the squared Maha-
lanobis distance A2 depends on b and can be expressed as

b
A% = Z Afp Ay = HE;C]E[_&N[W ke [b], (2.6)
k=1
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where p = (,u,E—l], cee uﬁ])—r. The quantity Aﬁ’b is the signal strength of the kth
block of the data; it measures the contribution of the kth block towards the total
strength of separation A% between the populations IT; and II,. “Large” values of
Ai,b suggest that the kth block is useful for classification, and therefore the data

(X5
rule; at the same time, “small” values of A%b mean that the kth block of the data
is useless for classification and should be removed from further consideration.
In this work, we demonstrate how accurate classification can be achieved by
means of a classifier that includes an effective screen-and-clean threshold-based
feature selector as its integrated part.

To set up a sparse model of our interest, we take two numbers s and a such

that s € [b] and a > 0, and consider the set of vectors v = (v ) ey given by

k])je[[nﬂ, I € [2], should be used for constructing a suitable classification

Ty(s,a) = {veR": there exists a set S < [b] with s elements
such that v, > a forallke S, and v, =0for all k¢ S}.  (2.7)

The statistical model that consists of observing two independent random sam-
ples X and X of size n from the respective p-dimensional populations IT;
and IIo, where p = ppb, is said to have an (s, a)-sparse block-diagonal structure if
a vector (nAi’b)ke[[bﬂ, where A%b is defined in (2.6), belongs to the set I'y(s, a).

In what follows, both parameters s and a will depend on the driving param-
eter b. Namely, we assume that the parameter s satisfies as b — o0

s=s,=b"(140(1)) forsome 0<p <1,

implying s = o(b). This type of parametrization for s is quite common in the
literature on high-dimensional statistical inference. We speak of § as the sparsity
parameter. The parameter a cannot be too small (see, for example, Remark 1 in
Ingster et al. [16]). A suitable range for a that makes the classification problem
at hand interesting is

a=ap =2rlogh forsome 0<r <4, (2.8)

that is, the parameter a is only moderately large. Indeed, in this case, the squared
Mahalanobis distance for the kth block satisfies

A7, =0 (b"logb) = o(1), b— . (2.9)

This brings us to a nontrivial problem of classification which is closely related
to the classification problem for the diagonal matrix ¥ = 0214, as studied in
Ingster et al. [16] and Donoho and Jin [10].

The restriction on the range of r in (2.8) being the interval (0,4) is due to a
related feature selection problem; the assumption of r» > 4, which corresponds
to relation (2.3) in Ingster et al. [16], makes selecting useful blocks obvious and
hence the problem of classifying X easy.

We shall now introduce the collection of parameters pp = p,,,; and 3 = 3,5,
of our interest. For 0 < f <1 and 0 < r < 4, define the set M g, as follows:

My g,r={(p,%):p = (;L[Tl]7 . ,H[Tb])T #0, ¥ = Diag(Zy), ..., X)) is
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positive definite and symmetric, and vector (nAgp)refp) belongs
to the set Ty ([b* "], 2r log b)},

where n relates to b through (2.5) and I'y(s, a) is as in (2.7). Then, our sparsity
assumption on the model, which is characterized by numbers 8 € (0,1) and
r € (0,4), says that the pair of parameters (p, X) is an element of My 5. We
say that the kth block of the data is useful (for classification) if nA;b > 2rlogb,
and it is useless if nA2 , = 0. The value b=” may be viewed as the ‘probability’
of occurrence of useful feature blocks among the b blocks available. Thus, very
few blocks of features are useful for classification, and the information carried
by each of these blocks contributes weakly to the classification decision. This
type of sparse model is sometimes referred to in the literature as the rare and
weak feature model (see, for example, Donoho and Jin [10]).

The classifier proposed in (2.3) depends on i and £~ only through their
block-wise products; a similar comment applies to the classifier in (2.4). There-
fore, the idea of imposing the sparsity assumption directly on the signal sepa-
ration strength vector (nAyp)iepp) is @ natural one. This type of sparsity as-
sumption is somewhat weaker and more flexible as compared to some commonly
used assumptions that require the sparsity of g and X (or £ ') separately. For
instance, Shao et al. [21] proposed some thresholding procedures in which g and
3 are first estimated separately and then plugged into classification rules. In
general, in the context of classification, the idea of imposing sparsity assump-
tions separately on g and 3 (or 2_1) may be inappropriate as there are cases
where neither g nor 37! are sparse but pu X7 is (see, for example, Cai and
Liu [5]).

Below, we consider the regions inside the parameter space {(8,7) € R? : 0 <
B < 1,0 <7 <4} where successful classification is possible in the sense that

lim inf  sup R(W) =0, (2.10)
b=0 %y seMy 4,

where R (1)) is either Rp(¢) or Ras()) and the infimum is over all measurable
functions of X, and the training data X, [ € [2], with values on [0,1], and
construct classifiers that would provide successful classification in part of these
regions. Following Ingster et al. [16], we say that a classifier ¥ = 1y, is asymp-
totically optimal if for all 8 and r such that successful classification is possible,
we have

lim sup R(y)=0.
b— (I‘L’E)EMb,B,T

2.2. Classification regions

Given the sparse model in question, we shall restrict our attention to the
most interesting case of high [B-sparsity with values of 8 between (1 — 0)/2
and 1 — #. The reason for this is that a classification problem for “moder-
ately [-sparse” vectors with S € (0, (1 — 6)/2) is easy and not of much in-
terest, whereas successful classification of “very highly (-sparse” vectors with
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B € (1 —0,1) is impossible (see Remark 1 in Ingster et al. [16]). In the case
of moderate [-sparsity, successful classification is possible without preliminary
selecting useful feature blocks and is prov1ded for example, by the classification

rule ¢ =1 {Zk 1(Xo, k] — /2) k]u ()}. Another parameter of the

model at hand is r; it may be Vlewed as the szgnal strength parameter. Depend-
ing on the values of r (as a function of ), we will suggest different classification
procedures. In general, the larger the value of r, the easier the classification
problem.

To be more precise, consider the following function of 8 € (0,1) (see, for
example, Ingster [15] and Donoho and Jin [9]):

0, 0<pB<1/2,
p(B) =4 B-1/2, 1/2 < B < 3/4, (2.11)
(1-+4/1T-0)?% 3/4<p<l.

The curve r = p(B) is often called the detection boundary. The classification
boundary is known to be a rescaled detection boundary of the form (see Ingster
et al. [16] and Fan et al. [11])

B
= ® O =00 (2g) for a-pp<s<i-0 @)
That is, for all large enough b, successful classification is possible if r > p*(5)
and it is impossible if r < p*(3). The impossibility of classification means that

lim inf mf sup  R(y) =1/2,
b= ¥ (1 E)eMy 5,

that is, no classification rule (or classifier) is better than a simple random guess.

Along with the detection boundary p(8) defined by (2.11), consider the se-
lection boundaries v = p1(f) and r = p2(B), where (see, for example, Genovese
et al. [12] and Ingster and Stepanova [17])

p(8) =8 and po(B) = (1+VI-B) . 0<f<L

For all (1 —60)/2 < <1—0 one has p(8) < p*(B8) < p1(B) < p2(B).

Given a parameter 6 € (0,1) which relates n and b through (2.5), we shall
consider the following two regions of the parameter space {(3,7) € R? : 0 <
B <1, 0 <r < 4} where classification is possible:

Di6) = {(Br)eR: (1-0)2<f<1-6, p(B) <r<d)
Do) = {(Br)eR*: (1-6)/2<B<1-06, p*(B) <r<p(B)}.
Figure 1 displays the two regions: the region D1 (6) UD2(6) where classification
is possible and its complement in ((1 —6)/2,1 — 6) x (0,4) where classification

is impossible, along with the detection boundary r = p(8) and the selection
boundaries r = p1(8) and r = pa(5).
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¢ o _| O Classification ‘ . r=py(B)

D1 (0)

@ No Classification

F1c 1. The curve r = p*(B) divides the rectangle (1 — 0)/2,1 — 0) x (0,4) into classification
and no classification regions. In case of known covariance matriz, the classification region
Sfurther splits into two subregions D1 (0) and D2(h).

In the region D;(6), we construct an asymptotically optimal classifier that
is fully data-driven and does not require the knowledge of 8 to be applied (for
details, see Section 3.2). In the region D5 (6), where the classification problem
is much harder, based on certain heuristic arguments, we propose a classifier
that works well and improves the idea of Donoho and Jin [10] (for details, see
Section 3.3). The properties of this classifier are studied numerically in Section
5.

In case of unknown covariance matrix X, the division of the classification
region into two subregions, denoted below by DY(6) and D(6), is slightly dif-
ferent (see Figure 7 in Section 4.1); this is due to the impact of estimating the

true =71 by fl_l on the classification error. Similar to the case of known X,
in the region DY(0) the problem of classification is easier, whereas in the region
DY(#) it is more difficult. We first consider in detail the case of known covariance
matrix 3 and then extend the obtained results to the case of unknown X (see
Section 4).
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3. Classification when ¥ is known

In the present setup, we distinguish between the regions D;(6) and Dy(0). In
the region D;(#) one can identify useful feature blocks in a precise enough way.
In the region Do (6), where the parameter r (signal strength) is relatively small,
the problem of identifying useful blocks is much more difficult.

3.1. Some useful statistics

Forb=2,3,...,let o= (ﬂ[Tl], cee [L[Tb])T be the estimator of p = (u[Tl], ce ,u[Tb])T
and let & = Diag(f][l], R f][b]) be the estimator of ¥ = Diag(X[,. .., Xpy) as

above. The random matrix (2n—1)X; has a (central) Wishart W, (3, 2n—1)
distribution. The distribution of f][ﬁ /(2n — 1) is called the inverted Wishart
distribution, and E (2[;;/(2717 1)) = (2n — py — 2)*12[75. For k € [b] and
b=2,3,..., we further define

ARy = o Spiin. ALy = S
Then, if ¥ is known, we may consider a triangular array of statistics
{Thp; ke [b], b=2,3,...}, Tip=nlA7,. (3.1)
The statistics Tk,b are independent within each series and
Ty ~ X2y (nAL,), ke[b], b=2,3,....

The difficulty of identifying useful blocks of the data in the region Ds(f) as
compared to the region D;(#) is seen from Figures 2 and 3. Figure 2 shows a
histogram for the chi-square data {T}; : k € [b]}, in the region D;(6), where
variable selection is possible. Figure 3 shows a histogram for the data {Thb tke
[b]}, in the region Do (0), where variable selection is impossible (but classification
is still possible). On Figures 2 and 3, the central and noncentral chi-square
density curves are seen as red and blue lines, respectively.

The failure to classify a new observation X as belonging to either II; or Il
outside of the region Dy (0) U D2(0) in the rectangle ((1 —0)/2,1—0) x (0,4) is
illustrated by Figure 4, which shows a histogram for the data {Tj, : k € [b]},
in the region where classification is impossible. In this case, [b'~?] noncentral
chi-square statistics Ty get too close to the remaining b — [b*~#] central chi-
square statistics Tk’b to allow successful classification in the sparse regime of our
interest.

In a more realistic scenario when X is unknown, we shall make use of the
statistics

(2n —po)n 4o

Tep; ke[b],b=2,3,...}, Tip= .
{Th; k€ [0], 3t Thp @n = )po “F0

(3.2)
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FIG 2. Histogram for the chi-square data {Tjp : k € [b]} when (8,r) € D1(0).
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FIG 3. Histogram for the chi-square data {Typ : k € [b]} when (8,r) € D2(0).
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The statistics Thb are independent within each series and satisfy (see Section 8b
of Rao [20])

Tk,b ~ Fpy.2n—po (nAi’b), ke[b], b=2,3,....

Note in passing that as b — o

b

w3 (AR, -AR) —op( M logh). (33)
(1, Z2)eMy g7 o1 wr=1

“In distribution” closeness of Tk,b and pOTk’b for large b (for details, see

Section 4.1) and the consistency of ZA][_Q as an estimator of E_kl allow us to
extend the results obtained for the case of known X to the case of unknown 3.

By the sparsity assumption on the model, only s = [b!=#] = o(b) statistics
among {T}; : k € [b]} have a noncentral chi-square distribution, and the remain-
ing (b—s) = b+o(b) ones follow a central chi-square distribution. Similarly, only
s = [b1P] = o(b) statistics among {T} : k € [b]} have a noncentral F' distribu-
tion, and the remaining (b — s) = b + o(b) ones follow a central F distribution.
The noncentrally distributed statistics tend to take larger values as compared
to the corresponding centrally distributed statistics. Therefore, “large” values of
Tk,b and Tk,b would suggest that the kth block of the data is useful and should
be used for classification. These observations lead us to the estimators @, and
Wy of wy, k € [b], as given below by (3.4) and (4.1).

3.2. Classification rule in the region D1(0)

Let Ty, k € [b], be the statistics as in (3.1). Consider a classifier ¢, defined by
(2.3) for which

‘Dk = (:}]@b =1 (Tk,b > t) ke [[b}L (34)

called here a selector, is an estimator of wy = I(Af, # 0), k € [b], with the

threshold level ¢ = ¢ (X(z)) > 0 chosen as follows.
Pick a large number M = M, such that

M — o, b/M—w, (logh)/M — 0, (3.5)

and consider an equidistant grid of points (1 —0)/2 < 81 < ... < By <1-86,
where
B =ms, o~20 e (3.6)
= Mo, sip ™ . )

In view of the above assumptions on M,

0 —0, dlogh—0, b— o, (3.7)
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yielding for all large enough b
b’ < const. (3.8)

Next, for all k € [b] and m € [M], put

Sk(Bm) = Drp(Bm) =1 (T > (26 + €)logh) (3.9)
where € = ¢, > 0 satisfies

e—0 and elogb/loglogh —> 0 as b— . (3.10)
We define an adaptive selector by the formula

@(Bw) = (@01(Bm), - - @p(Bm)), (3.11)

where m = my is chosen by Lepski’s method (see Section 2 of Lepski [18]) as
follows, cf. relation (37) in Butucea and Stepanova [4]:

m = max{m e [M] : d(&(Bn),w(B;)) <wv; forall j <m}, (3.12)

and m = 1 if the set in (3.12) is empty. Here d(@,w) = ZZ=1 |k — wg| is the
Hamming loss that counts the number of positions at which & = (O ) ke and
w = (wWi)repp differ, and the quantities v; = v;; are set to be v; = b =P ry, €
[m], with a sequence of numbers 7, — oo satisfying 7, = o <b6/2 log!~Po/2 b) as
b — c0.

Algorithmically, Lepski’s procedure for choosing m works as follows. We
start by setting m = 1 and attempt to increase the value of m from 1 to 2.
If d(@(52), @(B1)) < v1, we set m = 2; otherwise, we keep m equal to 1. In case
m is increased to 2, we continue the process attempting to increase it further.
If d(w(f3), @(B2)) < ve and d(w(f3), @(B1)) < v1, we set T = 3; otherwise, we
keep m equal to 2; and so on. By construction v; = vy = ... = vy It can be
seen from the proof of (3.13) below that if mg € [M — 1] is such that the true
B € (Bmg» Bmo+1], then m = mg with high probability.

The next result shows that, asymptotically, @(S;7) identifies correctly most
of the noncentrally distributed chi-square statistics among {Tk,b ke o]}

Lemma 1. Consider the ([b*~"],2rlogb)-sparse block-diagonal normal model
with known covariance matriz 3, and let the statistics {Tjp = k € [b],b =
2,3,...} be as defined in (3.1). Then, the selector @(Bs) in (3.11) based on
{Tip : k€ [b]} with m defined by (3.12) is an almost full selector in the sense
that for all (1 —0)/2 < <1—0 and f <r <4

sup  Ed(@(Bn),w) =o' ), b— . (3.13)
(“)E)EMILBJ‘

Lemma 1, whose proof is given in Section 7, says that in the region D;(6) the
maximum Hamming risk of &(5;7,) is small relative to the number of noncentrally
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distributed statistics among {7} : k € [b]}. This suggests that in the definition
of the classifier 1, given by (2.3) and (3.4) the threshold # = #, should be set at
the level

t = (28 + €)logb. (3.14)
The next result shows that in the region Dy (6) the classification rule 1, defined
by (2.3), (3.4), and (3.14) is asymptotically optimal.

Theorem 1. Let X(1) = (X;l))je[[nﬂ and X(2) = (X;Q))je[[n]] be training samples
of size nin the ([b*~7], 2r log b)-sparse block-diagonal normal model, with n and
b related through (2.5) for a given number 6 € (0,1), and let Xo be a new
observation to be classified. Assume that the covariance matriz 3 is known.
Then, for all (3,7) € D1(6), the classifier iy defined by (2.3), (3.4), and (3.14)
satisfies

lim sup  R(yp) =0.
b=% (. 2)eMy 5,

Proof. For a number 0 € (0,1), let (3,7) be an arbitrary point in the region
D1(0). It suffices to show that

lim  sup Em(¢p) =0, lim  sup Ep,(1—1) =0, (3.15)
b= (14 )M, 5., b=%0 (1, S)eMy 6,

where Er, denotes the expectation with respect to the joint distribution of X,
X and Xy when X ~ II; for i € [2].
For b=2,3,..., denote

Vi = Vk,b = T[ k]N[k (1/2)p k]z[k]ﬂ[ K, k€ [v], (3.16)
and observe that the classifier 1;1, can be expressed as
~ b ~
wb—ﬂ{ > Vk<0},
k=1:d,=1
where &y, = @i (Fm) is the kth component of &(8y) in (3.11). Denote also

Vie = Vip = X0 i Z it — /2l Spgkm, ke ], (3.17)

and note that, under I, Vi, ~ N, (A%b/Q, Ai)b) for all k € [b], b =2,3,....

Therefore, in view of the identity

b b b b
- Y Ve = Y M-V+ Y W
k=1:0,=1 k=1:wp=1 k=1:wp=1 k=1:w,=0,d,=1
b
- > Vi, (3.18)

k=1: wk=1,®k=0
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we can write

b b b
{ Z f/k<0}={ Z (Ve — En, (Vi) + Z (Vi = Vi)

k=1:0=1 k=1:wr=1 k=1:wr=1
b B b ~ 1 b
+ Z Vi, — Z Vi, < 3 Z Ai,b} , (3.19)
k=1:wr=0,0,=1 k=1:wr=1,0,=0 k=1:wp=1

where, by assumption and the fact that n ~ b%, for all (3,7) € D1(0), as b — o

b
sup D AR, =0 (" logh). (3.20)
(H?Z)eMbwaT k=1:wi=1

The following result shows that the main contribution to 22:1 Bn=1 Vi is made
by the term Zzzl:wkzl Vi
Lemma 2. For any 6 € (0,1) and all (8,7) € D1(0), as b — o

b

sup Z Vi = Vi) = 0Py, (bl_ﬁ_e logb) , (3.21)
(1, Z)eMy g, k=1:wr=1
b
sup Z Vi = 0Py, (bl_ﬂ_e logb) , (3.22)
(1, Z)EMp 5.1 =1 : wy,— 1,05 =0
b
sup Z Vi = opy, (blfﬁ*g logb) . (3.23)

(1, 2)EMb 57 |1 . o), —0,0, =1

The proof of Lemma 2, where the key role is taken by Lemma 1, is given in
Section 7. Next, for b = 2,3,..., let us introduce the event

b b b
~ 1
Ab: { Z Vi — Z Vi | > Z Z Ai,b}'
k:l:wk:l kzl:wkzl k:wkzl
Then, by (3.19) and Chebyshev’s inequality, for all sufficiently large b

P Zb Ve <0
sup 1 ( - S )
(H72)6Mb,ﬁ,r 2 k=1:0r=1

RN,

b
3 A>

k=1:wi=1 k:wp=1

b
< sup PH2 ( Z (Vk — EH2 (Vk)) < —
(1,X)eMy 3,

b
i1 A2
+ sup P, (Ay) < sup Lie=t:un=1 Bk 5
D)Mo DM (1) X7 e AF,)
twp= )

+ sup P, (Ap).
(1, X)eMy g,
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Together with relations (3.18) and (3.20), and Lemma 2 applied to the term
SUP (4, :)eM, 5., P11, (Ap), this upper bound yields, as b — o0

sup B, () = O (077 logh) ") + o(1) = o(1),
(1, Z)eMy, 3,
uniformly in (8,7) € D1(0) for all § € (0,1). This proves the first relation
in (3.15). The second relation in (3.15) is proved completely analogously. The
proof is complete. O

Remark 1. Inspection of the proof of Theorem 1 shows that it can be extended
to a more realistic case of unequally-sized blocks Xyy, ..., Xy, of respective sizes
D1 X D1,-..,Pb X Dy, Where py = 3, k € [b], are uniformly bounded integers such
that Zzzlpk = p. This is so because, in view of relations (7.2)—(7.4) in the
proof of Lemma 1, for large b the tails of the central and noncentral chi-square
statistics {Ty : k € [b]} are not essentially affected by their degrees of freedom.

3.3. Classification rule in the region D3(0)

In the region Ds(f), where the parameter r is small and feature selection is
impossible, the classification problem is very hard (see Figure 3). We suggest
that, in this region of (3, r)-values, the threshold ¢ of the classifier ¥y, given by
(2.3) and (3.4) be chosen by using the weighted Kolmogorov—Smirnov statistic
with a suitable weight function ¢. Namely, we set the threshold ¢ = fq at the
level (see formula (3.29) below)

tg = T(bJrlffcq)

where T(k) is the kth order statistic of the data {Ty, : k € [b]} and the in-

dex k, is given by formula (3.28). The idea behind this choice of #, is tightly
connected to the problem of signal detection in sparse chi-square mixtures by
means of weighted Kolmogorov-Smirnov tests and is detailed below. It is similar
to the suggestion of Donoho and Jin [10]; the main difference is a more general
classification model and a different choice of the weight function used.

In view of the intrinsic difficulty of the problem, based on heuristic arguments,
we propose a classifier that numerically works well. As seen from Section 5, our
classifier ¥, given by (2.3), (3.4), and (3.29) works numerically better than the
procedure of Donoho and Jin [10]. There also exists a Donoho—Jin type classifier
proposed by Fan et al. [11] for the situation when the inverse X! of a covariance
matrix 3 admits an “acceptable” estimator which selects useful information by
means of truncated higher-criticism thresholding. Its quality, however, is hard to
assess because the numerical results in Section 4 of Fan et al. [11] are only given
for the region where feature selection is possible and where the classification
problem is relatively easy, whereas the obtained analytical results for the whole
classification region are “strongly asymptotic”, and it is not clear for what p the
asymptotics start to give reasonably accurate descriptions of the actual finite
sample performance.
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Assume that (8,r) € Dy(f) and consider the worst case scenario when all
nonzero noncentrality parameters nAﬁ’b, k € [b], are equal to 2rlog b with some
p*(B) < r < B. Then, asymptotically, the statistics {Tj, : k € [b]} obey a
chi-square mixture model

od ad i1d
Ty, Thp ™~ (1= eb)x, (0) + uxp (W), (3.24)

where g, = b7 for 0 < 3 < 1 and 7, = 2rlogb for p*(B8) < r < B. Therefore,
we may consider an axillary problem of testing the null hypothesis Hy versus
the alternative (more precisely, a sequence of alternatives) Hyp given by

i
HQ : tl,...,tblfl\* XIQ]O(O),
jid
Hip : oty < (1—e0)x, (0) + euXi, (W),

where g, = b=F for 0 < 8 < 1, py is as before, and 7, = 2rlogh for 0 < r < 1.
Next, we transform the statistics ¢ to the uniformly distributed on the interval
(0,1) statistics sp =1 — Gy, (t;0), k € [b], where G, (z;7) = P(x2(y) < z),
z € R. In terms of a common cdf F(u) of the si’s, the problem of testing H
versus Hj p is equivalent to that of testing

Ho : F(u) = Fy(u), the uniform U(0,1) cdf
versus a sequence of upper-tailed alternatives

Hip: Fu) = Fo(u) + & ((1 —u) — Gy, (G;OI(l —u;0);7)) > Fo(u).

In connection with testing Hy versus Hi (or, equivalently, Ho versus Hip),
consider the function p(8) defined in (2.11). It is known (see, for example, Sec-
tion 4 of Stepanova and Pavlenko [24]) that if » > p(8) then the hypothe-
ses separate asymptotically, whereas if r < p(8) then these hypotheses merge
asymptotically, that is, no consistent test exists. More precisely, let

b
Hy(u) = bt Z I(sp <w), O0<u<l,
k=1

be the empirical distribution function (edf) based on the s;’s and for o =
—1/2,0,1/2 let

4o (1) = \/u(l — u) (loglog(1/(u(l — u))*™, 0<u<1. (3.25)

The function g_q/5(u) = /u(l —u) is a regularly varying function which is
known in the literature as the standard deviation proportional (SDP) weight
function. The function qo(u) = +/u(l —u)loglog(1/(u(l —u))) is an Erdds-
Feller-Kolmogorov-Petrovski (EFKP) upper-class function of a Brownian bridge;
the importance of such weight functions in the theory of weighted quantile and
empirical processes has been demonstrated by Csorgd et al. [7]. The function
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q1/2(u) = A/u(l —u)loglog(1/(u(1—wu))) is an example of the Chibisov-O’Reilly
function. For the use of these three classes of functions in the theory of weighted
quantile and empirical processes, we refer to Csorgd et al. [7] and Csorgé and
Horvéth [8]. It is known (see Donoho and Jin [9] and Stepanova and Pavlenko
[24]) that the tests based on the (one-sided) weighted Kolmogorov-Smirnov
statistics

Dy (g5) = sup V(Es(w) - u)

. o=-1/2,0,1/2, 3.26
O<u<ag (]a(Hb(U)) / / ( )

where ag € (0,1/2) is a small number (say, agp = 0.2) chosen by the statisti-
cian, distinguish between Ho and H;, when r > p(8), with Ho being rejected
for “small” values of D; (¢o). Moreover, the use of weight functions gy and ¢y
makes the problem of distinguishing between the two hypotheses easier, as com-
pared to using g_j/5. This is so because, under Hy, the statistics D: (qo) and
D; (q1/2) are finite with probability 1, whereas the statistic D; (g—1/2) intro-
duced by Donoho and Jin [9] tends to infinity, in probability and even almost
surely, under both Hy and H; 5, making the problem of separating these two
hypotheses relatively hard.

Let s(1) < s(2) < ... < @) be the order statistics of the sample sy, ..., sp.
Then, as each weight function ¢, is monotone on (0, ag) for small ag € (0,0.2),
the statistic D} (¢,) is asymptotically equivalent to the statistic

Vb (k/b— 59)
D; (q,) = YOWZT W)~ 1/2,0,1/2.
b (q ) 1<Ik:r;a[§0b] qg(k/b) o / /
In addition to weights ¢, (u), o0 = —1/2,0,1/2, we also explore one more weight
function:

qra(u) = (u(l —w)"*, 0<u<l, (3.27)

which is an example of the Chibisov—O’Reilly function.

As shown in Ingster et al. [16] and Fan et al. [11], in somewhat different yet
similar settings, if Ho and M, are indistinguishable (merge asymptotically),
then successful classification cannot be achieved. It can only be achieved in the
region of r > p*(B) > p(B) with p*(B) as in (2.12). Thus, recalling (3.24),
we arrive at the following idea of selecting useful feature blocks by means of
D; (¢, )-thresholding in the region Dy (6). This idea is similar to that of Donoho
and Jin [10] to make feature selection via higher criticism thersholding, that is,
by using the statistic, cf. (3.26),

Vo(Hy (u) — u)

HCy = sup —————,
’ O<u<ag u(l — u)

which is the statistic D} (¢_1/2) in our notation.
First, consider the statistics Si, = 1 — Gp, (Tk,b; 0), k € [b], and note that,

under Hy, the transformed statistics {Sk : k € [b],b = 2,3,...} form a triangu-
lar array of iid uniform U(0, 1) random variables. Next, denote by S the kth



Adaptive threshold-based classification 1971
order statistic of the sample {Sy 4 : k € [b]} and define the index &, by

- \/B(k/b —Sw))
_ — o) 2
kq ?i%rél[ifb] q(k/b) ’ (3.28)

where ¢ is one of the weight functions ¢, with ¢ = —1/2,0,1/2, as given in
(3.25) or qy/4 as in (3.27). Finally, we take S,y asa (random) feature selection

threshold, that is, for all [ € [2], j € [n], and k € [b], the kth sub-vector X;l%k]
0

;s deemed useful for classification if S ; is smaller than S(,;q) or,

equivalently, if T} 4 is larger than Z,, where

of vector X

tg =G (1= 5;.:0) = Ty 7, (3.29)

This choice of #, is motivated by the fact that, in the region D(#), Ho and
H1, are distinguished by the statistic D} (¢,) (see Section 4 of Stepanova and
Pavlenko [24]). Note that the classifier ¢, defined by (2.3), (3.4), and (3.29) is

fully adaptive in the parameters of the model.

The behaviour of the objective function K, ,(Sk)) = % on the in-

terval (0,0.2) for four different weight functions ¢ and the corresponding thresh-
olds S(;Cq) are shown on Figure 5. Figure 6 shows a histogram for T} 3, k € [b],

and the threshold ¢, for the four weight functions g of our interest. As seen
from Figure 6, the threshold obtained by using the SDP weight function q_;/,
(red line) retains too many useless feature blocks for future use in classification,
whereas the thresholds that correspond to the Chibisov—O’Reilly weight func-
tions q1 /o and g4 (yellow and green lines) appear to ignore a certain number
of useful feature blocks contained in the data. The threshold obtained by using
the EFKP upper-class weight function gg (blue line) is a compromiser that gives
a better classification result (see Table 1 in Section 5).

Note in passing that, in the rare and weak regime in question, various false
discovery rate (FDR) controlling multiple testing procedures, including the
Benjamini-Hochberg rule, provide very few discoveries and thus lead to high
classification error. The desirable properties of FDR controlling procedures in
multiple testing have been analytically justified mainly for the situations where
rare signals are strong.

4. Classification when ¥ is unknown

4.1. Classification rule in the region D?(0)

Let Ti.s, k € [b], be the statistics as in (3.2). In the present settings when ¥ is
unknown, consider a classifier ¢, defined by (2.4) for which

L:Jk = d)k,b =1 (Tk,b > E) s ke [[bﬂ, (41)
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FI1G 5. Objective function Kqp(S(x)) on (0,0.2) with four different weights q for the trans-
formed observations {Si : k € [b]]} in the region D2(6) with 8 = 0.5. The threshold S(];q) is

shown with yellow, green, blue, and red lines when q s q12, q1/a, qo, and q_1/2, respectively.
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Fic 6. Threshold fq as in (3.29) with four different weights q for the chi-square observations
{Tp : k € [b]} in the region D2(0) with 0 = 0.5. The threshold £, is shown with yellow, green,
blue, and red vertical lines when q is q1/2, q1/4, g0, and q_1/3, respectively.

with some threshold level = # (X(l); X(z)) > 0. We need to set up the threshold
t in such a way that the maximum (over all (u, £) € My g, and all (8,7) €
D, (6)) risk of 4y is small when b is large. In the case of unknown X, we will
have to narrow down the region D; () of (3, r)-values, which is the price paid
for not knowing 3.

Note that for all b = 2,3, ... the statistics Ty, k € [b], are independent
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and there exists a set S c [b] with s = [b'~°] elements such that Ty, ~
Fpo2n—po(nA7 ) for all k€ S, and Ty p ~ Fpy 2n—p,(0) for all k ¢ S. For z € R,

let
]FVth('T’;’Y) = P(VlFVthz(’Y) < ZC), GV("E”}/) = P(X?j < )
>

x
Then, it follows from formula (6.8) of Siotani [22] that for any = 0, any 14 > 0,
and all large enough v and 7, with v tending to infinity not very fast,

1
]FV1,1/2('T;7) = GVl(m;’Y)_E{Vl(Vl_Q)Gl/l('r;’y)_2yl(y1_V)GV1+2(1';’Y)

+n =) +2=7) =21 + )] Goyyala:7)

+ 2711 + 2= )Gy r6(257) + ¥ Gurvs(@7) }

+0(vy 2y, (4.2)
Relation (4.2) shows that for large b, when multiplied by a constant factor po,
the F-distributed statistics {Ty : k € [b]} in (3.2) are well approximated by
the chi-square statistics {T}p : k € [b]} in (3.1).

For all 0 < @ < 1, we now define the two subregions D?(¢) and DI (6) of the

classification region as follows:

DYO) = {(Br)eR?*:(1-0)2<B<1—-6,B3+0/2<r<4}cDi(h),

DYO) = {(B,r)eR?*:(1-0)/2<B<1—-0,p*B) <r<p+0/2} >Dy(h).
In the region DY(0), we define a selector w(By) = (Wk(Br))kepe] based on {Thp
k € [b]} similar to the one in (3.11)—(3.12). Namely, we first pick a large number
M = My, the equidistant grid points (1 —0)/2 < 81 < ... < By <1—10, and

a small number 6 = § as in (3.5)—(3.7). Next, for all k € [b] and m € [M], we
set, cf. (3.9),

WO (Bm) = Wrp(Bm) =1 (Tk,b >y (2m + €) log b) ;
where € = €, > 0 satisfies (3.10), and define an adaptive selector by the formula

W(Bm) = (W1(Bm), - - - wp(Bm)), (4.3)
where 7 = 1y, is chosen by Lepski’s method as follows, cf. (3.12):

m =max{m e [M]: d(w(Bm),w(B;)) <v,; forall j <m}, (4.4)
and 7 = 1 if the set in (4.4) is empty. Here the quantities v; = v;; are set
to be v; = b'7Fi /7, j € [m], with a sequence of numbers 7, — o0 satisfying
Th =0 (lf/2 log! ~Po/2 b) as b — o0.

It is not difficult to show, cf. Lemma 1, that the selector w(fy) given by
(4.3) is an almost full selector in the sense that for all (1 —6)/2 <8 <1—-10
and B <r<4

swp Ed(@(Ba),w) = ob ), b on.
(1, 2)eMy 5,
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Fi1a 7. The curve r = p*(B) divides the rectangle (1 — 0)/2,1 — 0) x (0,4) into classification
and no classification regions. In case of estimated covariance matriz, the classification region
splits further into two subregions DY(0) and DI(6).

For the purpose of classification, however, the threshold that would exclude
most of the useless blocks from the classification procedure needs to be higher
and, as a result of this, the region where the classifier 1/;1, does its job properly
is narrowed down, as compared to the region D;(6) where @Zb works well, to
become DY (). Namely, return to the definition of the classifier 1[11, given by
(2.4) and (4.1), and define the threshold £ = #, in (4.1) by

{= pal(25m + 6+ ¢€)logb. (4.5)

The next theorem is an analogue of Theorem 1 for the case of estimated X. It
shows that in the region DY () of (3, r)-values the classification rule v, defined
by (2.4), (4.1), and (4.5) provides successful classification.

Theorem 2. Let X(1) = (Xgl))je[[nﬂ and X2 = (X;Q))je[[n]] be training samples
of size nin the ([b*~7], 2r log b)-sparse block-diagonal normal model, with n and
b related through (2.5) for a given number 6 € (0,1), and let Xo be a new

observation to be classified. Assume that the covariance matriz 3 is unknown.
Then, for all (3,7) € DY(0), the classifier 1y, defined by (2.4), (4.1), and (4.5)
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satisfies

lim sup  R(yp) =0.
b—a0 (1, 2)eMy g,
Proof. The proof of Theorem 2 is similar to that of Theorem 1 yet more technical
~—1 ~
due the presence of the estimator 3, of E[_kﬁ, k € [b], in the definition of .

For a number 6 € (0, 1), let (3,7) be an arbitrary point in the region DY (6). We
need to show that

lim  sup  Ep,() =0, lim  sup  Ep,(1—1t) =0, (46)
b= (1 3)eM, 5. b= (1, 3)eM, 5.

where, as in the proof of Theorem 1, Er;, denotes the expectation with respect
to the joint distribution of X, X2 and X, when Xg ~ II; for i € [2]. As the
proofs of both relations in (4.6) go along the same lines, we shall only prove the
first one. Using the notation A%b = ﬁﬁ]f][_k]ﬁ[k], for k € [b], b = 2,3,..., we
put

N N ~—1 N

Vie=Vip = XoT,[k]E[k]N[k] — (1/2)A% . (4.7)
Recall also the random variables V) defined in (3.17) that, under II,, satisfy
Vi ~ Npo(AF /2, A% ) for all ke [b], b=2,3,.... Then, we can express 1, as

b
1[)b=]1{ Z VkSO},

k=1 :&)k=1

where @ = Wi (B) is the kth component of &(8;,) in (4.3) and, cf. (3.19),

b b b
{ > Vk<o}—{ Y B, (V) + > (Vi—Va)

k=1:0r=1 k=1:wr=1 k=1:wr=1
b R b ) 1 b
+ > Vi — > Ve <=5 > A;b} . (4.8)
k=1:wr=0,0=1 k=1:wr=1,0,=0 k=1:wr=1

with the term Zzzl:wkzl Ay, obeying relation (3.20). As seen from the next

result, the main contribution to Zizl:@kzl V. is made by Zzzlzwkzl Vie-

Lemma 3. For all 0 € (0,1), uniformly in (B,7) € DY(0), as b — o

b

sup Z (Vk — Vk) = 01)1_I2 (bl—ﬁ—e log b) ) (49)

(1, 2)EMb g7 |1 o) =1

b
sup Z Vi = OPy, ('~ logb), (4.10)

(1, X)eMy 5, k=1:wr=1,0,=0

b

sup D Vi = opg, (077 "logb). (4.11)

(1, Z)EM 6.1 =1 : wp, 0,05 =1
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The proof of Lemma 3 is given in Section 7. Now, with Lemma 3 available,
the rest of the proof of Theorem 2 resembles that of Theorem 1 after Lemma
2. O

Remark 2. Inspection of the proof of Theorem 2 shows that it can be extended
to the case of blocks Xy, ..., Xy of different sizes p1 x p1,...,pp X pp, where
pr = 3, k € [b], are uniformly bounded integers such that ZZ=1 pr = p. Indeed,
by (4.2) and relations (7.2)—(7.4), for large b, the tails of the statistics Ty ~
Fpp2n—p, (RAZ ), k € [b], are not essentially affected by the change of the
numerator degree of freedom py, and the denominator degree of freedom (2n—py)
by a finite (independent of n) integer number. In this case, the sequence of
numbers 7, which defines the quantities v; = b1~ /7, j € [m], in (3.12) and
(4.4) is to be chosen to have 7, = o (bE/Q log! P2 b) as b — oo, where p =

max(p1,...,Pp)-

4.2. Classification rule in the region D3(6)

We shall now discuss a suitable choice for the threshold # (for notational sim-
plicity, we suppress the dependence of £ on b) of the classifier by, defined by (2.4)
and (4.1). By the sparsity assumption on the model, only s = [b'~”] statistics
among {T}., : k € [b]} have a noncentral F' distribution, whereas the remaining
(b —s) = b+ o(b) statistics are centrally F distributed. In view of (4.2), for all
k e [b] and all large enough b, a central random variable poFjp, 2n—p, (0) is close
in distribution to a x2 (0), and a noncentral random variable po Fp, 2n—p, (nA%b)
is close in distribution to a x7 (nAZ ;). Therefore, similar to the case of known
3, we may consider the problem of testing the hypotheses

iid
HO . tl’“_,tbl}\, Po,Qn—po(O)v

1id
Hip :otr,.ote ~ (1= e3)Fpg2n—p0(0) + €6 Fpg2n—po (1),

where e, = b8 for 0 < 8 < 1 and v, = 2rlogb for 0 < r < 1, by means of the
weighted Kolmogrov—Smirnov test statistics.

To this end, transform the statistics 5 to the uniformly U(0, 1) distributed
under Hj statistics

U = 1-— Fp072n_p0 (tk; 0), ke Hbﬂ,

where F,, ,,(z;77) = P(F,, 1,(y) < ), z € R. In terms of a common cdf F(u) of
the uy’s, the problem of testing Hy versus H; p is equivalent to that of testing

Ho : F(u) = Fy(u), the uniform U(0,1) cdf
versus a sequence of upper-tailed alternatives

Hip : F(u) = Fo(u)+ep ((1*U)*Fpo,2n—po(Fp_0,12n—p0(1*U§ O)Q'Yb)) > Fy(u).
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Similar to the problem of testing Hq versus H;p, the hypotheses Hy and H;
are separated by a weighted Kolmogorov—Smirnov test statistic

Vb(k/b — ugy)

Df(¢) = max — 27,
» (@) 1<hslaot]  q(k/b)
where ¢ is one of the weight functions ¢,, o0 = —1/2,0,1/2, of our interest, as

defined in (3.25), or function ¢4 as in (3.27).

Similar to the choice of threshold ¢ = t, in Section 3.3, we now choose the
threshold = 7, to be that order statistic of the sample {T} ; : k € [b]} for which
the objective function under the maximum sign in D; (¢) based on the translated
observations Uy p = 1 — F 2n—p, (Tk,b; 0), k € [b], in maximized. Namely, using
relation (4.2) and the arguments that have led us to the threshold ¢, in (3.29),
we define the threshold 7, = {,(X), X)) by

ty=F 1 (1= Uiz,):0)-

Po,2n—po

where the index 1 < k, < [agb] is chosen as, cf. (3.28),

b = argmax Y2F0—Uw)
T 1<k<[aob] q(k/b) 7
and Uy, is the kth order statistic of the sample {Uy : k € [b]}. Alternatively,
we can write

tg = T(bJrlflAcq)'

(4.12)
If TAk,b > fq, the kth block is rendered useful and hence is retained to contribute

to ¥p. The classifier ¢, defined by (2.4), (4.1), and (4.12) is fully adaptive in
the parameters of the model.

5. Numerical study

Let 1/3,51) and 1/3152) be the classifiers defined by (2.3) and (3.4) with the thresholds

asin (3.14) and (3.29), respectively. Also, let 1&51) and 1/3152) be the classifiers given
by (2.4) and (4.1) with the thresholds specified by (4.5) and (4.12), respectively.

In the regions Dy (#) and DY (), with = 0.5, po = 3, b = 10® and § = 0.5,
po = 5, b = 10, and various configurations of the parameters 3 and r, the
estimated risks R( Nél)) and R(zﬁél)) obtained by averaging over 100 independent
cycles of simulations, were found to be zero up to three decimal places. Note
that the choice of & = 0.5 leads to an interesting case when n = b'/2 is much
smaller than b for large b.

We now present some simulation results related to high-dimensional classi-
fication in the regions Dy(f) and DY(6), where feature selection is impossible.

Table 1 gives the numerical summary of the performance of the classifiers @Z;ISQ)



1978 T. Pavlenko et al.

TABLE 1
BEstimated risk R(¢) = 1Em, (¥) + 1Em, (1 — ) for ¢ = 4> and ¢ = 4>
| Weight function | Rest ( ~1(,2)) I Rest ( A1(72)) |
q_1/2(u) = y/u(l —u) 0.2786 0.3039
qo(u) = v/u(l — u)loglog(1/(u(l — u))) 0.1579 0.1721
q1/2(u) = A/u(l — u) loglog(1/(u(l — u))) 0.2417 0.2418
q1/4(u) = (u(l —u))/4 0.1963 0.1987
All blocks 0.2085 0.2122
Only informative blocks 0.0014 0.0018

(when 3 is known) and 1[)152) (when ¥ is unknown) in the region where variable
selection is impossible for four different choices of weight function ¢ in (3.29)
and (4.12). To run simulations, we picked b = 10, § = 0.5, po = 3, 8 = 0.375,
r = 0.25, and averaged the results over 100 simulation cycles. It is seen that, in
the region where variable selection is impossible, the classifiers 1%2) and 1%2), for
which the selection of useful blocks is done by means of weighted Kolmogorov—-
Smirnov thresholding, works best when the EFKP weight function go(u) is used.
At the same time, the SDP weight function g_;/5(u) employed by Donoho and
Jin [10] in a similar context does not appear to be a good choice.

6. Concluding remarks

This work was inspired by the need for accurate parsimonious classification
procedures in sparse high-dimensional settings. Instead of imposing the usual
(and often unrealistic) assumption of mutual independence of feature variables,
we suggest a different approach by allowing some local dependence, which is
modelled by means of a block-diagonal covariance matrix with blocks of possibly
different sizes. The assumption on a block-diagonal covariance matrix allows for
a variety of within-block covariance structures. The proposed framework has
some definite advantages. In particular, it enables to obtain an accurate classifier
with incorporated group-wise adaptive feature selector.

The sparse classification model at hand is described by several known pa-
rameters, including 6 and pg, and two unknown parameters 8 and r. For each of
the two assumptions regarding the covariance matrix X (known or unknown),
depending on the location of the point (8, r) inside the classification region, we
have proposed two different classifiers: 1%1) and 1/3152) when X is known, and @él)
and 1%2) when X is unknown. In certain subregions of the classification region,

the classifiers 1/;(51) and z/;él) were shown to be asymptotically optimal in provid-
ing successful classification (see Theorems 1 and 2). For small values of r, when
the problem of classification is very difficult, the adaptive procedures 1[)}52) and
1%2) were proposed and studied numerically.

Although all our classifiers are adaptive, that is, their definitions do not
involve  and r, the application of @Zél) and 1/3,51) requires that the respective
assumptions r > § and r >  + 6/2 be valid. If one cannot guarantee that r
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is large enough to use 1;51) and 1%1), we would recommend to use the classifier
1[)1(,2) in case of known X and the classifier 1/352) in case of estimated X. If we are

in a position to assume that r > 1, then the classifiers 1/;,51) and %1)7 that work
well for both equally-sized and unequally-sized blocks, should be used.

7. Proof of Lemmas

Proof of Lemma 1. The proof is largely based on the fact that if index mg €
[M — 1] is such that 8 € (Bmg, Bmo+1], then with high probability m = my,
where m is given by (3.12). To verify this fact, Bernstein’s inequality will be
used.
Fact 1. Bernstein’s inequality. If Xy,..., X, b € N, are independent random
variables such that for all i € [b] and for some H > 0

E(X?)

EX;)=0 and [EXM")|< THm’Qm! <w, m=23,..., (7.1)

then

_ exp (—t?/4D3) if 0<t<D}/H,
max {P (S, > t),P (S, < t>}<{exp(—t/4H) J t>DiH

where S, = Zi‘):l X; and D} = Z?=1 E(X?).

Remark 3. (i) This version of Bernstein’s inequality can be found on pages
162-166 of [3] and in Section 2.2 of [19]. (ii) For independent random variables
Xy,...,X, with the properties E(X;) = 0 and |X;| < L, i € [b], for some
L > 0, the Bernstein condition (7.1) holds with H = L/3. (iii) Below Bernstein’s
inequality will be applied for the case of t > D?/H.

The following asymptotics for the chi-square tail probabilities will also be of
great help: for any v > 1 as b — @

P (x3(0) > 2slogh) = O (b~ log”*"1b) , 0 < s < o, (7.2)
P (x2(2rlogb) > 2slogh) = O (b*(\/gf‘/’_“)2 log~'/2 b) , 0<r<s<oo, (7.3)
P (X,%(Q’I“ logb) < 2slog b) =0 (b_(\/g_\/;)z 10g71/2 b) , 0<s<r<oo (74)

The first two relations follow from formula (5.5) in Donoho and Jin [9]. The
third one can be obtained by using relations (1) and (2) in Han [14] which give
an expression of the cdf of a non-central chi-square distribution with odd degrees
of freedom in terms of the cdf and pdf of the standard normal distribution.
Consider the selector @(87) = (01(Brm),--.,0s(Bm)) given by (3.9)—(3.12).
Let index mg be such that the true (but unknown) parameter 8 € ((1—0)/2,1—6)
satisfies BE€ (Bmgs Bmo+1]- Using the law of total expectation, we can write

sup P TEd(@(B),w)
(1, X)eMy 5,
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< sup  VTE(d@(Bm), w)|m = mo) P = my)
(1, 2)eMy 6,

+  sup  BPTTE(d(@(Bm), w)|m < mo) P < my)
(1, 2)EM 3,7

=: Il,b + IQ,b, (7'5)
where w = (W) ke[p] = (H(Ai,b # 0))kefp]-

Consider the term I; ;. When m > myg, by the triangle inequality and the
definition of 7 in (3.12), for all (p,X) € My g,

d(d)(ﬂm)aw) < d((‘b(ﬂm)v‘b(ﬁmo)) + d(‘b(ﬂmo)aw) < Umy + d(‘b(ﬂmg%w)v
where as b — o
b, = O(y ) = o(1). (7.6)

Next, for any non-negative random variable Y, for which the expectations below
are well defined, one has E(Y|B)P(B) < E(Y), and hence we can write
Ly <67 o, + VP TTEd(@(Bn,), w)
<V 0, + VP (3}, (0) > (2B, + €) log b)
+P (x2,(2rlogb) < (2Bm, + €)logh) =: b7 1vy, + Nip + Nap. (7.7)

For the term Ny p, using relations (3.8), (3.10), and (7.2), we obtain
Nip=0 (bﬁfﬂmo*/2 logP?/2~! b) ) (b‘s*/? logP?/2~! b) —o(1). (7.8)

For the term No, by relation (7.4) and the fact that for all sufficiently large b
(recall that € = €, — 0 as b — o0) one has r > f3,,, + €/2, we obtain as b — ©

Nap = O (b—<ﬁ— Brmg+6/2)” 10g—1/2 b) = o(1). (7.9)

Therefore, in view of (7.7)—(7.9), uniformly in (1 —0)/2 < f < 1 — 6 and
B<r<4

Liy= sup  BPTE(d(@(Ba),w)lm = mo) P(m = mq)
(1, 2)eMyp 5.1

<V o+ sup VRGO (B, ) w)
(1, 2)eMy g, r

<O(7;") + Nip + Najp = o(1). (7.10)

Vv

It remains to show that, uniformly in (1 —6)/2 < <1—60and f <r <4,
it is also true for the term I in (7.5) that I = o(1). We have

Iy, = sup  BPTIE (d(@(Br),w)|m < mo) P(m < mg) < PP (m < my).
([,L,Z)EM[,TBJ‘
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Now, using Fact 1, we show that P(m < myg) is small yielding I, = o(1) as
b — 0. Indeed, recalling (3.12) and writing 7; instead of T; ;, for i € [b], we have

P (i < mo) = Z_] P(i = k) = 2_ P (3je k] : d@Brs1), @(5;) > v))
k=1 k=1
mo—1 k
< Z P (d(@(Br+1),w(B))) > v;)
k=1 j=1
mo—1 k b
2 (Z (*J /8k+1 _wl(ﬁj” >UJ>
k=1 j=1 =1

m(]fl k b
SO
k=1 j=1 i=1
Now, introducing the events
Ai = Aigpinn = {(28; + ) logb < Ty < (28441 + ) logh}, i€ [b],

we obtain from (7.11) that

mo—1 b
P(m < mg) < Z P (2 I{A;} > Uj>

—~

(28; + €)logb < T; < (2Bj41 + €) log b} > vj> . (7.11)

k=1 j=1 =1
mo—1 k b

- ZP(ZX > v — ZP ) (7.12)
k=1 j=1 i=1

where the random variables X; are defined by
X; = Xijpero DI{A;} - P(4,), ie[b]. (7.13)

To apply Bernstein’s inequality to the term P (Zi=1 X; > v — Z?=1 P(AZ-)) on
the right-hand side of (7.12), we first show that Z?zl P(A;) = o(v;) as b — .
Using (7.2) and (7.4) and recalling that [b'~#] statistics among {7} : i € [b]}
follow a noncentral chi-square distribution and the remaining statistics have a
central chi-square distribution, we get for all j € [k] and k € [mo —1] as b — o

b b
DIP(4;) = 2 P D+ >, P4
1=1

1=lw;= i=lw;=1

< bP (x;,(0) > (2B; + €) logb) + [b1 PP (x, (2rlogb) < (2Brs1 + €) logb)
0(b1 (Bi+¢/2) 1ggPo/2= 1b) +0(b1 B (VT Brsi+e/2)? 15— 1/2 b)
<

where 3; < Bmo—1 < 8 <1 and Bry1 < B, < B < r. From this, noting that
pLl=(Bite/2) 5 pl=A=(VT=+/Brs1+e/2)” for ]l large enough b gives

b

> P(A;) = O (b=t 10gn 1) s, (7.14)

i=1
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Since by definition v; = 7, 'o'=% and 7, = o (be/2 log!~Po/2 b))7 it now follows

from (7.14) that for all j € [k] one has Zi?:l P(A;) = o(v;) as b — o0 and hence
as b —

b
vj— Y\ P(A;) = v;(L+0(1)), jelk], ke[mo—1].
i=1
Also, since the variance of a random variable taking values in {0, 1} is smaller
than its expectation, we have by (7.14) and by the independence of T1,..., T}
that as b —
b

b b
Var (Z Xi> =D Var (I{A:}) < 3 E(I{A}) =

1

-0 (blf(ﬁﬂré/?) log?®/2-1 b) .

Thus, for the random variables X, ..., X, defined in (7.13) we have |X;| < 2
and E(X;) = 0 for ¢ € [b], and hence for all j € [k] and k € [mo — 1]

b b
D} = Y E(X?) = Var (Z Xi> ) (b1*<ﬁj+6/2> logP?/2~! b) . b .
1=1 i=1

Therefore the application of Bernstein’s inequality stated in Fact 1 with ¢ =
vj(1 + o(1)), Remark 3, and the fact that §; < fm,—1 for all j € [k] and
k€ [mo — 1] give

P <i Xi > — i P(Ai)> < exp (M)
=1 i=1 ol
< exp (L(l + 0(1))> .

8Tb

?

b
P(4;)
=1

From this and (7.12) we deduce that for all large enough b

1_BWL -1
P(m < mp) < M?exp (_b70> )

47'1,
and hence
bl_ﬁm,o—l
Ly < VPP (m < mo) < b M?exp (—T> = o(1), (7.15)
Tb

where the last equality is due to the fact that 1 — 3,,,,_1 is separated from zero,
which follows from the assumptions (1 —6)/2 < 8 <1—0 and Bny—1 < By <

/8 < /Bmo+1'
Now, combining (7.5), (7.10) and (7.15), we obtain

sup bﬁilEd((‘b(/Bﬁv)#“)) = Il,b + IQ,b = 0(1)7 b— 0,
(1, 2)eMy g,

uniformly in (8, r) € D1(0) for all 0 < # < 1. This shows that the selector @(5)
provides almost full selection in the region D;(0) for all 0 < 6 < 1. ]
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Proof of Lemma 2. Throughout the proof, 8 is an arbitrary number in the in-
terval (0,1) and (8, ) is an arbitrary point in the region D; (). For brevity, we
shall write A7 , and A%,b as A? and A? for k € [b], b = 2,3,.... Let us first
check the validity of (3.21). For all k € [b] and b = 2,3, ..., consider

N A 1/-
Vi = Vi = X0 1921 (H[k] - M[k]) —3 (A% - Ai) ; (7.16)

where A? = IJ’BC]E[_I&IJ’UC] and Ai = ﬁ[Tk]E[_kﬁil[k]. It is easy to see that for all
(/‘l’a 2) € Mb,/ﬁ’,r

EH2 (Vk - Vk) = 75_7(;7 ke [bﬂa (717)

and hence (recall that n ~ b% and #{k € [b] : wy, = 1} = [b'7F])

b
Y Bw(Ve—Vi) =~ 1+ o(1), b 0.

k=1 Zwkzl

Therefore, by the triangle and Chebyshev’s inequalities, using the block-wise
independence of the data, for any £ > 0 and all large enough b

b

> (Ve—W)

k=1:wi=1

sup P, > eb! P %10gb
(1, X)eMy g, r

Zb: {(Vk_vk)_EHZ(Vk_Vk)}

k=1:wrp=1

<o e

= £ pL-p-0 log b
(. Z)eMy 5., 2

b ~
< sup Zk:l:wkzl Er, (Vk - Vk)2
e, 5, ((€/2)b7Flogb)?
Consider the numerator on the right side of (7.18). Using relation (7.16), the

inequalities (a —b)? < 2(a? +b?) and (u'v)? < |u|?||v|?, and the independence
of XO,[k] and ﬁ[k])

(7.18)

b
Y, En(Vi-W)?
k=1:wr=1
: T -1 (~ 2 1 < A 2 2 2

k=1:wr=1 k=1:wgr=1

b
<2 ) En (Xa[k]zﬁﬁxom) E (@[k] = b)) (g N[m))
k=1:wr=1
2A?

n

b
5 Y (Plecmaby)

k=1:wp=1

E {2 (nA2)} + <Az>2)
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From this, using the identity X TAX =Tr(AXX "), the fact E, (X07[;€]X(-£[k]) -

¥k, and the equalities E(x2()\)) = v+ X and Var(x2 (X)) = 2(v + 2X), we may
continue

b
> Em(Vi-W)?

k=1:wr=1

b
<2 Z Ep, Tr (E[ﬁxo,[k]x({[kﬁ ETr (E[ﬁ(ﬁ[k] — pp)(

k=1 Zwkzl

1 Zb: (Zpo +4nAF + (po +nAf)? 247 (po + nAR)

=
=
|
B
K
-
N—

T3

2
n n
k=1:wgr=1

b 2 b 2 2
1 4A 2
=2 3 Bl o5 (FELZm)
k=1:ap=1 " k=1lrop=1 \ " n n
uniformly in (p, ¥) € My g .. Therefore, as b — o

b
D) B = 000 (1 og)
(1, Z)EMb g.r | 1: ) =1

= O "9). (7.19)

The combination of (7.18) and (7.19) now yields that for any € > 0 and all
(,8,7") € Dl(e)v as b — o

sup P,
(1, 2)eM g

and hence (3.21) is proved.
Next, let us verify relation (3.22). For brevity, we shall omit the argument
Br of the selector @(f57) in (3.11) and write @ = (&1, . ..,x). First, we have

b

> (i—Wa)

k=1 :wk:1

> eb' P log b) = o(1),

b
sup  Ep, ( D Vil(@ = 0)> = o(b' P %logb), b—oco. (7.20)
(1, 2)eM, g k:wp=1

Indeed, using Lemma 1, for all (8, r) € D1(#), uniformly in (u, %) € My g, for
all large enough b

b
< > En, (2[_15/2X0,[k])TE{2[_,5/2;7[,6]]1 (nnz[‘,ﬁﬂﬁ[k]H?<(2ﬁﬁ,+e)1ogb)}

k:wp=1

<

logh & log b
¢ 8% 5 Pk — el = 1) = ¢ 80 B (@, w) = o'~ logh),
k=1
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where C' > 0 is an absolute constant. From (7.20), by the triangle and Cheby-
shev’s inequalities, using the block-wise independence of the data, for any £ > 0
and all large enough b

b
sup PHQ( > Vil(@ =0)
(”72)EbeﬁvT

> b0 1og b)

k=1:wr=1
b ~ ~
< swo P (| Y {WI@ =0) - En (I -0)}
(1, X)eMy 5, k=1:wp=1

(7.21)

S o 1 B, (VEI(@r = 0)
Zgblfﬁ’ologb)é sup ! 12<9k 5 )
2 (1, 2)eMy 3, r ((6/2)1) —A- 1Og b)

Consider the numerator on the right side of (7.21). Using (a—b)? < 2(a®+b?)
and (u"v)? < |Jul?|v|?, and noting that Er, (Xa[k]E[ﬁXO,[kO = po and
(26 + €)logb < 3logb when b is large, we obtain for all large enough b

Zb: Er, (”,3]1(@ - o))

k=1:wp=1
: T 1~ A2\ s
- Y En (xo[ = g (1/2)Ak) I(@p = 0)
k*l'wkfl
2
<2 2 EHQ[(X T [k]) I(nAf < (25m+6)10gb)]
k=1: W= 1

b

+1/@2n%) Y, E|(nA}?InA} < (287 + ) log)]

k=1:wr=1

b
<@m) Y En (X g Xom) B (RAFIA? < (285 + ) log) )
k=1 Zwk:I
b

+1/(2n2) Y] E((nAi)QH(nAi<(26m+e)1ogb))

k=1:wr=1
b b
< (2po/n)3logh >, P& =0)+ (3logh)*/(2n*) >, P& =0)
k=1:wp=1 k=1:wi=1
2 b 2
< <6pologb N 9log b) P (G5 — wi| = 1)< <6p010gb N 9log b)Ed(&J7w).
n 2n? = n 2n?

From this, recalling (2.5) and applying Lemma 1, we get for all (5,r) € D1(6)
as b —

sup Z Eu, (vk (@ = 0)) = o(b*#~ log ). (7.22)
(1, Z)EMp v =1 ; =1
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It now follows from (7.21) and (7.22) that all (8,r) € D1(0) as b — w©

sup P,
(1, Z)eMy 5.

yielding relation (3.22).

It remains to prove (3.23). Aiming again at using Chebyshev’s inequality, we
first show that Ep, (ZZ:l:wk=0 Vil(con, = 1)) = 0 (b'=7=%1ogb), uniformly in
(p,X) € My g, To this end, we note that for each k for which wy, = 0 the
statistic nA}, has a central chi-square x2 (0) distribution with pdf

b
> Vil(@ = 0)

k=1: wkzl

> bt 7% 1og b> = o(1),

g(x;po) = (27°/2F(po/2)) " 'a?*? L2, for x> 0.

Also, as seen from the proof of Lemma 1, the grid point 3,,, = dmg, which is
chosen to have f,,, < 8 < Bpn,+1, satisfies

~ 9 pl—Bmg—1
P(Bm < ﬁmo) = P(m < m()) < M exp (—T> s

where M = M, is as in (3.5), that is, the probability P(m < mg) decreases to
zero at an exponential rate as b — oo. In particular, for all large enough b

P(m < mg) < b 2. (7.23)

Therefore, since Er,(Xq,[x)) = 0 for all those indices k for which wy = 0, we
have

b
En, ( Z Vkﬂ(wk =1) )‘ — Z E (nAk (nA2 > (26 + €)log b))
k=1:w,=0 k 1:wr=0
b
- 2n Zw:k 0E (n nA2 > (20 + €)logb,m > mo))
b
+2 . 1%:k E (n I(nA2 > (264 + €) logb, 1 < mo))

=0
1 b . .
< Y (nAiﬂ(nAg > (2Bm, + €) log b))
2n
k=1:wr=0
b

1 ~ -
+% Z E (nAi I(m < mo)) .
k=1:wr=0
Now, applying the Cauchy-Schwarz inequality to E (nﬁi I(m < mo)>7 using

(7.23) and the asymptotic relation SC: Ve 2 dx ~ 24Ye4? as A — oo, uni-
formly in (p,3) € My .-,

b
En, ( Y, Val(@y = 1))'

k=1:wir=0
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b

1 * 1 b <9\ _ 1/2
<5 2 f xg(a;po) do + o ) (E{(nAk) WP < mo))

nk:l:wkzo (2Bmq +e) logd nkil:wk:O

b b

2 (2Bmo + E)po/z - _ 1 _
<= Mmoo T E) = Bmg—€/2ggP0/2 ]y 1 2 211/2,

n k—lZ o 270/2T(po/2) o " on k 12 0( Po+ bo)

=liwg= =1l:wr=

= 0 (b=0-Fro =l 10g7/2p) 1 O (b1 7)
=0 <b1797ﬁ+676/2 10gp0/2 b) + 0(617679) =0 (blfﬁfe) , b — 0,

where the last two equalities are due to the fact 0 < 8 — ,,, < d and relations
(3.8) and (3.10). Thus, as b — ©

b
sup  Ep, ( Z Vil(@p = 1)) =0 (bl_ﬂ_glog b). (7.24)
(1, 2)eMy, 6, k=1:wy=0

Therefore, by the triangle and Chebyshev’s inequalities, using the block-wise
independence of the data, for any € > 0 and all large enough b

sup P,
(1, Z)eMy g -

b
D Vel(@ =1)

> b =P % log b)

k=1:wy=0
b ~ ~
< sup PH2 ( 2 {Vk H((I)k = 1) — EH2 (Vv]C H((:Jk = 1))}
(1, 2)eM, 5. - k=1:w,=0

ZZ=1M =0 En (‘71@2 H(@k = 1))
= %bl_ﬁ_e log b) < sup - ’ (7.25)

(1, 2)eM, 5. ((/2)b'=F=0logb)?

Consider the numerator on the right side of (7.25). Applying the arguments
similar to those that have led us to (7.24), we obtain the relation

b
sup M En (f/,f]l(a;k - 1)) — 0P 1ogh), b— o0,
(1, 2)EMy .0 =1 @) =0

which together with (7.25) yields (3.23). Noting that 6 € (0,1) and (8, ) € D1(0)
were chosen arbitrary completes the proof. O

Proof of Lemma 3. Throughout the proof, 8 is an arbitrary number in the in-
terval (0,1) and (8, r) is an arbitrary point in the region DY (6). As in the proof

of Lemma 2, for all k € [b] and b = 2,3,..., we shall write AZ ,, A7, and Af

as Ai, Ai, and Ai, suppressing the dependence on b. For brevity, we shall also
omit the argument By, of the selector w(fy,) in (4.3) and write @ = (W1, ..., ).
We first verify relation (4.9). Let Vi, Vi, and Vj be as defined in (3.16), (3.17),
and (4.7). We have

b b b

> v = Y (v Y (v

k=1:wgr=1 k=1:wgr=1 k=1:wr=1
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Therefore, in view of (3.21), it is sufficient to show that as b —
b PN ~
sup Z (Vk - Vk) = 0Py, (b'=P=%1ogb).
(WE)EMy g.r 1’ =1

Furthermore, due to the identity

A ~ ~—1 1\ 1 /4 ~
Vie = Vie = X3 g (B~ Ziaf) Ay — 5 (8% - A7)
and relation (3.3), the latter problem is reduced to showing that
b A1
sup Y X (E[k] - 2[—,5) fie) = opy, (0" logh).  (7.26)
(1, Z)eMy 5, k=1:wi=1

Using Markov’s inequality, for any ¢ > 0

- (

Consider the numerator on the right side of (7.27). Using the Cauchy-Schwarz
inequality, the identity X TAX = Tr(AXXT), and the relations E (f][_,ﬁ) =

n— — A 2n—1 nA? X .
2n2—p01—22[kj’ EH2 (Ai) = W? EH2 (Ai) = 1%0 + Aia we havev uni-

formly in (p,X) € My 5.,

b
2, Em

b —
> X (E[zﬁ - Efﬁ) Hif)

kzl:wk:1

> eb! =P 0 10g b)

b ol -1\ ~
_ et B (X (E[k] - E[k]) N[k]’
h eb1=F=0logb '

(7.27)

X3 (S0 — =g ) i

k=1:wi=1
3 (o5 (525 )
k=1:wr=1
< ﬁ (o X (S0 - 35 Koo} B {7 - 52))
5 (e 553560 X
=1:wi=

(il - a)”

b 1/2
1+ po 1+ po Do 2
- IV I U | —(— A.)
Z (Y{Qn—p0—2 poxpo}{2n_p0_2 o Tk

k=1:wgr=1
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b 1/2
po(l+po) (1  AF
e G A
k=1:wr=1 0 0
and hence, as b — o0,

b
2, Em

k=1:wi=1

~—1

T —1\ ~ | _ 1-5—30/21. 1/2
Xo.1x1 <E[k] - E[k]> N[k]) =0 (b log b) . (7.28)

From this and (7.27), for any ¢ > 0

b
~—1
sup  Pp Xom (Zre — =00 ) B
(1, 2)eMy 5, ’ (kl:zwkl " < . [k]) .

O(b17ﬁ739/2 1og1/2 b)
~ O(b'P~%1ogb)

> eb! P 0 1og b)

=0~ "%1og™?b) = 0(1), b— 0.

This proves relation (7.26) and hence relation (4.9). Next, in order to verify
relations (4.10) and (4.11), we shall need the following fact.

Fact 2. Formula (22) from Sitgreaves [23]. Let Y1 and Yo be d-dimensional
(d = 3) normal random vectors with expected values k18 and ko8, where k1 and
ko are known scalars, and let A be a d x d symmetric matriz with a Wishart
distribution involving N degrees of freedom. Assume that Y1, Y, and A are
independently distributed with the same covariance matriz A, and define the
2 x 2 matriz M* = (m;) = YTAYY, where Y = (Y1,Y3). Denote by I the
2 x 2 identity matriz. Then, if ' A1 = 0, the pdf of the symmetric matriz
M* (with three non-repeated elements m¥,, m¥,, and mi,) is equal to

LN+ 1)T(5(N +2)
D(3(N —d +2))L(5(N —d+ 1))(5(d — 1)) (3)I(5)
|M* |2 (@3)
|I+M*‘%(N+2)’

* * *
p(miy, myy, mis)
my; =0, mi, >0, |M*| > 0.

We shall apply Fact 2 to show that (4.11) holds true. Below, for brevity, we
shall write T}, instead of T} ;. Using Markov’s inequality, for any € > 0

- (

Consider the numerator on the right side of (7.29). The arguments between
relations (7.23) and (7.24) show that the error of replacing the event {&, =

1} = {Tk > pg (2B + 0 + €) log b} by the analogous event with 8,,, = dmo,
as defined in the proof of Lemma 1, in place of 8y is negligible. Hence, it is

b ZZ:l:wk:O EH2 {‘Vk‘l(d}k = 1)}

ebl=B=0]ogh

Vi

k=1 Iwk:(),(:)kil

> b0 log b) <

(7.29)
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sufficient to show that, uniformly in (p, %) € My g,, as b — o

b
> En, {ka (Tk > py (2Bme + 0 + €) log b)} = o(b*#%10gb).

k=1:wy=0
We have

b A A
Z EH2{‘Vk|]I (Tk >p51(25m0+9+e)10gb)}

k=1:wgr=0

4 ~—1 .

< ) En {|X(I[k]2[k]ﬁ[k]|ﬂ(Tk > po t(2Bm, + 0 + €) log b)}
k=1:wr=0

b
1 « .
+3 2 E {Aiﬂ(Tk > 051 (28my + 0 + €) log b)} = Jiy+ oy (7.30)
k:l:wk:O

Consider the term Ja, = Jo (1, X, 8,7, 0). Using the asymptotic relations

D(z) ~ 2" Y2721, = — o, (7.31)
and
0 ypo/z (C log b)p0/2
J - N~ d ~ T, g w’ (7.32)
(clogb)/n (1 +y)n npo/2+1pe

where n satisfies (2.5) and c is a positive constant, and recalling that if index
k € [b] is such that wy, = 0 then T} ~ F), 2n—p,(0), we can write

1 (2n— 1po

2 (27L 7])0)71 k=1:w,=0

_ (b—[b'"]) (2n — 1)pol’(n) ( Po >p0/2
2(2n — po)nT'(po/2)T'(n — po/2) \ 2n — po

o0 p —n
X gPo/2 (14 29 o dx
(2Bmq +0+¢) logb o — Do

Po

Jop = E {Tk I (Tk > pg 1 (2Bmg + 0 + €) log b)}

o0 yp0/2

_ /2
= O(b’r[,po ) J\<2/3m0+6+5) log b (1 + y)n

2n—pg

dy
= O(bn”/2)0 (n—(p0/2+1)b—[3—9/2—e/2 log?/? b)

-0 (blfﬁ*”/?*/? logPo/2 b) b o,

From this, uniformly in (p,3) € My g,

J2,b = J2,b(uﬂ Ea 677'7 0) = O(bliﬂie log b)a b — co. (733)
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We shall now consider the term Jy , = J1 5(p, 3, 8,7, 6) and apply Fact 2, in
which we take Y1 = Xo (4], Y2 = /R, A = (2n—1)Xq, d = po, N = 2n—1,

~A—1

6 =0,k =1,and ky = y/n. Then, the joint pdf of X,, := 1*1XE’F[’“]E[k]xo’[k]7
n ~T ’\—1/\ . n
Yo 1= g B B B> and Zy, 0= f 1 X, [k]E[k] [k] 18

C(n,po)(xy — z2)%(po—3)
(1+2)(1+y) —22)m+s’

Pn(,y,2) = =0 y=>0, zy— 22 >0,

where, in view of (7.31), the normalizing constant

O(n7p0) =

TG D B8 )
satisfies C(n,pg) = O(nP°) as n — 0. Denoting

(2Bme + 0 + €)logd

= .34
b 2n_p0 ) (73 )
we have for all (u,X) e My g, b > 2,
b
2n—1 vn T a-1l.
Tip = En {—\X S
k:lgk:O NG 2 ) 9p — 1 [70.[R1 (K] [k]‘
n .1 a-1 (28my + 6 +€)logd
xI (—Qn —TPmEmbm > T
2n—1 _ |2|(zy — 22)Po=3)/2
= b—[6'"]) C(n,po) ffj dx dydz
Vn ( (14 2)(1 +y) — 22)"+/2
z>0,y>ny, J.y>z
2(2n -1 _
= % (b—[b'~"]) C(n,po)
0 o © — 22)(po—3)/2
xf dyJ zdzf (zy = 27) Y dx
m 0 22y ((1+x)(1+y)—22)
2(2n -1 _
= 220D = ) Cnp) )

0 yn 1/2 0 P
X f — dyf — dZ,
e N e e
where C1(n,po) = = 1/2)(5(%72)1){? o721y for po = 3. Noting that C(n,po) =
O(nP) and Cy(n,po) = O(n(1=P0)/2) as n — oo, and using (2.5) and (7.32), we
may continue and obtain that, uniformly in (p,3) € My g,

~(2n—-1) -8 C(n,po)Ci(n,po) y(Po—1)/2
Jip = —\/ﬁ (b [b ]) (1 —po/2) f TSI dy

Mo
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~ (2n—1)bC(n,po)C1(n,po) 77!(717071)/2(1 +o(1)
Vi (n = po/2) (n —3/2)(1 + np)"—3/2
=0 (blfﬂmofafeﬁ(log b)(po—1)/2) —0 (b1757676/2(10g b)(po—n/z)

=0 (17 1ogb) O (b= 10g ™ 9%b) b o,

where, in view of (3.10), b=%21og”~3/2p = o(1) as b — 0. Therefore, uni-
formly in (p,3) € My g,

T = bl . 8.7,60) = o(b* " logh), b — . (7.35)

It now follows from (7.29), (7.30), (7.33), and (7.35) that relation (4.11) holds
true.

Remark 4. As seen from the derivation of (7.35), the choice of threshold ¢ =
pal (2B +0+¢€) log b instead of ¢ = pal (26, +€) log b, which would be sufficient
for selecting useful feature blocks, is done to have relation (4.11) valid, and hence
successful classification possible.

Finally, we shall verify the validity of (4.10). Again, using Markov’s inequality,

- (

and hence the problem reduces to showing that, uniformly in (p, X) € My 5.4,
the numerator is o(b'~#~%log b) as b — co0. Consider the numerator on the right
side of (7.36):

b > A~
b Z’€=1:wk=1 Ep, {‘Vkﬂl(wk = O)}
Ebl_ﬁ_e logb )

(7.36)

Vi

k=1:wr=1,0,=0

> b0 1og b) <

S B (Il - 0)

k=1:wp=1

S zb: En, {‘XOT,[k]ﬁ[_kﬁﬁ[k]‘ I (pOTk < (284 + 0 + €) log b)}

k=1:wr=1
po(2n — 1) S E{T.0 (poTe < (28 + 0 + €)log b
(o —po) 2, {741 (T < (260 + 0+ 9 logb )
=: Ll,b(ﬂm) + LQ,b(ﬂm). (7.37)

Similar to the proof of (3.23) in Lemma 2, for deriving suitable upper bounds on
L1y = L1p(Bw) and Loy, = Lo (Bm), the statistic By, in the expressions for Ly 3
and Lo can be replaced by the (non-random) grid point 3,,, = dmyg, which is
chosen to have B,,, < 8 < Bm,+1, for the error of doing that is negligibly small,
uniformly in (p, X) € My g,

Consider the term Lg (8o ) = Lo2,b(Bme, 1y 2, 5,7, 6). Recall that n ~ Y, the

number of &’s for which wy, = 1is [b' =], and T}, = (éz:ﬁ()’;z A2 ~ Fpyanpo (nA?).
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Then, using relations (4.2) and (7.4), and noting that (3,r) € DY(9), that is,
r > [+ 6/2, we have, uniformly in (p,¥) e My g,, as b — o0

i E {Tk i (pOTk < (2Bpmg + 0+ €) log b)}

k=1:wr=1

4logd b
<D g E P (poFpg,2n—po (RAL) < (2B, + 0 + €) log b)
AN N

- 20 B logb

po(2n —1)

2,6(Bmo) = 2n(2n — po)

P (poFipy,2n—p, (2rlogd) < (2B, + 0 + €)logb)

_ 201 Plogb
n

1
_ 27 Plogh O (b (V7 Vo F0252) 1og 112 1) — o'~ log )

n

P (x2,(2rlogb) < (2Bm, + 0 + €)logd) (1 + O(b~? log” b))

Thus, for all (8,7) € DI(6), uniformly in (p, ) € My 5, as b — o0,

LQ,b(BM()) = L2,b(ﬂmo s M, 2; 6, r, 0) = O(bliﬂie IOg b)a

and hence
L2,b(ﬁﬁ1) = LQ,b(ﬁﬁl? M, 27 Ba T, 9) = 0<b1_B_9 1Og b) (738)

Now, we turn to the analysis of the term L1 y(8m,) = L1,6(Bing, 1: 2, 8,7, 6).
Denote

By = Bip = {poTk < (2Bm, + 0+ ¢)logh}, ke[b], b=2,3,...,

and observe that, in view of relations (4.2) and (7.4), for all (8,7) € DI(9),
uniformly in (p,3) € My .,

lllli;ii(bP(Bk) =0(1), b— o0. (7.39)

By the triangle and Cauchy-Schwarz inequalities, using the independence of
Xo, [k from fig,) and I(By), we get

b
/\—1,\
L16(Bm,) = Z Enz{‘Xg,[k]z[k]ﬂ[k]’ﬂ(Bk)}

k=1: wk,1

N 2 EH2{’X k]zk]u[k’H(Bk)}
k=1:wr=1

5 e i () o)

k=1 'wk—l

—1/2 —12/\
<Y Enr, {150 %o, 125 B I1(B) |

klwkl
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+ i En, {‘XoT,[k] (f?[_ﬁ - 2[75) ﬁ[k]‘}

k=1:wr=1

b
< Y EwlS Xouml (1T mp | P(BY)

k=1:wgr=1

+ {15 (g — mp) KB })

b
Y B X (Sw - ) A} = Ko+ Kee (740)

k=1 :wk:1

Consider the term Kj ;. Since \/—E_I/Q(A[k] — ) ~ Npo(0,1pxp,) and
HE[ ]/ Xo,ml? ~ x3, (A7), it follows that

—1/2 —_ 1/2 1/2
En. | Zg " Xo o0l < (Bl 55 *Xow?) = (B (&,(89) "= y/po + A2,

and

_ ~ _ . 1/2
ElvnS (g — ppo)l| < (BIVAZ ) (g — my)?)
= (E(xp,(0)"* = v/po.

Therefore, noting that HE[_kﬁ/zp,[k] | = +/A?%, applying relation (7.39) and the
property of absolute continuity of the integral of an integrable function, for all
(B,7) € DY(0), uniformly in (pu,X) € My 5., as b — o

b
Kip < Z \/(Po*FA%)

k=1:wr=1

< (Var P + S (1S G - w0 })
= O(bl_B)O ( —1/2 log1/2> { ( _l/zlogl/2 b) o(1)4+ O (n_l/Z) 0(1)}
=0 (0" logb). (7.41)

The upper bound on Ks, for all (3,7) € DY(0), uniformly in (u, X) € M, 5., is
given by (7.28). It now follows from (7.28), (7.40) and (7.41) that for all (8,7) €
D(]?(G)? uniformly in (H?Z) € Mb,,@,ra Ll,b(ﬁmo) = Ll,b(ﬁmoaﬂ'azaﬁ7r76) =
O (b*=7=%1ogb) o(1) = o(b' =P~ 1ogb), and hence as b —

Ll,b(ﬂﬁ%) = LLb(ﬂﬁ’mp’a Ea Bar? 9) = O(bl_ﬁ_e log b) (742)

Finally, the combination of (7.37), (7.38) and (7.42) gives (4.10). The proof
of Lemma 3 is complete. O
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