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Abstract

In this paper we study path-by-path uniqueness for multidimensional stochastic differ-
ential equations driven by the Brownian sheet. We assume that the drift coefficient
is unbounded, verifies a spatial linear growth condition and is componentwise non-
deacreasing. Our approach consists of showing the result for bounded and componen-
twise nondecreasing drift using both a local time-space representation and a law of
iterated logarithm for Brownian sheets. The desired result follows using a Gronwall
type lemma on the plane. As a by product, we obtain the existence of a unique strong
solution of multidimensional SDEs driven by the Brownian sheet when the drift is
non-decreasing and satisfies a spatial linear growth condition.
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1 Introduction

In this work, we consider the following system of stochastic integral equations on the
plane with additive noise:

t s
Xt — Xs0— Xot + Xoo = / / b(&, ¢, Xe ¢c)déd( + W, , for (s,t) € ]Ri, (1.1)
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Path-by-path uniqueness of multidimensional SDE’s on the plane

where b : ]R?|r x R4 — R? is Borel measurable satisfying some conditions that will be
specified later and W = (W, (s,t) € R?) is a d-dimensional Brownian sheet given on a
filtered probability space (Q, F, (Fs4, (s,t) € R%),P) with OW = 0, where OW stands for
the restriction of W to the boundary 9D = {0} x Ry UR, x {0} of D = R%. We endow
D with the partial order “=<” (respectively “<”) defined by

(s,t) < (s',t') when s < s and t <,

respectively
(s,t) < (s',t') when s < s’ and ¢t < t'.

Observe that (1.1) is a particular case of the more general non-Markovian type equation

Xt — X0 — Xo,t + Xo,0
t S t S

:/ / b(g,g,Xg,C)dgngr/ / a(€,¢, Xe o) dWe ¢ for (s, t) € RE, (1.2)
0 0 0 0

where a : R2 x RY — R% x R? is a Borel measurable matrix function. Note that (1.2)
appears as an integral equation when one rewrites the following quasilinear stochastic
hyperbolic differential equation

62X€f 82”91‘
2 = t, Xs b X —
95Ot b(S, ) ‘7t> + a’(S ,t) DsOt

(1.3)

2
where the notation “ %Zg’;‘ ” designates a white noise on D. As pointed out by Farré

and Nualart [18] (see also [31]), a formal g rotation transforms (1.3) into a nonlinear
stochastic wave equation. This idea, thanks to Walsh [37], has been used by Carmona and
Nualart [10] to provide existence and uniqueness results for the 1-dimension stochastic
wave equation

0 Y(t,x) - %(t,x) = a(Y (t,z))W(t,z) +b(Y(t,z)) (1.4)

ot?

oYy
with some initial conditions Y(0,-) and —(0, -), where ¢ varies in R, x varies in R and

ot

W denotes a space time white noise. Reformulation of (1.4) using a g rotation allows
use of the rectangular increments of both ¢ and = (see e.g. [31, Section 1]).

The problem (1.1) can also be interpreted as a noisy analog of the so-called Darboux
problem given by

%y dy Oy
D50t b(s.t.0. 95 Ot

with the initial conditions

) for (s,t) € [0, T] x [0, ], (1.5)

y(0,t) = o(t) on [0,7] and y(s,0) = 7(s) on [0,T], (1.6)

where ¢ and 7 are absolutely continuous on [0,7]. Using Caratheodory’s theory of
differential equations, Deimling [15] proved an existence theorem for the system (1.5)-
(1.6) when b is Borel measurable in the first two variables and bounded and continuous
in the last three variables.

Existence and uniqueness of solutions to stochastic differential equations (SDEs)
driven by a Brownian sheet has been widely studied. In the time homogeneous case,
Cairoli [8] proved that (1.2) has a unique strong solution when the coefficients are
Lipschitz continuous. This result was generalised to the time dependent coefficients by
Yeh [39] under an additional growth condition. Weak existence of solutions to (1.2) was
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derived in [40] assuming that the coefficients are continuous, satisfy a growth condition
and the initial value has moment of order six. In all of the above mentioned works,
the coefficients are at least continuous. Nualart and Tindel [26], show that (1.2) has a
unique strong solution when the drift is nondecreasing and bounded. Their results were
extended to SDEs driven by two parameter martingales in [27] (see also [10, 18] for
further extensions). In [17], the authors generalised the above results to SDEs driven by
a fractional Brownian sheet.

In this work we are concerned with a different uniqueness question. In particular, we
look at the notion of path-by-path uniqueness introduced by Davie [13] (see also Flandoli
[19]). Let V, resp. OV be the space of continuous R%valued functions on D, resp. dD.
The following definition can be seen as a counterpart of [19, Definition 1.5] in the case
of two parameter processes.

Definition 1.1. We say that the path-by-path uniqueness of solutions to (1.1) holds when
there exists a full P-measure set 0y C 2 such that for all w € Qg the following statement
is true: there exists at most one function y € V which satisfies

T T
/ / 1b(&, ¢, ye,c)|dédC < o0, Oy = x, for some z € 9V and T > 0
o Jo

and

s t
Yor = T+ /0 /O B(E, € ye.)AEAC + Wi o(w), ¥ (s,8) € [0, TT2. (1.7)

One of the motivations for studying path-by-path uniqueness comes from the regular-
isation by noise of random ODEs. For instance, let v be a continuous function and let us
consider the following one parameter equation in R?

t
X;=Xo+ / b(s, Xs)ds + vy.
0

We know that there exists a unique solution to the above equation when b is Lipschitz
in z, uniformly in ¢, with uniform linear growth. Observe that uniqueness also holds
when b is only locally Lipschitz. Under some weak conditions on b the corresponding
equation without v might be ill-posed or uniqueness could not be valid. For example
when b is merely bounded and measurable one may ask if there is a notion of uniqueness
if v has some specific features. In other words, can we find a path v that regularises
the equation? The result obtained in [13] shows that when b € L*°, the Brownian path
regularises the drift b in the sense of Definition 1.1. In addition, as shown in [4, Section
1.8.5], path-by-path uniqueness is much stronger than pathwise uniqueness. Indeed
Shaposhnikov and Wresch [34, Section 4] exhibit SDEs such that strong solutions exist,
pathwise uniqueness holds and path-by-path uniqueness fails to hold. This is another
motivation for studying path-by-path uniqueness even when pathwise uniqueness holds.

In the case of Brownian motion, when the drift is bounded and measurable, and the
diffusion is reduced to the identity, the path-by-path uniqueness of equation (1.2) was
proved by Davie in [13]. This result was extended in several directions. For non-constant
diffusion, Davie in [14] proved path-by-path uniqueness of solution to (1.2), interpreting
the equation in the rough path sense. In [11], the authors showed that path-by-path
uniqueness holds if the Brownian motion is replaced by a d-dimensional fractional
Brownian motion of Hurst parameter H € (0, 1). It is also assumed that the drift b can
be merely a distribution as long as H is sufficiently small. In [29], Priola considered
equations driven by a Lévy process assuming that the drift is Holder continuous (see
[30] for the non-constant diffusion coefficient case).
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Path-by-path uniqueness is closely related to the regularisation by noise problem for
ordinary (or partial) differential equations (ODEs or PDEs) which has recently drawn a
lot of attention. Beck, Flandoli, Gubinelli and Maurelli [4] proved a Sobolev regularity
of solutions to the linear stochastic transport and continuity equations with drift in
critical LP spaces. Such a result does not hold for the corresponding deterministic
equations. Butkovsky and Mytnik [6] analysed the regularisation by noise phenomenon
for a non-Lipschitz stochastic heat equation and proved path-by-path uniqueness for
any initial condition in a certain class of a set of probability one. Amine, Mansouri
and Proske [2] investigated path-by-path uniqueness for transport equations driven by
the fractional Brownian motion of Hurst index H < 1/2 with bounded vector-fields. In
[11, 20] the authors solved the regularisation by noise problem from the point of view
of additive perturbations. In particular, Galeati and Gubinelli [11] considered generic
perturbations without any specific probabilistic setting. Amine, Bafnos and Proske [1]
constructed a new Gaussian noise of fractional nature and proved that it has a strong
regularising effect on a large class of ODEs. More recently, Harang and Perkowski
[21] studied the regularisation by noise problem for ODEs with vector fields given by
Schwartz distributions and proved that if one perturbs such an equation by adding an
infinitely regularising path, then it has a unique solution. Kremp and Perkowski [23]
looked at multidimensional SDEs with distributional drift driven by symmetric a-stable
Lévy processes for o € (1,2]. In all of the above mentioned works, the driving noise
considered are one parameter processes.

In what follows, we make use of the Girsanov theorem to show that the path-by-path
uniqueness in our setting is equivalent to the uniqueness of a random ODE on the plane.
For any = € 0V and any w such that the path (s,t) — W, is continuous, we denote by
S(z,w) the set of functions in V that solve (1.7). Under linear growth and monotonicity
conditions on b, we prove that S(x,w) has at most one element. By a vector translation
argument, it suffices to show that S(0,w) has no more than one element.

As in [13, Section 1], we show the path-by-path uniqueness on D! = [0, 1]2. Precisely,
we consider the integral equation

)

t s
Xs t — XS,O - XO,t + XO,O = / / b(f, CaXﬁC)dgdC + Ws,t for (Svt) € Dla (18)
0 JO

where the drift is of spatial linear growth. There is no loss of generality in reducing the
problem to D! since we can repeat the argument on any square [m,m + 1] x [(,¢ + 1],
(m, £) € N2, m > 0. We first suppose that b is bounded and monotone. Let V! be the space
of continuous R¢-valued functions on D! and let V! be the space of functions y € V! with
dy = 0, where 9y is the restriction of y to D! (D' = {0} x [0,1] U [0,1] x {0}). Let P be
the law of an R%-valued Brownian sheet on D' which vanishes on 9D".

The function L given by

s =esw ([ [ w6 e [ [ wiecueoracac)

is well-defined for P-a.e. y € V. Moreover, if y € Vj is chosen random, with law
dPP = LdP, then, by Girsanov theorem (see for example [8, 12, 22]), the path W defined
by

S t
Wot = yos - / / B(E, ¢ ye )dEdC (1.9)
0 0

has law PP. This means that y is a solution to (1.8) with WNdeﬁned by (1.9). Path-by-path
uniqueness of solutions to (1.8) holds if and only if for P-a.e. y € V}, z = y is the only
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solution to
s t
Ws,t = Zs;t — / / b(gv C»Z&C)dgde
0 0

with W given by (1.9), which is equivalent to saying that for P-a.e. y € Vi, the only
solution to

u(&t):/o /0{b(&C»y&,c+U(§’C))—5(57@3/5,()}(1&1( (1.10)

isu =0 (see e.g. [13, Section 1]). Since Pis absolutely continuous with respect to PP, it
is enough to show that, if W is an Ré-valued Brownian sheet, then, with probability one,
there is no nontrivial solution u € Vi of

u(s t) = /O /0 ((E,C. We e +u(€, ) — b€, ¢, We ) }gdC.

This is the statement of Theorem 3.4 which is extended to unbounded monotone drifts
in Theorem 3.2. Our proof of Theorem 3.4 relies on some estimates for an averaging
operator along the sheet (see Lemma 3.6). This result plays a key role in the proof
of a Gronwall type lemma (see Lemma 3.9) which enables us to prove path-by-path
uniqueness of solutions to (1.1).

The Yamada-Watanabe principle for one dimensional SDEs driven by Brownian sheets
was derived in [28] (see also [41]). More precisely, the authors show that combining
weak existence and pathwise uniqueness yields the existence of a unique strong solution
in the two parameter setting. This result can be extended to the multidimensional case
(see e.g. [36, Remark 2]). When b is of linear growth, we can show (see Lemma A.1) that
the SDE (1.8) has a weak solution. The latter together with path by path uniqueness
(and thus pathwise uniqueness) implies the existence of a unique strong solution to the
SDE (1.8) and therefore generalises some results in [17, 26] to the multidimensional case.
To the best of our knowledge, such a result has not been derived in the multidimensional
case.

The remainder of the paper is structured as follows. In Section 2, we recall some
basic definitions and concepts. The main results are stated and proved in Section 3. In
section 4, we prove some preliminary results whereas Section 5 is devoted to the proof
of a number of auxiliary results.

2 Basic definitions and concepts

In this section we recall some basic definitions and concepts for SDEs on the plane.
We start with the definitions of filtered probability space and d-dimensional Brownian
sheet that can be found in [28, 39].

Definition 2.1. We call a filtered probability space any probability space (2, F,P) with
a family (F; 4, (s,t) € D) of sub-o-algebras of F such that

1. Fo o contains all null sets in (Q, F,P),

2. {Fs 4, (s, t) € D} is nondecreasing in the sense that 7, ; C F, p when (s,t) < (s/,t'),

3. (Fst, (s,t) € D) is a right-continuous system in the sense that

JT"S,t = m ]:s’,t“

(s",t")=<(s,t)
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Definition 2.2. We call a one-dimensional (F; ;)-Brownian sheet on a filtered probability
space (0, F, (Fsy, (s,t) € D), P) any real valued two-parameter stochastic process WO =

(WS((?, (s,t) € D) satisfying the following conditions:

1. WO is (Fsts (s, t) € D)-adapted, i.e. Ws(70t) is Fs-measurable for every (s,t) € D.
2. Every sample function (s, ) — W(O)( ) of W) is continuous on D.

3. For every finite rectangle of the type I =|s, s'| x|t, '] C D, the random variable

WO = W10, — w0 - W+ WY

s,t’ s
is centered, Gaussian with variance (s’ — s)(t' — ¢) and independent of F, 1 V F 4.

We call a d-dimensional Brownian sheet any R%valued two-parameter process W =
(WO, ... WD) such that W®, i = 1,...,d are independent one-dimensional Brownian
sheets.

In the following, we discuss the notions of weak and strong solutions to the SDE (1.2)
(see for example [39, Section 2]). We start with the definition of a weak solution.

Definition 2.3. A weak solution to the SDE (1.2) is a system (2, F,(F,.), W, X =
(Xs.t), P) such that

1. (Q,F,(Fsu, (s, t) € D),P) is a filtered probability space,

2. W = (Wsy,(s,t) € D) is a d-dimensional (F; ;)-Brownian sheet with 0W =0,

3. X is (F,)-adapted, has continuous sample paths and, P-a.s.,
Xt — Xs0 — Xo,t + Xo,0

/ / (€, ¢ Xee) dde—F/ / (6,¢, Xe o) dWe e, V(s,t) € D.

Remark 2.4. When the drift b satisfies a linear growth condition, weak existence holds
for (1.8) (see Theorem A.1).

We now turn to the notion of strong solution. Let B(V) (respectively 5(9V)) be the
o-algebra of Borel sets in the space V (respectively V) of all continuous R%valued func-
tions on D (respectively dD) with respect to the metric topology of uniform convergence
on compact subsets of D. The subsequent definitions are borrowed from [28].

Definition 2.5. Let B(V) be the completion of B(V) with respect to the Wiener measure
my on (V,B(V)) concentrated on V. For every (s,t) € D, we denote by B;:(V) the
o-algebra generated by the cylinder sets of the type {w € V; w(¢,() € E} for some
(£,¢) = (s,t) and E € B(R?) and by B, (V) the o-algebra generated by B, (V) and all
the null sets in (V, B(V), my). Let B(V x V),\va be the completion of B(9V x V) with
respect to the product measure A x my for any probability measure A on 0V.

Definition 2.6. Let T(9V x V) be the class of transformations F' of 9V x V into V which
satisfies the condition that for every probability measure A on (0V, B(9V)), there exists a
transformation F of 9V x V into V such that

AXmy

1. Fyis B(OV x V) /B(V) measurable,
2. For every = € 9V, F\[z, ] is B, +(V)/Bs.+(V) measurable, for every (s,t) € D,

3. There exists a null set N, in (9V, B(9V), A) such that F|z,w] = F)[z,w] for almost
all win (V,B(V),my) and all z € 9V \ N,.
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Definition 2.7. Let (X, W) be a weak solution to the SDE (1.2) on a filtered probability
space (Q, F,{Fsz. (s,t) € D}, P) and let A be the probability distribution of 0X. We call
(X,W) a strong solution to (1.2) if there exists a transformation F of 9V x V into V
satisfying Conditions 1 and 2 of Definition 2.6 such that

X = F)\[0X,W] P-a.s. on .

Here is a well known concept of uniqueness associated to strong solutions of (1.2)
provided such solutions exist.

Definition 2.8. We say that the SDE (1.2) has a unique strong solution if there exists
F € T(0V x V) such that,

1. if (Q, F, (Fs4, (s,t) € D), P) is a filtered probability space on which an R%-valued
(Fs,t, (s,t) € D)-Brownian sheet W with 0 = 0 exists, then for every continuous
(Fs,t, (s,t) € D)-adapted boundary process Z on (2, F, (Fs, (s,t) € D),P) whose
probability distribution is denoted by A, (X,W) with X = F(Z,W) is a weak
solution of (1.2) with 90X = Z P-a.s. on €.

2. if (X, W) is a weak solution of (1.2) on a filtered probability space (€2, F, (Fs ¢, (s, 1) €
D), P) and the probability distribution of 90X is denoted by A, then X = F,[0X, W]
P-a.s. on Q.

There are two classical notions of uniqueness associated to weak solutions (see e.g.
[28, Definitions 1.2 and 1.7]).

Definition 2.9. We say that the solution to the SDE (1.2) is unique in the sense of
probability distribution if whenever (X, W) and (X', W’) are two solutions of (1.2) on
two possibly different filtered probability spaces and 0X = z = X' for some z € 9V,
then X and X’ have the same probability distribution on (V, B(V)).

Definition 2.10. We say that the pathwise uniqueness of solutions to the SDE (1.2)
holds if whenever (X, W) and (X', W) with the same W are two solutions to (1.2) on the
same probability space and X = 0X’, then X = X' for P-a.e. w € Q.

3 Main results

In this section, we present the main results of this paper. We assume the following
conditions on the drift:

Hypothesis 3.1.

1. b:[0,1]> x R* — R? is a Borel measurable function satisfying the spatial linear
growth condition, that is, there exists a constant M such that

b(t, s, )| < M(1+ |z|) for all z € R

2. b is componentwise nondecreasing in space, that is, each component (b;)1<;<q is
componentwise nondecreasing in space. More precisely for z,y € R?, we have:

z =2y =bi(z) <b(y),1<i<d,
where © <y means x; < y; foralli € {1,...,d}.

Theorem 3.2. Suppose b satisfies Hypothesis 3.1. Then for almost every Brownian sheet
path W, there exists a unique continuous function X : [0, 1]? — R¢ satisfying (1.8).

Corollary 3.3. Suppose b is as in Theorem 3.2. Then the SDE (1.8) admits a unique
strong solution.
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Proof. It follows from the fact that under the conditions of the Corollary, (1.8) has a weak
solution. In addition, since path-by-path uniqueness implies pathwise uniqueness (see [4,
Page 9, Section 1.8.4]), the result follows from the Yamada-Watanabe type principle for
SDEs driven by Brownian sheets (see e.g. Nualart and Yeh [28]). O

The proof of Theorem 3.2 relies on the following theorem

Theorem 3.4. Suppose b is as in Theorem 3.2. Suppose in addition b is uniformly
bounded. Then for almost every Brownian sheet path W, there exists a unique continuous
function X : [0,1)? — R satisfying (1.8).

Recall that using the Girsanov theorem, path-by-path uniqueness holds if there
exists ; C 2 with P(£2;) = 1 such that for any w € 4, there is no nontrivial solution
u € C([0,1]%,R9) to the following system of integral equations

uls 1) = / /S{b<g,<,wg,<<w>+u<f,<>>—b<s7c,wg,<<w>>}dsd<,Ws,we[o,u? 3.1)
0 0

Let us also consider the set Q = [—1,1]¢ and its dyadic decomposition. Recall that z € Q
is called a dyadic number if it is a rational with denominator a power of 2. The next
theorem is equivalent to Theorem 3.4.

Theorem 3.5. Let W := (W, 4, (s, t) € [0,1]?) be a d-dimensional Brownian sheet defined
on a filtered probability space (2, F,F,P), where F = (F;,;s,t € [0,1]). Let b be as in
Theorem 3.4. Then there exists ; C Q with P(Q;) = 1 such that for anyw € Qq, u =0 is
the unique solution in V), to the system of integral equations (3.1).

The proof of Theorem 3.5 is carried out in two main steps. In the first step, we use
a two-parameter Wiener process to regularise (3.1) on dyadic intervals. In the second
step we show a Gronwall type lemma (see Lemma 3.9). The regularisation is as follows:
For any positive integer n, we divide [0, 1] into 2" intervals I,, , =]k27", (k + 1)27"] and
define o,xx by

Onkk’ (Ia y) = / / {b(sa t7 Ws,t + I’) - b(S, t7 Ws,t + y)} dtdS
In,k’ I,

The next three lemmas whose proofs are given in Section 5 provide an estimate for
Onkk (z,y) and gniir (0,2) for every dyadic numbers z,y € Q. Lemmas 3.6 and 3.7
are counterparts of Lemmas 3.1 and 3.2 in [13] for the Brownian sheet. The proof of
Lemma 3.6 uses the local time-space integration formula for the Brownian sheet as given
in [5]. Lemma 3.8 follows from Lemma 3.7 using the fact that the set of dyadic numbers
is dense in R.

Lemma 3.6. Suppose b : [0,1]2 x R? — R is a Borel measurable function such that
|b(s,t,z)| < 1 everywhere on [0,1]> x R?. Then there exists a subset Q; of ) with
P(Q) = 1 such that for allw € Qg,

1
|z —yl

1/2
[onits (2, 9) ()] < Cr(@)27" [V + (log* ) Jle =gl on
for all dyadic numbers x, y € Q and all choices of integers n, k, k' withn > 1,0 < k, k' <
2" — 1, where (4 (w) is a positive random constant that does not depend on z, y, n, k and
K.
Lemma 3.7. Suppose b is as in Lemma 3.6. Then there exists a subset (), of () with
P(Q2) = 1 such that for all w € Q,, for any choice of n, k, k', and any choice of a dyadic
number x € Q

|oner (0,2) (@)] < Caw)v/n2 ™ (Jaf +274"), (3.2)
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where Cs(w) is a positive random constant that does not depend on z, n, k and k'.

Observe that the proofs of the above two results do not require the monotonic
argument on the drift b.

Lemma 3.8. Suppose b is as in Theorem 3.4. Let 25 be a subset of ) such that, for any
w € Q9, (3.2) holds for every n, k, k', and every dyadic number x € Q. Then

| 0nii (0, ) (w)| < Cg(“0\/52_n<Lr‘+_2_4n)

for any w € Q», anyn, k, k', and any z € Q, where Cs (w) is a positive random constant
that does not depend on z, n, k and k'.

The subsequent result is a Gronwall type lemma and constitutes the main result in
the second step of the proof of Theorem 3.5. Its proof is found in Section 5.

Lemma 3.9. Let W := (Ws(}t),...,Ws(ﬁ); (s,t) € [0, 1]2> be a d-dimensional Brownian
sheet defined on a filtered probability space (2, F,F,P), where IF = (Fs4; (s,t) € [0,1]%)
and let the drift b be as in Theorem 3.4. There exists )y C Q with P(Q;) = 1 and a

positive random constant C such that for any w € )y, any sufficiently large positive
integer n, any (k, k') € {1,2,...,2"}2, any 8(n) € [2—43"/4, 2—42"/3}, and any solution u to
the system of integral equations

ui(s,t) — ui(s,0) — ug(0,t) + u;(0,0)
:/0/0 {(bi(€, ¢, We ¢ (w) + u(€,C)) = bil&, ¢, We ¢ (w)) }dEdC, Y (s,t) € [0,1)2, Vi, (3.3)

satisfying
max{|u(s,0)|, [u(0,£)]} < B(n), V(s,t) € [0,1]? (3.4)

we have

’

mace[1) (k, K), [k, K)[} < 3V (14 Cropvanz™) T B(n) on €, 3.5)

where @™ (k, k') = (@™ (k, K),...,ag" (k. k'), u(™ (k, k') = (i (k, &), ..., u$ (b, k")),

ﬂl(-n)(k,k’) = sup max{0,u;(s,t)} = sup uf (s,t), Vi
(8,)€Ln, k1% 1, jr_1 (8,)€Ln, k1 %1, jr_1
and
ggn)(k,k’) = sup max{0, —u;(s,t)} = sup u; (s,t), Vi
(8,)€Tn ko1 XTIy, 314 (5,)E€Ln k-1 X1, 71

We are now ready to prove Theorem 3.5.

Proof of Theorem 3.5. We choose 4, Ci, w, n and SB(n) as in Lemma 3.9. Let u be
a solution to (3.1). We have max{|u|(s,0), |u|(0,#)} = 0 < B(n) forall (s,t) € [0,1]°.
Moreover, we deduce from (3.5) that

sup max {7 (k, &), [ut™) (k, K)|} < (4VD* B(n) (3.6)
k,k'€{0,1,2,...,27}

for all n satisfying C (w)vdn2~" < 1/3. Since the right side of (3.6) converges to 0 as n
goes to oo, it holds u(s,t) = 0 on  for all (s, t). O
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Proof of Theorem 3.2. For every positive integer n, consider the bounded and nonde-
creasing function g, : R — R defined by

a  forla| <mn,
gn(a) =qn fora > n,

—n fora < -—n.

Then for every n and 4, g, o b; is a bounded and nondecreasing function. Let b(") :
[0,1]%2 x RY — R be the bounded and componentwise nondecreasing function given by
B (s,t,2) = gn(bi(s,t,2)) for all 4, all (s, ) € [0,1]? and all z € RY. We have

\b(")(s,t,x)| <M1+ |z|), Vn,(s,t)€]0, 1}2, z € RY.

It follows from Theorem 3.4 that for any n, there exists an event §2,, of full measure, such
that for any w € (2, the system of integral equations

t s
Xop(w) = / / D™ (€, ¢, Xe ¢ (w)dédC + Wit (w),  (s,t) € [0,1], (3.7)
o Jo
has a unique solution (XS(T;) (w),0 < s,t <1). Moreover, we have

t s
x| < [ [ [xE2e)dedc+ 2+ Wealw (3.8)
0 JO

By the Gronwall inequality for integrals in the plane provided in [35, Section 2] (see also
[32, Section 1]), it holds

‘Xs(f? (w)‘ S M A+ [Wea(w)] + M/Ot /0 (M + IWg,g(w)|)h(§,C7s,t)d§dC (3.9)

for all (s,t) € [0,1], where h is the unique solution to

t s
h@@&w:1+ML;£hm%&ﬂM®m(&wGNﬂXWﬂ~ (3.10)

It is known (see for example [24, Page 145]) that for every (&,(,s,t), h(, ¢, s,t) =
I (2 M(s—=&)(t— C)), where Ij is the modified Bessel function of order zero. Since h
is nonnegative, we have

xBw|ci(M+ s W@,

sup
’ (s,t)€[0,1]2

(s,t)€[0,1]2
with
C =1+ MIy(2VM).

Let Q = ﬂnZI 0, then P(2,) = 1. Fix w € Q2 and n > 1 such that

(CiPM(1+ sup  |Woa@)]) <n. (3.11)
(s,t)€[0,1]2

Since C} > 1+ M, we obtain

x5 w))

sup  |b(s,t, XS(T;) (w))‘ < M(l + sup
(s,t)€[0,1]2 ’ (s,t)€[0,1]2
M

< (1 +CiM +Cy  sup \Ws,t(w)|) <n.
(s,t)€l0,1]2
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As a consequence, b<")(s,t,X§ﬁ)(w)) = b(s,t,Xﬁf{;) (w)) for every (s,t) € [0,1]2. Hence
(Xif? (w),0 < s,t < 1) is a solution to the system

w) :/0 /0 b(E, ¢, Xe o (w)dEdC + Wi 1 (w),  (s,t) € [0, 1]. (3.12)

Let (ys,:,0 < s, < 1) be another solution to (3.12) for the same w € 2. Then, using
once more Gronwall inequality for integrals on the plane, we obtain

sup  |ysi| < CY (M—l— sup \Ws7t(w)|).
(s,t)€[0,1]2 (s,t)€[0,1]2

This implies that for n in (3.11), (ys:,0 < s,t < 1) is also a solution to (3.7). Since

w € Q,, the system (3.7) has a unique solution for this w. Thus, ys; = X 8(7;) (w) for every
(s,t) € [0,1]? and uniqueness is proved. O

4 Preliminary results

In order to prove the auxiliary lemmas provided in the previous section, we need some
preliminary results that have been obtained by applying a local time-space integration
formula for Brownian sheets (see [5] for related results). Let us first recall the notion of
local time in the plane of the Brownian sheet. Let (Ws(ot), (s,t) € D) be a one dimensional

Brownian sheet given on a filtered probability space. For s fixed, (W(g),t € [0,1) isa

S
one dimensional Brownian motion and its local time process (L{(s,t);z € R,t > 0) is

given by the Tanaka’s formula (see for example [37, Section 1]):

;U

t
/ Lo <ppdu W) = 5”(5 t) — (ng) —z)" 4T 4.1)
o O)<

For s € [0,1] fixed, let W(O) be the time reversal process on [0, 1] of the Brownian motion
Wg?) (i.e.,Ws(g) = S 1 ) and let (L””(s t);z € R,0 <t < 1) be the local time process of
(Ws(g), 0 <t <1). Then the following holds

L¥(s,t) = L¥(s,1) — L¥(s,1 — 1).

Next, we consider the local time process on the plane L := (L{ ;2 € R,5s > 0,£ > 0) as
defined in [37, Section 2] (see also [38, Section 6, Page 157]) by

Ly = / Li(¢,t)d¢, Va eR, V(s t) € R
0

Then it holds
s ol W(O) WO
z §u u s,u 2
Ls,t - /(; [—t 1{W5(03§:r} d§+/ / {W(U)<z} é. d£7 V(S,t) € [07 1] .
4.2)
Let us now consider the norm || - || defined by
22\ dadsdty 1/2
72 t, I it
11 / / [ Payen (- 55) )
dxdsdt
xf(s,t, 3: eX
A / /| 4 p( 28t)st\/27rs
=2 // f%th“? dsdt // ‘fstws? }ddt
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Consider the set H of measurable functions f on [0, 1]> x R such that || f|| < co. Endowed
with || - ||, the space H is a Banach space. In the following, we define a stochastic integral
over the space with respect to the local time for the elements of 7. This extends the
definition in [16]. We say that fa : [0,1]> x R — R is an elementary function if there
exist two sequences of real numbers (z;)o<i<n, (fijx;0 <7 <n,0<j <m,0<k</) and
two subdivisions of [0, 1] (s;)o<;<m., (tk)o<rk<e such that

fA(S7t>x) = Z fijk1(1i71i+1]($)1(3_7'13j+1](S)l(tk»tk‘+1](t)7 (4.3)

(2i,85,tk)EA

where A = {(z;,5,14);0<i<n,0<j<m,0<k</}

Definition 4.1. For a simple function fa given in (4.3), we define its integral with
respect to L as

1 1
T . . Tit+1 _ T %41 _TTi T
/0 /O /]RfA(S’t’x)dL&t T § : fz]k(sz+latk+1 sz7tk+1 L5j+latk+1 + szathrl

(zi,85,tk)EA

_ LwH»l + LCUH»I +LI1 _ Lxl )

Sj+1,tk Stk Sj+1,tk Sjytk

Remark 4.2. Let f be an element of H and let (f,).cn be a sequence of elementary
functions converging to f in H. It is proved in [5, Proposition 2.1] that the sequence

(fol fol S fn(s,t, x)dLgt) converges in L'(Q,P) and that the limit does not depend
7/ neN

on the choice of the sequence (f,,)necn. This limit is called integral of f with respect to L.

Similar results were obtained in [16].

Let f: [0,1]> x R? — R be a continuous function such that for any (s,t) € [0,1]?,
f(s,t,-) is differentiable and for any i € {1,...,d}, the partial derivative d,, f is contin-
uous. We also know from [5, Proposition 3.1] that for a d-dimensional Brownian sheet
(Ww = (Ws()lt), ce WS()?); 5> 0,t> O) defined on a filtered probability space and for
any (s,t) € [0,1]?> and any i € {1,...,d}, we have

s t
/ / Oy, (&, u, We o, )dudf
0 0
s t duW(l) s 1 o duB(l)
:_/ / F(&u, We ) g’udg_/ FET = u, We ) — 22 d€
0 0 g 0 1—t E
77 (@)

S 1 - WE
+ 1 —u, We ) ——2—dudg, 4.4
/O e W) gy S dudg (4.4)

where W@ := (WE(ZZ, 0<¢&u<1)and BY = (Bézi, 0 < ¢,u < 1) is a standard Brownian
sheet with respect to the filtration of W(?, independent of (Ws(ll) ,s>0).

The following result will be extensively used in this work and corresponds to [33,
Proposition 2.1] for the standard Wiener process.

Proposition 4.3. Let W := (Ws()lt), ce Ws(f?; (s,t) €10, 1]2) be a R¢-valued Brownian
sheet defined on a filtered probability space (2, F,F,P), where F = (F,;s,t € [0,1]).
Let b € C ([0,1]%,C*(RY)), [blls < 1. Let (a,d’,e,€’) € [0,1]*. Then there exist positive
constants a and C' (independent of Vb, a, ¢/, € and ¢’) such that

E[exp (ae’a’ /1 /1 Vb (s,t,w‘fyf') dtdsr)] <C. (4.5)
o Jo
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- | is the usual
norm on R? and the R¢%valued two-parameter Gaussian process

e = (WD, WS (50) € 0,12)

is given by
WS =W W WO W, forallic {1,...,d).

Proof. The proof of (4.5) is based on the local time-space integration formula (4.4) and
’ 2

the Barlow-Yor inequality. Fix (a,a’,e,¢’) € [0,1]*. Since x —— €** %" is a convex

function, we deduce from the Jensen inequality that

E[exp (aa's‘/l /1 Vﬁ(s,tﬁi{e)dtds’z)}
o Jo
—fexp (0= Y| [ [ 0ub(n0. 72 )aras])
—Jo Jo
1A ! o . 2
Sd;E[eXp (adss‘/o /0 6y,ib<s,t,VVs7,5 )dtds‘ )}

In order to obtain (4.5) it suffices to prove that for every i € {1,2,...,d}, there exist
positive constants o« = a; and C' = C; such that

Al Al ayib(s,t,W;/tﬁ)dtdsr)} <C.

For every i € {1,...,d}, we apply (4.4) to the standard d-dimensional Brownian sheet
(Ys,t = (55’)’1/2W§;’8,(s,t) € [0, 1]2) and the function f : [0,1]?> x R? — R given by

f(s,t,y) = b(s,t, Vee! y) to obtain

1,1
/ / Oy, f(s,t,Y;4)dtds
0o Jo
1 1 d B(Z)
_/ / f(Sat,}/s,t t St d _/ / f t7Ys,lft) ! S)tds
0o Jo S
Lot 1 t
+/ / f(s,1—4,Ys14) @ dtds,
o Jo S s(1-1)

where (B(Z) 0 < s,t <1) denotes a standard Brownian sheet independent of the process

s,t

(Ys(fl), 0 < s <1). Hence,

]E[exp (ozes’

1 1
\/58'/ / Dy, b(s, t, Wf,t’s)dtds
o Jo

i

1,1 N d,Y, f ., dtB( )
~ / b(s, t, W59 W / b(s, 1 —t, W5 ) St g
o Jo ' 0o Jo ’ S
Y(7)
e € s, 1—t
———_dtds
/ s 1— t) S(l _ t)
=I + I + Is.
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Using once more the convexity of the function x —— e3a@” for any « > 0, we obtain

E {exp (ass" /0 /0 Vyb(s, t, Wf’;’e)dtdsr)}
—E {exp (a(11 Y1+ 13)2)}
gé (]E [exp(3oz[12)} +E {exp(?»a[%)] + E[exp(SaI%)} )

Hence to get the desired estimate, we need to prove that for every k € {1, 2,3}, there
exist positive constants ay, and Cj, such that E [exp(a,I7)] < Cy.

For every s €]0,1], (s7/?Y, ,,0 < v < 1) is a standard Brownian motion with respect
to the filtration Fi . := (F1,4,t € [0, 1]). Therefore the process

t —~, Y.
My = [ b(s,o, WA, |22, 0<t<1
e )

is an It6 integral with respect to F; . and thus a square-integrable F; .-martingale. In
addition, for any constant a € R, the following expansion formula holds

Bl (a1?)] = e (o] [ 01, 2 )] = 3 ‘/m“f‘ .
m=0

Moreover, by the Jensen inequality and the Barlow-Yor inequality applied to the martin-
gale (M, ,,t € [0,1]) (see for example [3, Proposition 4.2] and [9, Appendix]), there exists
a universal constant c¢; (not depending on m) such that,

EH /OlMs’lii/SE 27"} §4m/01 |:|M51|2m:| cisf<4m/01EKOi%21 |M8,t|)2m]2d\j§

<y [ E[onp]

1 1
—~_ my ds
< 2™ (8m)™ / E / V2 (s, t, WE5)dt) | —= < ™ (8m)™
 BL), vt W) |57 < ctism
since [|b]|oc < 1. Thus,

(8acl) m"

E[exp (aIf)} = exp ‘/ Ms i

m=0

The above expression if finite for a such that S8acle < 1, i.e. a < 1/8c3¢ (by ratio test).
Hence, there exists positive constants «; and C; such that

E[exp (aﬂf)} < (.
Similarly for

1
— i d
- / b(s, 1 — £, W5 ), BY) S
0 0

)
S

there exists positive constants a, and C5 such that
(%) ds |2
E[exp (agfz)] < E exp ag‘ Weity) )d By ‘ )] < Cs.
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It remains to estimate the term I3. By the Jensen inequality, we have

12 Lb(s,1—t Wsl DY, (1)4 dtds 2

i exp (5 )| =B exe )}
64 Vs(1—t) 4y/s(1 —1t)
(@)
1 = Y A—t dtds
< E[ex {be s, 1—t, Wg ‘ ‘ H
/0 /0 v UNE =) s(1—1)

<[, [ el Gl s w9

Note that for every (s,t) €]0,1] x [0, 1], —=2—— is a standard normal random variable.

Therefore (4.6) yields
2

el ()] <.

The proof of (4.5) is completed by taking o = min(g;, as, as). O

Forevery 0 <a<h<1,0<da <h' <1and for (z,y) € R? define the function g by:

o) // b(E,C, Wi +2) = B(E, G, We +) Jdcde.

As a consequence of Proposition 4.3, we have:

Corollary 4.4. Letb : [0,1]? XA]Bd — R be a bounded and Borel measurable function such
that ||b||oc < 1. Let a, C and W*< be defined as in Proposition 4.3. Then the following
two bounds are valid:

1. For every (z,y) € R??, x # y and every (¢,¢) € [0,1]?, we have

ac e

E{exp (|xfy|2

‘/ / (5,6, We " + ) — b(s,t, Wfery)}dtds‘ )} <C. (4.7)

2. For any (z,y) € R? and any > 0, we have
P (le(e,y)| = nv/(h =) =)z —y| ) < Cem". (4.8)

Proof. We start by showing (4.7). Note that it is enough to show this when b is compactly
supported and differentiable. Indeed, if b is not differentiable, then, since the set of
compactly supported and differentiable functions is dense in L>([0,1]?> x R%), there
exists a sequence (b,,n € IN) of compactly supported and differentiable functions which
converges a.e. to b on [0,1]? x R and the desired result will follow from the Vitali’s
convergence theorem.

Using the mean value theorem and the Cauchy-Schwartz inequality, we have

1 1 ., . ,
‘ / / {b(sa t, WGE,{E + $) - b(57 t, Wit’s + y)}dtds’
0 0
1 1 1 ., ,
:‘/ / / Vyb(s’t’W;t7E+y+£(x_y))'(x_y)dfdtds‘
0 0 0
1 1 1 ., )
<le = yﬂ / / / Vyb(s, t, Wi +y+ &z — y))dgdtds‘ .
0 0 0
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Using the Minkowski inequality, the Jensen inequality and Proposition 4.3 applied to the
function (s,t,z) — b(s,t,z+y + &(z — y)), we obtain

aee . )
E|exp \x7y|2’/ / (5,8, WEy© + ) - b(s,t,W;gEer)}dtds‘ )}

|
:E[GXP a€€y|2’/ / / \% bstW§t5+y+f(x— ))~(x—y)d§dtds‘2>}

|z —
S]E[exp(‘xa_geyp/ ‘/ / V,b(s,t, Wff%—y—l—&(w— ))-(x—y)dtds‘zdf)}
1
g/o E[exp ass/’/o /0 Vyb(s7t,V~VS€”t’E+y+£(x—y))dtds’2>}d§gC. (4.9)

This ends the proof of (4.7).
As for the proof of (4.8), let (z,y) € € R?? such that « # y and set ¢ = h — a and
¢ = I’ —d'. Define b by b(s t :r) = b(a’ + €’s,a + et,x) and additionally define the

processes We' e := (Wff , ) and Z< := (fo,( t) € [0, 1]2), respectively
by

3 e
Ws,t - Wa’+5’s,a+£t - Wa’,aJret - Wa’JrE’s,a + Wa’,a7
and
e e
Zs,t = Wa’,a+at + Wa’+6's,a - Wa’,a-

Then W< and Z¢'* are independent processes. To see this, observe that Z:f:f is

Fi.a V Far1-measurable for every (s,t) € [0,1]? and We'e is independent of F1 4, V Fur 1.
Using the change of variable (¢,¢) := (a’ +¢’s,a + ¢t), we obtain

o(,y) / / b(E.C. W + 1) — b{E,C. We +y) dcde
:551 / / 5(57 ta Wa’+s/s,a+st + (E) - 3(87 t; Wa’+s/s,a+st + y)}dtds
o Jo
1 1 ~ — _/ ’ o~ — _/ ’
:ea’/ / {b(s, tLWe S+ 2507 4 x) —b(s, t, W+ Z37 + y)}dtds.
o Jo

Taking the expectation on both sides after some operations and using the fact that We'e
and Z¢ ¢ are independent, we have

o (£5755)]

QEge

‘ 2

:E[exp(‘x_mz’// (s, W25 + 225+ a) Bl 0, W2+ 255 +y)}dtds‘ )]

:/E[exp |$0‘_€5y|2‘/ / {507, )—Eit(W;'t’s—ky)}dtds‘ V[P (@2),

where 3§7t(w) = b(s, t,w + zs,t). Since b(s,t,w)| < 1 almost everywhere on [0,1]2 x RY,
we deduce from (4.7) that

| 2

e (£5725)]

:/E[exp( oze’ ’/ / bjt W§f+x)—bgt(ijer)}dtds] )]]PZ” (dz) < C.

|z =yl
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Therefore, by Chebychev inequality, we obtain

2
P(lofa.9)| = Vel — o) < " B exp (LLEDIN] < g
e’z —y|?
for any n > 0. This concludes the proof. O
5 Proof of the auxiliary results
In this section we prove the auxiliary results stated in Section 3. Consider Q = [—1,1]¢

and its dyadic decomposition.

5.1 Regularization by noise

Proof of Lemma 3.6. Let Q denote the set of couples (z,y) of dyadic numbers in Q. For
every integer m > 0, we define

Qm ={(z,y) €Q: 2"x € Z%, 2my € 7%} .

Then Q,, has no more than 22¢(m+2) glements and we have Q = Ume]N Q,,,. Consider the
set Es ,, defined by

Es, :={w € Q: there exist k, k" € {0,1,...,2" — 1}, m € N*, and (z,y) € O
such that |gnrr (z,y)|(w) > 6(1 + vn+vm)2 "z — y|}

for every n € IN, § € Q4. Observe that

E&,n
2" —-12"-1 oo

~U U U( U {we: lomwnlw) 280+ v+ vmz e —yl}).

k=0 k'=0 m=0 (z,9)€EQm

Define also E; by E; := |J,_, Es,,. Then, we deduce from (4.8) that

oo 2"—-12"-1 oo

<SS S S Y Plleww (@) =60+ Vo + Vm)2 "z — y))

n=0 k=0 k’=0 m=0 (z,y)€EQm
S 24dc E E 22n22dm67a52(1+n+m)7
n=0m=0

where C and « are the deterministic constants in Proposition 4.3. Moreover, (E;s,d € Q)

is a nonincreasing family and for 6 > dy := 1/2(d + 1)a~1, we have
2 s s 2
]P(Eé‘) S 24d0670¢5 Z Z 27dn727n S 24d0 efaé . (51)
n=0m=0
Therefore

IP( N E5) = lim P(E;) =0.
§€[60,00[NQ
Let us now define 2; by

M= J (2\Ey).

5€[60,00[NQ
Then P(Q;) = 1 and for every w € €, there exists §,, > 0 such that

|onkk (2, y) (W)] < 0,27 (1 4+ v+ vVm)|z — y| (5.2)
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for all choices of n, k, k/, m, and all choices of couples (z,y) in Q,,.
Now, fix w € 1, choose two dyadic numbers z, y in Q and define m by

m = inf {n € Ns.t. 27" < max |z; — y1|} (5.3)
1<i<d

Forr > m, definexz, = (277 |2"21],...,27"|2"24)) and y = (27" [2"y1],---,27"|2"y4)),
where |-] is the integer part function. Observe that (., Ym) € Qm, (Tr, Try1) € Qria
and (Y, Yr+1) € Qry1. Since forany i € {1,...,d}, |[2™x;] — |2y ]| < 1+2™|z; — y;| and
(|22 —2]:), [2y:] —2|yi)) € {0,1}%, we have |2, —ym| < 3Vd2™™, |24 —x,| < Vd2 71
and |yr+1 - yr| < \/32_7,_1-

It follows from the definition of p, that

Onkk (T,Y) = Onkk! (T, Tm) + Ok (Tms Ym) + Onkk (Yms Y)- (5.4)
Moreover since gnik/ (Tm, Tm) = 0 and opkr (Ym, ¥m) = 0, we obtain

q
Onkk’ (:L'qul? xm) = Z Pnkk’ ($r+17 xr) and ank’(ynu qurl) = Z Onkk’ (y'm y’r’Jrl)

r=m r=m

for every integer ¢ > m + 1. In addition for some integer ¢ > m + 1, we have x, = x and
y = y for all r > ¢, therefore

Onkk’ (1’7 wm) = Z Onkk’ (.’Er, xr+1) and Onkk’ (yma y) = Z Onkk’ (yr+17 yr)

T=m r=m

It follows from (5.4) and (5.2) that
2n|gnkk’ (IZ’, y) (w)‘

< 3Vdo, (1 + /n + Vm)2™™ + 2Vd5,, i (I+vVn+r+1)2771

r=m
oo

< 3Vdd,(1+vn+ vm)2 ™ + 2Vdo,v/n Y 277 + 4\[5 Z +1)27"

Using the following facts: Y oo 2771 =27m %% p2=rtl = (m 4 1)27™m+2, 27m <
maxi<i<a |vi — yi| <27, |z —y| < \/gmaxlglsd |z — yi] < \/&\m —yland n > 1, we
obtain

2”|ank¢’ (.T, y) (w)‘

1 1/2
<24V A5, (1 + /i + /m)2™™ < 4845, [\/ﬁ+ (1og+ = y‘) } lz — yl.

Choosing C (w) = 48dé,, yields the desired result. O

Proof of Lemma 3.7. It suffices to show that there exists a subset Q; of € with IP(Q )=1
and a positive random constant C; such that for any w € 0, any n € IN*, any k, k' €

{0,1,...,2" — 1} and any dyadic number = € Q with max;<;<q |2;| > 2~ 22"“,

ot (2,0)(@)| < Ca(w)vm2 ™ (|a] +2717). (5.5

In fact, using Lemma 3.6, there exist a subset Q; of Q with P(Q2;) = 1 and a positive
random constant C such that for any w € 4, any n, k, ¥’ and any dyadic number z € Q
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with maxi<;<q |2;] < 2-2"""" we have
Y 1\1/2
ontie (5, 0)(@)| <Ci(@)2™ (Vi + (log" ) )1l

4 n 1\1/2
<Cy(w)27"n || + VdC, (w)2 " 274 <|x\ log* ﬂ)
xr

<Cr(w)(1-+ Jacg) Vi (el +277) < stz (ol +271).

where Cy = supggjo 1) €log™(1/€) and C 1 (w) = 20 (w (1 + v/ dCO> The required result
follows by choosing Q25 = Q1 N Q, and Cy = max{C1, Cl}.
Let us now prove that (5.5) holds. Define the following three sets:
= : | <274

Og :={y € Q: max [y;] <277},

D, :={(y, ) € O such that there exists r € N, r > ¢ s.t. 2"y € Z?,2"z € 2},
and forr > g,

Dyr={(y,2)€02: 27y e 2% 272 € 2} .

Observe that D, has no more than 2%¢ x 224("~4) elements and

In addition, define

Fsn:={weQ: forsomek e {0,1,...,2" — 1}, ¢ € {0,1,...,2*""'} r > ¢, and

(y,2) € Dy,r one has [oupn (y, 2)| (w) > 627" (Vn + v —q)ly — 2|}
for every n € IN* and § > 0. Then

Fé,n =

on_19n_q92n+l

U U U U( U {MEQI |Q"’€k'(y’z)|<w)ZéQ—”(\/ﬁ+\/7Tq)|y—z|}).

k=0 k'=0 ¢=0 r=q (y,2)E€Dq,,

Let Fs be defined by Fs := |J,—, Fs . Next we show that P(F;) tends to 0 as § goes
to co. By the definition of F; and using (4.8), we have

oo 2"—12"—122"F1 o

P(Fy) SZZ XD D Plloww (2 =02 " (Vn+ Vr—a)ly — =)

1 k=0 k'=0 ¢=0 r=q (y,2)€Dq,

oo 227t

§24dc Z Z Z 22n22d(r—q)e—a62(n+r—q)

n=1 ¢q=0 r=q

§24d+20 Z Z 24n+2dr67a62 (n+r)

n=1r=0

o0 o0
—42d+1 Z Z 24n+2dre—a62(1+n+7')’
n=0r=0

where C' and « are the deterministic constants in Proposition 4.3.
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For 6 > 6* := /2(d + 2)a~ 1,

IP(F(;) < 42d+1C67a62 Z Z 24n+7‘270¢52(n+7‘)

n=0r=0

0o 0o

2 2

S 42d+lce—a6 § E 2—2dn—4r S 42d+lce—a6 .
n=0r=0

It follows that IP(F;) tends to 0 as d goes to co. Define Q14 = by

G= |J (@Q\Fy).

d€[6*,00[NQ

Observe that (Fs,d € [6*,00[NQ) is a nonincreasing family. Then
P (ﬁl) =1 lim P(F;) =1
d—00
and for every w € §~21, there exists d,, > 0 such that

|onkrr (4, 2)(W)| < 0w (v + VI =q)27" |y — 2] (5.6)

for all choices of n, k, K/, ¢ € {0,1,...,2""1}, r > g and couples (y,z) in D, .

Now, let m be the largest nonnegative integer m such that z € O,,, i.e. 2771 <
maxi<;<q |z;| < 27™. For r > m define z, = (z1,,...,%q4,), Where x;, = 277|2"x;]| if
xz; > 0and z;, = 277(|2"x;| + 1) otherwise. Then (0, z,,) € Dy, and for every r > m,
(@, Tr41) € Dy ry1. Moreover, |z, — 0] < V/d2~™ and for every r > m, |z, — z,11| <
Vd2-"~1. We deduce from (5.4), (5.6) and the inequality Yooe o V27" < 4 that

2" |ane (2, 0) )| < 2"

Onkk' (Try1, T ) (W) D

On (@, 0)(@)] + 3

<G, Vdn2~™ +\ds,, Z (\/ﬁ +Vr— m) o1
<63,,V/dn2~™ < 125,Vdnlz| < 123w\/dn<|x| n 2—4").

The proof of (5.5) is completed by choosing 51 = 12V/dé,,. O

Proof of Lemma 3.8. Define ¢, := max{0, onkr' }, 0,14 := max{0, —onir }, 2+ = (a7,

...,x})and x” := (z7,...,z;), where 7 = max{0, z,;} and z; = max{0, —z;} for every
i € {1,...,d}. Consider the sequence (z;),ew = (2, .., )ren in Q defined by
af;i=1—|(1—x)2"|27", i =1,...,d. Observe that (2, € IN) is a coordinatewise

nonincreasing sequence of dyadic numbers in Q converging to . It follows from the
hypothesis on b and (3.2) that

Q:kk, (2,0)(w) < oni (z,F,0)(w) < C’g(w)\/ﬁ27"(|xf| + 27472') foralln, k, k', r.

Similarly for (z, ),en = (2,1, -, %, 4)rew defined by z, == 1 — [(1 —2;)2"|27", i =
1,...,d, we also have

oty (%, 0) (W) < = onew (=27, 0)(w)
< = onkw (2,7, 0)(w) < C2(w)\/ﬁ2_yb(|$r_| + 2_4") forall n, k, k', r.
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Hence,

=0 (%, 0) (W) + @y (2, 0) (w)
<Ca(w)vn2 " (Jaf | + |a; | +2x 271" forall n, k, K, 1.

|enki (2, 0)(w)

Thus, by taking the limit as r goes to co, we get
|Oniie (,0)(w)] < 2C5(w)y/n2™" (m + 2—4") for all n, k, k'.
Taking C5(w) = 2C,(w) gives the desired result. O

5.2 A Gronwall type inequality

The second and last step to prove the uniqueness result is the version of the Gronwall
inequality given in Lemma 3.9. Recall that

uf = max{0,u;}, u; = max{0, —u;}

and setut = (uf,...,u}) and u™ = (uy,...,uy).

Proof of Lemma 3.9. Using Lemmas 3.7 and 3.8, there exists a subset 25 of Q2 with
P(Q2) = 1 such that for all w € 3, we have

diur 0. = [ / bu(6. €. We () +2) — bi(§.C, We ¢ (w))ddC
SOz,i(w)\/m " (|lz| + B(n)) < Co(w)v/n2™ " (|z| + B(n)) onQy (5.7)

foralli € {1,...,d}, all integers n, k, k¥’ withn > 1,0 < kK’ < 2" —landallz € Q,
where Cy(w) = max{CN'Q,i(w), i=1,...,d}. Let w € Qy and let u be a solution to (3.3)
satisfying (3.4). Choose n € IN* such that Cs (w)\/%Q‘” < 1/2 and split the set [0, 1] x[0, 1]
onto 4" squares I, ; X I, ;. Since v < u™ and for i € {1,...,d}, b; is componentwise
nondecreasing, we deduce from (3.3) that for every (s,t) € I, x I, and every i €

{1,...,d}:
—wi(8, k27" —u (k277 ) + ui (27" (k, K))

/ / bi(€, ¢, We (@) + ul€,©)) — bil€, C, We ¢ (w)) }A€dC
k2—n JE'2—™

< / / {i(€,¢, We c(w) + u™ (6,)) — bilE, €, We ¢ () }dEdc.
2-n Jpro—n

Then, using the fact that max{0,z + y} < max{0, 2} + max{0,y} and using once more 2.
in Hypothesis 3.1, we obtain

uf (s,t) < max{0,u;(s,k'27") +u; (k27" t) — w; (27" (k, k'))}
+ / / {b:(6.C. We e (@) + 1t (€,€)) — bil€, ¢, We ¢ () }edC.
k2—n Jrro—n
As a COnsequence,

i (5,0) < uf (5, K277 o (627 0) oy (277 (1) + o (0,50 (4 1K +1))
(5.8)

for all (s,t) € I, x X I, x, where (") = (ﬂgn), ... ,ﬂg")>.
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Similarly, it can be shown that

u (s,6) < uy (5, K27) 4 (K277 0) + i (2776 ) = 0l (0.~ (k4 1,1 +1))

(5.9)
for all (s,t) € I, X I, », where u(™) = (ggn), . ,g&")). We also have the following claim:
Claim. Forall k € {1,2,...,2"}, we have

max {m(”)(k, ), @™, k)\} < gkgh/2 (1 + 2@(@@2%)“%@) (5.10)
and
max {|g(”)(k7 1)), [u™(1, k)|} < gkgk/2 (1 + 252(w)\/%2*")k+1ﬁ(n), (5.11)

where | - | denotes the usual norm in R¢

Proof of the Claim. We will only prove (5.10) by induction and the proof of (5.11) will
follow analogously. Let (s,t) € I,, o X I, 0. Since max{|u|(0,0), |u|(s,0),|u|(0,t)} < B(n),
using (5.8) and (5.7), we have

uf (5,1) < 38(n) + o}y (0,77 (1,1)) < 38(n) + Calw)vn2 ™ (& (1, 1)] + B(n) ).
By the definition of (™) and the Euclidean norm
[ (1,1)] < 8VAB(n) + Calw)Van2 ™" ([a® (1,1)] + B(n) ).
Then, since (1 — Ca(w)v/dn2™")"! < 1+ 2C,(w)Vdn2™", we have
™ (1,1)] < (3\/& + Gy (w)\/%ﬂ) (1 +2C, (w)\/%Q’") B(n)
§3\/&(1 + 262(w)\/%2—")25(n). (5.12)

Now, let k € {1,...,2™ — 1} and by induction suppose
~ k+1
max {m(”)(k, D, @™ 1, k)|} < gk qh/? (1 n 202(w)\/dn2*") B(n). (5.13)

Let (s,t) € I, k X I 0. Since max{|u|(s,0), |u|(¢27",0)} < B(n), and using once more (5.8),
we have

ut(s,t) < 28(n) +ut (k27" ) + 000, (0,7 (k +1,1))
< 2B(n) + 0" (k, 1) + Cow)v/n2 ([ (k + 1,1)| + B(n)) for every i.
Hence
™ (k +1,1) < 28(n) + 1™ (k, 1) + Ca(w)v/n2 " (Ju™ (k + 1,1)| + B(n)) for every i.
As a consequence,
@™ (k + 1,1)| < 2Vd(n) + [ (k, 1)| + Calw)Vdn2 (7™ (k + 1,1)| + (n)),
yielding to
@™ (k +1,1)| < (1 + 262(@@2—”) (2\/&5(71) + @™ (k, 1)] + 62(w)¢%2—n/3(n)) .
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Using 52 (w)y/n27™ < 1, we deduce from (5.13) that
@k + 1, D)) < (14 202 (w)Van2~) [85a*/2(1 + 20 (w)Vdn2 ™)< + 3Vd| B(n)
< (3’%1’“/2 + 3\/&) (1 + 2@@)@2*") k+2ﬂ(n)
< 02 (149G Va2 ) Bn). (5.14)

It can also be shown analogously that

k
@™ (1, k4 1)| < 3k+1qk+1) /2(1+202( )MT") +2ﬂ(n). (5.15)

This ends the proof of (5.10). O

Now we prove by induction that k, k" € {1,...,2"},

k+k'—1 k+k'
max { 7 (k, 1), [ (0, 1) } < (3V4) (1+2Ca@)Van2™) " B(n).
We deduce from (5.10) and (5.11) that (3.5) holds for all couples (1,k), (k,1), k €

{1,2,...,2"}. Fix (k, k') € {1,2,...,2"} and suppose (3.5) holds for (k, k'), (k + 1, k") and
(k, k' +1). It follows from (5.8) that for every (s,t) € I, X I, 4> and every i € {1,...,d},

ut (s,8) < uF 27"k, 1) +uf (s, 27K) +uy (277, 27K + ol (0,u<">(k F1E 4 1))
and by (5.7),

o™ (k+ 1,k +1)
<™ (kK + 1)+ 1™ (k+1,k)
+ uf™ (1) + Colw)vm2 ™ ([ (b + 1,1+ 1)) + () ).

Hence
™ (k+ 1,k +1)|
< [@™ (k, K + D] + [@™ (k + LK) + [ (k, &)
+ Cy(w)Vdn2™ (m<")(k F1LE + 1)+ /3(n)),
that is

(1 = Co(w)Vdn2~™")[a™ (k + 1,k + 1)
< [@™ (kK + 1)) + @™ (k + 1,K)| + |[u™ (k, k)| + Ca(w)Vdn2~"B(n).

Since (3.5) holds for (k, k'), (k+ 1,k') and (k, k' + 1), we obtain
(1 = Colw)Ven2 ")[a™ (k + 1,k + 1)

~ k+k +1
2(3v/d) (1 n ZC’Q(w)\/an—")

+ 3f)k+k—1(1+202( )\/%2_")k+k/—i—ég(w)\/%Q_"}B(n)

(1 + 205 (w)Vdn2~ ) o (2(3\/&)“” + (BVA)FF T 4 1)ﬂ(n).
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Using the inequalities
(1 = Co(w)Vdn2™ ")~ < (14 2C5(w)Vdn2™")

and
2BVAF + BV 41 < 3V,
we have
k+k'+1 ~ k+k'+2
[ (k+ 1,8 + 1)) < (3Vd) (1+2C5(w)Vdn2) B(n).

Similarly, we show that

ktk/ 41 " k+k'+2
w™ (k+ 1K +1)| < (3Vd) (14 2Cs (w)Vdn2™") B(n)-

The proof is completed by choosing C; = 262. O

A Appendix
In this section we provide a weak existense result for SDEs driven by Brownian sheet
under the linear growth condition

Theorem A.1. Suppose there exists M > 0 such that
[b(s, t,2)| < M(1+|z]), V(s,t,x)€[0,1]* x R™.

Then (1.8) has a weak solution.

The above result is a direct consequence of the Cameron-Martin-Girsanov theorem
for two-parameter processes (see e.g. [12, Theorem 3.5], [25, Proposition 1.6]). Indeed
if X = (X5, (s,t) € [0,1)%) is a d-dimensional Brownian sheet given on a filtered proba-
bility space (Q, F, (Fs.4, (s,t) € [0,1]?),P), then, using Doob-Cairoli-Imkeller’s maximal
inequalities for two-parameter martingales (see e.g. [7, Theorem 1], [22, Chapter II,
Section 8, Theorem 1]), one can show that the process (Z;,t € [0,1]) defined by

1 t 1 1 t
Zt:exp(/o /O b(s, ¢, Xso)dXs e — 5/0 /0 |b(s,C,XS7¢)|2dst)

is a martingale with respect to the filtration (Fi 4, ¢ € [0,1]). Then, by [12, Theorem 3.5],
the process (W, (s, t) € [0,1]?) given by

s t
Ws,t = Xs,t - XS,O - XO,t + XO,O - / / b(éa Cv X§7C)d§d<7 v (Sﬂ t) € [07 1]2a
o Jo
is a R%-valued (F,,)-Brownian sheet with 1% = 0 under the probability P defined by

= _z.
dp !
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