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Abstract

We study the winding behavior of random walks on two oriented square lattices. One
common feature of these walks is that they are bound to revolve clockwise. We also
obtain quantitative results of transience/recurrence for each walk.
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1 Introduction

Spitzer’s celebrated theorem [35] states that the winding angle of a planar Brownian
motion up to time ¢, rescaled by % log t, has standard Cauchy as its limiting distribution.
Since then, the winding behavior of planar processes has attracted the interest of many
researchers. For the 2D simple random walk, Bélisle [2] showed that its winding angle
has the same scaling limit as the big winding angle of a 2D Brownian motion, that is,
the winding angle taking place outside a small ball centered at the origin. The latter
is determined to be asymptotically hyperbolic secant with density (1/2)sech(7u/2) in
[27, 31]. We refer to [3] for a detailed review on this topic. See also [34, 33, 7].

In a different direction, the study of random walks on oriented lattices has intensified
in the last few decades with motivations from many sources, including the Matheron-de
Marsily model of transport in porous media [24], discretized gauge theories [8, 9] and
the theory of random walks in random media [18]. Various aspects of these models are
studied (e.g. [17, 11], [16, 28, 10]) with many extensions [12, 6, 23] and connections to
other models [26, 25, 29]. Except in special cases, random walks on oriented lattices
are non-reversible and non-elliptic, which poses a unique set of challenges for analysis.
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Recurrence and windings of two revolving random walks
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Figure 1: The graph G; in figure (a) is transient, whereas the graph G- in (b) is recurrent.
The arrows indicate the orientation of the corresponding edges.
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(a) Random walk on G1 (b) Random walk on Go

Figure 2: Simulated trajectories of 5000 steps of the random walks on G; and G,. Note
the different scaling of the axes.

In this paper we study the winding behavior of the random walks on two oriented
lattices G; and G, illustrated in Figure 1. This is of particular interest, as both random
walks are bound to revolve clockwise around the origin. After deducing the asymptotic
laws of windings, we explain how these laws are closely related to more classical ones,
such as the Spitzer’s law. For each walk, we also derive quantitative results of transience
or recurrence through our understanding of the windings.

1.1 Models and results

We give the precise definitions of G; and G,. Define the directed graph G, = (Z2,E;)
such that a directed edge (v,w) = ((v1,v2), (w1, wz)) € Ey if and only if (wy,w2) =
(v1,v9 £ 1), or (w1, ws) = (v1 + 1,v3) and vy = wy > 0, or (wy,ws) = (v; — 1,v2) and
vy = wg < 0. The graph Gy = (V,E;) can be obtained with a slight modification of
G: by redefining only the orientations of the edges leading out from z-axis, that is,
((’01,0), (wl,wg)) € [Es with v; = w; and wy = £1 if and only if wy, = —1 and v1 = w; > 0,
orwy =1and vy =w; <0, or we = =£1 and v; = w; = 0.

Although G; and Gs may look very similar, the random walks on them exhibit com-
pletely different behaviors. The graph G; appeared for the first time in [8], where a proof
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of transience was given; the graph G, was introduced later in [26, 25] and the random
walk on it turns out to be recurrent. The recurrence of G, follows from Corollary 4.8 in
[20], as pointed out in [5, Prop. 7.8]. Both random walks, considered at their successive
returns to the z-axis, belong to the class of 1D oscillating random walks [20, 26, 25],
with Gs critically recurrent in the class.

Run a simple random walk on G;. Let Ng, (n) be the number of windings around the
origin up to the n-th step. See (2.19) for the formal definition. Our first result is a strong
LLN for Ng, (n).

Theorem 1.1.
N G, (n) 1

— — a.s.
logn 2m

Note that this is in sharp contrast with the winding angle of classical 2D Brownian
motion and random walks, which have nontrivial scaling limits.

In order to prove Theorem 1.1, we obtain a local limit theorem for the return proba-
bilities on G;. More precisely, let (M;);>o be the simple random walk on G; and let T,
be the time just after the n-th vertical step of M. Write P, for the law of (M;);>¢ starting
at the origin. Then we have the following precise asymptotics:

Theorem 1.2. ]
Py (Mr,, = (0,0)) ~ NI

Theorem 1.2, in turn, provides a new proof of the transience, see Corollary 2.6. In
[11], similar results as Theorem 1.2 are obtained for random walks on randomly oriented
lattices.

Now consider the simple random walk on G. To study its winding, we will focus on a
continuous-time process (W;):>o on R?, which is the scaling limit of the random walk on
G-. Starting from the negative x-axis, the process W; drifts at unit speed to the right
while performing a reflected Brownian motion vertically, until the first time it hits the
positive z-axis, see Figure 3; then it continues analogously in the lower half plane but to
the left until hitting the negative z-axis, and keeps alternating between two possibilities.
A precise definition of W} is given in Section 3.1.

v Pty

(-m.0) 0,0) af -

Figure 3: Illustration of the first step of the ladder height process.

Let N; be the winding number of W; around the origin up to time ¢. As shown in
[2], the big windings of a continuous process better capture the winding behavior of
its discrete counterpart. So for ¢ > 0, also consider the big winding number N} taking
place outside a small ball of radius € centered at the origin. The scaling limit in (1.2)
below does not depend on the choice of e.

Theorem 1.3.

22Ny 4
Ny _dy (1.1)
log? ¢ n
and N )
2m Ny d !
o2t /0 Lip,>0yds (1.2)
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ast — oo. Here (35 is a standard Brownian motion and p;, represents its first hitting time
ath e R.

Note that the limit in (1.2) has the same law as the hitting time of a reflected
Brownian motion at one. So unlike the Lévy distribution (1.1), the distribution in (1.2)
has sub-exponential tails. The comparison between (1.1) and (1.2) shows that it is the
small windings near the origin that give the scaling limit of N; its heavy tails. Similar
comments were made about the planar Brownian motion in [3].

In particular, Theorem 1.3 shows that the winding and big winding numbers of W,
grow faster than those of a planar Brownian motion. The difference results from the
fact that W; is only allowed to wind in the clockwise direction, whereas the planar
Brownian motion chooses both directions randomly. Surprisingly, the heuristic goes
further by explaining the difference in scaling limits: the Cauchy and hyperbolic secant
distributions have the same law as the Brownian motion subordinated to an independent
random time distributed as (1.1) and (1.2) respectively. In other words, their scaling
limits are off essentially by a central limit theorem. In the same spirit, Theorem 1.1
should be compared with the law in [4].

Our last result is about the tail of return time on G, which quantifies its recurrence.
For SRW on Z2, Dvoretzky and Erdos [14] showed that the return time to the origin
has a tail of order ©(1/log k). By analyzing W, and exploiting the Lyapunov function
methodology (see e.g. [25]), we are able to prove a similar tail bound for G,. Let
(X;,Yi)i>0 be the simple random walk on G,. Define the return time 7,” := min{i >
Theorem 1.4.

lim log Po(rg" > k) _ 1
k—o00 loglog k

In particular, this gives a new and self-contained proof of the recurrence of G,, see

Sections 3.3 and 3.4.

1.2 Organization of the paper

In Section 2, we shall analyze G; and prove Theorems 1.1 and 1.2. We introduce
an auxiliary process (G, S) in Section 2.1 and prove a strong LLN for its winding in
Section 2.2. The auxiliary process (G, .S) mimics the behavior of the random walk on G,
but has cleaner algebra. We come back to G; in Section 2.3, proving Theorem 1.2 as well
as the transience of G; in Corollary 2.6. Finally, in Section 2.4 we establish a comparison
between the two processes and use the LLN for (G, S) to deduce Theorem 1.1.

In Section 3, we shall study G, and prove Theorems 1.3 and 1.4. We give a pre-
cise definition of the continuous process W; in Section 3.1 and prove Theorem 1.3 in
Section 3.2. In Sections 3.3 and 3.4, we develop the key ingredients in the proof of
Theorem 1.4 and prove the recurrence of Go as an application. In Section 3.5 we prove
Theorem 1.4. The most technical parts of the proofs are postponed to the appendices.

2 Random walk on G,

2.1 Auxiliary process G

The main goal of Section 2 is to prove Theorem 1.1 for the random walk on G;. We
start by introducing an analogous 2D process (G, S) with nicer algebra.

Let S be a simple random walk on Z. Recall that the graph of such a random walk
is given by the path successively connecting the sequence of vertices {(i, S;)};>0 on Z?2,
with e; representing the line segment between (i, S;) and (i + 1, .S;;1). We define a signed
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time process
n—1
Gn = Z l{ei is above z-axis} — l{ei is below z-axis} (2.1)
i=0
to be the difference between the time spent above and below z-axis. Roughly speaking,
the simple random walk S corresponds to the vertical movement of the random walk on
G1, whereas the signed time process G mimics the horizontal counterpart.

Let Ng(n) be the number of windings around the origin of the two-dimensional
process (G, S) up to time n. We state an analogue of Theorem 1.1 for Ng(n). Later
in Section 2.4, we will establish a comparison between Ng, (n) and Ng(n) and use
Proposition 2.1 to prove Theorem 1.1. We will prove Proposition 2.1 in Section 2.2.

Proposition 2.1.

M % i a's‘
logn 27

The following is a direct consequence of the usual Chung-Feller Theorem. See [19]
for a general introduction on the topic.

Lemma 2.2. For z € {—2n,—(2n —4),--- ,2n — 4,2n}, we have

1
Po(ggn:Z‘SQnZO):n+1. (2.2)
Thus for such z,
1
Py ((Gan, S2n) = (2,0)) ~ W
The probabilities vanish for other z’s. O

2.2 Winding of the auxiliary walk

In this section we shall prove Proposition 2.1. We will use the following definition of

Ng(2n):
1 n
Ng(?’l’l/) = 2 Z 1a,,,
=1
where for i € [1,n] we define 7; := sup{t < ¢; S3; = 0} and
Ag; :={S2;, = So; = 0 and either Ga,,G2; < 0 or Ga,, = 0 and Go; > 0}.

In words, we define A; to be the event that (G, S) just completed a half winding at the
2i-th step. If A,; occurs, we say this half winding started at the 27;-th step. Note that
since the walk is transient by Lemma 2.2, whether we count the half windings where
Gar, = 0 or Gy; = 0 wouldn’t have any impact on the asymptotics in Proposition 2.1. Also
define

Ag; = {S,, = So; = 0 and Ga,,Ga; < 0}.

More generally, we would like to consider the law Ps, of (G, S), where the first
coordinate G starts at Gg = 2z. Forn > 1, we define G,, as in (2.1) such that G,, := G,,_1+1
with the sign depending on whether the edge e, _; is above or below x-axis. We use P
without subscript to denote Py.

Lemma 2.3.Fixz € Z,i>1land0< k<i—1, Letm =i—kand I, = {-k,—k+
2,-+-,k—2,k}. Then

1
Py, [Ag | Sos = 0,7 = k] = 5

Gy | 0+ ) (2.3)
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and

- 1
Py, [Ag; | S2i = 0,7 = k| > 5

m“—m,m]ﬁ(z—t—&)!. (2.4)

Also we have

1

BlSe: = 0,m =k ~ oG — e

(2.5)

Proof. Let U, be the discrete uniform distribution on I,. Let X be a Rademacher
random variable independent of Uj. By (2.2) the pair (Ga.,, G2;) conditioned on the event
S9; = 0,7; = k under Py, has the same law as

(22 + 2Uy, 22 + 2Uy, + 2(i — k) X) . (2.6)
Thus the probability in (2.3) is given by
P[|z + Uy| < i — k and X has the correct sign].

This proves (2.3). Equation (2.4) can be proved similarly.
For (2.5), we simply use the Markov property and Chung-Feller Theorem. O

Lemma 2.4. Fori: > 1 and z € Z, we have

~ 1
P(Ag;), P(Ag) ~ — 2.7)
i
and
Py, (Asgi) < Py(Az). (2.8)
When |z| > i, we have
Py (Asi) = 0. (2.9)

Proof. Using (2.3) and (2.5), we get

1 1 1

P(da) ~ D IR R 2 Ak — k)2 " i
k<i/2 k>i/2

A similar calculation also works for IP(flg,-). This proves (2.7).
The inequality (2.8) follows from (2.3), (2.4) and the elementary fact that

|(—m,m)ﬁ (Z+Ik)’ < |[—m,m] ﬂ[k|.

Note that the inequality in the above display would fail due to parity issue if we replaced
[-m,m] on the right-hand side by (—m, m).
When |z| > i, we have (—m,m) N (z + I) = 0, so P2, (As;) = 0. O

We also need the following estimates, which say that a half winding starts or com-
pletes close to the origin with small probability.

Lemma 2.5. Fori > 1 and ¢ € IN such thati > 3/,

P[As,1G2i] < 20 = O( Zé) (2.10)

For0 <~y <1,
P[Asi, |Gor,| < 277] = (9(13/2%/2) (2.11)
EJP 27 (2022), paper 66. https://www.imstat.org/ejp
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Proof. With the representation in (2.6), the conditional probability
]PI:AQZ‘, |g21‘ <2 | ng' = O,Ti = ]C]
is equal to

1 ] _
sy € Iyl <i—kand (i—k) =yl < ¢}. 2.12)

Note that the expression in (2.12) is bounded above by O((i — k)/k) A O(¢/k). Moreover,
if k < (i — £)/2, then for any y € I}, we have

(i—k)—ly|>i—2k>1¢,
so (2.12) vanishes. Thus we get
0 0<k<(i—40)/2,
P[Agi, |Gai| < 20| So; = 0,75 = k] << O(¢/k) (i—0)/2<k<i-—{,
O((t—k)/k) i—L<k<i-1.

Combining the above estimate with (2.5) yields (2.10).
For (2.11), the representation in (2.6) gives

IP[AQZ', |g27—i < 2’7’1;Y | SQZ' == 07’7'2' ES k] == O(k’y_l) A O((Z - k)/k)

Similarly, combining the above estimate with (2.5) yields the desired bound. O

Proof of Proposition 2.1. By the definition of NVg(2n) and (2.7) we have
1
E(Ng(2n)) ~ 5 logn. (2.13)
T
Our goal is to show

Var(Ng(2n)) < clogn (2.14)

for some ¢ > 0. If both (2.13) and (2.14) are true, then a Borel-Cantelli argument
along the subsequence exp(k'™¢) would imply the desired strong LLN, thanks to the
monotonicity of NVg(2n) in n.

To prove (2.14), it suffices to bound )", Var(As;) and the cross terms

n t—1

Z Z COV(AQj, Agi).

i=1 j=1

The former is O(logn) due to (2.7). For the cross terms, we consider two cases. Let
a=2/3.
When 1 < j < «ai, by the Markov property, (2.8) and (2.7) we get

COV(AQj, AQ»L) = ]P(AQJ' N AQ»L) — ]P(AQJ)]P(AQ»L)
< P(Ag))P(Ay(i_j)) — P(As)P(As)

N OC(Z ij - 1)) = 0(1/2).

When «ai < j < i, the above argument does not give us the desired bound. Instead we
use (2.9) and (2.10) to get

P(Ay; N Agi) = Y Po(Agij)) PlGa; = 22| Ag;] P(Ay))

|z|<i—j

< IP(1212(1'—,7')) P[Agj,]Go;| < 2(i — j)]
1 fi—j\ 1
<O(z‘—j' IE )‘O(i3/2(ij>1/2)'

EJP 27 (2022), paper 66. https://www.imstat.org/ejp
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Summing over j in both cases shows that 23;11 Cov(Ay;, Agj) is of order O(1/1), so the
sum of all cross terms is also O(logn). This completes the proof. O

2.3 Rate of decay of return probabilities

In this section we start to treat the random walk on G; and prove Theorem 1.2 and
Corollary 2.6.

Proof of Theorem 1.2. Recall that (M,»),»ZO is the simple random walk on G; and T, is
the time just after the n-th vertical step of M. Consider the subordinated process

MTn = (Ena Sn)a

where S is the simple random walk on Z, =,, := Z?:_ol & and &; is the signed number of
horizontal steps that M takes between the ¢-th and the ¢ + 1-th vertical step. Note that
|€;| is a geometric random variable with parameter p = 2/3 and sgn(¢;) determined by
sgn(S;).
Define
L3, =1{0<j<2n;5; >0}

One can show that Py(£], = k|S2, = 0) ~ 5= for o(n) < k < 2n — 1 by decomposing
with respect to the first time that .S enters the negative axis and using the generalized
Chung-Feller Theorem 2.3.1 (3) in [19]. Then

2n
Py(E2, = 0,5, =0) = Z]PO(Ezn =0,S5, =0,L5, =k)
k=1
2n
=3 Po(E2n = 0] San = 0,L£], = k)Po(A] = k[San = 0)Pg(S2p = 0)
k=1
1 2n
~———r Y Py(Z2, =015, =0,L5 =k)
3/2 Z 0\=2n 2n » &,
2/mn3/ Pt
1 2n
e — P(= =0) (2.15)
3/2 Z 2n.k '
2y/mn3/ Pt
where Zg, i = Zi:ol gi — Zfl_’,;l g; for 1 < k < 2n and (¢;);>0 is a sequence of i.i.d.

geometric random variables with parameter p = 2/3 and taking values in {0,1,2,...}. Let
My = E(E2,%) = k —n and s, := 02(Za,) = 2n02(g1). For 0 < § < 1/2, we split the
sum in (2.15) into two parts

Z P(Z2n% = 0) + Z P(Z2n4 = 0). (2.16)

|k—n|<nl/2+s |k—n|>n1/2+5

The first term in (2.16) can be estimated by means of a local limit theorem for independent
(not necessarily identically distributed) random variables. By [30, Theorem 5] we get

T LU )

|k—n|<nt/2+s |[k—n|<nl/2+8
Q.5 /s 1 1
= > |G+ o(— )| =1+ +O( 75 )
g <nt/24+ " "
(x—my k')z
—Mnp kySn _ 1 —57’
where py, (z) = NPT Zon
EJP 27 (2022), paper 66. https://www.imstat.org/ejp
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We bound the second term in (2.16) through large deviations. For £ > 0 define
Eon k = Zonk — Mpk. We have

tZon .k
- = 1/246 E(e 2"'")
= > 1/2446 —; tZon &k > tn < i _
P ( 2nk Z T %QEP(e Ze ) > %gg otnt/2ts
(2€—t/2>k ( 2et/2 )Q’VL—k
. 3—et 3—e—t _n2
= = 3
t1I>1f(; i /7 @ (e ) , (2.17)

since by IaleI eXpaIlSIOII /t / 7 ; - 1 + 3 t + O t . AIl&lOgOuSly we
3—e 3—e— 4 (n )
lla‘le

026

P (Egnk < fn1/2+5) 0 (e*T) . (2.18)

Combining (2.17) and (2.18), we conclude

S PEua=0= > P(Sar=-(k-n)=0 (ne_i> .

|k—n|>nl/2+6 |k—n|>nl/2+8
This completes the proof of Theorem 1.2. O
Corollary 2.6. The random walk on graph G, is transient.

Proof. Theorem 1.2 implies the transience of (Z,.5). Thus by the translational invariance
of G in the horizontal direction, we may find C' > 0 such that ) Py(Z, = 2,5, =0) <
C < oo for every x € Z. Hence

ZIPO(Mi =0)=> "> Py(E, =—2,5 =0)(1/3)" <CD (1/3)" < . O

n x>0 >0
By examining the proof of Theorem 1.2, we are able to prove a stronger version of it
for generic z. Notice that this is an analogue of Lemma 2.2 in the setting of G;.
Theorem 2.7. For§ € (0,1/2] and z € IN, we have

~ |z| <n —nt/2+o
Po(Ee, = 2| Son =0) ¢ < & 2| € [n—n1/2+5,n+n1/2+5],

25

Oe™) |z| > n+nt/?+,

2.4 Winding of the random walk on G;

In this section we shall complete the proof of Theorem 1.1. For 1 < ¢ < n, let
7; := sup{t < i; So; = 0} and

By, = {Sgn = Sy; = 0 and either Zy,,52; < 0 or Eg,, = 0 and Ey; > 0}

We use the following definition of Mg, (¢): for n > 0 and Ty, <t < T2,
1 n
Ng, (t) == 521%. (2.19)
i=1

Now consider the natural coupling between the vertical components of (G, S) and
My = (E,S5). We will establish a comparison between Ng(2n) and Ng, (T%,). To this end,
we define a series of random variables. Let

D, := #{i > 1; Ag; occurs and sgn(Ga-,) # sgn(Zs.,)}

EJP 27 (2022), paper 66. https://www.imstat.org/ejp
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and
D, := #{i > 1; Ay; occurs and sgn(Gs;) # sgn(Za;)}.

Recall the definition of £ from the proof of Theorem 1.2. Let £9, := #{0 < i <
2n; S; = 0}. Note that E(Zs,, | £3,) = £I —n and

Gon/2+n < L, < (Gan/24n) + L3, (2.20)

For 1/2 < v < 1, further define

) Ny = #{n > 0; [Za — (L3, —n)| 207},

(i) Nz :=#{n>0;L3, >n"}

(iil) Ny := #{i > 1; Ay; occurs and |Gar, | < 47,'},

(iv) N, := #{i > 1; Ay; occurs and |Gy;| < 4i"},

V) Ny =Ny + N+ No/2+Ne/2;

(vi) N :=#{i > 1; By; occurs and |Z,,,| < 27;'},

(vii) V! := #{i > 1; By; occurs and |Zy;| < 2i7},
(viil) N/ := Nj + Nz +N/2+ NJ2.

We make the following two claims.
Lemma 2.8. Ng(2n) < Ng, (Tsn) + Ny and Ng, (Ton) < Ng(2n) +Nj.
Lemma 2.9. V},, V] < o0 a.s.

Proof of Theorem 1.1. By Proposition 2.1 and the above two lemmas, we get

1 1
lim ——Ng, (T5,) = lim

n—oo logn n—oo logn

Ng(2n) = % a.s.

Note that T5,,_,1/2+6 < 3n < Ty, ,1/2+6 holds a.s. for large enough n and 0 < § < 1/2.
Then Theorem 1.1 follows from the monotonicity of Mg, (n) in n, see the definition (2.19).
O

Proof of Lemmas 2.8. If Ay; occurs but Bs; does not occur, then either sgn(Gs,,) #
sgn(Za-,) or sgn(Ga;) # sgn(Z2;). So we have

Ng(2n) < Na, (Tan) + Dy /2 + De/2. (2.21)

Now suppose that for some n, the events in (i) and (ii) do not happen and |Gs,,| > 4n”,
then by (2.20)

|Z2n — Gon/2| < |B2n — (L3, — n)| + (L3, —n) — Gan/2| < 207,
which implies G5, and =,,, must have the same sign. Thus we get
Ds <Ny +Ng+Nsand Do < Ny + N + N
and by (2.21) we conclude that

Ng(2n) < Ng, (Tan) + Ny + Nz + N3 /2 + N, /2
= NGl (T2n) +Nb-

The proof of the other inequality is similar, so we omit the details. O
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To prove Lemma 2.9, we need an analogue of Lemma 2.5 for the random walk on G;.
Lemma 2.10. Fori > 1 and ¢ € IN such thati > 3/,

/
P[Ba;, [E2i| < £] = 0( 273) (2.22)
For0 <~y <1,
1
]P[B2ia |E2‘ri < TZ’Y] = O(W) (2.23)

Proof. We imitate the proof of Lemma 2.5. The conditional probability
P[Ba;, |Z2i| < €| S2; = 0,7; = K. (2.24)
can be rewritten as
%IP“EQH < |Z2; — Eoi| and |E2; — Eox| — [Zax| < €] Sz = 0,7 = k].

Note that conditioned on Sy; = 0, 7; = k, the law of =9, is independent of Z; — =95 and is
close to being “uniform” in [—k, k] by Theorem 2.7. Moreover, the Chernoff bound implies
that =5; — 5y, concentrates around sgn(Sy;—1) - (¢ — k) with high probability. Thus we
obtain a similar bound on (2.24) as in the proof of Lemma 2.5, except that the probability
in the first case is exponentially small in ¢ instead of being zero. This proves (2.22). The
proof of (2.23) is similar. O

Proof of Lemma 2.9. All Ny, Nz, N, N, NI, N/ < oo almost surely by the concentration
bound (2.17), Theorem 10.2 and its consequences in [32], estimates (2.11), (2.10), (2.23)
and (2.22) respectively. Thus N,, V] < oo a.s. O

3 Random walk on G,

3.1 The continuous process

We give a precise definition of the continuous-time process (W;);>o := (Wt(l), Wt(Q))tZO
on R?, which we briefly explained in Section 1. Let m € R* and (Bf);>o be a one-
dimensional reflected Brownian motion. Inductively, we define W, together with a
sequence of stopping times (U, ), >0. Set Uy := 0 and Wy := (—m, 0) as the initial position.
For every n > 1, let

U,, := min {t >Up—1+ ‘WIE%L)—I |;BtR = O}

and
— (t —Uan + W[(lezL,BtR) if t € [Uap, Ugpy1) for some n > 0,
b (—t+Uzpgr + W((]i)nﬂ ,—Bf') ift € [Uspt1,Uzny2) for some n > 0.

In most cases needed, it suffices to keep track of W, at these random times U,,. Thus
we define HP = ‘WI(J?‘ and call this discrete-time process (H),,>o with continuous state
space RT the continuous ladder height process. Note that the ladder height process is a
Markov chain in its own right.

It is straightforward to calculate the one-step distribution of HZ. Let Z be a standard
normal random variable and p; an independent variable with a Lévy distribution, i.e.,
the hitting time at » > 0 for a standard Brownian motion started at the origin. Starting
from (—m,0), the process W; crosses the y-axis at time m with y-coordinate distributed
as y/m|Z|. Then the process continues until hitting the positive z-axis at p, ;7. Thus by

the space-time scaling of Brownian motion (see e.g. [15] Vol.2 p.170), we have

d d
HP < p iz = (WmlZ))’pr = mZpy, (3.1)
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with Z and p; independent of each other. As a consequence, we may represent H” as
the product of i.i.d. random variables 7,,:

Hf = 77an71 = mHm = exp <logm + Zlog 77i> (3.2)

i=1 i=1

with 7, 4 Z2p1. Since by reflection principle p; 4 1/Z2 (see Cor.2.22 in [22]), it follows
that logn; is symmetric and, in particular, has zero mean. This shows the recurrence
of the ladder height process (H?),,>o. Indeed we have liminf,,,, HZ = 0. This implies
that Wy, is recurrent and so is the continuous process W;. In Section 3.3, we will adapt

this argument to the discrete setting and prove the recurrence of Gs.

3.2 Scaling limits of winding numbers

In this section we shall prove Theorem 1.3. First, we give rigorous definitions of N;

and NV?. Let
2n—1

To:= Y (HP +HY,)

i=0
be the time at which W, just completed its n-th winding around the origin. We define the
winding number N; :=n if 7, <t < T,11. Also define the big winding number

1 2N —1
Mb = 5 Z ]]-{Hf>e}a

n=0

which counts one half of the half windings started outside a small neighborhood of the
origin with radius € > 0.
Recall (3.2). Let

j
B
= max H7 =m ex max E logn; | .
Y p<0§j§2n, - &1
o

Note that
log pir, < log T, < log(4n) + log i, (3.3)

where in the second inequality, we bound each H? term in the definition of 7, by /.
Also define
N[ := min{n > 0;log pn+1 > logt}.

Since 23:1 log n; is the sum of i.i.d. random variables with zero mean and finite variance
o2, by applying Donsker-type theorem on the first hitting time at one, we get

2U2M* d
- p1-

log?t

The value of o2 will be determined at the end of the proof.
We claim that for 0 < a < 1/2,

* < < *
t/410g1/°‘ t M - M
for large enough ¢ a.s. This would have proved (1.1). To show the claim, note that for
0 < a < 1/2, the anti-concentration bound log i, > n® holds for all large n a.s. by a
Borel-Cantelli argument along the subsequence n = 2¥. Thus we have N} < logl/ *t for
all large t a.s. With this fact, the claim can be proved by a straightforward argument

EJP 27 (2022), paper 66. https://www.imstat.org/ejp
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using (3.3) and the definitions of N; and N;*. This completes the proof of (1.1) and a
similar argument works for (1.2).

To finish the proof, we calculate that o> = 72. Since 11 = Z2p; with Z and p;

independent of each other and p; 49 /Z? by the reflection principle, we have 02 =
Var(logn,) = 8Var(log | Z]). By direct computation, the cumulant-generating function of
log | Z| is given by

t+1 log 2 1
K(t):= IOgE[eﬂog‘Zl] =logE|Z|" = logT ( + ) 6L, 08T

2 2 2

where ¢t > —1 and I'(s) is the gamma function. Using the notation of polygamma function
and its reflection formula (see e.g. 6.4.1 and 6.4.7 from [1]), we get

Var(log| 7)) = K"(0) = 7(logT)"(1/2)

_L _
= o) =

Combining these gives us 2 = 72. O

3.3 Recurrence of G,: outline of proof

In this and the next sections we will provide a new and self-contained proof of the
recurrence of G,. Simultaneously, we will develop the key ingredients in the proof of
Theorem 1.4, which will be treated in Section 3.5.

Consider the random walk (X;,Y;);>0 on Go. Most of the time we assume the random
walk starts at (X, Yp) = (—m, 0) for some m € Z, and denote its law by P,,. Sometimes
we also want the random walk to start at (Xo,Yy) = (0, h) for some h € Z,, in which
case we write IPj,.

Following the approach in Section 3.1, we define a sequence of stopping times (7,),>0
and consider the discrete ladder height process (H,),>o with state space IN. Precisely,
let o := 0 and forn > 1,

Tp = inf{i > 7,-1;Y; =0and X; X, , <0}

Then define H,, := | X, |.
It is not hard to see that the process H,, is a Markov chain in its own right and has
the same recurrence property as the original chain (X,Y). In the combinatorial setting,
however, we no longer have the exact representation as in (3.2). Instead we resort to
the more robust Lyapunov function method and consider a concave function of log H;.

In the following, we stick to the convention that log H; = 0 when H; = 0 for simplicity.
Using the inequality v1+2 < 1+ fz — -2? for z € [-1,1], we have on the event
{1 < H; <m?} that

log(H
\/logH1 :\/logm—i—log(Hl/m) = \/logm 14+ Ogl(ogl/m)
m

2
<\/logm {1+ log(Hi/m) %6 {log(Hl/m)} }

2logm logm
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Taking expectation, we get

E,, (log H; — 1 E,, (log H; — 1 2
E7nMSm+ (log H; ogm)i (log Hy —logm)

2y/logm 16(log m)3/2
E,, [(long — logm)Z;Hl > mz}
+ T6(log m)?/2 + E, [\/ log Hy; Hy > mZ}
< Vg + B oI _logm) _ B g 1 —log )’
+2IE,, [10g2 Hy; Hy > m2]
=:\/logm + e1(m) — ea(m) + es(m). (3.4)

Once we show that €;(m)+e3(m) < ez(m) for large enough m, we may apply the criterion
[25, Thm.2.5.2] on the Lyapunov function /log x to conclude the recurrence of Gs. It
remains to establish the following bounds.

Lemma 3.1. (i) For small enough § > 0,
1

(ii) There exist constants c1,co > 0 such that for large enough m,

c1 < E,, (log H; — log m)2 < ¢s. (3.6)

(iii) For small enough § > 0,
log2 m
es(m) = O (m1/2—45) :

3.4 Approximation estimates

We shall prove the bounds in Lemma 3.1. In all cases, the proof goes by approximating
H, by its continuous counterpart HZ, using local limit theorems and Euler-Maclaurin
formulas.

We will achieve the approximation through a two-stage analysis as in (3.1). Forn > 1,
let

op :=1nf{i > 7,_1; X; = 0}

and define V,, := |Y,,, |. For m,h,l € Z_, let p,, 5, := P, (V1 = h) be the probability that
the random walk starting from (—m, 0) hits the y-axis at (0, 2) and ¢ ; := P, (H; =) the
probability that the random walk started at (0, k) hits the z-axis at point (/,0). We state
two local limit theorems for p,, ;, and g; ;. Both proofs are standard, so we postpone
them to Appendix A.

Lemma 3.2. For small enough § > 0,

>

1
e I

2 ) 1 A 1 n e~ %
Pmh = m Vmh2 T m3/2 i

N

and
B h L o 1 A h h _ 2
i =S mert T\ EEy N Er st Y )
Recall (3.1). Note that Elogp; = —2E(log|Z|) = v + log 2, where ~ represents the
Euler constant. Consider the following two approximation errors:
Ry(m) : = E,,(log V1) — Elog(v2m|Z])
=E,,(logV1) — (logm)/2 + ~/2
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and

R,(h) : = By (log Hy) — Elog(h?p1/2)
=E,(log Hy) — 2logh — .

Proposition 3.3. For small enough § > 0,

Rj(m) = O (M) and R,(h) = O (,11130) .

‘E2 2 .
Proof. Let f,,(x) := 1:)/%%) e~ 1m and gp(z) := log xmﬁe*% be two functions defined

on R;. We decompose R(m) and R,(h) as follows:

Rf(m) = Zp'm,h IOg h — / f’rn(l‘)dx = Z [pm,h logh - fm(h)] + Z f’rn(h)
h=1 0 h=1 h=m1/2+6
m!/2+e m1t/2+e m1/2+e 0o
+{ DD fmlh) = / fm(x)dx) + (/ fon () dz — / fm(x)dx>
he1 1 1 0
=L+ L+I3+1, (3.7)

and

) h275

Ry(1) =S anstogt = [ gnla)de =3 fanstogt ~ an (0] + 3 ()
=1

=1 =1

N (l i an(l) /,:j(; gh(ﬂﬁ)dx) + (/hj; gn(w)dx — /OOO gh($)dm>

—h2-9

= Ji++J3+J4 (3.8)

for § > 0 sufficiently small.
We deal with each term in the decomposition one by one.

(i) Thanks to Lemma 3.2 we can estimate [;:

2
= 1 e~ ®m logm
I =) loghO <2+1_5> :0(125>'
— Vmh m ml/

Here for the second term of the summation, we use a uniform bound for all h < \/m
and an integral to bound the sum for h > /m, where the error is monotone in h.
Applying a similar splitting at ¢ = h2, we get

= 1 h o _»2 log h
Ji=Y loglO (M+12_5e sz) =0 (hl_%>
1=1
(ii) For Iy and J5, an integral bound as in (i) gives
L=0 (e—m”) and Jo = O (e_h&) .
(iii) By applying a first-order Euler-Maclaurin approximation, we obtain that

logm log h
13:(9(7711/2—26> anngz(’)(}LQ_W)

Full details are provided in Appendix B.
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(iv) Finally, direct computations show that:
I =0 (1/v/m) and J; = O (=)

We finish the proof of Proposition 3.3 by combining (3.7) and (3.8) with those estimate.
O

Proposition 3.4. For small enough § > 0,

Var,,(log V1) — Var (10g(\/%|z|)> =0 <m1/12_35>

and )
Vary,(log Hy) — Var (log(h?p1/2)) = O (iﬂ‘“) .

Proof. By Proposition 3.3, it suffices to show the same estimates for
Ry(m) = E,,(log> V1) — Elog?(vV2m|Z|)

and

R,(h) := Ey(log? Hy) — Elog®(h%p1/2).
This can be shown by going through almost the same proof as Proposition 3.3 but
changing log to log?. O
Proof of Lemma 3.1. By Markov property,

E,, log(H1/m) =Ey, log(Vy?/m) + E,, log(H1/V?)
=[2E,,(log V1) — logm] + Y _ [B(log Hy) — 2log h] Py (Vi = D).
h=1

The above calculation, together with Proposition 3.3 and Lemma 3.2, proves (3.5).
To prove (3.6), by (3.5) it suffices to show that

¢y < Var,,(log Hy) < ¢o
for some ¢y, co; > 0 and sufficiently large m. By Proposition 3.3 we have
Var,, (log H,) = Var,, (E,, (log Hy | V1)) + E,, (Var,, (log Hy | V1))

= Var,, (2log Vi + O(1/V{' %)) + Y " Vary,(log H1)Pp, (Vi = h).
h=1

The above decomposition, combined with Proposition 3.4 and Lemma 3.2, proves the
desired variance bound.
For the truncation error e¢3(m), we have by Lemma 3.2

€3 Z log? I P,,(Hy = 1) Z me nan, log” 1

l=m?2 l=m?2 h=1
< Z log?1 Z DPm,hGh,i + Z Dm,h

l=m? | h<y/mis h>/mls
=St ¥ o(mgn)ro(e )
< g ) \/EZS/Q

l=m? | h<y/mis

NGO log? m
o Z 1og lo<13/2 25 =0 ml/2—4s |’

l=m?
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where for h > /mi’, we apply Chernoff bounds by viewing Dm,n a@s the sum of m many
i.i.d random variables, each of which is distributed as the convolution of geometrically
many Bernoulli distributions. O

3.5 Further consequence
Finally, we shall prove Theorem 1.4 using the results in previous sections. For z > 0,
let A, := min{n > 0; H,, < z}.

Lemma 3.5. For any s € [0,1/2), there exist constants xy and ¢ such that for x > zo, we
have E(X3) < cElog HZ®.

Proof. Note that the key estimate (3.4) can be done for log® H; with any 0 < « < 1. Then
the lemma follows from the proof of [25, Corollary 2.7.3]. O

Lemma 3.6. For any ¢ > 0, there exists xy such that for x > x,, we have

) < Kl

P (max log Hypn, =¥
Yy

n>0

and if Hy > x a.s.

C
p log Hupr, >y | > ——
(grgg og Hupx, > y) > e

where the constant ¢ > 0 only depends on z.

Proof. The upper bound follows by applying [25, Corollary 2.4.6] to log® H; with 0 <
«a < 1. For the lower bound, note that a similar estimate as (3.4) implies the process
(log Hyan,)® is a submartingale for 1 < a < 2 and sufficiently large z. Then the lower
bound follows from an application of optional stopping theorem, see e.g. Example 2.4.15
in [25]. O

Proof of Theorem 1.4. Let (X;,Y;);>0 be the simple random walk on Gs. For any = > 0,
let 7, := min{i > 0;|X;| < z,Y; = 0}.

We claim that for any € > 0, there exist a large enough = and c;, ¢y > 0 such that if
| Xo| > z and Yy = 0, then

c1(logk) 17 < P(7, > k) < ca B(log | Xo|)*(log k) 1.

If the claim is true, then a straightforward argument shows that for any ¢ > 0, there
exist ¢1,cy > 0 such that

c1(logk) ™17 < Po(rg" > k) < ca(logk) 1T,

which proves Theorem 1.4.

To prove the claim, define 7 to be the number of horizontal steps taken before 7.
Since 7 concentrates around %Tm, it suffices to prove the same bound for the tail of 7.
Analogous to (3.3), we have

max Hyax, < 7o <2\, - max Hpan, -
n>0 n>0

Thus by Lemmas 3.5 and 3.6, for any € > 0, there exists a large enough = and ¢, > 0 such
that

k
P(r} > k) <P (X, >log”k +1P<aHn >>
(12 > k) <P ( og” k) max Hnaxe > oo

< ¢ E(log \X0|)1*€(log kj)*lﬂ.

This proves the upper bound of the claim. The proof of the lower bound is similar. O
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A Local limit theorems for p,, , and g,

Throughout this section we shall denote the usual one-dimensional simple random
walk on Z by S. First, we prove the local limit theorem for p,, ;, in Lemma 3.2.

Our approach is based on the fact that conditioned on the number of vertical steps
before hitting the y-axis, the vertical movement has the same law as S. To calculate the
probability of n vertical steps, we hope to interpret the number of vertical steps before
hitting y-axis as the sum of m many i.i.d. geometric random variables Gy, ,, := Z:n:l Gi
with success probability p = 1/3 and support in {0,1,2,...}. The intuition is almost
correct except that on graph G-, only vertical steps are allowed at ordinate zero. For
this reason, we modify the transition probability of S by ignoring the origin as follows:
p(1,—1) = p(1,2) = 1/2 and p(—1,1) = p(—1,—2) = 1/2, and write S’ for the resulting
random walk. We also consider a 2D modification, the random walk (X7, Y;);>¢ on an
oriented graph G/, where all the horizontal edges are to the right and all points on z-axis
are ignored. Precisely, G} = (V’, E}) has vertex set V' = Z? \ Z x {0}, and E}, consists of
all edges leading to the nearest neighbors upward, downward and to the right. Then
the intuition of geometric random variables holds for the random walk on G, with the
caveat that the conditional law of vertical movements has the same law as S’. For the
process (X, [Yi])i>0 with y-coordinate taking absolute value, define p|, , analogously as
the probability that the random walk started at (—m, 1) hits the y-axis at point (0, h) for
m,h € Z,. Then

P =Dy = D, (P1(S), = —h) + P1(S), = b)) P(Gpm = n)
n=h
= 3 Pu(S0 = ~WB(Gpn = 1) + 3 a(S0 =~ DG = 1) = 52, + 13,
n=h n=h

We will focus on pfrll’)h, as pfs)

into two parts

,, can be treated analogously. Letting 6 > 0, we split the sum

s

Pan= > RS =hPGm=n)+0| Y PGpm=n)|,

|n—2m|<m!/2+9 |n—2m|>m!/2+?

and notice that the second term in the above display decays exponentially fast by
Chernoff bound. Then, by applying the local limit theorem (see e.g. [21], p.36 !) to S we
obtain

W= X[m0+ 0 () | PG =+ 0l

|n—2m|<m!/2+¢

_ 1 67% —em?28
= [me(h) +0 (mg/Q + W)] Z P(Gpm =n)+O(e )

|n—2m|<m!/2+9

2
_ 1 e~ &
= [p27rz(h) +0 <m3/2 + m1_§>] )

1
V2mn
n2

Pam(h) + O <inf"§ ) for |n — 2m| < m'/?+%. We conclude by noting that the other bound

where we define p,,(h) = e~ %= and use the first-order approximation p, (h) =

IThis LLT and the following ones are stated for aperiodic random walks, but it is not difficult to deduce the
analogue for bipartite walks, see e.g. pp. 26-27 of the cited book.
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with an error term # follows from the same proof, together with a different LLT in
[21], eq. (2.4) on p.25.

Next we prove the local limit theorem for ¢y, ;.

Let Gpn := > r_; 9k, With gi’s i.i.d. geometric random variables with success proba-
bility p = 2/3 and values in {0, 1,2...}. Decomposing and conditioning on the number of
vertical steps n, we have

gy =Y Po(Sn=h;S% >0,V1 <k <n)P(Gppn =1)
n=h

> h
= Z EPO(SH = h)IP(Gp,n = l)7
n=h

by the Ballot Theorem, see e.g. [13, Thm.4.3.2]. Now let § > 0 and split the sum into two
parts as follows

> EIPO(S,L = h)P(Gpn =1)+O > P(Gpa=D]. (A.1)

n
|n—21|<It/2+8 |n—21|>11/2+9

Notice that as Gy, ,, has a negative binomial distribution,

-1
P(Gpn =1) = <” +z >p” 1-p)= %]P(Gl_p,l =n), (A.2)

so for the second term of (A.1), we have

n
Yo PGun=)= > TP(G1p1 =)
|n—21|>11/2+9 |n—21|>11/2+3
<E {Gl—p,l; |G1py — 20| = 11/2%} = 0@ "),

for appropriate ¢ > 0 by the Chernoff bound. By (A.2) again, we can rewrite the first
term of (A.1) as

Z %IPO(Sn = h)IP(Gl—p,l = n)

|n—21|<1/2+8

and apply the local limit theorems and first order approximation as before.

B Euler-Maclaurin approximation

In this section we will apply the Euler-Maclaurin formula to bound /5 and J;3 in the
proof of Proposition 3.3.

n 732 172
Recall that f,,(z) := 1\‘)}7%3 e~%m and f/ (x) = (% - m;‘;ﬁ“") \/%e_rm. Hence, by the

Euler-Maclaurin formula

(1/2468) logy m | 2k+1 ok+1
R S D SR A
k=0 h=2F 2"
(1/24+6) log, m
_ ’ fm(Qk)+fm(2k+1) + =0 logm
= D) Te| =Y\ i72—28 )
k=0
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where 7, denotes the k-th error term and the last equality follows from

1 1 1 2
Ire] < €28 max |f.(x)] <C2¥ max <+“gx> o

2k <gp <2kl 2k <gp<2ktl \ T 2m \T™m
1 2kt 1 1
2k 2m VT™m
1 22k
=0(—=+"55 ).
/. m3/2

2 2
Let gn(z) := logmmﬁe_% and g (z) = (1 — 3102“ + hQic;gx) 2\/{;5/26_%. By the

Euler-Maclaurin formula,

[eS) gk+1 ok+1

> Zgh(l)—/k g@)de| <Y [9h(2k) +2gh(2k+1) i

k=(2—0)logy h | 1=2k 2

= hk h3k log h
= Z O(st/z +25k/2) :O<h256>7

k=(2—46)logy h

J3

IN

where we use the fact that

E+1) h2(k+1 h
|7 <C'2F <1+3< +1) (k+ ))

2 2k+2 2\/%2%/2
hk h3k
=0 (ng/z + 25k/2) :
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