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Random walks on finite nilpotent groups driven by
long-jump measures”
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Abstract

We consider a variant of simple random walk on a finite group. At each step, we
choose an element, s, from a set of generators (“directions”) uniformly, and an integer,
j, from a power law distribution (“speed”) associated with the chosen direction, and
move from the current position, g, to gs’. We show that if the finite group is nilpotent,
the time it takes this walk to reach its uniform equilibrium is of the same order of
magnitude as the diameter of a suitable pseudo-metric on the group, which is attached
to the generators and speeds. Additionally, we give sharp bounds on the ¢?-distance
between the distribution of the position of the walker and the stationary distribution,
and compute the relevant diameter for some examples.
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1 Introduction
A probability measure p on a finite group G with identity e induces a Markov kernel
K(z,y) = K(e,z™'y) = ulz™'y), 2,y € G.
The associated iterated kernel K™ is then given by
K"(z,y) = p(z7"y),

where ;") is the iterated convolution of i with itself n times. In this paper, we consider
only probability measures p that are symmetric, i.e. u(g) = u(g—!), irreducible and
aperiodic. Consequently, K" (x,y) converges to 7 (y) as n goes to infinity, where 7 is the
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Long-jump random walks on finite groups

uniform distribution on G. A random walk on G driven by p is a sequence of G-valued
random variables {X,, },>¢ of the form

Xn =80€1- &,

where ¢ is the initial, possibly random, position and (¢;);>1 is an i.i.d. sequence of
random variables with common distribution y. When & is e, the distribution X, is
K™(e,-). The mixing time of such a random walk is

tmiz = Hlln{?’b : ||Kn(ea ) - 7r||TV < 1/4}

In a simple random walk with respect to a set S C G, at each time step, the walker
chooses s uniformly from S, and steps from her current location, g, to gs. In this
paper, we consider a variant of this walk, where the walker may “jump” further away
in the direction of s, not just take a single step. Specifically, in a finite group G, let
S = (s1, - ,sk) be a k-tuple of elements that generate G. For each i, let yu; be a
symmetric distribution supported on the cyclic subgroup (s;) and set

k
Z (1.1)

One natural choice is to set y; to be the uniform measure on (s;), for each i. In this
case, the probability given to s; by u; varies drastically depending on the order of s;. In
this paper, we consider a model that is more regular, which we call long-jump random
walk, and is inspired by classical stable processes, see [5, Ch. 6], and approximation
algorithms of convex bodies [7]. Before defining the p;’s that we will use for the rest
of the paper, we describe a more intuitive wrap-around model that is comparable. We
associate with each ¢ in {1,-- ,k} a number «; € (0,2) and the probability distribution
¢i(2) = cqo, (1 4 |2|)~(+2), & € Z. After choosing i uniformly in {1,---,k}, j is chosen
from the probability distribution ¢;, and, in this time step, the walker jumps from the
current location g to gsg . Thus, for a fixed ¢, the smaller the «; the larger the probability
that a high power of s; is chosen. We will actually work with the following variant.

??'M—‘

Definition 1.1. Let G be a finite nilpotent group of nilpotency class ¢, S be a k-tuple of

elements that generate G and a = (ay,...,a;) € (0,2)%. A long-jump measure on G is
1 F
= Z > 1a(9pil), (1.2)
i=1 j€Z/N.Z
where N; is order of s; in G and p; : Z/N;Z — R is
. & .
pi(j)= ——" where0<j< N, (1.3)
=G
1
171 :min(j,Ni—j),c;1: Z R R
Py Al P Dl
In addition we will use
1 E
15, a EZ ) wherepig) =} 1(9)pili). (1.4)
i=1 JEZ/NZ

An (S, a)-long-jump random walk on G is a random walk driven by a long-jump measure
HS, a-
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The relationship between this definition and wrap-around model is discussed in
Appendix A.

Fix a Cy > 0. When G is a finite nilpotent group of class ¢ < Cy and generated by a
symmetric set S of size less than C, it is shown in [3] that the mixing time of the simple
random walk associated with the set S is of the same order as the square of the diameter
of GG with respect to S. In this paper, we answer the following question:

Given the modification of long-jumps, what is the mixing time?

This a challenging question even in the case when G = Z/NZ as illustrated by the
following example.

Example 1.2. For any positive integer ¢, consider the cyclic group Z/NZ with N = t°.
Let S be the generating 2-tuple (1,s), where s = t*. The simple random walk driven
by the uniform measure on {+1, +s} mixes in order D? where D is the diameter of the
Cayley graph (Z/NZ,{+1,+s}). The diameter D is of order N*/ and the mixing time of
the simple random walk is of order N%/5.

Now, consider the random walk driven by ps . where a = (o, 1) and a € (0,2).
Intuitively, as o decreases, since the variance of the length of the steps increases, one
expects that the mixing time decreases. Indeed, following from the results of this paper,
the mixing time is of order

N~ for 0 < a < 1/5,
N5 for1/5<a<1/4, (1.5)
N4e/5> for1/4<a < 2.

Let us summarize what is behind this mixing time estimate. For a general finite
nilpotent group, G, and a probability measure pgs, 2, we introduce a quasinorm || - ||s,a
and show that the associated random walk mixes in time of order Dg 5, the diameter
of G with respect to || - ||s,a- Even when G = Z/NZ, as in Example 1.2, computing the
diameter Dg , is a non-trivial task, see Appendix C. The estimate (1.5) is obtained using
this method.

We now explain how to associate with (S, a) a quasi-norm on G. Referring to
the notation in Definition 1.1, from S = (s1, $2,..., k), create a formal alphabet S =
{st!,sF!,... s ). Let W be the set of finite words generated by S and degy, (w) be the
number of times either s;"! or sjl appears in the word w. There is natural projection

i
map p from W — G, mapping siil to sfl, t = 1,...,k. For example, w; = s{“l and

wy = s{'s7'sT! both map to s; under p. However, their degrees with respect to s;
differs:
degg, (w1) =1 degg, (w2) = 3.
For a € (0,2)%, define the cost of g to be
= min max { (degg (w))% } 1.6
lolls.a=, _min {max {(deg, (w))"} (1.6)
The function || - ||s,a : G — R4 is a quasi-norm on G: it only satisfies the triangle
inequality up to a multiplicative constant of 2 because we assume «; € (0,2). We define
Dg, a to be the diameter of the quasi-norm || - |[s a, that is, the largest ||g||s, a can be

when g varies over G.

We are ready to state the main results of the article, which relate the spectral gap and
mixing time of (9, a)-long jump random walks to Dg 5. Because the long-jump random
walk is symmetric, its spectrum has the form

_1§6mln§§51<6021

EJP 27 (2022), paper 26. https://www.imstat.org/ejp
Page 3/31


https://doi.org/10.1214/22-EJP745
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Long-jump random walks on finite groups

The eigenvalue Sy, is bounded away from —1 by a constant, see (2.2) below. Concerning
f1 and mixing time, we prove the following theorems.

Theorem 1.3. Fix Cy > 0 and 0 < € < 1. There exist c¢;,co > 0 (depending on Cy and ¢)

such that for any ¢,k < Cy, a € (¢,2 — ), and any finite nilpotent group G of nilpotency
class ¢ generated by a k-tuple S, the (S, a)-long jump random walk satisfies

CI/DS,a < 1 _ﬂl < CQ/DS',a~

Theorem 1.4. Fix Cy > 0 and 0 < € < 1. There exist c¢1,co > 0 (depending on Cy and &)
such that for any (,k < Cy, a € (¢,2 — €), and any finite nilpotent group G of nilpotency
class ¢ generated by a k-tuple S, the (S, a)-long jump random walk satisfies

e~ 1n/Ds.a < IIK™(e,) — ||y, < e—c2n/Ds.a

for all n > 0. In particular, t,,;, is of the same order as Dg .

Although the result stated here is with respect to the total variation norm, throughout
the paper we will work with ¢2, which will give more quantitative information; see
Theorem 4.1.

The main results above rely on volume growth properties of ||-||s,a, which we describe
now. For a given quasi-norm || - ||, define

Bx,r)={y€G:|lz7"y[[<r} and V(e,r)= Y =(y),
yeB(am)

where 7 is the uniform measure on G.

Definition 1.5. A finite group G equipped with a quasi-norm || - || is doubling if there
exists A > 1 so that
V(2r) < AV(r), forallr > 0.

We will call A a doubling constant for the pair G and || - ||.

Theorem 1.6. Fix Cy > 0 and 0 < € < 1. There exists A > 0 (depending on Cy and ¢)
such that for any {,k < Cy, a € (¢,2)*, and any finite nilpotent group G of nilpotency
class ¢ generated by a k-tuple S, the group G equipped with || - ||s,a is doubling with
constant at most A.

Organization This paper is an extension of work done in [12, 1]; these papers are
concerned with infinite groups, whereas this paper studies finite groups. Many of the
techniques used in here take inspiration from proofs from those two papers; we will give
specific citations as we use them. In Section 2, we start by proving Theorem 1.3. We
prove the upper bound by using a pseudo-Poincaré inequality, where we rely heavily on
results developed in [12]. For the lower bound, we use the Courant-Fischer characteriza-
tion of B, with a test function and bounds that are similar to those in [1]. In Section 3,
we prove the doubling property, i.e., Theorem 1.6 using growth results from [12] for free
nilpotent groups and a lemma of [6] to transport the result to finite nilpotent groups.
In Section 4, we give precise mixing ¢2-estimates, which gives a proof of Theorem 1.4
as a corollary. For these results, we use now standard techniques of Nash inequalities
developed in [3, 4]. The ¢?-mixing upper bound for time less than Dg , uses intermediate
Nash inequalities. The matching lower bound uses the spectral lower bound on balls
from Section 2 and relate it to u(snzi by using an argument inspired by proofs from [2, 14].

In Section 5, we discuss some of the challenges in computing Dg , in general by
providing some illustrative examples. Up until this point in the paper, we have assumed
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that a € (0,2)*. In Section 6, we explain how to generalize the main results when
€ (0,00)" by changing the definition of || - ||s,a

In Appendix A, we discuss the relationship between the intuitive model presented
in paragraph 2 of the introduction and the model that we presented in Definition 1.1
with which we work throughout the paper. In Appendix B, we outline properties of the
Dirichlet form and present explicit computations for the more laborious bounds used in
Section 2. In Appendix C, we present an algorithm for computing Dg , when G = Z/NZ,
S =(1,s) and a = (a1, 2), and a proof of its correctness. We use this algorithm for
many of the examples in Section 5.

Notation We conclude the introduction with some notation that we will use in the
paper.

When G is the cyclic group Z/NZ, and g € Z/NZ is represented as a number in
[0, N — 1], it will be convenient to define | g | = min(|g|,|N — g]).

All Markov kernels K : G x G — R considered in this paper are symmetric and
irreducible, and their stationary distributions 7 are uniform on G. Note that for ran-
dom walks on groups driven by u, K(z,y) = K(e,z"'y) = u(x~'y). Define K f(z) =
> yec K(2,y)f(y). The corresponding continuous-time Markov chain has kernel H; =
e tUI=K) — =t 57 LT gn et k"(z) = K"(e,x)/n(x) and h¢(z) = Hy(e,z)/m(x) be the

n=0 n!
densities with respect to 7 of the discrete- and continuous-time kernels.

The space ¢P(r) is the set of functions from G to R under the norm

1/p
Lfllp = (Z If(x)pﬂ(w)>

zeG

ifp>1and||f||c =sup,eq |f(z)|. Given p,q € [1,00] and K : ¢?(r) — ¢9(m), define

1K)
Kllpog = sup { 0l
feer(m) Hf“p

The inner product on ¢?(7) we will use is (f,g). = >, f(x)g(z)r(z). The Dirichlet form
associated with u on ¢2(r) is

Eulf9)={I—-K)f g)= % > (@) = flay)(g(@) — glay))u(y)m(x).

x,Y

The relation f < g, where f and g are positive functions, means that there exist constants
c1,c0 >0sothate;f <g<ecof.

2 Spectral gap estimates

The main tool we use to study the spectral gap is the Dirichlet form. It is related to

the spectral gap by
- J€ (f,f)} . {Et(ﬁf)}
1_ — H = L 2.1
& @Igo{ 7B S~ P WVar, () S @

which is explained in [10, Section 2]. Moreover, the form is linear in y, so bounds for &,
can be aggregated to a bound for £, ,. The details of these computations are included
in Appendix B.

o

Define o, = mingea 3(ita) It follows from Lemma A.1 that

< i < : ) < .
oy < 1r§nilgk ¢ < 1211_1&191(6) < s, ale)
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By a standard bound, see e.g. Theorem 6.6 of [11],
ﬁmin > 2/15',3(6) -1 > 20(* -1 (22)

2.1 Spectral gap lower bound

A probability distribution on G, p, satisfies the pseudo-Poincaré inequality if, for any
r > 0, there exists a(r) > 0 such that, for all f € ¢*(r),

1f = £:1I3 < a(r) Eu(f, ),

where

fr() =

TIRRLY =) wly). (2.3)

yGB z,r) yEB(z,r)

7

We need the following result regarding nilpotent groups.

Theorem 2.1. [12, Theorem 2.10] Let k and ¢ be positive integers and a € (0,2)*. There
exist C = C({,k, a), p = p({,k, a), and (i1,...,ip) € {1,...,k}? so that for any finite
nilpotent group G of class ¢ and generating k-tuple S, any g € G with ||g||s,a < r can be

written as
p

g= H SZL7 with |m;| < Crt/®i
j=1

Proof. Let G = N (¢, k) be the free nilpotent group of nilpotency class ¢ and generated
by S. Theorem 2.10 of [12] states that there exist an integer p = p(¢, k, a), a constant
C=C(k, a),and (i1,...,i,) € [k]", such that for all § € G that can be expressed a word
w where degg, 1w < r1/@i, G can be rewritten as

i=11s

—-

i with [m;| < Cr®. (2.4)

j=1

Define p and p be the projections maps from W to G and G respectively, mapping
s; — s;. There exists a group homomorphism ¢ so that the following diagram commutes,
i.e., such that p(s;) = s; for all i.

G = N((,k)

/ L

Let g € G be an element satisfying the conditions in the theorem. Let wy be a word that
realizes ||g||s, a in the sense of (1.6), and § = j(wy). Since for all 4, degy, wy < r/*, there
exist p(¢,k, a), C({,k, a) and (i1, ...,1%,) so that (2.4) is satisfied. After applying ¢ to both
sides, we get the desired result. O

S i

Theorem 2.2.[12, Theorem 4.3] Let k, ¢, and a € (0,2)* be fixed. There exists a
constant a = a(k,{, a) such that for any long-jump random measure jig o on a finite
nilpotent group G of class ¢ with |S| =k and f: G —» R,

1f = Foll3 < ar s o (f, )
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Proof. Fix r > 0, yo € B(e,r) and wy € W so that wy realizes ||yo||s,a. By Theorem 2.1,
there exists Cp = Cy(¢, k, a), p = p(¢, k, a) and (i1, ...,i,) € [k]P so that yo can be written
1/@i; | For each 7, Theorem B.5 gives the existence of

asyo =s; " - -SZP where |m;| < Cor

a constant Ci(ay;) > 0 so that, for all f : G — R and m € Z/N;,7Z where |m|*'i < CO
IG\ >l s™)* < Ou(ay,)Cy €y (£, ). (2.5)
reG

By Theorem B.1 (2), for all f € ¢*(x),

|G| S 1f(@) - flayo)! |G| S 1f(@) = flas sl

zeG zeG

< % Z Z |f(x )|2 (telescoping sum and C-S)
j=1zeG

< Ci(a, )pZ Co '€, (f,f) by (2.5)
j=1
<p’k max {C1(ai)Cy 'y r&us J(f, f)  (since £, < k&, ).

Let a = kp? max; {C1(a;)C§'*}. The theorem now follows immediately from Proposition B.1
(1). O

Proof of lower bound of Theorem 1.3. Let r = Dg ,. In this case,

fr = ExfIIlf = foll3 = Varz ().

Using the setting of Theorem 2.2, we have that for all f € ¢%(r), Var,(f) < aDg aE,s o
(f, f). From the spectral gap characterization (2.1), we obtain 1 — 8; > 1/aDga. O

2.2 Spectral gap upper bound

In this section, we will prove the upper bound of Theorem 1.3 as a consequence of
the following result, which is similar to [1, Lemma 4.2].

Theorem 2.3. Let 15,5 be a long-jump measure on a finite group G that is doubling with
constant A with respect to || - ||s.a. There exists ¢ € (*(m) and a(A, a) > 0 such that

8“5,3((?4-) < a(Av a)
K3 — Dsa

Proof of the upper bound of Theorem 1.3. Let G be a finite nilpotent group with nilpo-
tency class /, S be a list of k generating elements, and a € (0, 2)*. This gives a long-jump
measure /s, » and cost function || - ||s,a. By Theorem 1.6, G is doubling with respect to
[| - l|s,a, With doubling constant A(¢, k, a). From Theorem 2.3, there exists a constant
a(¢,k, a) > 0 and function ¢ so that

€15 o(6,0) _ all,k, )
KB~ Dsa

From the spectral gap characterization (2.1), 1 — 81 < a({, k, a)/Dg. a. O

We are left with the task of proving Theorem 2.3.
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Lemma 2.4. Let o € G where ||0HS,a = Dg a. In addition, define
QL = : a D ap o = o™t a<—D arp-
= {aeGilellon s Dsafo = {oe 6o tellon < 1505}

If g € Q and gh € Q_, then ||h||s,a > §Ds,a. Thus Q. and Q_ are disjoint.
Proof. We know that
llolls.a < 2(lo™"glls,a + llglls,a)llo"glls,a < 2(llo~" ghlls,a + [hl]s,a)-

It follows that

1
12
> Ds’a/& O

1 1
Dsa=llllsn <2 (2 5Dsia+ hllsa) + 15Dsi0) = 3D+ dlllls.o

We now define the test function for Theorem 2.3. For R = Dg ,/16, let ( : G — R be
C(g9) = C4+(9) — C=(9),

where a, = min(a),

Ce(g) = (RY* —||glld2") ¢ (g) = (R —jo™?

Because R = Dg /16, by Lemma 2.4, the supports of {; and ¢_ are disjoint and

1115 = 1G+11% + 116117 = 2/1C411* = 2I¢+I*.

Let A be the doubling constant of G with respect to || - ||s,a and B(e, R) is a ball with

respect to the quasi-metric || - ||s,». Because R/ — ||g||1/a* > (1 — 27V )R?/* when
g € B(e, R/2), it follows that

2
o 1 1 o
6l =g SR e = g 3 (1 g ) R

geG g€B(e,R/2)

~ (1 ! sz/a*B R2>1 1 ! 21R2/“*B R
_@ _21/04* # (ea /)7@ _21/01* Z # (67 )

allde) s (2.6)

Thus,
#B(e,R)

Gl
Now Theorem 2.3 follows from (2.7) and the following lemma.
Lemma 2.5. Let ¢ be defined as above. Then there exists C(k,¢, a) > 0 such that

Clh, b, RB,R) 1oy,
5155,5(47C) S |G| —ie .

2
[[C]|2 > CoR?/ where Co = —(1 - g l/en2, (2.7)

Because &, ,(¢,¢) = 2,5 .(C+,¢4) — 2E45 .(¢4,¢-), Lemma 2.5 reduces to the
following statement.

Lemma 2.6. Let ¢ be defined as above. Then there exists C(k,¢, a) > 0 such that

C(k,?, T)Cf'&B(e, R) p-14+2/a. (2.8)

Eps oGy ¢y) <

and
Clh, b, )#B(e.R) pyioja,

(2.9)
|G

—Eusa(C¢-) <
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Proof of (2.8). For this bound, we will use the notation from Definition 1.1 to describe
Hs, a- Fix iy € [1, k], and let s = S(io), o = a(io), Mo = i, and pg = Di,- We will first
prove the inequality from the theorem for each ¢y and then take the average of both
sides for the final result.

Keeping this notation in mind, we begin by giving an upper bound for

Epo (G5 C) = Z ¢4 (gh) = ¢ (9) P o (h).

g heG

Let Q@ = {(g9,h) € G x (so) : (+(gh) + ¢+ (g) > 0}. So we can restrict the sum above to just
Q). For a fixed h, we have that

#{g € G:(9,h) € U} <2¢B(e, R).

Note that uo(h) is only non-zero when h € (sq), so we can write h = s}. Thus, we
can further break the sum into two parts: (1) when [¢| > p and (2) when |¢| < p, where
p = (12R)'/0, For the first sum, by Lemma 2.4, we have

> 1 (gh) = ¢(9)Pmo(h) < 2(RM*)#B(e, R) > po(t)
(g,h):Q:]t|>p [t|>p
- 4R2/‘1*#B(6,R).
Qg po

For sum (2), fix g € G and h € (so), and choose the smallest ¢ in absolute value so
that 56 = h. It will be convenient, for all g € G, to set w, to be a word that realizes the
cost of g, and set z = deg,  wy, the number of times either so or sy 1 appears in wy. To
start, we would like to bound the term |{; (gh) — (4 (g)|- Note that we can assume that
llghlls.a > ||gl|s.a; otherwise we can set gy = gh and goh~! = ¢, and the bound would
proceed the same since we do not make assumptions about g and ||h||s,a = ||h7!||s,a-
This implies that

1G4 (gh) — C(g)] = (R — [|gll§/ % )5 — (RM* —||gh||d/2") 5.

l/a* l/a*

We will now show that this expression is less than or equal to ||gh||J " — ||9]|d 5" - Since
we assume that ||gh||s,a > ||g]|s, a, if the first term is zero, then so 1s the second term.
Therefore, three cases remain: (1) if both term are zero, then the inequality holds
trivially, (2) if both terms are non-zero, then the two lines are equal, and (3) if the second
term is zero, but the first is not, then, ||gh||s,a > R, and

[C(gh) = Co(9)l = R — |lgllgas < llghllga — llglls/a
We are ready to evaluate
_ ai/ay oo/ _ aifon a0/ay
G (gh) = C4(9)] < max {(degs, wy)™/*, (w + 1)/} — mave {(dey, w)" /™ 2%/}
< @+ fe)er/o — a0/

By the fundamental theorem of calculus and = < (12R)'/*°, we have

gy ag_y 1/a e
I¢+(gh) — ¢+ (g)| < / s s < = ((123) ° 4 p) It]
x Qe

Qe

< 2091/ 1o Rya s 1],

Qiy
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Summing over h = st, where [t| < p,

53 Kl — el < 28 (2202m) T e 1) S ot

[t|<p * [tI<p

< OLR?/*«=2/%0 4 B(e, R)p*~ 0 (by Lemma A.2),

where C; = C}(ap) = Co(a)ax 2122/0‘*‘2/“0 —2 and Cy(ay) is the constant that appears
in Lemma A.2. Putting the two parts together we have

(G100 (Cor Cs) < #Ble, R)RY/ (4p

—ap + ClR—Q/ang—a0>
Qg

< #B(&R)RQ/(X* ( R+ 01122 a0 p—2/0a0 p2/ac— 1>

01290
< Cy#B(e, )R~/

where Cy = CQ(O[U) = + Cl(a0)122 @o, O

ag 12“0

Proof of (2.9). We use the notation sg, ag, o, and py as above, and give a lower bound

for
1

€1 (6 6-) = 5 D (Calgh) = ¢ (9))(C=(gh) — ¢ (9))po(h).

g,heG

Let Q4 be the support of {4 and Q_ be the support of (_. As we chose R = Dg /12,
Lemma 2.4 implies that 2, and {2_ are disjoint. We see that the only non-zero summands
are those where g € Q. and gh € Q or vice versa, in which case ||h||s,a > R. By
symmetry, we have

Epo (G5 G- Z C+(9)¢-(gh)po(h)

g€ﬂ+
ghe_

Because |(, |,|¢;| < R~ and ¢, has support in B(e, R),

|Gl €, (G, C) S R N7 pug(h) < R¥“4B(e,R) Y polh)

9EQy l1hl]s,a>R
gheQ_
< RY*“#B(e,R) Y po(t) < Cs(ao)#B(e, R) R/,
[t|]*0>R

where Cs(ap) is as in Lemma A.2. Averaging over all components p; of g », we get that
the inequality also holds for pg a. O

3 Volume estimates

For proving the doubling statement of Theorem 1.6, there are two main ingredients:
(1) [12, Example 1.5] that shows doubling with respect to || - ||s o for free nilpotent
groups and (2) the finite version of [6, Lemma 1.1] stated below, which allows us to
translate doubling from the free nilpotent group to the finite nilpotent group.

Lemma 3.1 ([6, Lemma 1.1]). Let G be a finitely-generated countable group acting on

a set X, which we will write on the right. Let A and B be finite subsets of G, and Y a
subset of X. Then,

#A#(Y B) < #(AB)#(Y A™).

EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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Proof of Theorem 1.6. Let G = N (¢, k) denote the free nilpotent group of class ¢ gener-
ated by S of class /. Let VW be the set words generated by entries of S and p and p be
the natural projection maps from G and G, respectively, to WW. Using this lifting, we
can define an (9, a)-cost function on G, which we will call ||| - |||s,  to differentiate. We
will also use B and B to denote balls with respect to ||| - |||s.a and || - ||s, a respectively.
Further, there exists ¢ : W — G so that the following diagram commutes.

G =N(,k)
e
S s Ww “ G
With this, by the way that the cost function is defined, for all § € N(¢,k), |/|]||s,a >
()]s, -
By Example 1.5 from [12], there exist constants ci,co > 0
X ¢
R < #B(e,r) < cor®™) where d(6,k) = > Y p(d)k™/? 3.1)

m=1d|m

and p is the classical Mébius function. Thus, N (¢, k) has polynomial growth with respect
to [l Ills.a- A

Next, we apply Lemma 3.1 with the group actionof § € Gonz € Gviax - § = z¢(g§),
and the sets

Y = {eG}7
A=Ble,r)={x e N((,k) : |||z|||s,a <7} and

B= B(6,2’I“) ={z e NE):|||z]l|s,a < 2r}.

First, notice that since ||z||s,a = |[|z7!||s,a, YA™! = Y A. We then show YA ™! =Y A =
B(e,r) by showing inclusion both ways. Let € B(e,r) and w € W that realizes the
cost of 7, i.e., [|7|[s,a = max;(deg,, w)*:. Consider & = p(w) € N(k,{). By construction,
o(&) =z, |||#|||s,a <7, and thus & € B(eg,r). It follows that YA 3 e - & = eqp(i) = ,
and B(eg,r) C AY.

Now let y - a € YA. Let w be a word that realizes cost of q, i.e., |||a|||ls,.a =
max;(deg,, w)*. As in the previous case p(w), which is also equal to ¢(a) = ¥ - a,
must have cost less than or equal to r. Therefore, YA C B(eg,T).

Next, we want to show that AB C B(e, 6r). Leta € Aand b € B. Let wg, w1, and ws
be words that realizes the costs of ab, a and b respectively. By the triangle inequality for
our quasi-norm, ||ab||s,a < 2(||al|s,a + ||b||s.a). SO A C Ble, 6r).

Finally, we can show doubling

#DB(e,2r) #Y B #AB
_ < :
#B(e,r) #Y AT — #A (by Lemma 3:1
. d(t,k)
< ZBB(?GT)) < 02(62)“ ) < 6460 (ca/c1). =
e,r arme

Doubling imples the following property, which we use in Section 4.
Corollary 3.2. Forall0 <7 < R < Dg 4,

r+1
R+1

d
V(e,7) > A2V (e, R) < > , where d = log, A.

EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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Proof. We have that for & <41,

1 1
Ri)<..§AkV(e,R+

V(e, R) S V(e, R+1) S 2V(€, 2 < 7

) < ARV (e, r+1) < AMFIV (e, 1),

After taking log, (#5) < k < log, () + 1, we can deduce
d
V(E, R) < A10g2(1j+11)+2 — A2 R+1 ) 0
Vie,r) — r+1
To conclude this section, we show that || - ||s a also satisfies a “reverse doubling”

property, i.e. a lower bound of V (e, R)/V (e, r) by a quantity that is a polynomial of R/r.

Lemma 3.3. Let G be a finite group, || - ||s,a be the cost function of an (S, a)-long-jump
random walk. Let 1 < R < Dg ,, there exists g € G such that R/4 < ||g||s,a < R.

Proof. In the case that 1 < R <4, fix s in S that is not the identity. Then, s € B(e, R), and
R/4 <||s||s,a < R. Now consider R such that 4 < R < Dg ,. Since R is strictly smaller
than Dg a, G\ B(e, R) is non-empty and there exists g € B(e, R) such that gs € G\ B(e, R)
where s is an entry in S. Therefore, R < ||gs||s,a < 2(||9]ls,a + ||5]|s,a) = 2(||g]ls,a + 1),

and ||g||s,a > R/4. O

Proposition 3.4. Forall1 < R< Dg , andr =27 'R,

V(e,R)
Vie,r)

Consequently, forall1 <r < R < Dg, ,,

> 2.

V(G,R) 1 1/
Ve, r) = 2 (B/r) "

(3.2)

Proof. There are no elements with cost in (0,1). Soif 1 < R < 4, #B(e,r) = 1 and
#B(e,R) > 2. Now, we assume that 4 < R < Dg,. By Lemma 3.3, there exists
o0 € B(e, R/4), such that 237 = R/2* < ||o||s,a < R/2%. We will show that

1. B(e,r)N B(o,7) =10
2. B(e,r)U B(o,r) C B(e, R).

This immediately implies that there are two disjoint balls of radius r in B(e, R), which is
our desired result. To show (1), suppose there exists g € B(o,7)NB(e,r). By definition, we
know that ||g||s.a < 7 and ||o~1g||s.a < r. This implies that 237 < ||o||s.a < 2(|[0"'g||s.a +
lg]s,a) < 22r, which is a contradition. For (2), the fact that B(e,r) C B(e, R) is clear. If
g € B(o,7), then ||g]|s,a < 2(/[ol|s,a + |lo”}glls.a) < 2(R/4 + R/2") < R.

To show (3.2), observe that for R > 27%r,

V(e,R) >2V(e,27"R) > --- > 2"V (e, 27" R) > 28V (e, r).

By choosing k so that 1 log,(R/r) — 1 < k < Llog,(R/r), we get the desired result. O

4 Estimates on mixing and proof of Theorem 1.4

Theorem 4.1. Let K be the Markov kernel of an (S, a)-long-jump random walk on
a finite group G with nilpotency ¢, and = be the uniform distribution. There exists
b1,bs,c1,c0 > 0 such that for alln > 0

C1 C2
————exp(—n/b D < ||k} = 1|]s £ ————=exp (—n/byD .
V(e,n)1/2 Xp( / 1 Sva) — || e H2 — V(e,n)1/2 Xp( / 2 S7a)
EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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Proof of the upper bound of Theorem 4.1. We have shown that there exists positive real
numbers d = d(¢,k, a) > 1 and a = a({,k,a) > 1, forall 0 <r < R < Dg , and f € (*(m),

r—+1
R+1

It is straighforward to check that the proof of [4, Theorem 5.2] works for quasi-norms.

Using [4, Remark 5.4 (2)] with o = 1 and M = “‘QVQRi*;;;d (4.1) implies that

d
v<e,r>zA2v<e,R>( ) 1f = £12 < ar e (£, F)- 1)

Vf € (), |f||§+2/d§0<u53(f,) ||f|2>||f|2/d,

where C = (1 + 1/(2d))%(1 + 2d)"/¢A?/4(R 4 1)(V (e, R))~'/a. This is called a Nash
inequality [4]. By [4, Corollary 3.1] with R = n, we obtain that,

C3
Vn < Dg a, K" o < 4.2
< Dsar K oo < ¢ (4.2)

e,n)1/2’

where ¢3 = 2v/2(242)(1 + [2d])?%(1 + 1/(2d))%(1 + 2d)'/?a¥/? A.
Now, fix n > 0 and write n = ny + ng with ny = min(|Dg a|,n). We have
ke =12 = [[K" = 1]|2m00 < || K™ [[2ms00|[K™ — 7|22,

e.g. [10, Section 1.2.4]. Inequality (4.2) implies that || K™ |3 00 < W and Theo-
rem 1.3 and (2.2) give

1672 = wllaz < (1 = min(2a,,1/aDs,a))™  (where a, = min ﬁ
(1 -2ax/aDg o)™  (since 2a. < 1and aDg , > 1)
exp(—2an2/aDg, a).

)

<
<

It follows that

c
ke = 1[2 < [[K™ [[2m00[[K™* = 7[[252 < V(TZ)’I)UQ@XP(—%*M/GDS,J
< W exp(—n/baDg a) (where ¢y = e'/%5 and by = a/(2ay)). O

For the lower bound, we will use this following lemma which orginates from [2,
Proposition 2.3] and [14, Lemma 3.1].

Lemma 4.2. For alln > 0, there exists a constant C > 0 such that

6—20

kX2 > ———.
K21l 2 i

Proof. Let U = B(e,n) and Ky (z,y) = K(z,y) when z or y are in U and Ky (z,y) =0
otherwise. Let §y is the largest eigenvalue of Ky and ¢y be its associated eigenvector.
The argument is based on the fact that as a consequence of Cauchy-Schwarz inequality,

the function n — % is decreasing. We have
| ”flz}
kMl = ||IK™ = max
H eH2 H H14>2 f?éo{ ||f||1

:max{ || K" fl2 “.|Kf|2||f|2}
0 LK™=l 2 I

- ||Kf||z)"‘1 171
= {( 171 |f||1}

EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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K R |
> e {(anﬂ!Z) v<e,n>1/2} (by ¢S and U= Ble. )

supp(f)CU
N (HKsz)“ 1
—\ lleull2 V(e,n)l/?
||KU90U||2)n ! . .
> (py is positive)
( lleu|]2 V(e,n)t/?
1
_ n—1 )
By V(e,m)l/2
Consider the value
Bu = max K = max Kf,f),.=1~- min Eus (F f)-
v f;'éO,supp(f)QUH UfH2 f#O,supp(f)§U< ff> f#0,supp(f)CU Hss <f f)
[1fl]2=1 [1fl]2=1 [Ifll2=1

Consider the test functions 1. and (., the function from (2.6) with R = n. From

Lemma 2.6 and (2.7), there exist a constant C = C(k, ¢, a) such that % < C/n.
Thus, we have

. 5 Sa(ﬂe’]le) S S.a(C+7C+>}
>1- s, s,
bu = mm{ P Il

| {a* O}
>1l—ming —,— ».
8 ' n

Collecting our lower bound on ||k7||2 and Sy, we derive

n . [a. CU\" 1
llk[l2 = <1mm{8’n}> Vien)?

S . o, 2C 1
~Z eXp | —min I, 7 n W

1
P R —— O
=° V(e,m)l/2

Proof of lower bound of Theorem 4.1. We have that ||k? — 1|]» > 2||M€3n)a —7llrv > BT
From Theorem 1.3, we know that there exists a > 0 such that §; > 1 —a/Dg ». We
also have the bound g,,;, > —1 + %a* by using test function 1. in (2.1). Let ¢ =
min(a/Dg, a,a./8), and we compute further

|EZ = 1]z > (1 — ¢) > e~ 207/ Psia (since 0 < ¢ < 1/2.) (4.3)

Let C > 0 be the constant from Lemma 4.2. In the case that V (e, n) < e~*“ /4, we have
n < Dg ,, and the term exp(—2an/Ds, a) is roughly constant, namely,

e 2" < exp(—2an/Ds. a) < 1.

Hence, it follows from Lemma 4.2 that
—2C e—2C —2C

€
ke = lo = ||kl — 1 >

h W -l 2V (e,n)1/2 = 2V (e, n)1/2 exp(—2an/Ds, a).

When V(e,n) > e~4¢ /4, by (4.3), we have

N o—2C

~ 2V (e,n)1/2
Thus, the lower bound is true for ¢; = exp(—2C)/2 and b; = 1/2a. O

[|kZ — 1|2 > exp(—2an/Dg, a) exp(—2an/Dg, a).

EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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The proof for continuous time is similar and we have the following result. For the
definition of H; and h{, see the Notation section at the end of Section 1.

Theorem 4.3. Let H;, t > 0, be the continuous time Markov kernel of an (S, a)-long-jump
random walk on a finite group G with nilpotency ¢, and 7 be the uniform distribution.
Then, there exists a1, as,c1,co > 0 such that for allt > 0

C1

Wexp(—t/alDS,a) <[hi =12 < 5

ca
Ve exp (—t/a2Dg a) -

We now have the ingredients to prove Theorem 1.4, the mixing time result.

Proof of Theorem 1.4. We want to show that there exists aq, as, b1, by > 0 such that for
alln >0,
aj exp(—n/b1Dg a) < ||K"(e,-) — 7||lrv < a1 exp(—n/b2Dg, a).

The lower bound follows directly from the fact that ||[K"™(z,-) — «||7v > 87, see [11,
Proposition 5.5]. For the upper bound, we know from Theorem 4.1,

1 c
1K™ (e,) = mllrv < Sllke =12 < Wexp(—n/czDs,a% (4.4)

for some c¢;,c2 > 0. When n > Dg ,, V(e,n) is equal to one and only the exponential
term remains. The total variation is always bounded above by 2, and when n < Dg , the
exponential term bounded above by a constant, which gives us our upper bound. It thus
follows that

a1(log2)Dg a < tmir < az(log4)Dg a. O

5 On computing the diameter

As one would expect, computing Dg, , for arbitrary groups, S, and a is a difficult
problem in general. More surprisingly, even just on the cyclic group computing Dg , is
still quite nuanced. In Section C, we give an exact formula for Dg , when the S = (1, s)
and arbitrary a and use those results in our examples. We start with a remark about the
relationship between Dg , and the diameter of the Cayley graph:

Remark 5.1. Let G be a finite group and S = (s, s9, . . ., Sk ) be a k-tuple whose elements
generate G. Recall from the introduction, W is the set of words generated by an alphabet
S = {sfﬂsé“, .. ,s,fl} generated from S. We define the following quantity, which is
comparable to the diameter of the Cayley graph.

Ds = ma i ax |de .
s IQHGC);({wEWH:EEp(w) 11;112(’6‘ Bs: (w)|}

Notice the following facts:
1. if a=(¢,...,«) for some a € (0,2), then Dg o = Dg, and
2. if ¢ > 0 and a such that a and ca € (0,2)%, then D§ , = Dg_ca.

Now we are ready to present three examples in the vein of the example in the
introduction, Example 1.2. We will compute Dg , for G = Z/NZ where a and N are
fixed and S is set to (1, s) for various s of the same order. See Appendix C for detailed
computations.

Example 5.2 (Simple variation of Example 1.2). Let ¢ be a postive integer larger than 5
and
N =t +1)(t* +2).

EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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We want to find Dg a for G = Z/NZ, a = (a,1), a € (0,2), and S = (1,s), where
s = (t>+1)(t* +2). By Theorem C.1,

Dg o < min{N¢, maX{N4a/5,N1/5}}.
Breaking this into cases, we have
N« ifa € (0,1/5),
Dgax< NY° ifae(l/5,1/4),
N4/5 if o € [1/4,2).
For this example, s is of order N*/5 where s divides N, which is the same set up in

Example 1.2 from the introduction.
Example 5.3. Next, we still have ¢t > 5, N = t(t2 + 1)(t> +2), G = Z/NZ, and a = (a, 1)
for some « € (0,2). For this example, we pick S’ = (1,s), with s’ = t?(t? + 2) and we
will compute Dg ,. As in the previous example, s’ < N 4/5 but s’ doesn’t quite divide N.
Dividing N by s’ using the Euclidean algorithm, we get

N =ts'+r (wherer=1t>+2t)

s’ =tr.
Applying Theorem C.1, we have
Dgr. 2 = min{ N max{N*/5 N5} max{N3*/° N2/°}},
which gives us what we got in Example 5.2 with two more cases

Ne if o € (0,1/5),
N5 ifa€[1/5,1/4),
Dsi o< { N/ ifae[1/4,1/2),
N?/5 ifa€[1/2,2/3),
N3e/5 if o € [2/3,2).

Example 5.4. Again, we lett > 5, N = t(t>+1)(t*+2), G = Z/NZ, a= (a,1), a € (0,2).
We choose S” = (1,s”), with s” = (t> + 1)?, which does not divide N “even more” than
in the previous example. Specifically, dividing N by s” using the Euclidean algorithm
terminates in three steps instead of two:

N=ts+t*+t (wherer, =t(t*>+1))

s" =tri + 19 (where ry = 2+ 1)

r = t?"g.
Applying Theorem C.1, we get
Dsr_ o = min{ N max{N**/5 N5} max{N3®/5 N?/5} max{N2*/5> N3/5}}

and Ds/r,a
N if « € (0,1/5),
NY5  ifa € [1/5,1/4),
N*/5 i a € [1/4,1/2),
Dgn a<{ N2 ifae[1/2,2/3),
N3/5 if o € [2/3,1),
N3/5 ifa € [1,3/2),
N2/5if o € [3/2,2).
EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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Remark 5.5. In the three examples above, N is the same and s, s’ and s” are comparable
in size (N*/%), but the resulting diameters Dg o change according to the length of the
Euclidean division of N by s, s’ or s”.

Next we give Dg , for a non-abelian group for different sets of generators.
Example 5.6. Let G = H3(Z/NZ) be the group of upper triangular matrices in Msy3
(Z/NZ) with 1’s on the diagonal. Let g be a element of H3(Z/NZ), which we will write
of the form

1
0 (5.1
0

S = 8
— < W

Let
1 1 0 1 0 0 1 01
s;=10 1 0 so=10 1 1 and s3=10 1 0
0 0 1 0 0 1 0 0 1
Consider Dg , with S = (s1, $2,53) and a = (aq, g, a3), where each «; € (0,2). Then,

lgl]s.a = max { 1o 1, 1y min { | 2], ]2555 ) (5.2)

Therefore, Dg, , =< Nmax{onazas}

If we also include sﬁ in S, this decreases the cost of elements in both the s; and s3
direction.
Example 5.7. Fixt > 0, and N = 2. Let G = H3(Z/NZ), S = (s1, s}, 52, 83), 8) = s}, and
a=(o,m, s, a3). Let g = s5%s52s7" . Define z(m) and y(m) so that m = y(m)t + z(m)
where |z(m)| < t/2, and therefore, |y(m)| < t, Then

llglls.a = max{max{|x(m1)|, ly(ma) [}, [ma|*?,
. @12
min { [ms|*?, max{ e(ms)], [y(ms) [} 755 } ]
Therefore, Dg a < Nmax{%’”’o‘g”z(sf%iz)}

6 Generalizing results to a € (0, 00)".

In this section, we discuss how to generalize the main results of the paper (Theo-
rem 1.3, Theorem 1.4, and Theorem 4.1) when a € (0, 00)*.

Definition 6.1. For any a > 0, define a function ®, : Z/NZ — R as follows.

lz]® ifa € (0,2)
Po(z)=1q |z|?/log|z| ifa=2 . (6.1)
| z |2 ifa>2

We redefine the cost function from (1.6) as follows.
Definition 6.2. Forg € G,

ll9|s,a = felg\l/ {1rgl_a<xk {@ai (degs, (w))}} , (6.2)

p(w)=g
where W is is the set of words generated by the alphabet S = {sf, ceey s,f} and p is the
canonical projection from W to G. We redefine the (S, a)-diameter with respect to the
new cost function
Dg 5 = .
S, a rgleangQHS,a
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Theorem 6.3. Fix Cy > 0 and 0 < € < 1. There exist c¢1,co > 0 (depending on C and ¢)
such that for any ¢,k < Cy, a € (¢,1/¢)*, and any finite nilpotent group G of nilpotency
class ¢ generated by a k-tuple S, the (S, a)-long jump random walk satifies

¢1/Ds,a <1—p1 < c2/Dg, a.

To prove this we need the following lemma:

Lemma 6.4. Fix N > 0, a > 0, and G = Z/NZ. Then, there exists C(«) > 0 so that for
allr >0, ®,(y) <rand f € (*(n),

v Y @)~ f@ )P < C@)Baly) Epy . (F £, (6.3)

z€Z/NZ

where

c 1 1
pN,a(x):—Mc - Z (14 |4 )ite’
T+ 1z W, 1T
Proof. When « > 2, both £, and &, , have finite second moment, where p is the measure
that drives lazy simple random walks on Z/NZ. Therefore, the two forms are comparable
up to a constant, see [9, Corollary 1.5]. The case when o« = 2 is treated in [14, Proposition
A4l O

Proof of Theorem 6.3. For the lower bound, we repeat the argument from Section 2.
The appropriate version of Theorem 2.1 comes from [12, Theorem 2.10]. Lemma 6.4
is the corresponding version of (2.5). From there, the proof follows the same line of

reasoning.
For the lower bound, adapting details of Section 2.2 is a straightfoward calculus
exercise. The main details of the computation is also covered in [1, Lemma 4.2]. O

Still following the same reasoning as for a € (0,2)’“, we arrive to the following
theorem.
Theorem 6.5. Let K be the Markov kernel of an (S, a)-long-jump random walk on

a finite group G with nilpotency ¢, and w be the uniform distribution. There exists
b1, bs,c1,co > 0 such that for alln > 0

(&1 C2

Vieniz P (=n/b1Ds,a) < [[kg — 1|2 < Ve exp (—n/b2Ds,a)

(e,n

where

Vix,r) = Z w(y).

yeG:||z7 ylls,a<r

Example 6.6. Fixt > 0, and let N =t?, G = Z/NZ, S = (1,t), and a = (1,2). For each
g € Z/NZ, we can write g = z1 + xot so that || and |z3| are strictly less than ¢. Then,

e _ 72|
ll9lls,a = [lz1 + 22t][s,a < max { [21], :
log |x4|

A A note on properties of ;s ,

In this section, we prove some useful lemmas about 115 o that are used frequently
throughout the paper, such as bounds for the normalization constants and its moments.
We will also discuss how pg . compares to the probability measure that drives the
wrap-around model.
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Lemma A.1l. Let N be a positive integer, a be a positive real number, and
-1
1
€= Z 1+ 14])i+e ’
jezmz AT [J1)

the normalization constant on individual cycles from Definition 1.1. Then,

«

—<c<1l
20+a) = —

Proof. Since the summand corresponding to j = 0 is 1, c is less than or equal to 1. For
the lower bound, we have that forall N > 1,

N/2

. 1 N7z 1 1
<211 — | <211 ——d <2(1+—. O
e\t g ) < */0 Trsie @)= (*a)

Lemma A.2. Let p : Z/NZ — [0,1], p(j) = ¢/(1+ |5 1) with 3,z nz (i) = 1.
There exists a constant C(«) > 0, so that

S n(0) = S ST ) < e

[t|>a [t|<a

Proof. If a = 1, then both sums are less than or equal to 1 = 1/a% = a2~ Ifa > 1, we
can compute

p(t)§2/ p(t)dtgzc/ _ar
|t2>:a max(2,a)—1 a/2 (1 + t)l+
2¢ 2¢(2%) 1

= < .
a(l+a/2)* = a a®
Moreover,
4a 4a
> 1tPp(t) < 2/ 2p(t) dt < 2c/ (1+t)dt
lt|<a 0 0

2—«

25¢
<
T 2—«

Thus, the statement of the lemma is true for C(a) = max{1,2¢(2%)/a,2%/(2 —a)}. O

Next, we prove that the wrap-around definition described in the introduction and
one given in Definition 1.1 are comparable. Specifically, we will show that on cycles, the
probability measures are comparable up to multiplicative constants depending only on «.
Therefore, the probability measures on the full group are comparable up to constants
depending on a. For fixed N > 0 and « € (0,2), the measure driving our long-jump
random walks on Z/NZ is

p(g) = (; where ¢! = Z ( L

TFa’ NI
1+ 1gl) ez 1)

and the measure driving the wrap-around model is

i ¢ . 1
p(g) = E T where ¢ = E E N1ra
‘= (L+1g+ Nj) ez \iep L+l + Njl)
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Lemma A.3. For all o > 0, there exist constants c1,co > 0 depending on «, such that for
all positive integer N and k € Z./NZ,

c1p(k) < p(k) < cap(k).

Proof. Fix an integer k € [0, N/2], and consider

= (1+ [k + Nj[)i+e

plk) _ ¢ (1+k)tte
p(k) 2 (

oo

(14Fk)Hte
1 Al
+Z (I + |k + Nj)i+e (A1)

It will be convenient to define the constant A =) °° =1 W For the lower bound of
(A.1), notice that the term in the parenthesis is bounded below by 1. Moreover, since
rearranging the summand gives that ¢~ < 24, combined with Lemma A.1, we see that

we can set ¢y = %.
For the upper bound of (A.1), first when k£ = 0, for all £ € [0, N/2] and j > 0,

1+k 1 2
. == . N S e

where the last inequality is because k£ + 1 < 2N. When 5 < 0, we have

1+k 1 L2
L—gN+k = 1+]jl85 ~ 1+l

Then, )
1+ k)l 2 o
S rme () <P
i#0 J 70 J
Thus, we can set ¢ = (1 +2%7*)A4/c. O

B Dirichlet form estimates

In this section, we establish various estimates on the Dirichlet form. We will also
let m always be the uniform distribution for simplicity of proof, but all theorems can be
made to work for arbitrary distributions. The techniques in this section were inspired by
techniques developed in [12], [13], and [14]. In particular, see Section 4 of [13].

Proposition B.1. Let GG be a finite group,
on GG, and w be the uniform distribution.

‘|| a quasi-norm on G, 1 a probability measure

1. Suppose that there exists a function a(r) > 0, such that for all > 0, f € (*(n),
y € B(0,7),
> f@) = fay)Pr(@) < a(r) Eu(f, f)-

zelG
Then for allr > 0, f € ¢*(r),

If = £113 < alr) Eu(f, £

2. Fix s € G and n to be the order of s in G. Let 1 is a probability distribution on G of

the form
wg) = > Lulg)p(i),

JEZ/NZ
where p is a probability distribution on Z/NZ. Let also that || - || be a quasi-norm
of the form

gl = 4 /Imllo ifg =™
00 otherwise
EJP 27 (2022), paper 26. https://www.imstat.org/ejp
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where || - ||o is a quasi-norm on Z/NZ.

Suppose that there exists a real-valued function a(r) > 0 such that for all r > 0,
f:Z/NZ — R, y € Z/NZ where ||y|lo <,

1

N o @) = fla+y)l’ < alr) &S, f).
©€Z/NZ

Then we have that forallr >0, f : G — R, y € G where ||y|| < r then

Z f(z) = Flay)* < a(r) Eulf, F).

z€G

3. Let u: G — R be a convex combination of probability measures p;: p = Zle Ci ;-
Then for any f € (*(r), then

5;L(f,f)=Clgu1(f,f)+"'+Ck5;¢k(f,f)-
Proof. 1. Forallr > 0 and f € ¢?(x), we have

If = £13 <D If @) = fol@)Pr(@)

zeG

1
- Z V(e,r) yeg(:e,r)(f(m) - f(xy))ﬂ(xy) ﬂ—(f)

1
=2 X (f(x)—f(ﬂ?y))m 7(x)

= V(i, ) > 1(f(z) = f(zy)*n(x)  (by Jensen’s inequality)
zed yEB(e,r)
1 .
= #B(e,r) yeBZ(e,r) a(r)Eu(f, f)  (by assumption)

=a(r) Eulf, f)-

2. Fixr >0, f: G — Rand yy € G such that ||yg|| < r. By the definition of || - ||, yo is
of the form s™ where ||m||o < r. We denote the cosets of (s) < G as [z, (s)] where
the z;’s are fixed representatives of the cosets. Then we have

Ef.]) = Z |f (@) = fxy)Puly)
myEG
Z |f (2 zy)l* Y La(yp()
xyGG JEZ/NZ
Z Yo Flas)Pp(j).
xEGJEZ/NZ

For each x there is an unique representation as a product of one of the x;’s and an
element in (s). So we have

IG\/N

PN X )~ s 05

=1 ¢4'€Z/NZ
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Then define f; : Z/NZ — R to map £ — f(z;s'), and we have

N IGI/N

S/L(f?f) |G|

5 p(f5, f3)- (B.1)

Then

G|/N
EONICE |i S0 s — St
(€Z/NTZ

zeG j=1

—ﬁ Z SO 10 = £+ m)P
j=1 ¢€Z/NZ
|G|/N

) Z Eulfi fi) (by assumption)
=1

=a(r)€.(f.f)  (by (B.1).

Zlf Flay)Puly)n(@)
:Z|f x) = fay)* (e (y) + - - + crpn(y))m (@)
_Clz” Flay) P (y)m( +ckZ|f Flay)P pw(y)m(2)
. m(f,f) e (fo ) =

Definition B.2. Define p a symmetric distribution on Z/NZ to satisfy regularity condi-
tion (A) if there exists a constant C,, > 0 such that for all k € [0, N/2]

i >
n}llcnp > C,y nﬁxp,
where I}, = [|k/9] , k]. Since p is symmetric the inequality remains true for k € [—-N/2,0]

with I, = [k, [k/9]].
Lemma B.3. Let N > 0 and « > 0. The probability distribution py o : Z/NZ — R, where

CN.« —1 1
o) = 77—, andcy , = _ (B.2)
PN, ( ) (1+|x|)1+a N, je;/;\l% (1_|_|]|)1+a

satisfies regularity condition (A) where the constant C,, , depends only on «,, and not N.

Proof. By Lemma A.2, we know that

a
— < <1
2(1+a) ~ o=
Let k € [0, N/2]. In the trivial case, when k € [0, 8], I} only includes 0, so we have

miny, pN,q = Maxy, PN,a = CN,a-
In the nontrivial case, when k£ > 9, we have |k/9| > max{1,k/9 — 1}.
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Then we have
n}axpN,a =c(l1+ |_k/9J)‘(1+oz) < (1 +max{1,k/9 — 1})—(1+a)
k

<2414 k/9 —1)7(F) < 181F% (18 4 )~ (1F)
< 18 (1 4 k)~ (Ha) < 1glta minpy o
k

Thus, C,, .. can be set to 187177, O
Next we show that that the pseudo-Poincaré inequality holds for py , as defined in

(B.2), on the cyclic group.

Theorem B.4. Fix o € (0,2) and n > 0. Then there exists C(«) so that for all r > 0,

ly|* < r and f € (*(r)

T Y @) - S+ ) < C@* Ep (D) 6.3)

z€Z/NZ

Proof. The statement is trivially true when y = 0. And for y # 0, we first define
_ JMlw/4l,y/2) iy >0
[v/2,[y/4]] ify <0

Note that I, is always non-empty, since if |y| € {1,2,3}, then 0 € I,. For all other y's,
||ly|/4] and ||y|/2| are at least one apart. Then, first multiplying the left hand side of
(B.3) by pn.«(y), we create two sums A and B:

Y 1@ = f@+ ) Ppraly |[|<sz f@+2)pnaly)

zeG ze€lp zeG
A
+ D @tz — f(a +y)|2pw,a(y)>-
z€lp x€G

Define
J :{[Ly/9J7y] ify >0
Y U [y/91) ify <o

By the regularity property (Definition B.2) of py . and the fact that py . is symmetric
and I, € J,, we have

pN,a(y) < pN,a(Z) for all Yy € I()

C

PN«

Thus,

> U@~ 1o+ 2 pnals) € oo (1)

Crn. 2€Z/NZ €1,

Moreover, since z € Iy, we have

yze{[ty/ﬁlj,ym] ify>0
y/2,[y/41] ify <0
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So )
pNaly) < F—>pNaly - 2),
PN,a
and
1 9 N
B< Y Mt 2) — fa+y)Povaly—2) < 5 Epn (. )
PN 2ely 2€Z/NZ PN,
Then combining what we computed, we have
1 9 2 4y|tte

— - < & < — ¢ .
N we;NZ |f(x) f(l' + y)| — CpN,apN#l(y)#Io PN,a (f’ f) = #IOCN’anNya PN, (f? f)

where the last inequality is by:

(T4 |yt <2t=y|te ify #0
(L4 [yptre < |yt ify=0

Then to count the number of elements in Iy, we see that when |y| = 1, I; has one
element; when |y| = 2, 3,4, I, has 2 elements, and for |y| > 8, we have

10> | B Llial | = Lot/ = ot/ =12 s

And for 4 < |y| < 8, we have that |y|/4 is one, and |y|/2 > 2, so #I; > 2. In all cases, the
#1o > |yl/8.
Therefore if we set, using previous bounds for ¢y, and C,, ., C(a) to 29732+ (o +

1)/«, then
1

N ST f@) = fla+y)* < Cla)ly|* Eulf 1),
z€Z/NZ
which is what we were looking for in (B.3). O

By Theorem B.4, Proposition B.1 (2), and the definition of || - ||s,», We obtain the
following theorem.

Theorem B.5. Let G be finite group, s € G, and « € (0,2). Then as defined in the end of
Section 1,

poalg) = Y Tulg)mi(0). (B.4)

(eZ/N;Z.
There exists a constant C(«) > 0 such that for allr > 0, f € ¢*(7), and y € G where
[Ylls,a <7,
Y If@) = flay)Prly) < Cla)rE,, (f: 1),

zeG

where C(a) can be defined as 2°7*32%(1 + a) /a.

At this point, it may be illustrative to use the above theorem to prove a pseudo-
Poincaré inequality for finite abelian groups. Let G be a finite abelian group, S be a
k-tuple of generating elements of G, and a € (0,2)*. Fixr >0, f: G — R, y € G where
[lylls,a < r. Then y can be written as y = y1y2 - - -y, so that for all 4, ||y;||s;.a; < 7. So by
Theorem B.5, forall1 <7 <k,

@) = flay)Pr(e) < Cla)ré,, . (f ),

zeG
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where C(o;) is the number defined in Theorem B.5. Using these inequalities we have

z€G zeG

<k Z Z |f(z) — f(zy:)|*> (by Cauchy-Schwarz inequality)
wEG

a)rk 25#%% (f,f) (using Proposition B.1)

= C(a)yrk® &, (1, f),

where C(a) = maxj<;<x C(a).

C Algorithm for computing Dg , for cyclic groups

The goal of this section is to give an algorithmic way to compute Dg , on the cyclic
group Z/NZ with S = (1,s) and a = (aq,®2). We use this process to arrive at the
examples outlined in Section 5. For convenience, we will think of elements of Z/NZ as
integers in {0,...,n — 1}, and fix 1 < s < N/2. We know that for all positive integers
0 < a < b/2, there exists positive integers ¢ and r such that

b=qa—er,

such thate € {£1} and 0 <r < a/2.
Using this fact to modify the Euclidean algorithm, we can expand N as follows:

r_1=N=qis—¢e1m
To = 8§ = (271 — €272

1 =4q3r2 — €373
Ti—1 = qi+1T; — Ei41Ti41

rK-1=(qK+1TK — TK+1 (C.1)

where rg; is the first r; that’s equal to zero, so rx is equal to the greatest common
divisor of N and s. The connection between this algorithm and continued fractions is
well studied, see Section 4.5.3 [8].

For 1 <i < K, we choose r; and ¢; so that

T 1 = Qi417i — 41711 (C.2)
rig1 < ri/2 and (C.3)
if Ti+1 = Ti/2, then Ei+1 = —1. (C4)

For each i, we can write ¢;r; in terms of IV and s:
! —
miN + &;ri = m;S,

for some m;, m; > 0, where & = ¢; - - - ;. One should interpret this as “using m, s-steps
(positive ones only), one can reach &;r; by going around the circle m/ times.”
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Using the expansion in (C.1), we get
CN + &ip1riv1 = (gis1m; — 5my—1)S.
Immediately, we see that m; satisfy the recurrence relation
Mit1 = Qi+1My — EiM—1
with base cases m_; = 0 and mg = 1. The next few elements in the series are
mi = q1 M2 = q192 — &1 m3 = 419293 — €143 — €241

As we will show, the sequence of m;’s for —1 < m; < K is non-negative and strictly
increasing. In addition, m; is the smallest positive integer, ¢ such that /s = &;7; mod N.

Theorem C.1.
Ds,a= _min {max{r",m},}}.

In other words, there exist constants cy,cy > 0 such that

c1 min{max{rj"",mi?,}} < Dg a < co mln{max{r mg?
3

In particular we can set ¢; = 1/25(°‘1+°‘2) and cy = 1.
First, we present some simple corollaries.

Corollary C.2. 1. Let N = st, wheres,t >0, G=2Z/NZ, S = (1,s), and a = (a1, az).
Then,
Dg o < min {N® max{s*,t*?}}.

2. Suppose s** < (N/s)*2. Let N = st, where s,t > 0, G = Z/NZ, S = (1,s), and
a = (aq,a9). Then,
Dg o < min{N®, (N/s)*?}.

3. Let N = sty + s, where 0 < s3 < s/2 and s = sats, G = Z/NZ, S = (1,s), and
a = (a1, a9). Then,

Dg o < min{ N max{s“!, t{?}, max{(s5", (t1t2)**}}.

4, Let

N = st1 + s9
S = Soty + 83

S = s3t3,

where 0 < s, 0 < s2 < s/2, and 0 < s3 < s3/2, G = Z/NZ, S = (1,s), and
a = (aq,a2). Then

Dg o < min{ N max{s™,t7?}, max{(s3", (t1t2)*?}, max{s3*, (t1tat3)*? }}.

Proof of the upper bound in Theorem C.1. It suffices to show that for all z € Z/NZ,
[[2]ls,a < min{max{r{", m{?,}}.

Fix i. For all z € Z/NZ, ; for some 0 < k& < m;yy. Then z = ks + r for
some || < r; < max{r;",mj7, }, for all i. Taking the
minimum over all i, we achieve the desired result. O
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T2

22 23 23 22
21

Figure 1: We visualize Z/477Z, whose elements are labeled inside the circles. With
s = 17, we label [-]; for each element on the outside of the circle. Following the positive
s-steps, we can see that r; is the first time that the path has visited (—s/2, s/2), at which
time the path turn from yellow to red. Similarly, at the 11*" s-step, we visit —1 and it is
the first time we visit the interval (—ry/2,r1/2).

Our proof of the lower bound is much more involved, and will use the following
definition and proposition

Definition C.3. Fix positive integers N and s with 0 < s < N/2, define

[x]s = argmin{|{| : {s =2z mod N},
LEZ

and if there are two options, choose the positive one.

Proposition C.4. Forall0 <i < K,

[ri]s‘ = m;.
First we give some properties of [-]; in the following lemma:

Lemma C.5. 1. Foranyx € Z/NZ, represented as 0 < x < N/2, if [x]; = —[z]s, then
x divides N.

2. Foralli < K, [-1i]s = —[ri]s.
3. Letx,y € Z/NZ, where [z]s and [y]s are positive. If [z + y]s > min([z]s, [y]s), then

[z +yls = [z]s + [yls-

4. Letz,y € Z/NZ, where [z], and [y, are positive. If [z]s > [y]s > 0, then [z — y]; =
[z]s — [y]s-
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Proof. 1. By definition, [z, is either —[z], or [z]. If the former is true, then we are
done. If the latter, then let ¢ = [z], = [—x];, and then we have

fs=—x mod N
{s=x mod N.

Thus, 22 =0 mod N.
2. Follows directly from (1).

3. Let a = [z]s and b = [y];. Without loss of generality, we can assume that a > b. We
know that [z + y]s < a+b by definition. Thus suppose that 0 < [z + y]s < a+ b would
imply that 0 < [z 4+ y]s — b < a, which contradicts the assumption that [z]; = a.

4. We know that [z — y|s < a— by definition. If [z — y]s < a — b, then it would be true
that 0 < [z — y]s + b < a, which contradicts the assumption that [z]; = a. O

Proof of Proposition C.4. We prove by induction with the following induction hypotheses:

(a) [&iri]s = m; (note in particular, this means that [£;r;]s is positive), where &; =
€1 &

(b) Forallz € S; = (—2” —7ri_1,2r; + Ti—l) \ {iri_l, 0},

[x]s] > m;.

The base cases are for i = 0 and 1, i.e. r; being s and r;, which are trivial for both
hypotheses.

For the induction step, we first consider when ¢ < K — 1, and case-split based on the
signs of —r;_1,—r;,r;, and r;_1:

If the signs are (—, —, +,+), then we know that ,_; = ¢; = 1. Then by Lemma C.5
(3) and the induction hypothesis, we can deduce that [r;]; = m;, [2r;]s = 2m,, ..., and
[¢i+17i]s = gi+1m;. Thus,

[€i+17”¢+1]s = [5i+17”i+1]s = [Qi+17”z' - 7“1'71]5
= [qi+1ri}s — [Tifl]s (Lemma C.5 (4))

= Qi+1Mg — My—1 = M1

For induction hypothesis (b), note that it suffices to show this for points with positive
[]s, by Lemma C.5 (1). Starting from —r;_;, consider the path along positive s-steps.
By the induction hypothesis, the next visit to the set 5; is at r; — r;_1, and the next at
2r; — r;—1, and so on. Therefore, the first visit to S;,; is at the point ¢;;17; — r;—1, by the
definition of ¢;41. This point is ;417;41. Therefore, for all other points in .5;, specifically
the ones in S;_1, have []; greater than m, 1, if it is realized by a positive s-path.

If the signs are (—,+,—,+), then we know that £;_; = 1 and ¢; = —1. As in the
previous case, by Lemma C.5 (2) and the induction hypothesis, [g;+17i]s = —¢;+1m;, and
[Eiv1Tiv1]s = —[Eix1Tiv1]s = —[@is17i — Tic1]s = Qi1 + M1 = My,

We follow the format of the previous case, instead starting at r;_1, considering again
positive s-steps. In this case, the next visits to S; are r,_1 — r;, 751 — 2r;, ..., and
Ti—1 — Qi+17i, which is &;17;41. The last two cases are the same as the cases above with
the signs switched.

Remaining are the cases when ¢ = K. The possible sign combinations for —rx_1, —rg,
ri, and rg_q are (—,+,+,+) and (+, +, +, —). Then the argument proceeds exactly the
same as above. O
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Lemma C.6. 1. Letr > 0 and x > n, where n is a positive integer. Then

lrn] —1 [rn]

> and < —— rr.
|rz] > ] rT [ra] < o] — T
Note that the first inequality is only of interest of when rn > 1 and the second
inequality when rn > 2.

2. Foralll1 <i:<K+1, ¢ > 2.
3. The m;’s are strictly increasing.

4. Let2 <i< K. Then
mi41
Qit1m; = 1

5. Leti > 1. Then
S 3ri—1
it 17T .
qi+17 = 4

Proof. 1. The proof is simple and we omit it here.

2. Fix1<i:< K +1.
Ti—2 &1 = ¢iTi—1.

The algorithm requires that for each i > 0, r;11 < r;/2. For each i > 1 we know
that Ti_o > 27‘,‘_1 and rioq < 7”1‘/2, SO

qiric1 =Ti—o F&iri > 2ri 1 —1i1/2=(3/2)ri 1
So ¢; > 3/2, and since the ¢;’s must be positive integers, ¢; > 2.
3. From our inductive definition we have for the base case
my =qiq2 —€1 > q1(2—1/2) > (3/2)q1 > m.
and for the inductive case,

Mi41 = Q41T — €M1
>2m; — mi_q (Lemma C.6 (2))
>m; (induction hypothesis).

4. If i =1, we have

3
@m1 = q2q1 > —(eq1 — 1) >

( ) ;
— = —Mmas.
=7 q2q1 — €1 1 2

IR

Ifi > 1, then Qi1 = M1 — E4My—1. If mH_l/mi_l < 2, then since mi'S are
increasing by Lemma C.6 (3), we know m;4; < 2m;, as well. So,

mMi+1

Qit1Mi = Qi1 > Mit1,
with the last inequality following from ¢;+1 > 2, Lemma C.6 (2). If m;11/m;—1 > 2,

Qit1Mi = My — M1 > 5 Mt

Ti—
5. 71 = qiy17i — €iTit1 < Qip1Ti +ip1 < Qi + 2 O
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Proposition C.7. Let 0 < i < K. Define

iv1/2) i ifgiy1 > 8
w; = lgi+1/2] i i qiva . (C.5)
T; ifgiy1 <8
Then,
llills,a > Sararayy min{riZy, mid )

Proof. First we consider the case when ¢;11 > 8, and thus z; = |g;y+1/2|r;. Letn; =
|gi+1/4]. Consider the interval [—r;_1, ;1] with the points reachable using at most n;m;
large steps, and the two colors signify the large steps that were used with generators of
the opposite sign. The particular picture uses ¢;+1 = 10:

Consider a path that w that maps to x; under the standard projection. If deg (w) > n;m;
or more large steps,

> ‘”*213% (Lemma C.6 (1))
1

> ﬁmiﬂ (Lemma C.6 (4))

If deg (w) < nym;, then

o2 = (1] 2]}
(3Qi+1 i1

) r; (Lemma C.6 (1))

—\4 2 4
 Git1
= 23 T
Ti—1
Z (Lemma C.6 (5).) O

Now consider consider the case when ¢;; < 8, and thus z; = r;. If we use fewer than
m; large steps, then the number of small steps required is

qi+175 Ti—1
23 = 257

Ty >

If we can use m; large steps, then we can reach r;. But

qi+1T4 mit1
m; > >
23 25

Proof of the lower bound of Theorem C.1. For the lower bound, let
L = argmin{max{r;", mj?, }}.
7

Suppose L = —1. Then N*' < ¢7* and

1
Ds,a 2 |lzolls,a = 55550y

a1

Now we can assume that L > 0,
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a1 Q2 Q2 — a1 (82} oy a2 — %1 3
Case 1 (7' <m7% ) Then m7?, = max{ry',m7* } < max{r;',,m7*} =r7’,, since
the m;’s are increasing. By substituting ¢ = L into Lemma C.7, we have that

m$?
. o a2 > L+1
min{ry' ,m7% } > Tl tan)”

1
DS,a 2 25(a1+a2)
Case 2 (r7' > m7% ) Then 7' = max{r;',m7%,} < max{rf},,m73,} = m7?%,, since
the r;’s are decreasing. By substituting ¢ = L + 1 into Lemma C.7, we have that

1 o et
- : 1 a2 #
Dg o> 95(a1+az) mln{rL 7mL+2} = 95(a1+az)
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