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1. Introduction

Statistical inference for stochastic processes is of great importance for theoreti-
cians and practitioners alike. While for some processes like Ito-type diffusions
and semimartingales, there is extensive literature, the statistical analysis for
fractional Gaussian processes is relatively recent.

In this paper, we are interested in the parametric estimation of the variance
of stationary Gaussian process which is not necessarily a semimartingale. Let
Z = {Z;,t > 0} be a continuous centered stationary Gaussian process and
fz = E(Z2) > 0. We consider the following estimators of fz:

e When a complete path of the process over a large finite interval is observ-
able, we use the estimator:

T
fr(Z) = T/o ZZdt, T >0. (1.1)

e A more practical assumption is that the process Z is observed at discrete
time instants t; = iA,,, where i = 0,...,n and A, is the step size. Then we
consider the following estimator over the observation window T, := nAn:

fu(2) = %izﬁ n>1. (1.2)
=1

These estimators are unbiased and we show that they are strongly consistent
and admit a central limit theorem. Moreover, we bound the rate of convergence
to the normal distribution in terms of total variation distance and Wasserstein
distance. Recall that, for two random variables X and Y, the former metrics
are respectively given by

dry (X,Y):= sup |P[X € A]—P[Y € 4]|, (1.3)
AEB(R)

where the supremum is over all Borel sets, and

dw (X,Y) := S [E[f(X)] = E[f()]I, (1.4)
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where Lip(1) is the set of all Lipschitz functions with Lipschitz constant < 1.

Let p(t) = p(—t) := E[ZoZ,] for t > 0. The central result for fr(Z), whose
proof follows the lines of the approach developed in [28, Chapter 7], is the
following.

Theorem 1.1. Assume [, p?(r)dr < oo. Let N' ~ N(0,1) be the standard
normal random variable. Then for all T > 0,

drv fT(f) —Jz N < or(2), (1.5)
Var(Fr(2) - £2)

where
3

or(Z) = Cmax %(/_im(t)?’/?dt) %8</_i|p<t>|4/3dt> . (16)

for some absolute constant C > 0. The same result holds for the Wasserstein
distance.

For the discrete estimator f,,(Z) we have that:
Theorem 1.2. Assume [, p*(r)dr < oo and that

E[|Z — Z[*] < cft — s

for some ¢ > 0 and o € (0,1) and when |t — s| is small enough. Let N' ~ N(0,1)
be the standard normal random variable. If A, — 0 and nA,, — 00 as n — oo,
then there is C' > 0 such that, for everyn > 1,

dyy In(Z) — [z N
Var(7u(2) - f2)
 Var(fr,(2) - f2)
Var(fa(2) - f2)
where o1, (Z) satisfies (1.6). The same result holds for the Wasserstein distance.

1/4
b

< o (Z2)+2]1 + C [nAZ ]

Thanks to the robustness of our approach, we can extend Theorem 1.1 and
Theorem 1.2 to the case when the process is only an asymptotically stationary
Gaussian process. In particular we prove the rate of convergence of the second
moment estimators for X := Z+Y, where Z is the stationary Gaussian process
as above and Y is a stochastic process with ||Y;|| ;. = O(t77) for some absolute
4 > 1. The bounds will be the same up to an extra term CT1~7/2 (or C’T,(Il_w)/2
for the discrete case).

Moreover, we explore applications to drift estimation for the Ornstein-Uhlen-
beck process. Let X% = (Xf);>0 be an ergodic type Gaussian Ornstein-Uhlen-
beck process given by the differential equation

dX? = —0x0dt +dG;, X§ =0,
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where 6 is the drift parameter and (G;);>o is an arbitrary mean-zero Gaussian
process. One can show that X? is asymptotically stationary and write X¢ =
7% +Y? where Z% is a stationary Gaussian process and ||V;||,. = O(t™7) for

any v > 1. Then we provide Berry-Esseen bounds for the estimators 6p :=
gz (fT(X9)> and 6, := gzo (fn(X‘g)>. The function gz is given via g}}(@) =

E[(Z8)?] and fr, f, are as in (1.1) and (1.2). Concrete bounds are computed for
the cases when the process X is of the first and second kind, i.e., when (Gy)i>0
is a particular Gaussian process, following the terminology in [22].

Parameter estimation for stationary Gaussian process is usually done via the
Maximum likelihood estimator because of its asymptotic optimality, see [35]
and [34]. For instance, the MLE estimator of a stationary ARMA process is
strongly consistent and asymptotically efficient [5, Section 10.8]. The method
of moments is more computationally tractable especially when one considers
discrete estimators. Some recent studies include [11, 17, 21] where the mesh
in time A, = 1 in (1.2), which is akin to the discretization of a least-squares
method for fractional Gaussian processes using fixed-time-step observations. See
also [8] for an application of the second moment method to an AR(1) model.

In the last few years the estimators (1.1) and (1.2) have been used, in a num-
ber of instance, to study parameter estimation problems in various fractional
Gaussian models. Some of these results can be summarized below.

e The case of continuous-time observations for ergodic-type Gaussian pro-

cesses, using (1.1): The work [36] derived a central limit theorem and a
Berry-Esseen bound in Kolmogorov distance for the second moment esti-
mator (1.1) of the limiting variance of an Ornstein-Uhlenbeck (OU) pro-
cess driven by stationary-increment Gaussian noise. In [20], the authors
considered the estimator (1.1) (called “Alternative estimator” there) to es-
timate the drift parameter of an OU process driven by {Bm with Hurst pa-
rameter H € (0,1). They proved a central limit theorem when H € (0, 3/4]
and a noncentral limit theorem for H € (3/4,1). However, they did not
give speed of convergence for these limit theorems. Their approach used
a least squares estimator (LSE) to study the second moment estimator.
Berry-Esseen bounds for a central limit theorem with the Kolmogorov dis-
tance were given first in [14] and then further improved upon in [18] when
H e (1/2,3/4].
Moreover, drift parameter estimation using (1.1) was employed for an OU
process driven by a Hermite process in [30] and driven by an a-stable
Lévy motion in [7]. On the other hand, the consistency and speed of con-
vergence in the TV and Wasserstein norms for the estimator (1.1) of the
drift parameter in infinite dimensional linear stochastic equations driven
by a fBm are studied by [26].

e The case of discrete-time observations for ergodic-type Gaussian processes,
using (1.2): In the case when the mesh in time A, = 1, the consistency
and speed of convergence in the TV and Wasserstein distance for the
estimator (1.2) of the limiting variance of of general Gaussian sequences
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were recently developed in the papers [17, 11]. Also, the drift parameter in
linear stochastic evolution equation driven by a fBm is considered in [26].
On the other hand, in the case of high frequency data corresponding to
A, — 0in (1.2), the statistical inference for several ergodic-type fractional
Ornstein-Uhlenbeck (fOU) models, using the estimator (1.2), was recently
studied in the papers in [13, 20, 36]. However, these papers did not provide
speed of convergence for the asymptotic distribution of (1.2).

For the drift parameter estimation for non-ergodic fractional-noise-driven Orn-
stein-Uhlenbeck processes we refer the interested readers to [12, 15, 1, 16] and
references therein.

For our proofs we employ tools from the analysis on Wiener space, includ-
ing Wiener chaos calculus and Malliavin calculus. The main theorem regarding
normal approximations is the so-called Optimal Fourth Moment Theorem due
to Nourdin and Peccati [29]. A review of these tools and results can be found
in Section 2. Then the proofs for the stationary and asymptotically stationary
Gaussian case are outlined in Sections 3 and 4 respectively. The application to
drift estimation for Ornstein-Uhlenbeck processes is carried out in Section 5.
Some of our more technical calculations can be seen in Section 6; note that
some of results in this section, for instance Proposition 6.3, are of independent
interest and use novel techniques.

2. Elements of Malliavin calculus on Wiener space

This section gives a brief overview of some useful facts from the Malliavin cal-
culus on Wiener space. Some of the results presented here are essential for the
proofs in the present paper. For our purposes we focus on special cases that are
relevant for our setting and omit the general high-level theory. We direct the
interested reader to [32, Chapter 1Jand [28, Chapter 2].

Fix (Q, F,P) for the Wiener space of a standard Wiener process W = (W;);>0.
The first step is to identify the general centered Gaussian process (Z;)>o with
an isonormal Gaussian process X = {X(h),h € H} for some Hilbert space H.
Recall that for such processes X, for every hi, ho € H, one has E[X (h1)X (ha)] =
<h1, h2>7.¢.

One can define H as the closure of real-valued step functions on [0, co) with
respect to the inner product (1ig4,10,s))n = E[Z:Z,]. Then the isonormal
process X is given by Wiener integral X (h) := [, h(s)dW,. Note, that, in

particular X (1j94) L 7,

The next step involves the multiple Wiener-1té6 integrals. The formal defini-
tion involves the concepts of Malliavin derivative and divergence. We refer the
reader to [32, Chapter 1]and [28, Chapter 2]. For our purposes we define the
multiple Wiener-It6 integral I,, via the Hermite polynomials H,. In particular,
for h € H with ||h||,, =1, and any p > 1,

Hy(X (h)) = Ip(h®P).
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For p =1 and p = 2 we have the following;:

Hy(X(1j0,)) =X (Lp0,9) = Li(110,) = Z4 (2.1)

Hy(X (L0,0)) =X (Lj0,0)° —E[X(1j0,)°] = L(175) = 27 —E[Z)*.  (2:2)

Note also that Iy can be taken to be the identity operator.

Remark 2.1. Some notation for Hilbert spaces. Let H be a Hilbert space. Given
an integer ¢ > 2 the Hilbert spaces H®? and H®? correspond to the gth tensor
product and qth symmetric tensor product of H. If f € H®4 is given by f =
D itiga 01 -5 dg)ejy @ - - €5, where (€j,)ie[1,q form an orthonormal basis of

H®4, then the symmetrization f is given by

~ 1 ) )
f:az > Al da)ea(in) ® - eoi,):

0 Ji,--:Jq

where the first sum runs over all permutations o of {1,...,¢}. Then f is an
element of H®4. We also make use of the concept of contraction. The rth con-
traction of two tensor products e;, ® -+ ®e;, and ex, ® - - - ey, is an element of
HOWP+a=27) given by

(ejl®"'®€jp)®r(ek1®”'®€kq)

= [H<ejz’6kz>] €1 @ Bej, Bep,, O D ep,. (2.3)
=1

The main motivation for introducing the multiple integrals comes from the

following properties:

o Isometry property of integrals [28, Proposition 2.7.5]. Fix integers p,q > 1
as well as f € HOP and g € HO1.

Bl (f)n(o)] = { Bomer BPoa (2.4

e Product formula [28, Proposition 2.7.10]. Let p,q > 1. If f € H®P and
g € H®? then

B0 = 3 1() (e 055 (25)

r=0

o Hypercontractivity in Wiener Chaos. For every ¢ > 1, H, denotes the
qth Wiener chaos of W, defined as the closed linear subspace of L2(£2)
generated by the random variables {H,(W (h)),h € H,||h|l% = 1} where
H, is the gth Hermite polynomial. For any F' € @®;_;H; (i.e. in a fixed
sum of Wiener chaoses), we have

(E[|F|p])1/p < Cpg (E[|F|2])1/2 for any p > 2. (2.6)
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It should be noted that the constants c,, above are known with some
precision when F' is a single chaos term: indeed, by [28, Corollary 2.8.14],

2
Cpg = (P— 1)q/ .

The second part of important results we borrow from Malliavin calculus con-
cerns estimates on the distance between random variables. There are two key
estimates linking total variation distance and the Malliavin calculus, which were
both obtained by Nourdin and Peccati. The first one is an observation relating
an integration-by-parts formula on Wiener space with a classical result of Ch.
Stein. The second is a quantitatively sharp version of the famous fourth moment
theorem of Nualart and Peccati.

Let NV denote the standard normal law. For each integer n, let F,, € H,.
Assume Var [F,] = 1 and (F},),, converges in distribution to a normal law. It is
known (the fourth moment theorem in [33]) that this convergence is equivalent
to lim,, E [F;ﬂ = 3. The following optimal estimate for dry (F,,N), known as
the optimal fourth moment theorem, was proved in [29]: with the sequence F'
as above, assuming convergence, there exist two constants ¢, C' > 0 depending
only on the type of the process F' but not on n, such that

cmax {E [F] — 3, |E [F3]|} < drv (Fo,N) < Cmax {E [F,}| — 3, |E [F?]]}.
(2.7)
Recall that for a standardized random variable F, i.e., with E[F] = 0 and
E[F?] = 1, the third and fourth cumulants are respectively

"{3(F) ::E[FS]v
k4 (F) :=E [F'] - 3.

Throughout the paper we use the notation N/ ~ N(0,1). We also use the no-
tation C for any positive real constant, independently of its value which may
change from line to line when this does not lead to ambiguity.

Remark 2.2. We note that the optimal bound (2.7) holds with drv replaced by
dw . Indeed, by [28, Theorem 3.5.2]:

dw (F,N) < sup. B’ (F)] — E[Fe(F)]]

where F is the set of C! functions ¢ such that |¢/|« < 1/2/7. Now using the
concepts of the Malliavin derivative operator D and Ornstein-Uhlenbeck gener-
ator L, see [27, Theorem 4.15], one has |[E[¢/(F)] —E[Fo(F)]| = |[E[¢'(F)E[(1 -
(DF,—DL™'F))|F]]|, and thus:

dw (F,N) < \/2/7E|E[l1 — (DF,—~DL™'F)|F]|.

However, this is the same bound one has (up to the constant \/2/) in the proof
of the optimal fourth moment theorem [29, Proof of Theorem 1.2].
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3. Parameter estimation for stationary Gaussian processes

In this section we present a general framework for the parameter estimation of
the variance of a stationary Gaussian process. We prove the consistency and
provide upper bounds in the total variation and Wasserstein distances for the
rate of normal convergence of the MC estimators (1.1) and (1.2).

Let Z := {Z;,t > 0} be a continuous centered stationary Gaussian process
that can be represented as a Wiener-It6 (multiple) integral Z; = I1(1j04) for
every t > 0, asin (2.1). Let p(r) = E(Z,Zy) denote the covariance of Z for every
r >0, and let p(r) = p(—r) for all < 0. Our main assumption throughout the
paper is that

0% = 4/Rp2(r)d7“ < 00.

3.1. Continuous-time observations

We estimate the variance fz := E(ZZ), when the whole trajectory of Z is
observed up to time 7' > 0. We consider the estimator (1.1) given by

T
fr(2) = —/ Z2dt, T >0
0

as a statistic to estimate fz, based on the continuous-time observation of Z.
Our goal is to establish Theorem 1.1, i.e., a Berry-Esseen bound on_the the
convergence of fr(Z) — f. First we show some simpler properties of fr(Z2).

Lemma 3.1. The estimator fT(Z) 18 unbiased and strongly consistent. In par-
ticular,

ﬁHfT(Z)_fZHB toz as T — 0. (3.1)

Proof. By stationarity, E[Z3] = E[Z2] for every s > 0 and thus ]E[fT(Z)] = fz,
so the estimator fr(Z) is unbiased.
The next step is to show that the estimator fr(Z) is strongly consistent, i.e.,

fT(Z) — fz almost surely as T — oo.

T
| g
(3.2)

5=
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where we have used (2.2). Then

2
1 T 1
E[Vr(Z)?] = 7E (/O 12(1%?t])dt> = T/[o T]2E[12(1%72t])12(1%,23])} dtds.

(3.3)
By (2.4),

1®

E [ L1582 ) (192 o

2
SRE)] =20

oo Lo wer = 2(ElZ:2))° = 20(t — 5)°.

Therefore,

97 _ 2 2 4 T 2
ElVr(2)] = = p(t — s)°dtds = — p(u)*dtdu
T Jio12 T )y Ju
00 ) T
= 4/ (1 — —) plu)? < 4/ p(u)?du < oo, (3.4)
0 T/+ 0
where (r)4 = max{z, 0}. Note that the above also implies that E[Vr(Z)?] 1 0%,
establishing (3.1). Alternatively, fT(Z) — fZHL2 < 07/V/T. In particular, this

shows that fr(Z) converges to fz in L?. At this point we recall [25, Lemma
2.1]):

Lemma 3.2. Let v > 0. Let (Z,)nen be a sequence of random wvariables. If for
every p > 1 there exists a constant ¢, > 0 such that for alln € N,

HZn”LP(Q) < Cp n—'y7

then for all € > 0 there exists a random variable o, which is almost surely finite
such that

| Zp| < e ™7 almost surely

for all n € N. Moreover, E|a:|P < oo for all p > 1.

We can apply Lemma 3.2 as soon as HfT(Z) — fZHL < C,/VT for every

p > 1. We have shown that for p = 2. However, using the inequality between LP
norms and L7 norms, one has that the same bound holds for p € [1,2). Finally,
one can apply the hypercontractivity property (2.6) in Wiener chaos to get the
result for all p=>2.

Therefore, f,,(Z) converges almost surely to fz as n — oo (and n € N). We
now use the following more technical result. While it is of course not new, we
could not find a reference where it was stated exactly as we needed it to be.

This is why we give its proof in Section 6 for the sake of completeness.
Lemma 3.3. Let {us,t > 0} be a continuous stochastic process such that for
any p > 1, there is a positive constant Cp, > 0 such that sup,sq E[ju:[P] < Cp.
In addition, we assume

1 n
— / wdt — 0 almost surely as n — oco.
nJo



Berry-Esseen bounds for Gaussian process estimators 645

Then,
1

T
T/ urdt — 0 almost surely as T — oo.
0

Note that by stationarity sup,~, E[|Z;|’] = E[|Zo|? < C,, for some C, > 0.

Therefore, by Lemma 3.3, fT(Z) converges almost surely to fz as T — oo (and
T eRy). O

Now, we turn to the proof of Theorem 1.1.

3.2. Proof of Theorem 1.1.

The random variable

o~

(Z) — [z  Vr(Z2)

fr
JvarGe(z)— 1) VEWR (2P

is centered and normalized. Then the fourth moment theorem (2.7) applies and
then

fr(Z) =tz B ( Vr(2) )
d N = d —t N
U W@ - 12 "\ VERR 2

IN

wa(Ve(2)  ma(Vi(2)
Cmax{E[3T<Z>213/2’ E[Vr(2)) } |
(3.5)

We are left to study the third and fourth cumulants of Vr(Z). The following
technical result is a slight modification of [4, Propositions 6.3, 6.4]:

Lemma 3.4. For every T > 0,

8 T ?
ra(Ve(Z) < —= < / : p(6)*? dt) : (3.6)

T 3
= ( / IO dt) . (3.7)

Proof. The proof follows the same approach as in [4] and is included in Section 6.
We note that our proof is more detailed than the one in [4]. O

I

lka(Vr(Z))]

IN

The corresponding bound for the Wasserstein distance follows from Remark
2.2. Thus Theorem 1.1 is established. At this point we present two corollaries.
First, we study the asymptotic behavior of the bound (1.6) under the additional
assumption of the decay of correlations of Z;. We have the following;:
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Corollary 3.5. Assume there exists 0 < B < 3 such that, |p(t)| = O(t*#~2).
Then,

T-1/2 ifo<p<3,
dry It =z n| <o) wmr2 ifp=2, (3.8)
\Var(7r(2) - f2) .
T68-% if2<B<3

Proof. Note that there is a constant C' > 0 such that |p(s)| < C for s € [-1,1].

Then, since
T T
| wpa<c, <1+ / |p<t>|”dt>,
-T 1

for p = 3/2 and p = 4/3, one can establish the following bounds on x3(Vy(Z))
and k4(Vp(Z)):

T-1/2 if0<pB<2,
ks (Vr(2))| < CQ log*(T)T~1/2 it =3, (3.9)
T68-3 if 2 <B<3,
and
7! ifo<p<2,
ka(Ve(2)) < C{ logh(T)T—t i B =2, (3.10)
7886 if 2<p<?
The result follows by a direct application of Theorem 1.1. O

Next, using the convergence of E[V(Z)?], one can also establish the following
corollary to Theorem 1.1.

Corollary 3.6. There ezists a constant C' > 0 such that, for all T > 0,
2

dry <\;—ZT(J?T(Z) - fZ)7N> <or(Z)+2 ’1 - W

where pr(Z) is as in Theorem 1.1. Moreover, if there exists 0 < 8 < % such
|

that, |p(t)| = O(29-2),
~ T-Y? ifo<p <3,
(\/T(fT(Z) - fsz) <c ’ (3.11)

T3 if S < B < i

dry | —
0z

The same result holds for the Wasserstein distance.
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Proof. The first part follows from the following technical result:

Lemma 3.7 ([11, Lemma 5.1]). Let u € R and o > 0. Then, for every integrable
real-valued random variable F,

1
dry (u-+ oFN) < dry (A0 + [+ 2L - .

Therefore,

oz

drv (ﬁ(fT(Z) - fz)aN>

fr(2) — fz N +2'1E i

\/Var(fT(Z) —fz) Vr(2)]

by the definition of Vi (Z) and the fact that ]E[fT(Z)] = fz. Recall that E[Vr(Z)?
1 0%. Then the second term on the right-hand side above is bounded by
C|E[Vr(Z)? — %] for some C > 0.

Next, since |p(t)| = O(t?#~2), and using the representation (3.4),

< dry

7

o) T
EVe(27 - o3 = 4 [ ptwfdust [ ZotwPdu
T 0 T

o0 1 1 1 T
4C / u45*4du+—/ p(u)2du+—/ u*f3du | .
T T Jo T )i

A direct computation yields that,

IN

71 if0<pB< 3,
EVr(2) - o3| < C{ log(T)T—1 it =1, (3.12)
483 if § <p <2
Finally, the bound (3.11) follows from (3.8) and (3.12). |

3.3. Discrete-time observations

In this section we estimate the limiting variance fz based on discrete high-
frequency data in time of Z, by considering the discrete version f,(Z) of the
estimator fr(Z):

~ 1 &
W(Z2) ==Y Z7,
2 =307
where t; =iA,,i=0,...,n, A, — 0 and T,, := nA,, — .

We will assume an additional property of the process Z. It would allow us to
compare quantitatively the two estimators fr(Z) and f,(2):
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Assumption 1. For all s,t € R, such that |s — ¢ is small enough,
E[|Z; — Zs*] < C|t — s|**, (3.13)
for some constant 0 < av < 1.
Similarly to the continuous alternative fT(Z ), we first show the following:

Lemma 3.8. The estimator fn(Z) is unbiased. Assume that Assumption 1
holds. Then,

E|fr(Z) — fa(2)? < CaA2e, (3.14)

where Co, > 0 is a constant that depends only on a. Moreover, if nAl —
0, as n — oo for some n > 1, then f,(Z) is strongly consistent.

Proof. The first property follows from the fact that the process Z is stationary.
To show strong consistency define, similarly to (3.2),

Un2) = VT (T2 - 12) = =32 B2 (319)

T K3

Then

_Un2) _V,(2)  Un(Z)—Vr1,(2)
- VT, VT, VT, '

We know from (3.1) and Lemma 3.2 that Vr, /v/1;, converges almost surely to 0.
Let 6,(2) :=Un(Z) — V1, (Z) = VTn(fn(Z) — f7(Z)). We estimate the second
moment of §,,(Z):

Fn(2) =tz (3.16)

2
1 & [
E[6.(Z2)?] < E — / | 2% — Z2|dt
) Tn ; . t; t
2
n e 2
< T E / |Zt, — Zi |dt ’
" i=1 ti-1

where we have applied the inequality between arithmetic mean and quadratic
mean. Next, by the Cauchy-Schwarz inequality, for s,t € [t;_1, t;],

B[z} - Z{||Z; - Z]]
(EW(Z7, - Z7)1E[(Ze, — Z5)7])
(E[(Zt, — Z0)"JE[(Zy, — Z:)'|E[(Zs, + Zo)'JE[(Ze, + Z5)])

1/2

IN

1/4

IN

Now, by the hypercontractivity property (2.6) and (3.13)

E((Z, — Z)*]"/* < CE[(Zy, — Z)*)"/? < Clts — t|*.
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Next, using stationarity
E((Z, + 7)) < 4E[(Z} + Z,)%] < 16E[Z]).
Therefore, for some constant C' > 0 depending on the fourth moments of Zj,

n t; t;
E[6,(2)?] < ﬂz/ Clts — 1|t — s|*dsdt

ti—1 Jti—a

2004+2 N
= CA // (uv)“dudv

< cmfy“,

with u =1 Ati L o= *=U=L Thus, (3.14) is established.

Now, using that nA" %5 0 for some n>1,
5n(2)\
Vin

By the hypercontractivity property (2.6) and Lemma 3.2, we obtain \’}(TE) — 0,

and thus an( )= fn(Z) — 0 almost surely. By Lemma 3.1 an — fz — 0 almost
surely. Therefore, f,(Z) — fz — 0 almost surely and the discrete estimator is
strongly consistent. O

E < CA2 < O~ 20/ (A2 < Op=2e/n, (3.17)

We now turn to the proof of Theorem 1.2.

3.4. Proof of Theorem 1.2.

The discrete estimator f,(Z) is unbiased, so Var(f,(Z) — fz) = E[(fa(Z) —
f2z)?]. Next, by the triangle inequality one has,

f() fr_

"\VEIG.(2) - 1207

< dpy f() [z , J?Ti(Z)—fz
VEIFa(Z) — £2)2) \JEI(u(2) — f2)?]
+dry fﬁ(z)_fz ak (3.18)
VEI(Fr, (2) - f2)?]

By Lemma 3.7,

f() 1z

N

\/E (fr.(Z) = f2)?)
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Var(fr,(2) — f2)|

1-— =
Var(fn(z) - fZ)

+2

W2~z
VE[(Fr, (2) - f2)?)

Then, by Theorem 1.1 the first term on the right-hand side is further bounded
by ¢(T),) as defined in (1.6).

Thus, we are left to bound the first term in (3.18). By the definition of total
variation distance one has

< dry

Fn(2) = f2 fr.(2) - f2
"\ VEG@) — 120 VEIGu2) - 127

with the two quantities given in (3.2) and (3.15). We recall the following tech-
nical result:

= dTV(Un(Z)7 VTn (Z))a

Lemma 3.9 ([24, Theorem 3.5]). There is a positive constant C' > 0 such that,
for all multiple integrals F and G of order 2,

7 1/4
dry (F,G) < C (W)

Therefore, there is a positive constant C' > 0 such that, for every n > 1

E[6,(Z)?] H nA2e+1y1/4
T )]) < C(nAZFIA (319)

where we have used (3.1) and (3.14). The corresponding bound for the Wasser-
stein distance follows from Remark 2.2. Thus, the proof of Theorem 1.2 is com-
pleted.

Remark 3.10. Let us present an example where the bounds on total variation in
Theorem 1.2 decrease to 0 and thus a central limit theorem holds. Let A,, = 1/n*
with < A < 1. Then, nA,, — oo and nA2%Tt — (. Moreover,

dry (Un(2),Vr,(Z)) < C (

20/+1

_ Var(fr,(2) ~ f2)
Var(fu(2) - f2)

Now, if E[6,(Z)?] — 0 and E[Vr, (Z)] 1 0%, then E[U,(Z)?] 1 0%. Thus,

L EUL(2)) — B[V, (2] _ . El5.(2)?)
‘2’ E[U,(2)7] < 2B 0,27

” J2_ N <¢r.(2)+ Cnazer,

\/E fn - )}

Further bounds on ¢, (Z) are presented, for instance, in Corollary 3.5 when
Ip(t)| = O(t?7~2) for some B € (0,3/4).

Finally, note that our approach for the proof of Theorem 1.2 can be applied
directly to Corollary 3.6 and then the following holds:
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Corollary 3.11. Let 0% = 4f0°o p(u)?du. Under the same assumptions as in
Theorem 1.2, for alln > 1,

drv <\;—ZT@(Z) - fz)7N> <er,(2)+2 ’1 - W +C (A,

where o1, (Z) is as in Theorem 1.1 and C > 0 is an absolute constant depending
on E[Z3]. The same result holds for the Wasserstein distance.

4. Parameter estimation for non-stationary Gaussian processes

In practical applications, the data rarely comes from a stationary process. This
is reflected on the modeling side by for instance studying stochastic systems
started at a point mass rather than the system’s stationary distribution. Some
more specific examples are included in Section 5.

The present section is devoted to the general treatment of a process that is
asymptotically stationary. In particular, let Z be a centered stationary Gaus-
sian process (as in Section 3), and let Y be a stochastic process satisfying the
following: there exists a constant v > 1 such that for every p > 1 and for all
T>0,

Yzl =O(T77). (4.1)

Then we consider second moment estimators for the process X := Z +Y. Our
goal is to estimate the limiting variance fx := limy_, E[X%] The limit exists
and in fact fx = fz. Indeed,

E[X2] = E[(Zr + Y7)?] = E[Z2] + 2E[Z7Yr] + E[Y2] = f2,

since E[Z2] = fz, E[YZ] = O(T~27) and by the Cauchy-Schwarz inequality
[E[ZrY7]| = O(T~7). As in Section 3 we consider the second moment estimators
fr(X) and f,(X), based on continuous-time and discrete-time observations of
X:

~ 1 /T
fr(X) = —/ X2dt, T >0, (4.2)
T Jo
~ 1 &
LX) = =) X2, > 1, 4.3
PX) = D3k w2 (43)
where t; = iA,,i=0,...,n, A, — 0 and T}, := nA,, — oco. We establish some

basic properties of the two estimators.

Proposition 4.1. The estimators fT(X) and fn(X) are asymptotically unbi-
ased. Moreover, there is a constant C' > 0, such that for all T > 0,

E[fr(X) — fx]| < CT™, and |E[fr(X) - fx]| < CT . (4.4)



652 S. Douissi et al.

Proof. We established that for all T > 0, E[X2] = fx + err(t), where the error
term satisfies |err(t)| = O(t~7). Therefore, for the continuous estimator,

T
E[fr(X) — fx]| < %/ lerr(t)|dt <CT™7 -0 asT — oo,
0

and thus fT(X ) is asymptotically unbiased. A similar computation yields the
same for f,(Z). O

We next show strong consistency.

Proposition 4.2. If [, p*(r)dr < co and the condition (4.1) holds, then

HfT(X) - fXHL2 <cor2, (4.5)
Moreover,
fT(X) — fx almost surely as T — oc. (4.6)

In addition, if Z satisfies the helix property (5.13), and nA%2°T1 — 0, asn — oo,
then

fu(X) — fx almost surely as T — oco. (4.7

Proof. The first step, as before, is to establish a bound on HfT(X) - fx HL2' We
have that

|Fr(20) = 1|

< HJ/C\T(X) - fT(Z>‘

a7 HfT(Z) - fx‘

L2 2’

Note, that by the triangle inequality and the Cauchy-Schwarz inequality,

Therefore, using ||Y;||;, = O@F™7),
HJ?T(X) - fXHL2 <C(T 7+ T—1/2) < CT‘l/Q,

where we have applied (3.1).

By hypercontractivity (2.6) we can extend the bound to LP norms for p >
1. Then applying Lemma 3.2 and Lemma 3.3 consecutively establishes strong
consistency for fr(X).

The proof for f,(X) is similar and a main ingredient is the bound from (3.14).
([
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We now turn to the alternative formulations for our main results Theorem 1.1
and Theorem 1.2 when the stochastic process is asymptotically stationary. Recall
that p(t) = p(—t) := E[ZpZ;] for t > 0.

Theorem 4.3. Assume that [;, p?(r)dr < oo and that the condition (4.1) holds.
Let N~ N(0,1) be the standard normal random variable. Then, there exists a
constant C' > 0 such that, for all T > 0,

Jr(X) = fx ~BlJr(X) = [x] ) - or(Z)+CT'F,  (4.9)
VVar(Fr(X) - fx)

where o7 (Z) is defined in (1.6). The same result holds for the Wasserstein
distance.

drv

Proof. By the triangle inequality and Lemma (3.7):

fr(X) = fx —Elfr(X) — fx]
VVar(Fr(xX) - fx)

dry ( fT(f) - fz 7/\/)
\/Var(fT(Z) ~ fz)
fr(X) = fz Fr(Z) = fz
Var(ie(2) - 12) \Var(72(2) - 12)

+\/§ ]E[fT(AX)*fX] 49 Var(fr(X) — fx)
VVar(Fr(X) - fx)

1-— = . (4.10)
We analyze each term on the right hand side of (4.10). First, by Theorem 1.1,

drv

IN

+drv

Var(fr(Z) — fz)

drv fT(f) —Jz N <er(2),
VVar(Fr(2) - £2)

with o7 (Z) as defined in (1.6).
Then, using standard properties of the total variation distance and Lemma
3.9:

d ( Fr(X) = fz fr(Z) = Iz )
TV = ) =
VVar(Fe(2) = f2) \/Var(Fe(2) - f2)

E|fr(X) - fT<Z>2> v

= drv (fT(X)_fZ7fT(Z)_fZ)<C< E|fr(Z) — fzI?
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<OT1=7/4,

Indeed, E|fr(X) — fr(2)]? = O(T7) and TE|fr(Z) — 2> = 0% < oo,
see (3.1). Moreover since |E[fr(X) — fx]| = O(T7), one has

Var(Fo(X) = fx) = Var(fr(2) - f2)| =O(T7). (411)
Then, there exists a constant C' > 0 such that for all 7' > 0,

™ E[J? (X) — fx] 1/2—7
\/; TA X <oV
VVar(Fr(X) = fx)

and
o|1 = YearUr() = Jx) | s
Var(fr(Z) — fz)
Therefore,

Fr0) = fx —Elfr(0 = fx 3\ < o2y 4 o
VVar(Fr(x) - fx)

as desired. The corresponding bound for the Wasserstein distance follows from
Remark 2.2. O

drv

We now turn to the discrete version of the previous result.

Theorem 4.4. Assume [, p?(r)dr < oo, Z wverifies (3.13), and the condition
(4.1) holds. Let N~ N(0,1). Then, there is C > 0 such that, for every n > 1,

drv (m

0z

i
L4 +CT,LTW.

(Fa(X) = fx), N) < g1, (2) + C [naZeH]

Proof. We follows the same steps as in the proof of Theorem 4.4. The extra
term Cn[A2°+1]1/4 comes from the bound in Theorem 1.2. O

5. Applications to Gaussian Ornstein-Uhlenbeck processes

In this section we consider the Gaussian Ornstein-Uhlenbeck process X9 :=
{X? t > 0} defined via the following linear stochastic differential equation

dX? = —0Xx?dt +dG;, X§=0. (5.1)

Here 6 > 0 is an unknown parameter and G is an arbitrary mean-zero Gaussian
process such that Z¢ := fioo e~ ?=5)dG,, for t > 0, is a stationary Gaussian
process. The equation (5.1) has the following explicit solution (see [10])

t
X! = e—"f/ e’dG,, t>0,
0



Berry-Esseen bounds for Gaussian process estimators 655

where the integral can be understood in the Wiener sense. Then X! = Z? +
e9 78 thus satisfies (4.1) with Y := e~ Z§. Moreover, ||Yr|,, = O(T77) is
satisfied for every p > 1 and for every constant v > 1.

As in the previous sections our goal is to establish a Berry-Esseen theorem
involving estimators of the parameters of the process. Here we want to estimate
0. Our approach is based on writing

0 = 920 (E[(Z5))),

for some invertible function gz : Rt — RT. There are certain cases when
there is an explicit expression for gze (or its inverse). We explore those in the
coming sections. For now, we describe the general treatment and make only one
assumption for ge:

Assumption 2. The function gze is a diffeomorphism, and is twice continuously
differentiable.

We estimate 8 based the continuous and discrete observations of X:

o~ T ~
Or :=gz0 <%/0 (Xf)th> = gze (fT(XG)) , T'>0, (5.2)

n

O =020 (% Z(Xfi)?) = gz0 (Fa(X"), n=1, (5.3)

i=1

where t; = i1A,,1=0,...,n, A, — 0 and T,, = nA, — oo, whereas fT(X‘g)
and f,(X?) are given by (4.2) and (4.3), respectively.
The following holds for the continuous estimator 6.

Theorem 5.1. Assume that [, p*(r)dr < oo and that Assumption 2 holds.
Then for every v > 1, and p > 1,
07 — 6 — E[6r — 6]
g (Fxo )\ Var(Fr(X) - fxo)
< Bl
- VT
where (1 is a random variable in []?T(X‘g)7 fxe] and for some absolute constant
C >0.
Proof. Recall that by definition § = gze(fxe). Under Assumption 2
~ ~ 1 . 2
(0r = 0) = g (Fx0) (Fr(X?) = o) + 5950 (o) (Fr(X7) = o )
for some random point {7 between fT(XG) and fys. Denote V2 := Var(fT(Xe)
— fxe). Then,

<§T — 0 —E[fr — 0] > |E[6r — 6] + 3E ‘(J?T(Xg) - fxe)zggs(CT)‘
dW R <

N

dw

+ (2% + T2, (5.4)

g/Ze(fX")Vf \Q/Zs(fxﬂ)vﬂ
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]. -~ 0
+dW V(fT(X )7fX9)aN )
f

where we have used that dw (z1 + x2,y) < E[|z2|] + dw (x1,y) for any random
variables x1, z9,y. This property of the Wasserstein distance is the main reason
our results in Section 5 concern dy and not dry .

The second term in the inequality above is bounded in Theorem 4.3. By
Holder’s inequality, and the hypercontractivity property, for p,q > 1 with 1/p+

1/q¢=1,
2q>1/q

2

)

E|(fr(X®) — fxo)?g0 (Cr)

IN

@lg" (o)) (E[Fr(x?) = f

IN

C Elg" (o))" E|Fr(X?) - fxo

for some constant C' > 0 depending on p. Moreover,

Bl — 611 < g (fxo)| [EIFr(X®) = fo]

+E ‘(fT(XG) — fxo)ge (CT)’ :

Recall, that by (4.5), E| fr(X%)— fxa|> < C/T, and by (4.4) [E[fr(X?)— fxe]| <
CT~7. Therefore,

—~ 1 —~
Eldr — 0|+ 5E | (Fr(X°) = fx0)2g4a (Cr)
3 _
< (Iagetxoll + 3 Bl @) ) 77
Now, by (3.1) and (4.11), TVf2 — 02. The bound (5.4) follows. ]

Similarly, we obtain the rate of convergence in law of / Tn(gn —0) as follows.

Theorem 5.2. Suppose that the conditions of Theorem 4.4 hold. If g" (&), with
&n € [|fn(X?), fxol], has a moment of order greater than 1 which is bounded in
n7

_ VT g ) C , o
dW (gzsglze(fxe)(en 0)’/\/ < m + QDTTL(Z )+ C [nAn } .

5.1. Fractional Ornstein-Uhlenbeck process of the first kind

Here we consider the Ornstein-Uhlenbeck process X := {Xf ,t > 0} driven by
a fractional Brownian motion {Bg{, t> 0} of Hurst index H € (0,1). More pre-
cisely, X% is the solution of the following linear stochastic differential equation

X =0, dx!=-6xPdat+dBI, t>o, (5.5)
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where # > 0 is an unknown parameter. The process X? is called a fractional
Ornstein-Uhlenbeck process of the first kind, following the notation in [22]. As
in the general case described above there is an explicit solution to (5.5):

t
X! = / e 0t gBH, (5.6)
0

Moreover,
t
Zf:/ e 0t gpH (5.7)
—00

is a stationary Gaussian process, see [10, 17]. The process Z? is also the sta-
tionary solution of equation (5.5) when X§ = Z§. We are thus in the setup of
Section 4 with X? = Z% + Y, where Y/ = —e % Z§. Again, |V3||,, = O(t™7)
for every p > 1 and any v > 1. Note that by integration by parts and the
formula for covariance for fractional Brownian motion

0
E[(Z)?] =E (/ "SdBH) 7151/ / BHBH I+ gsdy

_92/ / 9(s+r |2H+| |2H ‘ —s|2H)drds
=020 gr(2H).

Therefore, § = g0 (E[(Z§)?] where the invertible function gze : RT — RT is
given by

o) = (FEENVT oy 59)

The estimators O and 67 given by (5.2) and (5.3) were carefully studied in [20].
In particular, due to [20, Theorem 9] and [20, Theorem 11] the following holds:

Proposition 5.3. Let H € (0,3/4). The estimators br and 6, are strongly
consistent. Denote

2I'(2—4H)I'(4H .
9 (4H — 1) + TEmrd=sm if H € (0

83 = X { I(3—4H)T(4H—1) ,
(2H)? (4H — 1) (1 + L e b ) ifH el

),

1
2
1)

9

(5.9)

N[

The following limit theorems hold:

1. NT(Or —0) 5 N(0,6%) as T — .

2. Assume there is p € (1, ﬁgg A (1 + 2H)) such that nA?2 — 0. Then

VT, (0, — 6) £>/\/’(0,512LI) as n — oo.

We can extend these results and obtain Berry-Esseen bounds using Theo-
rems 5.1 and 5.2.
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Theorem 5.4. Let H € (0,3), and 6y be given by (5.9

L if0< H <3,
dyw (5—‘/T(§T—9),N> <C v ’ (5.10)

. Then

~

" T314H* Zf% < H < %
Moreover,
1 if0<H<3
/Tn - nA, — 8
dyy ( SO 9),/\/> <C a2 4 o
g Gaoam R <H<i

(5.11)

Proof. Recall that E[ZyZ,] = O(r?*=2) and H € (0,3/4), see [11, Proposition
4.2]. Thus we are in the setting of Corollary 3.6. Then ¢r(Z) and ¢, (Z) are
respectively bounded via (3.11) with 8 = H.

To establish (5.10) and (5.11) it is left to show that E|g” ({1)|P < oo for some
p > 1. Using the monotonocity of ¢” and the fact that {r € [|fT(X0),er|],
it is enough to show that E|fr(X?)|P < oo for some p > 1. This follows as
an application of the technical Proposition 6.3 in Section 6.2. Indeed, since
X =79 — €% Z8 for a centered stationary Gaussian process (Zf);>0, one needs
only to check that Z? satisfies the condition (6.4), i.e,

lim E[(Z{ — Z§)*] =0, and ()| 5p{Z): —o0 < s <t} = {0}, (5.12)
t—0 teR

where 5p denotes the L2-closure of the linear span of a set of square-integrable
random variables. Note, that by (5.7), and integration by parts,

t t
E / / BHBH G+ g5y
0 JO

t t n2
0
= / / — Gt (20 L 20 |y o2 dsdr,
0 0 2

E[(Z{ - Z5)°]

which in turn approaches 0 as ¢ — 0 and the first part of (5.12) is satisfied. For
the second part, note that {Z? : —0co < s <t} Co(Bf : —0o < s <t) and the
intersection of the sigma algebras is empty. O

5.2. Fractional Ornstein-Uhlenbeck process of the second kind

The last example we consider is the so-called fractional Ornstein-Uhlenbeck
process of the second kind, defined via the stochastic differential equation

SH =0, and dSF = —pStdt +dy ", t>0, (5.13)

where Yt(l) = fg e *dBH with ay = Hew and {Bff,t >0} is a fractional
Brownian motion with Hurst parameter H € (%, 1), and where p > 0 is the
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unknown real parameter which we would like to estimate. The equation (5.13)
admits an explicit solution, see [22, Equation 3.9]:

t t at
Sf:e_“t/ eusdys(l):e—ut/ e(“_l)sdBfS:H(l_“)He_”t/ r(u—l)HdB;H.
0 0 ag

Hence we can also write
SH — gH _ —ut ZH
t — 4 —¢€ 0>

where

t ¢
Zl = e_“t/ e VeqBH = g-mHe-pt /at ri=DHGBH,
—oo 0

From [17, Lemma 37], for every H € (3,1),

_ 2H — 1)H?*H
97 () = fxu = fau = E [(z{;ﬂ = %B(l — H + pH,2H — 1),
where here B(-) is the usual beta function. The function yz + g, (1) is monotone
(decreasing) and convex from R, to R;. Now, the following Berry-Esseen result
holds:

Theorem 5.5. Assume H € (3,1). Then

N

)(ﬁT_M)aN> SC/ﬁ

y <7f
w 7
A

fxn

—~

Also,
dw (%(ﬁn - ﬂ)7N> < C [nA7™] R C/\/nA,.
Proof. From [22], there exist ¢, C' > 0 such that for all large |¢],
pzu(t) =E[Z5 21 < Ce el
Thus, by a straightforward calculation,
pr(2") < C/VT.
Moreover, according to [3, Lemma 4], for all H € (0,1), and |t — s| small enough,

2
E ’Yt(l) - Ys(l)‘ = Ot — s|* and we are in the setting of Corollary 3.6.

Finally, one needs to bound E|g”({r)[P. As in the proof of Theorem 5.4 we
use the technical proposition Proposition 6.3 in Section 6.2. Indeed, since St =
Z}'—e M ZL for a centered stationary Gaussian process (Z');>0, one needs only
to check that Z# satisfies the condition (6.4), i.e,

lim E[(Z{ — Z§)?) =0, and [ |sp{ZL: —oc0 <s <t} ={0}, (5.14)
—
teR
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where 5p denotes the L2-closure of the linear span of a set of square-integrable
random variables. Recall [2, Lemma 2.1]. One has E[(Z}' — Z§)?] ~ Ht*" as

t — 07. Thus the first part of (5.14) is satisfied. For the second part, note that

{20 : —c0o < s <t} Co(BE_.,, : —00 < s <t)and the intersection of the

sigma algebras is empty. O

6. Technical results
6.1. Two technical lemmas

Proof of Lemma 3.3 . We employ similar arguments to [30, Proposition 4.1].
First, write

1 /T I 1 [T 1 1 L7}
— udt:—/ udt—l——/ udt—i—(———)/ udt.
T/ ] )y T )i T (1) Jo '

Notice that
|T| > 1 /LTJ 1 /LTJ
= —— ) |—= udt| < |—— wugdt| .
( T 17| Jo T Jo '

(r-m) e

We know that ﬁ fOLTJ urdt — 0 almost surely as T'— 0. Thus, we are left to

show that
1 /T
— utdt
T Jir

Recall, that sup;sq E|ut|? < C) for any p > 1. Thus, by Minkowski’s inequality

1 [T]+1 |T]+1 . Cl/p
E —/ |u|dt / (Bl [P) /P at < =2
( LT J\r) ' LTJ ' T

Now, by Lemma 3.2,

1 LTJ+1
— e |dt
|T] /|_TJ '

and (6.1) follows. O
Proof of Lemma 3.4. According to (3.2) and since E[Vr(Z)] = 0, we have

k3(Vr(Z)) = E[Vr(2)°’] =E (\/—/ Ix( 1%226)

1 ®2 ®2
~ T3/2 /[0 T]SE[I2( [0, T})I2(1[0 oL (1[0t])} drdsdt.

— 0, almost surely as 1" — oo. (6.1)

— 0, almost surely as 7" — oo,
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Applying the product formula (2.5)

LAGILAG) = L Seligh) + 4G50 Lg,y) + (G S21{)-
(6.2)

Now, by isometry (2.4)

B 11 RO RO

1B | LG RAE, S|

2 2 5 1®2

= 817 (L5 @117 mes.
Recall the formula for contraction (2.3). Then,

2 2

1%,5] ®1 1%,t] = (Ljo,s» Ljo,6)) % L[0,5] ® L0,

The symmetrization is then

~ 1
102,115, = 5 Lo,s] Lio,)m (L10,) ® Lo, + Lo, @ Ljo,4]) -

Therefore,
E [—’2(1%,2r])12(1%,2s])f2(1%,2t])} = 8(Lj0,), Lj0,s])# (L0, 110,101 (Lj0,] L(0,61) 24
and then

8
ks(Vp(2)) = m/ (Ljo,r]5 Ljo,5) 2 (L(0,]5 Lio,6)) 7 (L10,5]> Ljo,¢ ) drdsdt

0,73
8
= — E|Z.Z,E|Z,. Z K| Z, Z;|drdsdt
T3/2 /[O’T]3 (2 Zs|E[ 2, Z,|E[Zs Z,)drds

8
= — — —t — t)drdsdt
775 [, P ol Ol — yirds

= %/OT /it /itp(w—y)p(ar)p(y)dxdydt

8 T T (T—2)N(T—y)AT
- o - dxd dt.
T3/ /4 [T p(z —y)p(x)p(y)de y/(

—z)V(—y)VO0

Let pr(x) := |p(z)|1|z/<7. Then,

ra(Ve(2)) < % / / pr(@ — y)p()ply)dady
= %A(pT*pT)(y)pT(y)dy

IN

8
ﬁ lpr * pTHL3(]R) ||pT||L3/2(R) )
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where pr * pr is the convolution of the two functions and we have applied
Holder’s inequality in the last line. Now, recall Young’s inequality: If p,q,r > 1,
felLP(R),ge LIYR) and 1/p+1/q¢=1/r+1, then

I *gHLW‘(]R) < ||f||LP(R) HgHLfI(R)'

Hence,

2
T
HS(VT(Z)) S ||PT||3£3/2(R) = (/T p(t)|3/2dt> ,

and (3.6) is established.
Similarly, we have

T 4 T 212
1 ®2 3 ®2
S WA ) M AR AT

1
= = /[O o E {12(1%?81)12(1%?ﬂ)12(1%1})12(1%1])} dsdtdudv

By (6.2) and the isometry property

2 2 2 2
E[LAG)RAGE)RAG)LAG)]
— ®R2 = 2 ®2 S 12
= E LA S1f L, 8182
+16E [ L85 L 81|
®2 5 182 R2 S 1®2
+E [10(1[0751®21[07t])10(1[0#]@21[07@})} .
For the contractions the following holds:
®2 ®2 __
Lo ©@0 Lo =Lio,s] @ Ljo,s] @ Lo, @ Lo,e,
2 2
1o ®1 1oy =(jo,51; Ljo,0) 70,6 @ Lio,0;
®2 ®2 __
Lo ®2 Lg% =(Ljo,5], Ljo,0)2(Lj0,5) Ljo,0)) %

After taking symmetrization into account and by the isometry formula (2.4),

B (L, B0t ) LR, Bo1Eh)] =4 B2 ZIBZZ)
+ 4 (E[Z, Z,|E|Z: Z,])?



Berry-Esseen bounds for Gaussian process estimators 663

+ 16E[Z, Z4|E[Z, Z,|E[ Z: Z,|E[ Z, Z,),

E {12(1‘8?5]@511@2 V(122

[0 [0,] [O,u]®11®2 )] :]E[ZSZt]E[Zqu]E[ZsZu}E[Zth]

(0,v]
+ E[Z, Z)E[Z4 Zo|E[Z Z,|E| Z: Z4),
B [ B 0 5] ~El22E L)

Therefore by symmetry and (3.3),

ra(Vr(Z)) = %/ E[Z:Z.E[Zs Z,|E|Z: Z,)E| Z: Z, | dsdtdudv
[0,7]4
44+44+1— 4
+ %23*/ E[ZbZt}QE[ZuZU]2detdudU
(0,774
48

IN

= / p(s —u)p(s —v)p(t — u)p(t — v)dsdtdudv
T [O7T]4

48
= T2 / / pr(u—8)pr(v—8)pr(t —u)pr(t — v)dudvdsdt
[0,T]2 JR2

48
- = /[ ) [ o2t =5 = 0pr(t = s~ por(@pr(y)dodydsi
0,712 JR

48

48 )
= = ((pr * pr)(t — 8))*dsdt < — ||pr * pr|| ;
T2 /[O,T]2 T L2(R)

where we have also applied the change of variables © = t —u, y = t — v and used
the formula for convolution. Next, by Young’s inequality,

2 4
[T * PT||L2(R) < ||PT||L4/3(R) ’

and this establishes (3.7). O

6.2. A bound on E|fT(X)|p

First, we recall an important representation for stationary Gaussian processes.

Definition 6.1. Let ¢g denote the set of functions ¢ € L?(R) such that £(t) = 0
for all t < 0. If £ € ¢, we can define for all t € R,

zt ::/g(t—u)qu, (6.3)
R

where (W};)¢>0 is the Wiener process. The process (Zf)teR is a stationary cen-
tered Gaussian process.

The following result is key for our approach.

Theorem 6.2 (Karhunen [23]). Let {Z;,t € R} be a stationary centered Gaus-
stan process such that

lim E[(Z; — Z0)% =0, t&@{zs i —o00 < s <t} ={0}, (6.4)
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where 3p denotes the L2-closure of the linear span of a set of square-integrable
random variables. Then there exists £ € ¢s such that

(ZteR} 9y

Z5 t e RY, (6.5)
where (d) denotes equality of all finite-dimensional distributions, and {Z5,t €
R} is the stationary centered Gaussian process defined in (6.3).

The following proposition asserts that, for Z a stationary centered Gaussian
process satisfying (6.4), the estimator fr(Z) given by (1.1) admits uniformly
bounded negative moments of all order. To prove it, we mainly rely on the
equality in law (6.5), that allows us to make use of conditional expectations with
respect to the filtration generated by the Wiener process W of (6.3). Another
more classic approach could have been to use a Laplace transform argument
instead, but we have not figured out how to do it.

Proposition 6.3. Let {Z;,t > 0} be a stationary centered Gaussian process
satisfying (6.4), and E[Z3] = 1. Then, for every p > 0, there is Ty > 0 such that

1 (7 -
sup E —/ Z2dt < 00 (6.6)
T>T, T Jo
17 -
and sup E —/ (Zy — e Zy)2dt < 0.
T>T, T Jo

Moreover, for every p > 0, there is ng > 1 such that

n -p
1
sup E (nZZZ> < 00 (6.7)
i=1

n>ngo
1 <& -
and sup E || — Z Ly, — eetlZ < 00,
nzno n =1
where t; = 1A, fori=1,...,n, with nA,, — oo and A, — 0, as n — oco.

Remark 6.4. We note the main idea for the proof is inspired by the approach
in [31, Theorem 1.1], which provides a bound on the some negative moments of
the Malliavin derivative.

Proof. Let p > 0 Condition (6.4) is satisfied and thus Theorem 6.2 implies that

(Zte Ry} @ (78, ¢ € Ry} where € € L2(R) with €(t) = 0, for t < 0, and Z¢
is given by (6.3). Then, for a positive integer m > 2p,

IR U RV
E (T/o tht> - E <T/O(Zt)dt>
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kT /m P
Z / (Z5)2dt
lT/m

Recall, that by the inequality between arithmetic and geometric means, for any

positive reals z1, ..., Zm, Y opeq Tk > m ][, xl/ Then,
1 T -p m 1 kT/m ¢ —p/m
E —/ Z2dt <m PR —/ (ZF)2dt . (6.8)
T 0 ‘ ]];[1 T (k—=1)T/m ‘

We proceed by conditioning. Let F; := o(Wy,u < t). By definition, Zf is Fi-
measurable. Thus,

I
Ell= [ Zz

m 1 [kT/m —p/m
< mPE HE <T/ (Zf)th> ’f(kq)T/m

(k—1)T/m

Next, note that

kT /m —p/m
E|(L / (28)2dt R4
T (k—1)T /m t (k—1)T/m
S 1 kT/m
= / P ?/ (Zf)%tgx*m/f”f(VkV_DT/m dx
0 (k—1)T/m

0o 1 kT /m .
1+/ P (T/ (Z8)2dt < x /p‘f(v,f_l)T/m> dz. (6.9)
1 (k—1)T/m

IN

Applying the Carbery-Wright Inequality [6], there is a universal constant ¢ > 0
such that, for any € > 0 we can write

L e £\2 W
P _/ (26)%dt < | Yy pm

Ve . (6.10)

kT /m 3
|: f(k: l)T/m Z 2dt|

(k 1 T/m:|

Next, note that for any 0 < a < b,

/ 2y ] -/ e (25717 at

b
> / 2Z8E(ZE — 78| Fa) + (76 — 75| F.ldt

a

E
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z/ab /{: (¢ — u)dudt — /Oba(b_ 0@ —v)E(v)dv, (6.11)

where we have used Ito isometry and the fact that Z& — Z§ is independent of
Fa.
By isometry, [° &?(v)dv = E[Z3] = 1. As a result, there is Ty > 0 such that
T

foﬁ ¢*(v)dv > L. Thus, by (6.11), for every T > Ty,

[ [KT/m 1 L 1

E |- Z92dt | Fomvyrm | > — EW)dv > —. 6.12
T (k_l)T/m( £)7dt | Fre—vyr) om |, (v)dv 2 —.  (6.12)

Therefore, combining (6.9), (6.10) and (6.12), we obtain for every T' > T,

[ 1 kT /m —p/m oo .
E ?/( Ztht ‘]:(kfl)T/m < 14+4em T 2rdz.

k—1)T/m 1
(6.13)
Hence,
1 kT/m —p/m
Ym,Tp = sup E f/ Z2dt ’}'(k_l)T/m < 00. (6.14)
I2To (k—1)T/m

Consequently, it follows from (6.8) and (6.14) that, for all T' > Ty,

-p
1 T
- <T / ZEdt) = m_p(,ymvTo)m < 0,
0

which completes the proof of the first part of (6.6). To establish the second part
of (6.6) one need only replace Z; by Z; — e’ Zy in the proof above. Indeed, the
key inequalities (6.8), (6.9) and (6.10) are the same (with the change Z&F —
zZt — eetZg) and the equivalent of (6.11) is

b
E / (2 — " 25 )t]

Y

b
/ 228 — M Z§EZE — Z4|Fa) + E(ZE — 28| Fldt

v

/ab /at €8 (¢t — wdudt = /Oba(b —a—v)€*(v)dv. (6.15)

Now, let us prove the discrete version (6.8). First we prove it for the case
n = m?2. Define, for every m > 1, T, := m?A,, such that A,, — 0, and
= mA,, = o0 as m — oo. Fix p > 0, and let mg be a positive integer such

38
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T
that, for every m > mq, m > 2p and [;™ &*(v)dv > . We have t; = iA,, for

t=1,...,m. Write
2
1 & I
— § Z: = / Yidt,
m? i=1 " T Jo '

where Y; := 22'121 Zs 1, 1,(t). Also, denote th = 22121 Zfil(ti—lati](t)'

We follow the same techniques as in the proof of (6.6). Notice that the in-
equalities (6.8)-(6.11) hold with Y, instead of Z°.

Thus, it suffices to prove the following equivalent of (6.12): for every m > my,

1 kTm/m 5 9 1
— Y, dt‘]—" o > ——
T, /(k_l)Tm/m( +) (k=1)Tm/m | = 53

E

Notice that for every k =1,...,m,

— Y5)2dt = —
Tm (kfl)Tm/m( m? g b l)mJ”
Moreover,
¢ ) tk—1)m+j ) t; )
E |:(Zt(k71)m+j) "Ft(kflhn} Z/ E(t—1)ym+j — w)du = o £ (v)dv.
(k—1)m
Therefore, for every m > my,
1 kTm/m
E T—/ (Ytg)2dt | ]:(k—l)Tm/m
(k=0T /m
1w (Y , Lo,
> 5 [ eowz o [T ewa
=y =
1 (= 1
— ™ 2
= W/o £ (v)dv > ECE
which yields the proof of (6.8) for n = m?.
For general n a simple computation yields
1 Lfﬁ [vn)?
- z; > (6.16)
SaslS et Y g

for some absolute constant C' > 0, and thus the first part of (6.8) is established.
The second part follows using the same techniques as above and (6.15). O
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