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Abstract: The logistic linear mixed model (LLMM) is one of the most
widely used statistical models. Generally, Markov chain Monte Carlo al-
gorithms are used to explore the posterior densities associated with the
Bayesian LLMMs. Polson, Scott and Windle’s (2013) Pélya-Gamma data
augmentation (DA) technique can be used to construct full Gibbs (FG)
samplers for the LLMMs. Here, we develop efficient block Gibbs (BG) sam-
plers for Bayesian LLMMs using the Pélya-Gamma DA method. We com-
pare the FG and BG samplers in the context of a real data example, as the
correlation between the fixed effects and the random effects changes as well
as when the dimensions of the design matrices vary. These numerical ex-
amples demonstrate superior performance of the BG samplers over the FG
samplers. We also derive conditions guaranteeing geometric ergodicity of
the BG Markov chain when the popular improper uniform prior is assigned
on the regression coefficients, and proper or improper priors are placed on
the variance parameters of the random effects. This theoretical result has
important practical implications as it justifies the use of asymptotically
valid Monte Carlo standard errors for Markov chain based estimates of the
posterior quantities.
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1. Introduction

The logistic linear mixed model (LLMM) is an extensively used generalized
linear mixed model for binary response data. Let (Y7,Ya,...,Y;,) denote the
vector of Bernoulli responses. Let X and Z be the n x p and n x ¢ known design
matrices corresponding to the fixed effects and the random effects, respectively.
Suppose x; and 2z, indicate the i'" row of X and Z, respectively, fori = 1,...,n.
Let 8 € RP be the regression coefficients vector and u € R be the random effects
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vector. In general, a generalized linear mixed model (GLMM) can be built with
a link function that connects the probability that the response variable Y equals
1 (that is, the expectation of Y') with X and Z. For the LLMM, P(Y; = 1) =
F(xz] B+ 2 u), where F indicates the cumulative distribution function for the
standard logistic random variable, that is, F/(t) = e’ /(1+¢!), t € R. Also, assume

that we can divide u into r independent random effects. Let u = (u] ,...,u))T,
where u; is a ¢; x 1 vector with ¢; >0, 5 =1,...,r, and Z;Zl ¢j = q. Assume,
ind

u; ~ N(O,(1/7j)ly;), where 7; > 0, for j = 1,...,r. Let 7 = (71, ..., 7). Thus
the data model for the LLMM is

Y| Bou, T i Ber(F(z] B+ 2 u)) for i=1,..,n,
ind .
uj | ;o ~ N(O,(1/75)1g,), J=1,..,r (1)

Let y = (y1,¥2,...,Yn) denote the vector of observed Bernoulli responses.
Then, the likelihood function for (5, 7) is

L(ﬂﬂ"y):/ H[F(m:ﬁ-‘,—z;u)]y’ [1—F(chﬁ+z;ru)]1_yi¢q(u;0,D(T)_1)du,
R? =1

(2)
where D(7)7! = 521%1%, and @ indicates the direct sum. Here, ¢q(u;0,
D(7)71) denotes the probability density function of the g-dimensional normal
distribution with mean vector 0, covariance matrix D(7)~!, and evaluated at w.

When working in a Bayesian framework, one must specify priors for 5 and
7. Here, we consider the prior for § as given by

1
m(B) o exp [* 5(5 - uo)TQ(5 - MO)L 3)
where pg € RP and @ is a p X p positive definite matrix (proper normal prior)
or a zero matrix (improper uniform prior). Thus, if @ = 0, then 7(3) x 1. The
prior for 7; is

aj -1 —T7;b;

m(rj) o7 e, j =1, (4)
which may be proper or improper depending on the values of a; and b;. Finally,
we assume that 8 and 7 are apriori independent, and all the 7;s are also apriori
independent. Hence, the joint posterior density for (3, 7) is

1
(8,7 [ y) = —L(B, 7 | y)m(B)m(7), (5)
c(y)
where ¢(y) = [pr Jgo L(B,7 | y)m(B)7(T)dBdT is the marginal pmf of y. If ¢(y)
+
is finite, then the posterior density is proper. Since we consider both proper and
improper priors on (3, 7), if improper priors are used, then ¢(y) is not necessarily
finite. Conditions for the posterior propriety of nonlinear mixed models with
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general link functions are given in Chen, Shao and Xu (2002) and Wang and Roy
(2018a). Theorem 1, given in Section 4 of this paper, provides easily verifiable
sufficient conditions for propriety of (5) when m(3) o 1.

Since the likelihood function L(3,7 | y) is not available in a closed form,
the posterior density for (3, 7) is not tractable for any choice of priors on these
parameters. Markov chain Monte Carlo (MCMC) algorithms can be used to ex-
plore the posterior density 7(53, 7|y). Even in the absence of the random effects,
MCMC algorithms are generally used for exploring the posterior densities corre-
sponding to the basic logistic model or other generalized linear models (GLMs).
Using the data augmentation (DA) technique (van Dyk and Meng, 2001), in
a highly cited paper, Albert and Chib (1993) constructed a Gibbs sampler for
GLMs with the probit link. Since then there have been several attempts to con-
struct such a DA Gibbs sampler for the logistic model (see e.g. Holmes and
Held (2006) and Frithwirth-Schnatter and Frithwirth (2010)). Recently, using
the Pélya-Gamma (PG) latent variables, Polson, Scott and Windle (2013) (de-
noted as PS&W hereafter) have proposed an efficient DA Gibbs sampler for the
Bayesian logistic models. A random variable w follows a PG distribution with

parameters a > 0, b > 0, if w < (1/(272)) Yoo gi/1(i—1/2)% +b*/(47?)], where

gi %Gamma(a, 1). We denote this as w ~PG(a,b). PS&W’s DA technique can
be extended to construct a Gibbs sampler for the LLMMs. Indeed, with PG
latent variables w = (w1,ws, ...,wy, ), one can construct a joint posterior density
(B, u,w, T | y) (details are given in Section 2) such that

/Rq /n 7(B,u,w, T | y)dwdu = 7(8,7 | y), (6)

where R} = (0,00), and 7(53, 7 | y) is given in (5). Using the conditional distri-
butions of the joint density (8, u,w, 7 | y), a full Gibbs sampler can be formed
(The details for this Gibbs sampler are given in Section 2.1.). It is known that
blocking parameters can improve the performance of the Gibbs sampler in terms
of reducing its operator norm (Liu, Wong and Kong, 1994). In general, when
one or more variables are correlated, sampling them jointly can improve the ef-
ficiency of MCMC algorithms (Roberts and Sahu, 1997; Chib and Ramamurthy,
2010; Turek et al., 2017). On the other hand, blocking may result in complex
conditional distributions that are not easy to sample from. For the LLMMs, it
turns out that an efficient two-block Gibbs sampler can be constructed by using
the two blocks, n = (87,u")" and (w, 7). We derive this block Gibbs sampler
in Section 2.2. Using numerical examples, we show that blocking can lead to
great gains in efficiency in Monte Carlo estimation for the LLMMs.

The block Gibbs Markov chain is Harris ergodic. Thus, the sample (time)
averages are consistent estimators of the means with respect to the posterior
density (5). On the other hand, in practice, it is important to ascertain the errors
associated with the Monte Carlo estimates. A valid standard error for the Monte
Carlo estimate can be formed if a central limit theorem (CLT) is available for
the time average estimator (Jones and Hobert, 2001). Establishing geometric
ergodicity (GE) of the underlying Markov chain is the most standard method for
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guaranteeing CLT's hold for MCMC estimators, and is also used for consistently
estimating the asymptotic variance in the CLT (Vats, Flegal and Jones (2018),
Vats, Flegal and Jones (2019)). GE of Gibbs samplers for probit and logistic
GLMs under different priors has been established in the literature (Roy and
Hobert, 2007; Choi and Hobert, 2013; Chakraborty and Khare, 2017; Wang and
Roy, 2018b). Also, GE of Gibbs samplers for probit mixed models and normal
linear mixed models under improper priors on the regression coefficients and
variance components is considered in Wang and Roy (2018a) and Romdn and
Hobert (2012), respectively. From Roy (2012a) it follows that Wang and Roy’s
(2018a) GE result also holds for parameter expansion for DA algorithms for the
probit mixed models. Wang and Roy (2018c¢) prove uniform ergodicity of a Gibbs
sampler for the LLMMs under a proper normal prior on 3 and a truncated proper
prior on 7. Wang and Roy (2018c¢) establish a minorization condition to prove
uniform ergodicity of the Gibbs sampler (see e.g. Roberts and Rosenthal, 2004,
Theorem 8). Wang and Roy’s (2018¢) analysis of the Gibbs Markov chain puts
a constraint on the support of the posterior density (5), in that the parameter T
is bounded away from zero. Here, using a drift condition, we establish geometric
convergence rates for the block Gibbs sampler, in the case when the popular
improper uniform prior is assigned on § and the commonly used proper gamma
priors or the improper power priors are assigned on 7. In contrast to Wang
and Roy (2018c¢), our result does not put any restriction on the support of the
variance components, that is, the common support of 7;’s is the entire positive
real line.

The rest of the article is organized as follows. In Section 2, we provide details
on PG data augmentation and construct the full and the block Gibbs samplers.
Section 3 contains numerical examples. These examples are used to compare the
performance of the block and the full Gibbs samplers. In Section 4, we consider
geometric convergence of the block Gibbs sampler under improper priors. Some
concluding remarks are provided in Section 5. Finally, several theoretical results
along with proofs of the results appear in the appendices.

2. Gibbs samplers

In this section, using the PG variables, we discuss DA for the LLMMs, and
construct Gibbs samplers for (5). Following (2) and (5), the joint posterior
density for (8, 7) is

ex T8+ z"Tu
(B, 7|y) = /Rq H pyil@; 5+ )}d)q(u;O,D(T)_l)du.

1 +exp(z] B+ 2 u)

By Theorem 1 in Polson, Scott and Windle (2013)

x T8+ 2Tu) — wi(x] B+ 2 u)?
= [ [, [Tt T caela T

X ¢q(u;0, D(1) ") du x % (7)



5602 Y. Rao and V. Roy

where w = (w1,wa,..wy), ki = y; — 1/2,1 = 1,...,n and p(w;) is the pdf of
w; ~PG(1,0) given by,

plw;) = ;(—1)(2(22\/:7? exp [— %], w; > 0. (8)

We now define the joint posterior density of 5, u,w, T given y mentioned in (6)
as

(B, u,w, T | y)x —Hexp{ki(xjﬁ + leu) - wi(xjﬁ + ziTu)Q/Q}p(wi) w(B)m(7)
X ¢q(u;0,D(T)_1)

= HeXp{ki(szﬁ +zi ) —wile] B+ 2z w)? 2} p(wi)

Li=1 _

X ¢q(u;0,D(7)~") X exp (B—10)"Q(B — po)

1
2
X H quj—l exp(—b;7;), (9)

J=1

where (9) follows from the priors on 5 and 7 given in (3) and (4), respectively.

2.1. A full Gibbs sampler

Let Q(w) be the n x n diagonal matrix with the i** diagonal element w;. Let
M = [XZ], and m; indicates the i row of M for i = 1,...,n. Let k =
(k1,ko,....,k,)T. We begin with deriving the conditional densities required for
the full Gibbs (FG) sampler. Based on (9), the conditional density of 8 given
U, W, T,y 18

ﬂ—(ﬁ | U, w, T, y) X HeXp |:kzx;r/8 - wl($:6)2/2 - UJZ,CC;FBZZTU}

~ 508 1) QB ~ o)

X exp [f %BT(XTQ(M)X +Q)B

xexp[

+ 5T(XT/<; + Quo — XTQ(w)Zu)} .
Hence,

B lu,w,my ~N(X QW)X + Q)
X (X Tk 4+ Quo — XTQw)Zu), X TQW)X +Q)~1.  (10)
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Also from (9), the conditional density of u given 8, w, 7,y is

m(u | Byw, T, y)ocif[lexp {k:lz:u—% [(z;—u)Q—&—Qleux;rﬂ} } exp {—%UTD(T)U}

=exp [ - %UT(ZTQ(W)Z—FD(T))U—FUT(ZT/{—ZTQ(M)XB)}.
Thus, it follows that
wl| Bw, 7,y ~NN(Z"Qw)Z + D(r))~*
x(ZTk = ZTQW)XB), (ZTQw)Z + D(1)"H).  (11)
Also from (9), the conditional density of w and 7 given 7 and y is as follows

wle,7 | m,y) ox [ exp(—wi(m{n)2/2p(w) | D()|* exp(—u" D(r)u/2)

ajfl
X H ;7 exp(—b;Ty), (12)
j=1

where |D(7)] is the determinant of D(7). From the above, we see that w;’s, i =
1,...,n are conditionally independent given (7,y). Also, (w,7) are conditionally
mutually independent given (7, y). The conditional density for w; is

m(wi | 1,y) < exp(—wi(m; 1)*/2)p(w;)

oo

2w m. n)2
=é_0(—1)f%exp(_ (%8;1) - 5 ) ) (13)

where the equality follows from (8). From Wang and Roy (2018b), the pdf for
PG(a,b),a >0,be R is

b,102071 & I'l+a) (204 a)
(ol a.b) =[coh (5)] T 2 V) Vo
(20 + a)? :E_l)2>

>< A —
eXp( 8z 2

for > 0, where the hyperbolic cosine function cosh(t) = (e* + e~*)/2. Hence,
from (13) we have

wi |y & PG(1,lm]

), i=1,..n. (14)

From (12), the conditional density for 7; is given by

j/2+a;—1 .
(75 | n,y) qu / exp [— 7;(b; + u;»ruj/Q)], ji=1,..r (15)
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Thus, we have
ind .
i lny kS Gamma(a; +¢;/2,b; + u;ruj/Q), ji=1,..,r

We will allow a; > —¢;/2, and b; > 0. The case where b; = 0 is more complicated
and will be discussed at length in Section 4.

Let (8™, u™, w(™ 7(m)) denote the m!”* element for (B, u,w,7) in the FG
chain. Thus, a single iteration of the full Gibbs sampler {5(’”), u™, wm
r(m)lee_ consists of the following four steps:

Algorithm1 The (m+1)st iteration of the full Gibbs sampler
1. Draw T](erl) ind Gamma(a; + q;/2,b; + u;ruj'/Q)a 3 =1, 7 with u = ul™).

Em-‘rl) ind PG(l,‘mZTn(m)‘ ), i=1,..n.
3. Draw u(m+D) ~ (11) with 7 = r(M+D) | o = M+ and g = glm),
4. Draw B8(m+1) ~ (10) with w = w(m+1),

2. Draw w

2.2. A two-block Gibbs sampler

In this section, we construct a block Gibbs (BG) sampler for (5). As mentioned
before, M = [X Z] with the i*" row m] fori = 1,... ,n. Note that 2 3+ 2 u =
m;-'—n. From (9), the conditional density of n given w, 7,y is given by

m(n|w,7,y) x Hexp [kim;rn — wi(mz—n)2/2] exp {— %UTD(T)U}
i=1

~ 508 10) QB ~ o)

xexp | - %(n ~S(M TR+ 0) S - S(M TR+ 0)], (16)

xexp[

where 71 = M TQ(w)M + A(7),

Quo Q 0
b(p+q)><1_<0q><l and A(T) (p1q)(p+9) = 0 D(r))°

Hence,

nlw, Ty~ N(M QUw)M + A1) " (M Tk +b), (MTQw)M + A(r)) ™).
(17)

In the FG sampler in Section 2.1, 7, w, v and 8 are drawn sequentially, whereas,
in this section, we show that the conditional distribution of n given w, 7, y is
normal. From (12), we can see, conditional on (7,y), w and 7 are independent.
Thus, 7 and w can be drawn jointly as a block and we have a two-block Gibbs
sampler.

Let n(™), w(™) and 70" denote the values of 7, w, and 7, respectively, in the
mt" iteration of the BG sampler. A single iteration of the block Gibbs sampler
{nm) wlm) rm)yee "consists of the following two steps:
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Algorithm 2 The (m+1)st iteration of the two-block Gibbs sampler
1. Draw T;m+l) ind Gammal(a; + q;/2,b; + ujTuj/2), j=1,.,r with u = u(™,
and independently draw wEerl) ind PG(l,)m;'—n(m)’ ),i=1,..n.

2. Draw n(m*+1) ~ (17) with 7 = 7(™*+D and w = w(m+1),

The conditional distribution of 1 in the BG sampler and the conditional distri-
butions of § and w in the FG sampler are all normal distributions of the form
N(S~',S871) for some matrix S and a vector t. Note that, for the conditional
distribution of 1, S is a (p + ¢q) X (p + ¢) matrix, whereas for 8 and u this is
a p X p and ¢ X ¢ matrix, respectively. Thus, a naive method of drawing from
N(S71t,571) is inefficient especially if p and/or ¢ is large as it involves calcu-
lating inverse of the matrix S. Here, we use a known method of drawing from
N(S~',S71) that does not require computing S~*. The method is as follows:

Algorithm for drawing from N(S—1¢,5°1)

1. Let S= LL" be the Cholesky decomposition of S.
2. Solve Lw = t.

3. Draw z ~ N(0,Ix) where k is the dimension of S.
4. Solve LTz = w+ 2. Then z ~ N(S~1¢,S~1).

3. A real data example

We consider the student performance data set from Cortez and Silva (2008).
This data set includes n = 649 observations and 33 variables including several
categorical variables. As in Cortez and Silva (2008), the binary response is de-
fined as 1 if the final grade is greater than or equal to 10, otherwise, it is defined
as 0. Recall that p denotes the number of columns for the design matrix X.
Also, note that, categorical variables are incorporated into the LLMM as sets of
dichotomous variables through what is known as dummy coding. We consider
different subsets of variables while fitting the LLMM to compare the BG and
FG samplers for different dimensions. In particular, we consider p = 3,7, 23,
including an intercept term. We also keep one random effect ‘school’ with 2
levels in the LLMM. As mentioned in Chib and Ramamurthy (2010), a key
principle to block sampling in MCMC is that ‘parameters in different blocks
are not strongly correlated whereas those within a block are’ (see also Roberts
and Sahu, 1997; Turek et al., 2017). As we observe later in this Section, when
p varies, the average absolute (posterior) correlations between 8 and u change
greatly. The specific values of p we choose here are irrelevant for the general
conclusions of this section. Indeed, for some other p values, close to the ones we
choose here, the general pattern of the different empirical measures remains the
same.

We analyze the data set by fitting the LLMM with a proper normal prior (3)
on 8 with po = 0 and @ = 0.00115. Also, we use a proper Gamma prior (4) on
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71 where the (prior) mean and variance of 71 are 1.2 and 100, respectively (a; =
0.0144 and b; = 0.012). We ran the BG sampler for m = 120,000 iterations,
starting at an initial value n(® = (8 4(©) with a burn-in of B = 20,000
iterations. Here, 5(?) is the estimate of 5 obtained by fitting a logistic linear
model without any random effect. For p = 3, 7, the initial value u(®) is a sample
drawn from N (0, (1/7'1(0))12)7 where 1/7'1(0) is the estimate of the random effect

variance component obtained from the R package lme4. For p = 23, 1/ 7'1(0) is
the estimate of the random effect variance component obtained from p = 7 as
Ime4 did not run successfully in the case of p = 23. The FG sampler was also
run for m = 120, 000 iterations with a burn-in of B = 20, 000 iterations.

The BG and FG samplers are compared using the lag k autocorrelation func-
tion (ACF) values k = 1,...,5, the effective sample size (ESS) and the multi-
variate ESS (mESS) (See Roy (2020) for a simple introduction to these con-
vergence diagnostic measures.). The ESS and mESS are calculated using the R
package mcmcse. We also compute the mean squared jumps (MSJ) defined as

2
> g HB(”U — B@W|" /(m — B) for the 8 variable, and similarly for the other
variables. Here, ||-|| denotes the Euclidean norm. Tables 1-3 provide the values
of the ACF for Sy, 81, B2 and 11 for the BG and FG samplers, as p varies. Better
performance of the BG sampler compared to the FG sampler is observed from
its mostly smaller ACF values. Table 4 provides the ESS values of the intercept
parameter, first two regression coefficients and 7. It also gives the mESS values
for w and (8,71), as p varies. Again, better efficiency of the BG sampler com-
pared to the FG sampler is observed from its generally larger ESS and mESS
values. We calculate the average of the absolute (posterior) correlations between
the coordinates of the 8 vector and those of the u vector computed based on
the BG samples mentioned before. For p = 3,7, and 23, these values are 0.2601,
0.1143, and 0.0206, respectively. From the mESS values of the parameters of in-
terest, namely (8, 71), given in Table 4, we see that the increase in the efficiency
of the BG sampler compared to the FG sampler is higher for smaller p values.
From Table 5, it can be seen that the BG sampler leads to higher MSJ values
than the FG sampler with the exception of 7; in some cases. Thus, Table 5
also corroborates better mixing of the BG sampler than the FG sampler. So,
in practice, the BG sampler can provide significant gains compared to the FG
sampler.

Finally, Table 4 also provides the time normalized efficiency (ESS and mESS
values per second) for the two samplers, as p varies. From this Table, we see that
the BG sampler has always resulted in larger ESS and mESS values per second
than the FG sampler. Indeed, the BG sampler results in higher time normalized
ESS values even in the cases when the FG sampler performs better in terms of
the ESS (See e.g. ESS (1) for p = 7.). Recall that in every iteration, the BG
sampler makes a draw from a (p 4+ ¢) dimensional normal distribution, whereas
the FG sampler draws from a ¢ dimensional normal distribution and then a p
dimensional normal distribution. Other draws are the same for both the BG and
FG samplers. Using the Cholesky decomposition method mentioned in Section
2.2, we observe that for all values of p considered here, the BG sampler takes
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less time than the FG sampler to complete a certain number of iterations. On
the other hand, when (p + ¢) takes much larger values, the BG sampler takes
more running time than the FG sampler.

ACF for the BG and FG samplers for the student performance data with p =3

TABLE 1

Parameter Sampler lag 1 lag 2 lag3 lag4 lag 5
Bo BG 0.434 0.385 0.359 0.333 0.319
FG 0.985 0974 0964 0.956 0.948

51 BG 0.597 0.380 0.258 0.192 0.153
FG 0.613 0.402 0.282 0.212 0.173

B2 BG 0.836 0.734 0.667 0.621 0.586
FG 0.838 0.739 0.671 0.623 0.587

1 BG 0.374 0.212 0.134 0.091 0.071

FG 0.405 0.285 0.224 0.186 0.155

TABLE 2

ACF for the BG and FG samplers for the student performance data with p =17

Parameter Sampler lagl lag2 lag3 lag4d lagh
Bo BG 0.463 0.409 0.365 0.340 0.320
FG 0.924 0.867 0.821 0.781  0.747

B1 BG 0.436  0.191 0.087 0.036 0.018
FG 0.437 0.193 0.088 0.038 0.017

B2 BG 0.419 0.185 0.085 0.047 0.031
FG 0.420 0.187 0.090 0.053 0.032

Tl BG 0.379 0.216 0.142 0.098 0.063

FG 0.372 0.244 0.190 0.150 0.122

TABLE 3

ACF for the BG and FG samplers for the student performance data with p = 23

Parameter Sampler lagl lag2 lag3 lag4 lagh
Bo BG 0.870 0.811 0.761 0.714 0.669
FG 0.933 0.874 0.820 0.770 0.723

B1 BG 0.637 0.437 0.323 0.256 0.213
FG 0.655 0.463 0.348 0.278 0.235

B2 BG 0.885 0.807 0.753 0.713 0.681
FG 0.880 0.801 0.744 0.702 0.669

Tl BG 0.384 0.228 0.147 0.098 0.070

FG 0.395 0.263 0.198 0.164 0.141

4. Geometric ergodicity of the block Gibbs sampler

We begin this section with a discussion on the conditional density 7 (7 | n,y).
Since we allow the prior rate parameter b; for 7; to be zero, define A = {j €
{1,2,...,7} : b; = 0}. Recall from (15) that 7; | n,y ing Gamma(a; + ¢;/2,b; +
u;'—uj/2),j = 1,...,r when a; + ¢;/2 > 0 and b; + u;»'—uj/Q > 0. The density
w(T|ny) = H;:1 m(7; | m,y) is not defined when A is not empty and |lu;|| =0
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TABLE 4
Multivariate ESS or ESS for the BG and FG samplers for the student performance data
with p = 3,7, and 23. The numbers inside the parentheses are the corresponding values per
second. The column name MC stands for Markov chain.

p MC mESS (8 71) mESS (8) ESS (Bo) ESS (81) ESS (B2) mESS(u) ESS (1)

BG 19,012 15,979 4,229 9,268 2,586 34,623 31,688
3 (321) (270) (71) (156) (44) (585) (535)
FG 1,539 978 40 8,089 2,560 76 2,037

(22) (14) 1) (115) (36) 1) (29)
BG 27,474 26,702 4,494 36,015 31,294 34,844 32,334

. (426) (414) (70) (559) (486) (541) (502)
FG 13,533 12,793 1,894 38,572 29,826 1,931 11,401

(179) (169) (25) (509) (394) (25) (150)
BG 23,068 22,966 3,031 7,272 2,130 31,529 28,561

23 (295) (294) (39) (93) (27) (404) (366)
FG 18,016 17,770 3,040 5,912 1,554 1,022 7,911

(187) (184) (32) (61) (16) (11) (82)

TABLE 5

Mean squared jumps for the BG and FG samplers for the student performance data with
p=3,7, and 23

P BG FG

B U T B u T
3 12.94 2441 1319.13 0.73 0.10 1071.40
7 1552 2497 1192.74 | 3.03 0.10 1309.20
23 90.19 29.68 124048 | 74.84 0.11 1249.00

for j € A. Let N = {n € RP*4J[,_,[lu;|| = 0}. The fact that 7(7 | n,y) is
not defined on N is irrelevant for simulating the BG sampler as N is a measure
zero set with respect to the Lebesgue measure on RP19. But, for a theoretical
analysis of the BG chain, w(7 | n,y) needs to be defined for all n € RPT4. For
all n € RPT4, we define

nglfG(Tj,aj-i-%,bj—i-%u;ruj) if n¢gN

1= fa(r,1,1) it oneN (18)

7T(Tlmy):{

Here, fc(z,a,b) denotes the pdf of a gamma random variable with the shape
parameter a, the rate parameter b, and evaluated at z. Thus, fo(x,a,b) =
(b%/T(a))x*~ ! exp(—bx). The Markov transition density (Mtd) of the BG chain
{n(m) wlm) plm)yee Hig

k(n,w, 7|7 W', 7") =7 |w,7,y)m(w, 7|7 y)

= n(n|wor.)| [T wtes || wtr [ 2. (19

=1

where the conditional densities w(n | w, 7,y), m(w; | 7', y), and w(7 | ', y) on the
right side of (19) are given in (16), (13), and (18), respectively. It is easy to see
that the joint density (9) is the invariant density of k, and k is g-irreducible.
Thus, if (9) is a proper density, that is, if ¢(y) < oo in (5), then the BG chain
{ntm) wlm) rm)yee s Harris ergodic (Meyn and Tweedie, 1993, Chap 10),
and hence, it can be used to consistently estimate means with respect to (9).
Let S = RPT? x R x R’.. In fact, if g : S — R is integrable with respect to (9),
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that is, if
Exlg(n,w,7)| = / l9(n,w, 7)| 7(B, u,w, 7 | y)dn dw dr < o,
S

then g,, := Z?Z)l g(n@,w® 73 /m — E, g almost surely as m — oo. On the
other hand, even when E, g? < oo, Harris ergodicity of k does not guarantee
a CLT holds for g,,, which is used to obtain valid standard errors of g,,. We
say a CLT for g,, exists if /m(g,, — Ex 9) 4 N(0,07) as m — oo for some
ag € (0,00). Certain convergence rates of the BG chain, as we explain next,
ensure a CLT holds for g,,.

Let B(S) denotes the Borel g-algebra of S. Let K(™ : S x B(S) — [0,1]
denotes the m-step Markov transition function (Mtf) corresponding to the Mtd
(19), that is,

KOO((0 7). B) = P, ), 7050) € B| (g9, 00, 70))
= (77/70')/77—/))7
for any j € {1,2,...} and for any measurable set B € B(S). The BG chain is

geometrically ergodic if there exist a function H : S — [0,00) and a constant
p € (0,1) such that for all m =0,1,2, ...,

IE™((n' 0", 7)) =) |lrv = sup [|K™((7,o',7"), B) — II(B)]|
BeB(S)

< H(y',w',7")p™, (20)

where TI(-) denotes the probability measure corresponding to the joint posterior
density (9), and || - [Ty denotes the total variation norm. Harris ergodicity of
k implies the TV norm in (20) J 0 as m — oo, but does not ascertain any rate
at which this convergence takes place. On the other hand, (20) guarantees a
CLT for g,, if E, |g|**° < oo for some § > 0 (Roberts and Rosenthal, 2004). If
(20) holds, it also implies that consistent batch means and a spectral variance
estimator 63 of 02 are available (Vats, Flegal and Jones (2018), Vats, Flegal
and Jones (2019)), and thus a valid standard error (SE) 6,/y/m for g,, can be
calculated. An advantage of being able to calculate a valid SE is that it can be
used to decide ‘when to stop’ running the BG chain (Roy, 2020).

An important property that we are going to use in this article is that the
marginal sequences {n(™}2°_, {(w(™ 7M1 of the BG chain {n(™), w(m™),
r(m)}ee_ - are themselves Markov chains, and either all three chains are geo-
metrically ergodic or none of them (Liu, Wong and Kong, 1994; Roberts and
Rosenthal, 2001). Thus, we are free to analyze any of these chains to study
their geometric convergence properties. Indeed, here we analyze the {n(m>}g§:0
marginal chain.

We denote the Markov chain {n(™}%°_; on RP*? by ¥ while the Markov
chain {n(™}2°_ on RPt9\N is denoted by ¥. From (19) it follows that the
Mtd of the ¥ chain is

Bl = [ [ w) e o o dr, 21)
+ URY
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We can verify that k(7 | 77) (' | y) = k(' | n)x(n | y) for all n,n € RPTY
where 7(n | y) fRT f]R” (n,w,T | y)dwdT is the n marginal density of (9).

Hence, (21) is rever51ble with respect to w(n | y), and thus, w(n | y) is the
invariant density for the Markov chain {n(™}2_ . Also, since {n(™}°°_, is
reversible, GE of the chain implies that CLTs hold for all square integrable
functions with respect to m(n | y) (Roberts and Rosenthal, 1997). We first
establish GE of the ¥ chain. As explained in the proof of Theorem 1, GE of ¥
implies that of W.

Theorem 1. If 7n(B) x 1, that is, if Q@ = 0 in (3), the Markov chain underlying
the block Gibbs sampler is geometrically ergodic if the following conditions hold:

a; <bj=0o0rb; >0 forj=1,..r,

a; +q;/2>0 forj=1,..r;

M has full rank;

There exists a positive vector e > ( such that € M* = 0 where M* is an
n x (p + q) matriz with ith row c;m] , where ¢c; =1 —2y;, i =1,...,n

™o o~

7 7

The proof of Theorem 1 is given in the Appendix C. The condition 4 can be
easily checked by an optimization method presented in Roy and Hobert (2007).

Remark 1. The conditions in Theorem 1 are the same as the conditions as-
sumed in Wang and Roy’s (2018a) Theorem 2 that establishes GE of Gibbs
samplers for the probit linear mixed model.

Remark 2. As mentioned before, Wang and Roy (2018c) analyzed the PG
sampler for LLMMs with proper normal priors on  and a truncated gamma
prior on 7. Wang and Roy’s (2018c) proof established uniform ergodicity which
is stronger than geometric ergodicity, but they assumed a stronger prior on 7.
Indeed, their proof involving a minorization condition requires that the support
of 7 is bounded away from zero. Our analysis of the BG Markov chain does not
entail any minorization condition, and does not put any restriction, other than
being positive, on the support of the variance components.

5. Conclusion

In this article, we consider an efficient block Gibbs sampler based on the Pdlya-
Gamma DA (Polson, Scott and Windle, 2013) for one of the most widely used
statistical models, namely the LLMMs. Through numerical examples, we ob-
serve that blocking can improve performance of the Pélya-Gamma Gibbs sam-
plers. We hope that the article will encourage development and use of efficient
blocking strategies for Monte Carlo estimation of other GLMMs, including spa-
tial GLMMs where MCMC algorithms are known to suffer from slow mixing as
noted in Evangelou and Roy (2019).

Undertaking a Foster-Lyapunov drift analysis, we establish CLT's for the BG
sampler based MCMC estimators under the improper uniform prior on the re-
gression coefficients and improper or proper priors on the variance components.
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These theoretical results are crucial for obtaining standard errors for MCMC es-
timates of posterior means. In the process of our proof for demonstrating CLTs
for the BG sampler, we also establish some general results on the Pélya-Gamma
distribution. A potential future problem is to construct and study block Gibbs
samplers for other GLMMs, including the mixed models with the robit link
(Roy, 2012D).

Appendices

Appendix A: Some useful results

Recall from Section 2.2 that if @ = 0, that is, if 7(8) o 1, then b = 0 and

0 0
A(r) = (0 D(T)) = B(7), say. In that case, (17) becomes

nlw,my~N(M QWM+ B(r) "Mk, (M"Qw)M + B(1))™ ).

By using the method of calculating the inverse of a partitioned matrix, the
covariance matrix is
ZTw)X ZTQw)Z + D(1)

(MTQW)M + B(r))™' = (XTQ(M)X X'z >_1

(XTX)"'+RS'RT —RS!
= _G-1RT g1 )

where X = Q(w)2 X, Z =Qw)2Z, Py = X(XTX)'XT,5=Z2T(I-P3)Z +
D(7), and R = (X "X)"1X T Z. For the mean vector, it follows that

(MTQ(w)M+B(T))71MT/{: (XTX)—l + RS'_lRT _RS—1> <XTI€>

_§—1RT 51—1 VAN
- (XTX)_lXTnﬁ:Rg_lRT.E(Tn—RS"lZTn
- —SflRTXTH-‘rS*lZTI{ .
(22)

The first element in the right-hand side of (22) is the mean vector for §, while
the second element in it is the mean vector for u. Thus,
uw|lw T, y~N(=STTRTX "k + 57127k, S7h). (23)

Lemma 1. Let R; be a q; x ¢ matriz consisting of 0’s and 1°s such that Rju =
uj. Then

(R;ST'R;T)7! < (Zwitr(ZTZ) + Tj)lqj.

=1

Here, for two matrices A and B, A < B means B — A is a positive semidefinite
matrix.
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Proof. Let Amax denote the largest eigenvalue for Z T (I — PX)Z , then
S=2Z"1-Pg)Z+ D(1) = Amaxly + D(7) 2 tr(ZT (1~ Pg)Z)1, + D(7),

where D(7) = @©}_;7;1;, as defined before, and the second inequality follows
from the fact that Z' (I — Pg)Z is a positive semidefinite matrix. Now

tr(ZT(1— Pg)Z)<tr(ZT Z)=tr(Z " Q(w)Z)
tr(ZIMZ’ZlT)

n n
= Z tr(wiziz; )= Z witr(z2] ) < Z witr(Z2 ' Z),
i=1 i=1

=1

where 2 denotes the ~ith row of the Z matrix, and the first inequality is
due to the fact that ZTPXZ is a positive semidefinite matrix. Thus S =

S witr(Z7 Z)1, 4 D(7). Hence, S=1 = (31, witr(Z 7 Z)1,+ D(7)) 1. Recall
that Rju = u;. Extracting the result of the j*" random effect, we obtain:

n 1
R;ST'R;" » R; ( > witr(ZTZ), + D(T)> R;"
=1

n -1
= (Zwitr(ZTZ) —&—73) Iy,

i=1

Thus, we have (R;S™'R; ")™' < (X0, witr(Z7 Z) + 7)1, O

Appendix B: Some properties of the Pélya-Gamma distributions

Lemma 2. Suppose w ~ PG(a,b).

1. Ifa>1,b>0, then for 0 < s <1, E(w™®) < 2°b° + L(s), where L(s) is
a constant depending on s.

2. Ifa<1,b>0, then for 0 < s < a, E(w™*) <27%(x% + bz)sréa(;)s).

Proof. We first prove part 1 for a = 1. The probability density function of a
PG(1,b) random variable is

> 2041 20+ 1) b2
F(z | 1,b) = cosh(b/2) 2(1)4(\/%) exp [f % - 53;}, x> 0.

We consider the two cases b = 0 and b > 0 separately.
Case 1: b= 0. Since 0 < s < 1, for any x > 0, we have x7° < 27! + 1. Then,

Ew™) < /0 (7' + 1) f(x | 1,0)da :/0 o (x| 1,0)dw + 1.
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Now,
> - 20+ 1) (20 +1)?
z! xl,de:/ z! —16( exp | — ——|dzx
/0f<|>0§<>mp[ e
[ e (2041 C(204+1)?
_/O ;( 1)x N exp{ T }dm. (24)
Let hy(z,0) = (—=1)tz~3 (2[\/;73) exp [ — (228;;)], then
2£+1)/ _s (20+1)2
ha (2, 0)| dz = 3 _eer by
Z/|1x‘x§ 27T0xexp[ P
SOO ! <
£ (20+1)

Hence, |hq| is integrable with respect to the product measure of the counting
measure and the Lebesgue measure. By Fubini’s Theorem, from (24) we have

oo > 2£+1)/ s (20 +1)2
7 f(x]1,0)d xT2exp| — —|dx
=8> (-1)f(20+1)7 =8C, (25)
=0

where C is Catalan’s constant. Hence, E(w™*) < 8C + 1.
Case 2: b > 0. Note that

E(w™) = / = f(z | 1,b)dx
0
00 > 2 2
:/ x 2coshb/2z %Jrl)exp{—&—b—z}dm.
0

8 2
=0
(26)

According to 10.32.10 in Olver et al. (2010), we have

/OOO e {_ % N gx} do=2K.14 (b(%; 1)) <2g2i 1)S+%,
(27)

where K, (-) is the modified Bessel function of the second kind of order v. For
x > 0, according to 10.32.8 in Olver et al. (2010),

7((35?1) /100 e (12— 1)*dt
(52)°F
(s +

- YIat) 7, I/ e (2 + 2t)dt (28)
1) 0

Ks+ (J?) -

1
2

a& a%
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T(Lx)ts o
< \/;((;_31) 671/0 e—a:t(tQS_’_Qsts)dt
- ﬁ(%x)”% - (F(2s +1) N 25F(3 + 1))
- I(s+1) 25+l rstl
I'(2s+1
_ \/7_'('671 |: F((SS+ 1)) 27571/21:7571/2 + 271/21,71/2] ) (29)

1 s+% 00
K. i(x)> Mex/ et dt = Jme T2/ 2712, (30)
0

Let hy(z,0) = 27573/2 cosh(b/2)(—1)* (CHD o [— ey %x], then

\/f 8x
0 [e%¢]
Z/ ’hg x,f |da:
=070
o) 1 00 2 1 2 b2
Zcosh b/2 (+1) / 27577 exp [f @e+1)7 —w} dx
~ «/27r 0 8z 2
> b(2¢+1) 2b s+l
= cosh( b/2 %( 5 )(2£+1)
= (2041 _veeny TT(2s+1) 4
< 2cosh(b/2) =2
cosh(b/2) eZ:: 7 {F(s—i—l)
b(2¢+1) %Jrl

v

« ( . )7#1/2Jr 1/2( —1 ]( 1)s+%

_25(1+67b) i eibe 23"‘1 —1—2 - < 00
B 2+ D)= T(s+1) 4 212+ '

The second equality follows by using (27). The inequality is based on (29). The
convergence of the two series in the last step can be obtained by utilizing the
ratio test. Hence, |hs| is integrable with respect to the product measure of the
counting measure and the Lebesgue measure. By Fubini’s Theorem and (27),
(26) becomes

E(w~*) = cosh(b/2) Z 2£+1)2KS+%(b[2£2+1])(%2};1)3+E. (31)
=0

When ¢ is even, applying (29) to (31), and when ¢ is odd, applying (30) to (31),
we obtain

E(w) < 2cosh(b/2){ S B e [ Dy
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X {w}_s_m +(b(20 + 1))*1/2}

2
— s+%
_Z 2€+1 b(22+1)2_1/2(b(2€+1)) 1/2 y 2b
2 20+1
odd ¢
- _ I'(2s +1)
— b/2 1 b 9 1 2829 b([+1/2)
el te >{ 2 (e T(s+ 1)

even ¥

+ ) (204 1) (2b) e 2 - Z(2€+1)s(2b)seb(”l/2)}

even £ odd ¢
R _ D25+ 1)
— 1 b S _ be 1 2 S 1 b 2 S
(I+e ") @Z;( e (U+1/2)7 +(14+e77) 7F(s+1)
x > e+ 1/2)72
even £
= (1+e b*d(—eb5,1/2)
e T(254+1) S _
1 bygms 22 T 20k 2k +1/2)72
+(1+e™) r(s+1>;f (2k +1/2)
b tsTlet/2 ['(2s+1)
— 1 —b 1 —b 2—8
(1+e )F(s)/o T3t (e 27 5im
x> e M2k 4 1/2) 72, (32)

k=0

where ®(-) is the Lerch transcendent function.
For fixed s > 0, let

b bs o0 ps—1 —t/2
b)=(1 - dt—2‘5b9
0 =0+ [

bs 00 ps—1,—1t/2 00
=—(1 -0 ——dt — o1 7t/2dt}
I'(s) {( e )/O 1+e 0t /O ‘

_ be /Oo (1—e )ts L—t/2 4.
I'(s) Jo 1+e bt

Since (1 — e Ht*~le /2/(1 + e*=t) < t5=Le~¥/2 which is integrable, by the
Dominated Convergence Theorem (DCT), it follows that f(b) is a continuous
function of b. Another application of DCT shows that

o0 1 _ —t o0
lim [ e 2 :/ (1—e fyt~te /2t
b—oo Jg 1+ e bt 0
oo
g/ 57 te t2dt = 2°T(s).
0

Hence, limp_,» f(b) = 0. Since f(b) is a continuous function of b, f(0) = 0 and
limp—,o0 f(b) = 0, we can conclude that |f(b)| can be bounded by a positive
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constant fy, hence,

b bs 00 4s—1 —t/2 s
(1+e )F(S) T —dt <2°b° + fo. (33)

As for the second term in (32), we have

1+ eb)25% ki;)e?b’“(% +1/2)72
<(1+ eb)zs%u/(e% —1)+4°]. (34)

Here, the inequality is due to the fact (2k + 1/2)72¢ < 1 for k > 1. Note that
for b > e, where € > 0 is arbitrary, the upper bound of (34) becomes

I'(2s+1)
I(s+1)

Thus, combining (33) with the above result, from (32) we have for b > ¢,

sLT(2s+1)

U+ Firy T(11)

[1/(e®=1)+47] < (1+e7)2 [1/(e* =1)+4%].

E(w™) <2°° + fo + L(s,¢), (35)

where L(s, &) = (1 +€7¢)2~ SF(QS:T [1/(e®* — 1) +4%].

Now, we consider 0 < b < €. Let k(b) = E(w™*), where w ~ PG(1,b). Then,

ggré k(b) = glir(l) cosh(b/2) gg%/o j(b,x)dx = gg%/o j(b,z)dx, (36)

where

i(ha) = a4 ;(_1)4(2“ Y exp [_ (e+1)? b_x]

V2T 8x 2
Note that
= 20 +1)2
j(b,l‘) _1 +1 J)_% ) exp |:_ g} = j(.]?), say.
/:0 8x

From (25), it follows that [ j(z)dz < 8C + 1. Then by the DCT, from (36),
we have

li =1 j = .

Lim k(b) = lim ; J(b,z)dz = k(0)
So, k(b) = E(w™?) is continuous at b = 0. Recall that E(w™*) < 8C+1 forb=0
and 0 < s < 1. Thus, there exists some small € > 0 such that E(w™*) < 8C + 2
for 0 < b < e. Combining this result with (35), we have E(w™*) < 2%b° + L(s),
where L(s) = max{fo + L(s,¢),8C + 2}. Thus, part 1 is proved for a = 1.
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Next, we prove the conclusion for ¢ > 1. From Polson, Scott and Windle
(2013), when w ~ PG(a,b), we have

d ge
YT o ; (C—1/2)2 + 02/ (4r2)’ (37)

where g,’s are mutually independent Gamma(a, 1) random variables. Since a >

1, g¢ 4 ge + g7, where g, and g; are independent random variables following
Gamma (a — 1,1) and Gamma (1, 1), respectively. Let 1 = (1/[272]) >0, 95/
[(6—1/2)2+b2/(47%)]. Then, 1 ~ PG(1,b). Thus, we have E(x] ) < 25b°+L(s).
Since for 0 < s < 1, E(w™°) < E(x]®), the same conclusion follows for w ~
PG(a,b), where a > 1. Thus, the proof for part 1 is complete.

Next, we prove part 2. From (37), we have

o0

1 g —s
272 Z (£—1/2)2+ : b2/(4ﬂ'2):|

Ew—szE[

= [% i 1/2)2gl+ b2/(47r2)} B

T2+ b2\ [ 1 .
= ( 5 ) /O I gy exp (—g1)d g1
I'(a—s)
I'(a)
Thus, the proof for part 2 is complete. O
Lemma 3. Ifw ~ PG(a,b), a>0,b>0, then Ew < a/4.

Proof. From (37), we have

_ 2_5(7'(2 + b2)s

:E[ﬁz ((—1/2)2 b2/(47r2)}

K:l
1 o0
sE [ﬁ; 6—1/2 }
1 0o
= ﬁ Z m = asz, (38)
(=1

where ws ~ PG(1,0). By Polson, Scott and Windle (2013), PG(1,0) = J*(1,
0)/4. From Devroye (2009), the density for J*(1,0) is

—ﬂ'z f+1/2)exp[ W}

)

then,

EJ*(1,0) = / 33772 K—&—l/?)exp{ W}dﬂ?
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M

/Oooxﬂ(—l)g(f—i- 1/2) exp [— W}dx

~
Il

0

M

T(~D) (0 +1/2)T(2) (% (e+ %)279)72
Wig £+1/; _%q)(_l’?”%)_%%zl’

where @(-) is the Lerch transcendent function and ®(—1,3,1) = 7%/4. Note
that, we achieve the second equality above by applying the following logic. Let

hs(z,0) = zm(=1) (0 + 3)exp [ — %}, then

3 h N > 271'237
5 [ telae = 5 [en(e o[-

~
I
o

1
~ @ Xy <

Hence, hs(x, ¢) is integrable with respect to the product measure of the counting
measure and the Lebesgue measure. Thus, by Fubini’s Theorem, the second
equality follows. Consequently, Ewy = E J*(1,0)/4 = 1/4. From (38), it follows
Ew < a/4. O

Remark 3. Wang and Roy (2018b) proved Lemma 2 in the special case when
a = 1. Although their result is correct as stated, their proof has an error which
can be repaired following the techniques used in the proof of Lemma 2 here.
Lemma 3 for a = 1 is also proved in Wang and Roy (2018b).

Appendix C: Proof of Theorem 1

Proof. We first prove the geometric ergodicity of the ¥ chain by establishing a
drift condition. We consider the following drift function

n T
=[]+ Y] (39)
i=1 j=1

where ¢ € (0,1/2) to be determined later.

Since M has full rank, V(n) : RPT9\N — [0,00) is unbounded off compact
sets. We prove that, for any n,n’ € RPT9\ N, there exist constants p € [0,1) and
L > 0 such that

E[V(n) | ] = E{EV(n) | w,7,y] [ n/,y} < pV (/) + L. (40)

The first term in the drift function is Y 1|m 17| = 1" Mn, where | = (I, 1o, ...,
l,) is defined as [; = 1 if m;'n > 0,1; = —1 if m/ n < 0. Since Q = 0, from (17)
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we have

E [Z‘m?n‘ ‘w,T, y}
i=1

=1"M(M"Q(w)M + B(1)*M "

< \/zTM(MTQ(w)M + B(T))*IMTI\/HTM(MTQ(w)M + B(r))"'M Tk

< \JITM(MT Q) M) M /6T M(MTQ(w) M)~ M T

= ST QU) 2 Poyyrr20 ) V2 [T M(MT Q) M)~ M T

Zn: %\/KTM(MTQ(W)M)*MT/{, (41)

where the first inequality follows from the Cauchy-Schwarz inequality, Po,,y1/2s
= Q)2 M(MTQ(w)M) "M TQ(w)'/? is a projection matrix, and the third
inequality follows from the fact that I = Pg,,)1/25,- Recall that k; = y;—1/2, i =
1,...,n. Define, v; = —2k;m; as the i" row of an n x (p + ¢) matrix V. Note
that viv;r = miml—-'—, i =1,...,n. Since the conditions 3 and 4 in Theorem 1 are
in force, by Lemma 3 in Wang and Roy (2018b), for the second part of (41), we
have

\/HTM(MTQ(w)M)*lMT/{ = \/ilTV(VTQ(w)V)lle <

p1 v 1
T2

(42)
where p; € [0,1) is a constant. Applying (42) to (41), we have
- Pl 1
E ( T ‘ gyl <YL 4
[Z;mn w,Ty| < 2;% (43)

Next, we consider the inner expectation of the second term in the drift func-
tion (39). Note that, for ¢ € (0,1/2), we have

E[(u;uj)fc’w,ﬂ y]

_ (Zn:witr(ZTZ) N rj)CE HujT(zn:witr(ZTZ) + Tj>Iquj}_c

=1

[(Zwtr (z Z) +r] HuJT(RjS—leT)—luj}_c

e R

w’ T’ y:|

IN

w? T? y]
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where the first inequality follows from Lemma 1 and the fact that (a + b)* <
a®+b° fora > 0,b > 0, and 0 < s < 1. For the last inequality, note that,
by (23), we have u; | w, 7,y ~ N(Rj(~=S™'RTXTx + S-1ZTk),R;S™'R; ")
where R; is a g; X ¢ matrix consisting of 0’s and 1’s such that R;ju = u;. Thus,
given w, 7,y, (R, S‘leT)_%uj has a multivariate normal distribution with the
1dent1ty covarlance matrix Hence, conditional on w, 7, y, the distribution of
(R STIR; )" lwy is Xq (w), where w is some (unimportant) noncentrality
parameter and qj is the degrees of freedom for the relevant Chi-square distribu-
tion. Therefore, by Lemma 4 in Roman and Hobert (2012), we have
S _ —c 27T (—c+q;/2
E[{UI(RJS 1RjT) 1Uj} w,T,y} < IE(q]/Q)qj/ )

Applying the above result, the inequality in (44) is obtained.
Combining (43) and (44), from (39), we have

B[V ()WTy<\/2p—1iw%+i —er( qc/zqg/2 szztrZT ) ],
(45)

Next, we consider the outer expectation in (40). By Lemma 2, we have
DL~ 1 / p1
[ L] < ST+ w2

2
= VP Z‘miﬂ?/
i=1

+ L(l; VoL (46)

For the outer expectation of the other terms on the right hand side of (45), we
now consider the expectation for 77. Recall from section 2.2 that 7; | ',y ind

Gamma(a; +¢;/2,b; + u;Tu;/2), j=1,...,r. Then, it follows that

‘ Pla; +% +¢) )
E[Tj \77'7?/}: F(ajJr%) (b +2u; ;) :

Define, Gj(—c) = 2°T(a; + q;/2+ ¢)/T(a; + ¢;/2), j = 1,2, ..., 7. Hence,
A

UL U\ —¢
Bl [0 y) = 27°Gy(=0) (b; + <5 )

< G(=0)[(20)) T (0,00) (b) + (u ") Loy (b)) (47)

Also,

T T

PR AT T ELCD WA R

j=1 I'(g;/2) j=1
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where 01(c) = 27 °max;eca %G (—c) > 0. Recall that A = {j € {1,2,...,
r} 2 b; = 0}. From the condition 1 of Theorem 1, we have a; < 0 when b; =0
(i.e. when j € A). From the proof of Proposition 2 in Roman and Hobert (2012),
it follows that, there exists ¢ € C' = (0,1/2) N (0,a), where @ = —max;c4 a;,
such that 01(c) < 1.

Using (46), (47), and Jensen’s inequality, from (45), we obtain

E[V(n) [ n/] = E{E[V(n | w, T, y)] | n/ y} (49)
%Z\mrn' B Yo (7

{(x(Z27z ZE (wi |7,9))" + Gj(—c)
X [(Qb') I(Ooo)(b') (Uj uf) " Tioy (b;)] }

()Z( G TuG) T+ L< pV () +
j=1

where the second inequality is due to (48) and Lemma 3. Here, p = max{,/p1,

01(c)}, and
I nL(1)\/p1 N Z 27T(—c+q;/2) (tr(ZTZ)n)c

2 = T(g/2) 4
r 2_CF( c+ q; /2) c
+ ; T2 @) o) (bs):

Recall that p1,d1(c) € [0, 1), thus p < 1. Consequently, (40) holds. In addition,
we can show that U chain is a Feller Markov chain by the following steps. Let
K(n',-) denote the Mtf corresponding to (21). To prove that the ¥ chain is a
Feller Markov chain is to show that K (7, A) is a lower semi-continuous function
on RPTI\N for each fixed open set A in RPT?\N. For a sequence {n],}, using
(21), Fatou’s Lemma and independence of the conditional distribution of w and
T given (', y), we have
liminf K (7], A)

m—r0o0

m—r o0

= liminf// / 7(n | w, T, y)m(w, T | 1, y)dwdTdn
m—oo [ 4 ” n
+ VRt

Z// / 7(n | w,,y) liminf 7(w, 7 | 0, y)dw d T dn
=// / m(n | w, 7 y) iminf[r(w [ 05, y)7 (7 | 0. y)]dw d T diy.
A " i m—oo

A
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Considering the conditions 1 and 2 in Theorem 1, for any fixed (,w,y), both
m(w | n.,,y) and 7(7 | n.,,y) are continuous functions on RPT9\N. Hence, if
n, — 7', then liminf,, ,., K(n.,, A) > K(n', A), and we can conclude that the
U chain is a Feller Markov chain. Thus, by Lemma 15.2.8 in Meyn and Tweedie
(1993), GE of the ¥ chain is proved.

Next, using the similar techniques as in Wang and Roy (2018a) and (Romén,
2012, Lemma 12), we can establish that the GE of the original chain ¥ follows
from that of U. We include a proof here for completeness. Let X = RPT4, X =
RPTI\N. Let K and K denote the Mtfs of ¥ and U chains respectively. Also,
since the Lebesgue measure of N is zero, K(z,B) = K(z, B), for any = € X and
B e By = {XNA: A€ Bx}, where Bx denotes the Borel o-algebra of RPT and
By, denotes the Borel o-algebra of RPT9\ N, respectively.

Let o and i be the Lebesgue measures on X and X, respectively. As the Mtds
are strictly positive for the two chains, the ¥ chain is p-irreducible and the v
chain is ji-irreducible. Both chains are aperiodic. Note that, ;1 and [i are also the
maximal irreducibility measures of ¥ and ¥ chains, respectively. By Theorem
15.0.1 in Meyn and Tweedie (1993), since we have established the GE of the ¥
chain, there exists a v-petite set C' € By, pc < 1, M¢ < oo and K>(C) >0
such that i(C) > 0 and

K™(z,C) — K*=(0)| < Mcp, (50)

for all x € C. Also, it can be shown that
K™(z,B) = K™(x, BNX), (51)
for any = € X and B € Bx. Note that, K™ and}?m indicate the correspond-
ing m-step Mtfs. Thus, for z € C, K™ (x,C) = K™(x,C). Then, (50) becomes
’Km(aj,C’) - I~(°°(C’)‘ < Mepg. Since p(N) = 0, we have p(C) = i(C). Recall

that (C) > 0, thus u(C) > 0. Note that, C is v-petite for the ¥ chain, then
for all x € C' and B € By,

o0

> K™(x,B)a(m) > v(B), (52)

m=0
where v is a nontrivial measure on By and a(m) is a mass function on {0, 1,2, ...}.
It can be shown that a nontrivial measure on By, which is
v* (1) = v(-NX), (53)

is well defined. Then for any x € C and any B € Bx, using (51), (52) and (53),
we have

Z K™(x,B)a(m) = Z K™(x, BN X)a(m) > v(BNX) = v*(B).
m=0 m=0

Hence, C is also a petite set for the ¥ chain. Applying Theorem 15.0.1 in Meyn

and Tweedie (1993) again, GE of the ¥ chain is proved. Hence, we show that

GE of ¥ implies that of the original chain W. O
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