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1. Introduction

In statistics, the nonparametric estimation of probability density functions of
continuous random variables is a basic and central problem. From a given sample
of observations, the main goal for a practitionner is to understand the mecanism
from which the observations have been generated. In the last several decades,
this question has attracted much attention among statisticians since it is of
considerable interest in many applied fields such as forecasting, computer vision
and machine learning. Among the plethora of nonparametric density estimators
is the kernel density estimator introduced by Parzen [31] and Rosenblatt [34]
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which received considerable attention in nonparametric estimation for time se-
ries. More precisely, if (X1, ..., Xn) is a sample (observations) drawn from some
univariate distribution with an unknown probability density f with respect to
the Lebesgue measure on R then the Parzen-Rosenblatt density estimator of f
is defined for any positive integer n and any x in R by

fPR
n (x) =

1

nhn

n∑
i=1

K

(
x−Xi

hn

)
(1.1)

where K is a density function and the bandwidth hn is a positive parameter
which converges to zero such that nhn goes to infinity. The bandwidth hn is the
most dominant parameter in the kernel density estimator since it controls its
amount of smoothness. In fact, if hn is small then the variance of the estimator
is large while the bias is small. This leads to a nonsmooth estimated density.
On the other, if hn is large then the estimated density will be much smoother
(small variance) but with a large bias leading to an unsatisfactory estimation.
So, in practice, a trade-of between the variance and the bias must be found and
the number of publications which are devoted to this crucial question in the
literature is very extensive and is still a subject of many works in the statistic
community (see for example [8], [17], [22], [38]). From a theoretical but also
practical point of view, it is important to investigate asymptotic properties
of density estimators when the number n of observations goes to infinity. For
example, the consistency and the asymptotic normality of the estimator are
very important in order to get pointwise estimation and confidence intervals
for the target density f . In his seminal paper, Parzen [31] proved that when
the observations (X1, ..., Xn) are i.i.d. and the bandwidth hn goes to zero such
that nhn goes to infinity then (nhn)

1/2(fPR
n (x0) − E[fPR

n (x0)]) converges in
distribution to the normal law with zero mean and variance f(x0)

∫
R
K2(t)dt as

n goes to infinity and this result was extended by Wu and Mielniczuk [44] for
causal linear processes with i.i.d. innovations and by Dedecker and Merlevède
[11] for strongly mixing sequences. Previously, Bosq, Merlevède and Peligrad [6]
established a central limit theorem for the kernel density estimator fn when the
sequence (Xi)i∈Z is assumed to be strongly mixing but the bandwidth parameter
hn is assumed to satisfy hn ≥ Cn−1/3 logn (for some positive constant C) which
is stronger than the bandwidth parameter assumption in [11], [31] and [44].

In many situations, practicians are also interested by the relationship between
some predictors and a response. This is a natural question and a very important
task in statistics. The objective is to find a relation between a pair of random
variables X (predictor) and Y (response) using a given sample (Xi, Yi)1�i�n

drawn from the unknown law of (X,Y ). A very popular tool to handle this prob-
lem is the kernel regression estimator introduced by Nadaraya [30] and Watson
[41]. More formally, let N be a positive integer and assume that (Xi, Yi)1�i�n

are identically distributed R
N × R-valued sequence of random variables such

that Yi = R(Xi, ηi) where R is an unknown functional and (ηi)i∈Z are i.i.d. RN -
valued random variables with zero mean and finite variance and independent of
(Xi)i∈Z. Let f be the marginal density function of X0. If r is the (unknown)
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regression function defined for any x in R
N by r(x) = E [R(x, η0)] if f(x) �= 0

and r(x) = E[Y0] if f(x) = 0 then the Nadaraya-Watson regression estimator
rNW
n of r is defined for any x in R

N by

rNW
n (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑n
i=1 YiK((x−Xi)/hn)∑n
i=1 K((x−Xi)/hn)

if
∑n

i=1 K((x−Xi)/hn) �= 0

n−1
n∑

i=1

Yi else.

(1.2)
The literature on the asymptotic properties of rNW

n for time series is very ex-
pansive. One can refer to Lu and Cheng [24], Masry and Fan [26], Robinson
[33], Roussas [36] and many references therein. Kernel nonparametric methods
are still very popular and fairly well established in the statistical community
but despite their power, the data streams problem, which refers to data sets
that continuously and rapidly grow over time, present new challenges. In order
to handle such data sets, several recursive versions of the Parzen-Rosenblatt
estimator (1.1) have been introduced (see for example [3], [12], [20], [43], [47]).
For example, if (wk)k�1 is a nonincreasing sequence of positive real numbers
satisfying

∑
k�1 wk = ∞ and (hk)k�1 is a sequence of positive real numbers go-

ing to 0 as n goes to infinity (bandwidth parameters) then the resursive kernel
density estimator fHP

n of Hall and Patil [20] is defined by

fHP
n (x) =

1∑n
k=1 wk

n∑
i=1

wi

hd
i

K

(
x−Xi

hi

)
. (1.3)

This estimator is recursive in the sense that it satisfies

fHP
n+1(x) = (1− γn+1)f

HP
n (x) + γn+1f̃n+1 (x) (1.4)

where γn := wn∑n
i=1 wi

and f̃n+1(x) :=
1

hd
n+1

K
(

x−Xn+1

hn+1

)
.

Such a property endows recursive estimators with a decisive computational
advantage because they can be easily updated as new data items arrive over
time. More precisely, in order to obtain the estimation fHP

n+1(x) at time n + 1,
using the recursive equation (1.4), it is sufficient to combine the estimation
fHP
n (x) at time n (which is known at time n+ 1) with the estimation f̃n+1(x)
at time n + 1 based on the single observation Xn+1. In fact, a non-recursive
estimator must be fully recomputed whenever a new observation is collected.
This clearly represents a drawback in a data stream context compared to the
recursive approach. The class (1.3) contains the recursive estimators introduced
by Wolverton and Wagner [43] and Deheuvels [12] but also a renormalized ver-
sion of the one introduced by Wegman and Davies [42] and another class of
estimators introduced by Amiri [3]. It contains also the (non-recursive) Parzen-
Rosenblatt estimator (1.1) when hi = hn and wi = 1 for any 1 � i � n. In
this work, our aim is to investigate asymptotic properties for a spatial version
of the Hall and Patil estimator (1.3) in terms of mean squared error and asymp-
totic normality under weak and strong dependence conditions. The first studies
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that focused on a recursive version of the Parzen-Rosenblatt estimator were
presented by [12], [43] and [47] and later by [20], [25], [29] and many others.
Actually, many papers in the literature are devoted to the asymptotic proper-
ties of recursive kernel density and regression estimators for i.i.d. observations.
There are also some published papers on the asymptotic properties of recursive
kernel density and regression estimators for dependent (weakly dependent and
strongly mixing) data. One can refer for example to [4], [7], [18], [19], [25], [36],
[39], [40] and others.

In our context, we deal with spatial data which is modelized using finite real-
izations of dependent random fields indexed by Z

d where d is a positive integer.
More precisely, let N be a positive integer and let (Ω,F ,P) be a probability
space. We consider a stationary R

N -valued random field (Xk)k∈Zd such that the
law μ0 of X0 is absolutely continuous with respect to the Lebesgue measure λN

on R
N and we denote by f the probability density function of μ0 with respect to

λN . Given two sub-σ-algebras U and V of F , recall that the α-mixing coefficient
introduced by Rosenblatt [35] is defined by

α(U ,V) = sup{|P(A ∩B)− P(A)P(B)| , A ∈ U , B ∈ V}.

Let p be fixed in [1,+∞]. The strong mixing coefficients (α1,p(n))n�0 associated
to (Xk)k∈Zd are defined by

α1,p(n) = sup {α(σ(Xk),FΓ), k ∈ Z
d, Γ ⊂ Z

d, |Γ| � p, ρ(Γ, {k}) � n}

where |Γ| is the number of elements in Γ, the collection FΓ is the σ-algebra
σ(Xk ; k ∈ Γ) and the distance ρ is defined for any subsets Γ1 and Γ2 of Zd by
ρ(Γ1,Γ2) = min{|u − v|, u ∈ Γ1, v ∈ Γ2} with |u − v| = max1���d |u� − v�| for
any u = (u1, . . . , ud) and v = (v1, . . . , vd) in Z

d. We say that the random field
(Xk)k∈Zd is strongly mixing if limn→∞ α1,p(n) = 0. Moreover, we are going to
consider also Bernoulli fields defined for any k ∈ Z

d by

Xk = G
(
εk−u ; u ∈ Z

d
)

(1.5)

where G : (Rm)Z
d → R

N is a measurable function, (εk)k∈Zd are i.i.d. Rm-valued
random variables and m is a positive integer. The class of random fields that
(1.5) represents is huge and it includes many commonly used linear and nonlin-
ear processes (see Wu [46] for a review). Let (ε

′

k)k∈Zd be an i.i.d. copy of (εk)k∈Zd

and let X∗
k be the coupled version of Xk defined by X∗

k = G
(
ε∗k−u ; u ∈ Z

d
)

where ε∗k = εk if k �= 0 and ε∗0 = ε
′

0. Note that X∗
k is obtained from Xk by re-

placing ε0 by its copy ε′0. For any positive integer 	 and any R
�-valued random

variable Z ∈ L
p(Ω,F ,P) with p > 0, we denote ‖Z‖p := E [‖Z‖p]1/p where ‖ . ‖

is the Euclidian norm on R
�. Following Wu [45] and El Machkouri et al. [16],

we define the physical dependence measure coefficient δk,p := ‖Xk − X∗
k‖p as

soon as Xk is p-integrable for p � 2. Physical dependence measure should be
seen as a measure of the dependence of the function G (defined in (1.5)) in the
coordinate zero. In some sense, it quantifies the degree of dependence of out-
puts on inputs in physical systems and provide a natural framework for a limit
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theory for stationary random fields (see [16]). In particular, it gives mild and
easily verifiable conditions (see condition (H2)(ii) below) because it is directly
related to the data-generating mechanism.

2. Main results

Let Λ0 = ∅, s0 = 0 ∈ Z
d and Λn = {s1, ..., sn} ⊂ Z

d for n � 1. Let (wsn)n�1

and (hsn)n�1 be two nonincreasing sequences of positive real numbers such
that (wsnh

−N
sn )n�1 is nondecreasing, hsn goes to 0 as n goes to infinity and∑

n�1 wsn = ∞. Let also K : RN → R+ be a function (called a kernel) such that∫
RN K(t)dt = 1 and supx∈RN K(x) < ∞. Assume that K is Lipschitz and satis-
fies lim‖x‖→∞ ‖x‖K(x) = 0,

∫
RN ‖u‖2K(u)du < ∞ where ‖ . ‖ is the usual norm

on R
N and

∫
RN uiK(u)du = 0 for any 1 � i � N . Let Φ : R → R be a measurable

function such that E
[
|Φ(Y0)|2+θ

]
< ∞ and E

[
|Φ(Y0)|2+θKsn(x,X0)

]
� ChN

sn
for some θ > 0 and C > 0 and assume that u �→ E[|Φ(Y0)|2|X0 = u] is con-
tinuous. One can notice that E[|Φ(Y0)|2+θKsn(x,X0)] � ChN

sn is satisfied when
u �→ E[|Φ(Y0)|2+θ|X0 = u] is continuous (see Lemma 2 below). Let (ηk)k∈Zd

be i.i.d. RN -valued random variables with zero mean and finite variance and
independent of (Xk)k∈Zd and consider the regression model Ysi = R(Xsi , ηsi)
for any 1 � i � n where R is an unknown functional. For any x ∈ R

N , we
denote fΦ(x) = rΦ(x)f(x) where rΦ(x) = E[Φ(Y0)|X0 = x] = E[Φ(R(x, η0))] if
f(x) �= 0 and rΦ(x) = E[Φ(Y0)] if f(x) = 0 and we consider the estimator fn,Φ
of fΦ defined by

fn,Φ(x) = (

n∑
i=1

wsi)
−1

n∑
j=1

wsjh
−N
sj Φ(Ysj )Ksj (x,Xsj ) (2.1)

where Ksj (x, v) = K((x− v)/hsj ) for any v ∈ R
N and any 1 � j � n. One can

notice that if Φ(u) = 1 for any u ∈ R then fn,Φ reduces to the spatial version
fn,1 of the recursive kernel density estimator of f introduced by Hall and Patil
[20] and defined for any x ∈ R

N by

fn,1(x) = (

n∑
i=1

wsi)
−1

n∑
j=1

wsjh
−N
sj Ksj (x,Xsj ). (2.2)

Moreover, for particular choices of the weights (wsn)n�1, the estimator (2.2) re-
duces to the recursive estimators introduced by [3], [4], [12] or [43]. In particular,
one can check that fn,Φ satisfies the following recursive equation

fn,Φ(x) = (1− ρn)fn−1,Φ(x) + ρnh
−N
sn Φ(Ysn)Ksn(x,Xsn) (2.3)

where ρn =
wsn∑n
i=1 wsi

. Equation (2.3) is the spatial version of the recursive equa-

tion (1.4). It lays emphasis on that the update of fn,Φ at time n can be done
from fn−1,Φ at time n− 1 and the new single observation Xsn . This is a defini-
tive advantage over the spatial version of the non-recursive Parzen-Rosenblatt
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estimator fPR
n defined by (1.1) since it is necessary to consider the whole sample

(Xs1 , ..., Xsn) in order to compute fPR
n at any time n. In this work, we consider

also the following class of spatial semi-recursive kernel regression estimator rn,Φ
of rΦ defined for any x in R

N by

rn,Φ(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

fn,Φ(x)

fn,1(x)
if
∑n

j=1 wsjh
−N
sj Ksj (x,Xsj ) �= 0

n−1
n∑

i=1

Ysi else
(2.4)

which contains the first two semi-recursive kernel regression estimators intro-
duced by Ahmad and Lin [2] and Devroye and Wagner [13] for time series (i.e.
for d = 1) but also the class of semi-recursive kernel regression estimators con-
sidered by Amiri [4]. Since rn,Φ is defined from fn,Φ and fn,1, it inherits the
good properties in term of computation time of the recursive estimators fn,Φ
and fn,1 and consequently, in a data stream setting, it has a decisive advantage
over the spatial version of the non-recursive Nadaraya-Watson estimator defined
by (1.2).

Now, we are going to present our main contributions. For j ∈ {2, 4}, we adopt
the notation

νj(θ) = 11‖Φ‖∞<∞ +
θ

j + θ
11‖Φ‖∞=∞ (2.5)

and for any sequences (an)n�1 and (bn)n�1 of real positive numbers, we denote
an � bn if and only if there exists κ > 0 (not depending on n) such that
an � κbn. Recall that (wsn)n�1 and (hsn)n�1 are two nonincreasing sequences
of positive real numbers such that (wsnh

−N
sn )n�1 is nondecreasing, hsn goes to 0

as n goes to infinity and
∑

n�1 wsn = ∞ and keep in mind that K : RN → R+ is

a function (kernel) such that
∫
RN K(t)dt = 1 and |K|∞ := supt∈RN K(t) < ∞.

For any integer n � 1 and any (p, q) ∈ Z
2, we denote also

An,p,q = (nhp
snw

q
sn)

−1
n∑

i=1

hp
siw

q
si

and we consider the following assumptions:

(H1) There exists (β0,1, β−N,2) ∈ (R∗
+)

2 such that limn→∞ An,0,1 = β0,1 and
limn→∞ An,−N,2 = β−N,2.

(H2) There exist θ > 0 such that E[|Φ(Y0)|2+θ] < ∞ and
E[|Φ(Y0)|2+θKsn(x,X0)] � hN

sn , and τ ∈]1− ν4(θ), 1] such that

limn→∞ nh
N
(
1+

dν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)

)
sn = ∞ and h

N(1−τ)
sn

∑n
i=1 w

2
si � nw2

sn .
Moreover, one of the following condition holds:

(i) (Xk)k∈Zd is strongly mixing and
∑

k∈Zd |k|
dν2(θ)

ν4(θ)+τ−1α
ν2(θ)
1,∞ (|k|) < ∞,

(ii) (Xk)k∈Zd is of the form (1.5) and∑
k∈Zd |k|

d(N+2ν2(θ)+2N(ν4(θ)+τ−1))

2N(ν4(θ)+τ−1) δ
ν2(θ)
k,2 < ∞.
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(H3) (i) The function u �→ E[|Φ(Y0)|2|X0 = u] is continuous.

(ii) The function fΦ is twice differentiable with bounded second deriva-
tives.

(iii) For any k ∈ Z
d\{0}, the law of (X0, Xk) is absolutely continuous

with respect to the Lebesgue measure on R
N × R

N and there exists
c > 0 such that supk∈Zd\{0} |f0,k(x, y)− f(x)f(y)| � c for any

(x, y) ∈ R
d×R

N where f0,k is the joint density function of (X0, Xk).

Assumptions (H1) and (H3) are classical in the context of recursive kernel esti-
mators (see [4], [25], [28], [42] and many others). In (H2), we assume that the
bandwidth parameter hsn satisfies a condition sligthly stronger than the usual
minimal condition assumed in the non recursive i.i.d. setting (i.e. nhN

sn → ∞).
However, this fact seems to be inherent to the case of recursive estimators since

a condition like nh
N(1+ε)
sn → ∞ for some ε > 0 is assumed in many contributions

for dependent data (see for example [4], [1], [25], [28] or [42]).
For any x in R

N , we denote

σ2
Φ(x) := β−2

0,1β−N,2E[|Φ(Y0)|2|X0 = x]f(x)

∫
RN

K2(t)dt. (2.6)

Our first result gives the asymptotic variance of the estimator fn,Φ defined by
(2.1).

Proposition 1. Assume that (H1) and (H3) hold and there exists θ > 0 such
that E[|Φ(Y0)|2+θ] < ∞ and E[|Φ(Y0)|2+θKsn(x,X0)] � hN

sn . If there exists

τ ∈]1 − ν4(θ), 1] such that h
N(1−τ)
sn

∑n
i=1 w

2
si � nw2

sn and one of the following
conditions is satisfied:

(i) (Xk)k∈Zd is strongly mixing and
∑

k∈Zd |k|
dν2(θ)

ν4(θ)+τ−1α
ν2(θ)
1,1 (|k|) < ∞

(ii) (Xk)k∈Zd is of the form (1.5) and∑
k∈Zd |k|

d(N+2ν2(θ)+2N(ν4(θ)+τ−1))

2N(ν4(θ)+τ−1) δ
ν2(θ)
k,2 < ∞

where ν2(θ) and ν4(θ) are defined by (2.5) then for any x ∈ R,

lim
n→∞

|nhN
snV[fn,Φ(x)]− σ2

Φ(x)| = 0 (2.7)

where σ2
Φ(x) is defined by (2.6).

We obtain also the convergence to zero of the mean square error of fn,Φ.

Proposition 2. Assume that fΦ is twice differentiable with bounded second
derivatives.

Then, for any x ∈ R
N , |E[fn,Φ(x)] − fΦ(x)| � (

∑n
i=1 wsi)

−1
∑n

i=1 wsih
2
si =

o(1). So, if max{A−1
n,0,1, An,2,1} � 1 then |E[fn,Φ(x)]− fΦ(x)| � h2

sn and, under

assumptions of Proposition 1, we get E[(fn,Φ(x)− fΦ(x))
2] � n− 4

4+N for hsn =

n− 1
4+N .

The main contribution of this paper is the following central limit theorem.
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Theorem 1. If (H1), (H2) and (H3) hold then for any x ∈ R
N ,√

nhN
sn (fn,Φ(x)− E[fn,Φ(x)])

Law−−−−−→
n→∞

N (0, σ2
Φ(x))

where σ2
Φ(x) is defined by (2.6).

One can notice that Theorem 1 is an extension of Theorem 1 in [1] where
the case of strongly mixing time series is considered. In fact, with our notations,
if d = 1 and Φ(u) = 1 for any u ∈ R then fn,Φ reduces to the recursive
kernel density estimator fn,1 introduced by Hall and Patil [20]. In this case, we
have ν2(θ) = ν4(θ) = 1 and (H2)(ii) holds as soon as

∑
k>0 k

1/τα1,∞(k) < ∞

and limn→∞ nh
N
(
1+

dν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)

)
sn = limn→∞ nh

N(1+τ)
sn = ∞ which are

exactly the conditions imposed in Theorem 1 in [1]. Using Theorem 1, we derive
the asymptotic normality for the recursive estimator rn,Φ defined by (2.4).

Theorem 2. Assume that (H1), (H2) and (H3) hold. If f is Lipschitz and
twice differentiable with bounded second derivatives then for any x ∈ R

N such
that f(x) > 0,

√
nhN

sn

(
rn,Φ(x)−

E[fn,Φ(x)]

E[fn,1(x)]

)
Law−−−−→
n→∞

N
(
0, σ̃2

Φ(x)
)
,

with σ̃2
Φ(x) =

V (x)β−N,2

f(x)β2
0,1

∫
RN K2(t)dt and V (x) = E[|Φ(Y0)|2|X0 = x]− r2Φ(x).

Theorem 2 is also an extension of Theorem 2.1 in [36] where the asymptotic
normality of the semi-recursive kernel regression estimator for time series (i.e.
d = 1) introduced by Ahmad and Lin [2] is obtained under more restrictive
conditions on the bandwidth parameter and the strong mixing coefficients. Using
Theorem 2 and Proposition 2, the condition nhN+4

sn → 0 can be imposed for the
control of the bias of the estimator and leads immediately to the following result.

Theorem 3. Assume that (H1), (H2) and (H3) hold. If f is Lipschitz and twice
differentiable with bounded second derivatives, nhN+4

sn → 0 and An,2,1 � 1, then
for any x ∈ R

N such that f(x) > 0,√
nhN

sn (rn,Φ(x)− rΦ(x))
Law−−−−→
n→∞

N
(
0, σ̃2

Φ(x)
)
,

where σ̃2
Φ(x) is defined in Theorem 2.

3. Preliminary lemmas

This section is devoted to the presentation of several technical lemmas and
propositions which are key tools in the proof of the main contributions in section
4. For any real x, we also define �x
 = �x�+ 1, where �x� is the largest integer
less or equal than x.
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Lemma 1. Let (ak)k∈Zd be a family of real numbers such that asn goes to some
value a ∈ R as n goes to infinity. If limn→∞ An,−N,2 = β−N,2 ∈ R then

lim
n→∞

hN
sn

nw2
sn

n∑
i=1

w2
siasi
hN
si

= aβ−N,2.

Proof of Lemma 1. For any positive integers i and n, we denote
bi,n = w2

sih
N
sn/(nh

N
siw

2
sn) if i � n and bi,n = 0 otherwise. Since (hsn)n�1 is

nonincreasing and (wsnh
−N
sn )n�1 is nondecreasing, for i � n, we have

bi,n =
hN
si

nhN
sn

×
w2

si/h
2N
si

w2
sn/h

2N
sn

�
hN
s1

nhN
sn

−−−−→
n→+∞

0.

Moreover,
∑+∞

i=1 bi,n = An,−N,2 → β−N,2 ∈ R as n → +∞. So, by Toeplitz’s
lemma (see Lemma 3 in [25]), we get

lim
n→∞

n∑
i=1

bi,nasi = aβ−N,2.

The proof Lemma 1 is complete. �

The following lemma will be usefull in order to compute the asymptotic
variance of the estimator fn,Φ (see Propositions 1 and 4).

Lemma 2. Let x ∈ R
N be fixed and let Ψ1 : R → R and Ψ2 : R → R be

two functions. If u �→ E[Ψ1(Y0)|X0 = u] is continuous and the conditions
supt∈RN |Ψ2(K(t))| < ∞, lim‖t‖→∞ ‖t‖ |Ψ2(K(t))| = 0 and

∫
RN |Ψ2 (K(t))| dt <

∞ are satisfied then

lim
n→∞

h−N
sn E[Ψ1(Y0)Ψ2 (Ksn(x,X0))] = E[Ψ1(Y0)|X0 = x]f(x)

∫
RN

Ψ2 (K(v)) dv.

Proof of Lemma 2. Let x ∈ R
N and let n be a positive integer. It is obvious that

E[Ψ1(Y0)Ψ2 (Ksn(x,X0))]

= hN
sn

∫
RN

E[Ψ1 (Y0) |X0 = x− vhsn ]Ψ2 (K(v)) f(x− vhsn)dv.

By Theorem 1A in [31], we derive

lim
n→∞

h−N
sn E[Ψ1 (Y0)Ψ2 (Ksn(x,X0))]

= E[Ψ1 (Y0) |X0 = x]f(x)

∫
RN

Ψ2 (K(v)) dv. (3.1)

The proof of Lemma 2 is complete. �
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For any 	 ∈ {1, 2}, any 1 � i � n and any sequence (mn)n�1 of positive
integers, we define

Δ(�)
si =

Φ�(Ysi)Ksi(x,Xsi)− E[Φ�(Y0)Ksi(x,X0)]

h
N/2
si

and Δ
(�)

si = E[Δ(�)
si |Hi,mn ]

(3.2)
where Hi,mn = σ(ηsi , εsi−k; |k| � mn) and Φ� : R → R is a measurable function.

Lemma 3. Let 	 ∈ {1, 2} and θ > 0 such that E[|Φ�(Y0)|2+θKsn(x,X0)] � hN
sn

then E[|Φ�(Y0)|pKsn(x,X0)] � hN
sn for any 0 < p < 2+θ. Moreover, if (H3)(iii)

holds then sup1�i,j�n
i �=j

(hsihsj )
−N

E[Ksi(x,Xsi)Ksj (x,Xsj )] � 1.

Proof of Lemma 3. If 0 < p < 2 + θ then

E[|Φ�(Y0)|pKsi(x,X0)] � E[Ksi(x,X0)] + E[|Φ�(Y0)|2+θKsi(x,X0)].

Since E[|Φ�(Y0)|rKsi(x,X0)] � hN
sn for r ∈ {0, 2 + θ}, we get

E[|Φ�(Y0)|pKsi(x,X0)] � hN
sn . In the other part, using (H3)(iii), for any

1 � i, j � n such that i �= j we have

E[Ksi(x,Xsi)Ksj (x,Xsj )] �
∫
RN

Ksi(x, u)du

∫
RN

Ksj (x, v)dv

+ E[Ksi(x,X0)]E[Ksj (x,X0)]

�(hsihsj )
N .

The proof of Lemma 3 is complete. �

Lemma 4. If (p, q) ∈ {1, 2}2 and θ > 0 such that E[|Φ�(Y0)|2+θ] < ∞ and
E[|Φ�(Y0)|2+θKsn(x,X0)|] � hN

sn for any 	 ∈ {p, q} then

sup
1�i,j�n

i �=j

(hsihsj )
−Nγ

2 E[|Δ(p)
si Δ(q)

sj |] � 1 (3.3)

where γ =

⎧⎨
⎩

1 if max (‖Φp‖∞, ‖Φq‖∞) < ∞
θ

4+θ if min (‖Φp‖∞, ‖Φq‖∞) = ∞
θ

2+θ else.
(3.4)

Proof of Lemma 4. Let i and j be two positive integers such that i �= j and
(p, q) ∈ {1, 2}2 and let θ > 0 such that E[|Φ�(Y0)|2+θKsn(x,X0)] � hN

sn and

E[|Φ�(Y0)|2+θ] < ∞ for any 	 ∈ {p, q}. Keeping in mind the notations Δ
(p)
si and

Δ
(q)
sj defined by (3.2), we have the following bound

(hsihsj )
N
2 E[|Δ(p)

si Δ(q)
sj |] �E[|Φp(Ysi)Φq(Ysj )|Ksi(x,Xsi)Ksj (x,Xsj )]

+ 3E[|Φp(Y0)|Ksi(x,X0)]E[|Φq(Y0)|Ksj (x,X0)].
(3.5)
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Note that the second term of the right hand side of (3.5) can be dealt with using
Lemma 3. Therefore, we focus on the first part of the right hand side only. Let
L > 1 be fixed then

E[|Φp(Ysi)Φq(Ysj )|Ksi(x,Xsi)Ksj (x,Xsj )]

= E[|Φp(Ysi)Φq(Ysj )| 11|Φp(Ysi
)|�L 11|Φq(Ysj

)|�LKsi(x,Xsi)Ksj (x,Xsj )]

+ E[|Φp(Ysi)Φq(Ysj )| 11|Φp(Ysi
)|�L 11|Φq(Ysj

)|>LKsi(x,Xsi)Ksj (x,Xsj )]

+ E[|Φp(Ysi)Φq(Ysj )| 11|Φp(Ysi
)|>L 11|Φq(Ysj

)|�LKsi(x,Xsi)Ksj (x,Xsj )]

+ E[|Φp(Ysi)Φq(Ysj )| 11|Φp(Ysi
)|>L 11|Φq(Ysj

)|>LKsi(x,Xsi)Ksj (x,Xsj )].

Using Cauchy-Schwarz’s inequality, we obtain

E[|Φp(Ysi)Φq(Ysj )|Ksi(x,Xsi)Ksj (x,Xsj )]

� (L ∧ ‖Φp‖∞) (L ∧ ‖Φq‖∞)E[Ksi(x,Xsi)Ksj (x,Xsj )]

+
√

E[|Φp(Y0)|2K2
si(x,X0)]

√
E[|Φq(Y0)|2 11|Φq(Y0)|>LK2

sj (x,X0)]

+
√

E[|Φp(Y0)|2 11|Φp(Y0)|>LK2
si(x,X0)]

√
E[|Φq(Y0)|2K2

sj (x,X0)]

+
√

E[|Φp(Y0)|2 11|Φp(Y0)|>LK2
si(x,X0)]

√
E[|Φq(Y0)|2 11|Φq(Y0)|>LK2

sj (x,X0)].

Since E[|Φ�(Y0)|2+θ] < ∞ and E[|Φ�(Y0)|2+θKsn(x,X0)] � hN
sn for any 	 ∈ {p, q},

we apply Lemma 3 and we get

E[|Φp(Ysi)Φq(Ysj )|Ksi(x,Xsi)Ksj (x,Xsj )]

� (L ∧ ‖Φp‖∞) (L ∧ ‖Φq‖∞)(hsihsj )
N + L−θ/2(hsihsj )

N/2.
(3.6)

Optimizing (3.6) with respect to L, we derive

E[|Φp(Ysi)Φq(Ysj )|Ksi(x,Xsi)Ksj (x,Xsj )]

h
N/2
si h

N/2
sj

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
hsihsj

) Nθ
2(2+θ) if ‖Φp‖∞ < ∞ and ‖Φq‖∞ = ∞(

hsihsj

) Nθ
2(2+θ) if ‖Φp‖∞ = ∞ and ‖Φq‖∞ < ∞(

hsihsj

)N/2
if ‖Φp‖∞ < ∞ and ‖Φq‖∞ < ∞(

hsihsj

) Nθ
2(4+θ) if ‖Φp‖∞ = ∞ and ‖Φq‖∞ = ∞.

(3.7)

Combining (3.5), (3.7) and Lemma 3, we obtain (3.3). The proof of Lemma 4 is
complete. �
Lemma 5. Let (Ξk)k∈Zd be a family of non negative real numbers.

If
∑

k∈Zd |k|
d�2
�1 Ξk < ∞ for some positive constants 	1 and 	2 then there exists

a sequence (mn)n�1 of positive integers satisfying

lim
n→∞

mn = +∞, lim
n→∞

md
nh

�1
sn = 0 and lim

n→∞
h−�2
sn

∑
|k|>mn

Ξk = 0.
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Notice that if 	1 � N and nhN
sn → ∞ then md

n = o (n).

Proof of Lemma 5. Let 	1, 	2 and r be positive constants such that r > 	2/	1
and let (mn)n�1 be the sequence defined for any integer n � 1 by

mn = max

⎧⎨
⎩vn,

⎡
⎢⎢⎢h−�1/d

sn

( ∑
|k|>vn

|k|
d�2
�1 Ξk

) 1
dr

⎤
⎥⎥⎥
⎫⎬
⎭ and vn = �h−�1/(2d)

sn �.

Since vn → ∞, we have mn → ∞ as n goes to infinity. Moreover,

md
nh

�1
sn � max

⎧⎨
⎩h�1/2

sn ,

( ∑
|k|>vn

|k|
d�2
�1 Ξk

) 1
r

+ h�1
sn

⎫⎬
⎭ −−−−−→

n→∞
0.

Since vn � mn, we have

md
nh

�1
sn �

( ∑
|k|>mn

|k|
d�2
�1 Ξk

) 1
r

.

Since
∑

k∈Zd |k|
d�2
�1 Ξk < ∞ and r > 	2/	1, we get

h−�2
sn

∑
|k|>mn

Ξk �
(
md

nh
�1
sn

)− �2
�1

∑
|k|>mn

|k|
d�2
�1 Ξk �

( ∑
|k|>mn

|k|
d�2
�1 Ξk

)1− �2
�1r

−−−−−→
n→∞

0.

The proof of Lemma 5 is complete. �

Lemma 6. Let 	 ∈ {1, 2} and θ > 0 be fixed such that E[|Φ�(Y0)|2+θ] < ∞ and

E[|Φ�(Y0)|2+θKsn(x,X0)] � hN
sn then ‖Δ(�)

si ‖22+θ � h
−Nθ
2+θ
si where Δ

(�)
si is given by

(3.2).

Proof of Lemma 6. Let θ > 0 and 	 ∈ {1, 2} such that E[|Φ�(Y0)|2+θ] < ∞ and
let 1 � i � n, we have

‖Δ(�)
si ‖

2
2+θ �

2 ‖Φ�(Y0)Ksi(x,X0)‖22+θ

hN
si

+
2 (E[|Φ�(Y0)|Ksi(x,X0)])

2

hN
si

.

Since supt∈RN |K(t)| < ∞ and E[|Φ�(Y0)|2+θKsn(x,X0)] � hN
sn ,

we get E[|Φ�(Y0)Ksi(x,X0)|2+θ] � hN
si . Moreover, using Lemma 3, we have

E[|Φ�(Y0)|Ksi(x,X0)] � hN
si and we obtain ‖Δ(�)

si ‖22+θ � h
− θN

2+θ
si . The proof of

Lemma 6 is complete. �

Proposition 3. Let M be a positive integer and let x ∈ R
N . If (Xk)k∈Zd is of the

form (1.5) and Φ : R → R is a measurable function such that ‖Φ(Y0)‖2+θ < ∞
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for some θ ∈]0,+∞] then for any positive integer n and any family (ck)k∈Λn of
real numbers and any (p, q) ∈ [2,+∞[×]0,+∞] such that p+ q � 2+ θ, we have

∥∥∥∥∥
n∑

i=1

csiWi

∥∥∥∥∥
p

≤ 8pMd|K|
p

p+q
∞ C(p, q)

(
n∑

i=1

c2si

) 1
2

h
−q
p+q
sn

∑
|j|>M

δ
q

p+q

j,p ,

where

Wi := Φ(Ysi)Ksi(x,Xsi)− E[Φ(Ysi)Ksi(x,Xsi)|Hi,M ], (3.8)

C(p, q) =2
2p+q
p+q ‖Φ(Y0)‖p+q ‖K‖

q
p+q

Lip

+ |K|
q

p+q
∞

∥∥∥∥∥∥∥ sup
(x,y)∈RN×RN

x �=y

|Φ(R(x, η0))− Φ(R(y, η0))|
‖x− y‖

∥∥∥∥∥∥∥
p

and

Hi,M = σ (ηsi , εsi−k ; |k| � M) and ‖K‖Lip = sup
(x,y)∈RN×RN

x �=y

|K(x)−K(y)|
‖x− y‖ .

Proof of Proposition 3. Let M be a positive integer and let x in R
N and 1 �

i � n be fixed. Recall that Ysi = R(Xsi , ηsi) and let Wi = Φ(Ysi)Ksi(x,Xsi)−
E[Φ(Ysi)Ksi(x,Xsi)|Hi,M ] where Hi,M = σ (ηsi , εsi−k ; |k| � M). We follow the
same lines as in the proof of Proposition 1 in [16]. Let 2 � p < 2 + θ and
denote by Hi the measurable function such that Wi = Hi(Hi,∞) with Hi,∞ =
σ
(
ηsi , εsi−k ; k ∈ Z

d
)
. Let τ be a bijection from Z to Z

d and 	 in Z be fixed.
We define the projection operator P� by P�f = E[f |F�] − E[f |F�−1] for any
integrable function f , where F� = σ

(
ετ(j); j ≤ 	

)
. One can notice that the

operator P� depends on the bijection τ . The proof of the following technical
result is postponned to section 5.

Lemma 7. Almost surely, it holds that E[Wi|F�−1] = E[Hi(H(�)
i,∞)|F�]

with H(�)
i,∞ = σ

(
ηsi , ε

′

τ(�), εsi−k ; k ∈ Z
d\{si − τ(	)}

)
.

Using Lemma 7, we obtain

‖P�Wi‖p = ‖E[Hi(Hi,∞)|F�]− E[Hi(H(�)
i,∞)|F�]‖p � ‖Hi(Hi,∞)−Hi(H(�)

i,∞)‖p.
(3.9)

Now, denoting H(�)
i,M = σ

(
ηsi , ε

′

τ(�), εsi−k ; k ∈ Z
d\{si − τ(	)} and |k| � M

)
,

we have

Hi(Hi,∞) = Φ(Ysi)Ksi(x,Xsi)− E[Φ(Ysi)Ksi(x,Xsi)|Hi,M ∨H(�)
i,M ],

Hi(H(�)
i,∞) = Φ(Y

′

i,τ(�))Ksi(x,X
′

i,τ(�))− E[Φ(Y
′

i,τ(�))Ksi(x,X
′

i,τ(�))|H
(�)
i,M ∨Hi,M ]
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where X
′

i,τ(�) = G(ε
′

τ(�), εsi−k ; k ∈ Z
d\{si − τ(	)}) and Y

′

i,τ(�) = R(X
′

i,τ(�), ηsi).
So, we derive

‖P�Wi‖p � 2‖Φ(Ysi)Ksi(x,Xsi)− Φ(Y
′

i,τ(�))Ksi(x,X
′

i,τ(�))‖p.

So, for any L > 0, we get the bound

‖P�Wi‖p �
2L ‖K‖Lip

hsi

‖Xsi −X
′

i,τ(�)‖p +
4|K|∞
Lq/p

‖Φ(Y0)‖
p+q
p

p+q

+ 2|K|∞

∥∥∥∥∥∥∥ sup
(x,y)∈RN×RN

x �=y

|Φ(R(x, η0))− Φ(R(y, η0))|
‖x− y‖

∥∥∥∥∥∥∥
p

‖Xsi −X
′

i,τ(�)‖p

where

‖Xsi−X
′

i,τ(�)‖p
= ‖G(εsi−k; k ∈ Z

d)−G(ε
′

τ(�), εsi−k; k ∈ Z
d\{si − τ(	)})‖p

= ‖G(εsi−τ(�)−k; k ∈ Z
d)−G(ε

′

0, εsi−τ(�)−k; k ∈ Z
d\{si − τ(	)})‖p

= ‖Xsi−τ(�) −X∗
si−τ(�)‖p

= δsi−τ(�),p.

Optimizing this last inequality in L, we get the following bound

‖P�Wi‖p � 2|K|
p

p+q
∞ C(p, q)h

−q
p+q
si δ

q
p+q

si−τ(�),p, (3.10)

where

C(p, q) =2
2p+q
p+q ‖Φ(Y0)‖p+q ‖K‖

q
p+q

Lip

+ |K|
q

p+q
∞

∥∥∥∥∥∥∥ sup
(x,y)∈RN×RN

x �=y

|Φ(R(x, η0))− Φ(R(y, η0))|
‖x− y‖

∥∥∥∥∥∥∥
p

.

Now, we are going to obtain another bound for ‖P�Wi‖p. Let 	 � 0 and i � 1

be two integers. We denote by Γi,� the set of all k in Z
d such that |si − k| = 	

and we define

a� :=

�∑
j=0

|Γi,j | = (2	+ 1)d.

On the lattice Zd we define the lexicographic order as follows: if u = (u1, . . . , ud)
and v = (v1, . . . , vd) are distinct elements of Zd, the notation u <lex v means
that either u1 < v1 or for some k in {2, . . . , d}, uk < vk and u� = v� for
1 � 	 < k. We consider the bijection τi :]0,+∞[∩Z → Z

d defined by τi(1) = si,
τi(u) ∈ Γi,� if a�−1 < u � a� and 	 > 0, and τi(u) <lex τi(v) if
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a�−1 < u < v � a� and 	 > 0. Let Gi,M = σ
(
ηsi , ετi(j) ; 1 � j � M

)
and

recall that Hi,M = σ (ηsi , εsi−k ; |k| � M). Since 1 ≤ j ≤ aM if and only if
|si − τi(j)| ≤ M , we have Gi,aM

= Hi,M . Consequently,

Wi =
∑
�>aM

Di,�

where Di,� = E[Φ(Ysi)Ksi(x,Xsi)|Gi,�]− E[Φ(Ysi)Ksi(x,Xsi)|Gi,�−1].
Given that (Di,�)��1 is a martingale difference sequence with respect to the

filtration (Gi,�)��1, we apply Burkholder’s inequality ([10], remark 6, page 85)
and we obtain

‖Wi‖p �
(
2p
∑
�>aM

‖Di,�‖2p

)1/2

. (3.11)

SinceX
′

i,τi(�)
= G(ε

′

τi(�)
, εsi−k ; k ∈ Z

d\{si−τi(	)}) and Y
′

i,τi(�)
= R(X

′

i,τi(�)
, ηsi),

we have E[Φ(Ysi)Ksi(x,Xsi)|Gi,�−1] = [Φ(Y
′

i,τi(�)
)Ksi(x,X

′

i,τi(�)
)|Gi,�] and

‖Di,�‖p � ‖Φ(Ysi)Ksi(x,Xsi)− Φ(Y
′

i,τi(�)
)Ksi(x,X

′

i,τi(�)
)‖p.

Arguing as before, for any L > 0, we derive

‖Di,�‖p �
L ‖K‖Lip

hsi

‖Xsi −X
′

i,τi(�)
‖p +

2|K|∞
Lq/p

‖Φ(Y0)‖
p+q
p

p+q

+ |K|∞

∥∥∥∥∥∥∥ sup
(x,y)∈RN×RN

x �=y

|Φ(R(x, η0))− Φ(R(y, η0))|
‖x− y‖

∥∥∥∥∥∥∥
p

‖Xsi −X
′

i,τi(�)
‖p

with ‖Xsi − X
′

i,τi(�)
‖p = δsi−τi(�),p. Optimizing this last inequality on L and

noting that si − τi(	) = −τ0(	), we obtain

‖Di,�‖p � |K|
p

p+q
∞ C(p, q)h

− q
p+q

si δ
q

p+q

−τ0(�),p
.

Consequently, we get

‖P�Wi‖p � 2‖Wi‖p � 2
√
2p|K|

p
p+q
∞ C(p, q)h

− q
p+q

si

∑
�>aM

δ
q

p+q

−τ0(�),p

� 2
√
2p|K|

p
p+q
∞ C(p, q)h

− q
p+q

sn

∑
|k|>M

δ
q

p+q

k,p . (3.12)

Since (
∑n

i=1 csiP�Wi)�∈Z
is a martingale difference sequence with respect to the

filtration (F�)�∈Z, the Burkholder inequality (see [10], remark 6, page 85) implies

∥∥∥∥∥
n∑

i=1

csiWi

∥∥∥∥∥
p

≤

⎛
⎝2p

∑
�∈Z

∥∥∥∥∥
n∑

i=1

csiP�Wi

∥∥∥∥∥
2

p

⎞
⎠

1
2



Recursive estimators for random fields 4595

≤

⎛
⎝2p

∑
�∈Z

(
n∑

i=1

|csi | ‖P�Wi‖p

)2
⎞
⎠

1
2

. (3.13)

Moreover, by the Cauchy-Schwarz inequality, we have(
n∑

i=1

|csi | ‖P�Wi‖p

)2

≤
n∑

i=1

c2si ‖P�Wi‖p ×
n∑

j=1

‖P�Wj‖p. (3.14)

Now, keeping in mind that P� is defined from the bijection τ and using (3.10)
and (3.12), we have

sup
�∈Z

n∑
i=1

‖P�Wi‖p � sup
�∈Z

∑
1�i�n

|si−τ(�)|�M

‖P�Wi‖p + sup
�∈Z

∑
1�i�n

|si−τ(�)|>M

‖P�Wi‖p

� 2
√

2pMd|K|
p

p+q
∞ C(p, q)h

− q
p+q

sn

∑
|k|>M

δ
q

p+q

k,p

+ 2|K|
p

p+q
∞ C(p, q)h

− q
p+q

sn

∑
1�i�n

|si−τ(�)|>M

δ
q

p+q

si−τ(�),p

� 2
(
Md
√

2p+ 1
)
|K|

p
p+q
∞ C(p, q)h

− q
p+q

sn

∑
|k|>M

δ
q

p+q

k,p .

Similarly, we have also

sup
1�i�n

∑
�∈Z

‖P�Wi‖p � sup
1�i�n

∑
�∈Z

|si−τ(�)|�M

‖P�Wi‖p + sup
1�i�n

∑
�∈Z

|si−τ(�)|>M

‖P�Wi‖p

� 2
√
2pMd|K|

p
p+q
∞ C(p, q)h

− q
p+q

sn

∑
|k|>M

δ
q

p+q

k,p

+ 2|K|
p

p+q
∞ C(p, q)h

− q
p+q

si

∑
�∈Z

|si−τ(�)|>M

δ
q

p+q

si−τ(�),p

� 2
(
Md
√
2p+ 1

)
|K|

p
p+q
∞ C(p, q)h

− q
p+q

sn

∑
|k|>M

δ
q

p+q

k,p .

Combining (3.13) and (3.14) with the last two bound above, we get∥∥∥∥∥
n∑

i=1

csiWi

∥∥∥∥∥
p

≤
√

2p(2(Md
√
2p+ 1))2|K|

p
p+q
∞ C(p, q)

(
n∑

i=1

c2si

) 1
2

h
−q
p+q
sn

∑
|k|>M

δ
q

p+q

k,p .

Noting that
√
2p+ 1 � 2

√
2p, we obtain∥∥∥∥∥

n∑
i=1

csiWi

∥∥∥∥∥
p

≤ 8pMd|K|
p

p+q
∞ C(p, q)

(
n∑

i=1

c2si

) 1
2

h
−q
p+q
sn

∑
|k|>M

δ
q

p+q

k,p .
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The proof of Proposition 3 is complete. �

4. Proofs of the main results

Now, we denote by V(Z) the variance of any square-integrable R-valued random
variable Z and we consider a sequence (mn)n�1 of positive integers. For any
x ∈ R and any 	 ∈ {1, 2}, denote

f (�)
n (x) = fn,Φ�

(x) = (
n∑

i=1

wsi)
−1

n∑
i=1

wsih
−N
si Φ�(Ysi)Ksi(x,Xsi)

and f
(�)

n (x) = E[f (�)
n (x)|Hi,mn ] (4.1)

where Φ� : R → R is a measurable function and Hi,mn = σ(ηsi , εsi−k; |k| � mn).
First, we note that Proposition 1 is a particular case of the following result.

Proposition 4. Assume that (H1) and (H3)(iii) hold. Let (p, q) ∈ {1, 2}2 and
x ∈ R

N be fixed. Let θ > 0 such that E[|Φ�(Y0)|2+θKsn(x,X0)] � hN
sn and

E[|Φ�(Y0)|2+θ] < ∞ for any 	 ∈ {p, q}. Assume also that the function
u �→ E[Φp(Y0)Φq(Y0)|X0 = u] is continuous. If there exists τ ∈]1 − γ, 1] such

that h
N(1−τ)
sn

∑n
i=1 w

2
si � nw2

sn and one of the following conditions is satisfied:

(i) (Xk)k∈Zd is strongly mixing and
∑

k∈Zd |k|
dγ̃

γ+τ−1αγ̃
1,1 (|k|) < ∞.

(ii) (Xk)k∈Zd is of the form (1.5) and
∑

k∈Zd |k|
d(N+2γ̃+2N(γ+τ−1))

2N(γ+τ−1) δγ̃k,2 < ∞.

where γ̃ is defined by

γ̃ =

{
1 if max (‖Φp‖∞, ‖Φq‖∞) < +∞
θ

2+θ else
(4.2)

then

lim
n→∞

nhN
snCov [f

(p)
n (x), f (q)

n (x)]

= β−2
0,1β−N,2E[Φp(Y0)Φq(Y0)|X0 = x]f(x)

∫
RN

K2(t)dt.

Proof of Proposition 4. Let x ∈ R
N and let (p, q) ∈ {1, 2}2 be fixed. Using the

notations (3.2) and (4.1), for 	 ∈ {p, q}, we have

f (�)
n (x)− E

[
f (�)
n (x)

]
= (

n∑
i=1

wsi)
−1

n∑
i=1

wsih
−N/2
si Δ(�)

si .

Keeping in mind that An,0,1 = (nwsn)
−1
∑n

i=1 wsi , we get

nhN
snCov

[
f (p)
n (x), f (q)

n (x)
]
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= nhN
sn(

n∑
i=1

wsi)
−2

E

[(
n∑

i=1

wsih
−N/2
si Δ(p)

si

)(
n∑

i=1

wsih
−N/2
si Δ(q)

si

)]

=
A−2

n,0,1h
N
sn

nw2
sn

⎛
⎜⎜⎝ n∑

i=1

w2
sih

−N
si E[Δ(p)

si Δ(q)
si ] +

n∑
i,j=1
i �=j

wsiwsj (hsihsj )
−N/2

E[Δ(p)
si Δ(q)

sj ]

⎞
⎟⎟⎠ .

So, we obtain∣∣∣∣∣nhN
snCov [f

(p)
n (x), f (q)

n (x)]−
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
sih

−N
si E[Δ(p)

si Δ(q)
si ]

∣∣∣∣∣
�

A−2
n,0,1h

N
sn

nw2
sn

n∑
i,j=1
i �=j

wsiwsj (hsihsj )
−N/2|E[Δ(p)

si Δ(q)
sj ]|. (4.3)

Moreover, for any 1 � i � n,

E[Δ(p)
si Δ(q)

si ] = h−N
si

(
E[Φp(Y0)Φq(Y0)K

2
si(x,X0)]

−E[Φp(Y0)Ksi(x,X0)]E[Φq(Y0)Ksi(x,X0)]) .

Using Lemma 2 and Lemma 3, we derive

lim
i→∞

|E[Δ(p)
si Δ(q)

si ]− E[Φp(Y0)Φq(Y0)|X0 = x]f(x)

∫
RN

K2(t)dt| = 0.

So, using Lemma 1 and (H1), we derive

lim
n→∞

hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

h−N
si w2

siE[Δ
(p)
si Δ(q)

si ]

= β−2
0,1β−N,2E[Φp(Y0)Φq(Y0)|X0 = x]f(x)

∫
RN

K2(t)dt. (4.4)

Now, we are going to prove that

lim
n→∞

A−2
n,0,1h

N
sn

nw2
sn

n∑
i,j=1
i �=j

wsiwsj (hsihsj )
−N/2|E[Δ(p)

si Δ(q)
sj ]| = 0. (4.5)

Using Lemma 4, we have |E[Δ(p)
si Δ

(q)
sj ]| � (hsihsj )

Nγ
2 for any i �= j where γ is

defined by (3.4). Moreover, since
∑

k∈Zd |k|
dγ̃

γ+τ−1αγ̃
1,1 (|k|) < ∞, using Lemma

5, there exists a sequence (mn)n�1 of positive integers such that

lim
n→∞

md
nh

N(γ+τ−1)
sn = lim

n→∞
h−Nγ̃
sn

∑
k∈Z

d

|k|>mn

αγ̃
1,1(|k|) = 0. (4.6)
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So, we have

hN
sn

nw2
sn

n∑
i,j=1
i �=j

wsiwsj (hsihsj )
−N/2|E[Δ(p)

si Δ(q)
sj ]|

=
2hN

sn

nw2
sn

∑
1�i<j�n

wsiwsj (hsihsj )
−N/2|E[Δ(p)

si Δ(q)
sj ]| � E1,n + E2,n

where

E1,n =
hN
sn

nw2
sn

∑
1�i<j�n

|si−sj |<mn

wsiwsj

(
hsihsj

)−N(1−γ)/2

and

E2,n =
hN
sn

nw2
sn

∑
1�i<j�n

|si−sj |�mn

wsiwsj (hsihsj )
−N/2|E[Δ(p)

si Δ(q)
sj ]|.

Since γ � 1, using the inequality 2ab � a2 + b2, we have

E1,n �
hNγ
sn

nw2
sn

∑
1�i<j�n

|si−sj |<mn

wsiwsj �
hNγ
sn

2nw2
sn

∑
1�i<j�n

|si−sj |<mn

(
w2

si + w2
sj

)

�
md

nh
Nγ
sn

nw2
sn

n∑
i=1

w2
si

= md
nh

N(γ+τ−1)
sn × h

N(1−τ)
sn

nw2
sn

n∑
i=1

w2
si .

Using (4.6) and keeping in mind that h
N(1−τ)
sn

∑n
i=1 w

2
si � nw2

sn , we get
limn→∞ E1,n = 0. Now, we are going to control the term E2,n when (Xk)k∈Zd is
assumed to be strongly mixing. Using Rio’s inequality ([32], Theorem 1.1), we
have for any 1 � i < j � n,

|E[Δ(p)
si Δ(q)

sj ]| � 2

∫ 2α1,1(|si−sj |)

0

Q
Δ

(p)
si

(u)Q
Δ

(q)
sj

(u)du

where Q
Δ

(p)
s�

(u) = inf{ε > 0 |P(|Δ(p)
s� | > ε) � u} for any u ∈ [0, 1] and any

	 ∈ {i, j}.
First, we assume that ‖Φp‖∞ = ∞ or ‖Φq‖∞ = ∞. In this case, γ̃ = θ/(2+θ).

Using Lemma 6, we have ‖Δ(�)
sr ‖2+θ � h

−Nγ̃
2

sr for any 	 ∈ {p, q} and any

1 � r � n. So, we derive Q
Δ

(�)
sr
(u) � u− 1

2+θ h
−Nγ̃

2
sr and

|E[Δ(p)
si Δ(q)

sj ]| � 2
(
hsihsj

)−Nγ̃
2

∫ 2α1,1(|si−sj |)

0

u
−2
2+θ du
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�
(
hsihsj

)−Nγ̃
2 αγ̃

1,1(|si − sj |).

Consequently, we get

E2,n �
hN
sn

nw2
sn

∑
1�i<j�n

|si−sj |>mn

wsiwsj (hsihsj )
−N(γ̃+1)

2 αγ̃
1,1(|si − sj |).

Using again the inequality 2ab � a2 + b2, we derive

E2,n �
hN
sn

nw2
sn

∑
1�i<j�n

|si−sj |>mn

(
w2

sih
−N(γ̃+1)
si + w2

sjh
−N(γ̃+1)
sj

)
αγ̃
1,1(|si − sj |)

�
(

hN
sn

nw2
sn

n∑
i=1

w2
si

hN
si

)
h−Nγ̃
sn

∑
k∈Z

d

|k|>mn

αγ̃
1,1(|k|).

Using (H1) and (4.6), we get

E2,n � h−Nγ̃
sn

∑
k∈Z

d

|k|>mn

αγ̃
1,1(|k|) −−−−→n→∞

0 (4.7)

and finally, we obtain (4.5). Now, we deal with the case ‖Φp‖∞ < ∞ and

‖Φq‖∞ < ∞. In this case, we have γ̃ = 1. So, noting that |Δ(�)
sr | � h

−Nγ̃/2
sr

for any 	 ∈ {p, q} and any 1 � r � n, we derive Q
Δ

(�)
sr
(u) � h

−Nγ̃/2
sr and

|E[Δ(p)
si Δ

(q)
sj ]| �

(
hsihsj

)−Nγ̃/2
αγ̃
1,1(|si−sj |). Arguing as before, we obtain (4.7)

and consequently (4.5) holds.
Finally, combining (4.3), (4.4) and (4.5), we obtain

lim
n→∞

nhN
snCov [f

(p)
n (x), f (q)

n (x)]

=
β−N,2

β2
0,1

E[Φp(Y0)Φq(Y0)|X0 = x]f(x)

∫
RN

K2(t)dt.

Now, we assume that (Xk)k∈Zd is of the form (1.5). Since∑
k∈Zd |k|

d(N+2γ̃+2N(γ+τ−1))
2N(γ+τ−1) δγ̃k,2 < ∞ implies

∑
k∈Zd |k|

d(N+2γ̃)
2N(γ+τ−1) |k|dδγk,2 < ∞

and using Lemma 5, there exists a sequence (mn)n�1 of positive integers such
that

lim
n→∞

md
nh

N(γ+τ−1)
sn = lim

n→∞
h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2 = 0.

Keeping in mind (3.2) and (4.1), we have nhN
snCov [f

(p)
n (x), f

(q)
n (x)] = C1,n +

C2,n + C3,n + C4,n where

C1,n = nhN
snCov[f

(p)
n (x)− f

(p)

n (x), f (q)
n (x)− f

(q)

n (x)]
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C2,n = nhN
snCov[f

(p)
n (x)− f

(p)

n (x), f
(q)

n (x)]

C3,n = nhN
snCov[f

(p)

n (x), f (q)
n (x)− f

(q)

n (x)]

C4,n = nhN
snCov[f

(p)

n (x), f
(q)

n (x)].

First, we assume that ‖Φp‖∞ = ∞ or ‖Φq‖∞ = ∞. In this case, γ̃ = θ/(2 + θ).
Moreover, we have

|C1,n| �
∥∥∥∥∥h

N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si (Δ(p)

si −Δ
(p)

si )

∥∥∥∥∥
2

×
∥∥∥∥∥h

N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si (Δ(q)

si −Δ
(q)

si )

∥∥∥∥∥
2

.

Using (H1) and Proposition 3, we obtain for any 	 ∈ {p, q},∥∥∥∥∥h
N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si (Δ(�)

si −Δ
(�)

si )

∥∥∥∥∥
2

� md
n

(
hN
sn

nw2
sn

n∑
i=1

w2
si

hN
si

)1/2

h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

δγ̃k,2 � h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2.

(4.8)

So, we derive

|C1,n| �

⎛
⎜⎜⎝h

−(N
2 +γ̃)

sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2

⎞
⎟⎟⎠

2

−−−→
n→∞

0.

Similarly, we have

|C2,n| �
∥∥∥∥∥h

N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si (Δ(p)

si −Δ
(p)

si )

∥∥∥∥∥
2

×
∥∥∥∥∥h

N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si Δ

(q)

si

∥∥∥∥∥
2

.

From (4.8), we know that∥∥∥∥∥h
N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si (Δ(p)

si −Δ
(p)

si )

∥∥∥∥∥
2

� h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2.
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Moreover, since Δ
(q)

si and Δ
(q)

sj are independent as soon as |si − sj | > 2mn, we
have ∥∥∥∥∥h

N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si Δ

(q)

si

∥∥∥∥∥
2

2

=
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
sih

−N
si ‖Δ(q)

si ‖22

+
2hN

snA
−2
n,0,1

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsjh
−N/2
si h−N/2

sj E[Δ
(q)

si Δ
(q)

sj ]

and, keeping in mind ‖Δ(q)
si ‖2 � 1 (see Lemma 3) and (H1), we have also

hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
sih

−N
si ‖Δ(q)

si ‖22 �
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
sih

−N
si ‖Δ(q)

si ‖22 � 1.

Denoting W
(�)
i = Φ�(Ysi)Ksi(x,Xsi)− E[Φ�(Ysi)Ksi(x,Xsi)|Hi,mn ] where

Hi,mn = σ(ηsi , εsi−k; |k| � mn) for any 1 � i � n and any 	 ∈ {p, q} and noting

that Δ
(�)
si −Δ

(�)

si = h
−N/2
si W

(�)
i , we have

|E[Δ(q)

si Δ
(q)

sj ]− E[Δ(q)
si Δ(q)

sj ]| � h−N/2
sj ‖Δ(q)

si ‖2‖W (q)
j ‖2 + h−N/2

si ‖Δ(q)
sj ‖2‖W (q)

i ‖2

� h−N/2
sn

(
‖W (q)

j ‖2 + ‖W (q)
i ‖2

)
.

Using (3.12), we obtain

|E[Δ(q)

si Δ
(q)

sj ]− E[Δ(q)
si Δ(q)

sj ]| � h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

δγ̃k,2. (4.9)

Consequently, using Lemma 4, we obtain for any i �= j,

|E[Δ(q)

si Δ
(q)

sj ]| �
(
hsihsj

)Nγ
2 + h

−(N
2 +γ̃)

sn

∑
k∈Z

d

|k|>mn

δγ̃k,2

where γ is defined by (3.4). Since γ � 1 and using the inequality 2ab � a2 + b2,
we derive

hN
snA

−2
n,0,1

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsjh
−N/2
si h−N/2

sj |E[Δ(q)

si Δ
(q)

sj ]|

�
hN
snA

−2
n,0,1

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsj (hsihsj )
−N/2
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×

⎛
⎜⎜⎝(hsihsj

)Nγ/2
+ h

−(N
2 +γ̃)

sn

∑
k∈Z

d

|k|>mn

δγ̃k,2

⎞
⎟⎟⎠

�
hN
snA

−2
n,0,1

2nw2
sn

∑
1�i<j�n

|si−sj |�2mn

w2
si + w2

sj

h
N(1−γ)
sn

+
hN
snA

−2
n,0,1

2nw2
sn

∑
1�i<j�n

|si−sj |�2mn

(
w2

sih
−N
si + w2

sjh
−N
sj

)
h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

δγ̃k,2.

Using (H1) and keeping in mind that h
N(1−τ)
sn

∑n
i=1 w

2
si � nw2

sn , we get

hN
snA

−2
n,0,1

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsjh
−N/2
si h−N/2

sj |E[Δ(q)

si Δ
(q)

sj ]|

� md
nh

N(γ+τ−1)
sn + h

−(N
2 +γ̃)

sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2 −−−→
n→∞

0. (4.10)

Consequently, we derive∥∥∥∥∥h
N/2
sn A−1

n,0,1√
nwsn

n∑
i=1

wsih
−N/2
si Δ

(q)

si

∥∥∥∥∥
2

� 1

and

|C2,n| � h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2 −−−→
n→∞

0.

Similarly, one can notice that

|C3,n| � h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2 −−−→
n→∞

0.

Now, we have to control the last term

C4,n =
A−2

n,0,1h
N
sn

nw2
sn

n∑
i=1

w2
sih

−N
si E[Δ

(p)

si Δ
(q)

si ]

+
2A−2

n,0,1h
N
sn

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsj (hsihsj )
−N/2

E[Δ
(p)

si Δ
(q)

sj ]
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We are going to prove that

lim
n→∞

A−2
n,0,1h

N
sn

nw2
sn

n∑
i=1

w2
sih

−N
si E[Δ

(p)

si Δ
(q)

si ]

=
β−N,2

β2
0,1

E[Φp(Y0)Φq(Y0)|X0 = x]f(x)

∫
RN

K2(t)dt (4.11)

and

lim
n→∞

2A−2
n,0,1h

N
sn

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsj (hsihsj )
−N/2

E[Δ
(p)

si Δ
(q)

sj ] = 0. (4.12)

Keeping in mind (3.12) and arguing as in (4.9), we have

|E[Δ(p)

si Δ
(q)

si ]− E[Δ(p)
si Δ(q)

si ]| � h−N/2
sn

(
‖W (p)

i ‖2 + ‖W (q)
i ‖2

)
� h

−(N
2 +γ̃)

sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2.

Using (H1), we obtain

A−2
n,0,1h

N
sn

nw2
sn

n∑
i=1

w2
sih

−N
si |E[Δ(p)

si Δ
(q)

si ]− E[Δ(p)
si Δ(q)

si ]| � h
−(N

2 +γ̃)
sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2

−−−→
n→∞

0.

Using (4.4), we obtain (4.11). Now, arguing as in (4.10), we get

hN
snA

−2
n,0,1

nw2
sn

∑
1�i<j�n

|si−sj |�2mn

wsiwsj (hsihsj )
−N/2|E[Δ(p)

si Δ
(q)

sj ]|

� md
nh

N(γ+τ−1)
sn + h

−(N
2 +γ̃)

sn

∑
k∈Z

d

|k|>mn

|k|dδγ̃k,2 −−−→
n→∞

0.

So, (4.12) holds.
Finally, if ‖Φp‖∞ < ∞ and ‖Φq‖∞ < ∞ then γ̃ = 1 and the proof follows

exactly the same lines as above. The proof of Proposition 4 is complete. �

Proof of Proposition 2. Let x ∈ R
d and let n be a positive integer. We have

E[(fn,Φ(x)− fΦ(x))
2
] = V(fn,Φ(x)) + (E[fn,Φ(x)]− fΦ(x))

2
.

Moreover,

|E[fn,Φ(x)]− fΦ(x)| = |(
n∑

i=1

wsi)
−1

n∑
i=1

wsi

∫
RN

K(v) (fΦ(x− vhsi)− fΦ(x)) dv|.
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Using Taylor’s formula, we derive

|E[fn,Φ(x)]− fΦ(x)| � (

n∑
i=1

wsi)
−1

n∑
i=1

wsih
2
si .

Since max{A−1
n,0,1, An,2,1} � 1, we obtain |E[fn,Φ(x)]−fΦ(x)| � A−1

n,0,1An,2,1h
2
sn �

h2
sn . Finally, using Proposition 1, we have V[fn,Φ(x)] �

(
nhN

sn

)−1
and for

hsn = n
−1

4+N , we get E[(fn,Φ(x) − fΦ(x))
2] � n

−4
4+N . The proof of Proposition 2

is complete. �

Proof of Theorem 1. We are going to split the proof in two parts. In the first part,
we deal simultaneously with the strong mixing case and the weakly mixing case
(see (4.15) below) whereas, in the second part, the two dependence conditions
are investigated separately.

First part

Let n be a positive integer and x ∈ R
N be fixed. One can notice that√

nhN
sn (fn,Φ(x)− E[fn,Φ(x)]) =

1√
n

n∑
i=1

Usi

where

Usi =
h
N/2
sn wsiΔsi

h
N/2
si wsnAn,0,1

and Δsi =
Φ(Ysi)Ksi(x,Xsi)− E[Φ(Y0)Ksi(x,X0)]

h
N/2
si

.

(4.13)
In the sequel, (mn)n�1 is the sequence defined by Lemma 5 which satisfies

md
nh

N(ν4(θ)+τ−1)
sn → 0 and either h

−Nν2(θ)
sn

∑
|k|>mn

α
ν2(θ)
1,∞ (|k|) → 0 (if (Xk)k∈Zd

is strongly mixing) or h
−(ν2(θ)+

N
2 )

sn

∑
|k|>mn

|k|dδν2(θ)
k,2 → 0 (if (Xk)k∈Zd is of the

form (1.5)) where ν2(θ) = 11{‖Φ‖∞<∞}+
θ

2+θ 11{‖Φ‖∞=∞}. Moreover, if (Xk)k∈Zd

is of the form (1.5), we consider the notations

Δsi = E[Δsi |Hi,mn ] and Usi = E[Usi |Hi,mn ].

where Hi,mn = σ(ηsi , εsi−k; |k| � mn).
Note that Usi and Usj are independent if |si − sj | > 2mn. Using (H1) and

Proposition 3, we derive

1√
n

∥∥∥∥∥
n∑

i=1

(
Usi − Usi

)∥∥∥∥∥
2

� h
−(ν2(θ)+

N
2 )

sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2 −−−−→

n→+∞
0. (4.14)

From now on, we denote

(Zsi ,Mn) =

{
(Usi ,mn) if (Xi)i∈Zd is strongly mixing
(Usi , 2mn) if (Xi)i∈Zd is of the form (1.5)

(4.15)



Recursive estimators for random fields 4605

and it suffices to prove the asymptotic normality of the partial sums
n−1/2

∑n
i=1 Zsi as n goes to infinity. Let (ξk)k∈Zd be independent normal random

variables independent of (Xk)k∈Zd and (ηk)k∈Zd and such that E[ξk] = 0 and
E[ξ2k] = E[Z2

k ]. Let 1 � i � n and define Tsi = n−1/2Zsi and Ξsi = n−1/2ξsi .
One can notice that

∑n
i=1 Ξsi is a gaussian random variable with zero mean. If

(Xk)k∈Zd is strongly mixing then Zsi = Usi and

V

(
n∑

i=1

Ξsi

)
=

1

n

n∑
i=1

E[U2
si ]

=
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
si

hN
si

×
E[Φ(Y0)

2K2
si(x,X0)]− (E[Φ(Y0)Ksi(x,X0)])

2

hN
si

.

Keeping in mind (2.6) and (H1) and using Lemma 1, Lemma 2 and Lemma 3,
we get

lim
n→+∞

V

(
n∑

i=1

Ξsi

)
= σ2

Φ(x). (4.16)

If (Xk)k∈Zd is of the form (1.5) then Zsi = Usi and applying (3.12), we get

|E[U2

si ]− E[U2
si ]| � 2 ‖Usi‖2

∥∥Usi − Usi

∥∥
2

�
hN
snw

2
si

hN
siw

2
snA

2
n,0,1

× h
−(N

2 +ν2(θ))
sn

∑
k∈Z

d

|k|>mn

δ
ν2(θ)
k,2 .

Using (H1), we derive

1

n

n∑
i=1

|E[U2

si ]− E[U2
si ]| �

hN
sn

∑n
i=1 h

−N
si w2

si

nw2
snA

2
n,0,1

× h
−(ν2(θ)+

N
2 )

sn

∑
k∈Z

d

|k|>mn

δ
ν2(θ)
k,2

� h
−(ν2(θ)+

N
2 )

sn

∑
k∈Z

d

|k|>mn

δ
ν2(θ)
k,2 −−−−−→

n→∞
0.

So, we get also (4.16) when (Xk)k∈Zd is of the form (1.5). Let ψ be any measur-
able function from R to R. For any 1 � i � j � n, we introduce the notation

ψi,j = ψ

⎛
⎝ i∑

�=1

Ts� +
n∑

�=j

Ξs�

⎞
⎠ .

Let h : R → R be a three times continuously differentiable function such that
max0�i�3 ‖h(i)‖∞ � 1. Keeping in mind (4.16), it suffices to prove lim

n→∞
|Ln| = 0,

where

Ln := E

[
h

( n∑
i=1

Tsi

)]
− E

[
h

( n∑
i=1

Ξsi

)]
.
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Using Lindeberg’s idea [23] (see also [9]), we have

Ln = E[hn,n+1 − h0,1] =
n∑

i=1

E[hi,i+1 − hi−1,i]

=

n∑
i=1

(
E[hi,i+1 − hi−1,i+1]− E[hi−1,i − hi−1,i+1]

)
.

Applying Taylor’s formula, we get

Ln =

n∑
i=1

(
E
[
Tsih

′
i−1,i+1+

1

2
T 2
sih

′′
i−1,i+1+βi

]
−E
[
Ξih

′
i−1,i+1+

1

2
Ξ2
sih

′′
i−1,i+1+ρi

])
,

where |βi| � T 2
si (1 ∧ |Tsi |) and |ρi| � Ξ2

si (1 ∧ |Ξsi |). Since Ξ2
i and h′′

i−1,i+1 are

independent, E[Ξsih
′
i−1,i+1] = 0 and E[Ξ2

si ] = n−1
E[Z2

si ], we obtain

Ln =

n∑
i=1

(
E[Tsih

′
i−1,i+1] +

1

2
E[
(
T 2
si − n−1

E[Z2
si ]
)
h′′
i−1,i+1] + E[βi − ρi]

)
.

Since, for any 1 � i � n, the random variable ξsi is gaussian with zero mean
and variance E[Z2

si ], we have

E[|ξsi |3] =
√
8/π

(
E[Z2

si ]
)3/2 �

√
8/π

(
E[U2

si ]
)3/2

.

Moreover, since (wsnh
−N
sn )n�1 is nondeacreasing, we get

(
E[U2

si ]
)3/2

=
hN
snw

2
si

hN
siw

2
snA

2
n,0,1

(
hN
snw

2
si

hN
siw

2
snA

2
n,0,1

)1/2 (
E[Δ2

si ]
)3/2

�
hN
snw

2
si

hN
siw

2
snA

2
n,0,1

(
hN
sih

−N
sn

)1/2 (
E[Δ2

si ]
)3/2

.

Using (H1) and E[Δ2
si ] � 1 (see Lemma 3), we get

n∑
i=1

E[|ρi|] � 1√
nhN

sn

×
hN
snA

−2
n,0,1

w2
snn

n∑
i=1

w2
sih

−N
si

(
E[Δ2

si ]
)3/2 �

(
nhN

sn

)−1/2−−−−−→
n→+∞

0.

In the other part, if ‖Φ‖∞ < ∞ then |Usi | � h
−N/2
sn (since (wsnh

−N
sn )n�1 is

nondeacreasing) and

n∑
i=1

E[|βi|] � 1

n3/2

n∑
i=1

E[|Zsi |3] � 1

n3/2

n∑
i=1

E[|Usi |3]

� 1√
nhN

sn

× 1

n

n∑
i=1

E[U2
si ] �

(
nhN

sn

)−1/2−−−−−→
n→+∞

0.
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Since (wsnh
−N
sn )n�1 is nondeacreasing, if ‖Φ‖∞ = ∞ then

E[|Usi |2+θ] =

(
h
N/2
sn wsi

h
N/2
si wsnAn,0,1

)2(
h
N/2
sn wsi

h
N/2
si wsnAn,0,1

)θ

E[|Δsi |2+θ]

�
hN
snw

2
si

hN
siw

2
snA

2
n,0,1

(
h

N
2
si h

−N
2

sn

)θ
h
−Nθ

2
si = h

−Nθ
2

sn

hN
snw

2
si

hN
siw

2
snA

2
n,0,1

. (4.17)

Consequently, if dn :=
(
nhN

sn

) −θ
2(θ+1) then

n∑
i=1

E[|βi|] � 1

dθnn
θ/2

× 1

n

n∑
i=1

E[|Usi |2+θ] +
dn
n

n∑
i=1

E[U2
si ]

� d−θ
n

(
nhN

sn

)−θ/2 ×
A−2

n,0,1h
N
sn

w2
snn

n∑
i=1

w2
si

hN
si

+ dn.

Using (H1), we get

n∑
i=1

E[|βi|] � 1

dθn
(
nhN

sn

)θ/2 + dn = 2dn −−−−−→
n→∞

0.

Now, we have to prove that

lim
n→∞

n∑
i=1

(
E[Tsih

′
i−1,i+1] + (2n)

−1
E[(Z2

si − E[Z2
si ])h

′′
i−1,i+1]

)
= 0. (4.18)

For any 1 � i < j � n and any function ψ from R to R, we define also

ψ
(Mn)
i−1,j = ψ

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|>Mn

Ts� +

n∑
�=j

Ξs�

⎞
⎟⎟⎠ .

Using Taylor’s formula, we have

Tsih
′
i−1,i+1 = Tsih

′(Mn)
i−1,i+1 + Tsi

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|�Mn

Ts�

⎞
⎟⎟⎠h

′′(Mn)
i−1,i+1 + β′

i

with

|β′
i| � 2

∣∣∣∣∣∣∣∣Tsi

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|�Mn

Ts�

⎞
⎟⎟⎠
⎛
⎜⎜⎝1 ∧

∣∣∣∣∣∣∣∣
i−1∑
�=1

|s�−si|�Mn

Ts�

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣ . (4.19)

In order to obtain (4.18), we have to prove

lim
n→∞

n∑
i=1

E[Tsih
′(Mn)
i−1,i+1] = 0, (4.20)



4608 M. El Machkouri and L. Reding

lim
n→∞

n∑
i=1

E

⎡
⎢⎢⎣Tsi

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|�Mn

Ts�

⎞
⎟⎟⎠h

′′(Mn)
i−1,i+1

⎤
⎥⎥⎦ = 0 (4.21)

lim
n→∞

n∑
i=1

E[|β′
i|] = 0, (4.22)

and

lim
n→∞

1

n

n∑
i=1

E
[(
Z2
si − E[Z2

si ]
)
h′′
i−1,i+1

]
= 0. (4.23)

Second part

First, we assume that (Xk)k∈Zd is strongly mixing. We are going to prove (4.20).

Since Ξ is independent of T , then E

[
Tsih

′ (∑n
r=i+1 Ξsr

)]
= 0. So, if we define

E
(n)
i = {1 � j < i | |sj−si| > Mn} and π is a one to one map from [1, |E(n)

i |]∩Z

to E
(n)
i such that |sπ(�) − si| ≤ |sπ(�−1) − si| then

E[Tsih
′(Mn)
i−1,i+1] = E

[
Tsi

(
h

′(Mn)
i−1,i+1 − h′

(
n∑

r=i+1

Ξsr

))]

=

|E(n)
i |∑

�=1

Cov [Tsi , t� − t�−1] ,

where t� = h
′
(∑�

r=1 Tsπ(r)
+
∑n

r=i+1 Ξsr

)
and

∑0
r=1 Tsπ(r)

= 0. Since (Xk)k∈Zd

is strongly mixing, using Rio’s inequality ([32], Theorem 1.1) and keeping in
mind that |sπ(�) − si| ≤ |sπ(�−1) − si|, we get

|E[Tsih
′(Mn)
i−1,i+1]| � 2

|E(n)
i |∑

�=1

∫ 2α1,∞(|sπ(�)−si|)

0

QTsi
(u)Qt�−t�−1

(u)du.

Assume that ‖Φ‖∞ < ∞ and let u ∈]0, 1[ be fixed. Since h
′
is Lipschitz and

|Usi | � h
−N/2
sn (because (wsnh

−N
sn )n�1 is nondeacreasing), we have

max
{
QTsi

(u), Qt�−t�−1
(u)
}

� (nhN
sn)

−1/2 and we derive

n∑
i=1

|E[Tsih
′(Mn)
i−1,i+1]| � 1

nhN
sn

n∑
i=1

|E(n)
i |∑

�=1

α1,∞
(
|sπ(�) − si|

)
� h−N

sn

∑
k∈Z

d

|k|>Mn

α1,∞ (|k|) .

Using Lemma 6, if ‖Φ‖∞ = ∞ then

QTsi
(u) � u− 1

2+θ ‖Usi‖2+θ√
n

� u− 1
2+θ

√
nh

Nθ
2(2+θ)
sn

× h
N/2
sn wsi

h
N/2
si wsnAn,0,1
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and

Qt�−t�−1
(u) �

u− 1
2+θ ‖Usπ(�)

‖2+θ√
n

� u− 1
2+θ

√
nh

Nθ
2(2+θ)
sn

×
h
N/2
sn wsπ(�)

h
N/2
sπ(�)

wsnAn,0,1

.

Consequently, using again the inequality 2ab � a2 + b2, we obtain

n∑
i=1

|E[Tsih
′(Mn)
i−1,i+1]| � h

− Nθ
2+θ

sn

n

n∑
i=1

|E(n)
i |∑

�=1

hN
snwsiwsπ(�)

h
N/2
si h

N/2
sπ(�)w

2
snA

2
n,0,1

α
θ

2+θ

1,∞
(
|sπ(�) − si|

)

� h
− Nθ

2+θ
sn ×

A−2
n,0,1h

N
sn

nw2
sn

n∑
i=1

|E(n)
i |∑

�=1

(
w2

si

hN
si

+
w2

sπ(�)

hN
sπ(�)

)
α

θ
2+θ

1,∞
(
|sπ(�) − si|

)

= h
− Nθ

2+θ
sn ×

A−2
n,0,1h

N
sn

nw2
sn

n∑
i=1

i−1∑
j=1

|sj−si|>Mn

(
w2

si

hN
si

+
w2

sj

hN
sj

)
α

θ
2+θ

1,∞ (|sj − si|)

� h
− Nθ

2+θ
sn ×

2A−2
n,0,1h

N
sn

nw2
sn

n∑
i=1

w2
si

hN
si

×
∑
k∈Z

d

|k|>Mn

α
θ

2+θ

1,∞ (|k|) .

Using (H1), we get

n∑
i=1

|E[Tsih
′(Mn)
i−1,i+1]| � h

− Nθ
2+θ

sn

∑
k∈Z

d

|k|>Mn

α
θ

2+θ

1,∞ (|k|) .

Finally, we proved that

n∑
i=1

|E[Tsih
′(Mn)
i−1,i+1]| � h−Nν2(θ)

sn

∑
k∈Z

d

|k|>Mn

α
ν2(θ)
1,∞ (|k|) −−−−−→

n→+∞
0

where ν2(θ) = 11{‖Φ‖∞<∞} +
θ

2+θ 11{‖Φ‖∞=∞}. So, (4.20) holds.
The proof of the following lemma is postponed to section 5.

Lemma 8. It holds that sup1�i,j�n
i �=j

E[|UsiUsj |] � wsiwsjw
−2
sn h

Nν4(θ)
sn

where ν4(θ) = 11{‖Φ‖∞<∞} +
θ

4+θ 11{‖Φ‖∞=∞}.

Since (Xk)k∈Zd is strongly mixing, we have Zsi = Usi for any 1 � i � n.
Moreover, using (4.19), we have

n∑
i=1

E [|β′
i|] � 2

n∑
i=1

E

⎡
⎢⎢⎣ |Zsi |√

n

⎛
⎜⎜⎝ i−1∑

j=1
|sj−si|�Mn

|Zsj |√
n

⎞
⎟⎟⎠
⎤
⎥⎥⎦ =

2

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

E[|UsiUsj |]

(4.24)
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and

n∑
i=1

∣∣∣∣∣∣∣∣E
⎡
⎢⎢⎣Tsi

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|�Mn

Ts�

⎞
⎟⎟⎠h

′′(Mn)
i−1,i+1

⎤
⎥⎥⎦
∣∣∣∣∣∣∣∣ �

n∑
i=1

E

⎡
⎢⎢⎣ |Zsi |√

n

⎛
⎜⎜⎝ i−1∑

j=1
|sj−si|�Mn

|Zsj |√
n

⎞
⎟⎟⎠
⎤
⎥⎥⎦

=
1

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

E[|UsiUsj |]. (4.25)

Using Lemma 8 and the inequality 2ab � a2 + b2, we get

1

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

E[|UsiUsj |] � Md
nh

Nν4(θ)
sn

nw2
sn

n∑
i=1

w2
si +

h
Nν4(θ)
sn

nw2
sn

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

w2
sj .

Moreover,

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

w2
sj =

n−1∑
j=1

w2
sj

n∑
i=j+1

|si−sj |�Mn

1 � Md
n

n∑
i=1

w2
si .

Consequently, using (H1), we obtain

1

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

E
[
|UsiUsj |

]
� Md

nh
Nν4(θ)
sn

nw2
sn

n∑
i=1

w2
si

= Md
nh

N(ν4(θ)+τ−1)
sn × h

N(1−τ)
sn

nw2
sn

n∑
i=1

w2
si

� md
nh

N(ν4(θ)+τ−1)
sn −−−−→

n→+∞
0. (4.26)

Combining (4.24), (4.25) and (4.26), we obtain (4.21) and (4.22).
Now, it suffices to prove (4.23). Let β � 1 be a positive integer. For any

1 � j � n, the notation Eβ [Zsj ] will stand for the conditional expectation of
Zsj with respect to the σ-algebra σ (Zs� ; 	 < j and |s� − sj | � β). Then,

1

n

n∑
i=1

|E[(Z2
si − E[Z2

si ])h
′′
i−1,i+1]| � I1 + I2,

where

I1 =
1

n

n∑
i=1

|E[
(
Z2
si − Eβ [Z

2
si ]
)
h′′
i−1,i+1]|

and

I2 =
1

n

n∑
i=1

|E[(Eβ [Z
2
si ]− E[Z2

si ])h
′′
i−1,i+1]|.

The next result can be found in [27].
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Lemma 9. Let U and V be two σ-algebras and let X be a random variable
which is measurable with respect to U .

If 1 � p � r � ∞, then ‖E[X|V ]− E[X]‖p � 2(21/p + 1) (α(U ,V))
1
p− 1

r ‖X‖r.
Since (Xk)k∈Zd is strongly mixing, we have Zsi = Usi for any 1 � i � n. If

‖Φ‖∞ = ∞ then using Lemma 9 with p = 1 and r = (2 + θ)/2, we derive

I2 � 1

n

n∑
i=1

‖Eβ [U
2
si ]− E[U2

si ]‖1 �
6α

θ
2+θ

1,∞(β)

n

n∑
i=1

‖Usi‖22+θ.

From Lemma 6, we have

‖Usi‖22+θ �
h
− Nθ

2+θ
sn hN

snw
2
si

hN
siw

2
snA

2
n,0,1

.

Consequently, using (H1), we get

I2 � h
− Nθ

2+θ
sn α

θ
2+θ

1,∞(β)×
A−2

n,0,1h
N
sn

nw2
sn

n∑
i=1

w2
si

hN
si

� h
− Nθ

2+θ
sn α

θ
2+θ

1,∞(β).

Similarly, if ‖Φ‖∞ < ∞ then |Δsi | � h
−N/2
si and since (wsnh

−N
sn )n�1 is nonde-

creasing, we have |Usi | � h
−N/2
sn and

I2 � 6α1,∞(β)× 1

n

n∑
i=1

‖Usi‖2∞ � h−N
sn α1,∞(β).

Finally, keeping in mind that ν2(θ) = 11{‖Φ‖∞<∞} +
θ

2+θ 11{‖Φ‖∞=∞}, it means
that

I2 � 1

n

n∑
i=1

‖Eβ [U
2
si ]− E[U2

si ]‖1 � h−Nν2(θ)
sn α

ν2(θ)
1,∞ (β). (4.27)

Now, we make the choice

β =

⌈
h

−Nν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)
sn

⌉
. (4.28)

Consequently, since
∑

k∈Zd |k|
dν2(θ)

ν4(θ)+τ−1α
ν2(θ)
1,∞ (|k|) < ∞ means∑∞

�=1 	
dν2(θ)+(d−1)(ν4(θ)+τ−1)

ν4(θ)+τ−1 α
ν2(θ)
1,∞ (	) < ∞, we derive

I2 � β
dν2(θ)+(d−1)(ν4(θ)+τ−1)

ν4(θ)+τ−1 α
ν2(θ)
1,∞ (β) −−−−−→

n→∞
0.

Since h
′′(β)
i−1,i+1 is σ(Ξs� , Zsk ; 1 � k < i, |sk−si| � β, 	 ∈ N

∗)-measurable, we find

that E[(Z2
si − Eβ [Z

2
si ])h

′′(β)
i−1,i+1] = 0 and consequently

E
[(
Z2
si − Eβ [Z

2
si ]
)
h′′
i−1,i+1

]
= E

[(
Z2
si − Eβ [Z

2
si ]
)
(h′′

i−1,i+1 − h
′′(β)
i−1,i+1)

]
.
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Keeping in mind that

I1 =
1

n

n∑
i=1

|E[
(
Z2
si − Eβ [Z

2
si ]
)
h′′
i−1,i+1]|,

we obtain

I1 � 1

n

n∑
i=1

E

⎡
⎢⎢⎣
⎛
⎜⎜⎝2 ∧

∣∣∣∣∣∣∣∣
i−1∑
j=1

|sj−si|�β

Zsj√
n

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠(Z2

si + Eβ [Z
2
si ]
)
⎤
⎥⎥⎦ .

Let L > 0, then

I1 � L

n3/2

n∑
i=1

i−1∑
j=1

|sj−si|�β

E[|Zsj ||Zsi | 11|Zsi
|�L] +

2

n

n∑
i=1

E[Z2
si 11|Zsi

|>L]

+
1

n

n∑
i=1

E

⎡
⎢⎢⎣
⎛
⎜⎜⎝2 ∧

∣∣∣∣∣∣∣∣
i−1∑
j=1

|sj−si|�β

Zsj√
n

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠(Eβ [Z

2
si ]− E

[
Z2
si

])
⎤
⎥⎥⎦

+
1

n

n∑
i=1

E

⎡
⎢⎢⎣
⎛
⎜⎜⎝2 ∧

∣∣∣∣∣∣∣∣
i−1∑
j=1

|sj−si|�β

Zsj√
n

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠
⎤
⎥⎥⎦E[Z2

si ].

Since Zsi = Usi for any 1 � i � n, we derive

I1 � L

n3/2

n∑
i=1

i−1∑
j=1

|sj−si|�β

E[|UsiUsj |] +
2

n

n∑
i=1

E[U2
si 11|Usi

|>L]

+
2

n

n∑
i=1

‖Eβ [U
2
si ]− E[U2

si ]‖1 +
1

n

n∑
i=1

∥∥∥∥∥∥∥∥
i−1∑
j=1

|sj−si|�β

Usj√
n

∥∥∥∥∥∥∥∥
2

E[U2
si ].

Arguing as in (4.26) and Lemma 9, we derive

I1 � βdLh
N(ν4(θ)+τ−1)
sn√

n
+

L−θ

n

n∑
i=1

E[|Usi |2+θ] + h−Nν2(θ)
sn α

ν2(θ)
1,∞ (β)

+
1

n

n∑
i=1

E[U2
si ]

∥∥∥∥∥∥∥∥
i−1∑
j=1

|sj−si|�β

Usj√
n

∥∥∥∥∥∥∥∥
2

.
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Using (4.17), (4.28) and (H1), we get

I1 � βdLh
N(ν4(θ)+τ−1)
sn√

n
+ L−θh

−Nθ
2

sn + β
dν2(θ)+(d−1)(ν4(θ)+τ−1)

ν4(θ)+τ−1 α
ν2(θ)
1,∞ (β)

+
1

n

n∑
i=1

E[U2
si ]

∥∥∥∥∥∥∥∥
i−1∑
j=1

|sj−si|�β

Usj√
n

∥∥∥∥∥∥∥∥
2

.

Moreover,∥∥∥∥∥∥∥∥
i−1∑
j=1

|sj−si|�β

Usj√
n

∥∥∥∥∥∥∥∥
2

2

=
1

n

⎛
⎜⎜⎜⎜⎝

i−1∑
j=1

|sj−si|�β

E[U2
sj ] +

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�

E[UsjUs� ]

⎞
⎟⎟⎟⎟⎠ .

If ‖Φ‖∞ = ∞ then using (H1) and (4.17), for L′ =
(
β−dnh

−Nθ
2

sn

) 1
2+θ

, we have

1

n

i−1∑
j=1

|sj−si|�β

E[U2
sj ] � βdL

′2

n
+

L
′−θ

n

n∑
j=1

E[|Usj |2+θ] � βdL
′2

n
+ L

′−θh
−Nθ

2
sn

= 2

(
βd

nhN
sn

) θ
2+θ

.

If ‖Φ‖∞ < ∞ then |Usi | � h
−N/2
sn (since |Δsi | � h

−N/2
si and (wsnh

−N
sn )n�1 is

nondecreasing) and consequently

1

n

i−1∑
j=1

|sj−si|�β

E[U2
sj ] � βd

nhN
sn

.

Finally, it means that

1

n

i−1∑
j=1

|sj−si|�β

E[U2
sj ] �

(
βd

nhN
sn

)ν2(θ)

�
(
nh

N
(
1+

dν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)

)
sn

)−ν2(θ)

−−−→
n→∞

0. (4.29)

Moreover, we have

1

n

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�

|E[UsjUs� ]| �
A−2

n,0,1h
N
sn

nw2
sn

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�

wsjws� |E[ΔsjΔs� ]|
(hsjhs�)

N/2
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�
A−2

n,0,1h
N
sn

nw2
sn

⎛
⎜⎜⎜⎜⎜⎝

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�, |s�−sj |�Mn

wsjws�(
hsjhs�

)N(1−ν4(θ))
2

+

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�, |s�−sj |>Mn

wsjws�α
ν2(θ)
1,∞ (|sj − s�|)(

hsjhs�

)N(1+ν2(θ))
2

⎞
⎟⎟⎟⎟⎟⎠

�
A−2

n,0,1h
N
sn

nw2
sn

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�, |s�−sj |�Mn

(
w2

sj

h
N(1−ν4(θ))
sj

+
w2

s�

h
N(1−ν4(θ))
s�

)

+
A−2

n,0,1h
N
sn

nw2
sn

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�, |s�−sj |>Mn

(
w2

sj

h
N(1+ν2(θ))
sj

+
w2

s�

h
N(1+ν2(θ))
s�

)
α
ν2(θ)
1,∞ (|sj − s�|) .

Since ν4(θ) � 1, we have

1

n

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�

|E[UsjUs� ]|

� Md
nh

Nν4(θ)
sn

nw2
snA

2
n,0,1

n∑
i=1

w2
si +

⎛
⎝A−2

n,0,1h
N
sn

nw2
sn

n∑
j=1

w2
sj

hN
sj

⎞
⎠× h−Nν2(θ)

sn

∑
k∈Z

d

|k|>Mn

α
ν2(θ)
1,∞ (|k|) .

Using (H1) and (H2), we derive

1

n

i−1∑
j,�=1

max{|sj−si|,|s�−si|}�β
j �=�

|E[UsjUs� ]| � md
nh

N(ν4(θ)+τ−1)
sn + h−Nν2(θ)

sn

∑
k∈Z

d

|k|>Mn

α
ν2(θ)
1,∞ (|k|) .

Consequently, denoting

ε2n :=

(
nh

N
(
1+

dν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)

)
sn

)−ν2(θ)

+md
nh

N(ν4(θ)+τ−1)
sn

+ h−Nν2(θ)
sn

∑
k∈Z

d

|k|>mn

α
ν2(θ)
1,∞ (|k|) −−−→

n→∞
0,
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we get

1

n

n∑
i=1

E[U2
si ]

∥∥∥∥∥∥∥∥
i−1∑
j=1

|sj−si|�β

Usj√
n

∥∥∥∥∥∥∥∥
2

�
A−2

n,0,1h
N
sn

nw2
sn

n∑
i=1

w2
siE[Δ

2
si ]

hN
si︸ ︷︷ ︸

�1

×εn � εn

and finally,

I1 � βdLh
N(ν4(θ)+τ−1)
sn√

n
+ L−θh

−Nθ
2

sn + β
dν2(θ)+(d−1)(ν4(θ)+τ−1)

ν4(θ)+τ−1 α
ν2(θ)
1,∞ (β) + εn.

Optimizing in L, we get

I1 � β
dθ
1+θ h

Nθ(ν4(θ)+τ−1)
1+θ

sn(
nhN

sn

) θ
2(1+θ)

+ β
dν2(θ)+(d−1)(ν4(θ)+τ−1)

ν4(θ)+τ−1 α
ν2(θ)
1,∞ (β) + εn.

Since, βd � h
−dNν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)
sn , we derive

I1 �
(
nhN

sn

) −θ
2(1+θ) h

Nθ(d−1)(ν4(θ)+τ−1)2

(1+θ)(dν2(θ)+(d−1)(ν4(θ)+τ−1))
sn + β

dν2(θ)+(d−1)(ν4(θ)+τ−1)

ν4(θ)+τ−1 α
ν2(θ)
1,∞ (β)

+ εn −−−−−→
n→+∞

0.

So, we obtain (4.23).
Now, we assume that (Xk)k∈Zd is of the form (1.5). As before, we have to

prove (4.20), (4.21), (4.22) and (4.23). Now, we have Zsi = Usi for any 1 �
i � n. Moreover, Usi ans Usj are independent as soon as |si − sj | > Mn where
Mn = 2mn. So, (4.20) holds since

E[Tsih
′(Mn)
i−1,i+1] = n−1/2

E

⎡
⎢⎢⎣Usih

′

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|>Mn

Us�√
n

+

n∑
�=i+1

ξs�√
n

⎞
⎟⎟⎠
⎤
⎥⎥⎦ = 0.

Arguing as in (4.24) and (4.25), we have

n∑
i=1

E[|β′
i|] � 2

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

E[|UsiUsj |]

and

n∑
i=1

∣∣∣∣∣∣∣∣E
⎡
⎢⎢⎣Tsi

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|�Mn

Ts�

⎞
⎟⎟⎠h

′′(Mn)
i−1,i+1

⎤
⎥⎥⎦
∣∣∣∣∣∣∣∣ �

1

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

E[|UsiUsj |].

The proof of the following lemma is postponed to section 5.



4616 M. El Machkouri and L. Reding

Lemma 10. For any positive integer n,

1

n

n∑
i=1

n∑
j=1

|sj−si|�Mn

i �=j

E[|UsiUsj |]

� md
nh

N(ν4(θ)+τ−1)
sn + h

−(N
2 +ν2(θ))

sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2 −−−−−→

n→∞
0.

Consequently, we obtain (4.21) and (4.22). In order to finish the proof, it
suffices to prove (4.23). Let L > 0 be fixed. Keeping in mind that Usi and Usj

are independent if |si − sj | > Mn, we have

E

[(
Z2
si − E

[
Z2
si

])
h

′′(Mn)
i−1,i+1

]

= E

⎡
⎢⎢⎣(U2

si − E

[
U

2

si

])
h′′

⎛
⎜⎜⎝ i−1∑

�=1
|s�−si|>Mn

Us�√
n

+

n∑
�=i+1

ξs�√
n

⎞
⎟⎟⎠
⎤
⎥⎥⎦ = 0.

So, we have

1

n

n∑
i=1

∣∣E[ (Z2
si − E

[
Z2
si

])
h′′
i−1,i+1

]∣∣
=

1

n

n∑
i=1

∣∣∣∣E
[(

U
2

si − E[U
2

si ]
)(

h′′
i−1,i+1 − h

′′(Mn)
i−1,i+1

)]∣∣∣∣
� 1

n

n∑
i=1

E

⎡
⎢⎢⎣
⎛
⎜⎜⎝2 ∧

∣∣∣∣∣∣∣∣
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠(U2

si + E[U
2

si ]
)⎤⎥⎥⎦

� L

n3/2

n∑
i=1

i−1∑
�=1

|s�−si|�Mn

E[|Us�Usi |] +
2

n

n∑
i=1

E[U
2

si 11|Usi
|>L]

+
1

n

n∑
i=1

E

⎡
⎢⎢⎣2 ∧

∣∣∣∣∣∣∣∣
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∣∣∣∣∣∣∣∣

⎤
⎥⎥⎦E[U2

si ]

� L√
n
× 1

n

n∑
i=1

n∑
�=1

|s�−si|�Mn

E[|Us�Usi |] +
2L−θ

n

n∑
i=1

E[|Usi |2+θ]

+
1

n

n∑
i=1

∥∥∥∥∥∥∥∥
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∥∥∥∥∥∥∥∥
2

E[U2
si ].
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Moreover,∥∥∥∥∥∥∥∥
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∥∥∥∥∥∥∥∥
2

2

=
1

n

⎛
⎜⎜⎜⎜⎝

i−1∑
�=1

|s�−si|�Mn

E[U
2

s�
] +

i−1∑
�,j=1

max(|s�−si|,|sj−si|)�Mn

��=j

E[Us�Usj ]

⎞
⎟⎟⎟⎟⎠ .

Noting that E[U
2

s�
] � E[U2

s�
] and using (4.29), we get

1

n

i−1∑
�=1

|s�−si|�Mn

E[U
2

s�
] �
(
nh

N
(
1+

dν2(θ)(ν4(θ)+τ−1)

dν2(θ)+(d−1)(ν4(θ)+τ−1)

)
sn

)−ν2(θ)

−−−→
n→∞

0.

Using Lemma 10 and keeping in mind that Us� and Usj are independent if
|s� − sj | > Mn, we have

1

n

i−1∑
�,j=1

max(|s�−si|,|sj−si|)�Mn

��=j

|E[Us�Usj ]| � 1

n

n∑
�=1

n∑
j=1

|s�−sj |�Mn

��=j

|E[Us�Usj ]| −−−−−→
n→∞

0.

Consequently,

lim
n→+∞

sup
1�i�n

∥∥∥∥∥∥∥∥
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∥∥∥∥∥∥∥∥
2

= 0

and

lim
n→+∞

1

n

n∑
i=1

∥∥∥∥∥∥∥∥
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∥∥∥∥∥∥∥∥
2

E[U2
si ]

� lim
n→+∞

hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
siE[Δ

2
si ]

hN
si︸ ︷︷ ︸

�1

× sup
1�i�n

∥∥∥∥∥∥∥∥
i−1∑
�=1

|s�−si|�Mn

Us�√
n

∥∥∥∥∥∥∥∥
2

= 0.

Using (4.17) and (H1), we obtain

1

n

n∑
i=1

E[(Z2
si−E[Z2

si ])h
′′
i−1,i+1] � L√

n
× 1

n

n∑
i=1

n∑
�=1

|s�−si|�Mn

E[|Us�Usi |]+L−θh
−Nθ

2
sn +o(1).

Optimizing in L, we get

1

n

n∑
i=1

E[(Z2
si−E[Z2

si ])h
′′
i−1,i+1] � (nhN

sn)
−θ

2(1+θ)

⎛
⎜⎜⎝1n

n∑
i=1

n∑
�=1

|s�−si|�Mn

E[|Us�Usi |]

⎞
⎟⎟⎠

θ
1+θ

+o(1).
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Using Lemma 10, we obtain (4.23). The proof of Theorem 1 is complete. �

In the proof of Theorem 1, the asymptotic normality of the estimator fn,Φ is
obtained using the Lindeberg’s method based on the stability of the standard
normal law. This approach seems to be superior to the so-called Bernstein’s
method (see for example [5] and [21]) since it allows us to obtain mild condi-
tions on the weak and strong dependent coefficients of the considered random
field. This fact is of theoretical importance and has already been observed in
[1], [14] and [15].

Proof of Theorem 2. Let n be a positive integer and x ∈ R
N such that f(x) > 0.

Then,

rn,Φ(x)−
E[fn,Φ(x)]

E[fn,1(x)]

=
(fn,Φ(x)− E[fn,Φ(x)])E[fn,1(x)]− (fn,1(x)− E[fn,1(x)])E[fn,Φ(x)]

fn,1(x)E[fn,1(x)]
.

Using Proposition 1 and Proposition 2, we obtain that fn,1(x) converges in

probability to f(x) and
E[fn,Φ(x)]
E[fn,1(x)]

converges to rΦ(x) as n → ∞. So, using

Slutsky’s lemma, it is sufficient to prove

λ1

√
nhN

sn(fn,Φ(x)− E[fn,Φ(x)]) + λ2

√
nhN

sn(fn,1(x)−E[fn,1(x)])

Law−−−−−→
n→∞

N (0, ρ2λ1,λ2
(x))

where

ρ2λ1,λ2
(x) = (λ2

1E[|Φ(Y0)|2|X0 = x]+2λ1λ2rΦ(x)+λ2
2)β

−2
0,1β−N,2f(x)

∫
RN

K2(t)dt

for any (λ1, λ2) ∈ R
2.

Let (λ1, λ2) ∈ R
2 be fixed. Then,

λ1

√
nhN

sn (fn,Φ(x)− E[fn,Φ(x)]) + λ2

√
nhN

sn (fn,1(x)− E[fn,1(x)])

=
√
nhN

sn

(
fn,Φ(x)− E[fn,Φ(x)]

)
where Φ(x) = λ1Φ(x) + λ2 for any x in R. Since u �→ E[|Φ(Y0)|2|X0 = u] is
continuous, one can notice that u �→ E[|Φ(Y0)|2|X0 = u] is continuous. More-
over, since E[|Φ(Y0)|2+θ] < ∞ and E[|Φ(Y0)|2+θKsn(x,X0)] � hN

sn , we have

E[|Φ(Y0)|2+θ] < ∞ and E[|Φ(Y0)|2+θKsn(x,X0)] � hN
sn . Consequently, using

Theorem 1, we get the result. The proof of Theorem 2 is complete. �

One can notice that the asymptotic normality of the regression estimator
rn,Φ obtained in the proof of Theorem 2 is a direct consequence of Theorem 1.
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In some sense, it means that Theorem 1 is quite a deep result since it contains
both the asymptotic normality of the kernel density estimator fn,1 and that of
the regression estimator rn,1.

Proof of Theorem 3. Let x ∈ R
N such that f(x) > 0. Then, according to

Theorem 2, we have√
nhN

sn

(
rn,Φ(x)−

E[fn,Φ(x)]

E[fn,1(x)]

)
Law−−−−→
n→∞

N
(
0, σ̃2

Φ(x)
)
,

where σ̃2
Φ(x) =

V (x)β−N,2

f(x)β2
0,1

∫
RN K2(t)dt and V (x) = E[|Φ(Y0)|2|X0 = x] − r2Φ(x).

Applying Proposition 2, we have

|E[fn,Φ(x)]− fΦ(x)| � h2
sn and |E[fn,1(x)]− f(x)| � h2

sn .

Recall that rΦ(x) =
fΦ(x)
f(x) . Then, for n sufficiently large, we have∣∣∣∣E[fn,Φ(x)]E[fn,1(x)]

− rΦ(x)

∣∣∣∣ = |(E[fn,Φ(x)]− fΦ(x))f(x)− (E [fn,1(x)]− f(x))fΦ(x)|
f(x)E [fn,1(x)]

� h2
sn .

Finally, using Slutsky’s lemma, we obtain√
nhN

sn (rn,Φ(x)− rΦ(x))
Law−−−−→
n→∞

N
(
0, σ̃2

Φ(x)
)
.

The proof of Theorem 3 is complete. �

5. Appendix

Proof of Lemma 7. First, we note that E [Wi|F�−1] is F�-measurable. It suffices

to show that for every A ∈ F�, we have E [E [Wi|F�−1]1A] = E

[
Hi(H(�)

i,∞)1A

]
.

One can notice that the collections P =
{
A ∩B |A ∈ F�−1, B ∈ σ(ετ(�))

}
and

Λ=
{
A ∈ F� |E [E [Wi|F�−1]1A] = E

[
Hi(H(�)

i,∞)1A

]}
are respectively a π-system

and a λ-system which satisfy σ (P) = F�. Since (ετ(j))j∈Z and (ε
(�)
τ(j))j∈Z are

identically distributed where ε
(�)
τ(j) = ετ(j) if j �= 	 and ε

(�)
τ(�) = ε

′

τ(�), it holds for

every C ∈ F�−1 that E [1CWi] = E

[
1CHi(H(�)

i,∞)
]
. Then, if A = A1 ∩ A2 ∈ P

with A1 ∈ F�−1 and A2 ∈ σ(ετ(�)), we obtain

E [E [Wi|F�−1]1A] = E [E [1A1Wi|F�−1]1A2 ] = E

[
1A1Hi,∞(H(�)

i,∞)
]
E [1A2 ]

= E

[
1A1Hi,∞(H(�)

i,∞)1A2

]
= E

[
Hi,∞(H(�)

i,∞)1A

]
.
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So, we obtain A ∈ Λ and finally P ⊂ Λ. Applying Dynkin’s lemma, we get the
desired result. The proof of Lemma 7 is complete. �

Proof of Lemma 8. Let 1 � i, j � n such that i �= j. From Lemma 4, we have

E[|ΔsiΔsj |] �
(
hsihsj

)Nν4(θ)
2 . Keeping in mind (4.13), we have

E[|UsiUsj |] =
hN
snwsiwsjE[|ΔsiΔsj |]
(hsihsj )

N
2 w2

snA
2
n,0,1

�
A−2

n,0,1h
N
snwsiwsj

w2
sn(hsihsj )

N(1−ν4(θ))/2
.

Since ν4(θ) � 1 and using (H1), we derive E[|UsiUsj |] � wsiwsjw
−2
sn h

Nν4(θ)
sn .

The proof of Lemma 8 is complete. �

Proof of Lemma 10. For any 1 � i, j � n such that i �= j, we have

|E[|UsiUsj |]− E[|UsiUsj |]| � ‖Usj‖2‖Usi − Usi‖2 + ‖Usi‖2‖Usj − Usj‖2

and for any 1 � 	 � n, using (3.12), we get

‖Us�‖2 =
h
N/2
sn ws�‖Δs�‖2
h
N/2
s� wsnAn,0,1

� h
N/2
sn ws�

h
N/2
s� wsnAn,0,1

and

‖Us� − Us�‖2 =
h
N/2
sn ws�‖Δs� −Δs�‖2

h
N/2
s� wsnAn,0,1

� h
N/2
sn ws�h

−(N
2 +ν2(θ))

sn

h
N/2
s� wsnAn,0,1

∑
k∈Z

d

|k|>Mn

δ
ν2(θ)
k,2 .

Consequently, we get

1

n

n∑
i=1

n∑
j=1

|sj−si|�Mn

i �=j

|E[|UsiUsj |]− E[|UsiUsj |]|

�
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

n∑
j=1

|sj−si|�Mn

i �=j

wsiwsj

h
N/2
si h

N/2
sj

× h
−(N

2 +ν2(θ))
sn

∑
k∈Z

d

|k|>Mn

δ
ν2(θ)
k,2

�
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

n∑
j=1

|sj−si|�Mn

(
w2

si

hN
si

+
w2

sj

hN
sj

)
× h

−(N
2 +ν2(θ))

sn

∑
k∈Z

d

|k|>Mn

δ
ν2(θ)
k,2

� 2Md
n

(
hN
snA

−2
n,0,1

nw2
sn

n∑
i=1

w2
si

hN
si

)
h
−(N

2 +ν2(θ))
sn

∑
k∈Z

d

|k|>Mn

δ
ν2(θ)
k,2 .
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Using (H1), we obtain

1

n

n∑
i=1

i−1∑
j=1

|sj−si|�Mn

i �=j

|E[|UsiUsj |]− E[|UsiUsj |]| � md
nh

−(N
2 +ν2(θ))

sn

∑
k∈Z

d

|k|>mn

δ
ν2(θ)
k,2

� h
−(N

2 +ν2(θ))
sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2 .

Using Lemma 8, we obtain

1

n

n∑
i=1

n∑
j=1

|si−sj |�Mn

i �=j

E
[
|UsiUsj |

]

� h
Nν4(θ)
sn

n

n∑
i=1

n∑
j=1

|si−sj |�Mn

i �=j

wsiwsj

w2
sn

+ h
−(N

2 +ν2(θ))
sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2

� h
Nν4(θ)
sn

nw2
sn

n∑
i=1

n∑
j=1

|si−sj |�Mn

(w2
si + w2

sj ) + h
−(N

2 +ν2(θ))
sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2

� md
nh

Nν4(θ)
sn

nw2
sn

n∑
i=1

w2
si + h

−(N
2 +ν2(θ))

sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2 .

Using (H2), we derive

1

n

n∑
i=1

n∑
j=1

|si−sj |�Mn

i �=j

E
[
|UsiUsj |

]

� md
nh

N(ν4(θ)+τ−1)
sn + h

−(N
2 +ν2(θ))

sn

∑
k∈Z

d

|k|>mn

|k|dδν2(θ)
k,2 −−−−−→

n→∞
0.

The proof of Lemma 10 is complete. �
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