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Abstract: We investigate the estimation of a density f from a n-sample
on an Euclidean space R

D, when the data are supported by an unknown
submanifold M of possibly unknown dimension d < D, under a reach con-
dition. We investigate several nonparametric kernel methods, with data-
driven bandwidths that incorporate some learning of the geometry via a
local dimension estimator. When f has Hölder smoothness β and M has
regularity α, our estimator achieves the rate n−α∧β/(2α∧β+d) for a point-
wise loss. The rate does not depend on the ambient dimension D and we
establish that our procedure is asymptotically minimax for α ≥ β. Fol-
lowing Lepski’s principle, a bandwidth selection rule is shown to achieve
smoothness adaptation. We also investigate the case α ≤ β: by estimating
in some sense the underlying geometry of M , we establish in dimension
d = 1 that the minimax rate is n−β/(2β+1) proving in particular that it
does not depend on the regularity of M . Finally, a numerical implemen-
tation is conducted on some case studies in order to confirm the practical
feasibility of our estimators.
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1. Introduction

1.1. Motivation

Suppose we observe an n-sample (X1, . . . , Xn) of size n distributed on an Eu-
clidean space RD according to some density function f . We wish to recover f at
some arbitrary point x0 ∈ R

D nonparametrically. If the smoothness of f at x0

measured in a strong sense is of order β – for instance by a Hölder condition or
with a prescribed number of derivatives – then the optimal (minimax) rate for
recovering f(x0) is of order n

−β/(2β+D) and is achieved by kernel or projection
methods, see e.g. the classical textbooks by Silverman [57], Devroye and Györfi
[16] or Tsybakov [62, Sec. 1.2-1.3]. Extension to data-driven bandwidths (Bow-
man [12], Chiu [14]) offers the possibly to adapt to unknown smoothness, see
Goldenshluger and Lepski [28, 29, 30] for a modern mathematical formulation.
More generally, recommended reference on adaptive estimation is the textbook
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by Giné and Nickl [27]. In many situations however, the dimension D of the
ambient space is large, hitherto disqualifying such methods for pratical appli-
cations. Opposite to the curse of dimensionality, a broad guiding principle in
practice is that the observations (X1, . . . , Xn) actually live on smaller dimen-
sional structures and that the effective dimension of the problem is smaller if
one can take advantage of the geometry of the data (Fefferman et al. [23]). This
classical paradigm probably goes back to a conjecture of Stone [59] that paved
the way to the study of the celebrated single-index model in nonparametric
regression, where a structural assumption is put in the form f(x) = g(〈ϑ, x〉),
where 〈·, ·〉 is the scalar product on R

D, for some unknown univariate function
g : R → R and direction ϑ ∈ R

D. Under appropriate assumptions, the minimax
rate of convergence for recovering f(x) with smoothness β drops to n−β/(2β+1)

and does not depend on the ambient dimension D, see e.g. Gäıffas and Lecué
[24], Lepski and Serdyukova [45] and the references therein. Also, in the search
for significant variables, one postulates that f only depends on d < D coordi-
nates, leading to the structural assumption f(x1, . . . , xD) = F (xi1 , . . . xid) for
some unknown function F : Rd → R and {i1, . . . , id} ⊂ {1, . . . , D}. In an anal-
ogous setting, the minimax rate of convergence becomes n−β/(2β+d) and this is
also of a smaller order of magnitude than n−β/(2β+D), see Hoffmann and Lepski
[36] in the white noise model.

The next logical step is to assume that the data (X1, . . . , Xn) live on a d-
dimensional submanifold M of the ambient space R

D. When the manifold is
known prior to the experiment, nonparametric density estimation dates back to
Devroye and Györfi [16] when M is the circle, and on a homogeneous Rieman-
nian manifold by Hendriks [34], see also Pelletier [54]. Several results are known
for specific geometric structures like the sphere or the torus involved in many ap-
plied situations: inverse problems for cosmological data (Kim and Koo [41], Kim
et al. [42], Kerkyacharian et al. [39], in geology Hall et al. [32] or flow calcula-
tion in fluid mechanics Eugeciouglu and Srinivasan [18]). For genuine compact
homogeneous Riemannian manifolds, a general setting for smoothness adaptive
density estimation and inference has recently been considered by Kerkyachar-
ian et al. [38], or even in more abstract metric spaces in Cleanthous et al. [15].
See also Baldi et al. [7], Castillo et al. [13] and the references therein. A com-
mon strategy adapts conventional nonparametric tools like projection or kernel
methods to the underlying geometry, via the spectral analysis of the Beltrami-
Laplace operator on M . Under appropriate assumptions, this leads to exact
or approximate eigenbases (spherical harmonics for the sphere, needlets and so
on) or properly modified kernel methods, according to the Riemannian metric
on M .

If the submanifold M itself is unknown, getting closer in spirit to a dimension
reduction approach, the situation becomes drastically different: M hence its
geometry is unknown, and considered as a nuisance parameter. In order to
recover the density f at a given point x0 ∈ R

D of the ambient space, one has
to understand the minimal geometry of M that must be learned from the data
and how this geometry affects the optimal reconstruction of f . This is the topic
of the paper.
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We consider in the paper a seemingly unusual framework where the support
of a distribution is unknown while the aim is to recover the density at a point
x0 ∈ R

D which is known to be on the support. As mentioned above, this actually
covers at least two situations:

• The data are high-dimensional and it is reasonable to believe that they ac-
tually lie on a smaller dimensional subset of the ambient space RD, which
can be assumed to be a submanifold. In that case, x0 can be seen as an
extraneous observation X from the density f (extracted for instance from
the point cloud), and the analysis can be implicitly performed conditional
on X = x0;

• The data naturally lie on a submanifold, like a spheroid for geological
application, or a cell membrane in microbiology (see for instance Klein
et al. [43] who describe a technique that yields such a point cloud). In this
case, x0 can be seen as an observation X like above, but there is also the
situation where the statistician can know whether or not a given point
x0 is within the support (for instance a point on a cell membrane, or a
geographical location on the Earth surface) without knowing the geometric
features of the latter and without needing to estimate them.

1.2. Main results

We construct a class of compact smooth submanifolds of dimension d of the
Euclidean space RD, without boundaries, that constitute generic models for the
unknown support of the target density f that we wish to reconstruct. We further
need a reach condition, a somehow unavoidable notion in manifold reconstruc-
tion that goes back to Federer [21]: it is a geometric invariant that quantifies
both local curvature conditions and how tightly the submanifold folds on itself.
It is related to the scale at which the sampling rate n can effectively recover
the geometry of the submanifold, see Section 2.3 below. We consider regular
manifolds M with reach bounded below that satisfy the following property: M
admits a local parametrisation at every point x ∈ M by its tangent space TxM ,
and this parametrisation is sufficiently regular. A natural candidate is given
by the exponential map expx : TxM → M ⊂ R

D. More specifically, for some
regularity parameter α ≥ 0, we require a certain uniform bound for the (α+1)-
fold differential of the exponential map to hold, quantifying in some sense the
regularity of the parametrisation in a minimax spirit, see Definition 2.2 below.
Our approach is close to that of Aamari and Levrard [3, Def. 1] that consider
arbitrary parametrisations among those close to the inverse of the projection
onto tangent spaces. Given a density function f : M → [0,∞) with respect to
the volume measure on M , we have a natural extension of smoothness spaces
on M by requiring that f ◦ expx : TxM → R is a smooth map in any reasonable
sense, see Section 2.2 below. This is line for instance with Triebel [61] for the
characterisation of function spaces on a Riemannian manifold.

Our main result is that in order to reconstruct f(x0) efficiently at a point
x0 ∈ R

D when f has smoothness β and lives on an unknown submanifold
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of smoothness α and unknown dimension d < D, it is sufficient to consider
estimators of the form

f̂h(x0) =
1

nhd̂(x0)

n∑
i=1

K

(
x0 −Xi

h

)
, x ∈ R

D, (1)

where K : RD → R is a certain kernel and d̂(x0) = d̂(x0, X1, . . . , Xn) is an
estimator of the local dimension of the support of f in the vicinity of x based
on a scaling estimator as introduced in Farahmand et al. [20]. We prove in The-
orem 3.1 that following a classical bias-variance trade-off for the bandwidth h,
the rate n−α∧β/(2α∧β+d) is achievable for pointwise and global loss when the
dimension of M is d, irrespectively of the ambient dimension D. In particular,
it is noteworthy that in terms of manifold learning, only the dimension of M
needs to be estimated. When α ≥ β, we also have a lower bound (Theorem 3.2)
showing that our result is asymptotically minimax optimal. Moreover, by im-
plementing Lepski’s principle (Lepskii [47]), we are able to construct a data

driven bandwidth ĥ = ĥ(x0, X1 . . . , Xn) that achieves in Theorem 3.4 the rate
n−α∧β/(2α∧β+d) up to a logarithmic term — unavoidable in the case of point-
wise loss due to the Lepski-Low phenomenon (Lepskĭı [48], Low [49]). When
the dimension d is known, the estimator (1) has already been investigated in
squared-error norm in Ozakin and Gray [52] for a fixed manifold M and smooth-
ness β = 2.

A remaining issue at this stage is to understand how the regularity of M can
affect the minimax rates of convergence for smooth functions, i.e. when α ≤ β.
We only have a partial answer to that question, when we restrict our attention
to the one-dimensional case d = 1. When M is known, Pelletier [54] studied
estimators of the form

1

nhd

n∑
i=1

1

ϑx0(Xi)
K

(
dM (x0, Xi)

h

)
, (2)

where K : R → R is a radial kernel, dM is the intrinsic Riemannian distance
on M and the correction term ϑx0(Xi) is the volume density function on M
(Besse [10, p. 154]) that accounts for the value of the density of the volume
measure at Xi in normal coordinates around x0, taking into account how the
submanifold curves aroundXi. By establishing in Lemma 3.9 that ϑx is constant
(and identically equal to one) when d = 1, we have another estimator by simply
learning the geometry of M via its intrinsic distance dM in (2). This can be done
by efficiently estimating dM in dimension d = 1 thanks to the Isomap method
as coined by Tenenbaum et al. [60]. Therefore, in the special case when the
dimension d of M is known and equal to 1, we are able to construct an estimator
that achieves in Theorem 3.3 the rate n−β/(2β+1), therefore establishing that in
dimension d = 1 at least, the regularity of the manifold M does not affect
the minimax rate for estimating f even when M is unknown. However, the
volume density function ϑx0 is not constant as soon as d ≥ 2 and obtaining a
global picture in higher dimensions remains an open and presumably challenging
problem.
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1.3. Organisation of the paper

In Section 2, we provide with all the necessary material and notation from
classical geometry for the unfamiliar reader. Section 2.1 together with the con-
struction of smoothness spaces – here Hölder spaces on a submanifold in Section
2.2. We elaborate in particular on the reach of a subset of the Euclidean space in
Section 2.3 and construct a statistical model for sampling n data from a density
f with regularity β living on an unknown submanifold M of unknown dimension
d and smoothness α in an ambient space of dimension D in Section 2.4. In this
setting, we establish in Section 2.5 that a reach condition, i.e. assuming that
the reach of M is bounded below, is necessary in order to reconstruct d. This is
stated precisely in Theorem 2.6.

We give our main results in Section 3 and more specifically in Section 3.1.
When the dimension d and the smoothness parameters α of the unknown mani-
fold M and the smoothness β of f are known, Theorem 3.1 states the existence
of an estimator that achieves the rate n−α∧β/(2α∧β+d) in expected pointwise
loss, and Theorem 3.2 establishes that a minimax lower bound is n−β/(2β+d).
Theorem 3.3 shows the existence of estimators in dimension d = 1 that achieve
the rate n−β/(2β+1), which is therefore minimax in that case. Theorem 3.4 states
the existence of smoothness and dimension adaptive estimators, when α, β and
d are unknown. Section 3.2 elaborates on special kernels upon which the esti-
mators that achieve the aforementioned results are constructed, and their prop-
erties with respect to bias and variance analysis. The underlying geometry of
M makes the usual orthogonality to non-constant polynomials of a certain de-
gree (the order of the kernel) irrelevant, and a specific construction must be
undertaken. Section 3.3 focuses on the case of one-dimensional submanifolds M
when d = 1, where we explicitly construct a kernel estimator that achieves the
minimax rate of convergence, revisiting the estimator (2) of Pelletier [54] and
relying on the Isomap algorithm. In Section 3.4, we implement Lepski’s algo-
rithm on the bandwidth of our kernel estimators, following Lepski et al. [46];
this achieves smoothness adaptation w.r.t. α ∧ β. Finally, in Section 3.5, we
build an estimator of the dimension d of M , following ideas of Farahmand et al.
[20] and that enables us to obtain simultaneous adaptation w.r.t. α ∧ β and d
by plug-in.

Finally, numerical examples are developed in Section 4: we elaborate on ex-
amples of non-isometric embeddings of the circle and the torus in dimension
1 and 2 and explore in particular rates of convergence on Monte-Carlo simu-
lations, illustrating how effective Lepski’s method can be in that context. The
proof are delayed until Appendix A.

2. Manifold-supported probability distributions

2.1. Some material from geometry

We endow R
D with its usual Euclidean product and norm, respectively denoted

by 〈·, ·〉 and ‖ · ‖. We denote by B(x, r) the open ball of RD of center x and
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radius r. For any subspace H ⊂ R
D, we set BH(x, r) = H ∩B(x, r) for the open

ball in H for the induced norm.
We recall some basic notions of geometry of submanifolds of the Euclidean

space RD for the unfamiliar reader. We borrow material from the classical text-
books by Gallot et al. [25] and Lee [44]. In all the paper, we consider C∞

Riemannian manifolds (M, g) that we informally call smooth, which is an ab-
stract manifold M endowed with a C∞ altas (Gallot et al. [25, Def 1.6 p.6]) and
a C∞ metric g (Gallot et al. [25, Def 2.1 p.52]). Such a manifold can always be
embedded isometrically into some Euclidean space (Gromov and Rokhlin [31]),
meaning that the pull-back of the canonical Euclidean metric coincides with the
metric of the manifold. When we consider a smooth submanifold M ⊂ R

D, we
mean that M is the image through such an embedding of a smooth abstract
Riemaniann manifold.

Since we quantitatively compare the smoothness of manifolds within a large
class of models, we need to pick a canonical parametrisation. For this reason, we
consider the exponential map (Gallot et al. [25, Def 2.86 p.85]); for any smooth
submanifold M ⊂ R

D and any x ∈ M , it defines a smooth parametrisation

expx : BTxM (0, ε) → M

of M around x, provided that ε is chosen small enough (Gallot et al. [25, Cor
2.89 p.86]). The supremum of all such ε is called the injectivity radius at x and
is denoted injM (x). When M is a closed subset of RD, the exponential maps are
well defined on the whole tangent spaces. This is (one side of) the Hopf-Rinow
theorem Lee [44, Thm 6.13 p.108].

Given a submanifold M of dimension d, the volume measure of M , denoted
by μM , is the restriction of the d-dimensional Hausdorff measure Hd to M ,
see Federer [22, Sec 2.10.2 p.171] for a definition. It can be shown (Evans and
Gariepy [19, Ex D p.102]) that this definition coincides with the usual one of
volume measure of a Riemaniann manifold: if ψ : M → R is a continuous
function with support in expx(BTxM (0, ε)) for ε smaller than injM (x), we have

μM (ψ) =

∫
BTxM (0,ε)

ψ ◦ expx(v)
√

det gx(v)dv,

with gxij(v) = 〈d expx(v)[ei], d expx(v)[ej ]〉 and where (e1, . . . , ed) is an arbitrary
orthonormal basis of TxM . We refer to Gallot et al. [25, Sec 3.H.1 and Sec 3.H.2]
for further details on the volume measure. The volume of M , denoted by volM ,
is simply μM (1). It is finite when M is a compact submanifold of RD.

2.2. Hölder spaces on submanifolds of R
D

Let M be a smooth submanifold of RD and let ρ > 0. We say that a vector-
valued function ϕ : M → R

m with m ≥ 1 is γ-Hölder with γ > 0 if for all
x ∈ M , the map

ϕ ◦ expx : BTxM (0, ρx) → R
m where ρx = ρ ∧ injM (x) (3)
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is γ-Hölder in the usual sense, namely

(i) ϕ ◦ expx is k = �γ − 1�-times differentiable;

(ii) and verifies

∀v, w ∈ BTxM (0, ρ), ‖dk(ϕ◦ expx)(v)−dk(ϕ◦ expx)(w)‖op ≤ R‖v−w‖δ

with δ = γ − k > 0 and for some R > 0.

We denote by Hγ(M,Rm) the space of all such functions, and define for ϕ ∈
Hγ(M,Rm) the Hölder semi-norm

|ϕ|γ = sup
x∈M

sup
v,w∈BTxM (0,ρx)

‖dk(ϕ ◦ expx)(v)− dk(ϕ ◦ expx)(w)‖op
‖v − w‖δ .

The characterisation of the smoothness of a function ϕ : M → R
m through the

exponential maps is a classical way to define functional spaces over Riemannian
manifolds, see for instance Triebel [61].

Remark 2.1. The functional set Hγ(M, ·) also depends on the parameter ρ,
merely introduced for a technical reason and dropped from the notation. When
the manifoldM has a reach (defined in the next Section 2.3) bounded from below
by τ > 0, a natural choice for ρ is πτ , in light of the results of Proposition 2.3
below.

Remark 2.2. This definition of Hölder smoothness is also intrinsic, meaning that
it does not depend on the way M is embedded into R

D. If indeed ψ : N → M
is an isometry between N and M , then |ϕ|γ = |ϕ ◦ψ|γ for any ϕ : M → R

d and
γ > 0.

2.3. The reach of a subset

One of the main concerns when dealing with observations sampled from a ge-
ometrically structured probability measure is to determine the suitable scale
at which one should look at the data. Indeed, given finite-sized point cloud in
R

D, there are infinitely many submanifolds that interpolate the point cloud, see
Figure 1 for an illustration. A popular notion of regularity for a subset of the
Euclidean space is the reach, introduced by Federer [21].

Definition 2.1. Let K be a compact subset of RD. The reach τK of K is the
supremum of all r ≥ 0 such that the orthogonal projection prK on K is well-
defined on the r-neighbourhood Kr of K, namely

τK = sup{r ≥ 0 | ∀x ∈ R
D, d(x,K) ≤ r ⇒ ∃!y ∈ K, d(x,K) = ‖x− y‖}.

When M is a compact submanifold of RD, the reach τM quantifies two geo-
metric invariants: locally, it measures how curved the manifold is, and globally,
it measures how close it is to intersect itself (the so-called bottleneck effect). See
Figure 2 for an illustration of the phenomenon. A reach condition, meaning that
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Fig 1. An arbitrary points cloud (Left) for D = 2, and two smooth one-dimensional
submanifolds passing through all its points (Middle, Right). A reach condition tends
to discard the Right manifold as a likely candidate among all possible submanifolds the
point cloud is sampled from.

the reach is bounded below, is necessary in order to obtain minimax inference
results in manifold learning. These include: homology inference (Niyogi et al.
[51], Balakrishnan et al. [6]), curvature (Aamari and Levrard [3]) and reach es-
timation itself (Aamari et al. [2]) as well as manifold estimation (Genovese et al.
[26], Aamari and Levrard [3]).

Fig 2. For the first manifold M (Left), the value of the reach τM comes from its
curvature. For the second one (Right), the reach is equal to τM because it is close to self
intersecting (a bottleneck effect). The blue area represents the tubular neighbourhood
over which the orthonormal projection on each manifold is well-defined.

2.4. A statistical model for sampling on a unknown manifold

In the following, we fix a point x0 ∈ R
D in the ambient space. See Section 1.1

for a discussion on such a setting. Our statistical model is characterized by two
quantities: the regularity of its support and the regularity of the density defined
on this support. The support belongs to a class of submanifolds M , for which
we need to fix some kind of canonical parametrisation. This is what Aamari and
Levrard [3] propose by asking the support M to admit a local parametrisation
at all point x ∈ M by TxM , and that this parametrisation is close to being
the inverse of the projection over this tangent space. We follow this idea by
imposing a constraint on the exponential map. In the following, we take τ > 0
and set ρ = πτ in the definition of the Hölder spaces of Section 2.2.
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Definition 2.2. Let 1 ≤ d < D be integers. We let Cd(τ) define the set of
submanifolds M of RD that contain x0 and satisfying the following properties:

(i) (Dimension) M is a smooth submanifold of dimension d without bound-
aries;

(ii) (Compactness) M is compact;

(iii) (Reach condition) We have τM ≥ τ .

For α ≥ 1 and L > 0, we define Cd,α(τ, L) as the set of M ∈ Cd(τ) that fulfill
the additional condition:

(iv) The inclusion map ιM : M ↪→ R
D is (α+ 1)-Hölder with |ιM |α+1 ≤ L.

Remark 2.3. The definitions above endow our model with global constraints,
even though most of them can be stated in a local fashion, with properties of
the support holding in a neighbourhood of our candidate point x ∈ R

D. This
meets two expectations:

- staying close to the existing manifold setting in statistics, like in Aamari
and Levrard [3];

- allowing for further developments, like estimation in global losses, such as
Lp-norms, Wasserstein norms, or the sup-norm (Wu and Wu [65]).

The reach condition τM ≥ τ > 0 in (iii) is essential in estimating consistently
a density at a point in our setting, as shown in Theorem 2.6 in Section 2.5.
Furthermore, a reach constraint enables one to benefit from several interesting
geometric properties.

Proposition 2.3. Let M be a compact smooth submanifold of RD with τM ≥ τ .
Then the injectivity radius injM is everywhere greater than πτ .

This result is a corollary of Alexander and Bishop [4, Thm 1.3], as explained
in Aamari and Levrard [3, Lem A.1]. Pick M ∈ Cd(τ). For any x ∈ M , the
map v �→ expx(v) − x is bounded above by πτ on BTxM (0, πτ), since for any
v ∈ BTxM (0, πτ), we have ‖ expx(v) − x‖ ≤ dM (expx(v), x) = ‖v‖, where dM
is the intrinsic distance on M . This uniform bound along with the Hölder con-
dition (iv) allows one to obtain a uniform bound on the first derivatives of the
exponential map.

Lemma 2.4. For M ∈ Cd,α(τ, L), any x ∈ M , and any 1 ≤ j ≤ �α�, we have

sup
v∈BTxM (0,πτ/2)

‖dj expx(v)‖op ≤ Lj ,

with Lj depending on d, τ , L and α only.

See Lemma A.6 in the appendix for further details on the proof. In the light
of this result, the model of Definition 2.2 is thus quite close to the one proposed
by Aamari and Levrard [3].

Remark 2.4. There is no obvious equivalence between M having a reach greater
than τ , and M being Hölder, in particular because the reach is a global quantity,
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while the Hölder smoothness property, as defined in Section 2.2, is a local feature.
However, having a reach greater than τ implies that ‖d2 expx(0)‖ ≤ 2/τ , in light
of Proposition A.1. For this reason, we always have that the submanifold M is
at least 2-Hölder.

We are ready to define the class of density functions that we study, built
upon submanifolds in the class Cd(τ).

Definition 2.5. Let 1 ≤ d ≤ D − 1, α ≥ 1, β > 0, τ > 0, L > 0, R > 0 and
0 ≤ fmin < fmax. We define Σd

α,β(τ, L, fmin, fmax, R), or Σd
α,β for short, as the

set of probability measures P on R
D (endowed with its Borel σ-field) such that

(i) There exists MP ∈ Cd,α(τ, L) such that suppP = MP ;

(ii) There exists a version of the Radon-Nikodym derivative dP
dμMP

, denoted by

fP , that belongs to Hβ(MP ,R);

(iii) This version satisfies fmin ≤ fP ≤ fmax and |fP |β ≤ R.

Some remarks: 1) The support of any P ∈ Σd
α,β(τ, L, fmin, fmax, R) contains

the candidate point x0 by construction, see Definition 2.2 where Cd,α(τ, L) is de-
fined. 2) Condition (i) discards the possibility that fP is zero on non-null subset
of M ; in particular fP is non zero around x0 (but can be zero at x0 nonetheless).
This ensures that x0 does not lie too far from the data. An alternate definition
is to impose a condition like P � μM . This leads to the same results in the next
sections, but with a slight ambiguity in the choice of M . 3) The parameters
in subscript or superscript (d, α, β) control the rate of convergence of the esti-
mation, while the parameters (τ, L, fmin, fmax, R) control the pre-factor in the
rates of convergence. For notational simplicity, we sometimes omit them when
no confusion can be made.

2.5. Choice of a loss function and the reach assumption

For P ∈ Σd
α,β and a n-sample (X1, . . . , Xn) drawn from P , our goal is to re-

cover the value of fP (x0) thanks to an estimator f̂(x0) built on top of the data
(X1, . . . , Xn). We measure the accuracy of estimation by the maximal expected
risk or order p, for p ≥ 1, defined by

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p

We look for an estimator with the smallest possible maximal risk as the number
of observations n goes to ∞. We first show that if we let τ = 0, i.e. if we do not
impose a reach condition, then it is impossible to estimate fP (x0) consistently
as n → ∞ for any estimator, thus establishing that the reach assumption τ > 0
is unavoidable.

Theorem 2.6. In the setting of Definition 2.5, if we let τ = 0, the following
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lower bound holds

inf
f̂(x)

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p ≥ 1

2
(fmax − fmin) > 0,

where the infimum is taken over all estimators f̂(x0) of fP (x0).

The proof is given in Appendix A.2. This result is in line with a reach con-
dition τ > 0, a customary necessary condition in a minimax reconstruction in
geometric inference, when the manifold is unknown, see Niyogi et al. [51], Gen-
ovese et al. [26], Balakrishnan et al. [6], Kim et al. [40], Aamari and Levrard [3]
and the references therein.

3. Density estimation at a fixed point

Recall that we fix a point x0 ∈ R
D where we wish to estimate fP . Throughout

the section, the symbols � and � denote inequalities up to a constant that,
unless specified otherwise, depends on the parameters d, α, β, τ, L, fmin, fmax, R
and p. The expression for n large enough means for n bigger than a constant
that depends on the same parameters.

3.1. Main results

Let D ≥ 2, τ > 0, L > 0, R > 0, 0 ≤ fmin < fmax and p ≥ 1. Recall that
we write Σd

α,β for short for Σd
α,β(τ, L, fmin, fmax, R) as defined in Definition 2.5.

The main results of this section are the following.

Theorem 3.1 (Upper bound). For any 1 ≤ d ≤ D − 1, α ≥ 1 and β > 0,

there exists an estimator f̂(x0) – explicitly constructed in Section 3.2 below –
depending on α, β and d, such that, for n large enough,

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p � n−α∧β/(2α∧β+d).

The estimator of Theorem 3.1 is a kernel density estimator that depends
on α, β and d through the choice of the kernel and its order (in a certain sense
specified below), together with its bandwidth. Its analysis is given in Section 3.2.
The estimator is indeed optimal in a minimax sense, as soon as α ≥ β.

Theorem 3.2 (Lower bound). Let 1 ≤ d ≤ D − 1, α ≥ 1 and β > 0. If L and
fmax are large enough and if fmin is small enough (depending on τ), then

lim inf
n→∞

nβ/(2β+d) inf
f̂(x0)

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p ≥ C∗ > 0

where C∗ only depends on τ and R.
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See Appendix A.3 for a proof. The rates from Theorem 3.1 and Theorem 3.2
agree, provided the underlying manifold M is regular enough, namely that
α ≥ β. This probably covers most cases of interest in practice. However, when
α < β the question of optimality remains. We investigate in Section 3.3 below
the simpler case d = 1 and show that it is then possible to achieve the rate
n−β/(2β+1), at the extra cost of learning the geometry of M in a specific sense.

Theorem 3.3 (One-dimensional case). Let d = 1 and β > 0. Assume that

fmin > 0. Then there exists an estimator f̂1D(x0) – explicitly constructed in
Section 3.3 below – depending on β, such that, for any α ≥ 1 and for n large
enough,

sup
P∈Σ1

α,β

EP⊗n [|f̂1D(x0)− fP (x0)|p]1/p � n−β/(2β+1).

The estimator described in Theorem 3.1 and Theorem 3.3 requires the speci-
fication of α, β and d, that are usually unknown in practice. We can circumvent
this impediment by building an adaptative procedure with respect to these pa-
rameters. In Section 3.4 we adapt to the smoothness parameters α and β by
implementing Lepski’s method (Lepskii [47]); in Section 3.5, we adapt to d by
plugging-in a dimension estimator. We obtain the following result:

Theorem 3.4 (Adaptation). Let � ≥ 0. Assume that fmin > 0. Then, there

exists an estimator f̂adapt(x0) – explicitly constructed in Section 3.5 below –
depending on � such that, for any α ≥ 1, β in [0, �] and any 1 ≤ d ≤ D − 1, we
have, for n large enough,

sup
P∈Σd

α,β

EP⊗n [|f̂adapt(x0)− fP (x0)|p]1/p �
(
logn

n

) α∧β
2α∧β+d

.

We were unable to obtain oracle inequalities in the spirit of the Goldenshluger-
Lepski method, see Goldenshluger and Lepski [28, 29, 30], due to the non-
Euclidean character of the support of fP : our route goes along the more classical
approach of Lepski et al. [46]. Obtaining oracle inequalities in this framework
remain an open problem.

3.2. Kernel estimation

Classical nonparametric density estimation methods are based on kernel smooth-
ing Parzen [53], Silverman [57]. In this section, we combine kernel density esti-
mation with the minimal geometric features needed in order to recover efficiently
their density. Since the intrinsic dimension d is not prone to change in this sec-
tion, we further drop d in (most of) the notation. The proofs of this section can
be found in Appendix A.4.

Let K : RD → R be a smooth function vanishing outside the unit ball B(0, 1).
Given an n-sample (X1, . . . , Xn) drawn from a distribution P on R

D, we are
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interested in the behaviour of the kernel estimator

f̂h(x0) =
1

nhd

n∑
j=1

K

(
Xi − x0

h

)
, h > 0. (4)

Note that the normalisation here is hd and not hD as one would set for a classical
kernel estimator in R

D. Our main result is that f̂h(x0) behaves well when P is
supported on a d-dimensional submanifold of RD.

We need some notation. For P ∈ Σd
α,β , define

fh(P, x0) = EP⊗n [f̂h(x0)],

Bh(P, x0) = fh(P, x0)− fP (x0),

and
ξ̂h(P, x0) = f̂h(x0)− fh(P, x0),

that correspond respectively to the mean, bias and stochastic deviation of the
estimator f̂h(x0). We also introduce the quantity

Ω(h) =

√
2ω

nhd
+

‖K‖∞
nhd

with ω = 4dζd‖K‖2∞fmax,

where ζd is the volume of the unit ball in R
d. The quantity Ω(h) will prove to be

a good majorant of the stochastic deviations of f̂h(x0). The usual bias-stochastic

decomposition of f̂h(x) leads to

EP⊗n [|f̂h(x0)− fP (x0)|p]1/p ≤ |Bh(P, x0)|+
(
EP⊗n

[
|ξ̂h(P, x0)|p

])1/p
. (5)

We study each term separately. The stochastic term can readily be bounded
from above.

Proposition 3.5. Let p ≥ 1. There exists a constant cp > 0 depending on p
only such that or any P ∈ Σd

α,β and any h < τ/2:(
EP⊗n

[
|ξ̂h(P, x0)|p

])1/p
≤ cpΩ(h).

Now we turn to the bias term. We need certain properties for the kernel K.
More precisely, we assume that

Assumption 3.6. The kernel K verifies

(i) K is smooth and supported on the unit ball B(0, 1);

(ii) For any d-dimensional subspace H of RD, we have
∫
H
K(v)dv = 1.

One way to obtain Assumption 3.6 is to set Λ(x) = exp
(
− 1/(1−‖x‖2)

)
for

x ∈ B(0, 1) and Λ(x) = 0 otherwise. Since Λ is rotationally invariant, its integral
is the same over any d-subspace H of RD. Thus, with λd =

∫
H0

Λ(v)dv where

H0 = R
d×{0RD−d}, the function K(x) = λ−1

d Λ(x) is a smooth kernel, supported
on the unit ball of the ambient space R

D that satisfies Assumption 3.6. In the
following, we pick an arbitrary kernel K such that Assumption 3.6 is satisfied.
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Lemma 3.7. For P ∈ Σd
α,β and any h < τ/2, setting k = �α∧ β − 1�, we have

fh(P, x0) = f(x0) +

k∑
j=1

hjGj(P, x0) +Rh(P, x0), (6)

with |Gj(P, x0)| � 1 and |Rh(P, x0)| � hα∧β.

The existence of such an expansion allows, by carefully choosing the kernel,
to cancel the intermediate terms. Starting from a kernel K satisfying Assump-
tion 3.6, we recursively define a sequence of smooth kernels (K(d,
))
≥1, simply
denoted by K(
) in this section, with support in B(0, 1) as follows (see Figure 3).
For z ∈ R

D, we put{
K(1)(z) = K(z)

K(
+1)(z) = 21+d/
K(
)(21/
z)−K(
)(z) ∀� ≥ 1.
(7)

A few remarks can be made: 1) In a classical kernel density estimation frame-
work, the integer �−1 plays the role of the order of the kernel. 2) The assumption
that K is compactly supported is seemingly quite strong. This is a way to make
sure that the support of x �→ K ((x− x0)/h) is within the injectivity ball of the
map expx0

for any h < πτ . 3) The construction of K is simply an example of a
Richardson’s extrapolation as coined by Richardson [55]. 4) This construction
somewhat differs from the classical constructions than can be found in text-
books such as Tsybakov [62]. There is one practical reason: we require that
all the kernels satisfy Assumption 3.6; another reason that appears to be more
intrinsically related to our model: since the Euclidean distance is only a sec-
ond order approximation of the Riemannian distance on M , defining a kernel
through orthogonality relations with respect to a family of polynomials is not
sufficient in our framework.

Proposition 3.8. Let � be an integer greater than α and β, and let K(
) be the
kernel defined in (7) starting from a kernel K satisfying Assumption 3.6. Then,

for any P ∈ Σd
α,β and any bandwidth h < τ/2, the estimator f̂h(x0) defined as

in (4) using K(
) is such that

|Bh(P, x0)| � hα∧β . (8)

Patching together Proposition 3.5 and Proposition 3.8 yields

sup
P∈Σd

α,β

EP⊗n [|f̂h(x0)− fP (x0)|p]1/p � Ω(h) + hα∧β ,

for any h < τ/2. Therefore the estimator f̂(x0) = f̂h(x0) specified with h =
n−1/(2α∧β+d) indeed satisfies the conclusion of Theorem 3.1, for n large enough.
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Fig 3. Plots of the kernel K(d,�) for d = 1 and � = 1, 2, 3.

3.3. A minimax estimator in the case d = 1, α < β

The gap we observe between the two rates in Theorem 3.1 and Theorem 3.2
leads to the following question: does the regularity α ≥ 1 of M have a genuine
limiting effect in the estimation of fP (x0), or does it rather reveal a weakness
of the estimator described in Section 3.2? We do not have a definitive answer
to this question except for d = 1 i.e. when M is a closed curve in an Euclidean
space. We can then show that the parameter α does not interfere at all with the
density estimation. The proofs of this section can be found in Appendix A.5.

If d = 1, any submanifold M in C1(τ) is a closed smooth injective curve that
can be parametrized by a unit-speed path γM : [0, LM ] → R

D with γM (0) =
γM (LM ) and with LM = volM being the length of the curve. In that case, the
volume density function is trivial.

Lemma 3.9. For M ∈ C1(τ), for any x ∈ M and any v ∈ TxM , we have
det gx(v) = 1.

Thanks to Lemma 3.9, the estimator proposed by Pelletier [54] takes a simpler
form, which we will try to take advantage of. Indeed, in the representation (2)
of Pelletier [54], only dM remains unknown. We now show how to efficiently
estimate dM thanks to the Isomap method as coined by Tenenbaum et al. [60].
The analysis of this algorithm essentially comes from Bernstein et al. [8] and is
pursued in Arias-Castro and Le Gouic [5], but the bounds obtained there are
manifold dependent. We thus propose a slight modification of their proofs in
order to obtain uniform controls over C1(τ), and make use of the simplifications
coming from the dimension 1. Indeed, for d = 1, we have the following simple
and explicit formula for the intrinsic distance on M :

dM (γM (s), γM (t)) = |t− s| ∧ (LM − |t− s|) ∀s, t ∈ [0, LM ].

The Isomap method can be described as follows: let ε > 0, and let Gε be
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the ε-neighbourhood graph built upon the data (X1, . . . , Xn) and x0 — namely,
Gε = (V,E) where V = (x0, X1, . . . , Xn), and where E = {(y, z) ∈ V | ‖y−z‖ ≤
ε}. For a path in Gε (meaning: a sequence of adjacent vertices) s = (p0, . . . , pm),
we define its length as Ls = ‖p1−p0‖+ · · ·+‖pm−pm−1‖. The distance between
x and a vertice y in the graph Gε is then defined as

d̂ε(x, y) = min
{
Ls | s path in Gε connecting x to y

}
, (9)

and we set this distance to ∞ if x and y are not connected. We are now ready
to describe our estimators f̂1D(x0). For any h, ε > 0, we set

f̂1D
h (x0) =

1

nh

n∑
i=1

K1D
(
d̂ε(x0, Xi)/h

)
, (10)

for some kernel K1D : R → R. Notice that the kernel K(1,
)(·) : R
D → R

defined in Section 3.2 starting from kernel K = λ−1
1 Λ can be put in the form

K(1,
)(x) = K(1,
)(‖x‖) with K(1,
)(·) denoting thus (with a slight abuse of
notation) both functions starting from either R or RD. We choose this kernel in
the next statement.

Proposition 3.10. Assume that fmin > 0. The estimator defined in (10) above
and specified with K1D = K(1,
)(·) satisfies the following property: for any β ∈
[0, �] and any α ≥ 1, we have

sup
P∈Σ1

α,β

EP⊗n [|f̂1D
h (x0)− fP (x0)|p]1/p � ε2

h2
+Ω(h) + hβ +

1

nh
,

with

ε =
32(p+ 1)

fmin
× log n

n
,

for h < τ/4 and n large enough.

The proof of Theorem 3.3 readily follows from Proposition 3.10 using the
estimator f̂1D = f̂1D

h with h = n−1/(2β+1).

3.4. Smoothness adaptation

We implement Lepski’s algorithm, following closely Lepski et al. [46] in order to
automatically select the bandwidth from the data (X1, . . . , Xn). We know from
Section 3.2 that the optimal bandwidth on Σd

α,β is of the form n−1/(2α∧β)+d.
Hence, without prior knowledge of the value of α and β, we can restrict our
search for a bandwidth in a bounded interval of the form [h−, 1] discretized as
follow

H =
{
2−j , for 0 ≤ j ≤ log2(1/h

−)
}

We pick

h− =

(
‖K‖∞
2ω

)1/d
1

n1/d
;
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this bandwidth is always smaller than the optimal bandwidth n−1/(2α∧β+d) on
Σd

α,β for n large, and is such that Ω(h) ≤ 2
√
2ω/(nhd) for all h ≥ h−. For

h, η ∈ H, we introduce the following quantities:

λ(h) = 1 ∨
√

Θd log(1/h),

ψ(h, η) = Ω(h)λ(h) + Ω(η)λ(η) (11)

where Θ is a positive constant (to be specified). For h ∈ H we define the subset
of bandwidths H(h) = {η ∈ H, η ≤ h} The selection rule for h is the following:

ĥ(x0) = max
{
h ∈ H | ∀η ∈ H(h), |f̂h(x0)− f̂η(x0)| ≤ ψ(h, η)

}
,

and we finally consider the estimator

f̂(x0) = f̂ĥ(x0)
(x0), (12)

where f̂h(x0) is defined at (4).

Proposition 3.11. Assume Θ > p. Let � ∈ N, and let f̂(x0) be the estimator
defined in (12) using K(
) originated from a kernel K satisfying Assumption 3.6.
Then, for any α ≥ 1, β ∈ [0, �], we have, for n large enough

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p �
(
logn

n

)α∧β/(2α∧β+d)

.

The proof of Proposition 3.11 can be found in Appendix A.6. Some remarks:
1) Proposition 3.11 provides us with a classical smoothness adaptation result

in the spirit of Lepski et al. [46]: the estimator f̂ has the same performance

as the estimator f̂h selected with the optimal bandwidth n−1/(2α∧β+d), up to a
logarithmic factor on each model Σd

α,β without the prior knowledge of α∧β over
the range [0, �]. 2) The extra logarithmic term is the unavoidable payment for
the Lepski-Low phenomenon (Lepskĭı [48], Low [49]) when recovering a function
in pointwise or in a uniform loss.

3.5. Simultaneous adaptation to smoothness and dimension

The estimators considered in Theorem 3.1 or Proposition 3.11 heavily rely on the
intrinsic dimension d through the choice a of kernel satisfying Assumption 3.6,
through the normalisation hd and either through the choice of an optimal band-
width h, or the selection procedure (11)-(12). We now show how to adapt to d
considered as an unknown and nuisance parameter. The proofs of this section
can be found in Appendix A.7.

We redefine all the quantities introduced before as now depending on d.
Namely, for h, η > 0, and a given family of kernel K(d; ·), we set

f̂h(d;x0) =
1

nhd

n∑
i=1

K(d; (Xi − x0)/h).
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Ω(d;h) =

√
2ωd

nhd
+

‖K(d; ·)‖∞
nhd

with ωd = 4dζd‖K(d; ·)‖2∞fmax,

λ(d;h) = 1 ∨
√
Θd log(1/h),

ψ(d;h, η) = v(d;h)λ(d;h) + v(d; η)λ(d; η),

h−
d = (‖K(d; ·)‖∞/2ωd)

1/dn1/d,

Hd = {2−j , for 0 ≤ j ≤ log2(1/h
−
d )},

where Θ is a constant. We also define

ĥ(d;x0) = max{h ∈ Hd | ∀η ∈ Hd(h), |f̂h(d;x0)− f̂η(d;x0)| ≤ ψ(d;h, η)} (13)

with Hd(h) = {η ∈ Hd, η ≤ h}. We are now left with the choice of kernel family
K(d; ·). For any 1 ≤ d ≤ D − 1 and h > 0, we define

K(1)(d;x) = λ−1
d Λ(x)

where Λ and λd have been introduced in Section 3.2. We then pick an integer
� ∈ N and choose

K(d; ·) = K(d,
)(d; ·) (14)

whereK(d,
)(d; ·) is defined by recursion in (7) starting from the kernelK(1)(d; ·).
We assume that we have an estimator d̂ of the dimension d of M with values

in {1, . . . , D}. More precisely, we need the following property:

Assumption 3.12. For any 1 ≤ d < D and α ≥ 1, β ∈ (0, �], we have

sup
P∈Σd

α,β

P⊗n
(
d̂ �= d

)
� n−3p/2,

where p is the exponent of the loss function.

If we are given such a estimator of the dimension d, then we can built a
estimator that adapts to this parameter.

Proposition 3.13. Let f̂(x0) = f̂ĥ(d̂, x0) built with the kernel family (14),

where d̂ is a estimator satisfying Assumption 3.12 and where ĥ = ĥ(d̂, x0) is
defined at (13). Then, for any 1 ≤ d ≤ D− 1 and α ≥ 1, β ∈ (0, �], we have, for
n large enough

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p �
(
logn

n

)α∧β/(2α∧β+d)

.

It only remains to show that there exists an estimator d̂ satisfying Assump-
tion 3.12 to obtain Theorem 3.4.

There are various way to define such an estimator, see Farahmand et al. [20] or
even Kim et al. [40] where an estimator with super-exponential minimax rate on
a wide class of probability measures is constructed. For sake of completeness and
simplicity, we will mildly adapt the work of Farahmand et al. [20] to our setting.
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The resulting estimator will behave well as soon as we add the assumption that
fmin > 0.

Definition 3.14. For a probability measure P , we write Pη = P (B(x0, η))

for any η > 0, and P̂η = P̂n(B(x0, η)) where P̂n = n−1
∑n

i=1 δXi denotes the
empirical measure of the sample (X1, . . . , Xn). Define

δ̂η = log2 P̂2η − log2 P̂η,

and set δ̂η = D when P̂η = 0. We define d̂η to be the closest integer of {1, . . . , D}
to δ̂η, namely d̂η = �δ̂η + 1/2�.

Proposition 3.15. Assume that fmin > 0. Then, for any 1 ≤ d ≤ D − 1, and
any α ≥ 1, β > 0, the estimator d̂ = d̂η for η = n−1/(2D+2) verifies for n large
enough

sup
P∈Σd

α,β

P⊗n
(
d̂ �= d

)
≤ 4 exp

(
−2n1−(d+1)/(D+1)

)
.

4. Numerical illustration

In this section we propose a few simulations to illustrate the results presented
above. The goal is two-fold

• To highlight the rate obtained in Theorem 3.1 using estimator f̂h(x0), in
the case where β ≤ α, on arbitrary submanifold and for a carefully chosen
bandwidth h;

• To show the computational feasability and performance of estimator
f̂adapt(x0) described in Section 3.4.

For the sake of visualisation and simplicity, we focus on two typical examples of
submanifold of RD, namely non-isometric embeddings of the flat circle T1 = R/Z
and of the flat torus T2 = T

1×T
1. In particular, these embeddings will be chosen

in such way that their images, as submanifolds of RD, are not homogeneous
compact Riemannian manifolds, so that the work of Kerkyacharian et al. [38]
for instance cannot be of use here.

For a given embedding Φ : N → M ⊂ R
D where N is either T

1 of T2, we
construct absolutely continuous probabilities on M by pushing forward prob-
ability densities of N w.r.t. their volume measure. Indeed, if Q = g · μN , the
push-forward measure P = Φ∗Q has density f with respect to μM given by

∀x ∈ M, f(x) =
g(Φ−1(x))

|det dΦ(Φ−1(x))| (15)

where the determinant is taken in an orthonormal basis of TΦ−1(x)N and TxM ,
so that, if Φ is chosen smooth enough, f has the same regularity as g. If Φ is an
embedding of T1, we simply have |det dΦ(y)| = ‖Φ′(y)‖ for all y ∈ T

1. If now Φ
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maps T2 to M , we have

|det dΦ(y)| =
√

det〈dΦ(y)[ei], dΦ(y)[ej ]〉1≤i,j≤2

=

√
‖dΦ(y)[e1]‖2 ‖dΦ(y)[e2]‖2 − 〈dΦ(y)[e1], dΦ(y)[e2]〉2 (16)

where (e1, e2) is an orthonormal basis of R2 � TyT
2.

Strictly speaking, the probability measures P exhibited below are not ele-
ments of the models Σd

α,β , but we know that they locally coincide with some

P̃ ∈ Σd
α,β around our candidate point x, meaning that

P|B(x,r) = P̃|B(x,r) for some r > 0.

This ensures that all the results displayed in Section 3 hold for P — see Re-
mark 2.3 for a discussion on the local character of our setting.

4.1. An example of a density supported by a one-dimensional
submanifold

Let β ∈ N
∗ and define the following function for v ∈ [−1/2, 1/2]

gβ(v) = Cβ ×
(
1− (−2v)β

)
1[−1/2,0)(v) + Cβ

(
1− (2v)β+1

)
1[0,1/2]. (17)

where Cβ is an explicit normalisation constant. The function gβ is positive and∫ 1

0
gβ(v)dt = 1; it defines a probability density over [-1/2,1/2]. Also, because the

(β − 1)-th derivative of gβ is 1-Lipschitz, but its β-derivative is discontinuous
at v = 0, the function gβ is β-Hölder but not (β + ε)-Hölder for any ε > 0. See
Figure 4 for a few plots of the functions gβ . We next consider the parametric

Fig 4. Plots of the densities gβ for β = 2, 4, 8.



Density estimation on an unknown submanifold 2199

curve

Φ :

{
T
1 → R

2

t �→ (cos(2πv) + a cos(2πωv), sin(2πv) + a sin(2πωv)) .

Short computations show that Φ is indeed an embedding as soon as aω < 1,
in which case M = Φ(T1) is indeed a smooth compact submanifold of R2. For
the rest of this section, we set a = 1/8 and ω = 6. See Figure 5 for a plot of
M with these parameters. We are interested in estimating the density fβ with

Fig 5. Plot of the submanifold M (Left) for parameters a = 1/8 and ω = 6, and 500
points sampled independently from Φ∗gβ ·μT1 for β = 3 (Right). The black cross denotes
the point x = Φ(0).

respect to dμM of the push-forward measure Pβ = Φ∗gβ · μT1 , at point x0 =
(1 + a, 0) ∈ M . We use formula (15) to compute fβ(x0): We have Φ−1(x0) = 0
and ‖Φ′(0)‖ = 2π(1 + aω) hence

fβ(x0) =
Cβ

2π(1 + aω)
at x0 = (1 + a, 0).

Our aim here is to provide an empirical measure for the convergence of the
risk n �→ EPβ

⊗n [|f̂h(x0) − fβ(x0)|p]1/p when h is tuned optimally (in an oracle
way). We pick p = 2. Our numerical procedure is detailed in Algorithm 1 below,
and the numerical results are presented in Figure 8.

4.2. An example of a density supported by a two-dimensional
submanifold

We consider a non-isometric embedding of the flat torus T2. We first construct
a density function. For and integer β ≥ 1, define

Gβ : (v, u) ∈ [−1/2, 1/2]2 �→ gβ(v)gβ(u) (18)

where gβ is defined as in (17). Obviously, Gβ defines a density function on T
2

that is β-Hölder (but not (β + ε)-Hölder for any ε > 0).
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Algorithm 1 MSE rate of convergence estimation
1: Provide integers β ≥ 1 and � ≥ β.
2: Set a grid of increasing number of points n = (n1, . . . , nk) ∈ N

k and a number of repetition
N .

3: for ni ∈ n do
4: Sample ni points independently from Pβ ,

5: Compute f̂hi
(x0) with kernel K(�) and bandwidth hi = n

−1/(2β+1)
i ,

6: Compute the square error (f̂hi
(x)− fβ(x))

2,
7: Repeat the three previous steps N times,
8: Average the errors to get a Monte-Carlo approximation R̂(ni) of EPβ

⊗ni [|f̂h(x0) −
fβ(x0)|2].

9: end for
10: Perform an Ordinary Least Square Linear Regression on the curve logni �→ log R̂(ni).
11: return The coefficient of the linear regression.

We next consider the parametric surface

Ψ :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
T
2 → R

3

(v, u) �→

⎛⎜⎝(b+ cos(2πv)) cos(2πu) + a sin(2πωv)

(b+ cos(2πv)) sin(2πu) + a cos(2πωv)

sin(2πv) + a sin(2πωu)

⎞⎟⎠
for some a, b, ω ∈ R. In the remaining of the section, we set a = 1/8, b = 3
and ω = 5. We show that Φ indeed defines an embedding. See Figure 7 for a
plot of the submanifold M = Ψ(T2). For an integer β ≥ 1, we denote by Fβ

the density of the push forward measure Qβ = Ψ∗Gβ · μT2 with respect to the
volume measure μM . Let x = (b + 1, a, 0) be the image of 0 by Ψ. Simple
calculations show that the differential of Ψ at 0 evaluated at e1 = (1, 0) ∈ T0T

2

Fig 6. Plot of the probability density function Gβ for β = 3.



Density estimation on an unknown submanifold 2201

Fig 7. Plot of the submanifold M (Top) for parameters a = 1/8, b = 3 and ω = 6, and
500 points sampled independently from Ψ∗Gβ · μT2 with β = 3 (Bottom). The black
cross marks the point x.

and e2 = (0, 1) ∈ T0T
2 is equal to respectively dΨ(0)[e1] = 2π(aω, 0, 1) and

dΨ(0)[e2] = 2π(0, b+ 1, aω). Hence formula (16) yields

det dΨ(0) = (2π)2
((
1 + a2ω2

) (
(b+ 1)2 + a2ω2

)
− a2ω2

)1/2
(19)

and we obtain

Fβ(x0) =
C2

β

4π2

((
1 + a2ω2

) (
(b+ 1)2 + a2ω2

)
− a2ω2

)− 1
2 .

In the same way as in the previous section, we aim at providing an empirical
measure for the rate of convergence of the risk EPβ

⊗n [|f̂h(x0)−fβ(x0)|2] when h
is suitably tuned with respect to n and β. This is done using again Algorithm 1.
The results are presented in Figure 8.

4.3. Adaptation

In this section we estimate a density when its regularity is unknown, contrary
to the previous simulation where the regularity parameter β is pugged in the
bandwidth choice n−1/(2β+d). This is performed using Lepski’s method pre-
sented in Section 3.4. The rate is computed using Algorithm 1, for both the
one-dimensional and the two-dimensional synthetic datasets.
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Fig 8. Plot of the empirical mean square error (blue) for a density supported by a
one-dimensional submanifold (Top) and two-dimensional submanifold (Bottom) with
parameter β = 2. We use a log-regular grid n of 21 points ranging from 100 to 104.
Each experiment is repeated N = 500 times.

For the adaptive estimation on the two-dimensional manifold, we observe that
the corrective term det dΨ(0) computed in (19) results in a density Fβ(x0) that is
quite small, while the function ψ defined at (11) and used to tune the bandwidth
soars dramatically because of the retained value of ωd = 4dζd‖K(d,
)‖2∞fmax, so

that the values of f̂h(x0) and ψ(h, ·) (defined at (11)) are not of the same order
anymore at this scale (using maximum 106 observations). To circumvent this
effect, we introduce a scaling parameter λ as follows

Gβ,λ = v, u �→ λ2Gβ(λv, λu).

Like before, we consider the push-forward probability measure Ψ∗Gβ,λ · μT2

which has density Fβ,λ with respect to μM . For λ = 4, we find that Fβ,λ(x0)
is of order 1 for most values of β, and we use the function ψnum(h, η) =
Ωnum(h)λ(h) + Ωnum(η)λ(η) using simply Ωnum(h) =

√
1/nhd. We have no
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Fig 9. (Top) Plot of the empirical median square error for the one-dimensional sub-
manifold with β = 2. The bandwidth h is chosen adaptively using Lepski’s method of
order � = 3 as in Section 3.4. We used a log-regular grid n of 11 points ranging from
100 to 104 and each experience was repeated N = 500 times. (Bottom) Same experi-
ment but for the two dimensional manifold, with a grid ranging from 104 to 106 and
N = 100 repetitions.

theoretical guarantee that such a method will work but we recover nonetheless
the right rate in the estimation of the value of the density, see Figure 9 for a
plot of the estimated rate.

We find an empirical error with a relatively high dispersion, hence our choice
to represent the median of the squared error instead of the more traditional
mean squared error.
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A. Appendix

A.1. Additional results of geometry

We first state a few classical results that we will need in the upcoming proofs.
We start with a quantitative bound that links the reach to the curvature of a
submanifold. We denote by II the second fundamental form.

Proposition A.1. Niyogi et al. [51, Prp. 6.1] Let M be a compact smooth
submanifold of RD. Then, for any x ∈ M , we have ‖ IIx ‖op ≤ 1/τM .
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Since IIx is the differential of order two of the mapping expx at the 0 ∈ TxM ,
Proposition A.1 has several convenient implications. First, it gives a uniform
lower bound for the injectivity radii of M as stated in Proposition 2.3. Second, it
also yields nice bounds on how well the Euclidean distance on R

D approximates
the Riemannian distance dM on M ×M .

Proposition A.2. Niyogi et al. [51, Prp. 6.3] For any compact submanifold M
of RD and any x, y ∈ M such that ‖x− y‖ ≤ τM/2, we have

‖x− y‖ ≤ dM (x, y) ≤ τM

⎛⎝1−

√
1− 2‖x− y‖

τM

⎞⎠ .

Proposition A.2 allows in turn to compare the volume measure μM to the
Lebesgue measure on its tangent spaces.

Lemma A.3. For any d-dimensional compact smooth submanifold M of RD,
for any x ∈ M and any η ≤ τM/2, we have

(1− η2/6τ2M )dζdη
d ≤ μM (B(x, η)) ≤ {(1 + (ξ(η/τM )η)2/τ2M )ξ(η/τM )}dζdηd

where ξ(s) = (1−
√
1− 2s)/s and ζd is the volume of the unit Euclidean ball in

R
d.

Proof. This result already appears in Aamari [1, Lem III.23] but we prove it
here to make constants explicit. Let us denote by Leb the Lebesgue measure on
TxM . Using Aamari [1, Prp III.22.v], we know that, as long as ξ(η/τM )η ≤ τM
(which holds if η ≤ τM/2),

(1− η2/6τ2)d Leb(BTxM (0, η))

≤ μM

(
expx(BTxM (0, η))

)
≤ μM

(
expx(BTxM (0, ξ(η/τM )η))

)
≤ (1 + (ξ(η/τM )η)2/τ2M )d Leb(BTxM (0, ξ(η/τM )η)).

Thanks to Proposition A.2, if η ≤ τM/2, then expx
(
BTxM (0, η)

)
⊂ M ∩

B(x, η) ⊂ expx
(
BTxM (0, ξ(η/τM )η)

)
. These inclusions combined with the last

inequalities yield the result.

A.2. Proof of Theorem 2.6

We go along a classical line of arguments, thanks to a Bayesian two-point in-
equality by means of Le Cam’s lemma (Yu [66, Lem. 1]), restated here in our con-
text. For two probability measures P1, P2, we write TV(P1, P2) = supA |P1(A)−
P2(A)| for their variational distance and H2(P1, P2) =

∫ (√
dP1 −

√
dP2

)2
for

their (squared) Hellinger distance.
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Lemma A.4. (Le Cam) For any P1, P2 ∈ Σd
α,β, we have,

inf
f̂

sup
P∈Σd

α,β

EP⊗n [|f̂(x0)− fP (x0)|p]1/p

≥ 1

2
|fP1(x0)− fP2(x0)|

(
1− TV

(
P⊗n
1 , P⊗n

2

))
(20)

≥ 1

2
|fP1(x0)− fP2(x0)|

(
1−
√

2− 2(1−H2(P1, P2)/2)n
)
.

Proof. The proof of (20) can be found in Yu [66, Lem. 1]. It only remains to see
that TV

(
P⊗n
1 , P⊗n

2

)
≤
√
2− 2(1−H2(P1, P2)/2)n. This comes from classical

inequalities on the Hellinger distance, see Tsybakov [62, Lem. 2.3 p.86] and
Tsybakov [62, Prp.(i)-(iv) p.83].

Proof of Theorem 2.6. With no loss of generality, we pick x0 = 0. We work in
R

d+1 ⊂ R
D, and denote (e1, . . . , ed+1) the canonical basis of Rd+1. We consider

a family of submanifolds Mδ ⊂ R
d+1 such that

Mδ

⋂
{(z, t) ∈ R

d × R | ‖z‖ ≤ 1} = O(δ) ∪O(−δ)

where O(t) = {(z, t) | z ∈ R
d, ‖z‖ ≤ 1}. We do not give the construction

explicitly, but refer instead to Figure 10 for a diagram of such a manifold.

Fig 10. Diagram of a candidate for Mδ.

We endow each Mδ with a density fδ such that

∀z ∈ O(δ), fδ(z) = fmax and ∀z ∈ O(−δ), fδ(z) = fmin

and we denote Qδ = fδdμMδ
. If fmin is small enough (due to the constraint

vol suppP ≤ 1/fmin for any P ∈ Σd
α,β) we can always choose Mδ and fδ so that

|ιMδ
|α+1 ≤ R/2 and |fδ|β ≤ L/2.

Let now Φ : Rd+1 → R be a smooth, positive, radial function with support in
B(0, 1) with Φ(0) = 1. Because the exponential map smoothly depends on the
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metric, for any h < 1, there exists δh ∈ (0, h) sufficiently small such that the
push-forward measures of Qδh through the mappings

Ψ+
h (z) = Id−δhΦ

(
z − δhed+1

h

)
ed+1 and Ψ−

h (z) = Id+δhΦ

(
z + δhed+1

h

)
ed+1

are both in Σd
α,β . We write N±

h = Ψ±
h (Mδh), P

±
h =

(
Ψ±

h

)
∗ (Qδh) and g±h for the

continuous version of the density dP±
h /dμN±

h
. See Figure 11 for a diagram of

N+
h and N−

h .

Fig 11. Diagram of manifolds N+
h (Left) and N−

h (right).

Using Lemma A.4, we obtain

inf
f̂

sup
P∈Σd

α,β

EP⊗n [|f̂(0)− fP (0)|p]1/p ≥ 1

2
|g+h (0)− g−h (0)|

(
1− nTV

(
P+
h , P−

h

))
.

But now g+h (0) = fδh(δhed+1) × | det dΨ+
h (δhed+1)|−1 = fmax and, likewise,

g−h (0) = fmin. As for the total variation distance, we have that TV
(
P+
h , P−

h

)
is

equal to

P+
h (Ψ+

h (hO(δh)) + P+
h (hO(−δh)) + P−

h (Ψ−
h (hO(−δh)) + P−

h (hO(δh))

= 2 vol(hO(δh))× (fmin + fmax) = 2ζdh
d (fmin + fmax)
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where we recall that ζd is the volume of the d-dimensional unit-ball. Putting all
the estimates together, we conclude

inf
f̂

sup
P∈Σd

α,β

EP⊗n [|f̂(0)−fP (0)|p]1/p ≥ 1

2
(fmax−fmin)

(
1− 2nζdh

d (fmin + fmax)
)
.

Letting h goes to 0 yields the result.

A.3. Proof of Theorem 3.2

Proof of Theorem 3.2. Suppose without loss of generality that x = 0 and con-
sider a smooth submanifold M of Rd+1 ⊂ R

D that contains the disk BRd(0, 1) ⊂
R

d × {0RD−d} with reach greater than τ , see Figure 12 for a diagram of such
an M . By smoothness and compacity of M , there exists L∗ (depending on τ)
such that M ∈ Cd,α(τ, L∗). Let P be the uniform probability measure over M ,
with density f : x �→ 1/ volM . We have P ∈ Σd

α,β as long as L∗ ≤ L and
fmin ≤ 1/ volM ≤ fmax an assumption we make from now on. For 0 < δ ≤ 1,
let Pδ = fδ · dμM with

fδ(x) =

{
f(x) + δβG(x/δ) if x ∈ BRd(0, δ)

f(x) otherwise

with G : Rd → R a smooth function with support in BRd(0, 1) and such that∫
Rd G(y)dy = 0. We pick G such that fδ ∈ Fβ for small enough δ, depending on
τ . Such a G can be chosen to depend on R only.

For δ small enough (depending on τ), we thus have Pδ ∈ Σd
α,β as well. By

Lemma A.4, we infer

inf
f̂

sup
P∈Σd

α,β

EP⊗n [|f̂(x)−fP (x)|p]1/p ≥ 1
2δ

β |G(0)|
(
1−
√
2− 2(1−H2(P, Pδ))n

)
so that it remains to compute H2(P, Pδ). We have the following bound

H2(P, Pδ) =

∫
B

Rd
(0,δ)

(1−
√

1 + volMδβG(x/δ))2dx

≤
∫
B

Rd
(0,δ)

(volM)2δ2βG2(x/δ)dx

≤ (C ∨ 1)δ2β+d

with C = volM ×
∫
B

Rd
(0,1)

G(z)2dz depending on τ and R only. Taking δ =

(1/(C ∨ 1)n)1/(2β+d) we obtain, for large enough n (depending on τ)

inf
f̂

sup
P∈Σd

α,β

EP⊗n [|f̂(x)− fP (x)|p]1/p

≥ 1
2

(
(C ∨ 1)n

)−β/(2β+d)√
2− 2(1− 1/n)n ≥ C∗n

−β/(2β+d),

with C∗ = (C ∨ 1)−1/2 depending on τ and R.
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Fig 12. Diagram of a candidate for M (Left) and of the densities f and fδ around 0
(Right).

A.4. Proofs of Section 3.2

We setKh(x) = h−dK(x/h) and start with bounding the variance ofKh(X−x0)
when X is distributed according to P ∈ Σd

α,β . Let first observe that

|Kh(X − x0)| ≤
‖K‖∞
hd

1BD(x0,h)(X) ≤ ‖K‖∞
hd

(21)

Lemma A.5. For any P ∈ Σd
α,β and for any h ≤ τ/2,

VarP (Kh(X − x0)) ≤
ω

hd
where ω = 4dζd‖K‖2∞b.

with ζd being the volume of the unit ball in R
d.

Proof. We have

VarP (Kh(X − x0))≤EP [Kh(X − x0)
2]≤ ‖K‖2∞

h2d
P (B(x0, h))≤

4dζdfmax‖K‖2∞
hd
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where we used (21) and Lemma A.3 with η = τ/2.

Using Bernstein inequality Boucheron et al. [11, Thm. 2.10 p.37], for any
P ∈ Σd

α,β and any t > 0, we infer

P

(∣∣ξ̂h(P, x)∣∣ ≥√ 2ωt

nhd
+

‖K‖∞t

nhd

)
≤ 2e−t, (22)

where P is a short-hand notation for the distribution P⊗n of the n-sample
X1, . . . , Xn taken under P . The bound (22) is the main ingredient needed to

bound the Lp-norm of the stochastic deviation of f̂h.

Proof of Proposition 3.5. We denote by u+ = max{u, 0} the positive part of a
real number u. We start with

EP⊗n

[
|ξ̂h(P, x0)|p

]
≤ 2p−1

(
Ω(h)p + EP⊗n

[(
|ξ̂h(P, x0)| − Ω(h)

)p
+

])
.

The first term has the right order. For the second one, we make use of (22) to
infer

EP⊗n

[(
|ξ̂h(P, x0)| − Ω(h)

)p
+

]
=

∫ ∞

0

P

(
|ξ̂h(P, x0)| > Ω(h) + u

)
pup−1du

= pΩ(h)p
∫ ∞

0

P

(
|ξ̂h(P, x0)| > Ω(h)(1 + u)

)
up−1du

≤ pΩ(h)p

(
1 +

∫ ∞

1

P

(
|ξ̂h(P, x0)| >

√
2ω(1 + u)

nhd
+

‖K‖∞(1 + u)

nhd

)
up−1du

)

≤ pΩ(h)p
(
1 +

∫ ∞

1

2e−1−uup−1du

)
≤ pΩ(h)p(1 + Γ(p))

which ends the proof.

The proof of Lemma 3.7 partly relies on the following elementary lemma.

Lemma A.6. Let γ ≥ 0 be a real number and let g : Rm → R for m ∈ N
∗

satisfying that ‖g‖∞ ≤ b and that the restriction of g to B(0, r) (denoting here
the open ball in R

m) is β-Hölder, meaning that

∀v, w ∈ B(0, r), ‖dkg(v)− dkg(w)‖op ≤ A‖v − w‖δ

for some A > 0 with k = �γ− 1� and δ = γ− k. Then there exists a constant C
(depending on m, γ, r, b and A, and depending on m and γ when r = ∞) such
that, for all 1 ≤ j ≤ k,

sup
v∈B(0,r/2)

‖djg(v)‖op ≤ Cb1−j/γAj/γ .



2214 C. Berenfeld and M. Hoffmann

Proof. Let v ∈ B(0, r/2). Since g is γ-Hölder on B(0, r), we know that there
exists a function Rv such that, for any z such that v + z ∈ B(0, r), we have

g(v + z)−
k∑

j=0

1

j!
djg(v)[z⊗k] = Rv(z)

with |Rv(z)| ≤ A‖z‖β/k!. Let h = (2bk!/A)1/γ , and z0 ∈ R
m be unit-norm. Pick

a1, . . . , ak ∈ (0, 1) all distincts and small enough such that hakz0 ∈ B(0, r/2)
for all k (if r = ∞, then we can pick the ai independently from A, b and γ).
Introducing the vectors of Rk

X =

(
hdg(v)[z0], . . . ,

hk

k!
dkg(v)[z⊗k

0 ]

)
and

Y = (g(v + ha1z0)− g(v)−Rv(ha1z0), . . . , g(v + hakz0)− g(v)−Rv(hakz0))

we have Y = V X with V being the Vandermonde matrix associated with the real
numbers (a1, . . . , ak). The former being invertible, we have ‖X‖ ≤ ‖V −1‖op‖Y ‖
and thus, for any 1 ≤ j ≤ k∣∣∣∣hj

j!
djg(v)[z⊗k

0 ]

∣∣∣∣ ≤ ‖V −1‖op
(
2b+

A

k!
hγ

)
.

Substituing the value of h and noticing that the former inequality holds for
every unit-norm vector z0, we can conclude.

Proof of Lemma 3.7. We set Bh = B(x0, h). Since τ/2 is smaller than the in-
jectivity radius of expx0

(see Proposition 2.3) we can write

fh(P, x0) =

∫
Bh

Kh (p− x0) f(p)dμM (p)

=

∫
exp−1

x0
Bh

Kh(expx0
v − x0)f(expx0

v)ζ(v)dv (23)

with ζ(v) =
√

det gx0(v). We set γ = α ∧ β and k = �γ − 1�. Let F denote the
map f ◦ expx0

. For h smaller than τ/2, we have exp−1
x0

Bh ⊂ BTx0M
(0, 2h) ⊂

BTx0M
(0, τ) (see Proposition A.2). We can thus write the following expansion,

valid for all v ∈ exp−1
x0

Bh and all w ∈ Tx0M ,

expx0
(v) = x+ v +

k+1∑
j=2

1

j!
dj expx0

(0)[v⊗j ] +R1(v) with ‖R1(v)‖ ≤ C1‖v‖γ+1,

(24)

F (v) = f(x0) +

k∑
j=1

1

j!
djF (0)[v⊗j ] +R2(v) with |R2(v)| ≤ C2‖v‖γ ,

(25)
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K(v + w) = K(v) +

k∑
j=1

1

j!
djK(v)[w⊗j ] +R3(v, w) with |R3(v, w)| ≤ C3‖w‖γ ,

(26)

with C1 depending on α, τ and L, C2 depending on β, τ, fmax and R (see
Lemma A.6), and C3 depending on K. Since now we know that gx0

ij (v) =
〈d expx0

(v)[ei], d expx0
(v)[ej ]〉, we have a similar expansion for the mapping

ζ(v) =
√
det gx0(v)

ζ(v) = 1 +

k∑
j=1

1

j!
djζ(0)[v⊗j ] +R4(v) with |R4(v)| ≤ C4‖v‖γ (27)

with C4 depending on α, τ and L. Making the change of variable v = hw in
(23), we get

fh(P, x0) =
k∑

k=0

Gj(h, P, x0) +Rh(P, x0)

withGj corresponding to the integration of the j-th order terms in the expansion

around 0 of the function w �→ K
(

expx0
(hw)−x0

h

)
F (hw)ζ(hw). In particular Gj

can be written as a sum of terms of the type

I = hj

∫
1
h exp−1

x0
Bh

dmK(w)[φ(w)⊗m]ψ(w)dw

where ψ and φ are monomials in w satisfying mdeg φ + degψ = j, with coef-
ficients bounded by constants depending on α, τ, L, β, fmax and R (again, use
Lemma A.6 to bound the derivatives). Since now BTx0M

(0, 1) ⊂ 1
h exp−1

x0
Bh,

and since djK is zero outside of B(0, 1), we have that Gj can actually be writ-
ten Gj(h, P, x) = hjGj(P, x0) with |Gj(P, x0)| ≤ C for some C depending on
K,α, τ, L, β, fmax and R. Similar reasoning leads to Rh(P, x0) ≤ Chγ with C
depending again on K,α, τ, L, β, fmax and R. To conclude, it remains to com-
pute G0(P, x0). Looking at the zero-th order terms in the expansions (24) to
(27), we find that

G0(P, x0) =

∫
BTx0M (0,1)

K(w)f(x0)dw = f(x0)

where we used Assumption 3.6. The proof of Lemma 3.7 is complete.

Proof of Proposition 3.8. For a positive integer � ≥ 1, let f
(
)
h (P, x0) be the

mean of the estimator f̂h(x0) computed usingK(
). Let γ = α∧β and k = �γ−1�.
We recursively prove on 1 ≤ � < ∞ the following identity

∀h ≤ τ/2, f
(
)
h (P, x0) = f(x0) +

k∑
j=


hjG
(
)
j (P, x0) +R

(
)
h (P, x0) (28)
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where |R(
)
h (P, x0)| ≤ C(
)hγ for some constant C(
) depending on τ, �, L,R, fmax

and β. The initialisation step � = 1 has been proven in Lemma 3.7. Let now
1 ≤ � ≤ k. By linearity of fh(P, x0) with respect to K, we have

f
(
+1)
h (P, x0) = 2f

(
)

2−1/�h
(P, x0)− f

(
)
h (P, x0).

Since 2−1/
h ≤ h, we can use our induction hypothesis (28) and find

f
(
+1)
h (P, x0) = f(x0)+

k∑
j=


(21−j/
−1)hjG
(
)
j (P, x0)+2R

(
)

2−1/�h
(P, x0)−R

(
)
h (P, x0).

We conclude noticing that 21−j/
 − 1 = 0 for j = �, and setting G
(
+1)
j (P, x0) =

(21−j/
 − 1)G
(
)
j (P, x0) and R

(
+1)
h (P, x0) = 2R

(
)

2−1/�h
(P, x0) − R

(
)
h (P, x0). The

new remainder term verifies

|R(
+1)
h (P, x0)| ≤ (21−γ/
 + 1)C(
)hγ ≤ 3C(
)hγ (29)

ending the induction by setting C(
+1) = 3C(
). When � ≥ k + 1, the induction
step is trivial.

A.5. Proofs of Section 3.3

Proof of Lemma 3.9. Let γ : [0, LM ] → M be a unit speed parametrisation
of M and extend γ to a smooth function on R by LM -periodicity. Suppose
without loss of generality that γ(0) = x. For any t ∈ R, there is a canonical
identification between Tγ(t)M and R through the map v �→ 〈γ̇(t), v〉. With such
an identification, we can write that for s ∈ R � TxM , expx(s) = γ(s) because
γ is unit-speed. We thus have d expx(s)[h] = hγ̇(s) for any h ∈ Tγ(s)M � R. It
follows that det gx(s) = ‖d expz(s)[1]‖2 = ‖γ̇(s)‖2 = 1 and this completes the
proof.

We write V = (x0, X1, . . . , Xn) for the vertices of Gε and η̂ = supx∈M d(x, V ).

For small enough η̂ we have that Gε is connected, therefore the distance d̂ε is
well-defined on V . We have in that case a good reverse control of dM by d̂ε, as
shown in the next two lemmata.

Lemma A.7. If ε ≤ 8τ and 16η̂ ≤ ε, then d̂ε(x, y) ≤ dM (x, y) for any x, y ∈ V .

Lemma A.8. If ε ≤ τ/2, then dM (x, y) ≤
(
1 + π2

48τ2 ε
2
)
d̂ε(x, y) for any x, y ∈

V .

Proof of Lemma A.7. We can take the shortest path in M between x and y as
a unit-speed path of the form γ : [0, �] → R

D with � = dM (x, y) ≤ LM/2.
We let δ = �/(4��/ε�) and N = 4��/ε�. Notice that ε/4 ≤ δ ≤ ε/2. Let us
define pj = γ(jδ), so that p0 = x and pN = y. Since η̂ ≤ ε/16, for every
1 ≤ j ≤ N − 1, there exists among our vertices V a point denoted by p̂j such
that ‖pj − p̂j‖ ≤ ε/16. We set t̂j ∈ [0, LM ] for its coordinate, namely p̂j = γ(t̂j).
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Let us show first that for 1 ≤ j < N , we have t̂j ∈ [0, �]. Indeed, thanks to
Proposition A.2, since ε/16 ≤ τ/2, we have |tj − t̂j | ≤ 2‖pj − p̂j‖ ≤ ε/8. Since
δ ≥ ε/4, we thus have 0 ≤ t̂1 ≤ · · · ≤ t̂N−1 ≤ �. Furthermore, writing p̂0 = x
and p̂N = y, we have

‖p̂j − p̂j+1‖ ≤ ‖p̂j − pj‖+ ‖pj − pj+1‖+ ‖pj+1 − p̂j+1‖ ≤ ε

for any 0 ≤ j < �. The sequence s = (p̂0, . . . , p̂N ) is thus a path in Gε and so

d̂ε(p, q) ≤ Ls = ‖p̂1−p̂0‖+· · ·+‖p̂N−p̂N−1‖ ≤ |t̂1−t̂0|+· · ·+|t̂N−t̂N−1| = t̂N−t̂0

where we set t̂0 = 0 and t̂N = � = dM (x, y), ending the proof.

Proof of Lemma A.8. Following the proof of Arias-Castro and Le Gouic [5, Lem.
5] if there exists δ > 0 such that ‖x − y‖ ≤ δ implies dM (x, y) ≤ πτ for all
x, y ∈ M , then we must have that for any x, y ∈ M satisfying ‖x− y‖ ≤ δ,

dM (x, y) ≤
(
1 +

π2

48τ2
‖x− y‖2

)
‖x− y‖.

Thanks to Proposition A.2, this must hold for δ = τ/2. Now let p0, . . . , pm be
one shortest path in Gε between x and y. Since ε ≤ τ/2, we have

dM (x, y) ≤
m∑
j=1

dM (pj , pj−1) ≤
m∑
j=1

(
1 +

π2

48τ2
‖pj − pj−1‖2

)
‖pj − pj−1‖

≤
(
1 +

π2

48τ2
ε2
)
d̂ε(x, y)

which ends the proof.

In view of Lemma A.7 and Lemma A.8, we want to tune ε so that it is
the smallest possible and so that 16η̂ ≤ ε holds with high probability. This is
achieved for ε of order logn/n.

Lemma A.9. Setting ε = 32(p+1) logn
fminn

, for every n ≥ 3, we have P (16η̂ ≤ ε) ≥
1− 1/np.

Proof. Let δ > 0, and let N = �LM/δ�. We split [0, LM ] into N intervals
I1, . . . , IN of length LM/N . We denote A the event for which each Ij contains
at least one coordinate among those of the sample of observations (X1, . . . , Xn).
On A, we have η̂ ≤ LM/N ≤ 2δ. Moreover,

P(A) = 1− P (∃j, γ(Ij) contains no observation)

≥ 1−N

(
1− min

1≤j≤N
P (γ(Ij))

)n

≥ 1−N

(
1− aLM

N

)n

.

Using that N ≤ LM/δ and that LM ≤ 1/a we infer

P (η̂ ≤ 2δ) ≥ 1− 1

aδ
(1− aδ)n ≥ 1− e−aδn

aδ
.
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Setting δ = (p+1) logn
an and ε = 32δ yields

P (16η̂ ≤ ε) ≥ 1− n

(p+ 1)np+1 log n
≥ 1− 1

np

as soon as logn ≥ 1, i.e. for n ≥ 3.

Proof of Proposition 3.10. Recall that we set K1D = K(1,
) where K(1,
) is de-
fined starting from kernel λ−1

1 Λ. Let A be the event {16η̂ ≤ ε}. By triangle

inequality, EP⊗n [|f̂1D
h (x0)− fP (x0)|p]1/p ≤ RA +RAc , with

RA =
(
EP⊗n

[
|f̂1D

h (x0)− fP (x0)|p1A
])1/p

and

RAc =
(
EP⊗n

[
|f̂1D

h (x0)− fP (x0)|p1Ac

])1/p
.

On A, we have, for n large enough (depending on p, fmin and τ) such that

ε ≤ τ/2 holds, |d̂ε(Xi, x0) − dM (Xi, x0)| ≤ C1ε
2 with C1 depending on τ only.

This is inferred from Lemmas A.7 and A.8. We deduce that, on this event,∣∣∣f̂1D
h (x0)− ĝ1Dh (x0)

∣∣∣ ≤ C1‖K1D′‖∞ε2

h2
with ĝ1Dh (x0) =

1

n

n∑
i=1

K1D
h (dM (Xi, x0)).

It follows that

RA ≤ C1‖K1D′‖∞ε2

h2
+
(
EP⊗n

[
|ĝ1Dh (x0)− fP (x0)|p

])1/p
≤ C1‖K1D′‖∞ε2

h2
+
(
EP⊗n

[
|ξ̂∗h(P, x0)|p

])1/p
+ |B∗

h(P, x0)|

with B∗
h and ξ̂∗h denoting the bias and stochastic deviation of estimator ĝ1Dh (x0).

Following the same arguments as in proof of Proposition 3.5, we have

EP⊗n [|ξ̂∗h(P, x0)|p]1/p ≤ cpΩ(h)
p,

with cp depending only on p. For the bias term, as soon as h ≤ πτ , we have

B∗
h(P, x) = EP⊗n [ĝ1Dh (x0)]− f(x0) =

∫
M

K1D
h (d(p, x0))f(p)dμM (p)− f(x0)

=

∫
BTx0M (0,1)

K1D(‖v‖)
(
f ◦ expx0

(hv)− f(x0)
)
dv.

Since now f◦expx is β-Hölder on BTx0M
(0, πτ), we know that all the terms in the

development of B∗
h(P, x0) up to order �β − 1� cancels. We deduce |B∗

h(P, x0)| ≤
C2h

β with C2 depending on � and R only. For the other term RAc , we write

|f̂1D
h (x0)− f(x0)| ≤ ‖K1D‖∞

h + fmax, so that, according to Lemma A.9,

RAc ≤
(
‖K1D‖∞

h
+ fmax

)
P(Ac)1/p ≤ C3

1

nh

with C3 depending on � and fmax. Putting all these estimates together yields
the result.
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A.6. Proofs of Section 3.4

Lemma A.10. For any P ∈ Σd
α,β, and Θ > p, we have

EP⊗n [|f̂(x0)− fP (x0)|p]1/p � Ω(h∗(P, x0))λ(h
∗(P, x0))

up to a constant depending on p and Θ, with

h∗(P, x0) = max
{
h ∈ H | ∀η ∈ H(h), |fη(P, x0)− f(x0)| ≤

1

2
Ω(h)λ(h)

}
.

Proof. We fix P ∈ Σd
α,β and write ĥ and h∗ for ĥ(x0) and h∗(P, x0) respectively.

Let A = {ĥ ≥ h∗}. We can write EP⊗n [|f̂(x0)− fP (x0)|p] = RA +RAc , where

RA = EP⊗n [|f̂(x0)− fP (x0)|p1A] and RAc = EP⊗n [|f̂(x0)− fP (x0)|p1Ac ].

We start with bounding RA. Firstly,

RA ≤ 3p−1
(
EP⊗n [|f̂ĥ(x0)− f̂h∗(x0)|p1A] + EP⊗n [|f̂h∗(x0)− fh∗(P, x0)|p1A]

+ EP⊗n [|fh∗(P, x0)− fP (x0)|p1A]
)
.

Next, by definition of ĥ and A, we have

|f̂ĥ(x0)− f̂h∗(x0)|1A ≤ ψ(ĥ, h∗)1A ≤ 2Ω(h∗)λ(h∗).

By definition of h∗, we also have |fh∗(P, x0) − f(x0)| ≤ 1
2Ω(h

∗)λ(h∗). Finally,
using Proposition 3.5

EP⊗n [|f̂h∗(x0)− fh∗(P, x0)|p1A] ≤ cpΩ(h
∗)p ≤ cp(Ω(h

∗)λ(h∗))p

holds as well. Putting all three inequalities together yields

RA ≤ CA(Ω(h
∗)λ(h∗))p with CA = 3p−1

(
2p + cp + 2−p

)
.

We now turn to RAc . Notice that for any h ∈ H(h∗), we have

|fh(P, x0)− f(x0)| ≤
1

2
Ω(h∗)λ(h∗) ≤ 1

2
Ω(h)λ(h),

hence

|f̂h(x0)− f(x0)| ≤
1

2
Ω(h∗)λ(h∗) + |ξ̂h(P, x0)|.

We can thus write

RAc =
∑

h∈H(h∗/2)

EP⊗n [|f̂h(x0)− f(x0)|p1{ĥ=h}]

≤
∑

h∈H(h∗/2)

EP⊗n

[(1
2
Ω(h∗)λ(h∗) + |ξ̂h(P, x0)|]

)p
1{ĥ=h}

]
.
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Now, for any h ∈ H(h∗/2), we have

{ĥ = h} ⊂ {∃η ∈ H(h), |f̂2h(x0)− f̂η(x0)| > ψ(2h, η)}

⊂
⋃

η∈H(h)

{
Ω(h∗)λ(h∗) + |ξ̂2h,η(P, x0)| > ψ(2h, η)

}
,

where ξ̂2h,η(P, x0) = ξ̂2h(P, x0) − ξ̂η(P, x0), and where we used the triangle
inequality and the definition of h∗. Now, we have Ω(h∗)λ(h∗) ≤ Ω(2h)λ(2h)
since 2h ≤ h∗ and by definition of ψ(2h, η), we infer

{ĥ = h} ⊂
⋃

η∈H(h)

{
|ξ̂2h,η(P, x0)| > Ω(η)λ(η)

}
so that

P(ĥ = h) ≤
∑

η∈H(h)

P

(
|ξ̂2h,η(P, x0)| > Ω(η)λ(η)

)
(30)

≤
∑

η∈H(h)

P

(
|ξ̂2h,η(P, x0)| >

√
8ωλ(η)

nηd
+

2‖K‖∞λ(η)

nηd

)

≤
∑

η∈H(h)

2 exp(−λ(η)2). (31)

For (30) we use the fact that λ(η) ≥ 1 and Bernstein’s inequality on the random

variable ξ̂2h,η(P, x0) for (31). Noticing now that λ(η)2 ≥ dΘ log(1/η), we further
obtain

P(ĥ = h) ≤ 2hΘd ×
�log2(1/h

−)∑
j=0

2−jΘd ≤ 2

1− 2−Θd
hΘd.

For any h ∈ H(h∗/2), we thus get the following bound, using Cauchy-Schwarz
inequality

EP⊗n

[(1
2
Ω(h∗)λ(h∗) + |ξ̂h(P, x0)|]

)p
1{ĥ=h}

]
≤ P(ĥ = h)1/2EP⊗n

[(1
2
Ω(h∗)λ(h∗) + |ξ̂h(P, x0)|]

)2p]1/2
≤ 2(2p−1)/2

√
2

1− 2−Θd
hΘd/2

(
2−pΩ(h∗)pλ(h∗)p + c

1/2
2p Ω(h)p

)
. (32)

We plan to sum over h ∈ H(h∗/2) the RHS of (32). Notice first that∑
h<h∗

hΘd/2 ≤ (h∗)Θd/2(1− 2−Θd/2)−1.

Moreover, for any h ≥ h−, we have Ω(h) ≤ 2
√
2ω/(nhd) by definition of h−. It

follows that

Ω(h∗) ≤ Ω(h) ≤ 2Ω(h∗)

(
h∗

h

)d/2

.
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for any h ≤ h∗. This enables us to bound the following sum∑
h∈H(h∗/2)

hΘd/2Ω(h)p ≤ 2pΩ(h∗)ph∗pd/2
∑

h∈H(h∗/2)

hΘd/2−pd/2

≤ 2p

1− 2(p−Θ)d/2
Ω(h∗)h∗Θd/2

where we used that Θ > p. Putting all these estimates together, using that
h∗ ≤ 1 and λ(h∗) ≥ 1, we eventually obtain RAc ≤ CAcΩ(h∗)pλ(h∗)p, with

CAc =
2p√

1− 2−Θd

(
2−p

1− 2−Θd/2
+

√
c2p2

p

1− 2(p−Θ)d/2

)
.

In conclusion EP⊗n [|f̂(x0) − fP (x0)|p]1/p ≤ (CA + CAc)Ω(h∗)pλ(h∗)p which
completes the proof.

Proof of Theorem 3.4.. Let P ∈ Σd
α,β and let h̄ = (ρ log n/n)1/(2γ+d) with

γ = α ∧ β and for some constant ρ to be specified later. By Proposition 3.8
we know that for n large enough (depending on ρ, α, β, d) such that h̄ ≤ τ/2,
we have |fη(P, x0) − f(x0)| ≤ C1η

γ for all η ≤ h̄ with C1 depending on
K, �, α, τ, L, β, fmax and R. Moreover, we also have

2−2Ω(h̄)2λ(h̄)2

C2
1 h̄

2γ
≥ dΘ2ω log(1/h̄)

4C2
1nh̄

2γ+d
=

dΘω(2γ + d)−1

2C2
1ρ

log n− log log n− log ρ

logn
.

Thus, picking ρ = dΘω(2γ + d)−1/(2C2
1 ) yields C1h̄

γ ≤ 1
2Ω(h̄)λ(h̄) for n large

enough (depending on ρ), and therefore h̄ ≤ h∗(P, x). By Lemma A.10 this
implies

EP⊗n [|f̂(x0)− fP (x0)|p]1/p ≤ C2Ω(h̄)λ(h̄)

where C2 depends on p and Θ. But using that both h̄ ≥ h− and λ(h̄)2 =
dΘ log(1/h̄) for n large enough (depending on ρ, d,K and Θ), we also obtain

Ω(h̄)2λ(h̄)2 ≤ 8ωdΘ log(1/h̄)

nh̄d

=
8ωdΘ(2γ + d)−1

ρ

logn− log logn− logω

logn
h̄2γ ≤ 16C2

1 h̄
2γ .

This last estimate yields

EP⊗n [|f̂(x0)− fP (x0)|p]1/p ≤
(
4C1C2ρ

γ/(2γ+d)
)( logn

n

)γ/(2γ+d)

for n large enough depending on ρ, α, β, d,K and Θ, which completes the proof.
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A.7. Proofs of Section 3.5

Proof of Proposition 3.13. By the triangle inequality, for any P ∈ Σd
α,β , we write

EP⊗n

[
|f̂ĥ(d̂;x0)− fP (x0)|p

]1/p ≤
(
EP⊗n

[∣∣∣f̂ĥ(d̂;x0)− fP (x0)
∣∣∣p 1{d̂=d}

] )1/p
+
(
EP⊗n

[∣∣∣f̂ĥ(d̂;x0)− fP (x0)
∣∣∣p 1{d̂ �=d}

] )1/p
.

The first term in the right-hand side has the right order thanks to Theorem 3.4.
For the second one, using that |f(x0)| ≤ fmax and

|fĥ(d̂, x0)| ≤ sup
1≤d<D

‖K(
)(d, ·)‖∞
(h−

d )
d

� n

up to a constant that depend on D,K and �, we infer(
EP

[∣∣∣f̂ĥ(d̂;x0)− f(x0)
∣∣∣p 1d̂ �=d

] )1/p
� P

(
d̂ �= d

)1/p
× n.

Finally, since d̂ satisfies Assumption 3.12, we have

EP⊗n

[
|f̂ĥ(d̂;x0)− fP (x0)|p

]1/p �
(
logn

n

)α∧β/(2α∧β+d)

+ n−1/2

for n large enough depending on p,Θ,K, �, α, τ, L, β, fmax, fmin and R, so that
the result indeed holds up to a constant depending on the same parameters and
D.

Proof of Proposition 3.15. Let P ∈ Σd
α,β and η > 0. Assume that P̂η > 0. We

have

|δ̂η − d| ≤ | log2 P̂2η − log2 P2η|+ | log2 P̂η − log2 Pη|+ | log2 P2η − log2 Pη − d|

≤ 1

log 2

(
|P̂2η − P2η|
P̂2η ∧ P2η

+
|P̂η − Pη|
P̂η ∧ Pη

)
+
∣∣log2 (P2η/(2

dPη)
)∣∣

We first consider the determinist term. For η ≤ τ/2, we have, writing rη =
ξ(η/τ)η and using Lemma A.3,

L2η(1− η2/6τ2)(2η)2ζd ≤ P2η ≤ U2η(1 + r22η/τ
2)rd2ηζd

and

Lη(1− η2/6τ2)ηdζd ≤ Pη ≤ Uη(1 + r2η/τ
2)rdηζd,

where Lη = infM∩B(x0,η) f and Uη = supM∩B(x0,η) f . Using again Lemma A.3,
we have that for η ≤ τ/2, M ∩ B(x0, η) ⊂ expx0

BTx0M
(0, 2η), and, since 2η ≤

πτ/2 and that f ∈ Fβ , we know, using Lemma A.6, that there exists R1 > 0
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(depending on β, τ, fmax and R) such that f(x)−R1η ≤ Lη ≤ Uη ≤ f(x)+R1η.
If η < τ/4, the same bounds apply for 2η and we thus obtain

(f(x)−R12η)(1− η2/6τ2)(2η)dζd ≤ P2η ≤ (f(x) +R12η)(1 + r22η/τ
2)rd2ηζd

and

(f(x)−R1η)(1− η2/6τ2)ηdζd ≤ Pη ≤ (f(x) +R1η)(1 + r2η/τ
2)rdηζd. (33)

Using these two inequalities, and the fact that rη/η → 1 as η → 0, we find
that |P2η/(2

dPη)− 1| � η up to a constant that depends on R1, τ and fmin, for
η small enough (depending on R1, τ and fmin as well). For the other terms, a
simple use of Hoeffding’s inequality yields for any η, ε > 0,

P

(
|P̂η − Pη| > ε

)
≤ 2 exp(−2nε2).

On the event Aη = {|P̂η − Pη| ≤ ε}, we have moreover P̂η ∧ Pη ≥ Pη − ε.
Setting ε = ηd+1, and using (33), we see that Pη − ε � ηd for η small enough
(depending on R1, τ and fmin). Thus, on the event Aη ∩ A2η, with probability
at least 1− 4 exp(−2nη2d+2), we derive

|δ̂η − d| � η +
ε

Pη − ε
+

ε

P2η − ε
� η, (34)

for η small enough (depending on R1, τ and fmin), up to a constant that depends

on R1, τ and fmin. Now setting η = n−1/(2D+2), we have d̂ = δ̂η = d on the event
Aη ∩A2η as soon as n is large enough so that the LHS of (34) is strictly smaller
than 1/2, ending the proof.
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