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Abstract

In this paper we consider an infinite time horizon risk-sensitive optimal stopping
problem for a Feller-Markov process with an unbounded terminal cost function. We
show that in the unbounded case an associated Bellman equation may have multiple
solutions and we give a probabilistic interpretation for the minimal and the maximal
one. Also, we show how to approximate them using finite time horizon problems.
The analysis, covering both discrete and continuous time case, is supported with
illustrative examples.
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1 Introduction

Many practical optimal control problems could be expressed in terms of optimal
stopping. This includes examples in mathematical finance (American options theory,
optimal asset liquidation), statistics (sequential testing), operations research, ecology;
see e.g. [25, 5, 8, 4] for details.

Typically, a characterisation of the optimal stopping time is obtained through the
study of the corresponding Snell envelope of the value process; see e.g. [11] for details
and [18] for a more recent contribution. Also, in the Markovian case this could be done
with the help of a specific optimality Wald-Bellman equation; see e.g. [25] for a classical
contribution. The existence of a solution to this equation could be obtained e.g. by value
iteration argument or penalty approach, see [26]. Also, it may result from the use of
viscosity techniques applied to variational inequalities; see e.g. [5, 9].

Risk-sensitive problems constitute a special class of general stochastic control prob-
lems (in particular, optimal stopping problems). In this case, a decision-maker tries
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Risk-sensitive optimal stopping

to optimise the certainty equivalent of the exponential utility function; see [15, 27].
This criterion may be seen as a non-linear extension of the mean-variance (Markowitz)
approach which facilitates more robust control strategies; see e.g. [6] for a comprehen-
sive overview. However, using risk-sensitive criterion results in multiplicative control
problems that are usually more difficult to solve than their classic risk-neutral (additive)
counterparts; see [20, 3].

In this paper we consider the infinite time horizon risk-sensitive optimal stopping
problems

u(z) ;= infInE, {exp (/ 9(Xs)ds +G(XT)>} , Tz €FE; (1.1)
T Jo

w(z) ;= infliminf In E,
T T—oo

AT
exp (/ 9(Xs)ds + G(XTAT)N , TEE, (1.2)
0

where X is a standard Feller-Markov process starting at « from the state space F, while g
and G are continuous and non-negative running cost function and terminal cost function,
respectively. The function g is assumed to be bounded while G may be unbounded from
above.

The map u describes the value of a standard risk-sensitive optimal stopping problem.
As we show in this paper, the map w emerges naturally as a limit of finite horizon
optimal stopping value functions. Also, the map w may be seen as a version of u, when a
decision-maker is allowed to choose only bounded stopping times. Arguably, the main
contribution of this paper is the proof that both functions u and w are solutions to the
associated optimal stopping Bellman equation. In fact, we show that v and w are minimal
and maximal solutions to this equation, respectively, and in general we do not have an
equality between u and w.

This paper extends the results from [17], where the function G is assumed to be
bounded. In that case, it can be shown that the Bellman equation admits a unique
solution, which can be used to prove continuity of the function u = w. This result was
one of the main building blocks used in [16], where the long-run impulse control problem
was analysed. In the present paper we show a more general sufficient condition for the
identity © = w. This may be used to generalise the results from [16] to the unbounded
case.

In the literature, regularity properties of the optimal stopping value function were
mostly studied in the context of risk-neutral (additive) stopping problems; see e.g. [2].
In particular, this applies to non-uniqueness of a solution to the Bellman equation; see
Section 2.11 in [25] and Theorem 1.13 in [22] for classic contributions. However, the
risk-sensitive case is mostly unexplored; see [20, 17]. Also, it should be noted that many
approximative solutions to optimal stopping problems are based on numerical solutions
to the Bellman equation; see e.g. [19] for a comprehensive overview. Thus, the study on
regularity properties of the optimality equation is important both from theoretical and
practical point of view.

The structure of this paper is as follows. In Section 2 we introduce notation and
assumptions used throughout this paper. Next, in Section 3 we study discrete time
version of the problem. The main contribution of this part is Theorem 3.3, where we link
the discrete time Bellman equation with the limits of suitable finite horizon stopping
value functions. In Section 4 we study a continuous time version of the problem. This is
used in Section 5, where we give a characterisation of solutions to the continuous time
Bellman equation; see Theorem 5.2 for details. Also, in Theorem 5.9 we show a condition
for the uniqueness of a solution to the Bellman equation. Our results are illustrated by
the examples presented in Section 6. In particular, in Example 6.4 and Example 6.7 we
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show explicit formulae for distinct solutions to the Bellman equation. Finally, in Section 7
we present some additional results and deferred proofs.

2 Preliminaries

Let X = (X;):>0 be a time-homogeneous continuous time standard Markov process
on a filtered measurable space (2, F, (F;)) with values in a locally compact separable
metric space E. With any x € E we associate a probability measure P, describing the
dynamics of the process starting from X, = z; see Definition 4 in [25, Section 1.4] for
details. We assume that X satisfies the Cy-Feller property, i.e.

PiCo(E) CCo(E), t>0,

where P; is the corresponding transition semigroup and Cy(FE) denotes the family of
real-valued continuous functions defined on F, vanishing at infinity. This is a standard
assumption in the stochastic control theory. In particular, it is satisfied by Lévy processes
and solutions to stochastic differential equations driven by Lévy processes; see Theorem
3.1.9 and Theorem 6.7.2 in [1] for details.

In addition to the Cj-Feller property of the Markov process, we assume several
properties of the cost functions. To ease the notation, for any 7' > 0, let us define
(r := sup,¢(o ) €“*). Throughout this paper we make the following Assumptions:

(A1) (Cost functions constraints). The map G: E — [0,00) is continuous and the map
g: E — [0,00) is continuous and bounded. Also, the map g is bounded away from
zero, i.e. for some ¢ > 0 we have g(-) > ¢ > 0.

(A2) (Integrability). For any 7' > 0 and = € F we have

E, [CT] < 0.

(A3) (Continuity). For any T' > 0 and a continuous function h satisfying 0 < h(-) < G(+),

we have that the map
T
exp (/ 9(Xs)ds + h(XT))]
0

Let us now comment on these conditions.

Assumption (A1) requires several regularity properties for the cost functions. First, it
should be highlighted that while g is assumed to be bounded, we allow G to be unbounded
from above. Also, note that the non-negativity assumption for GG is merely a technical
normalisation. Indeed, for a generic continuous map G: E — R which is bounded from
below, we may subtract the quantity inf,cg é(y) from the both sides of (1.1) and (1.2)
and set G(-) := G(-) — inf,c g G(y). Finally, note that the assumption g(-) > ¢ > 0 could be
used to show that stopping at infinity cannot be optimal for our problems as this leads to
infinite cost.

Assumption (A42) requires integrability in the finite time horizon setting and is a
standard condition in the optimal stopping literature.

Assumption (A3) requires continuity of the specific semigroup for unbounded func-
tions h. Note that from the Feller property and monotone convergence theorem we get

x+— B,

is continuous.

that z — E, {exp (j;)T f(Xs)ds + h(XT)ﬂ is lower semicontinuous for any 7" > 0 and a

continuous function h : E — [0, c0); see Lemma 4 in [14, Section II.5] for details. Thus,
in Assumption (A3) we additionally require upper semicontinuity.
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Further comments on Assumptions (A2) and (.A3) could be found in Section 6.1. More
specifically, we show that Assumptions (42) and (A3) could be deduced from a more
general condition related to the integrability of the tail of (;, T' > 0; see (B1) and the
following discussion for details.

Now, let us comment on the specific forms of (1.1) and (1.2). Setting

t
Zy = exp (/ g9(Xs)ds + G(Xt)> , 120,
0

from quasi-left continuity of Z and Fatou Lemma, for any « € F and PP, -almost surely
finite stopping time 7, we get

E, [Z,] = E, {hTrg inf ZTAT} < liminf E, [Zrnr] . 2.1)

Some of the results in this paper are related to the situation when there is an equality
in (2.1). Let us now provide a useful characterisation of this property.

Lemma 2.1. Let x € E and let T be a stopping time satisfying

B, fow ([ otxas 4 6x0) )| < .

Then, the following are equivalent
1. We get
liminf E, [Z, 7] = E, [lim inf ZTAT} .
T— 00

T—o0

2. The family {Z . 1}, T > 0, is P,-uniformly integrable, i.e.

lim sup E, [1{ZTATZ77I}ZT/\T:| = 0.

n—oo T>0

3. We get
lggloréf E. [1{T>T}ZT} =0.

Proof. Note that the equivalence of 1. and 2. follows from the standard result; see e.g.
Theorem 16.14 in [7] for details. Thus, it is enough to show that 1. is equivalent to 3.
Using the identity

E, [Z’T/\T] =E, [l{TST}ZT] + B, [1{T>T}ZT} ’ T> 0, (2.2)

and noting that 7' — 1;,<71Z; is increasing, by monotone convergence theorem and
quasi-left continuity of (Z;) we get

lim B, [1,< 2] = B, [Z,] = B, { lim ZTAT} < o0;

T—o0 T—o0

note that P,[r < oc] = 1 as by the assumptions E, [¢*"] < E, |eld g(Xs)d”G(XT)} < .
Thus, letting T' — oo in (2.2), we conclude the proof. O

Now, observe that from (2.1), for any « € E, we get
u(r) < w(x), (2.3)

where u and w are given by (1.1) and (1.2), respectively. In the following lemma we show
that w may be seen as a value of the optimal stopping problem with infimum over the
family of bounded stopping times. This provides an additional explanation for (2.3).
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Lemma 2.2. Let w be given by (1.2) and let T, denote the family of bounded stopping
times. Then, we get

w(z) = inf mE, [exp < /0 " g(X.)ds + G(XT))] .

TETY

Proof. First, note that using boundedness of 7 € T, we get

w(z) < inf liminflnIE, [efﬂTAT g(XS)dS"'G(XMT)}
T7€T, T—o0

— inf nE, [e,fJ g(Xs)ds+G(XT)} rcE.
T€TY ’

Second, let € E, € > 0, and 7. be an e-optimal stopping time for w(z). Then, there

exists a sequence (7,) C Ry such that 7,, — oo as n — oo and

inf InlE,, [efoT g(XS)dHG(XT)] < lim nEE, {e o= Q(XS)dSJrG(X’EAT")}
T€TH T n—oo

 minflnE, [e e AT g(xs)ds+G(XTEAT)}
T—o0

<w(x) +e.

Thus, letting ¢ — 0 we get inf, 7, InE, {efoT g(xs)d”G(X*)} < w(x), which concludes the
proof. O

3 Discrete time optimal stopping

In this section we consider a discrete-time version of the problems (1.1) and (1.2). By
X we denote a standard discrete-time Markov process with values in F and for simplicity
we write X = (X,,)nen, where IN := {0, 1,2, ...} denotes the set of non-negative integers.
It should be noted that the results in this section do not require continuity assumptions
from Section 2.

By analogy to (1.1) and (1.2), we define

T—1
:= inf InlE, X;) + G(X- , € FE; 3.1
u(w) = inf W, |exp (;m )+ >> : @1
TAn—1
w(x) := T1é17f_0 117{r_1>1£f1nIE$ exp ( ; 9(X;) + G(XTAR))] , TEE, (3.2)

where 7, denotes the family of stopping times with values in IN and we follow the
convention Zi_:lo(-) = 0. Also, let us define the Bellman operator

Sh(z) == e%®@ A I@E[h(X,)], z€E,

where h : E — R is a non-negative measurable function. In this section we characterise
solutions to the Bellman equation, i.e. measurable functions v : £ — R satisfying

e?(®) = Se¥(x), z€E. (3.3)

More explicitly, in Theorem 3.3 we show that v and w are minimal and maximal solutions
to (3.3), respectively.

We start with finding the minimal and maximal solutions to (3.3). Recalling non-
negativity of the functions g and G and (2.3), we get

0<u(z) <w(x) <G(z), z€E.
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Based on these inequalities, to get the extremal solutions to (3.3), we iterate the lower
and upper bounds for » and w. Thus, we define recursively the families of functions

wy(x) =0, W, 41 (x) = In Se*n (x), neNN, z e E,; (3.4)
wo(x) == G(x), Wpi1(x) :=1In Se”" (z), nelN,zekFE. (3.5)

In the following proposition we show the probabilistic characterisation of the sequences
(w,,) and (w,). The proof is similar to the proof of Proposition 3 from [17], where G is
assumed to be bounded from above, and therefore is omitted for brevity.

Proposition 3.1. Let the sequences of functions (w,) and (w,) be given by (3.4)
and (3.5), respectively. Then,

1. For any x € E, the sequence (w,,(x)) is non-decreasing. Moreover, we get

w, (z) = inf N, [EZL‘;g(Xi)+1{,<,,,}G(XT)] . neN zck,

T<n
and the optimal stopping time for w,, is given by

T

pi=min{i>0:w, ;(X;) =G(X;)} An. (3.6)
2. For any = € E, the sequence (W, (z)) is non-increasing. Moreover we get
Wy (z) = igf InE, [62[:‘01g(xi)+G(X,)} , neN, zekE,

and the optimal stopping time for w,, is given by

Based on Proposition 3.1 we may define

w(x) = nlgngogn(x), and w(x):= nan;OEn(x), x €l (3.8)

Also, letting n — oo in (3.4) and (3.5), and using monotone convergence theorem, we get

that both w and w satisfy the Bellman equation (3.3). Also, for any measurable function

v solving (3.3) and satisfying 0 < v(z) < G(z), we iteratively get w,, () < v(z) < W, (),
x € F, and consequently

w(z) <v(r) <w(z), z€E. (3.9)

Thus, the maps w and w are minimal and maximal solutions to the Bellman equation (3.3),
respectively. For bounded G one may show that w = w; see Proposition 5 and Corollary 6
in [17] for details. However, for unbounded G this may no longer be true; see Example 6.4.
Thus, it is interesting to characterise the structure of solutions to (3.3). We start with
the following lemma giving a martingale characterisation of solutions to the Bellman
equation.

Lemma 3.2. Let v be a non-negative measurable solution to (3.3) and let 7, := inf{n €
N :v(X,) > G(X,)}. Define the process

n—1
Zy(n) == exp (Z 9(Xi) + v(Xn)> , nelN. (3.10)

=0

Then, for any stopping time T we get that the process (z,(t An)), n € N, is a submartin-
gale. Also, (z,(1, Am)), n € N, is a martingale.
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Proof. First, using the inequality e9@E, [e"*1)] > ¢*(®), z € E, and Markov property,
for any x € E and n € IN, we get

E, [2(n + 1)|F,] = eXic0 90X (X Ry [ev(xl)} > 2,(n)

and the process (z,(n)), n € N, is a submartingale. Thus, using Doob optional stopping
theorem, we get that for any stopping time 7, the process (z,(7 An)), n € IN, is also a
submartingale.

Second, note that on the set {r, > n}, we get ") = 9(XJEy [e"(X1)]. Thus, for
any z € F and n € IN, we get

E, [Zv(Tv A (Tl + 1))|fn] = l{Tvgn}Zv(Tv) + 1{TU>77/}€Z?:0 g(Xl)Et |:6’U(Xﬂ+l)|-/_'.n:|

= 1{Tv§n}ZU(T’U) + 1{Tv>n}ezzggn g(Xi)]EXn |:6U(Xl):|

= lir,<n) 2 (T A1) + 1{T,U>n}ezggnil 9(X3) go(XryAn)

= zy(Ty A ),
which concludes the proof. O

Now we show that the minimal and maximal solutions to the Bellman equation (3.3)
coincide with the value functions given by (3.1) and (3.2).

Theorem 3.3. Let the maps v and w be given by (3.1) and (3.2), respectively. Then,
1. We get u = w and w = w, where the maps w and w are given by (3.8);
2. The functions u and w are solutions to (3.3);

3. For any measurable solution v to the Bellman equation (3.3) satisfying 0 < v(-) <
G(-), we getu(-) <v() <w(:).

Proof. Recalling (3.9) and the successive discussion we get that 2. and 3. follow directly
from 1. Thus, it is enough to show 1. For transparency, we split the rest of the proof into
two steps: (1) proof of u = w; (2) proof of w = w.

Step 1. We show that u = w. Recalling w,, from (3.4) and Proposition 3.1, for any n € IN
and z € E, we get

@) — inf B, [e 325‘19<Xi>+1u<n}e<xf>}
T€To

< inf B, [T 00504600 — cuto)

T€To

where the inequality follows from non-negativity of ¢ and G. Letting n — oo we get
w < u. Now, let us define

n—1

z(n) :=exp (Z 9(X3) +w(Xn)> , nel; (3.11)
i=0

T:=inf{n e N:w(X,) > G(X,)} (3.12)

and note that by Lemma 3.2 the process (z(z An)), n € N, is a martingale. Also, recalling
that g(-) > ¢ > 0 and w(-) > 0, and using Fatou Lemma, for any = € E, we get

E, [e™] = E, {lim inf e(z/\")c}

n—oo

< liminf B, [0 o060 ulXenn)]
n—oo

=E, [2(0)] = e2®) < @) < o0,
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In particular, we get P;[r < oo] =1, z € E. Thus, noting that w(X;) = G(X,), we get

&) < B, [ 5T X046 00)]

~E, {ez%;} g(Xi)m(Xl)}

= B, [liminf 20 900 0]
n—oo

< liminf I, {er:A(’f'*l g(Xi)""ﬂ(XzAn)} = E, [2(0)] = e, (3.13)

n—oo
hence u = w, which concludes the proof of this part.

Step 2. We show that w = w. Recalling Proposition 3.1 and the maps w; from (3.5), for
any k € N and = € F, we get

e¥®) < inf liminf E, [e fﬁéklg(Xi)“‘G(er)}
7<k n—oo

inf E, [ez:;ol g(xi>+G<XT>} — Tk(@)
<k

Thus, letting £ — oo, we get w < w. Also, for any n € IN and 7 € 7y we get

inf E, |e Z;olg(Xi)+G(XT)} <E, [6 fﬁé‘fly(X,-)+G(XM”)} .
7<n -

Thus, letting n — oo and taking infimum over 7 € 7y, we get w < w, which concludes the
proof. O

Remark 3.4. From Theorem 3.3 we deduce that, in the unbounded case, the family of
finite time horizon stopping problems may not converge to their infinite horizon version.
More specifically, from Proposition 3.1 we get that the function w,, may be seen as a
finite horizon counterpart of u, with stopping times bounded by n € IN. Thus, one might
conjecture that w,, converges to v as n — co. However, from Theorem 3.3 we get w,, — w
as n — oo and from Examples 6.3 and 6.4 we see that in general u # w. Also, note that
Theorem 3.3 provides a finite horizon approximation scheme for u; this can be done with
the help of the family w,,.

From the proof of Theorem 3.3 we get a useful corollary about an optimal stopping
time for .

Corollary 3.5. Let u be given by (3.1). Then, the stopping time
r=inf{n e N: w(X,) > G(X,)} (3.14)

is optimal for u. Also, the process (z(n A 1)), n € N, with z given by (3.11), is a uniformly
integrable martingale.

Proof. Optimality of 7 follows directly from (3.13). Also, martingale property of (z(nAT)),
n € N, follows from Lemma 3.2. Finally, uniform integrability follows from (3.13). O

Now we formulate a sufficient condition for the identity « = w. To ease the notation,
we define the process

n—1
Zp = exp (Z g(X;) + G(Xn)> , nelN.
i=0

Theorem 3.6. Let u and w be given by (3.1) and (3.2), respectively. Also, let T = inf{t >
0:w(X;) > G(X})}. If the process (Z,a:), n > 0, is uniformly integrable, then we get
u=w.
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Proof. Recall that by Corollary 3.5 the stopping time 7 is optimal for u. Thus, using
uniform integrability of (Z,,,), n > 0, for any = € E, we get

@ < lim I, [e %:gb‘lg<xi>+c<xw>} —E, [ez%;ggm)w(xg — eul@)

n— oo

Recalling that we always get u < w, we conclude the proof. O

Remark 3.7. By analogy to (3.14), let us define 7 := inf{t > 0: W(X;) > G(X;)}. Based
on the condition from Theorem 3.6, one may ask if uniform integrability of (Zz,,) is also
sufficient for « = w. However, as discussed in Remark 6.5, this is not the case.

4 Continuous time optimal stopping
In this section, by analogy to (3.1) and (3.2), we consider the continuous time optimal

stopping problems

u(z) = inf InE, {exp (/Tg(Xs)ds + G(XT)H , zeE: @.1)

0

w(z) ;= inf lim inf In E,
T T—o00

TAT
exp (/ g(Xs)dS + G(XT/\T)>‘| , T E FE. (4.2)
0

Assuming (A1)-(A3), we prove several regularity properties of the maps u and w. Also,
we show various approximation results, including finite time horizon limits. These results
extend the analysis from [17] to the case when G is unbounded from above.

First, by analogy to Proposition 3.1, we consider the finite time horizon optimal
stopping problems. For any T' > 0, let us define

wp(z) = ir<1fT1nEm [efoT 9(X5)ds+1{*<T}G(X*)} , zEFE, (4.3)

Wr () = inf B, {efoW(Xs)d”G(XT)}, z€E. 4.4)

In Proposition 4.1 we summarise the properties of the maps (7, z) — wp(z) and (T, x) —
wr(z). The proof is deferred to Section 7.

Proposition 4.1. Let the maps (wy) and (wr) be given by (4.3) and (4.4), respectively.
Then,

1. The map (T,z) — wy(x) is jointly continuous and, for any x € E, the map T
wr(x) is non-decreasing. Also, for any T > 0, an optimal stopping time for wy is
given by

Tpi=inf {t > 0:wp_(X;) = G(Xy)} AT. (4.5)
Moreover, the process
tAT

2p(t) == elo” 9X)dstwr_ i (Xenr) =y >

is a submartingale and (z;(t A7r)), t > 0, is a martingale.

2. The map (T, z) — wr(x) is jointly continuous and, for any x € E, the map T —
wr(x) is non-increasing. Also, for any T > 0, an optimal stopping time for wr is
given by

Tr:=inf {t > 0: wr_+(X;) = G(X¢)}. (4.6)

Moreover, the process

ZT(t> — efOtATg(Xs)dS-‘r’lT)T—t,AT(Xt/\T)’ t>0,

is a submartingale and (Zr(t A7r)), t > 0, is a martingale.
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Based on Proposition 4.1 we may define the limits

w(x) = TJLH;OMT(m) and w(x):= TILH;O@T(x), z € E. 4.7)

Let us now link the functions w and w with (4.1) and (4.2).

Theorem 4.2. Let the functions v and w be given by (4.1) and (4.2), respectively. Also,
let w and w be given by (4.7). Then we get w = w and w = w. Also, u is lower
semicontinuous and w is upper semicontinuous.

Proof. The proof for w = w follows the lines of the second step of the proof of Theo-
rem 3.3 and is omitted for brevity. Now we show that u = w. The proof is partially based
on Theorem 15 in [17]. For transparency, we present it in detail.

First, recalling non-negativity of g and G, forany 7' > 0 and x € F, we get

er® = inf B, [efi"T ) dsH10n GX0) |
T

<infE, [efoT g(XS)dSJrG(X*)] = eu(®@),

Thus, letting T' — oo, we get w < u. Let us now show the reverse inequality.
For any T' > 0, let 7 be an optimal stopping time for w;, given by the formula (4.5).
Define
Fro=inf {t > 0:wp_(Xy) > G(Xy)} (4.8)

and observe that 7,, = 7 A T. By monotonicity of the sequence (w,,(z))nen, We get
Tpi1 <7, Thus, for any n € N, on the set {r,, <n}, weget?, =7,,thus7, , =7,
and consequently 7, ; < 7,,. Moreover, recalling that g(-) > ¢ > 0 and G(-) > 0, for any

r € Fand T > 0, we get

G > gur@) — . [ofo” g<Xs>ds+1{lT<T}G<XH>} >E

= 2 By [Lr,=my] e

Re1e)

Consequently, for any z € E, we get " P, [r, =n] < Y7 | “=~ < oo. Hence, by
Borel-Cantelli Lemma, for any z € E, we get P, [ .- ,{7,, < n}] =1, and consequently
the stopping time

7:= lim 1, (4.9)

n—oo

is well defined. Also, we get that P, [7 < oco] =1, € E. This follows from the fact that
for P, almost all w € €, starting from some n (depending on w), the sequence (z,,(w)) is
non-increasing. Thus, using right continuity of (X;) and Fatou Lemma, for any =z € F, we
get

RICS [efo% g(XS)ds+G(X+)] ~E, [ lim (efoln g(XS)ds+1{ln<n}G(Xln))]

n— o0
< lim inf e¥n (*) = ew(®) (4.10)
n—oo
which concludes the proof of u = w.
Finally, recalling that by Proposition 4.1 the map « is an increasing limit of continuous
functions, we get that u is lower semicontinuous. Using similar argument for w we get
upper semicontinuity. O

Remark 4.3. From the proof of Theorem 4.2 we get that the stopping time 7 given
by (4.9) is optimal for v = w; see (4.10). Also, note that in the proof we showed that
P,[7 < o0] =1, z € E; see the discussion following (4.9).
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In Theorem 4.2 we showed that the function u given by (1.1) may be seen as a limit of
finite horizon stopping problems w;. Let us now show that v may also be approximated
by stopping problems with truncated terminal cost function. More explicitly, for any
n € N, we define

tn(x) :=infInE, [exp (/T 9(Xs)ds + G(X;) A n)] , T€EE. (4.11)
T 0

Clearly, we have u,(z) < up41(x) < u(z) for any € E and n € IN. In Theorem 4.4 we
link the functions v and wu,,.

Theorem 4.4. Let the functions u and u, be given by (4.1) and (4.11), respectively.
Then, for any = € E, we get u(x) = lim;,,—, o0 Uy ().

Proof. Let us define the sequence of events A, := {G(X,,) < n},n € N, where
Tp = 1nf{t > 0: u, (Xy) > G(Xy) An}.

Using Theorem 15 from [17] we get that 7,, is an optimal stopping time for u, (z), € E,
n € IN. Also, recalling that g(-) > 0, for any « € E and k € IN, we get

G@) > gun(@) — | {efom g(Xs)ds+G(XTk)/\k:|
> B, [1agels” aXds+ G0N > [ag] .
2 ¢ 2

Thus P, [A§] < eiff) and Y-, P, [A¢] < co. Hence, from Borel-Cantelli Lemma, for any

x € F, we get

Py [Unty MpZ, Akl = 1. (4.12)

Let us fix n € IN and note that on the event N2 Ay, for any j > 0, we get

Un+j+1 (XT"L+J'> 2 ’U/n+j (XT'H+J') Z G(X'rn+j) A (n + J)
=G(X5,,) 26X, )N (n+j+1).

Thus, on the event N2 Ay, for any j > 0, we get 7,441 < T,+;. Combining this
with (4.12), we may define the stopping time 7 := lim,, ,, 7,. Moreover, we get that 7 is
almost surely finite since, for any n € N, the stopping time 7,, is almost surely finite; see
Remark 16 in [17] for details. Thus, using right continuity of X and Fatou Lemma, for
any r € F, we get

(@) <E, [ef(f g(Xs)dS+G(X;):|

= B, [ lim efi" 056Xy 0]
z n— o0

< lim E, {6- n g(XS)derG(X,n)/\n} — lim '@ < eu(@)

T n—ooo n—o00

and consequently lim,,_, o u,(z) = u(z), x € E. O

Remark 4.5. By analogy to Theorem 4.4 one could try to approximate the function w
from (4.2) by the family

wy (z) := inf liminf In E,
T T—o0

TAT
exp </ 9(Xs)ds + G( X ar) A n)] ,neN, z e E.
0

However, since for any n € IN the map G(-) A n is bounded, using Theorem 15 from [17]
we get u,, = w, and by Theorem 4.4 we get w,, — u. In fact, the identity u,, = w, may
also be deduced from Corollary 5.11 in this paper.
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5 Continuous time Bellman equation

In this section we extend the results from Section 3 to the continuous time case. We
consider the continuous time Bellman equation which takes the form of optimal stopping
dynamic programming principle

'@ = inf, [e J“9<Xs>ds+1w<ﬂG<Xf>““2””<xt>] , t>0,z€E. (5.1)

By analogy to Section 3 we show that the maps u and w are minimal and maximal
solutions to this equation, respectively.
First, note that (5.1) may be expressed in the operator form as

Sv(z) =v(z), t>0,z€k,
where, for any ¢ > 0, the operator ®; is given by

®yh(z) ;= infInE, e 0’”g(Xs)ds+1(T<t}G(XT)+1(TZt}h(Xr,)} ,x € E, (5.2)

and h : E — R, is a non-negative measurable function. To characterise the solutions
to (5.1), for any t > 0, let us define recursively

vg(z) =0, Q;_H(CC) =dv
@6(%‘) = G(x), @;Jrl(w) _

We start with linking v!, and o!, with the functions w; and wr.

t(z), nelN, zckE, (5.3)
o0t (z), nelN,zeFE. (5.4)

Proposition 5.1. For any t > 0 and n € N, let the maps v!, and v!, be given by (5.3)
and (5.4), respectively. Then,

1. For anyt > 0 and n € IN, we get QZ = w,, and 6; = Wy, where the functions w
and wr are given by (4.3) and (4.4), respectively.

2. Foranyzr € F andt > 0, we get

: t _ : —t _
nhﬁn;o v, (x) =u(x) and nhﬁn;o v, (z) = w(z),
where the functions u and w be given by (4.1) and (4.2), respectively. In particular,
the limits lim,,_, v}, (z) and lim,_, v, (z) are well-defined and independent of
t > 0.

Proof. For transparency, we prove the claims point by point.

Proof of 1. We present the proof only for v{ ; the argument for ¥/, is similar and is omitted
for brevity. Also, for the notational convenience we set ¢t = 1; the general case follows
the same logic.

We proceed by induction. The claim for n = 0 follows directly from the definition.
Let us assume that for some n € IN we get v}, = w,. Define the process z,,,(t) :=

efownwg(XS)ds+w"L+1*tA<"+1>(XW"“)), t > 0. Using Proposition 4.1 and Doob optional
stopping theorem, for any stopping time 7 we get that the process (z,, (7 At)), t >0, is
a submartingale. In particular, for any = € E, we get E,[z,,,,(0)] < inf; E; [z, (T A 1)].
Then, recalling that w;(z) < G(z) forany € E and T > 0, we get

elni1(®) = [, (2,41(0)] <InfE [efoMl Q(Xs)dSJrﬂnﬂ—ml(Xml)}

<infE {e o’“g<Xs>d8+1{r<1}G<Xf>+1vzu&n<Xl>} . (5.5)
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Recall that by Proposition 4.1 the process (z,, (7,1 At)), t > 0, is a martingale, where
Tpyr =inf{t >0:w, ., (X;) = G(Xy)} A(n+1). Also, on the event {7, ; <n+ 1} we
getw, ;. (X:,,,) =G(X;,,,). Thus, for any z € E, we get

T AL
i@ _ [efo + g(xs>ds+1m+1<1}G<XW1>+1wn+1>uwn<xl>}.

Combining this with (5.5) and using induction assumption, for any z € E, we get

eﬂnﬂ(x) —infE {e OTM Q(Xs)ds-‘rl{T<1}G(XT)+1{721}M%(X1)}
T

= P12, (@) = (P12, () — ounia(2)
which concludes the proof of this point.

Proof of 2. Recalling 1. and Theorem 4.2, for any « € E and t > 0, we get

Jim vy, (2) = lim w,(2) = w(z) = u(z).

Using similar argument we get lim,,_, o, v/, () = w(z), t > 0, z € E, which concludes the
proof. O

In the following theorem we characterise the solutions to the Bellman equation (5.1).
In particular, we get that v and w are minimal and maximal solutions to (5.1), respectively.
This may be seen as a continuous time version of Theorem 3.3.

Theorem 5.2. Let the functions u and w be given by (4.1) and (4.2), respectively. Then,
1. The functions v and w are solutions to (5.1).

2. For any measurable solution v to the Bellman equation (5.1) satisfying 0 < v(-) <
G(-), we getu(-) <ov(:) <w(:).

Proof. For transparency, we prove the claims point by point.

Proof of 1. First, we prove that u satisfies (5.1). Let us define the process
2(t) v= el 90X dsHulX0) > g (5.6)

where w is given by (4.7). We show that (z(¢)), ¢t > 0, is a submartingale. From
Proposition 4.1, using submartingale property of z;, for any T,¢,h > 0 and z € E, we get

~(t+h)ANT
efOMT 9(Xs)dstwr_ o (XenT) < E, [e 0( R g(Xs)dS“FﬂT—(t+h)/\T(X(fr+hr)/\T)‘ft] .

Thus, recalling monotonicity of T — w(x), z € E, and letting T' — oo, for any t,h > 0
and z € E, we get

2(t) = eld St < [l XX B Z B, [2(t 4+ B)IF], (5.7)

which concludes the proof of submartingale property of (z(¢)), ¢t > 0.
Next, using submartingale property of (z(¢)), ¢ > 0, Doob optional stopping theorem,
and the fact that w < G, forany ¢t > 0 and z € F, we get

@) =, [2(0)] < inf B, [z(7 A t)] < inf B, [e o’“9<Xs>ds+1{7<t}G<XT>+1{TZM<X”} . (5.8)

To conclude the proof we show that for any ¢ > 0 and = € E, we get

ey(»L) =E, |e J—M g(Xs)dS+1{+<t}G(X?)+1{*Zt}M(X‘):| , (5.9)
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where the stopping time 7 is given by (4.9). From Proposition 4.1, using martingale
property of (zp(t A7p)), forany ¢ >0, T > ¢, and x € E, we get
ewr(®) — E;[27(0)] = E, {6 o g(X)dstwr g (Kpat)
—E, [efolT“g(xs>ds+1{lT<t}G<XlT>+1{1T2t}%,t(xt)} _

Thus, using right-continuity of X, recalling Assumption (42), and letting T' — oo, we
get (5.9). Combining this with (5.8), for any ¢t > 0 and « € E, we get

2@ = infE, [e JAtg(X-G)dS+1{7<t}G(XT)+1{TZt}7£(Xt):| )
T

Recalling that by Theorem 4.2 we get © = w, we conclude the proof that u satisfies (5.1).

Second, we prove that w is also a solution to (5.1). Noting that for any z € E the
sequence (V% (z))nen is non-increasing, using Proposition 5.1 and monotone convergence
theorem, for any ¢ > 0 and = € F, we get

=t
c0(@) — ipf Phia (@)
nelN

= inf inf E, [efoTMg(Xs)dS+1{r<t}G(XT)+1{rztﬁfL(X1)]
7T nelN

WfE, {e OTAtg(Xs)ds+1{T<t}G(XT)+1{TZt}w(Xt)} _ €<I>tw(z)7
-

thus w is a solution to (5.1).

Proof of 2. Recall that if v is a solution to (5.1), then ;v = v, for any ¢ > 0. Thus,
recalling (5.3) and (5.4), inductively we get v! (z) < v(z) < v (x) for any t > 0, n € N,
and x € E. Hence, letting n — oo and using Proposition 5.1 we get 2. O

Remark 5.3. It should be noted that combining Theorem 4.2 with Theorem 5.2 we get a
possible numerical approximation scheme for extremal solutions to the Bellman equation.
More specifically, we get that the map u, which is the minimal solution to (5.1), could
be approximated by finite horizon optimal stopping value functions w, as T' — oo. Also,
note that in the Step 2 of the proof of Proposition 4.1 we discuss a possible iterative
procedure to approximate w,. Similar relations hold for the map w, which could be
approximated by wr as T' — oo.

Based on Theorem 5.2 we get the following corollary.
Corollary 5.4. Let u and w be given by (4.1) and (4.2), respectively. Then, the following
are equivalent
1. We getu = w;
2. There is a unique solution to the Bellman equation (5.1) in the class of measurable
functions v satisfying 0 < v(-) < G(-).

In the next proposition we study the properties of continuous solutions to the Bellman
equation (5.1). This may be seen as a continuous time analogue of Lemma 3.2. Note
that, in contrast to the discrete time case, here we additionally require continuity of v.

Proposition 5.5. Let v be a continuous solution to (5.1) satisfying 0 < v(-) < G(-). Also,
let us define
Ty = inf{t > 0:0(Xy) > G(Xy)}.

Then, the infimum in (5.1) is attained for the stopping time T,, i.e. for any x € FE and
T >0 we get

eu(x) =T,

ToNT
exp (/ 9(Xs)ds + 1 1y G(X7,) + 1{Tv>T}v(XT)>] . (5.10)
0
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Moreover, the process

¢
Zy(t) == exp (/ 9(Xs)ds + v(Xt)> , t>0, (5.11)
0

is a submartingale and z,(t A 1,), t > 0, is a martingale.
Proof. For any T > 0, let us define

T (@) — ipf E, [ef(: 9(Xs)ds+1 1y G (X7 )+l r=ryv(XT)
T<T

and note that by (5.1) in fact we have vy = v for any T' > 0. In particular, we get that the
map (T, x) — vr(z) is continuous. Hence, using Lemma 7.3, we get that the stopping
time

mreo=inf{t > 0:vp_(X3) > GX)}AT =7, AT (5.12)

is optimal for e””. Thus, for any x € E and T > 0, we get
ev(@) — pvr(@) — E, [efOTT g(Xs)dS+1{TT<T}G(XTT)+1{TT=T}U(XT)}

=E, [e o g(XS)d5+1{T7;<T}G(XTv)+1{7712T}U(XT):|

and (5.10) holds. Finally, using Lemma 7.3 again we also get the submartingale property
of z,(t), t > 0, and the martingale property of z,(t A 7,), t > 0. O

In the following lemma we show when a continuous solution to the Bellman equation

may be expressed as an expectation of the stopped value process.

Lemma 5.6. Let v be a continuous solution to (5.1) such that 0 < v(-) < G(-). Also, let
T, be as in Proposition 5.5. Then, we get

@) =, {efo’v g(xs>ds+c(xn,>} . zcE

if and only if

lim E, {1{TU>T}€IUT Q(Xs)d8+U(XT):| =0, z€kE.
T—o0 -

Proof. Let v be a continuous solution to the Bellman equation (5.1) satisfying 0 < v(-) <
G(+). Using Proposition 5.5, for any = € F and T > 0, we get

e’®) = I, {e o !J(Xs)ds+1{rv<T}G(Xm)+1{ruzT}v(XT)}

_ Ex {1{TN<T}€ OTUAT 9(Xs)ds+G(X+,) + 1{7v2T}6 0T,,J/\T g(Xs)d8+U(XT):| ) (513)

Thus, recalling that ¢g(-) > ¢ > 0 and using Fatou Lemma, we get

E, [e™] <E, [hm infe“v”“)ﬂ <E, [hm inf efo’“”g(xs“s] <e'™ <o, (5.14)

T—00 T—o0

and, in particular, we get P, [r, < oo] = 1. Thus, letting 7' — oo in (5.13), we get

V@) — Jim B, {1 (raryeli IXNTCOE) q ef g<xs>ds+v<XT>]

)

- F [ef(;'u g(Xs)ds+G(X.,-U)} + lim E [1 o7 efng(Xs)ds—i-v(XT)}
r T— 00 r {r2T}

where the second equality follows from monotone convergence theorem. This concludes
the proof. O
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Using Proposition 5.5 we get the closed-form formula for an optimal stopping time
for the function u under the continuity assumption.

Proposition 5.7. Let the function u be given by (4.1). Assume that u is continuous.
Then the stopping time
T = 1nf{t > 0: u(X;) > G(Xy)} (5.15)

is optimal for u.

Proof. By Theorem 5.2 we know that u satisfies the Bellman equation (5.1). Also, as
in (5.14), we may show that P,[r, < oo] =1 for any = € E. Thus, using Proposition 5.5,
continuity of u, Fatou Lemma, and martingale property of the process (z,(t A7,)), we get

@) < {e T Q(Xﬁ)ds"'G(XTu)} —E, [e o g(Xs>ds+u(Xn,>}
S lltrn inf ]E:E |:ef0TU/\t/ g(Xo)dS+u(XTuAt):| — EZL’ [ZU(O)] — eu(l)7 T E _E7
— 00
which concludes the proof. O

Remark 5.8. Recall that by Remark 4.3 we get that 7 from (4.9) is also optimal for
u. However, the stopping time 7, from (5.15) is smaller than 7. Indeed, noting that
u=w > wypforany T > 0, we get 7, < 7.

Now, let us define the process

Z(t) := exp (/Otg(XS)ds + G(Xt)) , t>0. (5.16)

By analogy to Theorem 3.6 we may formulate a sufficient condition for the identity v = w.
In particular, this gives uniqueness of a solution to (5.1).

Theorem 5.9. Let u and w be given by (4.1) and (4.2), respectively. Also, let 7 be
given by (4.9). Assume that the process (Z(t A 7)), t > 0, given by (5.16), is uniformly
integrable. Then,

1. We get u = w and this function is continuous.

2. The stopping time
To = 1nf{t > 0: u(X;) > G(Xy)} (5.17)

is optimal for u. Also, we get 7, = limp_,, 77, Wwhere Tr is given by (4.6).

3. The stopping time T, given by (5.17) is also optimal for w, i.e. we get

w(z) = liminf n E, eJo" T 9(X)ds+G(Xrunr) | g e B (5.18)
—00

Proof. For transparency, we prove the claims point by point.

Proof of 1. Recalling that by Remark 4.3 the stopping time 7 given by (4.9) is optimal for
u and using uniform integrability of (Z(t A 7)), t > 0, for any « € E, we get

@) < lim T [e T g(Xs)ds+G(X+AT):| - [efo* 9(X)ds+G(X2)] — (@)
~Toeo ¢ v

Recalling that we always get u < w, we conclude the proof of © = w. Continuity follows
from lower semicontinuity of v and upper semicontinuity of w; see Theorem 4.2 for
details.
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Proof of 2. Note that optimality of 7, follows from Proposition 5.7 and the fact that © = w.
Let us now show that

T, = lim T, (5.19)
T—o00

Recalling Proposition 4.1, we get that the map T — 77 is increasing, hence the limit
T := limp_, o 77 is well-defined. Also, recalling that from (5.14) we get P, [r, < o0] =1
and using the fact that u = w = w < wr for any T > 0, on the event {1, < T} we get

@TfTu (X'ru) > u(X’Tu) > G(Xru)

Thus, we get 7 < 7, AT, hence, letting T' — oo, we get 7 < 7,. In particular, we get
P, [T <] =1, x € E. Also, recalling joint continuity of (7, z) — wr(z), we get

ET*?T(X?T) - G(X?T) (520)

We show that this implies u(X7) = G(X*) and consequently 7, < 7. First, note that from
a.s. finiteness of 7, we get (T'— 7r) — oo as T — oo. Second, note that for any 7,, — oo
and x, — =, we get

@, (2n) —w(2)| < [wr, (2n) = W(zn)| + [0(2n) —w(2)] =0, n—o00;

this follows from Dini’s theorem combined with the fact that (wr,) is a sequence of
continuous functions converging monotonically to the continuous function w. Thus,
letting " — oo in (5.20), we get wW(X%) = G(X7), which combined with the fact that
u = w = w concludes the proof of this part.

Proof of 3. To show (5.18) it is enough to prove uniform integrability of (Z(t A 7)),
t > 0, and use 2. Recalling that w > w, for any T > 0, on the set {r < T}, we get
w(Xr,) 2 wp_, (X7,) =2 G(X:,). Thus, letting 7' — oo, using continuity of w = u, and
recalling that w < G, we get w(X;) = G(X;) and consequently

Ty < T (5.21)

From Lemma 2.1 and uniform integrability of (Z(t A 7)), ¢ > 0, for any =z € E, we
get liminfr_o B, [17571Zr] = 0. Hence, using (5.21), for any = € E, we also get
liminfr_,o By [1{7>7Z7] = 0 and, again by Lemma 2.1, we conclude the proof of
uniform integrability of Z(¢ A 7,,), ¢ > 0. Thus, recalling 1. and 2., for any = € F, we get

@) — u@) — | [e o g(xs>ds+c<xf,‘,>] — lim E, [e ;;u”g<x5>ds+c<xﬁm>}

7
T—o0

which concludes the proof. O

Remark 5.10. In Theorem 5.9, continuity of u was a consequence of the identity u = w.
However, if we know in advance that u is continuous, we may obtain the results of
Theorem 5.9 under weaker conditions. Namely, following the proof of Theorem 5.9, we
can see that, assuming continuity of u, one may replace uniform integrability of Z(¢ A 7),
t > 0, by uniform integrability of Z(t A 7,), t > 0, where 7, := inf{t > 0: u(X;) > G(X¢)}.
Note that by Remark 5.8 the latter condition is less restrictive as 7, < 7.

If the function G is bounded, using Theorem 5.9 we may recover the results from [17];
see Theorem 15 therein.

Corollary 5.11. If G is bounded, then u = w and this function is continuous.

Proof. Recalling (4.9) and the following discussion, for any x € E, we get that for P,
almost all w € ), starting from some n € IN (depending on w), the sequence (z,,(w)) is non-
increasing. Thus, using right-continuity of X, we get G(X;) = lim, 00 {7 <0} G(X7 ).

n
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Consequently, recalling non-negativity of GG, Proposition 4.1, and using Fatou Lemma,
for any x € E, we get

E, [efJ g(XS)dsi| <E, [ef(f g(Xs)ds+G(X+):|

=E, [ lim efo” g(Xs)dSH{:nm)G(XM)}

n—roo

< lim E, {efol” g(Xs)d8+1{:n<n}G(in)}

n—oo

= lim e < %@ < o0,
n—roo

Combining this with the inequality Z(t A 7) < elo 9X:)dsellGll ¢ > 0, we get that by
bounded convergence theorem, the process (Z(t A 7)), t > 0, is uniformly integrable.
Consequently, using Theorem 5.9, we conclude the proof. O

6 Reference examples

In this section we provide a series of examples illustrating our assumptions and
results. In particular, we provide a more general criterion for Assumptions (A2)-(A3).
Also, we show explicit formulae for multiple solutions to the Bellman equation.

6.1 Examples for Assumptions (A2)-(.43)

In this section we comment on Assumptions (A2) and (.43). We show that they may
be deduced from a more general condition:

(B1) For any T' > 0 and a compact set K C E we get

lim sup IE, [CTl{CTZm}] =0,

m—r 00 6

where (7 = sup, o 71 €.

Condition (B1) may be seen as a stronger form of integrability for (r. Namely, it requires
that the tail of {7 is IP,-integrable uniformly in = from compact set. Exemplary dynamics
satisfying (B1) is shown in Example 6.2.

Let us now show that (51) implies (A2) and (.A3).

Lemma 6.1. Assume (B1). Then (A2) and (A3) hold.
Proof. For (A2), it is enough to note that for any 7" > 0, x € FE, and sufficiently large
m € N, we get
Es [CT] =E, [CTl{CT<'m}] +E,; [CTl{(TZ'm}} <m+1<oo.
For (A3),1et T >0,z € E, (x,) = 2, and h : E — R, be continuous and such that
h(-) < G(-). LetT' C E be a compact set satisfying z € I" and (x,,) C I". We get
’Ez [e.foT g<X5>ds+h<XT>} “E,. { &9 ds+h<XT>H
‘]E { ITg ds+h(XT)/\m} _E, |:€f0T g(Xs)derh(XT)/\mH
+ 2sup ]Ey {efoT g(XS)ds-HL(XT)} _ ]Ey {efoT g(Xs)ds—&-h,(XT)/\m} ‘ )
yel I~ ’
Also, combining Lemma 4 from [14, Section II.5] and Corollary 2.2 from [21], we get

that the map x — IE, elo g(Xs)Jrh(XT)Am} is continuous for any m € IN. Thus, to conclude
the proof it is enough to show that

sup |1, [ Jo" 9(Xe )d5+h(XT)} E, [ Jo" 9(Xa)ds+h(Xr) Am” -0, m— oo. (6.1)
yel
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Using (B1), for any € > 0 and sufficiently big m € IN, we get

sup E, [efoT 9(Xs)ds
yel

h(XT) _ eh(XT)AmH < QSZIF) E, |:efoT g(Xs/')dseh(XT)l{h(xT)gm}}
Yy

< 2¢Tllgll sup IE, [CT1{4T>m}] <e.
yerl -

Thus, we get (6.1), which concludes the proof. O

Let us now show the exemplary dynamics satisfying Condition (51).

Example 6.2. Let £ = R, G(z) = |z|, and the process (X;) be a Brownian motion.
Also, let K C E be a compact set and Lx := sup,cg |z|. Note that under P, we get
X; = x+W,;, where W is a standard Brownian motion (starting from 0). For the notational

convenience, for any T' > 0, we set (7 := SUPe(o,7] elXtl and Sy = SUPe(o,7] [Wi|, T > 0.
We show that for any 7' > 0 we get
Jim sup B [Crlierzeny] = 0. 6.2)
Note that, for any z € F and n € IN, we get
sup B [Crlgepseny] = sup By | sup el™™Wel1 w50
€K TEK te[0,T] '
< sup el B, [6ST1{STZH—LK}} . (6.3)
zeK

Moreover, we get that £, [esTl{stn—LK}] is independent of x € E. Thus, noting that
SUp,.c g el?l < oo, to conclude the proof of (6.2), it is enough to show

Eo [°7] < cc. (6.4)

Indeed, noting that Eg [T 1(g, ,_1,}] converges increasingly to Eq [¢°7] as n — oo,
and

Eo [¢°7] = Eo [e%" Lispcn—ric] + Eo €7 Lisyon-1.)]
from (6.4) we get lim, o Eo [€571{5;5n—1,}] = 0, which combined with (6.3) im-

plies (6.2).
Let us now show (6.4). Recalling that (—7) is also a Brownian motion, we get

E, [eST] <, {emax(supte[o,T] Wt’SuPte[o,T](*Wt))] < 2F, [esuptE[O,T] Wt] )
Recall that by reflection principle the distribution of sup,cy ) W: is equal to the dis-

tribution of |Wr|; see e.g. Proposition 3.7 in [23, Chapter III] for details. Thus, we
get

Eq [6ST] < 2K, |:€‘WT‘:| < 00,

which concludes the proof.

6.2 Examples for the Bellman equation

In this section we provide a series of computable examples related to the Bellman
equation. In particular, we show a dynamics with a non-unique solution to this equation.

First, we show an example, where there is a strict inequality between the maps u and
w given by (3.1) and (3.2). Recall that we already showed u < w.
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Example 6.3. Let £ = {1,2,3,...}, g=c>0and G(z) =z, € E. Let (X,,)nen be an
i.i.d. sequence of discrete Pareto random variables, i.e.

PIX,, = k] neN, kekFE,

1
- Ck?’
where C = Z;’;l k% = %2 is a normalizing constant. Recalling (3.2) and (3.1), let us
consider

u(z) ;= inf mE, e, z€E;
7€To

w(z) ;= inf liminfInE, [ec(m")+X””] , x€E.
TET) N—o0

Recalling (2.3), we get u(z) < w(z), € E. Let us show that this inequality may be strict.
First, we show that w(z) = z, € E. Recalling Theorem 3.3, we get

wie) = i T o),

where W, () := inf,<, InE, [e“ "], 2 € E. Also, using Proposition 3.1, for any n € N
and r € E, we get ¢”»+1() = Sen (1), where the operator S is given by Sh(z) :=
e® A e“E,[h(X1)] and Wo(z) = z. Noting that E,[eX!] = +o00, z € E, inductively we get
wWy(x) =, v € E, and consequently w(z) =z, x € E.

Second, note that for z € E\ {1}, p :=inf{n > 0: X,, = 1}, p; := P[X; = 1], and
¢ > 0 satisfying ¢ < —In(1 — p1) = 0.94, we get

eu(L) <E [ecn-‘rXTl] B [ecﬁ] = ezekbpl(l —p1)k !
k=1
1 c+1 1 : B < o0
L—e¢(1=p1)

Consequently, for x > In B, we get
u(z) <InB <z =w(x),

thus, there is a strict inequality between u and w.
To better explain this situation, we directly show that the process

Zppg = N Xt T e N

is not uniformly integrable, cf. Lemma 2.1. It is enough to show that

— Tm AT+X, _
I = nh_{go ;E%E |:€Cﬂ 1AT l{ec-rl/\T+XTl/\Tzen}} = +00.
Note that
L > lim sup e"P ey AT + X a1 > 1)
= lim supe” (P <T,er + X, >n|+P[n >T,cT + Xr > nl)
n— 00 TG]I\I
> lim sup e"P[r > T, Xr >n—cT).

Thus, setting A := {1} C E and for any n € IN setting 7" = [0.5n], where [z] stands for the
integer part of x € R, we get

L > lim e"P [7'1 > [0.5n], X[0.50) > 1 — 0[0.571]]

n— oo

Z lim e"IP [Xl € AC7 [N 7X[0.5n]71 S AC,X[O'E)H] = [n - 6[0571” + 1}

n—oo
1
= lim (1 — py)l0om-1 .
n—oo (1=p1) C([n — c[0.5n)] + 1)2
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Let a, = e"(1 — pl)[o'5”]’1m, n € N, and note that for b, := e™(1 —
p1)0'5”*1m, n € N, we get lim,,_,, = = 1. Also, we get
N o5 M 0.5
A == = im el =p) oy = el = e

Thus, noting that e(1 — p;)*® ~ 1.7 > 1, we get b, — oo, hence a,, — oo and L = +oo.
Consequently, the process (Zrar, ), T € NN, is not uniformly integrable.

In the next example we show explicit formulae for distinct solutions to the Bellman
equation in the discrete time setting.
Example 6.4.Let F = [0,400) CR, g=c>0and G(z) =, v € E. Let a € [0,1] and
(X»)nen be a time-homogeneous Markov process with a transition probability

P, X;=0l=0a,Py[Xi=2+1=1-a, z€kE.
Recalling (3.1) and (3.2), let us consider

u(z) ;= inf InE, [eCT+XT] , xekE;
T€To

w(z) := inf liminfInE, [GC(TA"HXM"] , z€FE.
TETH N—o0

Also, let K :=1n (ﬁ) note that this constant is well-defined if (1 — a)e® < 1. We
show that within this model

e Ifae0,1—e ¢, thenu(z) =2 =w(x), z € E;
s Ifac(l—e“1—e 1], thenu(z) =2 A K and w(z) =z, z € E;
e Ifac(1—e 1 1], thenu(z) =2 AK =w(z), z € E.

In particular, recalling Theorem 3.3, for a € (1 — e ¢, 1 — ¢~ "!] we get two distinct
solutions to the Bellman equation

e?(®) = % A ¢ (ae”(o) +(1- a)e”(”l)) , r€E. (6.5)

Namely, we get that both v and w satisfy (6.5), but u(z) < w(z) for x > K. In fact, in this
case we may construct infinitely many solutions to (6.5); see Remark 6.6. Also, it should
be noted that for a € (1 — e~“"1, 1] both functions « and w are bounded despite the fact
that G is unbounded from above.

Note that u(xz) = x corresponds to the situation when instantaneous stopping is
optimal; similar relation holds for w. Thus, we can see that for a small enough (relative
to ¢), immediate stopping is optimal. However, for sufficiently big « it is optimal to wait
until the process returns to zero; see the argument below for details.

For transparency, we split the argument into four steps: (1) proof of u(z) = z A K,
x € E, fora e (1—e¢1]; (2) proof of u(z) =z, x € E, for « € [0,1 — e~ °]; (3) proof of
w(z) =z,z € Efora € [0,1—e~*"1; (4) proof of w(z) = xAK,z € Efora € (1—e "1 1].

Step 1. We show that u(z) =2 A K, z € E, for a € (1 — e~ ¢, 1]. Recalling Theorem 3.3 it
is enough to show that lim, ., w, (z) = z A K, € E, where the sequence (w,,)nen is
recursively defined as

wo(x) =0, eLnr1@ = A ef(aen®) 4 (1 —a)en@tD) neN, zekE.
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Recalling Proposition 3.1, for any n € IN and = € E, we get w,,(x) > wy(xz) = 0. Thus,
noting that e(ae®n(®) 4 (1 — a)e2n(M) > e > 1, we get w,,(0) = 0 for any n € N, and
consequently

e2nt1(® — T A (a4 (1 —a)en@)) neN, zekE.

Let us now show that

L1 =T Attt peN, z € E, (6.6)
where
n—1
e = a(l—a)f b (1—a)" e, n=12,... (6.7)
k=1

First, note that by direct calculation we get e“»+1 > ¢°» and recalling that (1 — a)e® < 1,
we get e — X as n — oo. To show (6.6), we proceed by induction. For n = 1, we get

ew1(®) = T Aef =" Ne, z € E.

Let us now assume that the claim holds for some n > 1. Then, for x + 1 > ¢,, by direct
calculation, we get

eWn+1(?) = g% A e“la+ (1 —a)e™)=e"ANe"t', z€E.
Also, forx <c, —1<c¢,41 —1 < K —1, we get
eWn+1(®) = e A ef(a + (1 — a)e®).

Thus, to conclude the proof it is enough to show e¢(a + (1 — a)e®) > e® for x € [0, K — 1].
Let us define h(x) := e‘(a+(1—a)e* ™) —e?, x € E. Noting that h/(z) = e®(e“T 1 (1—a)—1),
we get that h is monotonic. This together with the estimates

h0)=c‘a+e‘(l—a)e—1>e(a+(1—a))—1=e-1>0;
h(K —1) = efa+ef(1 —a)el —ef1 = ae

_71_(1_0[)66(1—671) >0

shows h(z) > 0 for x € [0, K — 1]. Thus, forz < ¢, — 1 < K — 1, we get
ewnt1(®) = e A ef(a+ (1 — a)e”) = e® = e® A et

which concludes the proof of (6.6). Letting n — oo in (6.6) and recalling Theorem 3.3 we
getu(z) =z A K.

Step 2. We show that u(z) =z, x € E, for a € [0,1 — e~ ¢]. Noting that (1 — «)e® > 1 and
recalling (6.7), we get that ¢,, — oo as n — co. Thus, to conclude the proof it is enough to
show w,, ,(z) ;== x Acpy1, n €N, z € E. As previously, for x + 1 > ¢,, the claim follows
from direct calculation. For z + 1 < ¢, let us define h(z) := e‘(a + (1 — a)e®!) — e,
z € I/ and note that

B'(z) = e (et (1—a)—1)>0, z€EFE,

as e“T1(1—a) > e°(1—a) > 1. This, together with the inequality ~(0) > 0 shows h(z) > 0,
r € E. Consequently, we get w,, () := 2 A cp41, thus letting n — oo, we get u(z) = z,
zcE.

Step 3. We show that w(z) = z, € E, for a € [0,1 — e~“"!]. Recalling Theorem 3.3 it
is enough to show lim,,_, o W,(x) = z, © € F, where the sequence (w,) is recursively
defined as

Wo(z) =z, €U+1® = A (™ 4 (1 - )™=ty neN zcFE.
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Noting that a € [0,1 — e~¢"!] implies (e“™*(1 — a) — 1) > 0, we get
e“le(1—a)—1)> —ae®, z€E.
This inequality is equivalent to e“(a + (1 — a)e®**!) > e®, z € E, which implies
" Ae(ae’ + (1 —a)e® ) =e*, zcE. (6.8)

Using (6.8), inductively we get w,, (x) = z forany n € N and « € E. Thus lim,,_, o, W, (z) =
x, ¢ € E, and recalling Theorem 3.3 we get w(z) =z, z € E.

Step 4. We show that w(z) =z A K, x € E, for a € (1 — e~“"!,1]. Recalling that in this
case u(r) =z A K and u(z) < w(z), x € E, it is enough to show

liminf B, [e< X rwmn] = ™K g e B, (6.9)
n— o0

where 7 = inf{n > 0 : X,, € [0,K]}. For z € [0,K] we get Py[rx = 0] = 1 and
consequently E, [e“*T* x| = ¢®. For z > K we get

P.lrk =inf{n >0: X, =0}] =1.

Thus, forx > K and n > 1, we get

Eo (L= e™ ]+ 37 Ba [Lremme™ ]
1 k=n-+1

NE

Ez [ec‘rK/\nJrXTKAn]

k

o0
a(l _ a)k—leck + Z a(l _ a)k—lecn-i-z—&-n.
1 k=n+1

I
M=

b
Il

Noting that Y3 a(l — )1 = (1 — a)" and (1 — a)"e"“*) — 0 as n — oo, we get

n

liminf B, [e< "t Xrxan] = lim E a(l—a)f et =K 2> K,

which concludes the proof of (6.9).
Remark 6.5. Let 7 := inf{n € N : u(X,,) = G(X,,)} and let Z,, := ¢“"**», n € N. Using
the argument leading to (6.9) we may show that the process (Z,,1-), n € NN, is uniformly
integrable if and only if o € [0,1 — e~ €] U (1 — e~¢~1,1]. Thus, in this case the condition
from Theorem 3.6 is also necessary for the equality u = w.

Next, let 7 := inf{n € N : w(X,,) = G(X,,)}. One may show that the process (Z,,7),
n € NN, is uniformly integrable for any « € [0, 1]. In particular, for o € (1 — e ¢, 1 —e 1],
we get that uniform integrability of (Z,,,7), n € IN, does not imply the equality of v and
w; see Remark 3.7.

Remark 6.6. Let us focus on the model from Example 6.4 with o € (1 —e™¢,1 —e ¢ 1].
Define the function v : £ — R by

z, z€][0,K]UN,
v(z) =
K, otherwise.

We show that v is also a solution to the Bellman equation (6.5). Indeed, noting that
v(xz) = w(x) for x € N, where w(z) := z, x € F, and recalling that w is a solution to (6.5),
we get

e?(®) = w(®) = ¢ A ¢ (aew(o) +(1- oz)ew(“'l))
=e" Ne° (ae“(o) +(1- a)e“(‘”+1)) , z€N.
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Similarly, noting that v(z) = u(z) for x € E'\ IN, where u(z) := 2z A K, x € E, we get
eV = e A et (ae”(o) +(1- a)e“(mﬂ)) , zeFE\N.

Consequently, v is a solution to (6.5) and it is different from v and w; cf. Theorem 3.3.
Also, note that v is discontinuous. In fact, using similar logic we may construct infinitely
many (discontinuous) solutions to (6.5).

We conclude this section with the example for the non-uniqueness of a solution to the
continuous time Bellman equation.

Example 6.7. In this example we use the dynamics from Example 6.4 to get a piecewise
deterministic (piecewise constant) continuous time Markov process X on the state space
E :=[0,+00). In a nutshell, under the measure P,, the process X starts at x € F and
stays at this state up to the exponentially distributed time 7;. At 71, the process is subject
to the immediate jump, with after jump state equals to 0 with probability a and equals to
x + 1 with probability (1 — «). Then, the process stays at the new state with independent
exponentially distributed time and the procedure repeats.

Let us now provide more details on the process construction. First, let (Y;,) be a
discrete time Markov process with dynamics studied in Example 6.4, i.e.

P,Y1=0=¢a,P,[Y1=2+1=1-a, xz€E,

for some « € [0,1]. Also, let (7,)52; be an increasing sequence of non-negative random
variables. We assume that under any P,, « € F, the increments (7,41 — 7,), n € IN, are
exponentially distributed with (common) parameter A > 0; note that here we follow
the convention 7y = 0. Also, we assume that under any P,, « € E, jump times (7,,) are
independent of (Y,,). Finally, we define the process X as X; := Y, for t € [r,,7h+1).
We refer to [10] for a more detailed discussion on the piecewise deterministic Markov
processes.

By analogy to Example 6.4, we set g = d with d € (0, \) and G(z) =z, = € E. Also, we
consider the continuous time optimal stopping problems

u(z) ;= inf In B, [e¥T*"], z € F. (6.10)
w(x) := inf liTm inf In B, [ D+ Xonr] - g e B (6.11)
T — 00

Due to the non-negativity of d, it is optimal to stop only at the times when the process is
subject to a jump. Thus, the problem may be embedded in the discrete-time setting with
the corresponding Bellman equation of the form

e'u(z) — e:L’ /\Ex |:6d71+U(X71):| , xTr € E (612)

Using independence of (Y,,) and (7,,) and the fact that 7; is exponentially distributed, for
any r € I/, we get

E, [ed”‘*“(xn)} =E, [edﬁ +"’(Yl)} = /OO e A=) gy (ae”(o) + (1 - a)e'“(‘”“)) )
0

Thus, Equation (6.12) could be rewritten as
e?(®) = ¢e® A A (ae”(o) +(1- a)e”(mﬂ)) , z€E.
A—d
Note that setting ¢ :=In A — In(A — d), we get

e?(®) = % A ef (oze”(o) +(1- a)e”(mﬂ)) , z€ kb, (6.13)
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which coincides with (6.5). Thus, recalling the discussion in Example 6.4, we get the
continuous time dynamics with multiple solutions to the corresponding Bellman equation.
More specifically, using a suitable embedding, it can be shown that solutions to (6.13)
satisfy

'@ = infE, [Tt <y XrtlznvX) | ¢y >0 2 € B, (6.14)

which is a version of (5.1) corresponding to (6.10) and (6.11). Since by Example 6.4 we
get multiple solutions to (6.13), we also get multiple solutions to (6.14).

7 Additional results and deferred proofs

In this section we present the proof of Proposition 4.1. This is an extension of the
results from [17], where the function G is assumed to be bounded from above; see
Propositions 10 and 11 therein. Throughout this section we assume (A1)-(A3).

For any n € IN and T > 0, let us define bounded versions of (4.3) and (4.4) by

vh(e) = inf InE, {efo*9(X5>d5+1{f<T}G<XT>A"} : T>0z¢E, (7.1)
vp(x) = inf Inf, [efng(Xs)ds+G<X*>A"] : T>0,z¢€kE. (7.2)

We summarise the properties of v7. and 77 in the following lemma. For the proof, see
Proposition 11 and Remark 12 from [17].

Lemma 7.1. Let n € IN and let the functions v} and v7 be given by (7.1) and (7.2),
respectively. Then

1. The function (T, x) — vl.(x) is jointly continuous. Moreover,
rp =inf{t > 0: vy ,(X¢) = G(X) An}p AT (7.3)
is an optimal stopping time for v7.
2. The function (T, z) — ©7(x) is jointly continuous. Moreover,
T =inf{t > 0:vp_,(X:) > G(X¢) An} (7.4)
is an optimal stopping time for v7.

Let us now link the functions v and v7 with w; and wr.

Lemma 7.2. Let the functions w; and wr be given by (4.3) and (4.4), respectively. Also,
let the sequences (v}) and (v}) be given by (7.1) and (7.2), respectively. Then, for any
x€ FEandT >0, we get

wp(z) = lim vp(z) and wr(z) = lim vp(z).
Proof. We present the proof only for w,; the proof for wr is analogous and omitted for
brevity.

Let us fix T > 0 and =z € E. Also, let us define the family of events A, :=
{supcpo,r) G(X¢) < n}, n € N. For any n € N we get A, C A,41. Moreover, using
cadlag property of X, continuity of G, and the fact that T' < oo, we get P, [U22,A4,,] = 1.

Recalling Lemma 7.1 and using right continuity of X, on the event {7/ < T'}, we get
Vp_pn (Xrn) 2 G(X7p) An. Thus, on the event A, N {z7 < T} we get

n
T

Q?tlzgz (Xzp) = Q?fzg (Xep) =2 G(Xpp) An=G(Xpp) = G(Xpp) A(n+1),
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hence 7t < 7 on A,, N {7} < T}. In fact, we get 7t < 7% on A,,; this follows from
the fact that on A4, N {7} = T'} directly from (7.3) we get I?H < T = 7}}. Thus, acting
inductively, for any k > 0 we get 777" < 72*% on A,,. Thus, the limit 7 := lim,, o 7%
is well defined. Then, using right continuity of X and Fatou Lemma, we get

eur@) < [e 0T g(xs>ds+1{iT<T}G(XiT>]

T"n,
=E, [lim elo” 9<X3>d8+1{T%<T}G(XT%>M]

n—oo
< liminfE, |efo " 9X)dst g enyGXaAn | _ 0 (@) < gur(e)
- n—oo n— o0 — )
which concludes the proof. O

Let us now show a useful result characterising an optimal stopping time for the finite
horizon stopping problem with possible discontinuity at the terminal point.

Lemma 7.3. Let h : E — R, be a continuous function satisfying h(-) < G(-). Also, for
any T > 0, let us define

vr(z) = inf InE, [GJ'J 9(X)ds 11y GX)H oy h(XD) | g e B
T

Assume that the map (T,x) — vr(x) is jointly continuous. Then, for any T > 0 the
stopping time
TT ‘— lnf{t 2 0: UTft(Xt) 2 G(Xt)} AT

is optimal for vr(x), © € E. Moreover, for any T > 0 and « € E, the process

ZT(t) — e nT Q(Xs)dS“l’UT—tAT(Xt/\T)’ t>0

is a P,-submartingale and (zr(t A 7r)), t > 0, is a P,-martingale.

Proof. The argument is partially based on the third step of the proof of Proposition 11
in [17]. For transparency, we present it in detail.
We start with showing optimality of 7. For t € [0,T], let us define

yr(t) := ef(;’ 9(Xs)ds+1(1<ry G(Xe)+ 1=y h(XT)

Using argument from [13] one can show that zr is the Snell envelope of yr. In particular,
from Theorem 2 from [12], we get that (zr(t)), ¢ > 0, is a submartingale. Also, using
Theorem 4 from [12], we get that

Tro=1nf{t > 0: 2p(t) > —e +yr(¢)}
is an e-optimal stopping time for ¢7(*), for any ¢ > 0, 7' > 0, and = € E. Thus, setting
75 = inf {t >0 e tX0) > (—g) . e Jo9(Xa)ds eG(X‘)} , (7.5)
we get 77 = 77 AT. Now, noting that %;1 > %;2, whenever 0 < g7 < g5, we may define
T = laiﬁ)li'fp ANT = lei,ll})lT%.

Let us now show that 7 = 7p. For any ¢ > 0, on the event {%751 < T}, recalling (7.5),
continuity of (T, z) — vr(z) and x — G(z), and right-continuity of (X;), we get

eUT_+’§“ (X":%) > (—5) e f0+T 9(Xs)ds + eG(X+:7“), (76)
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Thus, on the set {77 < T}, letting ¢ | 0 in (7.6), we get 771 (X71) > ¢G(X21)  Since
vr(xz) < G(z), forany z € E and T > 0, on the event {7r < T}, we also get vr_z,(X7,.) =
G(X#,). Recalling definition of 77, we get 7 < 7. Noting that 75 < 7p, for any ¢ > 0,
and letting ¢ — 0, we get 7p = 7.

Now we show that 7 = 7 is optimal for vy. Using Fatou Lemma we get

lim (e*7®) + ¢) > lim inf I, [efoT g(Xs)dSH{T%<T}G(XT%)+1{T%T}h(XT)}
e—0 e—0

> B, [limiglf o™ 9<Xs)ds+1{f%<T}G<Xr%>+1{r%T}’L(XT)} . (7.7)
e—

Note that fOT; 9(Xs)ds — ng g(Xs)ds as ¢ | 0. Also, recalling monotonicity of £ — 75, on
the event A := {Je: 75 = T'}, we get

limy (1{T%<T}G(XT%) + I{T:?:T}h(XT))
= lim ey h(X7) = Lz oy h(Xr)
= Uop<yG(Xsr) + Lizp=ryh(X1).

Similarly, using quasi-left continuity of X and recalling that G > h, on the event A¢ =
{Ve: 75 < T}, we get

lim (1{T;<T}G(Xr;) + 1{7—;:T}h(XT))
= lim G(X;) = G(Xz,)
2 1 eryG(Xep) + 1ip=m (X7).

Thus, from (7.7), we get

hm(evT(z) + 5) >E, |e 5T Q(Xs)d5+1{+T<T}G(X7"T)+1{€-T:T}h(XT):| > eV (%)

e—0
and 7 = 7 is optimal for vp.
Finally, let us show martingale property of (zr(t A 71)), t > 0. Noting that for any
t >0 we get zp(t A rp) < eTl9ll SUD;[0, 7] e“(X+) and using (A2), we get that the process
(zr(t A7r)), t > 0, is uniformly integrable. In particular, recalling that 7r is optimal for
vr(z), z € E, we get

E,[z7(0)] = ') = T, [efoTT g(X.<)dS+1{TT<T}G(XTT)+1{TT=T}h(XT)}

—E, [efJT g(xs)dswpw(&ﬂ}

T AL

—E, [hm ol g<x5>ds+vT7,TM<xTTM>}
v lt—oo

= tli}m E, [zr(t ATr)]. (7.8)

Also, using submartingale property of (21 (t)), t > 0, and Doob optional stopping theorem,
forany ¢t,h > 0 and = € F, we get

ZT(t A TT) <E, [ZT((t + h) A TT)|]:t] . (7.9)

Thus, we get E, [27(t A mr)] < E, [20((t + h) A 7r)], which combined with (7.8) shows
E, [zr(t A7r)] = Ey [20((t + h) A 7r)] for any ¢t,h > 0. Thus, we have equality in (7.9),
which concludes the proof. O
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Now we are ready to show the proof of Proposition 4.1.

Proof of Proposition 4.1. We present the proof only for w,(z); the argument for wr(z)
is similar and is omitted for brevity. For transparency, we split the argument into three
steps: (1) proof of monotonicity and continuity of 7' — wq () for fixed © € E; (2) proof of
continuity of z — wq () for fixed T > 0; (3) proof of joint continuity of (T, z) — wr(x),
optimality of 7, and martingale characterisation.

Step 1. Monotonicity and continuity of T' — w,(z) for fixed € E. First, we prove
monotonicity property of T — wy(x). Let T,u > 0 and let 7. < T be an s-optimal stopping
time for e27(®), Then, using the fact that g, G > 0, we get

er—u(®) < [efJf“T‘“’g(xs)dsﬂ{,g@w}c:(xfg)}
<E, [efr? 9<Xs>ds+1m<T}G<Xﬁ>] < ewr(® 4 (7.10)

Letting € — 0, we conclude that 7' — w(x) is non-decreasing.

Second, we show continuity of 7' — wy(x). Recalling that by Lemma 7.1 and
Lemma 7.2, for any x € E, the function 7" +— wy () is an increasing limit of continuous
functions T — v’:(x), we get that T — wy(z) is lower semicontinuous. This, together
with the fact that T — wy(z) is non-decreasing, shows left continuity of T — w(x).
For the right continuity, let 7. < T be an e-optimal stopping time for er (@) Using
monotonicity of wy, boundedness of g and (A2), we get

. . . . Tetu
ewr(®) < Jim e@ra®) < lim B, {e 0 g(Xs>ds+1{Tmaﬂ}c:(x%w)]
ul0 ul0

=, [e 0" Q(Xs)d5+1{ra<T}G(XTE)] < er(®) 4 (7.11)

note in the second line we used bounded convergence theorem and the fact that (X;) is
right continuous. Letting ¢ — 0 we get right continuity of T — w(x), for any = € E.

Step 2. Continuity of « — w(x) for fixed T > 0. As in the first step, recalling Lemma 7.1
and Lemma 7.2, we get that, for any 7 > 0, the function z — w(z) is lower semicontin-
uous. To show upper semicontinuity we use dyadic approximation of w;. For any m € IN
and T > 0, we set

wi(z) := inf InlE, eld g(XS)dS+1{T<T}G(X*)} , r€E, (7.12)
TETM
where 77" is the family of stopping times taking values in [O, 2%, 5—,7,:, .. ,T]. We show

that, for any 7' > 0 and m € N, the map x w?(m) is continuous. Let us fix T > 0,
m € IN, and define recursively the sequence of functions

wo(z) =0,
T .
e’[[)ﬁf(x) — ]E:c €f02 ' g(Xs)ds+7'E%~1(X277"n)‘| A eG(gr;)7 ] — 17 el om .
By (A3), the function z 15{}(:5) is continuous, for 7 = 1,...,2™. Also, using standard

iteration arguments (see e.g. Section 2.2 in [25]) one can show that w7} = @%m, which
implies continuity of z — wi(z).

We now show that lim,, ., w}(z) = wp(z) for any z € E and T > 0. This together
with continuity of z — w/*(z) and the fact that (w4} (z))men is monotonically decreasing,
shows upper semicontinuity of z — wy(z). Let € > 0 and 7. < T be an ¢-optimal stopping
time for e27(®) For any m € IN, we set

. 2"72 .
=inf{re T T > 1.} = ijl 1{%(j71)<%§2%j}2%].
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Noting that 7" < T, for any z € E, we get
0 < eur (@) _ owr ()
<E, [efof;n g(Xs)ds+1{rg“<T}G(X-rgn):| —E, [6 e g(Xs)ds+1{TE<T}G(XTE)] +e
_ EI |:€f07'sm 9(Xs)ds <81{72L<T}G(Xrg") _ 61{75<T}G(XTE)>:|
VE, {efofs 9(X,)ds (ef;;" g(Xs)ds _ 1) 61{78<T}G(XTE)} Te
<E, [efrfgn 9(Xs)ds (el{rz"mG(Xf;L) _ 61{75<T}G(X75))}

¥ (eww) + 5) (e%\lgﬂ - 1) +e. (7.13)

For any T > 0 and z € E, we get (e2r(®) +¢) (ewlnug” - 1) — 0 as m — oo. Also, noting
that 77" | 7. and using (A2), we get

E, [efoTE 9(X)ds (el{rgﬂd}G(XT;“) - elma}G(ng)ﬂ
< E, |:ef075'9(xs)ds (el{fa<T}G(XT§”) — el{fs<T}G(er))}

< Tl g, ‘eG<XT?) — G| 50, m o o (7.14)

Consequently, letting ¢ — 0 in (7.13), we conclude the proof of this step.

Step 3. Continuity of (7, z) — w(z), optimality of (4.5), and martingale characterisation.
Let the sequence (T;,) C R4 be monotone and such that 7,, — 7T, and (x,,) C E be such
that z, — = € E. Using continuity of z — wy(z) and monotonicity of T — wq(z), from
Dini’s theorem we get that the convergence of wy (z) to wy(z) is uniform in x from
compact sets; see Theorem 7.13 in [24] for details. Thus, we get

lwr, (zn) —wp(z)| =0, n— oo, (7.15)

which shows continuity of the map (7, z) — wy(z). Thus, using Lemma 7.3 we get that,
for any T' > 0 and « € E, the stopping time 7 is optimal for w(x), the process z,(t) is
a P,-submartingale and z;(t A ) is a P,-martingale, which concludes the proof. O
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