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Gaussian fluctuations and a law of the iterated
logarithm for Nerman’s martingale in the
supercritical general branching process”
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Abstract

In his, by now, classical work from 1981, Nerman made extensive use of a crucial
martingale (W;):>0 to prove convergence in probability, in mean and almost surely,
of supercritical general branching processes (also known as Crump-Mode-Jagers
branching processes) counted with a general characteristic. The martingale terminal
value W figures in the limits of his results.

We investigate the rate at which the martingale, now called Nerman’s martingale,
converges to its limit W. More precisely, assuming the existence of a Malthusian
parameter o > 0 and W, € L2, we prove a functional central limit theorem for
(W — Wits)ser, properly normalized, as ¢ — oo. The weak limit is a randomly scaled
time-changed Brownian motion. Under an additional technical assumption, we prove
a law of the iterated logarithm for W — W4.
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1 Introduction

The general (Crump-Mode-Jagers) branching process is a classical model for an evolv-
ing population. The process starts with one initial ancestor at time 0 which produces
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Gaussian fluctuations of Nerman’s martingale

offspring at the times of a point process £ on (0, o0). Every other individual in the process
reproduces according to an independent copy of £ shifted by the individual’s time of
birth. The model contains a variety of other models such as Galton-Watson processes,
age-dependent branching processes, Bellman-Harris processes and Sevast’yanov pro-
cesses. Counted with a random characteristic the general branching process offers
a lot of flexibility in modelling and allows considerations of, for instance, the number
of individuals in the population in some random phase of life or having some random
age-dependent property. We refer to [17] for a textbook introduction.

The weak and strong laws of large numbers for supercritical general branching
processes counted with a random characteristic were given by Nerman [22]. Assuming
the existence of some « > 0 such that m(a) = 1 where m is the Laplace transform of the
intensity measure of the reproduction point process &, these laws exhibit exponential
growth of the order e** of the process, i.e., o is a Malthusian exponent. Key to the proof of
these results is a crucial martingale (W;);>o, nowadays called Nerman’s martingale. The
martingale limit W appears in the aforementioned weak and strong laws. Further, the
rate of convergence of the martingale to its limit is relevant for the rate of convergence
in the weak law of large numbers for the general branching process [16].

Recently, Janson [19] studied the fluctuations of supercritical general branching
processes in the case where £ is concentrated on a lattice. A natural first step towards
extending Janson'’s results to the non-lattice case is to investigate the asymptotic fluc-
tuations of Nerman’s martingale around its limit. In the paper at hand, we address
this problem by proving a functional central limit theorem with a deterministic scaling
for W — W;. This functional limit theorem is complemented by a law of the iterated
logarithm.

The results of the present paper are analogous to those for Biggins’ martingale in
the branching random walk [13]. Fluctuations of the latter martingale, also at complex
parameters, have received a lot of attention lately [14, 15, 24]. The endmost paper
[24] is in the more general context of weighted branching processes. Predecessors of
these results are central limit theorems for the classical martingale in the Galton-Watson
process [10, 11, 12]. There are further rate-of-convergence results for multitype Galton-
Watson processes, we refrain from providing references here and refer to the discussion
in [21] instead.

Closely related to Biggins’ martingale in the branching random walk is the derivative
martingale, the fluctuations of which have been addressed in [6]. The counterpart for
the derivative martingale in branching Brownian motion is contained in [21]. Rate-of-
convergence results for more complicated branching processes, including branching
diffusions and superprocesses, can be found in [23] and the references therein.

2 Model and assumptions

We begin by introducing the standard Ulam-Harris notation in the context of the
general branching process. We mainly follow [18]. Let 7 := UHEJN(J IN" be the infinite
Ulam-Harris tree where N = {1,2,...}, Ny = NU {0}, and N’ = {@} contains only the
empty tuple, which we denote by @. We identify individuals in a population with their
descent, which is encoded by elements of Z. For instance, & is the label of the ancestor,
and if u = (uy,...,uy) € Z, then u is the u,,th child of the w,,_;th child of ... of the

uith child of the ancestor @. We abbreviate u = (u1,...,Un) by uy ... u;, and set |u|
for the generation of u. Here, |u| = m. Similarly, if v = (v1,...,v,), we write uv for
(U1,...,Um,v1,...,0,). Further, if k < m, we write u|; for u; ... u, the ancestor of u in

the kth generation. If u = v|,, for some 0 < m < |v], i.e., when u is an ancestor of v, then
we write v < v, and say that v stems from u. For a subset F' of Z, we say that v stems
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from F, and in this case write F' < v, if u < v for some u € F. For F,L C 7, we write
F < Lifevery v € L stems from some u € F'.

2.1 The model

Let (2, F7,P) be a probability space on which a family (&, ),cz of independent, iden-
tically distributed (i.i.d.) point processes on (0, o) is defined. Formally, each &, is an
integer-valued mapping &, : 2 x B((0,00)) — [0, oc] such that

* for fixed w € Q, &, (w,-) : B((0,00)) — [0, ] is a measure,

» whereas, for each Borel set B € B((0,0)), the map &, (-, B) : @ — [0, o] is a random
variable.

Here, B((0,00)) is the Borel o-algebra of (0, 00). We write &, = Zlivz(qf) Ox,(u foru el

where N(u) := £,((0,00)) is a random variable taking values in INg U {cc}. For conve-
nience, we abbreviate { to {, N(@) to N, X (&) to X}, etc. Further, we define S(u), the
time of birth of individual u, recursively via

S(@):=0 and  S(uk):=S(u)+ Xi(u) forueZandk e N

with the convention that Xy (u) := oo if k > N(u). If u € Z with S(u) = oo, then individual
u is considered never born. We define G,, := {u € IN" : S(u) < oo} to be the nth
generation individuals, n € Ny. Further, G := | G,, denotes the set of all individuals
that are ever born. We set

nelNg

T :={u € Z:S(uljy-1) <t < S(u) < oo}

to be the coming generation at time ¢, that is, Z; is the set of particles born after ¢ whose
parents were born at or before time t.

Later on, different filtrations will be important. We call a subset L C 7 a line if u A v
for all u,v € L with u # v. For any line L, we define 7y, := o(&, : L A u). The o-algebra
F1 contains all information about the individuals up to and including the line L in the
genealogical tree, but is independent of all information that comes after that, i.e., after
crossing the line L, for instance, the relative birth times of individuals descended from
an element of L. Of particular importance are the o-algebras with L = IN”, the nth
generation,

Fn = Fnn = 0(& ¢ Jul <n), n € INy. (2.1)

The family (F,)nen, forms a filtration of (2, F). We set F := o(F, : n € N). The
second filtration is the counterpart of the first when the nth generation is replaced by
the coming generation at time ¢. To formally introduce it, we first recall the notion of an
optional line. An optional line 7 C 7 is a random line with the property that, for every
deterministic line L C Z, it holds that {7 < L} € F;. For instance, for every t > 0, the
coming generation at time ¢, 7, is an optional line. Indeed, for every line L C 7, we have

(T, 2 L} = ({Z 20} = ({S() > t} € Fu.

vel veL

We follow Jagers on p. 190 of [18] and define, for an optional line 7,
Fr={AeFu: AN{J <X L} € F, for alllines L C T}.

A key result for us is the strong Markov branching property at optional lines, Theorem
4.14 in [18]. Finally, for t > 0, we set H, := Frz,.
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2.2 Basic assumptions

Let u(-) :== E[£(-)] be the intensity measure of the reproduction point processes. It is
a measure on 5((0,c0)). Throughout the paper, we assume that x is not concentrated on
any lattice hINg, h > 0. This assumption is for convenience only, all results have lattice
counterparts. We define

m(f) := / e % pu(dt), 6>0. (2.2)
(0,00)

The function m is the Laplace transform of the intensity measure pu.
Consider the following assumptions:

(A1) The process is supercritical, i.e., E[N] = u((0,00)) > 1.

(A2) There exists a Malthusian parameter « > 0, i.e., an a > 0 satisfying

m(a) = / e p(dt) = 1. (2.3)

(O,M)
(A3) The (right) derivative at § = « of the Laplace transform m is finite, i.e.,

m'(a) := — / te” " pu(dt) € (—o0,0). (2.4)

(0,00)
(A4) The (random) Laplace transform of ¢ at # = « has positive and finite variance, i.e.,
N 2 2
0<o?:= E{(Zeaxkq) ] = E[( / eatg(dt)—1> } < 0. (2.5)
k=1 000
(A5) There exists a nonincreasing Lebesgue integrable function g : [0, 00) — (0, 00) such

that N
E{ Dpr €l x,) (1)

sup

. 2.6
t>0 g(t) } = 0

Throughout the paper, we shall assume that (A1) through (A3) hold. Assumption (A1)
guarantees that the survival set S defined by

S ={G, # @ foralln € Ny} 2.7)

satisfies P(S) > 0. While assumption (A4) is required for the central limit theorem for
Nerman’s martingale, (A5) is additionally used in the proof of the law of the iterated
logarithm.

2.3 Nerman’s martingale

Recall that Z; is the coming generation at time ¢, i.e., the collection of labels of
individuals born after time ¢t whose parents were born up to (and including) time ¢. Put

W, == Z e~ >0, (2.8)
u€Ly

The family (Wt,’Ht)tZO is a nonnegative martingale (Proposition 2.4 in [22]), called
Nerman’s martingale. It converges almost surely (a.s.) as t — oo to a finite limit W > 0
(Corollary 2.5 in [22]). For later use, we stipulate W; := 1 for t < 0. The martingale
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is a pure jump process almost surely taking values in the Skorokhod space D(R) of
right-continuous real-valued functions with left limits at every point (cadlag functions).
With probability one, there are only finitely many jumps on every given compact set.

Indeed, the martingale jumps at ¢ > 0 only if, for some n € N, there are uy,...,u, € G
and S(u;) =t for j =1,...,n. In this case
AW =W, — Wi = Z e~ S(u) (Z e~ Xk (ug) 1).
j=1 k>1

Almost surely, there are only finitely many « with S(u) < ¢ for any ¢t > 0. Indeed, by the
many-to-one lemma [25, Section 1.3], there is a zero-delayed random walk (S,,),ecn, On

R with increment law P(S,, — S,,—1 € dz) = e~ p(dz), E[S1] = —m/(a) > 0 and
E[N] = ZE[ > ﬂ{S(u)St}} < eatZE{ > 6_“5(“)1{s<u>§t}}
n>0 |u|=n n>0 |u|=n
=e™ ) "P(S, €(0,1]) < 0.
n>0

The process (IV;);>¢ is also a natural example of a process the limit of which is given by
a constant multiple of Nerman’s martingale. Indeed, if (A1) through (A5) hold ((A4) is
not needed), Theorem 5.4 of [22] implies that e~ N, - ——W a.s. as t — oo.

—am/(a)

2.4 The connection with Biggins’ martingale

Nerman’s martingale is related to the corresponding Biggins martingale (Z,,, Fy)nen,,
where
Zn= Y e, nelN,. (2.9)
|u|=n
Since the Biggins martingale is nonnegative, it converges a.s. to a finite limit Z > 0 with
E[Z] < 1. Further, it holds that W = Z a.s. by Theorem 3.3 in [8].
What is more, if (A1) through (A4) hold, then
2
m(2a) =m(2a) < 1.
m(a)?
and in view of Theorem 1 in [3] or Theorem 2.1 in [20] it holds Z,, — Z in L?. In
particular, E[W] = E[Z] = 1 and Var[W] = Var[Z] = E[(Z — 1)?] < cc. Using the fact that
martingale increments are uncorrelated, we calculate Var[W] as follows:

o3 = Var[W] = E[(Z — 1)%] = Z E[(Zn+1 — Zn)?]
n>0
2

_ ZE[ 3 e—2a5<“>]E[(21 1) = #(20) (2.10)

n>0 |u|=n
where 02 = E[(Z; — 1)?].

2.5 Fluctuations of Nerman’s martingale

Recall the notation F, := o(F, : n € INy) and denote by £(X) the law (distribution)
of a random variable X. If X, X}, ¢t > 0 are real-valued random variables, we write

L(X:|Ht) = L(X|Fs) in P-probability as t — oo (2.11)
(in words, ‘the distribution of X; given H; converges weakly to the distribution of X

given F, in P-probability’) if E[f(X;)|H:] & E[f(X)|Fx] as t — oo for every bounded
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continuous function f : R — R. Notice that (2.11) implies X; % X as t — oo, where %
denotes convergence in distribution in R.
Theorem 2.1 gives the asymptotic fluctuations of (W;);>o.

Theorem 2.1. Suppose that (A1) through (A4) hold. Then

0.2

(e 2w —wi) [#) = £(( W)1/2 X | ) (2.12)

—am/(a)

in probability as t — oo where X is standard normal and independent of F,.
Convergence in distribution of e**/>(W — W;) as t — oo can be strengthened to

convergence in distribution of the stochastic process (e®*/2(W — W;,))scr as t — oo in

the Skorokhod space D(R), equipped with the J;-topology (Chapter 12 in [5]). We write

‘=’ to denote convergence in distribution of random elements in this space.

Theorem 2.2. Suppose that (A1) through (A4) hold. Then

o2

(VW — Wips))ser = ((714/)1/23 ) t— (2.13)
_ s o—as as .

¢ ts))seR —am/(a) s€R >

where (B;)s>0 is a standard Brownian motion independent of W.

Finally, we deal with the almost sure fluctuations of Nerman’s martingale, namely,
we formulate a law of the iterated logarithm.

Theorem 2.3. If (A1) through (A5) hold, then, a.s. on the survival set S,

at/2 ) 2 1/2
limsup ——— (W — W,) = (LW) : (2.14)
t—oo +/Iogt —am/(«)
at/2 202 1/2
hminfei(Wth):f(LW) . (2.15)
t—oo +/logt —am/(«)

Remark 2.4. It can be checked that E[(W — W;)?] = Var[W]E[ Y, .7, e 2*")]. Hence,
by Lemma 3.1 below, e E[(W — W,)?] converges as t — oo to a positive constant. Thus,
logt in (2.14) and (2.15) can be replaced by the asymptotically equivalent function
log (|log E[(W — W;)?]|). This demonstrates that Theorem 2.3 is indeed a law of the

iterated logarithm.

3 Proofs of the main results

We start this section with some basic notation and discussions.

3.1 Preliminaries

The shift operators

Suppose that v is a function of (¢,),cz, all offspring point processes. For a given u € Z,
we write [¢], for the very same function but applied to ((£,y)vez)- In other words, [], is a
shift operator that shifts the ancestor to u. For instance, we have [Z], =}, _; e~ aXo(u),
Further, [Z], = lim,_0[Zn]. a.s. and [W], = lim;_,[Wy], a.s. are the limits of the
shifted martingales. Here,

Wil= 3 emoSta=-sw) 4>,
'Ue[It]u

If ¢ is a function of a real variable ¢ and (&,)vez, i€, ¥ = f(t,(§v)vez) for some
function f, then we write [¢.],, ot for f(¢, (£u)vez)- This is particularly useful when ¢ is
replaced by a function of S(u), for instance, in this notation, we have [¢.], o (t — S(u)) =

f(t - S(u)a (guv)vEI)'
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Crump-Mode-Jagers processes

For a function v as above we may now define th’ the general branching process counted
with a characteristic 1) (or the Crump-Mode-Jagers processes) by setting

20 = [Wluo(t—S(u)). (3.1)

u€el

The classical Nerman'’s result states that, under suitable assumptions,

P —a
ZP = — @) x/]E[wt}e tdt a.s.

Recursive decomposition

With this notation, one deduces the following decomposition for W,,., valid for ¢, > 0,

Wipr = Z e SMIW, 1y ]y o S(u). (3.2)
u€l,

Passing to the limit as » — oo, we infer (after a careful inspection, see Section 14 in [4]
or Lemma 4.2 in [1])

W= e MW, as. (3.3)
u€Ly

if (A1) through (A3) hold and E[Z; log™ Z;] < .

Nerman’s martingale as an L?-martingale

If (A1) through (A4) hold, then, according to the discussion preceding (2.10), W = Z € L2.
Further, W, = E[W|H,] a.s. for all t > 0, i.e., (W;);>0 is an L?-bounded martingale and
hence convergent in L? (with limit W, of course). We write v; := Var[W;] = E[(W; — 1)?]
for the variance of W;, t € R. Since ((W; — 1)?);>0 is a right-continuous submartingale,
the function ¢ — v; is nondecreasing and right-continuous. We now identify v; for
some relevant values of t. Trivially, v; = 0 for t < 0. Further, since Wy = Z;, we have
vp = Var[Z;] = 0. From W; — W in L? and (2.10) we finally deduce

Voo i= lim E[(W; — 1)} = E[(W — 1)] = 0}y = —Z 5. (3.4)

t—o0

Moreover, Doob’s maximal L2-inequality (with p = 2) gives

E[sup(VVs - 1)2} <AE[(W —1)?], (3.5)

s>0

i.e., My = supyc,<; W, — 1] € L?.

3.2 Fluctuations of Nerman’s martingale: proofs

We start with an auxiliary result derived from Nerman'’s law of large numbers for the
general branching process.

Lemma 3.1. Suppose that (A1) through (A3) hold. Then

1—m(2
et Z e 205(u) py L/(O[)W ast — oo. (3.6)
u€eZ —am (OZ)
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More generally, if f € D(R) is a nonnegative bounded function, then, as t — oo,

W al X
et Ze 205() £(1—S(u)) & m/(a)E[Ze_QaX’“/O e flr—Xy)dz|. (3.7)
k=1

u€Ly
The convergence in (3.7) (and thus also in (3.6)) holds in the stronger
+ L' sense if B[Z, log™ Z,] < o0,

e almost sure sense if (A5) holds.

Proof. Define
N
o(t) =0 Y e Nl ) (Df(t — Xi), tER
k=1
and notice that, for any ¢ > 0, with || f| o = sup,er f(2),

B s < E[ZX} 1floo = m@a)lfloe <00, (3.8)

s<t

that is, Condition (3.2) in [22] holds. Further, for¢t > 0,

N
Ele~¢(t)] = eo‘tIE){ZC_MX’“]l[O,Xk)(t)f(t - Xk)} =™ / e T2 f(t — a) u(dz)

k=1 (t,00)

is cadlag as a function of ¢ by the dominated convergence theorem. On the other hand,
the inequality

N

k=1
N
<l B S o] = I [ e utao)
k=1 (t,00)

together with (2.4) shows that the nonnegative cadlag function ¢ — Ele~*¢(t)] is
bounded from above by a directly Riemann integrable function on [0, o), hence it is
directly Riemann integrable on [0, o0). Consequently, the assumptions of Theorem 3.1 in
[22] are satisfied. The cited theorem gives that, as t — oo,

ot Z e—QaS u)f — e~ Z _ e—atz;lﬁ

u€Ly ueg
W oIS axe [
B % E e ¢ ’”‘/ e f(x — Xp)dzx|. (3.9)
“ni(a) [; g & TEmX)

In the special case f = 1, we find

_ _ k 1—m(2a)
et § 2aS (u) LN E 2aXy, az _ %%
€ —m/( { ¢ / € dx} —am/(a) (3.10)

u€Ly
As for the L!-convergence, use Corollary 3.3 in [22].
Finally, we pass to the a.s. convergence. Since ¢ is cadlag and

N

N
e e(t) = ey e N gy () F(t— Xi) < [ flloe Y e g x,) (1),

k=1 k=1
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condition (2.6), which is Condition 5.1 from [22], entails

| <

This is Condition 5.2 from [22] with the particular ¢ and h = g. Thus, the assumptions of
Theorem 5.4 in [22] are satisfied. According to this theorem, the convergence in (3.6)
holds also in the almost sure sense. O

The lemma has the following corollary, which we use in the proofs of Theorems 2.2
and 2.3, but not in the proof of Theorem 2.1.

Corollary 3.2. Suppose that (A1) through (A4) hold. Then, for any fixed § > 0, ast — oo,

oot Ze‘ms(")vaﬂfs(u) — ¢sW in L* (3.11)
uely
where
1 Y 2axs [
cs = E{ ¢« k/ € Vs pa—x, dz|. (3.12)
_m/(a) ’; 0 k

The convergence in (3.11) holds in the stronger almost sure sense if (A5) holds. Further,
cs is nondecreasing as a function of § with ¢s > 0 for every § > 0. The limits of ¢s as
0 — 0 and 0 — oo are given by

o2

limecs =0 and co = limcs = (3.13)
540 §Too

—am/(a)’
Proof. The validity of (A4) implies that the function ¢ — v; is bounded by (3.4). From the
discussion preceding (3.4), we infer that ¢ — v; is nondecreasing and right-continuous,
hence cadlag. Thus, for any fixed § > 0, (3.11) follows from Lemma 3.1 with f(¢) = vsi¢,
t € R. We infer ¢5 > 0 from 0 < 02 = vy < v; for t > 0 and the representation

Xk X X

/e’”vg_m_xk dz = ]I{Xkﬁts} /eo‘mvg+w_xk dz + ]I{Xk>6} / eazvg_;,_x_xk dz > 0.
0 0 Xp—6

Since t — v; is a nondecreasing function, so is § — ¢5;. Hence, limsjocs and co =
limgtoo ¢5 €xist. Since vy = 0 for ¢ < 0 and limy_, v; = 02/(1 — m(2a)), (3.13) follows
with the help of the monotone convergence theorem. O

Proof of Theorem 2.1. For t > 0, we infer from (3.3)

W —Wy) =2y e SI(W] 1) as.,
u€eZ,

which given H; is a weighted sum of independent, centered and square-integrable
random variables (Theorem 4.14 in [18]). We show that the distribution of this sum given
H: converges in probability to the distribution of a centered normal random variable.
For simplicity, we write IE;[-] to denote the conditional expectation given H;. Then, by
(2.10),

E, Kew 3 e S, - 1))2} = e"‘tIEt[ 3 e s, — 1)2]

u€Ly u€Ly

2

_ o at —2aS(u)

=——¢ E e . (3.14)
1—m(2a) =
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Observe that E[Z?] < oo entails E[Z; logt Z;] < oo whence, by Lemma 3.1, (3.6) holds in
L' and thereupon

2 2
E, [(e“t/Z 3 e S@(w, — 1)) } 7 W inL! (3.15)
ueZ
as t — oo. Further, for z > 0, we define

oty (x) == E[(W = 1)*Lw_150}]

and notice that lim,_, a%,v(m) = 0 by (3.4) and the dominated convergence theorem.
Consequently, for all € > 0,

> B [(e 27 SO (W] = 1)1 (jenrs2e-asto (], —1) )]

u€Ly
— oot Z 672a5’(u)0_‘2/v(gefat/QeaS(u)) < J%V(geatﬂ)eat Z 672aS(u) 20
u€Zly u€Zly
as t — oo by (3.6). Thus, (2.5) through (2.7) in [9] hold, and we conclude (2.12). O

For the proof of the functional central limit theorem, Theorem 2.2, we need some
preparatory lemmas.

Lemma 3.3. Suppose that (A1) through (A4) hold. Then the family (W — W;)?);cR is

uniformly integrable. In other words, the function o (z) := E[|W — W, *1yjw_w,|>2}).

t € R, z > 0is abounded on R x [0, 00) with

supo?(zr) =0 asx — oo. (3.16)
teR

Proof. From the discussion preceding (3.4), we know that W; — W a.s. and in L2, and
that W, = E[W|H,] a.s. Thus, the family (W?);>¢ is uniformly integrable, hence so is the
family (W —W,)?):>o, which implies (3.16). O

Lemma 3.4. Suppose that (A1) through (A4) hold and let 0 < r < s < oco. Then, as
t — oo and with Cov,[, -] and Var;[-] denoting conditional covariance and variance given
‘H:, respectively,

Covy[e®2(W = Wiy, e 2(W —Wiss)] = Var[e®2(W —Wigs)]
670{50'2 ] 1
- —— W inL. (3.17)
—am/(«a)

Notice that the expression on the right-hand side of (3.17) is exactly the (conditional)

covariance of the limiting process in (2.13).

Proof. For any t > 0, we have

Covy [ 2(W =Wigr), X2 (W =Wiiy))]
= Cove|e®2 (W =Wips + Wigs—Wigr), €2 (W =Wigs)]
= Var [e®/2(W =W, 1,)] + Covy[e®/2 (Wi s —Wity), e/ 2(W =W, 1))
= Var, [e®/2(W —W,,,)].

EJP 26 (2021), paper 160. https://www.imstat.org/ejp
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since increments of square-integrable martingales are (conditionally) uncorrelated. It
thus remains to investigate Var;[e®*/?(W —W;,,)] as t — co. Here, arguing as in the
proof of Theorem 2.1 and using Lemma 3.1, we infer, with o7 = E[(W — W;)?] fort € R,

Var, [e® (W —W,y,)] = 26720‘3 u)‘7§+s S(w)
u€ELy

N X5
—2a Xy axr 2 .
E{E e / e, x, dzr| =1 d;W
k=1 0

ast — oo in L', where d, > 0 is a constant. We now calculate the constant d,, but avoid
evaluating it directly. Instead, notice that

Vart [eat/Q(W — Wt+s)] = Et [(eat/Q(W — Wt+5))2]
= Et [Et-‘,-s [(6at/2(W - Wt+s))2]] .

By (3.15), By o[(e®¥/?(W — Wiy ,))?] converges in L' as t — oo, in particular, the fam-
ily (Beys[(e®t2(W — Wits))?])e>0 is uniformly integrable. Hence so is (IE[(e®*/2(W —
Wits))?])i>0. Consequently,

E[E,[(e*/2(W — Wi4,))?]] = ds as t — oo

On the other hand,

—as 2
B[ (e /20 W) "] = e B[ (207 )) ) - s
by (3.15). Hence, d, %(i) -

Proof of Theorem 2.2. We first prove weak convergence of the finite-dimensional distri-
butions on [0,00). To this end, fix n € Nand 0 < s; < s2... < s,,. Abbreviate ¢ + s; by
ty, k=1,...,n and define ¢, := oo and Wy, _, := W. We use the Cramér-Wold device
which reduces the problem to studying the convergence in law of the following linear
combinations: N

Z ,ykeat/2(W _ Wtk)

k=1
for fixed v1,...,v, € R. Recall that Var; and Cov; denote the conditional variance and
covariance given H;, respectively. Lemma 3.4 yields

Var; { Z Vet 2 (W =Wy, )}

k=1
=3 e Var, [W-W,, ] +2 > vy Cove[W—W, , W—W,,]
k=1 1<j<k<n
—asy —asy 02 : 1
kae + 2 Z YiVke WW inL (318)
1<j<k<n

as t — o0o. Note that the expression in the last line is exactly the conditional variance of
the linear combinations corresponding to the limiting process in (2.13) since

" o2 1/2
Var[kz_l’Yk(_O/rn/(O[)W) _Be—cxs,C
- 2 —as —as 02

k=1 1<j<k<n

n 2
g
W:| = Var |:k§_1 ’YkBe—ask] WW
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Next, we check the Lindeberg-Feller condition. Using the decomposition

kaeat/Q (W —Wy,) Z’Ykeatﬂ Z 7Oés(u = [Wi—Juo (S(u)))’

k=1 u€Ly

we argue as in the proof of Theorem 2.1. Recalling the notation ¢2(r) = E[|W —
W, *L{jw—w, >}, we infer, for all e > 0,

DB [( 2SO (W = Wy Ju 0 (S(w))))”
u€eZ,;
: ]l{|ea<t/2—s<u>>([W]u_[wtk___]u,o(S(u)))\>s}]
et Z 6_2a5(u)o—t2k—s(u) (e—at/QeaS(u)g) 20
u€Ly
by (3.6) and (3.16).
This implies that the finite-dimensional distributions of (e®*/2(W — W;))s>0 given

H,; converge weakly to those of ((02/(—am/(a))W)/2B,-as)s>0 given F.,. From this, we
conclude that
2

at/2 o fdd. a 1/2
(et/2(W WHS))SZOH((i_am,(a)m Be,as)szo ast— oo (3.19)

where 449 denotes weak convergence of finite-dimensional distributions.
The next step is to check that the distributions of the family
(e*2(W; — Wiys))s>0, t > 0 are tight in D([0, 00)). (3.20)

We use Aldous’s tightness criterion, see e.g. Theorem 16.10 on p. 178 of [5]. To this end,
we first check condition (16.22) in the cited source, i.e.,

lim limsupIP( sup et/ 2(W, — Wiys)| > x) =0 forall b>0. (3.21)

T—00 ¢t 300 0<s<b

For any fixed b,¢,z > 0, by Chebyshev’s inequality and Doob’s maximal LP-inequality
(with p = 2),

4 ot
]P( sup [e“/2(Wy — Wipy)| > x) < = E[|Wiyy — W?] forall b > 0. (3.22)
0<s<b T

Here, an application of (3.11) yields

B[ Wiy — Wi|?] = e [( D e S (Wi Juo S(u) — 1))1

u€eZ;

= eat]E{ Z 62a5(u)vt+b_5(u)] —cp ast— oo.
u€eZy

Using this after taking the limsup as ¢ — oo in (3.22), and then letting x — oo gives
(3.21).
We now turn to the second condition of Aldous’s criterion, namely, for all ;6 > 0
lim lim sup sup P(e af/2|(Wt Witrqs) — (W = Wipr)| =€) =0 (3.23)
620 t—oo T

where sup, is the supremum over all discrete stopping times 0 < 7 < b with respect to
the filtration (H;+s)s>0. Here, ‘discrete’ means that 7 takes only finitely many values. To
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prove (3.23), fix e,b > 0 and let 7 < b be a discrete stopping time. Then 7, :=t¢t+ 7is a
stopping time with respect to (#H;)s>0. We claim that Z,, is an optional line. Clearly, it is
a random line. Further, ift <t; <... <t,, <t-+ b are the values 7 takes, then, for any
deterministic line L C Z,

—Uln=tdn{m, <1he s
k=1

since 7, is a stopping time with respect to (H;)s>o, thus {7 = t,} € Hy, = Fz,, and,
consequently, {r, = t,} N {Z;, < L} € Fr by the definition of Fz,, - We may now use the
strong Markov branching property (Theorem 4.14 in [18]) to conclude that

P(e2|(Wy = Wisris) — (Wi = Wiar)| 2 €) = P(e*?|(Wiiri5) — Wi | > €)

at
&l

(&
S* (|(Witrss) — Wegr|?]

-=el(Z

e aS(u
= 72 l: Z e’ S )UtJr‘rthS S(u):l

UETL 4+

S SO (W, 5y o S(u) - 1>)

Here, if 0 < 51 < ... < s, < b denote the values of 7, then

Z e—20S(u) Vit r4+6—5(u)

U/EIt+7‘

m

_ Z eask-ﬂ{T:Sk}e—a(t—&-sk) Z e_QO‘S(U)Ut+T+675(u)

k=1 uGLJrS)C

m
— Zeo‘sk]l{T:sk}c(;W =e%esW in L' ast — oo
k=1

by Corollary 3.2. Hence,

lim sup sup P(e/?|(Wy = Wiy r15) — (Wy = Wigr)| > €) < %eabcé-

t—oo T €
Thus, (3.23) follows from (3.13). Combining (3.21) and (3.23) with Theorem 16.10 on
p. 178 of [5] yields (3.20). Since the increments of the processes (e*!/?(W; — Wits))s>0
and (e*/2(W — W, ))s>0 are the same, Theorem 16.5 in [5] in combination with the fact
that e*/2(W — W;) converges in distribution implies that also the distributions of the
family (e*/2(W — Wii4))s>0, t > 0 are tight in D([0, 00)). Together with the convergence
of the finite-dimensional distributions, we obtain

at/2 A
(/2 (W Wt+s))520:((_am,(a)w) Be%)szoasHooonD([o,oo)). (3.24)

For any r > 0 the shift operator 6, : f(-) — f(- + r) is an isometry between D(]0, b])
and D([-r,b—r]). Hence, 6, is a continuous mapping from D([0,o0)) to D([—r, 00)). In
particular, for any r > 0, by the scaling invariance of Brownian motion, we infer

(W = W)z = 00 (20 =Weyi)))

= 0, (e (OZ;@W)WBMQSE_T

2

= ((Jn@w>l/236_“s )szo’
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law

ast — oo on D([—r,00)). Here, & denotes equality of distributions. Since this holds for
every r > (0, we arrive at (2.13). O

3.3 Law of the iterated logarithm: proofs

The key tool in our proof of the law of the iterated logarithm for Nerman’s martingale
is Proposition 7.2 on p. 436 in [2].
Lemma 3.5. Let (R,,)nen, be an increasing sequence of o-fields and (T),)necn, be a
sequence of random variables such that

> sup [P(T, < y|Rn) — B(y)| < oo a.s. (3.25)
n>0 YER

where ®(y) := \/#27 [Y e */2dz, y € R. Then

T,
limsup ——— < V2 a.s.
n—o0 ogn

If there is a k € IN such that T,, is R, y,-measurable for each n € Ny, then

limsup —— = V2 a.s.

n—oo 10g n
The next result is Lemma A.2 in [13], an infinite version of the Berry-Esseen inequality
for independent, centered random variables. It is likely that this fact is also given in
other sources.

Lemma 3.6. Let Y1,Y5, ... be independent random variables with E[Y;] = 0, cr%,i =
Var[Y;] < oo and py, := E[|Y;|*], i € N. If )., 03, < oo, then, for an absolute constant C,
<C 2121 PY;

Zizlyi _ L L S
P(WS ) P (Eizlagvi)w.

Recall that the limits in (2.14) and (2.15) are considered on the survival set S. We
only give a complete proof for the upper limit. Investigating W; — W rather than W — W,
gives the result for the lower limit at no extra cost. Although the scheme of the proof is
similar to that of Theorem 3.4 on p. 130 in [2] in which a Markov branching process was
investigated, technical details differ at places. Without loss of generality we assume in
what follows that P(S) = 1 (otherwise we have to use Lemma 3.5 with the probability
measure P replaced with P(:|S) and write “a.s. on the survival set S” rather than “a.s.”
throughout). This assumption ensures that W is positive a.s. rather than with positive
probability.

For t,r > 0, we use the following representations derived from (3.2) and (3.3):

Wir = Wi = 3 e O (WigiJu o S(u) — 1)
u€Zy

and W —W; =Y e (W], -1).
u€eZ

sup (3.26)

yeR

Recall that the S(u), u € Z; are H;-measurable, whereas the [W,_.],, v € Z; and the
[W]u, u € Z; are independent of H;, see Theorem 4.14 in [18]. Since we do not assume
E[|[W;|?] < oo, we start by investigating the sums as above with truncated summands.
Fort > 0and r € (0,00], let

Wi (u) = eSO ([Wegy - Ju 0 S(u) = D)1 eat/2e—as |y, JuoS(u)—1/<1}

and

Vie = (Wer(u) — By[Wep(u)]). (3.27)
u€eZ,

EJP 26 (2021), paper 160. https://www.imstat.org/ejp
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Lemma 3.7. Forr € (0, 00|, with ¢, as defined in (3.12), we have

lim e Var [V;,] =W a.s. (3.28)

t—o00

Proof. Conditionally on #;, the random variables W} ,.(u), v € Z, are independent (but
not identically distributed). By definition of V; ,, we have

Vary (Vi) = > Ee[Wip(w)?] = ) (Be[Wer () = Gy, — G,
u€Ly u€Ly

It is sufficient to show that

tli)m eo‘tGQ,T =c,W a.s. (3.29)
and tli}m Gy, =0 a.s. (3.30)

To this end, for ¢t € R, let F; and G, denote the distribution functions of |W; — 1| and
supg<s<; |Ws — 1|, respectively. For instance, Fi(z) = P(|W; — 1| < x) for z € R.

Proof of (3.29). We have

Gi, = Z E¢ [Wy,, (u)?] = Z 6_20‘5(“)/ 2? dF, s (2).

wet, = [0, e=ot/2eaS(u)]

For u € Z;, S(u) > t and therefore, for every ¢ > 0, e~®/2¢5(4) > ot/2 > ¢ for all
sufficiently large t. Consequently

Z 6_2as(u)vr+t—5(u)(6) <@, < Z e_2as(u)’l)r+t_s(u)
u€el, uel:

where v;(c) := [, 4 2° dFy(z). Corollary 3.2 yields

eatG;ﬂ) < oot Zei2a5(u)v7-+t—5’(u)

u€Zy
w - 2aX X
%m’(a)E[;e /0 rpe-xi Az =6 W (3.31)

a.s. and in L' as t — oo where the definition of ¢, should be recalled from (3.12).
Analogously, for any ¢ > 0,

eoztG;’r > eoct Ze_2as(u)vr+t—5(u)(c)

u€eZly
W z 20X X
— Bitant O et d 3.32
— m—T [kz:le /o e Vryrx, (c) dz ( )

a.s. and in L. Since vs(c) T v as ¢ T 0o, (3.29) follows from the monotone convergence
theorem.

Proof of (3.30). Since E[[W;], — 1] =0 forall s € R,

Gy, = Z e 205 (B(([Wygs—.]u 0 S(u) — 1)‘[[{60“/26*“5(“)|[Wr+t_.]uoS(u)71\§1}))2

u€eZ,
— 2
=Y e 2SO B[([Wypr—Ju 0 S(1) = D fear/ze—as| oy, Juos)—1/>1}]) -
u€Ly
EJP 26 (2021), paper 160. https://www.imstat.org/ejp
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In view of [W], — 1 < |[Ws], — 1] and S(u) > ¢ for u € Z;, we have

2
" —2aS(u)
Gtﬂ" S Z <6 (/(eat/EeaS(u)}OO) zdFr-i_t_S(U) (I)) )

u€eZ;

2
< Z e2aS(U)</ xdFr+t—S(u)(x)>
(¢,00)

u€eLy

— Z 672as(u)5r+t7$(u) (C)
u€eZ,;

for all sufficiently large ¢ where o, (c) := (E[|W, — 1|1w,—1)>¢}])? for > 0. Since
(Wi — 1)?)4>0 is a submartingale,

0 < w1(c) < E[(W; — 1)?) < E[(W - 1) = 0% < 0,

i.e., t = U¢(c) is a nonnegative and bounded function. Doob’s maximal inequality enables
us to apply the dominated convergence theorem to show that the function ¢ — v;(c) is
cadlag. Consequently, we may apply (3.7) to conclude that

t —2a8 =
e G;'J. < Z e < (“)UT_H_S(U)(C)
u€eZ,

W a X
— E[Z e_QO‘X’“/ e““Tpip_x,(c)dz| a.s.andin L .
0
k=1

Further,

19.(¢)||oc = supv¢(c) = sup E[|W; — 11w, —1j>¢}] = 0 as ¢ — oo.
teR teR

Therefore, as ¢ — oo,

N Xk t
E[Z e_QO‘X""/ eV tr-x, (€) dx] = / 6_2(”/ € Vpqp—t(c) dz p(dt)
k=1 0 [0,00) 0
< ||U(Z)||W / e—2at(eat _ 1) u(dt) 0.
[0,00)
This proves (3.30). O

Our proof of (2.14) consists of two parts. In the first part, Lemma 3.8, we obtain
(2.14) with the limit ¢ — oo taken along the points of a lattice dn, n € IN where § > 0 is
fixed but arbitrary. In the second part, we extend the convergence in (2.14) along lattice
sequences to arbitrary sequences t — oo.

Lemma 3.8. For every § > 0, we have

eom&/Q 202 1/2
limsup ———==W — Wys) = ( ———W a.s. (3.33
ey log(nd) ( ) (—am’(a) ) :

Proof. Fix an arbitrary 6 > 0 and r € 6IN U {co}. We claim that (3.25) holds for the
random variables

Tn = V:Sn,r/ Varén [stn,rL n e INO

EJP 26 (2021), paper 160. https://www.imstat.org/ejp
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and R, = Hs,. Conditionally given Hsy,, Vsn,» is @ weighted sum of independent, centered
random variables to which Lemma 3.6 applies. In particular, (3.26) yields

Vﬁn r
Pl —————=<y|Hsn | — P
( Var&n[vén,r] N y’ ’ ) (y)’
ZueI(;n EMHWM,T(U) — Esn [Wen,r(u)] \‘ﬂ
(Varén [V(STL,T'DS/Q
EUGIM, EMHWM’T(U)P]
(Varén [Vén,r})B/z ’

where C' > 0 is a finite absolute constant. In view of (3.28), the condition (3.25) will
follow from the almost sure finiteness of

[:=3" 602 N B [[Wen (w)]]- (3.34)

n>0 UELsy

sup
yeR

<C

<8C

Here, Egn“Wgn,T(u)P] = ¢35 f[o,oo) x3ﬂ{e—a6n/2ea5(u)zz} dFrJrgn,S(u) (x) If S(u) >
on +r, then F, s5,_s(,) is the distribution function of the Dirac measure at 0 and hence
the integral vanishes. Otherwise, since F; > G; > G, pointwise for any ¢ > 0, we may
estimate

/ 630‘5”/2730‘3(“)1‘31{efmsnﬂeas(u)2;1:} dFr+6n7$(u)(l‘)
[0,00)
< / min{e3*0"/2=305(W g3 1} AF, | 550w (7)
[0,00)

< / min{e3@9n/2=35(W) 43 114G ().
[0,00)

As in Section 2.3, denote by (S,,)nen, a random walk with i.i.d. increments S,, — S,,_1,
n € N and increment law P(S,, — S,,—1 € dz) := e~ *u(dz). By the many-to-one lemma
[25, Section 1.3],

E[I] < / E[Z > min{e3a6”/23°‘s(“)z3,l}} dGoo (2)
[0,00)

n>0u€ELsy,
/ oo |:
[07 )

where 75, = inf{k € Ny : S; > dn} is the first-passage time of the level én of the random
walk (S;)nen, for n € INy. The integrand above can be estimated as follows

Z Inin{63&671/2730457.(Sn 173, 1}6O‘S’5ﬂ/:| dGos (1‘),
n>0

§ Inin{€3a5n/273a576n1,3’1}60457611 S E min{€73a575"/2x3,].}eas"M

n>0 n>0
— 333 § : e—aSTM /2 + § : eaSTM ]
n:STMz%logw n:STMg%logm

Let X be a copy of S; independent of (S,,)nen,. Since for any ¢ € IN the set {n € INj :
7sn = i} has cardinality at most 6—1(S; — S;_1) + 1, for any real y and 3 > 0, we may
estimate

]E{ > eBS’M} gE{Zl{Sizy}eﬁsi(é1(51—5,-_1)—1-1)}

n:S >y i>1

Tsn =

= e_ByE[Z Lgs, yx—ysoye "V (GTIX + 1)} .
i>0
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Now let f(z) := 71 (_w g () for 2 € R, and let U denote the renewal measure associated
with (Sn)nen,, i-e., U(B) = >_, i, P(S, € B) for Borel sets B C R. The function f is
directly Riemann integrable, hence fxU(z) := [ f(x —u) U(du) is bounded by some finite
constant C' > 0 (that may depend on f3) by the key renewal theorem. Consequently,

e VB { D Lsiaxoyzope PETV(ETIX 1)]
i>0

= e*ﬁy]E[f «U(y — 2) (67X +1)]
< Ce ME[IX+ 1] = (=6 'm’ (o) + 1)e V.

Similarly, by increasing the value of C' > 0 if necessary,

E[ > eﬂsw} <E[Zﬂ{s&y}eﬂsi@_l(si—si1)+1)]

n:Srs <y i>1

= "B [ D Usixoyoye” SV (EIX+ 1)}

>0
< CEPYEIX+1] = C(=6 " m/ (o) + 1)V,

Hence, for some constant C’ > 0,

E[ § : min{eSaén/Q—SaSTM 1‘3, 1}60657% < C.Z‘27
n>0

which, in turn gives,

E[Il <C 22 dGoo () = CE[sup(W,—1)%] < oo

[0,00) 520

in view of (3.5). In particular, I < oo almost surely and the condition (3.25) is fulfilled.

An appeal to Lemma 3.5 with T,, = Vj,, - /+/Vars,[Vsn,»| in combination with (3.28) gives,
for fixed r € 6NN,

ea6n

lim sup WV};“,:\/%TW a.s. (3.35)

n— oo

because Vs, , is Hs,4-measurable; whereas

1 Y 2 W 200\ 3.36
imsup | ———Vin.oo < v/ = (—— s, .
e log(dn) Smy00 = Voo (—am’(a) ) a8 ( )
Next, we shall prove that (3.35) and (3.36) entail
adn
. e
h?—iip W(W&HT — Wsn) = V2, W a.s. (3.37)
for fixed r € SIN and
adn 202 1/2
lim s W — W) < /200 W = (7W) s. 3.38
ey log(§n)( 3n) S V200 —am/(a) a3 (3.38)

To this end, it is enough to check that, for r € {INU {0},

lim e®0m/2 Z eS| [ W, 50— Ju 0 S(u) — 1]

n—oo
u€Lsn

'n{e“Mﬂ2e_“S“UHﬂhq@n,juoS(u)Al|>l} =0 a.s. (3.39)
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and

lim ¢/ " [Bg, [Wonr(u)]| =0 a.s. (3.40)

n— o0
u€lsp

Since, for u € Zs,,, Es, [[W;], — 1] = 0 and S(u) is Hs,-measurable, we have

| B [Win,r ()]
= |Bon [e 75 ((Wrgon—]u 0 S(u) = 1) Lpasn/ze-asto |y, Juos@)—11<1}]|
= [Esn [ ((Wyym—Ju 0 S(
< BEin [e 5| [Whpsn—Ju 0 S() = 1L gasn/2e-as [, , 50 JuoS(u)—1]>1})-

u)— 1)]1{6«16%/2@7@(@|[Wr+én__]uos(u)f1\>1}] |

Hence, both relations (3.39) and (3.40) follow if we can show that

E adén/2 —aS(u)/ dF < 0. 3.41
{Ze > e s Ooag rron—8(u) (T) | <00 (3.41)

n>0 = (

To see this, notice that

E eaén/Z —()/S(u) / T dFT N u :|
[Z esurnsasi A on=s( (@)

n>0 uGIsn
adén/2 e—aS(u)/ zdG, l’:|
? 22 T i 50

u€Lsn

eon/2 / 2 dGy(x)
(e2(8n/2+7) 50)
(2/8) (%= —m)

< /(1700)x< > ea5"/2>dGr(a@)

n=0

<E

lwﬁ =

< const - / x? dG,(z) < 0.
1,00)

The proof of (3.37) and (3.38) is complete.
It remains to show that “<” can be replaced by “=" in (3.38). As has already been
remarked at the beginning of the proof, once we have proved (3.38), we also have

eaJn 202 1/2
im W > (22 s .
liningy e [ oo s (W = W) 2 (_am, o W) a.s (3.42)

For any r € §IN, the following equality holds

eaén ea(‘s"+T) IOg((sn + T) adr/2
togom) Y~ o) =\ ogmn iy V  Wone ) Togany
eadn W W
+ log(6n) (Won+r on)
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From (3.37) and (3.42) we infer

adn

li W — Wsn

P Toglemy Vo)
ex(on+r) log(dn+71) _.s

> liminf || — (W — W)y | 20T —adr/2

= e log(én—i—r)( o) log(dn) ¢

ea5n

li —_—
+ lflnf;ip log(dn)

20° 1/2 —adr/2 1/2

(W5n+r - W&n)

Letting r — oo, we arrive at

adn

lim sup

n—ooo | log(dn) —am/

202 1/2
(W — Wsp) > (ZCOOW)UQ = (L) a.s. O
(@)
Proof of Theorem 2.3. We have to show that (2.14) with én replacing ¢ entails (2.14).
Plainly,

at ea5n
li W—-W,) > 1 — (W -Ws,) =
i sup [ (W =) 2 limsup [ oo (W= TWan) = (

202 1/2
WW) a.s.

Thus, it remains to prove the converse inequality

at

lim sup

202 1/2
< (2T s, 3.43
msup [ (W = W) < ( W) a.s., (3.43)

—am/(a)

To this end, fix arbitrary 6, p > 0, let n € INy and notice that the following particular case
of (3.37) holds

eatsn

h:;ng)sol(l}p W(Wgn - Wé(n—&-l)) =V 2C5W a.sS.
This in combination with the fact that Ws, — Ws(,11) is Hs(n41)-measurable and the
conditional Borel-Cantelli lemma (see, for instance, Theorem 5.3.2 on p. 240 in [7])
implies

Z IP(W(;n — Wg(n+1) > €n|7'[5n) < o0 a.s. (3.44)
n>1
for
log(dn
en=(14p) %\/ 2csWsn. (3.45)

For ¢t € [0n,d(n + 1)), define
Ay = E[(Ws(ng1) — W)?]

and observe that, in view of Lemma 3.1 and the fact that the martingale (W}):>¢ is
L2-bounded,

sup e A, = sup e Z 6720‘5(“)1)5(”“),5(“) <00 a.s. (3.46)
t>0 t>0
u€eZ,
Now let
B, = sup (Wsn — Wy — (24,)1/?)
te[dn,d(n+1))
EJP 26 (2021), paper 160. https://www.imstat.org/ejp
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and

5 i=inf{s > on : Ws,, — W, — (24,)Y/? > ¢,,}.
Then t;, being the hitting time of an open set by an adapted, right-continuous process, is

an optional time for (H;):>o. Thus,

]P(Wén - Wé(n+1) > €7L|H5’VL) Z IP(W&rL - W5(n+1) > 6n7t:L < 6(” + 1)|H6n)
> P(Wiy — Wingn) > —(245,)"2, 15 < 6(n + 1) Hsn)
= B[P(Wy; ~ Winsn) > —(241,)"2[Hiz ) Loy <103 [Hon)
> 27'P(t], < 8(n+ 1)|Hsn) =27 'P(By > en|Hon)

having used the definition of ¢} and the fact that ¢}, is optional for the second inequality,
the tower property of the conditional expectations for the first equality and the Markov
inequality for the last inequality.
This entails
Z]P(Bn > en|Hen) <00 a.s.

n>1
and thereupon B,, < ¢, eventually a.s. Thus,

at

lim su
t—)oop 1Og t

(W — W)

adn adn
< e9/2 ( lim sup W Wsn) + limsup S sup (W —W, )
00 log(én)( ) n—oo | log(dn) te[én,6(7L+1)() 2

20—2 1/2 eadn
=2 (2w ) i £ __p
¢ ( —am/(a) * ek log(én) "

2 1/2
< ea6/2((20W) . (1+ p)\/QC(;W),

—am/(a)
where the equality is a consequence of (3.46). Recall the definition of ¢; from (3.31)

and notice that lims_,o4 ¢s = 0 by Corollary 3.2. With this at hand, letting ¢ | 0 gives
(3.43). O
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