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Abstract

This paper seeks to further explore the distribution of the real roots of random
polynomials with non-centered coefficients. We focus on polynomials where the typical
values of the coefficients have power growth and count the average number of real
zeros. Almost all previous results require coefficients with zero mean, and it is non-
trivial to extend these results to the general case. Our approach is based on a novel
comparison principle that reduces the general situation to the mean-zero setting.
As applications, we obtain new results for the Kac polynomials, hyperbolic random
polynomials, their derivatives, and generalizations of these polynomials. The proof
features new logarithmic integrability estimates for random polynomials (both local
and global) and fairly sharp estimates for the local number of real zeros.
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1 Introduction and statement of results

This paper seeks to further explore the distribution of the real roots of random
algebraic polynomials

pn(2) =ag+a1z+--+apz", z€C,

where the coefficients ay, . . ., a,, are independent real-valued random variables with finite
means and finite variances. We are particularly interested in the average number of real
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Random polynomials with coefficients of polynomial growth

roots of such polynomials. This problem has attracted many mathematicians’ attention
since previous centuries, initially out of theoretical curiosity, but has recently found
applications in statistical physics and finance [10, 29, 28, 30]. It was reported in [34] that
during the 18th century Waring considered the distribution of the real roots for random
polynomials of low degrees. It however took quite a while until the first (but rather
crude) estimates for the number of real roots for random polynomials were established,
in a result of Bloch and Polya at the beginning of the 20th century [1]. Various authors
subsequently worked on this problem, leading to significant developments during 1940s-
1970s, with seminal contributions of Kac [17], Littlewood and Offord [19, 20, 21],
Ibragimov and Maslova [12, 14, 15, 13, 22, 23], among others. Recently, there has been
a renewed interest in this problem [6, 16, 11, 2, 9, 31, 32, 5, 8, 27], in particular Tao
and Vu [33] developed a new framework to study the real roots of random polynomials,
adapting their methods from random matrix theory. See also [25, 3, 4, 26] for some
further development of the methods in [33].

Despite the large number of prior studies, only a very few are about random polyno-
mials with non-centered coefficients, namely when the coefficients may have nonzero
means. Furthermore, these studies often require very restrictive assumptions of alge-
braic nature on the relationship between the mean, the variance, and the underlying
index of the coefficients. Ibragimov and Maslova [14, 15] in 1970s considered random
polynomials with iid coefficients of nonzero mean (these are known as Kac polynomials).
They showed that the expected number of real roots for the Kac random polynomials is
essentially reduced to a half if the iid coefficients have a (common) nonzero mean. In [4],
a joint work with Oanh Nguyen and Van Vu, using different methods we strengthened
and generalized this result to random polynomials where the mean and the variance of
the coefficient a; are linearly dependent and furthermore they are algebraic polynomials
of j.

In this paper, we consider an innovative approach that circumvents the needs for
algebraic constraints between the mean and the variance of the coefficients and does not
require any algebraic dependence on the underlying index. In particular, this approach
offers some explanation for the interaction between the mean and the variance of random
polynomials. We focus on generalized Kac polynomials, an important class where the
typical values of the coefficients are comparable to a fixed power of the underlying index.
We will discuss below the technical details of our set up.!

For convenience of notation, we write a; = b; + ¢;§; where

bj = Ela;] and |¢j| =1/ Var[a;].

Note that we do not assume c¢; > 0 and prefer to leave the setup in this generality for the
convenience of the proof. Let p € R. For the typical values of |a;| to be comparable to
(14 )7, it is natural to assume that E[a;] = O((1 + j)?) and (Var[a;])'/? is comparable
to (1 + j), so that there is a significant range of values for |a;| about the size of (1 + j)*.
The following condition essentially describes these assumptions. For technical reasons,
below we will need p > —1/2.

Condition 1.1. Assume that for some ¢, Cy, No > 0 and p > —1/2 it holds that

(1) E|&|*T < Cy forall 0 < j < n;

(11) |bj|, |Cj| < 00(1 —|—])p for all j,’

(ifi) |¢;] > Z=(1+ j)? for No < j <n — No.

We note that b; and ¢; may depend on n. Without loss of generality, we may assume
that 0 < ¢y < 1 throughout the paper. The implicit constants in this paper are allowed to

11t may be possible that the current approach will be applicable to some other classes of random functions
(such as those studied in [26]), however this will not be explored in this paper and left for further studies.
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depend on the implicit constants in Condition 1.1, which include p, ¢, Cy, Np.
We now mention several examples that satisfy Condition 1.1. Via Stirling’s formula,
it can be seen that the coefficients of hyperbolic random polynomials?

L..(L+n-1)
n!

Pe,n.n(2) =€o+\fL£1z+-~-+\/ Enz" (1.1)

satisfy the above condition; here L > 0 and ¢;’s are independent with unit variance. In
particular, if L = 1 we recover the Kac random polynomials. In fact, we may generate
other examples satisfying Condition 1.1 by taking finite linear combinations of hyperbolic
polynomials and their derivatives. Now, while our approach works with more general
polynomials, even for the polynomials considered in [4, 14, 15] we are also able to obtain
significantly new results.

1.1 Notational conventions

Throughout the paper, for any function ¢ : R — C we let N, denote the number of its
real roots, and let N, (I) be the number of roots inside I C R. Note that these numbers
could be oo, but they are never negative.

By A <;,,... Bwe mean A = Oy, . (B), in other words there is a finite constant C
such that |A| < CB and the constant C is allowed to depend on the parameters t¢i,....
Sometimes we will simply write A < B (without mentioning the parameters ¢y, ...) when
C'is an absolute consatnt or if it is clear from the context what C' could depend on. When
both A < B and B < A hold we will write A ~ B, and we use the same convention for
A=y, B.

The reciprocal polynomial for a polynomial p,, of degree n is p(z) := 2"p,(1/z).

1.2 Statement of results

To study N, , we write
Pn(2) = mp(2) + 7(2)
where m,(z) = Ep,(z) is a deterministic polynomial and r,, = p, — m,, is a random
polynomial with zero mean. Our heuristics is the following idea: locally, between m,,
and r,,, the dominant component will dictate the behavior of p,, and hence will have a
stronger influence on the number of real zeros of p,,.

Our main result, Theorem 1.2 is an estimate for the number of real roots of p,, inside
an arbitrary interval, demonstrating the following comparison principle:

(i) if m,, dominates r,, then on average there are very few real roots for p,, as |m,| is
typically bigger than |r,|.

(ii) if m,, is dominated by r,, then on average the number of real roots of p,, is the
same as the number of real roots of r,, plus a bounded term.

In the statement of Theorem 1.2, we will be more precise about the meaning of
“dominated” and “dominates”. Here we make some preliminary remarks. First, since
7, is random with zero mean, it makes sense to use the standard deviation (Var[r,])!/?
as an indicator for the size of r,,, and this heuristics is also used for derivatives of r,,.
Fort > 1, to compare m,, and r,, it turns out to be more convenient to work with the
reciprocal polynomials m} and r},.

In the following, we say that J is an enlargement for I = (a, b) if it is obtained by
extending I to the left and to the right a little bit: generally speaking this means there is
an absolute constant ¢ > 0 such that the added length to the right is bounded below by

e(|1— \b|’ + 1) and the added length to the left is bounded below by c(‘l - |a\‘ +1).

2For discussions about the importance of random hyperbolic polynomials in statistical physics, we refer the
reader to the beautiful lecture notes [10].
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There are special cases when the enlargement requirement could be made less
stringent (without affecting our main results below): if |1 — |b|| is bounded below by any
positive absolute constant then there is no need to extend I to the right and we may use
b as the right endpoint for J, and similarly if |1 — |a|| is bounded below by any positive
absolute constant then we may take a as the left endpoint for J. These improvements
are made possible with the aid of Lemma 2.2.

We note that the above notion of enlargement can also be similarly defined for half
open/half closed/closed/infinite intervals. In all cases, the following will be true: if J is
an enlargement of I then it also qualifies as an enlargement of any subintervals of I.

Theorem 1.2 (Comparison principle). There is a constant 0 < C < oo such that the
following holds. Assume that the coefficients of p,, satisfy Condition 1.1 and are real
valued. Let I C R be an interval whose endpoints may depend on n and assume that J is
an enlargement of I.

Let m,(t) = t"my,(}) and r};(t) = t"r, (1) fort # 0.

(1) Assume that

e ifte JN[-1,1] then [|m,(t)| > C|log(l — [t| + 1)|¥/2\/Var[r,(t)],

e ift € J\[-1,1] then |mfl(%)| > (| log(1 — ‘71| + %)|1/2 Var[r;;(%)].

Then EN,, (I) = O(1).
(2) Let ¢ : [0,1] — [0, 1] such that ff/n @dt = O(1) for some ¢ > 0.
Assume that for each k = 0,1 we have the uniform estimates:

e ift e Jn[-1,1] then |m{ (1) < (1 - [t| + 1)/ Var[rP (1),

- ifte J\[=1,1] then |(m})"(})] S 6(1 - i+ 1)/ Varr) P (3]

and for k = 2 the weaker estimates without ¢ also hold on J N [—1,1] and J \ [-1,1].

Then EN,, (I) = EN, (I)+ O(1).

We note that Theorem 1.2 is more useful near +1, since under Condition 1.1 it can be
shown (using a standard argument of Ibragimov and Maslova) that EN,, (I) = O(1) if I
is bounded away from +1 (see Lemma 2.2).

In Theorem 1.2, for technical reasons we need to assume that the domination re-
lationship (between m,, and r,) is effective on an enlargement J of I, however if p,
is a Gaussian random polynomial then the conclusions hold with J = I and some of
the conditions could be weakened, see Section 12. The proof of the Gaussian case in
Section 12 will also shed more light on the motivation for the assumptions on m,, and r,
in the statement of Theorem 1.2. One of the main technical ingredients in our proofis a
new result about universality for the correlation of the roots of p,,, see Section 3.

Using Theorem 1.2, we could derive new results about the real roots of non-centered
random polynomials (with coefficients of power growth) from analogous results for
centered random polynomials, which in turn were studied extensively in [4]. Below, we
summarize several sample results that can be obtained in this direction (although this
list is by no means comprehensive).? The sample results will further demonstrate the
following observation from [4]: we may extract asymptotic estimates for the number of
real roots of a random polynomial from asymptotic information about its coefficients. This
phenomenon was first observed in [4] for random polynomials with centered coefficients
of polynomial growth.

Below, following [4], we define a generalized polynomial of j € Z to be a finite linear

combination of hyperbolic coefficients hy(j) := % L > 0. Its degree is

3A more thorough discussion about possible applications is included in Section 2, where these sample
results will be derived from Theorem 1.2.
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defined to be L,.x — 1, where L. is the biggest L in the combination. If we requires L
to be integer then this notion is the same as the classical notion of polynomials. Note that
(via Stirling’s formula) a generalized polynomial of degree ¢ is asymptotically comparable
to j°.
Our first sample result is about random hyperbolic polynomials (1.1).

Theorem 1.3. Let p,, be the hyperbolic random polynomial p¢ 1., given by (1.1) where
¢; are independent with a common nonzero mean and variance 1 and uniformly bounded
(2 + €) moments for some € > 0.

(1+VL)logn

TheH]Ean = T —+ O(l),
(1+ VL +2k)logn

and for any k > 1 we haveIENp(m = + o(logn).

27
Theorem 1.3 is a special case of the following more general result.

Theorem 1.4. Assume that the coefficients of p,, satisfy Condition 1.1. Assume further-
more that there are p1 < p—1/2 < py such that |b;| 2 j#* + O(1) and

[bj+1 = b = O(( + 1)™).
1 1
Then for any C > 0 we haveEN,,, = EN,, (1 — rol. 1+ 5) +0(1),
in particular EN,,, grows like logn as n — oo. Furthermore, if for some C' we have
¢; = (C +o0(1))j? as j — oo then

1+42
EN -&-27p+
T

1
oy = logn + o(logn).

In particular, if c? is a generalized polynomial of j then

1442 1
EN. :+27,0+1
T

Pn

ogn + O(1).

Theorem 1.3 may be derived from Theorem 1.4 as follows. Letting p = (L — 1)/2, we
note that for the set up of Theorem 1.3 we will have b; = c;u for some u # 0, and by

Stirling’s formula ¢; = \/%W = (CL 4+ 0(1))(1 + j)?. On the other hand,

(41 = bjl = lues V(L + )/ (5 +1) =11 = O((j + 1) ""¢;) = O((j + 1) 7).

Using Theorem 1.4, it follows that EN,, = EN, (1 - 4,1+ &), and thus using [4] we
obtain the desired conclusions. We may argue similarly to get the desired asymptotics
for ENpslk) .

Below is a class of random polynomials where the deterministic component m,, is
dominated by the random component r,,.

Theorem 1.5. Assume Condition 1.1 and assume that for some p’ < p — 1/2 we have
|b;| = O((1 + 7)°"). Then there are finite positive constants C; and Cy such that
Cilogn + O(1) <EN,, < Cslogn+ O(1).

Furthermore if for some C' we have c¢; = (C'+0(1))j” as j — oo then we could take C,Cs
to be Hv2etl V:Hl + o(1). In particular, ifc? is a generalized polynomial of j then we could
let Oy, Cy = 221

Finally, we mention a simple class of random polynomials where m,, dominates r,,
leading to very few real zeros for the random polynomial.
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Theorem 1.6. Assume Condition 1.1. Suppose furthermore that for some p' € (p — %, p

and some p" < p' the following holds: for odd j we have b; = O((1 + 4)?") and for even j
we have b; > (1 + j)? — O(1). Then

EN, = O(1).

Furthermore, the above estimate holds true if we interchange the role of odd and even
j’s in the above assumptions.

1.3 Outline of the paper

In the next section, we discuss the applications of Theorem 1.2 and the proof for
the sample results mentioned above. In the rest of the paper, we prove Theorem 1.2.
Our proof of Theorem 1.2 uses universality estimates for the correlation functions of
the real roots of p,,, see Section 3. Using these estimates, we could reduce the proof of
Theorem 1.2 to the Gaussian setting. The Gaussian case of Theorem 1.2 will be examined
using the Kac-Rice formula, see Section 12.

2 Sample applications of the comparison principle

In this section, we discuss several applications of Theorem 1.2 and present the
proofs for Theorem 1.4, Theorem 1.5, and Theorem 1.6. We will use the following basic
computation about power series.

Lemma 2.1. For any o > —1 and 8 > —1 and any ¢ > 0 and C' > 1 the following holds:
WIfg <t<1-%theny i (n+1-j)% =agec nf(1—t)"*"L
(i) If|[1 —t| < ¢/n then Y (n+1—5)Pj*t ~apec n*TFH

Proof of Lemma 2.1. Note thatif 1 —¢/n <t <14c¢/nthen1,t,...,t" are all comparable
to 1, therefore Y7, (n+ 1 —5)7j°t/ ~ 37 | (n+1 - j)Pj* ~ n**7*1. Here, to see the
last estimate we may split the sum into 1 < j < n/2 and n/2 < j < n, and use the fact
that for the first range n + 1 — 7 = n and for the second range j ~ n. This proves part (ii),
and furthermore in part (i) we may assume that 1/C < ¢ < 1 — ¢/n where c is sufficiently
large. We now discuss the proof of part (i) under this assumption.

We consider first the case 3 = 0. By Taylor’s theorem, we have (1 —¢)72~! =
1+ (a+1)t+--+ Wt” + E,(t), where the error term F,(t) is nonnegative.
Now, note that (o +1)...(a+ j)/j! = 5%, therefore

n
DS (=t
j=1

For the other direction of the estimate, it suffices to establish that the error term E, (t)
is smaller than fraction of (1 — ¢)~*~! when c is sufficiently large. Here we use the
Lagrange form of the error term, which says that for some s € (0,¢) we have

—a—n—2(a+1)"'(a+n+1)

En(t> = (1 - S) (n ¥ 1)| (t - S)?L+1
S (=8 R 1)t - )
_ (1 _ t)—(x—l(l _ E)n—&-l(g)a—&-l(n + 1)a

The desired estimate then follows from the fact that (1 —v)"v*n® is a decreasing function
for v € [a/n, 1], and
(1—=c¢/n)"(c/n)*n" <e %
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and e~ “°c® could be made arbitrarily small by choosing c sufficiently large.
We now consider the general situation. We have

n/2 n/2
S 1= =nf> i~ af(1 )t
j=1 j=1

Thus it remains to show that the remaining summation over n/2 < j < nis O(n?(1 —
t)_(““)) (note that this summation is nonnegative). For these j’s we note that j is
comparable to n. Since § > —1 we may choose 1 < p < oo depending on f such that
Bp > —1. Let ¢ = p/(p — 1) be its conjugate exponent. Then using Holder’s inequality we
have

Do 1= S (Y (1= PR Y )
j=n/2 j=n/2 j=n/2
< nﬁ+1/p( Z jqatqj)l/q
j=n/2
~ nf( Z jq(a+1)*1tqj>1/q
j=n/2
< nP((1—t)maet) e = pf1 —p)~latl),
This completes the proof of Lemma 2.1. O

Let C > 0 be a sufficiently large constant and let Ac = {z € R:||z| = 1| > 1/C}. In
the applications of Theorem 1.2, we will need the following estimate.
Lemma 2.2. For any C > 0 we have EN,, (Ac) = Oc(1).

We include a proof of Lemma 2.2 using an argument of Ibragimov-Maslova [13] (see

also [4] where a simpler version of Lemma 2.2 was proved). We’ll need the following
estimate, which will also be used later in the proof of Theorem 1.2.

Lemma 2.3. For any 0y < 1 there is py € (0,1) such that for any o we have max,; P(|{; —
al <6) <1—po.

Proof of Lemma 2.3. Let §p < 1 andlet 0 < j < n.
We first consider |a| > 3. Without loss of generality assume « > 3, the case o < —3 is

can be treated similarly. Then
P(l¢§ —al <dp) < P(§ > a—do)
< (a—00) ?Elg < 1/4.

Thus we may take any py < 3/4 for |a| > 3.
We now consider |a| < 3. Then E[{; — a|*T% = Og¢, ,(1). Therefore,

Elg; —al? < GP(& — al < do) +E[lg] 1, —al>s0]
< BP(E - ol < 80) + (BlE — )5 (B(g; —af > 80)) 7.
Let z = P(|¢; — a| > dp) > 0. Since E|¢; — > =1+ |a|* > 1, we obtain
0<1-02<Ca™o — 62

for some C; = C1(Co, €p) where Cy and ¢ are as in Condition 1.1. Thus by examining
the function C;z/(?+€) — 527 of x, it is follows that there is some py = po(do, C1,€0) €
(0,1) such that any « € [0, 1] that satisfies the above inequality must be inside [pg, ).
Consequently P(|{; — a| < d9) > po, as desired. O
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Proof of Lemma 2.2. It suffices to show that for 1 < 1 we have N, (—71,7m1) = O, (1)
and Ny (—71,71) = Oy, (1). We will show in detail the first estimate, and comment on the
needed changes for the second estimate.

Take any r2 € (r1,1). Let do,po be as in Lemma 2.3. From Condition 1.1, let j, be
such that ¢; = (1 + j)” for jo < j < n — jo. Define

b; o b
Awi= {16 + 21 < 80, Yo <5< k=1 {Jg+ 2| > do)
J

for each jo < k <n — jo, and define A, _j,+1 = {|§; + %JI < d0,Vjo <j<n-—jo}.
J .
For k = n — jo + 1 it is clear that we have E[14, N,, (—r1,71)] < npy~7° = O(1).

For jo < k < n — jo, we have P(4;) < p’g_j", thus it suffices to show that
E[1a, Np, (=71,71)] S k(log k)P(Ag),

On the event A, we have \p%k) (0)| = k!|b + ciék| Z Ellex| 2 (k4 1)?, thus using Jensen’s
formula we have

Np,(=r1,m1) <1+k+ Np<k)(—r1,r1) < 1+4+k+ O( sup log |p£f)(z)|>
" |z|=r2
Let ng be an integer larger than max(0, p). Using convexity and Jensen’s inequality, we
have

ElLa, Ny, (—r1,m)] S 1+ K+ log (P(A4x) B[ sup [p()])

[z|=r2

P(Ay)

n—k
< 1+Is+log(Z(i+1)...(z‘+k+no)r§)
=0

< 1+k+ log(—(1 - 7“2)’“‘*‘1‘*‘”0)

S 1+ klogk.

To estimate IEN,- (—r1,71), we proceed similarly, and the following estimate will be
needed:
E sup [p () Srap (1= K)P((2k+ YY) =04,

n
|z[=m2

where r5 € (r1,1). To see this estimate, we note that

Esup p'P)< > (n+1—k—i)f(i+1)...(i+kr,
|z]=r2 i>(n—k)/2

then we split the sum into ¢ < (n — k)/2 and i > (n — k)/2 and argue as in the proof
of Lemma 2.1. The treatment of i < (n — k)/2 is entirely similar as before, but for
i > (n — k)/2 we actually need to be more careful (than the proof of Lemma 2.1) about
the dependence on k of the implicit constant. We include the details below. By Cauchy-
Schwartz we have

o< (Y mH1—k=0)20 Y G+ i+ k)3

i>(n—k)/2 i>(n—k)/2 i>(n—k)/2
S (nA1=R)PTCNT G+ 1P+ B)Prg)?
i>(n—k)/2
S (nA1=kP( > (i+1).. (i+2k+1)rg)/?
i>(n—k)/2

< (n+H1-k)P(2k+1NY2Q -3~ O
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We now divide the discussion of the applications of Theorem 1.2 into three sections,
corresponding to whether m,, is always small, or always large, or mixed large/small, in
comparison to 7.

2.0.1 Small mean

Here the mean m, will be completely dominated by r,. We first state a corollary of
Theorem 1.2 in this direction, before proving Theorem 1.5.
Corollary 2.4. Let ¢ : [0,1] — [0,1] such that ff/n @dt = O(1) for some ¢ > 0. Assume

Condition 1.1 and assume that there is a constant C' > 1 such that for 1/C < |t| <1 and
0 < k <1 we have

1 1
mP@] S G+ =)L+ = —[e) "D, 2.1)
m* )] < el +7,‘t|)(1+77|t‘ (+3)

and assume that the weaker estimates without ¢ also hold true for k = 2. Then there are
finite positive constants C; and Cy such that

Cilogn+ O(1) <EN,, < Cslogn+ O(1).

Furthermore if for some C we have c; = (C'+0(1))j” as j — oo then we could take C1,Cs
to be 12etl V:Hl + o(1). In particular, if c? is a generalized polynomial of j then we could
let C 02 = 1+72P+1'

Thanks to [4], the zero-mean case (i.e. b; = 0 for all j) of the above corollary
already holds true. Thus, using Lemma 2.2 and Theorem 1.2, Corollary 2.4 is a simple
consequence of the following estimates

Var[rP 1) ~ (1+— iGsasl (2.2)

Varlr @]~ ne(1+ [+,

which follows from elementary computations (see Lemma 2.1 for details).
We now prove Theorem 1.5. Since p > —1/2, we may assume without loss of generality
that p/ > —1. Using Lemma 2.1, for |¢| < 1 we then have

/

nP
(1= [t] + )+t
which clearly implies (2.1). Thus Theorem 1.5 follows from Corollary 2.4.

1 —(p’ * (k
[mfO O] < L+ — = [i)=CHD mP(0)] <

2.0.2 Large mean

Here near +1 the mean m,, will always dominate r,,. As before, we state a corollary of
Theorem 1.2 before proving Theorem 1.6.

Corollary 2.5. Let ¢ : (0,00) — [0,00) be such that ¢(t) — co ast — 1/n. Assume
Condition 1.1 and assume that there is a constant C' > 1 with the following properties:
for1— % < |t| <1 we have

M@ 2 o1+ = )+~ i) ), 2.3)
@] 2w+ — 1+~ ), @)
Then EN,, = O(1)
EJP 26 (2021), paper 144. https://www.imstat.org/ejp
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This corollary follows immediately from (2.2) and Theorem 1.2 and Lemma 2.2. We
now apply this corollary with ¢(¢t) = ¢~¢ to prove Theorem 1.6. By splitting m,, =
Mnp,odd + Mn,even, @nd using Lemma 2.1 to treat each of them individually, we obtain (for
1-1/C<Jt|<1)

_ . N n+1)” n’
ma(t) = (14 1/n — ) ~0H+9, () m 2>
T+ 1n— [ ~ (14 L J)=+

where e = p’ +1/2 — p > 0. Thus Theorem 1.6 follows from Corollary 2.5.

2.0.3 Mixed case

Here we consider the mixed situation, where m,, is dominated by r,, on a part of the
real line and dominates r,, elsewhere. In our opinion this is the most interesting case.
Here we describe a simple scenario, which applies to random Kac polynomials with
non-centered coefficients (considered in [15]) as well as linear combination of derivatives
of a random Kac polynomial (considered in [4]), and also hyperbolic random polynomials
with non-centered coefficients (Theorem 1.3 of the current paper). In this scenario, m,,
is dominated by r,, near —1 while being the dominant component near 1. (Note that due
to symmetry we could also state a symmetric version where the roles of 1 and —1 are
interchanged.)

Corollary 2.6. Let ¢ : (0,00) — [0, 00) be such that ¢(t) — oo ast — 1/n. Let ¢ : [0,1] —
[0,1] such that flc/n @dt = O(1) for some ¢ > 0. Assume Condition 1.1 and assume that
there is a constant C' > 1 with the following properties:

(i) for1 — & <t <1 we have

mn®] 2 (45 =01+ - D), 2.5)

1 1 1
W =2 nfe(l4+=—t) (14 = —t)"2,
M 2w+ =+~ — 1

(ii) for -1 <t < -1+ % and for each k = 0,1 we have

O] S o1+ g0 D, @.6)
m*®F @) < nPe(l+ % +6)(1+ % + )~ (k+3),
and the weaker estimates without ¢ also hold true for k = 2. Then
EN,, =EN, (1-1/C,14+1/C)+ 0O(1)
and in particular there are constants Cy,Cs > 0 such that
Cilogn+ O(1) < EN,, < Cslogn+ O(1).

Furthermore if for some C' we have c¢; = (C'+0(1))j” as j — oo then we could take C1,Cs

to be 1Hv2etl szr'”l + o(1). In particular, if c? is a generalized polynomial of j then we could
take Cl = 02 = %

Now, it was shown in [4] that EN,. (1—1/C,1+41/C) grows like logn, and furthermore
ifc; = (C+0(1))j” then EN, (1-1/C,1+1/C) = Hzi‘/ipﬁ logn + o(logn), and the error
term could also be improved to O(1) if c? is a generalized polynomial of j. Thus,
Corollary 2.6 is an immediate consequence of Theorem 1.2 and (2.2).

EJP 26 (2021), paper 144. https://www.imstat.org/ejp
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We now discuss the proof of Theorem 1.4. From the given assumption it follows that
b; are of the same sign for j 2 1, so without loss of generality we may assume that b; > 0
for j 2 1. Now, using b; 2 j#* and p, > p — 1/2 one may show that m,, (¢) dominates r,(t)
near 1. Indeed, by elementary computations (see Lemma 2.1), for ¢t € [1 —1/C, 1] we have

(1+ 1 )~ (P2t > (7 4 % — 1)/ Var[r,(t)],

i) 2w+ — 07 2 (14— OVl

We now show that m,, is dominated by r, near —1. To see this, let £ > 0 and we use
discrete integration by parts to write

3
2
Vv

(R B () = bp (1 +t 4 - +"7F) + Z ((é)b] - (j ; l)bj_l)(tj"“ 4o tnR

j=k+1

and uniformly over j; < j, we have t/1 + ... + /2 = O(1) for -1 <t < -1+ % On the
other hand, using the given hypothesis we may estimate

G .

= O((G+ 1)) +0((G + 1)),

Without loss of generality we may assume p; > p — 1. Since |t|* ~ 1, we obtain

~

; 1
R ()] < Ptk gl < (1 — ] 2 =)~ (eatRtD)
Imy” (1) E G+ S (=)

S (=) Varl o)

Wheree:p—pl—%>0.
Similarly, for m;, we may estimate, with the assistance of Lemma 2.1,

(k) "'m* P (1)

n

by (14 + ") +

- J (i1 ) (EE gk
+ j;l((k)bnj < R >bn]+ )(t R L
S 2 GED =)+ DG+ 1) T 1= ) el

1 1
< pPr (1= =) P P+ = = |t
Nn(+n 1)) +n(+n It])

S A=+ )y Varl P o)

Thus Theorem 1.4 follows from Corollary 2.6.

3 Correlation functions: background and main estimates

In this section, we summarize our main results about correlation functions for p,, and
p;. These estimates are key ingredients in the proof of Theorem 1.2 and the proof for
these estimates will be presented in subsequent sections.

We first recall some background about correlation functions, following [33, 4]. While
there is a more general theory of correlation functions for random point processes, see
for instance [10], our discussion will specialize to the context of the roots of random
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polynomials. Let Z denote the multi-set of the (complex) roots of p,,, where a root of
multiplicity m will be identified as m different elements.

For k > 1, we say that a Borel measure do on CF is the k-point correlation measure for
the (complex) roots of p,, if the following equality holds for any continuous and compactly
supported function ¢ : C* — C:

E Y (b(ozl,...,ak.):/Equﬁ(z)da(z).

al,..., 0 €Z

Here, the summation on the left hand side (inside the expectation) is over all ordered k-
tuples of different elements of Z. The existence of such a measure is a simple application
of the Riesz representation theorem. In the literature, it is common (see e.g. [33]) to
define the k-point correlation function as the density of do with respect to the Lebesque
measure (which exists for instance in Gaussian settings [10] or more generally smooth
distributions), here we will work with correlation measures to allow for more generality.

When p,, is a real polynomial (i.e. with real-valued coefficients), the set of complex
zeros for p, is symmetric with respect to the real line, and there may be a nontrivial
probability that p,, has at least one real root. Thus, for such polynomials we will define
the mixed complex-real correlation measures for the roots as follows. Let m > 1 and
k > 0 and let do be a measure on R™ x (C\ R)*. We say do is the (m, k)-point correlation
measure for Z if the following two conditions hold:

(i) do is symmetric under complex conjugations: for any measurable A C R™ x (C\R)¥,
it holds that p(A) = p(A’) where A’ is one of the k sets obtained from A by taking
conjugate in one fixed coordinate;

(i) for any compactly supported continuous ¢ : R™ x C* — C we have

E Z Z gf)(al,..‘,am,ﬁl,‘..,ﬂk):/ d(w, z)do(w, z).

s Ok
a, €ZNR B;€ZNC4 J(w,z)€ER™ xCk.

Here, the summations on the left hand side are over ordered tuples of different elements
of Z. If do has a density with respect to the Lebesgue measure, such density is classically
called the (m,k)-point correlation function [33], which will then be invariant under
taking complex conjugation of any variable.

We now define the admissible local sets where comparison estimates for the correla-
tion measures will be proved. These are sets where the expected number of complex
roots for p,, could be as small as a bounded constant O(1). For random polynomials with
centered-coefficients, the structure of these sets is well-known and has been exploited
by previous authors, here we will use the same structure for random polynomials with
non-centered coefficients, following [4].

Let 6 > 0 that may depend on n. Define

= 10n? (31)

1(5)_{{ze®:1—26§|z§1—6}, 5> L.
{ZGC:l—%SMSl—Fi}, 5<ﬁ;

Define Ig(0) = I(6) N R and define I¢, (6) = 1(5) N C4..
Let pf(z) := 2™pn(1/z) be the reciprocal polynomial of p,,. N
Below, we say that two (possibly complex valued) random variables &; and {; have
matching moments to up to second order if

ERe(¢;)*Im(€;)° = ERe(€;)*Im(&;)” (3.2)

for any 0 < a, 8 < 2 such that a + 3 < 2. Note that if one of ¢, g] is real valued then
this matching condition will force the other to be real-valued. The Gaussian analogue of
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pn(2) = 32;(bj+¢;&;)7 if G is defined to be p,, g (2) = 3_,(b; +¢;G;)2’ where G, ...,Gy,
are independent Gaussian and G; and &; have matching moments up to the second order.

Our main result about the mixed complex-real (m, k)-point correlation functions for
the roots of p,, is stated below, here m > 1 and k£ > 0. In Theorem 3.1, we consider a
real random polynomials whose coefficients satisfy Condition 1.1, and we let do and do*
denote the (m, k)-point correlation measures for the roots of p,, and p. The Gaussian
analogues of these two correlation measures will be denoted by dog and doy..

In the following, it is understood that all implicit constants may depend on the implicit
constants in Condition 1.1.

Theorem 3.1. Given0 < ¢ < ¢ < 1, we could find C1, o1 > 0 such that the following holds

forany + <0 < & and any (z,2) = (21, Zm; Zmt1, - - - Zmtk) € IR(6)™ X Ig, (6)F:

Let ¢ be supported on Bg(0,c6)™ x Be(0,c6)* such that as a function on R™+2F it is
in C3#+2 and furthermore sup |0%¢s| < 61! up to order |a| < 3k + 2.

Let J C Ig(d) + (—¢cd,¢d) be such that for any 1 < j < m + k the following holds*:

e if sign(Re(z;)) > 0 and [Im(z;)| < ¢d then (|z;| — €0, |z;| +¢d) C J.
e if sign(Re(z;)) < 0 and [Im(z;)| < ¢d then (—|z;| — ¢d, —|z;| +¢d) C J.

(i) Assume that |m!| < /Var[r!] uniformly on J, or |m,| > Cillog(l +

— |t|)|%\/mfora]1t € J. Then

1
n

/ 63y — x,w — 2)[do(y, w) — dog(y,w)] = O(F™).
]Rmei

(i) Assume that |m*,| < +/Var[rs”] uniformly on J, or |m}| > Ci|log(l + = —

n n

t|)|2\/Var[r:] forallt € J. Then
/ b5(y — 7w — 2)[do* (y,w) — dogy(y,w)] = O(6™).
]Rm'xC’j_

Our proof will use the following result for the k-point complex correlation functions,
where k£ > 1. In Theorem 3.2, we consider a (possibly complex valued) random polynomial
pn Whose coefficients satisfy Condition 1.1. Below we let do and do* denote the k-point
correlation measures for the zeros of p,, and p;,, and let dog and do}, be their Gaussian
analogues.

Theorem 3.2. Given any 0 < ¢ < 1, we could find constants Cy,a; > 0 such that the
following holds for any = < 6 < &- and any z € I(5)":

Let ¢s be supported on Bg(0,cd)* such that as a function on R?* it is C3**2 and
furthermore sup [0%¢;s| < 6~!! up to order |a| < 3k + 2.
Then
Os(w = 2)[do(w) —dog(w)] = O@F™),
o

o ¢s(w — 2)[do” (y, w) — dog(y,w)] = O(5).

4Note that the interval J = IR (§) + (—¢cd, ¢5) has this property, although in the applications we may work
with much thinner intervals (which is allowed if ¢ is small).
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Our Theorem 3.2 slightly generalizes [4, Theorem 2.3]. Here we point out an example
outside the scope of [4]. Recall that in [4, Theorem 2.3] it is assumed that p,(z) =
coéo +c1&1z + -+ - + cnén 2™ where {; are independent with unit variance (but could have
nonzero means). In our setting, with p,(2) = ap + a1z + - -+ + a, 2", if a; is a nonzero
constant with probability 1 (which is allowed to happen for j = O(1) or j > n — O(1)
according to Condition 1.1) then it is not possible to write a; = c;§; where ¢; of variance
1.

We will prove Theorem 3.2 using an adaptation of the proof of [4, Theorem 2.3]. We
take this as an opportunity to provide a more streamlined presentation of the argument
in [4], in particular in the proof we will prove new estimates involving log integrability
of random polynomials and bounds on the local number of roots, which could be of
independent interests.

4 Local anti-concentration inequalities

In this section we will prove several anti-concentration inequalities for random
polynomials whose coefficients satisfy Condition 1.1. We will use these estimates later
in the proof of Theorem 3.2. Below, let ¢,, = (n + 1)~ ”p}, be the normalized reciprocal
polynomial for p,,. Recall that

1(5) = {zeC:1-25< 2| <1-6}, ifé> L
B {zeC:1-& <[z <1+ L), ifd< -

Our first set of estimates is contained the following theorem:

Theorem 4.1. Let 0 < ¢ < 1. Then there are constants C;,«; > 0 such that the following
holds for any - < 0 < &- and any |z| € I(6) + (—cd,¢d) and any t > 0:

supP(|pn(2) —u| <t) < (t6P)% 4 e 1md, 4.1)

supP(|gn(z) —ul <t) < 191 4 e, (4.2)

Now, if 6 &~ 1/n then Theorem 4.1 does not give us much information: the right
hand sides of (4.1) and (4.2) are now comparable to 1, therefore these estimates hold
automatically. In this range of J, the following set of estimates is more useful. Below, let
log, (z) = max(0,log ).

Theorem 4.2. Let 0 < ¢ < 1. Then there is a constant Cy > 0 such that the following
holds for any + < 0 < &- and any |z| € I(6) + (—cd,cé) and any t > 0:

_ 1
supP(lpa(z) —ul <t) S 07?4810 (), 4.3)

_ 1
supP(|gn(z) —u| <t) < n_1/2+61/210g+1/2(¥). (4.4)

As a corollary of Theorem 4.1 and Theorem 4.2, we obtain
Corollary 4.3. Let 0 < ¢ < 1. Then there is a constant C; > 0 such that the following
holds for any ;. < 0 < &- and any || € I(3) + (—c6,cd): for any 0 < ag < 5 there is a
constant Cy such that
P(log |pn(2)| < —Cs|log d])
P(10g |4 ()] < —Cb|log )

092,

S
< 0

Proof of Corollary 4.3. Below we only prove the claimed estimate for log|p,|, and the
same argument specialized to the case p = 0 can be applied to log |¢,,|. Using Theorem 4.1

EJP 26 (2021), paper 144. https://www.imstat.org/ejp
Page 14/45


https://doi.org/10.1214/21-EJP719
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Random polynomials with coefficients of polynomial growth

and Theorem 4.2, for any A > 0 we have

P(log[pa(2)] < (p—A)logd]) < min(6** e~ n~1/2 + >\_1/2(|ljg§|)1/2)~

Thus, for any § € [22 &

(e 5] n

, -] we have
Plog|pa(2)| < —(52 — p)llogd]) < 82 eozloen < goz,
aq
On the other hand, for any % <6< g—fl‘%” we have

~

P(loglpa(2)| < (22— p)logd]) < n~V2 46V logs[ V2 < g0, O
aq

4.1 Proof of Theorem 4.1

Recall that p,(z) = >;(b; + ¢;€;)2’. Using Condition 1.1, we may find jo > 0 and
My > 0 such that
lcj| < Mo(1+5)” (4.5)

for all j, while |c;| > My (1 + j)* for jo < j < n — jo.

We first prove (4.1). Since the left hand side of (4.1) is O(1), we may assume without
loss of generality that § > % for a large absolute constant B. In particular, we will have
1—(2+¢)0 <z <1—=(1-¢)d, thus [z|Y < (1—(1-1c)d)N.

Now, there is a constant ¢’ > 0 depending only on ¢ such that (1 — (1 —¢)§)'/? < 1 —¢/
for all § > 0. Therefore, we may choose jo < N a 1/§ such that |z|V is very small. In
particular, we may choose such N so that [2|Y < 2= (?*2) /2. Now, observe that, thanks
to (4.5),

lekn /eernyn] = 27T M2

for any 1 < k < (n — jo)/N. Therefore,
len 2™ | > 2lean2?N | > -0 > 257 e 2N (4.6)

forany 1 </ < [%} ~ nd.

We now recall the following anti-concentration bound:
Claim 4.4. Let ¢y, Cy > 0. Then there are constants as,Cy > 0 such that the following
holds for any ¢ > 1: If &,...,& are independent with zero mean and unit variance
satisfying E|¢;|*T<0 < Cy, then for any lacunary sequence |dy| > 2|da| > -+ > 2¢71|d,| we
have:

sup P(| Zdjfj —u| < |dg|) < Coe™2t,
u ]=1
For a proof of this now-standard bound, see e.g. [33, Lemma 9.2] or [4, Lemma 4.2].
We apply the above anti-concentration bound to d; = ¢,y 2z’ N and to the random variables
N, ..., &u—1)N- By absorbing the remaining terms in p,(z) into the concentration point
u, it follows that
sup P(|pn(2) — ul < |eanz™N]) = O(e™2), (4.7)

forany 1 < ¢ < ¢y := [(n — jo)/N]. To obtain the desired estimate (4.1) from this
inequality, we will choose ¢ to depend on ¢, and this choice is explained below.

First, note that |2|'/? > (1 — (2 + ¢)§)'/?, which is uniformly bounded away from 0 and
since N ~ 1/5, we may find a constant as > 0 such that |2V| > e~2/2, It follows that

leonz™N| 2 (EN)Pe=st/2 > Nremast > §-pe= st
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For convenience, let C3 > 0 be such that |c,y 2"V | > C%(ifpe*“f*’z. We then let £ to be the
integer such that
Ci?)e*a“”(ﬁl) <t < C%e*‘”e.

Now, since the left hand side of (4.1) is O(1) we may assume without loss of generality
that ¢ > 1. To check that this ¢ will lead us to (4.1), we divide the consideration into two
cases:

Case 1:1 <V </tyn.

It follows from the above constraint on ¢ that e=* = O((t§”)'/3). In this range of ¢
we may use (4.7), and obtain

IN

1
sup P(|pn(2) — ul < 1) P(lpn(2)] < 535"’6“’“)

< supP(|pn(z) — ul < |eenz™])
u

< et = O((tor)2/).

Thus by ensuring «; < as/a3 we obtain (4.1).

Case 2: ¢ > Up.

Here (4.7) is not available, however we observe that the LHS of (4.1) is nondecreasing
with respect to ¢. Therefore, using the case ¢ = ¢ of Case 1, we obtain

sup P(|pn(2) — ul <t) < supP(|pn(2) — ul < ey 2VN]) < e,
u u

Since /y ~ nd, the last estimate can be bounded above by O(e~*1"9) for some a; > 0.
This completes the proof of (4.1).

We now discuss the proof of (4.2), which will follow the same argument. For conve-
nience of notation, we let ¢, (z) = (ep + d0§~0)~+ (e1 4+ di&)x + - - + (e + dn&y)z™, where
ej=bp_j(n+1)"" dj =cp_j(n+1)""and & = ¢,_;. Itisclear thate; Slandd; =1
for jo < j < n/2, therefore we may apply the special case p = 0 of (4.1) to the random
polynomial dogo + -+ dpy, /Q]E[n /2]x[”/ 2. The desired estimate for ¢, then follows by
absorbing the other terms into the concentration point w.

4.2 Proof of Theorem 4.2

Below we only prove (4.3), and (4.4) can be obtained from (4.3) by arguing as in the
proof of Theorem 4.1 in the last section.

The proof uses the following generalization of a lemma of Erdos (for a proof see [4,
Lemma 4.1]):

Claim 4.5. Let ¢y,Cy > 0. Then there is a constant C' > 0 such that the following
holds for any m > 1: If &y, ..., &, are independent and sup; E[¢;|*T < Cy then for any
di,...,d, € C we have

supP(|d1&1 + -+ + dém — u| < min|d;|/C) < C//m.

Let n — jo > m > 2jo, where jo = O(1) is such that |c;| is comparable to (1 + j)* for
Jjo <7 < n— jo (thanks to Condition 1.1). Applying the above estimate to d; = cjzj for
m/2 < j < m, it follows that
sup P(|p,(2) —ul < min |e;27|/C) = O(1/v/m)
u m/2§j§m
Now, we may choose C' > 1 be sufficiently large such that 6 > 1/(Cn). For any z €
I(0) + (—cd, ¢d), it holds that |z| > 1 — 2C4, therefore

min |c;27| 2 mP(1 — 208)™ 2 mPe 200 > §7Pe=30m9,
m/2<j<m
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Collecting estimates, for C' > 0 large enough we will have
1
sup P(|pn(2) — u| < 657'0670”15) = O(m™?), (4.8)

for any integer m € [2jo,n — jo]. To obtain the desired estimate (4.3) from this inequality,
we will choose m suitably depending on ¢ > 0. We will choose m to be the integer such
that

lefC(m+1)5 < t6P < %efcmti'

c

Now, since the LHS of (4.3) is O(1), we may assume without loss of generality that

m > 2jo. To show that this choice would give us (4.3), we divide the consideration into
two cases:

Case 1: 25 < m < n — jo. For such m we may use (4.8). We note that, as a

consequence of the above constraint on m, we will have md 2 log +(t6%). Consequently,

- 1
supP(lpa(t) —ul <t) £ om0 8 Plog ().

Case 2: m > n — jo + 1. Here we will use monotonicity of the left hand side of (4.3)
(as a function of ). Since we now have ¢t < %6"’6‘“”‘”“, it follows that
1 _
sup P(|p,(2) — u| <t) <supP(|pn(z) —u| < 557‘7670(”7”)5) < n~1/2,

This completes our proof of Theorem 4.2.

5 Logarithmic integrability of random polynomials

This section is devoted to establishing several estimates about the integrability of
log |p»| and log |p} |, which will be used to prove bounds for the number of local real roots
of p,, in subsequent sections. Throughout this section, we’ll assume that the coefficients
of p,, satisfy Condition 1.1. For convenience, let ¢, := (n + 1) *p%.

5.1 Logarithmic integrability on the unit disk

We start with an estimate about integrability on the unit disk B(0,1) = {|z| < 1}. We
view this as a global estimate.

Theorem 5.1. There are absolute constants C,c > 0 and an event F of exponentially
decaying probability P(F) = O(e~°") such that the following holds:

Ellr [ Jloglpu(w)]du] < (Cq)%(log(n +2))°" (5.1)
B(0,1)

for all ¢ > 1, and the analogous estimate also holds for q,,.

We note that the exclusion of an exceptional set of exponentially decaying probability
is important. To see this, suppose that b; = 0 for all j, then p,(z) = 0 on the event
F = {¢ =0 Vj}, which has an exponentially decaying probability P(F) = O(p") if for
some fixed p € (0,1) we have P({; = 0) > p for all j. Such event must be excluded to
ensure any integrability for |log |p,|| on B(0, 1).

Without loss of generality we may assume that n > 3 in the proof. Given such a
condition, the right hand side of (5.1) is a strictly increasing function of the implicit
constant C, which will be convenient in the proof.

To start, we note that the estimate (5.1) follows from a slightly weaker estimate:
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Proposition 5.2. There is an event F of exponentially decaying probability P(F) =
O(e™“") (for some fixed ¢ > 0) such that the following holds: for any ¢ > 0, there is a
constant C = C'(¢) such that

Ellp [ Jloglpu(w)]'du] < (Cq)%nC (og(n -+ 2)) 4 5.2)
B(0,1)

for all ¢ > 1, and the analogous estimate also holds for q,.

Indeed, the key observation here is that the the implicit constant C' does not depend
on q. If (5.2) holds, using Holder’s inequality we have, for any p > 1:

Bl [ osbatlian] < (B[t ([ gl )"

’/Tl_% (E[ch /
B(0

13 (o) P o)

a7 (Cpq)cqnc/”(log n)(1+e)q

IN

1/p
[Tog [pn (w)][*du) )
1)

s

1/p

IN

The desired conclusion (5.1) then follows by choosing p = logn.

The main ingredient in the proof of Proposition 5.2 is a result of Nazarov-Nishry-Sodin
[24, Corollary 1.2] for random Fourier series, summarized below:
Proposition 5.3. [24] There is an absolute constant C' > 0 such that the following
holds: Let r.(2) = >, ¢;jd;2) where d; are deterministic with _;|d;|* = 1 and ¢; are
independent Rademacher random variables. Then for any p > 0

27 1
E[/ / | log |re(rei0)|\pdrd9] < (Cp)6p.
o Jo

Our proof will actually use the following simple extension of Proposition 5.3.

Lemma 5.4. There is an absolute constant C' > 0 such that the following holds for any
m : B(0,1) — C measurable with M := fo% fol Im(re'?)|2drd < co: Let re(z) = 3 €;d;27
where d; are deterministic with ) ; |d;|* = 1 and ¢; are independent Rademacher random
variables. Then for any p > 0 we have

2 1
E/ / |log [m(re'®) + r(re®)||Pdrdd < (Cp)™ (M +1).
o Jo

In Lemma 5.4, we could in fact replace the constant 7 by any constant bigger than 6
(for our applications any absolute constant would suffice).

5.1.1 Proof of Lemma 5.4

To prove Lemma 5.4, we will use the following crude estimate. For convenience of
notation, let f(z) = m(z) + r.(z) and let |.| denote the Lebesgue measure of measurable
subsets of [0, 1] x [0, 27].

Claim 5.5. There is an absolute constant C' > 0 such that for any p > 0 and A\ > 0 we
have

E[{(r,0) - log|f(re"®)] > A} S (1+0)77(Cp)" (M +1).
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Indeed, E|{(r,0) : log|m(re’?) + rc(re'®)| > A}

< e A (E//|m(rei6)|2drd9+E//|r€(rei9)|2drd9)
< e MM + / / > ld;(re'® ) [*drdo)

J
< e AN (M +1).

Now, let h > 1 be integer such that h — 1 < p < h, we then have

62)\

(1420 /n! > (14 \)rp==1)

>
> 14+ NP (p+1)" 2 1+ NP

This competes the proof of Claim 5.5.
In the proof of Lemma 5.4, we will use another estimate, which in turn is a conse-
quence of Proposition 5.3.

Claim 5.6. There is an absolute constant C such that for any p > 0 and A\ > 0 we have
E|{(r,0) : log |f(re”)| < =A} S (1+X)77(Cp)*.

Since the left hand side of the above estimate is always bounded above by 27 and
since p? > e~ /¢ for any p > 0, we may assume ) > 1 without any loss of generality. For
such ), it suffices to show that

BI{(r,0) : o | f(re®)| < ~A}| £ (A — 5 m2)#(Cp)*.

Let ¢ be iid copies of ¢;, such that €, ..., €, €, ..., €, are independent Rademacher

y N
random variables. Let n; = (¢;—¢})/ /2, which are also independent Rademacher random
variables. We have

(Blog|7(re)] < 1))
= P(jm(re?) 4+ rc(re?®)| < e, |m(re®) + ro(re??)] < e™?)
< P(re(re’) —ro (7‘6“")\ < 2e7?)

IN

1 )
(A= 5n 2) 2P| log |r, (re?) || (5.3)

Thus, E[{(r,0) : |log \f(rei0)| < =M}

2m 1
/ / P(log |f(re®)] < —=A)drdf (by Fubini’s theorem)
o Jo

27 1 ' 9 12
s (/ / (P(log |f(re”)] < _)‘>) drd@) (by Holder’s inequality)
o Jo
27 1 ‘ 1/2
~ %hﬂ)fp(/o /O E|log|r, (re"")|[*drdd) "~ (by (5.3)

1
< (A= 3 In2)"?(Cp)® (using Proposition 5.3 with 2p and choosing a large C).

This completes the proof of Claim 5.6.
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We are now ready to start the proof of Lemma 5.4. We combine Claim 5.6 and

Claim 5.5 and estimate
27 1 )
D / / log | £ (rei®)|[Pdrd6
0 0

= p [ WPTEI(6) s log £ ]| > A}aA
0

A

(M + 1)p/ AP 4 N)TTP/S(Cp) PN
0

A

(Cp)™P(M + 1) /OO p(1 4 X)~Fp/6)g)
0
S (Cp)™(M +1).

This completes the proof of Lemma 5.4.

5.1.2 Proof of Proposition 5.2

We now start the proof of (5.2) for log|p,|. For convenience of notation, we denote
prg(w) = 325(b; + c;j&;)w’ to keep track of the dependence of p, on the vector of
coefficients £ = (&, ...,&,). Let

Fe = {o(&) < n™"}, where o(&) = (3 |ej&;)'/>.
J
We first show that P(F) = O(e™°") for some ¢ > 0. Since §; are independent and
;| ~ 37 2 n~Y2 for n—O(1) > j > O(1), it suffices to show that that there are constants
dp > 0 and py > 0 such that P(|¢;| < dp) <1 — py for all j. This was proved in Lemma 2.3.

We now divide the remaining of the proof into two cases: the simpler case when &;
are symmetric for each j, and the general case where no symmetry is assumed.
Case 1: Symmetric coefficients.

Assume that for each j the distributions of §; and —¢; are the same.

Let €o, ..., €, be independent Rademacher random variables that are independent
from &, ..., &y, and let {; = ¢;&;. Thanks to symmetry, p¢ ,, has the same distribution as
Pz, Note that o(£) = o(€), therefore Fg = F¢ and is independent of ¢;. Thus it suffices
to show that, for any C' > 0 large enough,

Ec.lirg [ loglp, glw)]du] £ (C0)n (logn)".
B(0,1

Note that on the event F¢ we have o(¢) > n~', which implies |log o(¢)| < log(n?a(¢)).
Conditioning on this event and using Lemma 5.4, we obtain

E{[ |loglp, gl =Edl [ g i) + 3 sty ]
(0,1) B(0,1) i

)

My (W) ci&;
< 29, || log o (€ q—l—/ log + 5 ]6 w? ||9dw
logo@yit+ [ 1ol 775 Z ju|[1dw|
s log%n%—@) +(Cp >7P<M +1)]
2 mn ) 2 2 C
where M = | drdd < n® sup |m(w)* < nC,
0 ‘7 weB(0,1)

here C depends on p. Thus, it remains to show that

E¢[log?(n®0(€))] < (Cq)n” log?(n + 1)
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for some C > 0 (independent of ¢). This estimate in turn follows from concavity of log?(z)
on (e?,00) and Jensen’s inequality:

E¢ [log?(e? + n®0 (€))] log?(Ele? +n’0(8)))

<
< logf(e?+n%) < (Cq)*(logn).
Case 2: General coefficients.

We now drop the assumption that the distribution of ;’s are symmetric. To show
(5.1), it suffices to show that, for C' = C(e) > 0 large enough,

/ P(FgN{L < [log |pne(w)|| <€+ 1})dw (5.4)
B(0,1)

< (146)7%Cq)nC (logn)H T4

for any ¢ > 0 and any ¢ > 1. Since the left hand side of (5.4) is O(1), this estimate
holds trivially for ¢ = O(1). Thus, we will assume below that ¢ > 1, in particular we may
replace (1 + ¢)~? by £~ 7 on the right hand side without any loss of generality.

Now, let ¢ = ¢/(2q). We divide the proof of (5.4) into two parts, depending on whether
/< e or ¢ > ec’m,

Smaller ¢’s: For { < ec/”, we have (7 > ¢~°"/2, thus it suffices to show that

[ B(loglpuctu)ll = dw £ ¢4 00(Co M logn)’. (55)
B(0,1)
Now, {]10g [p.e(w)]] = )} = {10g [pn.c(w)] = 0} U {log [pue(w)] < —0)}, and

[ Bloglpuctw) = dw 5 [ Elpew)d
B(0,1) B(0,1)
< e < 0 YCq)MnC.

Thus, it remains to show that [ P(log |p,.¢(w)| < —¢) is bounded by the right hand side of
(5.5).

Let EJ be iid copy of ¢; that are independent of each other and of other ¢;’s. Let
n; = %(gj — Ej), then n; is symmetric with mean zero and variance 1. We also have
E|n;|**% = O(Cp) uniform over j, thanks to Condition 1.1. One could easily show that
P(F,) = O(e ") (with the same ¢ as in the estimate for IP(F), although this it not
important — we could refine the constant c for F¢ so that these two exceptional sets share

the same constant from the beginning of the proof).
Now, using Holder’s inequality, we obtain

/ P(log [pn ¢ (w)| < —0)dw
B(0,1)

S (] Ploglpnetu)lloglp, g(:)] < ~du)'/?
B(0,1)
1
S ([ Ploglpn)] <0+ 2 m2j
B(0,1) 2
1
< eTen/2 g (/ P(E; N {log [pn,y(w)| < =€+ 3 In2})dw)"/?
B(0,1)
—cn/2 1 — 2 1/2
S e (0= 5n2) q(E[ng/ | 10g |pn ()] qdw]) :
B(0,1)

Let C be sufficiently large, then using the known estimates for the symmetric case,
which applies to p, , and 2¢q, we may generously estimate the last display by

< e~/ 4 (Z/2)‘q(20q)cqnc/2(log n)?.
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This completes the proof of (5.4) for this range of /.
Larger j’s: For { > ‘™, we proceed as follows. Let ¢p,...,¢, be independent

Rademacher random variables that are independent from ¢;’s. Let EJ = ¢;&; and consider
the symmetrized variant of p, ¢, namely

png(z) = Z(bj + cjejfj)zj

J

Using Holder’s inequality, for any p,q > 1 we have

/ﬁ P(FS N {€ < [1og |pne(w)]| < €+ 1})dw
B(0,1)

A

1/p
0 (el [ o T8 ()] du)
0,1

)

IN

5_(”6)‘12(”*”/”(EsE5[1Fc/ |log [pg.,, (w)[| 1 +Pdw]) /7

€ &n

B(0,1)

Here, in the last estimate we used the fact that p, ¢ is equal to p £ with probability

2—-(n+1) QOpserve that F¢ = F%. Thus, using the (known) estimate for the symmetric case,
we can further estimate the last display by

A\

¢~ (+e)agn/p ((OPQ)Cpqnc(log n)(1+€)pq) 1/p

E_(HG)QQ"/?(C’pq)cqnc/”(log n)(1+€)q.

Since (€7 > e¢ma¢ = ¢cn¢/2 it follows that by taking p > max(1, (ce) 'In4) we have
¢=€19"/P < 1 and we obtain the desired estimate.
This completes the proof of the desired estimate (5.2) for log |p,| of Proposition 5.2.
We now discuss the proof for the analogous estimate for log |g,|. For convenience
of notation, let p;(z) = >_,(b"j + cjg])xj where b} = b,,_;, ¢; = ¢,,—j, and Ej =¢,—;. In
particular, m;,(z) = 3 biz’/. We similarly let

Fe={(n+1)"70"(§) < n~ 1}

where o*(¢) = (3 \c§§j|2)1/2. Using Condition 1.1, we have |¢}| ~ (n +1)” for O(1) <
j < n/2, therefore by the same argument as before we obtain P(£) = O(e™“") for some
¢ > 0. Now, the proof of the symmetric case is entirely the same as before once we verify
that on F¢ it holds that

/%/lmﬂmﬁﬁmw:om%.
o Jo %)

But this is clear using Condition 1.1. Finally, the proof of the general case follows from
the symmetric case as long as we could verify that fB(O 1 Elg,(w)|?> = O(n%), which
again is clear from Condition 1.1.

5.2 Logarithmic integrability on local sets

In this section we will prove a probabilistic upper bound regarding the local inte-
grability of log |p,| and log |¢,| where ¢,, = (n + 1)~ ?p}. This is an estimate on a ball of
radius comparable to the scale § with center near I(§). All implicit constants below may
depend on the implicit constants in Condition 1.1.
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Theorem 5.7. Let 0 < ¢,¢’ < 1 be such that ¢+ ¢ < 1 and let C; > 0 be big enough
depending on c,¢. Then for any ag € (0,1/2) and ;- < 6 < &- and z € 1(8) + (—cd,cd)
there is an event F with probability O(6*°) such that the following estimate holds
uniformly over 1 < p < oo:

1pe / | log [pw ()] [Pdw < (Cp)?6?|log 6],
B(z,c'd)

and the analogous estimate also holds if we replace p,, by ¢, = (n +1)~*

As a consequence Theorem 5.7, we obtain
B[l pe / | og [pn (w)|Pdw] < (Cp)?62|log 17,
B(z,c'6)

(and the analogous estimate for ¢,,), which is reminiscent of Theorem 5.1.
Using Lemma 2.1, we have the following probabilistic estimates for log |p,|:

Lemma 5.8. Let 0 < ¢ < 1. For 1 < § < 1 it holds for any e > 0 and s € R that

IP( sup log |pn (w)| > 5) <. 67235—2(p+1+6)’
|w|eI(8)+(—cd,cd)
IP( sup log ‘qn(w)| >s) <. e—255—2(1+€)

[w|€1(8)+(—c8,c8)

Proof of Lemma 5.8. Recall that p,(w) = ag +ajw + - - - + a,w" and E|a;|* = O((1 + 5)**)
thanks to Condition 1.1. Using Lemma 2.1 and Cauchy-Schwartz, for any ¢ > 0 and
w € I(8) + (—cd, cd) we have

n

n
()] S QL+ 5P 2L+ 5) 2 a2
j=0 §=0

S ORI (14 5) 7 ay )2,

©-

I
=)

J

Since E(YX7o(1 4 5)~2~1=2a,[2) = O(X,o(1 + )72 = O(1), we obtain

] sup [pn(2)[?] S §7200H1H.
[z|€1(0)+(—6/2,0/2)
The desired probabilistic estimate for log |p,,| then follows immediately.
Now, the proof of the claimed probabilistic estimate for log|q,| is similar. For conve-
nience of notation, let M, = (3_7_o(n + 1 —j)=% (1 + j)~*~*(a,_;|*)*/2. Using Cauchy
Schwarz and Lemma 2.1 we have, for e > 0 and w € I(§) + (—cd, ¢d):

n

1/2
an(@)] S (1) (Yot 1= P+ ) 2wl ) M,
j=0
< (5_(1+6)M5.

Again, E[M?] < >0_(1+7)7'7 = O(1), and the desired estimate follows immediately.
O

5.2.1 Proof of Theorem 5.7

We will only show the proof for the claimed estimate for log |p,|,
works for log |g,|. Fix z € I(d) + (—cd, ¢d). Let C; > 0 be big enough so that Corollary 4.3
holds.
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Thanks Corollary 4.3, we may assume that
log [py(2)| = —C2|log d| (5.6)

for some Cy > 0 large. Let ¢’ € (¢,1 —¢). Then for w € B(z,¢’J) we have |w| €
I(0) + (—(c+ ")d, (c+ ¢")d), so thanks to Lemma 5.8, it holds with probability 1 — O(§*°)
that
sup  log |pn(w)] < Cs|logd| (5.7)
weB(z,c"5)

for C5 > 0 large.

Below, we will condition on the event where (5.6) and (5.7) hold, on which we will

show that
(672 |log [pn (w)||Pdw) /P < p|log 5],
B(z,c'd)

Now, the integrand |log |p,|| will blowup near the zeros of p,,, however only logarith-
mically. The above assumptions on log |p,| will ensure that there are not many such zeros
near z, and the main part of the argument is to control the zero-free part of p,, using
properties of subharmonic functions.

More specifically, let £ := N, (B(z,c"”6)) be the number of zeros of p,, in B(z,¢'d). As
a consequence of Jensen’s formula, we have

{Serer (- sup  log|pn(w)| —log|pn(2)]) < [logdl,
weB(z,c"d)
Now, let uy, ..., us be the zeros of p,, in B(z,'§). Let Qn(w) = pp(w)/((w—uq) ... (w—1uy)),
this is a (random) polynomial having no zeros inside B(z, ¢'d), we view Q,, as the zero-free
part of p,,. It follows that, for any p > 1,

(072 | log [py (w)][7)!/7
B(z,c'd)
l
< @[ Jlogl@u@IP) Y6 [ Jlogle — )
B(z,c'd) i1 B(z,c'd)
S (6 |1og [ @ (w)|[P)"/7 + ¢p| log 4.
B(z,c'd)

Since ¢ = O(|logd|), it remains to bound the integral involving @,. In fact, we will
show that |log |Q,(w)|| = O(|log 6|?) uniformly on B(z,c’s), which is a stronger estimate.
To see this, we first show that log |Q,,| satisfies inequalities similar to (5.6) and (5.7).
Indeed, note that log |Q, (w)| : B(0,¢"§) — RU {—o0} is a subharmonic function, and by
the maximum principle it achieves its maximum on the boundary. It follows that

sup  log|Qn(w)| < sup log |Qy (w)]
weEB(z,c"" ) w: lw—z|=c""é
‘ 1
< sup log |pn (w)| + sup log ———
w: lw—z|=c""d 1 w: |w7z\:c”5; ‘w - u’b|
S [logd| + £[log(9)] < |logd|*.
On the other hand, since |z — u;| < /§ < 1foralli=1,...,¢ we also have
14
1
log |Qn(2)] = log [pn(2)| + > _ log T 2 o8 lpn(2)] = ~Chllogdl.
i=1 v
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Thus we have verified that (),, satisfies inequalities similar to (5.6) and (5.7). Now, let
h(w) := C|logd|? — log|Q,(w)| for a big constant C' such that % is nonnegative (and
harmonic) on B(z,c”d). Note that

0 < h(z) < Cllogd|? + Cy|log d| = O(]log 6]?).
Using Harnack’s inequality, for any w € B(z,¢§) we have

< 64 o

0 < h(w) < 6 —cé

h(z) = O(h(2)) = O(|log é[*).
It follows that |log |Q, (w)|| < O(]log §|?) + |h(w)] = O(]log §|?) for any w € B(z,c§), as
desired.

6 Counting local real roots

In this section, we will use the log integrability estimates and the anti concentration
estimates from previous sections to establish several estimates for the local number of
real roots for p,,.

For each U C C and any function f analytic on a neighborhood of U, let N;(U) denote
the number of roots of f inside U.

In this section, we assume that the coefficients of p,, satisfy Condition 1.1, and all
implicit constants may depend on the implicit constants in Condition 1.1.

Theorem 6.1. Let 0 < ¢, < 1 be such that ¢ + ¢ < 1. Then there are constants
C1,Cs,C3 > 0 such that the following holds: for any - < 6 < &- and any |z| € I(6) +
(—cd, ¢d) and any M > 0 and any event E we have

E[lgN,, (B(z,d0)*] <k 67 4 |log §|2FP(E). (6.1)

The analogous estimate also holds for N,, = N,-. Furthermore, for § > C3logn/n we
could take Cy = 1.

It follows from Theorem 6.1 that the number of roots of p,, and p} on Ir(d) are at
most logarithmic away from O(1). We state a useful corollary, when E° = {).

Corollary 6.2. Let 0 < ¢,¢ < 1 be such that ¢ + ¢ < 1. Then there are constant s
C1,C3,C5 > 0 such that for any + <60 < c% and any |z| € I(0) + (—c6,cd) we have

E[N,, (B(z,¢'6))*] <k |logd|<>F. (6.2)

Furthermore, for 6 > C3logn/n we could take Cy = 1.

We will divide the proof of Theorem 6.1 into two cases, depending on whether ¢ is
small or large. More specifically, we will consider first § > C5logn/n for some sufficiently
large constant Cj, this is the large scale setting. Then we will consider the case when
L <5 <logn/n and refer to this as the small scale setting.

n ~

6.1 Larger scales
We will use the following sublevel set estimate.

Lemma 6.3. Let 0 < ¢,/ < 1 be such that c+ ¢’ < 1. Let C > 0 be sufficiently large. Let
de [%, %] and assume that |z| € I(6) + (—c6, ¢b). Then uniformly over A > C|log |
we have

]P(an(B(Za 0/5)) > )\) SJ eiA/C + e*n(s/c'7
P(NQTL B(Z7 0/6)) > A) 5 e_A/C + 6_"6/0.
20 (OR paper AL https://www.imstat.org/ejp
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Let (5 be large compared to the constant C' from Lemma 6.3. Using Lemma 6.3,
we will prove (6.1) for 6 > Cslogn/n. We will only show the details for N, , the
same argument could be applied to N, . Now, for brevity let N = N, (B(z,¢'¢)) and
F ={N > Cs|logd|}. Since N < n trivially, we obtain

dt
E(N*1p) = k/ tFP(N1p > t)—
>0 t
dt o dt
< / tFP(F)— +/ thle=md/C 4 7t/
t<|log 8| 3 |log §|<t<n t
< |log 8|FP(F) 4 nke /¢ 4 / th=let/Cqt
t>|logd|
< ‘loga‘k(gca/c +n—Cs/C) +nk’—03/c+603/(40) <]M 6M
if (5 is sufficiently larger than C'M. It follows that
E(N*1p) < [logd|"P(E) + E(N"1p)
< |logd|*P(E) +6M, as desired.
6.1.1 Proof of Lemma 6.3
Let ¢’ € (¢/,1 — ¢). Using Jensen’s formula, we have
Ny, (B(z,c¢d)) < sup log|pa(w)| — log p(2)]
weB(z,c""d)
thereforeP(N,, (B(z,c'd)) > \) <
<P( sup log|pn(w)] > A/2) + P(|pn(2)] < e M?). (6.3)

weB(z,c"d)

For the first term on the right hand side of (6.3), we apply Lemma 5.8 with s = /2
and note that €?* is a lot larger than any given power of (1/6).

For the second term on the right hand side of (6.3), we use Theorem 4.1 with ¢t = e=N2
and use the assumption that A > C'log(1/d) (where C is very large) to get the desired
estimate.

The proof for N, is entirely similar.

6.2 Smaller scales

We now consider the smaller (and more critical) range % <65 1"%. Here we will
use Theorem 5.1 (from Section 5) about the log integrability of p,, and ¢,,, which shows
that there is an event F' with probability P(F') = O(e~°") such that for any ¢ > 1 we have

Ellp [ Jloglpu(w)]dul £ (Ca)%(logn) " (6.4)
B(0,1)

where C is sufficiently large, and the analogous estimate also holds for log|qg,|. We will
use these estimates to show the desired estimates for log |p,| in this range of §, and the
argument for log |g,| is entirely similar.

To start, note that E[N,, (B(z,d6)* 1gnr] < n*P(F) = O(nFe~)

which is Oy, (6™) for any M > 0. Thus, we may assume without loss of generality that
E C F¢. For convenience, denote U = B(z,c'd) and Q) := B(z,¢”’§) where ¢’ € (¢/,1 — ¢).
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Let ¢ be a smooth function such that 15,y < ¢ < 1p(g,.) and let ¢5(.) = ¢(./J) denote
the L°°-preserving dilation of ¢. We now use Green’s formula

00) = =5 | ol Ag(w)d

where dw is the Lebesgue measure on C. It follows that

N W) < 3 on(z =) = —5- [ (0w pa(w))Adiz; — wi

a€”Z
thereforeN, (U) < 6*2/ |log |pn (w)||dw.
Q

Consequently, using Holder’s inequality, the following holds for any p > 1

E[N,, (U)1s] < 6 E[1u( / [log [pal)¥]

A

() (Bfts( | 1o ()l

1/p

N

5 () 2 (1007 Bl | |logpa (w)]|du])
Q

Recall that F C F° and note that Q C B(0,1) and |Q| = O(6?). Therefore, using (6.4) for
q = kp, we obtain

E[N,, (U)*15] < 6 2P(E) Y701 5 (Ckp) * log® n
Sk 02PP(E)PpF (log n) .

Choosing p = logn = log(1/6), then 6~ /7 = O(1), therefore

E[N,,(U)*15] < P(E)'"7|logd| 2",

~

Now, if P(E) < §2M, then it is clear that the last right hand side is O(6M). If P(E) > §2M
then it is clear that P(E)'/? > 1, consequently

E[N,, (U)1g] < P(E)|logd*“".

This completes the proof of Theorem 6.1.

7 Lindeberg swapping and Tao-Vu replacement estimates

Our goal in this section is to establish the following result, which is a simple extension
of a replacement estimate in Tao-Vu [33] to non-centered polynomials.

Lemma 7.1. For any C,¢,Cy > 0 there is 0 < C < oo so that the following holds.

Let &, ...,&n, Go,. .., G, be independent with E|¢;|*T¢ < C and E|G;|*T¢ < C such
that {; and G; have matching moments up to second order, for at least n — C' indices j.
Letd € (0,1), oy > 0, w1, ..., wy, € I(§), and F : R™ — C be such that

(i)m <67, and |0°F| < 5§~ for |B] < 3;

(ii) for all 1 < i <m and 0 < j < n it holds that |c;w]| < 61 (3 |c;w![?)1/2.

Then [EF(log |pn.e(w1)], - .., 10g |pn.e(wm)])
— EF(log |pn,G(w1)|, ...,log |pn7G(wm)|)| < 500051,

where the implicit constant may depend on a1, Cy, C1, €.
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Without loss of generality we may assume that G; are Gaussian for all j. Following
[33], we will prove Lemma 7.1 using the Lindeberg swapping argument. The following
basic estimate captures some ideas of this argument.

Lemma 7.2 (Basic Lindeberg swapping). Let ¢,C' > 0. Assume that ,...,§, and
&1,...,&, are independent such that max; E[; |2+6 < C and max; ]E\§j|2+6 <C.
Assume that &; and fj have matching moments up to second order for any j & Jy.
Here Jy is a subset of {1,...,n}.
Assume that H : C" — C, such that, as a function on R>", H € C3. Then for some C
finite positive depending on C and ¢ we have:
[BH(E . &) — BHE, .., &) < C(M3=M; + o[ H|220457%).

sup
Here viewing as a function on R*" we let M; := 7", S o (@25 1) " (925)™ H ||sup-

Proof. Let Hy = H(&,...,&,), and let H;4, be obtained from H; by swapping &; with g]
We then estimate the left hand side by >, [E(H; — H;_1)|.

Let j & Jo. We view H(...,wj,...) as a function of Re(w;) and I'm(w;), denoted by f;.
For convenience, let M ; := Y1 _11(81)""™(92)™ f;]lsup-

We consider approximation of f;(z,y) using Taylor expansion around (0,0) up to
second order terms. By simple interpolation, the error term in this approximation is
bounded above O(max(|z|?*¢, \y|2+5)MJﬁ3M]{§€). Since &; and ¢; are independent from
the others and have matching moments up to second order and since ]E)|§J-|2JrE <,
]E|g] |>t¢ < C, it follows from direct examination that

E[H;41 — Hj] = O(Mj3M}5°).
Summing these estimates over j ¢ J, and using Hélder’s inequality, we obtain
S IEH b —H)| S O Ma) (Y M) = MsM; .
J€Jo J J

Now, let j € Jy. Again we view H as a function f; of Re(w;) and Im(w;) and
approximate it by Taylor expansion around (0,0) up to first order terms. We similarly
obtain |E[H;+1 — H,]| < M;1(E[E; il) = O(}M; 1). Using Kolmogorov’s inequality
[18] and a simple application of Holder’s inequality we obtain

2 3 1/3 1/3
S IBH — H) S Y] Mya S My M5 S o/ HIZ M. o
Jj€Jo j€Jo j€Jo
We now prove Lemma 7.1. Let o(2) = /Varlpne(2)] = (Xc;<p leiz[*)/?. Let

F:R™ — C be defined by ﬁ(ul, coy ) = F(ug +logo(wy), ..., Uy + logo(w,y,)). Then
we also have |9 F| < 6~ for all partial derivatives of order |a| < 3.

Let M = C3log(1/9) for some large constant C> > 0 to be chosen later.

We perform a decomposition of F' = F; + F5 where I} = ¢F and F, = (1 — gb)ﬁ
where ¢ is constructed below. Then ¢ : R™ — R is a smooth function supported on
{(z1,...,2m) € R™ :minz; > —(M + 1)} and equals 1 on {(z1,...,%m) € R™ : minz; >
— M}, such that ||[0%¢||o. < m!® for any multi-index a.

We plan to apply Lemma 7.2 to

H(fO» o afn) = Fl(log f(wl)a A IOg f(wm))7 f(Z) = |pn(z)|/0'(2),

Now, |0°F;| < m?§—21 < §=% for |a| < 3. Via explicit computations,

0 cpzt 0 cpzP
—— o z)| = Re , —— lo z)| = —Im .
ORe(6r) glf(2)] (pn(z)) OTm(&r) glf(2)] (pn(z))
EJP 26 (2021), paper 144. https://www.imstat.org/ejp

Page 28/45


https://doi.org/10.1214/21-EJP719
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Random polynomials with coefficients of polynomial growth

(ku

ok
Now, on the support of F} we have |~ )\ <eM ‘:(ijj)" Thus, for z,y € {Re(&k), Im(&k)}
we have

m

) cxwf i
(==)(=)H| < ;1|8ga F1|| ( )|| (2)| ;|8]F1||pn( w;)[?

< e2M g Z | ] || Csz)‘

Summing over k£ and using Cauchy Schwartz, we obtain

, |Ck:w |2 |crwh|?
]\42 5 621W574a1 ( 1/2 I A )1/2 5 621\1576041.
Z > st ek

Similarly, we estimate the third partial derivatives for H and use these estimates to
bound M3. Here we will arrive at trilinear sums, so using the assumption |c;wy, /o (wy)| =
O(61*1) we eventually obtain

k|2

£,j=1

Crw ckw ckw M 5(C1—T)ax
MS 5(5 4oy 3M ‘ J || 4 H h | 3 6( 1 1
PIOME il i ey

Now, we may assume ¢ < 1. Via Lemma 7.2, we have the generous bound
[EF (log f(wn),...) — EFi(log fo(wy),...)| S eMalcremthar,

We now reset H(&o,...,&,) = (1 — ¢)(log f(w1),...,log f(wym)). The partial deriva-
tives of (1 — ¢) are O(1) and are supported in min(log f(w1),...,log f(wy,)) > —M — 1.
Consequently, via the same consideration as before, we obtain
[B|Ba(log f(wn)... log fwn)|| S E[™ H (... 6)]

JBI5 H(Gos.., G| + O30

|Pn,c(w;)] -M 3M (Cre—11
S ) B < e ™M) 4 O(3M§lCrem
Z Var[pn G(wj ) ) ( )

5 2041 _|_ O( BM(S C1€ 11)0&1)

A

A

here we have used the fact that p, ¢(w;) is Gaussian and m = O(6~**). Collecting
estimates, we obtain

[EF(log |pn.¢(wi)],...) — EF(log |pn.a(wi)],...)] < 6 20e™M 4 3MgCremihen

~

We choose M = Csaq log(1/6) where Cy > Cy + 2, and C; > (11 + 3C2 + Cp) /¢, then it is
clear that the last right hand side is O(§“°®), as desired. This completes the proof of
Lemma 7.1.

8 Proof of universality for complex correlation functions

In this section we prove Theorem 3.2. Following the framework developed by Tao-Vu
[33], we will use the Monte Carlo sampling method (summarized in Lemma 8.1) and the
Lindeberg swapping argument (implemented in Lemma 7.1). Below, we will only prove
the desired estimates for the correlation functions of p,,. The same argument could be
applied to ¢, = (n 4+ 1)~ "p; to get the desired estimates for pZ.

We will actually show the desired estimates when ¢;s has the tensor structure, namely
os(w) = ¢1.6(w1) ... ¢ s(wy), furthermore for such ¢; we will only need to assume that

EJP 26 (2021), paper 144. https://www.imstat.org/ejp
Page 29/45


https://doi.org/10.1214/21-EJP719
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Random polynomials with coefficients of polynomial growth

each ¢; s, viewed as a function on R?, is continuously differentiable up to second order
and furthermore [0%¢; 5| < O(6~1%l) for |a| < 2. The reduction from general (i.e. non
tensor) ¢s to this special set up could be carried out as follows: First, let ¢’ € (¢, 1), and
let ¢; 5 be smooth and supported inside B¢(0,¢’d) such that ¢; 5 = 1 on B¢(0,cd), and
as a function on R? it is C? and satisfies the derivative bound [0%¢; 5| < O(5~1*!) up to
order 2. We may write

ds(wr,. .. wg) = dr5(wr). .. dr(wr)p(w, ..., wy)
o1 (w1) ... dp(wg) Z Cnei4”571"'w

n=(ny,...,n,)EZ*

— Z Cry.on (¢1 (w1)€4ﬂin1w1/5) o (d)k(wk)eélfrinkwk/é)

n=(ni,...,n;)EZ*

using the multiple Fourier series expansion of ¢ on the polydisk B¢(0,d)*. By standard
stationary phase estimates, if ¢5 is C™ then |c,| S (1 + 01| + -+ - + |ng|) ™™, while

07 (6 (wy)e™7575/%) = O(6 I (1 + |y ),

therefore if m is large enough depending on k, say m > 3k + 2, then we could write ¢ as
a linear average of tensor-type functions with the properties mentioned earlier.

Thus, we may now assume that ¢ has the tensor structure. Let z = (21, ..., 2x) € I(§)*
be fixed (no implicit constants will depend on z;’s). Recall that Z denotes the multi-set
of zeros of p,,. By definition,

¢s(z —w)do(w) = I Z $1.5(21 — 1) ... dr (2 — ax)
c* a1y €7
where the sum is over non repeated tuples of k elements of the zero sets of p,,. An
application of the inclusion-exclusion formula will allow us to rewrite the last right hand
side as a linear combination of terms, and each term is a product of finitely many sum of
the following type
X =Y ¢jsx(z—a)
ac”Z

where 1 < j < k is fixed and ¢; s x is a function supported in B¢(0,¢d) such that, as a
function on R?, it is C? and its partial derivatives up to order 2 are bounded accordingly.

Consequently, it suffices to show that, for a sequence X, , ..., X;, of the above type,

EX;, ... X;, —EXg,, ... Xa,i,| = 069

(uniform over all choicesof 1 </ < kand1<1i; <--- < iy <k), for some ¢ > 0. Without
loss of generality, we may assume that / = k and i; = 1,..., i = k, and for brevity we will
omit the dependence on X; in the notation and simply write X; = > ¢, s(z; — «) below.

Let ap > 0 be a sufficiently small constant that may depend on the underlying implicit
constants in Condition 1.1. By a standard construction, we could find ¢ : C* — C such
that ¢ supported on B(0,26~?°) and ¢(w1, ..., wx) = w; ... wg on B(0,6~*°), furthermore
lo(wy, ..., wx)| < |wy ... wg| for any wy, ..., wy, and (as a function on R?*) ¢ will be in C?
with [0%p(w)| < d~k0 for any (partial) derivatives of order up to 2.

Let C > 0 is sufficiently large and let % <6< é We first use Theorem 5.7 and
Lemma 5.8 to conclude that for any 0 < ¢/ < 1/2 there is an event £ = E(0, ag, 21, - - -, 2k)
with probability P(E) = O ,(6¢) such that on T = E° the following holds for each
i=1,2,... k:

sup  log|pn(w)] < [logdl,
wilw—2z;|<cd
1

7 [ lesl@lPde 5 [logdl
B(’Z.77C5)
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We now use Green’s formula, which says that the following holds for any ¢ compactly
supported in C%(R?)

00) = =5 [ Goglul) Mg}

where dw is the Lebesgue measure. It follows that, for each 1 < j < k, we have

1
X; = Z(—ﬂ)/clog|w—a|A¢j75(zj—w)dw

ac”Z

o7 [ Q08 Ipaw)) A6,z ~ w)dw .1)
T Jc

Thus, using Holder’s inequality and using the above properties of T', we obtain | X;| <
|log 6|2 on the event 7. By ensuring that § < 1/C for C sufficiently large, it follows that
|X;| < §~% on the event T. Now, outside T" we still have |¢(X1,..., Xg)| < |X1... Xk
therefore

’

EX; ... Xy = Ep(Xy,..., Xi) + O(max B[ X;|*15]). (8.2)
J

We now use Monte Carlo sampling to approximate the integral form (8.1) of X; with
a discrete sum.

Lemma 8.1 (Monte Carlo sampling). Let (X, ) be a probability space and let f €

L?(X, j1). Assume thatws, ..., w,, are drawn independently from X using the distribution
pi. Then for S = L(f(w1) + -+ f(wy)) we have ES = [, fdu and

4
P(|S —ES| > \) < — 2du.
(15 -BS| >0 < — [ 17Pdy

Now, A¢; s is supported inside B(0, ¢f) and is bounded above by O(672).

Let w;; be uniformly chosen from B(0,¢f) (independent of each other and of the
coefficients of p,;), here 1 <i <mand 1 < j < k. Using (8.1) and Lemma 8.1, it follows
that

1 & 2.
P(Xj — — > agilogpa(w;i)l| > A) Sm~ 'A% | 10g [pn (w)|[*dw,
m i—1 B(zj,cd)
where Q5 = 7%6252A¢j75(2j — wm-). Note that |aj,i| = O(].)
Now, on the event T, the right hand side in the last display is O(m~'A~2|log §|*). Using

the above estimate, we now show that all X;’s could be replaced by the corresponding
averages at a total small cost:

Claim 8.2. Let w = (W11, -+, Wiy -« Wkl, -« - s Wk ). Then

1 w— 1 «
Ep(Xy,.., Xi) — Ep(— il n i)y — il n (W = 0(d%),
Eep(X1, .., X) w(m;m, 0g |pn (w1,1)] m;ak, og |pn(wii)|)] = O(5™)
where the expectation is taken over w and £ = (&g, ..., &n)-

To see this, let A = §*TD2_  Then on the product probability space generated
by ¢ = (é,...,&,) and w; = (wj;1,...,w;m,) it holds with probability 1 — P(7°) —
O (m~15~(k+3)a0) that

1 m N
‘Xj - > ajiloglp(wy,)|| S 6D,
=1

EJP 26 (2021), paper 144. https://www.imstat.org/ejp
Page 31/45


https://doi.org/10.1214/21-EJP719
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Random polynomials with coefficients of polynomial growth

forall j = 1,...,k. Now, letting m ~ 6~ (3*t%0 and choosing oy sufficiently small (so
that in particular ¢ > (k + 1)ap)), it follows that the following inequality holds with
probability 1 — O(§(k+Deo);

1 m
(X X)) = o > ariloglpa(wiy)l,- .. ) = O(™).

i=1

(Here we’ve used the assumption that the first order partial derivatives of ¢ is bounded
above by O(6%20)).) On the event that this estimate does not hold (which has probability
O(sF+1e0)), we have the crude bound O(6-%2°) for the left hand side of the above
display, here we have used the assumption that |¢p(w1,...,wg)| < |wy...wi| and ¢ is
supported on Bc¢(0,26~%°)%. Collecting estimates, the desired estimate of Claim 8.2
follows immediately.

On the event E, we note that X; < N

~ Pn

(B(zj,c0)). Consequently, using (8.2) and Claim 8.2 we obtain

~

(B(zj,¢0)) and similarly X; o S
N,

Pn,G

EX:... Xy —EXi16... Xpc| = (8.3)
1 m 1 m
= |Bp(— Z log [pn(w1,i)], ) — Be(— ‘; 10g |pn,c (w1, ... )|+
+O(Y E[1pN,, (B(z,cd)*) + O E[leN,, o (B(z;,¢8))*]) + O(5).
J J

Using Theorem 6.1, the two terms involving N, (B(z;,cd)) and N, .,
bounded by O(|log 6|“*§2°), which in turn is bounded by O(§*°/?).

Thus, it remains to bound the first term on the right hand side of (8.3). Here we use
Lindeberg swapping, or more precisely Lemma 7.1. Below we only discuss swapping of
LS log |p, (w1;)| with its Gaussian analogue L 3™ | ay ; log [pn,¢(w1,;)|; the swapping

of the other k£ — 1 averages can be done similarly. Now, by conditioning on other variables
and treating them as parameters, we may let

(B(zj,cd)) are

1
F(Ul, e ,um) = (725( ey E(al,iul + -+ al,mum), e )
It remains to show that

EF(log |[pn(w1,1)]; - .-, log |pn(wi,m)[) — EF(og |pn.c(wi1)], - - ;108 [pn.c(wim)])
< 50,
We can check that [9° F| < —rd~* for any partial derivatives up to order 3. Note that
m ~ 6~ (3k+4)20 by choice and o could be chosen arbitrarily small. Therefore, in order
to show the estimate in the last display via Lemma 7.1, it remains to show that for some
uniform constant ¢ > 0 (independent of o) the following holds

lejwl] S 6°v/Var[pa(w)]

for any 1 < ¢ < m and any 0 < j < n. To see this, note that 1 — |w;| ~ ¢ and ¢;’s satisfy
Condition 1.1, therefore

Varlpn (] 2 (32 727 wi)12 2 /(T = P21 2 570172,
J

while |cjw!| < (14 )?(1 — 6)7. Via examination of the function z*(1 — §)* over z € [0, 00),

we could show that |¢;w?|/\/Var[p,(w;)] < 6°+2 + §'/2, thus we could take any 0 < ¢ <

min(p + %, %) (Recall the assumption that p > —1/2).
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9 Counting local non-real roots

In this section, we will prove several estimates for the local number of non-real
roots of p,, near the real line. These estimates play an essential role in the next section,
where the proof of Theorem 3.1 will be presented. Recall that we write p,, = m, + r,
where m,,(z) = 3, b;2’ is the deterministic component and r, = 3 ¢;¢;27 is the random
component. We divide the analysis into two scenarios.

Scenario 1: m,, is “small” compared to r,,. This scenario generalizes the special
case m,, = 0 considered in in [4], where it was shown that with high probability r,, has
no non-real local root. Here we will show that a similar conclusion holds even with the
addition of a “small” deterministic component m,,.

Lemma 9.1. Let ¢, > 0 be sufficiently small and let ¢ € [0,1). Then for C' = C(¢g,c) > 0
sufficiently large the following holds for any % <0< % and n := 6'7° and any = €
IR (8) + (—cd, cd).

(i) Assume that on B(z,2n) we have |m!| < +/Var[r!].
Then for any k < 2 we have P(N,, (B(z,1)) > 2) = O, ((1/6)").

(ii) Assume that on B(z,2n) we have |m*!'| < /Var[r:"].

n

Then for any k < 2 we have P(Np: (B(w,m)) > 2) = Ocy,x((n/6)").

Scenario 2: m, is “large” compared to r,,. Here we will show that with high
probability p,, has no local roots in a neighborhood of the real line.
Lemma 9.2. Let ¢y > 0 be sufficiently small and let ¢ € [0,1). Let x > 0. Then for
C,C’ > 0 sufficiently large the following holds for any + < 6§ < & and n := 6"t and any
z € Ig(0) + (—cd, cd).

(i) Assume that on B(z,2n) we have |m,| > C’|log§|'/?\/Var[r,].

Then P(Ny, (B(z,1)) > 1) = O((n/8)").
(ii) Assume that on B(x,2n) we have |m*,| > C’|logd|'/?\/Var[rz].
Then P(Np; (B(x,1)) 2 1) = Oc,c0,x((1/0)").

9.1 Proof of Lemma 9.1
9.1.1 Proof of Lemma 9.1, part (i)

Here we prove part (i) and we will discuss the modifications for part (ii) later. For
convenience, let
X = an (B('r’ n))’ XG = an,G (B(x’ 277))

Step 1. Reduction to Gaussian: We’ll use Theorem 3.2 in this step. Let ¢ € (c, 1).

Let n1,..., be an enumeration of the (complex) roots of p,, and let n; ¢,... be an
enumeration of the (complex) roots of p,, ¢, both enumerated with multiplicity.

Let ¢; > 0 be small to be chosen later. Let ¢ : C — [0, 1] be smooth supported on
B(0,2) such that ¢(z) = 1if |z| < 1. We have

T, N —x

n; —
]P(XZQ)SE;SO(U Jo(T

We now discuss the set up required to apply Theorem 3.2. Since z € Ig(6) + (—cd, ¢d),
we may write x = z¢ + « where zg € Ig(d) and |a| < ¢d. We then let

2, w) = §Leo -a v-a
b5 (2, w) 5¢(n)<ﬂ(n)
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which is defined on C?, and here L = O(1) is a sufficiently large absolute constant (in
particular independent of ¢;) so that all required derivative bounds (from Theorem 3.2)
for ¢s are satisfied. Now, supp(¢s) C Be(a, 2n)? C Be(0,¢5)? if we require § < 1/C with
C > 0 sufficiently large depending on ¢q, ¢, and ¢. It then follows from Theorem 3.2 (and
the definition of correlation functions) that for some oy > 0 (independent of L, ¢y) the
following holds:

EY " ¢s(ni — z0,m; — x0) =B _ ¢s(nic — 70, mj.c — x0) + O(35).
i#] i#]

Unraveling the notation, we obtain

i P — i, — X i, — T ag s—Leo
EY o(P— Do) < BY p(BET)p(E =Ty 4 O(50s1e0)
vy n " vy " "
< E[Xe(Xg — 1))+ O(6% ")
< §7P(Xg > 2) + E[XE1x,us-a] + O(5% L),

Using Corollary 6.2 and observing that X¢ < N, ,(B(z,0/9)), we have
P(Xg > 6~ <, 0™ | log 600

for any m > 1, so by choosing m large we have a bound of OEl,M(éM) for any M > 0.
Using Theorem 6.1, it follows that

E[XZ1x,s5-a) Sm M +]logd|DP(Xg >67) < M2
Collecting estimates, we obtain

P(X >2) < 0 2P(Xg > 2)+ 0570 2k)
< 6TP(Xg > 2) + O(87%)
by choosing ¢ small. So it remains to show that P(Xg > 2) < §f€ot2€1 GSince ¢; could be
chosen very small, it suffices to show that P(X¢ > 2) < 67 for some «’ € (k, 2), which
is essentially the Gaussian analogue of the desired estimate.

Step 2. Proof for Gaussian. We will show that, with high probability p¢ ,, is close to

its linear approximation at z, namely £(2) := p, () + pj, ¢(z)(z — ).

P i L(2)] < £ = O(5"%). 9.1
(bt IEN < g, G = 06%) o

Using Rouché’s theorem and linearity of £, (9.1) implies the desired estimate. Now, to
show (9.1), we will prove two estimates.

Claim 9.3. The following holds uniformly overt > 0:

P( min |L£(2)] <t6* sup Var[r(&)]) = O(t).
z€0B(x,2n) £€B(x,2n)

Claim 9.4. For some « > 0 the following holds uniformly overt > 0:

P( max [E(z)] > tn? sup /Var[ri(€)]) = O(e=")
z€0B(x,2n) ¢cB(z,2n)

The desired estimate (9.1) then follows from choosing ¢ = (1/6)" in Claim 9.3 and
choosing t = M|log§|'/? (with M large) in Claim 9.4. Here we need « < 2.
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9.1.2 Proof of Claim 9.3

Since L is linear with real coefficients and since = € R, min.cpp(z,20) [£(2)| is achieved
at z = x — 2n or z = x + 27. Consequently, for any ¢ > 0 we have
P( min |L(z)|<t) < P(|L(z+2n)| <t)+P(|L(z—2n)| <1)
2€0B(x,2n)
t t

+ .
VVar[L(xz +2n)]  /Var[L(z — 2n)]
here we have used the fact that £(z + 2n) and £L(x — 27) are Gaussian. Using Lemma 2.1

and Condition 1.1, we have Var[r,(z)] ~ §* SUD¢e B(z,2y) V ar[ry, (§)]. Therefore it remains
to show that for any s € {—2n, 2n} we have

<

VVar[L(z + 5)] 2 \/Var[ra(z)]. (9.2)
Now, since ; are independent, we have \/Var[L(z + s)] = [l¢; (27 + sjzI=")7_g]|>.
If § > 13- then by definition we have 1 — |z| ~ §. Therefore, using the triangle

inequality and Lemma 2.1 and Condition 1.1 we obtain
Var[Lz +s)] 2> |I(ej2”)j—olliz — Is[ll(cj2" ™) =ols=
> W/ Varr,(x)] = 2ny/Var[r!, (z)].

Using Lemma 2.1 and Condition 1.1, it follows that Var[r} (z)] ~ 6 ~2Var[r,(z)]. Since
1 < 6, the desired estimate (9.2) follows immediately.

Now, if 1 < ¢ < 3~ we have |s| < 2n < 1/(2n). Therefore, uniformly over 0 < j <n
we have |27 + sjz?~!| > |z|/, which implies the desired estimate (9.2). O

9.1.3 Proof of Claim 9.4.

To estimate max.cyp(s,2y) |€(2)|, we first estimate the mean and the variance of £(z). We

will show that

EE(2) S n* sup  /Var[rl(€)], (9.3)
£€B(z,2n)
Varl(w)] < n* sup  Var[r!(€)] (9.4)
€€ B(z,2n)
uniformly over z € B(x,2n) and w € B(z, 3n).
For (9.4), let w € B(x,3n). By the mean value theorem, we have

Varew)] = Y lejfflw’ —a? —j(w —a)a? ™"
j=0
< 4 v "
< 0t sup Var[r(§)]-
¢€B(x,3n)
By ensuring C' = C(ey, ¢) is large, for any ¢ € B(z,3n) we have & € I(§) + (-6, ¢'0) for
¢ =(1+¢)/2 < 1. Using Lemma 2.1, it follows that
sup Var[rl(¢)] < sup  Var[rl(¢)], which implies (9.4).

~

£eB(z,3n) £€B(z,2n)

For (9.3), again by the mean value theorem we have

BE(2)| = |mn(2) — ma(x) —my(2)(z — 2)|
S P sup |my(€)]
§EB(x,2n)
< o osup /Var[r!(€)] (by the given assumption)
§€B(z,2m)
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Now, we combine (9.3) and (9.4) to prove Claim 9.4. For convenience of notation, let
q(z) := E(z) — EE(z). Without loss of generality, we may assume that ¢ is much larger
than the implicit constants in the last estimate for |E€(z)| and in (9.3). It follows from
(9.3) and (9.4) that

P( max |E(2)] >tn? sup Var[r?(£)])

2€0B(z,2n) £€B(z,21)

< P( max |q(2)| > (t/2)n* sup /Var[rl(E)))

z€0B(x,2n) £€B(z,2n)
< P( max |q(z)] =t sup Var[€(§)]).
2€0B(z,2n) £€B(z,2n)

Using Cauchy’s theorem, for z € 9B(x, 2n) we have

djuw|
9(2)| < /8 o O
S sw  VVarlw) [ dl Al

weB(z,3n) aB(x,3n) \/ Var[g(w)] N

where d|w| is the arclength measure along the integration contour dB(z, 3n). Note that
Var[q(z)] = Var[€(z)]. It follows that, for some ¢ > 0, we have

P( max zZ)| >t su VarlE

o, I 2t s Vare@)

, d
5 e—ctzEeXp(/ |q(w)‘ ‘w|)2

oB(x,3n) 2¢/Var[g(w)] 1

: > dwl

< e’CtZ/ Eexp la(w)| (by convexity)
OB(x,3n) (4Var[q(w)] )
< e’Ct2 (since % is normalized Gaussian). O
Var[g(w)]

9.1.4 Proof of Lemma 9.1, part (ii)

Our proof of part (ii) of Lemma 9.1 is entirely similar to that of the proof of part
(i), where the key ingredients is the fact that uniformly over ¢ € B(x,3n) we have

\/Varr*3™(€)] ~m (14 n)P6~2m+D/2 for any m > 0, which in turn is a consequence of
Condition 1.1 and Lemma 2.1. O

9.1.5 Proof of Lemma 9.2, part (i)

We will proceed in a similar fashion as in the proof of Lemma 9.1. The reduction to the
Gaussian setting can be done similarly by using universality estimates for the 1-point
correlation function of the complex zeros of p,, from Theorem 3.2 and estimates proved
in Theorem 6.1 and Corollary 6.2.

We now discuss the proof for the Gaussian setting. The given assumption clearly
implies that m,, has no zero in B(x,2n). Thus, using Rouché’s theorem it suffices to show
that

P( s |rc(@l = inf |ma(6)) = 0(5%).
£€0B(z,2n) z€0B(x,2n)

Using Cauchy’s theorem and arguing as in the proof of Claim 9.4, we obtain

P( sup  |rac® =X sup y/Varlrag(@)]) S e ",
£€0B(x,2n) £€B(x,3n)
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for some oy > 0 and any A > 0. Using Lemma 2.1 and Condition 1.1, we also have

3 n ~ i f n .
sup )wVar[r c(9)] §e§?x,3n) \/ Var[r,,q(€)]

§€B(z,3n

Thus, using the given hypothesis we obtain, for some ¢’ > 0,

P sup rn.c(&)] >t inf map (&
(L, Fecl@] 2t _jnf | Imal)

S P oswp  [rag(9)] 2 C'tllogd]'? sup  \/Var[r,6(€)])
§€0B(x,2n) §€B(w,3n)
5 e—c’(C’t)z\ log5|.

Let ¢t = 1 in the last estimate. Then for any x > 0 we could choose Cy ~ /x but large
such that this estimate is bounded above by O((n/J)"), as desired.

9.1.6 Proof of Lemma 9.2, part (ii)

The proof is entirely similar to part (i).

10 Proof of universality for real correlation functions

Below we prove part (i) of Theorem 3.1, and the same argument may be used to prove
part (ii) of this theorem (details will be omitted).

Let z = (z1,...,2m) € Ir(6)™ and z = (2pm+1, - - -, Zmtk) € Io, (6)*. For convenience
of notation write z; = z; + iy, for all j. Then for j < m we have y; = 0 and z; € I(9),
while for j > m we have y; > 0. Note that z; and y; may not be inside I¢(6) for j > m.

Arguing as in the proof of Theorem 3.2, it suffices to show that

m-+k m-+k

Fislo— 2, S
| E( H X;) — I H Xa,j)| $6° where X; = {ZQEZ”R ole—z),  J<m
j=1

j=1 Zaezmm Hjs(a—2;), j>m.

(X¢,; are Gaussian analogues), and I 5 and H; s satisfy the following conditions:

(i) for each j < m, Fj; is in C?(R), supported in (—cd, cd) such that |FJ(Q| < 1 for
(=0,1,2.

(ii) for each j > m, H; s is supported on Bc¢(0, ¢d) and is also C*(R?) with [0*H 5| <
§~lel for any |a| < 2.

Let ¢y > 0 be sufficiently small, as required by Lemma 9.1 and let = §'+<o,

Let ¢’ € (0,1) be small such that ¢+ ¢’ < ¢.

Let @ : R — R be a bump function supported on [—¢/, ¢'] with #(0) = 1.

Let ¥ : R — [0, 1] be a smooth function supported on {z > ¢//2} such that U(z) =1 if
x> c.

Let L = O(1) be sufficiently large. Let K1 5,..., K116 : € — C be defined by

§L0F 5(x)®(y/n), j<m,

Kjo(x+iy) =
587+ iy) {5L50Hj75(x+iy)‘1/((y+yj)/77)v jzm+1

One could check that Ki g, ..., K, s are supported on B(0, (¢ + ¢’)§) and are C?(R?)
with 9* derivatives bounded by O(6~!!) for any multi-index |o| < 2.

Applying Theorem 3.2 for test functions of tensor-product type, it follows that for
some o > 0 (which does not depend on ¢3) we have

m-+k m+k
B(]] ¥j) —E([] Ye )| S 0%, where Yj(z) = > Kjs(z — z).
j=1

j=1 z€Z
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Letting Z; := §~ LY, and making sure ¢y < co/(Lm + Lk), it remains to show

mtk m+k
Bl ][ X - [T %1 =o06™)

j=1 i=1

for some a; > 0. Since X, Z; < N, (B(z;,cd)), using Corollary 6.2 we have
E|X; ™ B[ 2™ < [log 8|00 R).
Via Holder’s inequality, it therefore suffices to show that for some ¢ > 0 we have
E|X; — Z;|™"* < 6¢.
Now, foreach 1 < j <m + k let
S;={teR: |t —sign(Re(z;))|z|| < (c+)d} x [=n, ).

We first show that if X; — Z; # 0 then |[Im(z;)| < (¢ + ¢')é and

X5 — Z;1 S1Z20 (S5 \ R)|. (10.1)

Indeed, we first consider 1 < j < m. Then z; = x; € Ig(J). Therefore,

Xj=2; = Y Fisla—gz) =) Fs(Re(a) —z;)®(Im(a)/n)

aeZNR aEZ
= - Z F;s(Re(a) — z;)®(Im(a)/n) (since ®(0) = 1).
a€Z\R

Since both F) s and F} s are bounded, it suffices to show that any « that contributes to
the sum must be in S;. Indeed, for such « we have |Re(a) — z;| < ¢ and |[Im(«)| < ¢,
which implies the desired claim.

We now consider m + 1 < j < m + k. We have

X;—Zi= Y Hisla—z)—> Hjsa—z)¥(Im(a)/n).

acZNCy ac”Z

Since ¥ is supported on [¢'/2,00) in the second summation we could further assume that
a € C4. We obtain

X;—Zj= > Hjsla—z)(1—¥Im(a/n)).

aeZNCy
For any contributing «, it holds that |Im(«a)| < ¢'n, therefore
[Tm(z;)| < [Im(a)| + [Im(a) — Im(z;)] < (c+ ¢')é.

In particular, |Re(z;)| > |z;| — [Im(z;)] > 1 — O(d) and this can be made very large
compared to §. Now,

|Re(a) — Re(z;)| < |a— 2] < ¢d

therefore Re(a) has the same sign as Re(z;). Thus it remains to show that ||Re(a)|—|z;|| <
(¢ + ¢’)é. Now, using the triangle inequality this follows from

1Re(@)| = |zl < llaf = [zl + [Im(a)] < la = z;] + [Im(a)| < (¢ +c)o.

This completes the proof of (10.1).
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Now, the strip S; could be covered by O(6~°) sets of the form B(x,n) with center
inside (sign(Re(z;))|z;| — (¢ + )6, sign(Re(z;))|z;| + (¢ + ¢')d). Since ¢+ ¢ < ¢ and since
Im(zj)| < (c+¢)d, it follows that for such « the ball B(z, 2n) would be inside the interval
J where the given hypothesis on the relationship between m,, and r,, holds. Now, since
pn is a real polynomials its complex roots are symmetric about the real axis. Thus, using
the small ball estimates proved in Lemma 9.1 (if m,, is small compared to r,,) or the
small ball estimates proved in Lemma 9.2 (if m,, is large compared to r,,) with k = 3/2,
together with an union bound, we obtain

P(1ZN0 (S5 \R)| 2 1) = 0(8“6%0/%) = O(6/?).
Now, since |Z N (S; \ R)| is a nonnegative integer, by Theorem 6.1 we have

EIX; — Z;|™™ < Elz0es,\Rr)>1Np, (B(z,¢0))™ ]
< 60| log 6OUTR) < geo/3,

~

This completes the proof of Theorem 3.1. O

11 Reduction of Theorem 1.2 to Gaussian polynomials

In this section, using Theorem 3.1 we will reduce Theorem 1.2 to Gaussian random
polynomials. The proof of Theorem 1.2 for Gaussian polynomials will be discussed in the
next section.

Let Bo = {1 — & < [t| <1+ 4}. Using Lemma 2.2, to reduce Theorem 1.2 to the
Gaussian setting, it suffices to show that

IEN, (I N Be) — ENg.o(IN Be)| = O(1).

Thus without loss of generality we may assume that I € [1 —1/C,1+1/C]or I C
[-1-1/C,—1+ 1/C]. Below, we will only consider the first case, and we may use the
same argument for the other case.

Let ¢ > 0 be a very small absolute constant. Recall the definition of I(d) from (3.1)
and the paragraph after (3.1). Let Ig(0) = {z : 1/z € Ig(6)}.

Note that we may cover I using intervals I (2™) and Ig (2) where 1 <2 < L and
L <9t < L Let M and L be respectively the sets of m and ¢ such that 7(2™) and I(2)
intersect I. Clearly, nearby covering intervals have comparable lengths. Thus, we may
construct a sequence of functions ¢,,, 1, (similar to a partition of unity) such that ¢,, is
supported on (1 + €)I(2™) and 1), is supported on (1 + €)I(2¢), and furthermore

(i) |0%y| < 21*1¢ and |0%¢,,| < 2!*!™ for any partial derivatives, and

(i) Y(y) = D mem ©m(Yy) + D per Ye(y) is equal to 1 for all y € I and is supported
inside I U I; U I,- where I}, I, are two intervals from the covering that contain endpoints
of I.

Now, we could shrink the endpoint intervals I; and I, by factors comparable to 1
(if necessary) so that I remains covered by the new collection of intervals, and at the
same time (1 + 2¢)I;, (1 + 2¢)I, are subsets of the assumed enlargement .J of I. The given
definition of enlargement ensures that the shrinking of these intervals could be done.
We may redesign the bump functions ¢,, and 1), associated with I; and I,. such that they
will still be supported inside (1 + €)I; and (1 + €)1, respectively.

It follows from Theorem 3.1 that, for some a; > 0,

B S gn@)-FE S gma) = /R om(@)ldo(y) — doc(y)]] < 2™,

acZNR acZgNR
E Y wila)-B 3wl = [ vey)ldoty) - docly)l 2.
a€ZNR aE€ZGNR R
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Summing the last two estimates over m and ¢, we obtain

E > v@)-E > Aa)]=0(1).

acZNR acZaNR

Now, W) =B czrr V(@) = O(EN,(I; UI,)). For the local intervals /; and /.,
we will show that EN,,(I;) = O(1) and EN,(I,) = O(1). Since the details are entirely
similar we will only discuss the estimate for EN,,(I;). Since (1+¢)I; C J the enlargement
of I, we may construct a bump function ¢ adapted to I; that equals 1 on I; but vanishes
outside (1 + €/2)1;, in particular its support is strictly contained inside .J. Let dp be the
1-point correlation measure for the real root of p,, and dps be its Gaussian analogue. By
Theorem 3.1, we obtain

EN,(I)) < /¢dp = /¢>dpG +0(1) <EN, g((1+¢/2)I;) + O(1)

Then assuming that the Gaussian case of Theorem 1.2 is known and using the fact that J
remains an enlargement of (1 + ¢/2)I;, we obtain

[ENn.c((1+€/2)L)] < [EN, o((1+€¢/2)I)[+0(1) = O(1)

here in the last estimate we may use Proposition 12.2 in the next section (which is a
consequence of explicit Gaussian computations in [4]).
This completes the proof of the reduction of Theorem 1.2 to Gaussian polynomials.

12 Proof of Theorem 1.2 for Gaussian polynomials

In this section we prove Theorem 1.2 for the Gaussian polynomial p,,(t) = > 7_,(b; +
¢;&;)t7 where ¢; are iid normalized Gaussian, and throughout the section we will assume
that b; and c; satisfy Condition 1.1.

Let m, = ]E[pn} and r,(t) = 3_; c;j&t? and let P = Var[r,(t)], Q = Var[r)(t)], and
R = Cov[r,(t),r),(t)], and S = PQ — R2.

We recall the following Kac-Rice formula [7, Corollary 2.1]. Let erf(x fo
Then EN, (a,b) = I1(a,b) + Iz(a,b) where

b c1/2 2 12 ) /!
Li(a,b) = S exp(— MM P = 2mam, R, (12.1)
i 25
B \m P —m,R| m2 |m, P —m,R|
Iy(a,b) = \f/ S exp(— 27D)erf(W) . (12.2)

We will also work with the normalized reciprocal polynomial pf (t) = m* (t) + r(t),
and we will denote by I3, I5, P*, Q*, R*,S* the analogous quantities.

Using Lemma 2.2, we may assume without loss of generality that I C {1 —¢ < |¢| <
1+ ¢} for a (small) absolute constant ¢ > 0. By breaking up I into I~; and I<; and notice
that N, (I>1) = Np: (K) where K = {1/t, t € I} we may reduce the consideration to
Ic{l—-c<|t| <1}

Now, using Lemma 2.1, we have
Corollary 12.1. Assume that b; and c; satisfy Condition 1.1. Then for any c € (0,1) it
holds uniformly over 1 — ¢ < |t| < 1 that

Pt)~ (1+1/n—t)~ %D P(t)~ (n+1)>*(1+1/n—|t|)~"

o)~ (1+1/n—[t)” (2’3*3% Q' ()~ (n+1)*(1+1/n—|t])~
R~ (14+1/n—|t)~ @+ R*t) = (n+1)%°(1+1/n — |t|)~2

%

Q
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Si/2

On the other hand, by the classical Kac formula, p,,(t) := =2 is the density for the
real root distribution of r,,(t) = >, ¢;j&;t7, and similarly pi (t) == "’:—;/j is the density for

the real root distribution of (), and both of them can be easily bounded by O(n) by
elementary inspection. Note that the Gaussian density for r,(t) = 3_; ;&7 (and for its
reciprocal polynomial) was studied® in [4], and we summarize the known estimates for
them from [4, Lemma 10.3, Lemma 10.6] in the following proposition.

Proposition 12.2. Assume that c; satisfy Condition 1.1. Let ¢ > 0 be small. Then
uniformly over 1 — ¢ < |¢t| <1 —¢'/n we have
St)~P@)*(L— [t~ S ) =P (O~ |t)7?,
and uniformly over 1 — ¢ /n < |t| < 14 ¢/ /n we have
S(t) Sn*P(t)?  S*(t) S n*P(t).

In fact, in the original setting considered in [4] it was required that ¢; ~ (1 + j)” for
all O(1) < j <m, so it is a little stricter than our setting O(1) < j <n — O(1), however
the computation in the Gaussian setting in [4] is not affected much with our slightly
more relaxed assumption. We omit the details.

12.1 Estimates for I,

We will show that, under the hypothesis of Theorem 1.2 about the relative relation
between m,, and r,, on I, we will always have I5(I) = O(1). We separate the proof into
two cases, depending on whether m,, dominates r,, or is dominated by r,,.

First, we consider the situation when the deterministic component m,, dominates the
random component 7, on I.

Lemma 12.3. Let ¢ > 0. There is a constant C' > 0 such that the following holds. Let
I C {1 —c < |t| <1} be an interval whose endpoints may depend on n.

(i) Assume that|m,,(t)| > C|log(1 + % —tD|V2\/Varr,(t)] fortel.
Thenl>(I) = O(1).

(ii) Assume that|m’ (t)| > C|log(1 + % )2 Vel ()] fort e 1.
ThenI; (I) = O(1).
Proof. Using Lemma 2.1 and Corollary 12.1 we have

|m;LP — m7lR| < |m;L
Pp3/2 ~ p1/2

|mnR| <
p3/2 ~

1
14+ = —|t))~3/2
- (1+ - —It])
and by the given hypothesis |m,,(t)|?/P > 2C’|log(1 + L — |t|)| where C’ is comparable
to C?. Therefore

1 I«
MU§/GfM+ﬂC“@ﬁ
I n

so if C' is big enough then C’ > 5/2 and the last integral is O(1), as desired.
The consideration for I;5(I) is entirely similar. O

We now consider the situation when m,, is dominated by r,,.
Recall that ¢ : (0,1) — [0, 1] is such that the following holds for some ¢ > 0:

Cc
t
9 — o). (12.3)
1/n
SIn fact, in [4] it was required that |c;| ~ (1 + 5)? for O(1) < j < n, however the Gaussian computations in
[4] can be easily modified to work with the weaker assumption O(1) < j < n — O(1) in the current paper.
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Lemma 12.4. Let ¢ > 0 and let ¢ : (0,1) — R satisfy (12.3). LetI C {1 —c < |t| < 1}
be an interval whose endpoints may depend on n.
(i) Assume that the following holds uniformly overt € I.

1
ma ()] S ¢(1 = [t + ~)v/Varlra(2)],
1
ma @) S 6 = [t + —)v/Varlr,, (1))
Thenly(I) = O(1).
(ii) Under the analogous assumptions, we also have I5(I) = O.(1).

Proof. Using the given hypothesis and using Corollary 12.1, we have

|m), P — mnR| Q1/?

1—|t|+1
372 B(1 — |t| + )(7;1/2 w

1—[t|+42

+3) %

Since exp(—m2/P) < 1, we obtain

1 1—t¢ 1 c+1/n
L) < %dt g/ @dt: o).
1—c —t+ n 1/n

This completes the proof of part (i). The second part (ii) can be proved similarly. O

12.2 Estimates for [;

Here we will also divide the consideration into two cases, depending on whether m,,
is dominant or r, is dominant.
The following result addresses the situation when m,, is dominated by r,,.

Lemma 12.5. Assume that ¢ : (0,1) — R satisfies (12.3). Let¢ >0 andletI C {1—c <
|t| < 1} be an interval whose endpoints may depend on n.
(i) Assume that uniformly overt € I we have

| ()| < ¢1f|t|+ W Var[r,(t
Iy, ()] < ¢1—|t|+ Varlr

ThenI(I) = /pn(t)dt+0(1).
I

(ii) Under analogous assumptions, a similar estimate holds for I (I).
The following result deals with the situation when m,, dominates r,,.

Lemma 12.6. Let ¢ > 0 and let I C {1 — ¢ < |t| < 1} be an interval whose endpoints may
depend on n.
(i) Assume that uniformly overt € I we have

Imy ()] 2 [log(L — [t| + )I”Q\/Var[m(t)]
ThenI;(I) = O(1).
(ii) Under analogous assumptions, a similar estimate holds for I (I).
The proof of these results are based on the following technical estimate. For conve-

sl/2
TP

is

nience, let 7(t) = (t) analogously. Recall that p,(t) :=

the density for the real root distribution of r,(t), and p, := Sﬂ 5+ is the density for the
real root distribution for r}.
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Lemma 12.7. Let ¢ > 0 be sufficiently small and let ¢’ > 0 be sufficiently large. Then
there are finite absolute constants C;,Cy > 0 that may depend on c,c’ such that the
following holds for any interval I whose endpoints may depend on n.
ADIFICc{l1—-/n<|t| <14 /n} then I,(I) =0O(1) and I;(I) = O(1).
@) IfICc{l—c<|t|<1-/n} then

/,On(t)e—clT(t)dt < L(I) < /pn(t)e—CQT(t)dt’
1 I

and the analogous estimate holds for I (I).

Proof. (i) Since PQ > R?, it follows that m2Q + m/2P — 2m,m!/ R > 0, so
nns [ pult)dt = O(1).
1e1-1]S1/n

The estimate for I] is proved similarly.
(ii) Let 1 — ¢ < |t] <1 — ¢ /n. From Corollary 12.1 and Proposition 12.2, we obtain

S _
Z (1=t~ 2R,

1/2H1/2 _ - s
P Q |R| - 7)1/291/2 + |R| ~

In other words for some C' > 0 we have P'/2Q'/? > (1 + C)|R|. Consequently, by the
geometric mean inequality we have

miQ + m;l273 —2m,m, R ~ miQ + m',,277
Now, by Corollary 12.1 and Proposition 12.2 we have S ~ PQ. It follows that

m2Q+m)?P —2m,m, R miQ+m*P _

~ T(t).
S PQ ®)
The desired estimate then follows from the definition (12.1) of I;.
The proof for I3 (t) is completely analogous. a

We now use Lemma 12.7 to prove Lemma 12.5 and Lemma 12.6. Below we will show
only the proof for the desired estimates for I;, the same argument works for ;. We start
with the case when m,, is dominated by r,: under the assumptions of Lemma 12.5 we
have T(t) S ¢(1 —|t|+ 1). Using 1 > e=* > 1 — z for « > 0 and using Proposition 12.2, it
follows that

1 1
Pp(1—t+ )
00~ [enoad 5| [ puoTa s [ S a = oq.
I I lme 1—t+2
n

Now in the case when m,, dominates r,,: under the assumptions of Lemma 12.6 we have
T(t) Z [log(1++ —|t)|, while p,(t) < (1+ L —[t[)~! thanks to Proposition 12.2. Therefore,
for some ¢’ > 0 we have

1 1 1" 1 C+1/n 1"
I(t) < E— L N Ly u® “tdu = O0(1).
1—c 1 — T+ " 1/n
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