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Abstract

In this work we introduce a theory of stochastic integration with respect to general
cylindrical semimartingales defined on a locally convex space Φ. Our construction of
the stochastic integral is based on the theory of tensor products of topological vector
spaces and the property of good integrators of real-valued semimartingales. This
theory is further developed in the case where Φ is a complete, barrelled, nuclear space,
where we obtain a complete description of the class of integrands as Φ-valued locally
bounded and weakly predictable processes. Several other properties of the stochastic
integral are proven, including a Riemann representation, a stochastic integration by
parts formula and a stochastic Fubini theorem. Our theory is then applied to provide
sufficient and necessary conditions for existence and uniqueness of solutions to linear
stochastic evolution equations driven by semimartingale noise taking values in the
strong dual Φ′ of Φ. In the last part of this article we apply our theory to define
stochastic integrals with respect to a sequence of real-valued semimartingales.
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1 Introduction

Cylindrical semimartingales play an important role as the driving noise for stochastic
partial differential equations. For many decades the most widely used model of cylindrical
semimartingale in stochastic analysis was the cylindrical Brownian motion (see e.g.
[5, 6, 23, 53]). However, in recent years there has been an increasing interest in the
usage of other classes of cylindrical semimartingales as such driving noise; we can cite,
for example, the cylindrical Lévy processes [21, 26, 28, 38, 43], cylindrical martingale-
valued measures [13] and cylindrical continuous local martingales [33, 34, 54]. To the
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Stochastic integration with respect to cylindrical semimartingales

extent of our knowledge, none of these works considers stochastic integration with
respect to general cylindrical semimartingales in a general locally convex space.

In this work, our main objective is to introduce a theory of stochastic integration
for cylindrical semimartingales in the topological dual Φ′ to a locally convex space Φ.
Recall that a cylindrical semimartingale X in Φ′ is a linear operator such that for each
φ ∈ Φ, X(φ) is a real-valued semimartingale. In practice, in order to develop a theory
of integration one usually ask for some appropriate continuity properties on X as an
operator from Φ into the space of real-valued semimartingales (see Assumption 3.1).

One can easily define the stochastic integral for elementary weakly predictable inte-
grands, however, when one wants to consider more general integrands, one faces the
difficulties inherent to the absence of estimates due to the generality of Φ and X. More-
over, even for the case when Φ is a Banach space it is pointed out in ([21], Remark 2.2)
that general cylindrical semimartingales do not enjoy a semimartingale decomposition
in terms of a cylindrical local martingale and another cylindrical process, then making
the classical approach to define the stochastic integral in finite dimensions non-viable in
our infinite dimensional setting. Consequently, our work requires a different approach
which the reader will see, is based on the theory of tensor products on topological vector
spaces, and the property of good integrators for real-valued semimartingales. All the
necessary properties of locally convex spaces and tensor products, as well as properties
of cylindrical processes will be given in Section 2.

The construction of the stochastic integral is the main object of our study in Section
3. In the next paragraphs we will try to give a description of the approach used in this
construction.

Consider a probability space (Ω,F ,P) equipped with a filtration and denote by bP
the Banach space of all the real-valued bounded predictable processes equipped with
the norm of uniform convergence on [0,∞) × Ω. Let S0 denotes the space of real-
valued semimartingales equipped with Emery’s topology. Given φ ∈ Φ and h ∈ bP,
one can define a bilinear form J on Φ × bP with values in S0 by the prescription
J(φ, h) = h · X(φ), where h · X(φ) refers to the stochastic integral of h with respect
to the real-valued semimartingale X(φ). If Φ ⊗̂ν bP denotes the completed topological
linear tensor product of Φ and bP, by using the good integrator property of real-valued
semimartingales and the continuity property of our cylindrical semimartingales one can
show that the bilinear form J is jointly continuous, and hence, defines via its linearization
a continuous linear operator I : Φ ⊗̂ν bP → S0 satisfying I(φ ⊗ h) = J(φ, h) = h ·X(φ)

(see Theorem 3.3). We consider the operator I as a first step in our construction of the
stochastic integral. Indeed, one can show that the operator I behaves nicely in terms of
linearity on the integrators and by taking continuous parts and under stopping times.
The above construction and properties of this general integral are carried out in Section
3.1.

The operator I introduced above has the problem that the integrands are elements of
the topological vector space Φ ⊗̂ν bP, which is not, in general, locally convex and hence
one might not be able to find a “nice” description for its elements. To overcome this
obstacle we utilize a convexification of topologies argument to show that the mapping I
defines a unique continuous linear mapping from Φ ⊗̂π bP into (S0)lcx such that for each
(φ, h) ∈ Φ× bP we have I(φ ⊗ h) = h ·X(φ) (see Theorem 3.9). Here, Φ ⊗̂π bP denotes
the completed locally convex tensor product of Φ and bP, and (S0)lcx denotes the space
S0 equipped with the convexification of Emery’s topology. We then define our stochastic
integral as the image of H ∈ Φ ⊗̂π bP under the mapping I. The above extension of the
stochastic integral to locally convex integrands and the study of some further properties
of the stochastic integral is carried out in Section 3.2.

In Section 4 we apply our general theory of stochastic integration to the construction
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of stochastic integrals for weakly predictable and weakly bounded stochastic processes
taking values in a reflexive nuclear space Φ and with respect to cylindrical semimartin-
gales in Φ′. Before we describe our theory of integration in the context of nuclear spaces,
we will explain our motivations.

The theory of stochastic integration with respect to semimartingales taking values
in the dual of a nuclear space was initiated in a series of papers by A. S. Üstünel
(see [49, 50, 51]). There, under the assumption that Φ is a complete, bornological,
reflexive nuclear space whose strong dual Φ′ is complete and nuclear, Üstünel introduced
the concept of projective system of semimartingales in Φ′, and developed a theory of
stochastic integration using his concept of projective system and the theory of stochastic
integration with respect to semimartingales taking values in a separable Hilbert space.
The approach of Üstünel was proven to be very useful in applications, but the concept
of projective system of semimartingales is strongly tied to the assumption that Φ′ is
complete and nuclear, therefore making it impossible to be extended to general nuclear
spaces, since it is often the case that Φ′ is neither nuclear nor complete (e.g. if S is any
uncountable set, RS is nuclear but (RS)′ is not nuclear; see Remark 51.1 in [48]).

Motivated by the above, in [14] the present author initiated a systematic study of
semimartingales in duals of general nuclear spaces by considering them as Φ′-valued
processes whose induced cylindrical process is a cylindrical semimartingale in Φ′. In
[14] we obtained several criteria to determine when a given cylindrical semimartingale
in Φ′ defines a Φ′-valued càdlàg semimartingale (this is known as the technique of
regularization), and we proved in [14] that semimartingales in Φ′ do enjoy a canonical
semimartingale representation as the sum of a predictable process which is weakly of
bounded variation, a continuous process which is weakly a continuous local martingale,
and a càdlàg process which is weakly a purely discontinuous local martingale. However,
such a decomposition cannot be used to define a stochastic integral with respect to
semimartingales in the dual of a nuclear space. The reasons behind this fact is that there
does not exist a theory of stochastic integration for a Φ′-valued càdlàg process which is
weakly a local martingale nor for a Φ′-valued càdlàg process which is weakly of bounded
variation. Therefore, a different approach has to be used and this is where our general
theory of stochastic integration with respect to cylindrical semimartingales in duals of
locally convex spaces fits precisely to fulfil our needs.

In Section 4.1 we review some properties of cylindrical semimartingales and semi-
martingales in duals of nuclear spaces. Then in Section 4.2 we show that when Φ is a
complete barrelled nuclear space, the collection bP(Φ) of all Φ-valued weakly predictable
and weakly adapted processes is isomorphic to Φ ⊗̂π bP, and therefore we will show that
the stochastic integral mapping I, defines a linear continuous operator from bP(Φ) (with
some topology of uniform convergence) into (S0)lcx. This shows the existence of the
stochastic integral for every Φ-valued weakly predictable and weakly adapted process.
We would like to stress that the above does not imply in general that I is continuous
from bP(Φ) into S0. However, if for a cylindrical semimartingale X such a continuity for
the mapping I is satisfied, we will refer to such an X as a “good integrator” and further
properties of the stochastic integral in this particular setting will be explored. It is
worth to mention that our concept of good integrator differs from that introduced in [29]
for cylindrical semimartingales (there referred as H#-semimartingales) on a separable
Banach space H.

In Section 5 we carry on a further study of the stochastic integral in nuclear spaces by
extending the integral mapping to locally bounded integrands and studying its continuity
properties for left-continuous integrands. The study of locally bounded integrands and
the extension of the stochastic integral to these integrands is carried out in Section 5.1.
We will see that, in particular, our extended integral allows us to define the stochastic
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integral for a larger class of nuclear spaces than those considered by Üstünel. In
Section 5.2 we explore the continuity properties of the integral mapping defined by a
Φ′-valued càdlàg semimartingale that is a “good integrator”, and we show that a Riemann
representation and a integration by parts formula hold for these types of integrators
(see Theorems 5.14 and 5.17).

In Section 6 we pursue further extensions of our theory of stochastic integration
and applications to linear stochastic evolution equations driven by semimartingale noise
taking values in the strong dual Φ′ of Φ. First, in Section 6.1 we formulate and prove a
stochastic Fubini theorem for semimartingales which are “good integrators” (Theorem
6.1). We are not aware of any other work in the literature that proved a stochastic Fubini
theorem for semimartingales in the dual of a nuclear space. Later, in Section 6.2 we
formulate sufficient and necessary conditions for the existence and uniqueness of weak
solutions to the following class of stochastic evolution equations

dYt = A′Yt + dXt, t ≥ 0,

where X is Φ′-valued semimartingale which is a good integrator, and A is the generator
of a strongly continuous C0-semigroup (S(t) : t ≥ 0) ⊆ L(Φ,Φ) (Theorems 6.5 and 6.9).
Our stochastic Fubini theorem will play a central role in our arguments. Sufficient
conditions for the existence of a unique solution with continuous paths are also given
(Theorem 6.11).

Later, in Section 7 we apply our theory of stochastic integration in nuclear spaces
to carry out an alternative construction for the stochastic integral with respect to a
sequence of real-valued semimartingales introduced in [8]. Some new properties of the
stochastic integral are obtained as part of our construction.

Finally, in Section 8 we include a literature review of other theories of stochastic
integration in locally convex spaces and comparisons with the theory developed in this
article.

2 Preliminaries

2.1 Locally Convex Spaces

In this section we introduce our notation and review some of the key concepts on
locally convex spaces and operators that we will need throughout this paper. For more
information see [22, 40, 48]. All vector spaces in this paper are real.

Let Φ be a locally convex space. We denote by Φ′ the topological dual of Φ and by
〈f , φ〉 the canonical pairing of elements f ∈ Φ′, φ ∈ Φ. Unless otherwise specified,
Φ′ will always be consider equipped with its strong topology, i.e. the topology on Φ′

generated by the family of semi-norms (ηB), where for each B ⊆ Φ bounded we have
ηB(f) = sup{|〈f , φ〉| : φ ∈ B} for all f ∈ Φ′. Recall that Φ is called semi-reflexive if
the canonical (algebraic) embedding of Φ into Φ′′ is onto, and is called reflexive if the
canonical embedding is indeed an isomorphism (of topological vector spaces).

A locally convex space is called ultrabornological if it is the inductive limit of a
family of Banach spaces. A barreled space is a locally convex space such that every
convex, balanced, absorbing and closed subset is a neighborhood of zero. For equivalent
definitions see [22, 36].

A continuous seminorm (respectively norm) p on Φ is called Hilbertian if p(φ)2 =

Q(φ, φ), for all φ ∈ Φ, where Q is a symmetric, non-negative bilinear form (respectively
inner product) on Φ × Φ. For any given continuous seminorm p on Φ let Φp be the
Banach space that corresponds to the completion of the normed space (Φ/ker(p), p̃),
where p̃(φ+ ker(p)) = p(φ) for each φ ∈ Φ. We denote by Φ′p the Banach space dual to Φp
and by p′ the corresponding dual norm. Observe that if p is Hilbertian then Φp and Φ′p
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are Hilbert spaces. If q is another continuous seminorm on Φ for which p ≤ q, we have
that ker(q) ⊆ ker(p) and the inclusion map from Φ/ker(q) into Φ/ker(p) has a unique
continuous and linear extension that we denote by ip,q : Φq → Φp.

Let θ be a weaker pseudometrizable topology on Φ. We denote by Φθ the space (Φ, θ)

and by Φ̂θ its completion. If θ is generated by an increasing sequence of separable
continuous Hilbertian semi-norms (pn : n ∈ N) on Φ, we will say that Φ a (weaker)
countably Hilbertian topology on Φ. In this latter case Φ̂θ is separable and complete (but
not necessarily Hausdorff) and its dual space satisfies (Φ̂θ)

′ = (Φθ)
′ =

⋃
n∈N Φ′pn (see

[12], Proposition 2.4).
For a topological vector space Ψ we denote by (Ψ)lcx its convexification, i.e. the

space Ψ equipped with the strongest locally convex topology on Ψ that is weaker than
the given topology in Ψ. A local basis of neighborhoods of zero in (Ψ)lcx can be defined
taking the convex envelopes of the members of a local basis of neighborhoods of zero in
Ψ.

We denote by L(Φ,Ψ) the linear space of all the linear and continuous operators
between any two locally convex spaces (or more generally topological vector spaces) Φ

and Ψ. For information of the topologies on the space L(Φ,Ψ) the reader is referred to
e.g. Chapter 32 in [48]. If R ∈ L(Φ,Ψ) we denote by R′ its dual operator and recall that
R′ ∈ L(Ψ′,Φ′).

2.2 Tensor Products of Topological Vector Spaces

In this section we quickly review the definition of the projective topology on the
tensor product of two topological vector spaces.

Let Ψ and Φ be two vector spaces. We denote by Ψ⊗ Φ the algebraic tensor product
defined as the set of elements of the form

∑n
i=1 ψi ⊗ φi, for some n ∈ N and ψi ∈ Ψ,

φi ∈ Φ for i = 1, . . . , n. The canonical product mapping ⊗ : Ψ × Φ → Ψ ⊗ Φ is bilinear.
Recall the ‘universal property’ of tensor products (see e.g. Theorem 39.1 in [48]): to
every bilinear mapping B of Ψ× Φ into a vector space Υ, there corresponds a unique
linear map B̃ : Ψ⊗ Φ→ Υ, called its linearization, such that B = B̃ ◦ ⊗.

Assume that Ψ and Φ are locally convex spaces. The projective topology on Ψ⊗Φ can
be constructed via seminorms in the following way. Let p (respectively q) be a seminorm
on Ψ (respectively Φ). For any θ ∈ Ψ⊗ Φ, define

(p⊗ q)(θ) = inf
∑
j

p(ψj)q(φj),

where the infimum is taken over all finite set of pairs (ψj , φj) such that θ =
∑
j ψj ⊗ φj .

Then, one can show (see [48], Proposition 43.1, p.435) that p ⊗ q defines a seminorm
on Ψ ⊗ Φ (a norm if both p and q are norms). If (pα) (respectively (qβ)) are a basis of
continuous seminorms on Ψ (respectively Φ), then (pα ⊗ qβ) is a basis of seminorms
generating a locally convex topology on Ψ⊗ Φ called the projective topology. The space
Ψ⊗ Φ equipped with this topology will be denoted by Ψ ⊗π Φ and its completion will be
denoted by Ψ ⊗̂π Φ. Observe that if Ψ and Φ are normed spaces then Ψ ⊗̂π Φ is a Banach
space.

The projective topology π is the strongest locally convex topology on Ψ⊗ Φ for which
the mapping ⊗ : Ψ×Φ→ Ψ⊗Φ is continuous. Moreover it is the unique vector topology
on Ψ⊗Φ having the property that for every locally convex space Υ, a bilinear mapping B
of Ψ× Φ into Υ is continuous if and only if its linearization B̃ is continuous of Ψ⊗ Φ into
Υ (see [48], Proposition 43.4, p.438). For further properties of the projective topology of
two locally convex spaces the reader is referred to [22, 27, 48].

Suppose that Ψ and Φ are topological vector spaces. We will also require the definition
of the (not-locally convex) projective tensor topology on Ψ⊗ Φ defined in [46, 47]. Let U
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be a system of neighborhoods of zero in Ψ and V be a system of neighborhoods of zero
in Φ. For any sequence (Ui : i ∈ N) ⊆ U , and any sequence (Vi : i ∈ N) ⊆ V, define

Γ(Ui),(Vi) =
⋃
n≥1

n∑
i=1

Ui ⊗ Vi,

where Ui ⊗ Vi = {ψ ⊗ φ : ψ ∈ Ui, φ ∈ Vi}. One can show (see [46]) that the collection
of sets of the form Γ(Ui),(Vi) defines a vector topology ν on Ψ⊗ Φ, called the projective
topology. This topology can be defined equivalently in terms of a generating family
of pseudo-seminorms (see [47]). The space Ψ⊗ Φ equipped with this topology will be
denoted by Ψ ⊗ν Φ and we denote by Ψ ⊗̂ν Φ its completion. The space Ψ ⊗ν Φ is
Hausdorff (respectively complete) if both Ψ and Φ are Hausdorff (respectively complete)
(see Théorème 2.4 in [47]). However, it is worth to mention that unlike the case of the
projective topology for locally convex spaces, the topology introduced above in general
fails to be associative (see [16]).

The projective topology ν is the strongest vector topology on Ψ ⊗ Φ for which the
mapping ⊗ : Ψ× Φ→ Ψ⊗ Φ is continuous. Moreover it is the unique vector topology on
Ψ⊗ Φ having the property that for every topological vector space Υ, a bilinear mapping
B of Ψ× Φ into Υ is continuous if and only if its linearization B̃ is continuous of Ψ⊗ Φ

into Υ (see [46], Theorem 2).

2.3 Cylindrical and Stochastic Processes

Throughout this work we assume that (Ω,F ,P) is a complete probability space
equipped with a filtration (Ft : t ≥ 0) that satisfies the usual conditions, i.e. it is right
continuous and F0 contains all subsets of sets of F of P-measure zero. We denote by
L0 (Ω,F ,P) the space of equivalence classes of real-valued random variables defined
on (Ω,F ,P). We always consider the space L0 (Ω,F ,P) equipped with the topology
of convergence in probability and in this case it is a complete, metrizable, topological
vector space.

Let Φ be a locally convex space. A cylindrical random variable in Φ′ is a linear map
X : Φ→ L0 (Ω,F ,P) (see [12]). If X is a cylindrical random variable in Φ′, we say that
X is n-integrable if E (|X(φ)|n) <∞, ∀φ ∈ Φ, and has mean-zero if E (X(φ)) = 0, ∀φ ∈ Φ.
The Fourier transform of X is the map from Φ into C given by φ 7→ E(eiX(φ)).

Let X be a Φ′-valued random variable, i.e. X : Ω→ Φ′ is a F/B(Φ′)-measurable map
(recall that Φ′ is equipped with its strong topology). For each φ ∈ Φ we denote by 〈X , φ〉
the real-valued random variable defined by 〈X , φ〉 (ω) := 〈X(ω) , φ〉, for all ω ∈ Ω. The
linear mapping φ 7→ 〈X , φ〉 is called the cylindrical random variable induced/defined
by X. We will say that a Φ′-valued random variable X is n-integrable if the cylindrical
random variable induced by X is n-integrable.

Let J = R+ := [0,∞) or J = [0, T ] for T > 0. We say that X = (Xt : t ∈ J) is a
cylindrical process in Φ′ if Xt is a cylindrical random variable for each t ∈ J . Clearly,
any Φ′-valued stochastic processes X = (Xt : t ∈ J) induces/defines a cylindrical process
under the prescription: 〈X , φ〉 = (〈Xt , φ〉 : t ∈ J), for each φ ∈ Φ.

If X is a cylindrical random variable in Φ′, a Φ′-valued random variable Y is called a
version of X if for every φ ∈ Φ, X(φ) = 〈Y , φ〉 P-a.e. A Φ′-valued process Y = (Yt : t ∈ J)

is said to be a Φ′-valued version of the cylindrical process X = (Xt : t ∈ J) on Φ′ if for
each t ∈ J , Yt is a Φ′-valued version of Xt.

For a Φ′-valued process X = (Xt : t ∈ J) terms like continuous, càdlàg, càglàd,
adapted, predictable, etc. have the usual (obvious) meaning.

A Φ′-valued random variable X is called regular if there exists a weaker countably
Hilbertian topology θ on Φ such that P(ω : X(ω) ∈ (Φ̂θ)

′) = 1. Furthermore, a Φ′-valued
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process Y = (Yt : t ∈ J) is said to be regular if Yt is a regular random variable for each
t ∈ J . In that case the law of each Yt is a Radon measure in Φ′ (see Theorem 2.10 in
[12]).

Recall that a real-valued adapted càdlàg process (xt : t ≥ 0) is a semimartingale if it
admit a representation of the form

xt = x0 +mt + at, ∀ t ≥ 0,

where (mt : t ≥ 0) is a càdlàg local martingale and (at : t ≥ 0) is a càdlàg adapted
process of finite variation, and m0 = a0 = 0. In the following paragraphs we will review
only some of the most important results on the theory of semimartingales that we will
need through this article. The reader is referred to [10, 20, 39] for further details.

We denote by S0 the linear space (of equivalence classes) of real-valued semimartin-
gales. We denote byMloc and V the subspaces of real-valued local martingales and of
finite variation process.

We will always assume S0 is equipped with Emery’s topology which is defined as
follows: recall that the topology of convergence in probability uniformly on compact
intervals of time is defined by the F-seminorm:

z 7→ ||z||ucp :=

∞∑
n=1

2−nE

(
1 ∧ sup

0≤t≤n
|zt|
)
.

Emery’s topology on S0 is the topology defined by the F-seminorm:

z 7→ ||z||S0 := sup{||h · z||ucp : h ∈ E1},

where E1 is the collection of all the real-valued predictable processes of the form
h =

∑n−1
i=1 ai1(ti,ti+1]×Ω, for 0 < t1 < t2 < . . . tn < ∞, ai is an Fti -measurable random

variable, |ai| ≤ 1, i = 1, . . . , n− 1, and

(h · z)t =

∫ t

0

hsdzs =

n−1∑
i=1

ai
(
zti+1∧t − zti∧t

)
.

The space S0 equipped with Emery’s topology is a complete, metrizable, topological
vector space (however it is not in general locally convex). See [30] for an equivalent
topology on S0 defined by Memin.

In this work we will make reference to several spaces of particular classes of semi-
martingales which we detail as follows. By Sc we denote the subspace of S0 of all the
continuous semimartingales and by Mc

loc the space of continuous local martingales,
both are equipped with the topology of uniform convergence in probability on com-
pact intervals of time. Likewise Aloc denotes the space of all predictable processes
of finite variation, with locally integrable variation, equipped with the F-seminorm:
||a||Aloc = E

(
1 ∧

∫∞
0
|das|

)
. The spaces Sc,Mc

loc and Aloc are all closed subspaces of S0

and the subspace topology on Sc,Mc
loc and Aloc coincides with their given topology (see

[30], Théorème IV.5 and IV.7).
For every real-valued semimartingale x = (xt : t ≥ 0) and each p ∈ [1,∞], we denote

by ||x||HpS the following quantity:

||x||HpS = inf

{∣∣∣∣∣∣∣∣[m,m]1/2∞ +

∫ ∞
0

|das|
∣∣∣∣∣∣∣∣
Lp(Ω,F ,P)

: x = m+ a

}
,

where the infimum is taken over all the decompositions x = m + a as a sum of a local
martingale m and a process of finite variation a. Recall that ([m,m]t : t ≥ 0) denotes
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the quadratic variation process associated to the local martingale m, i.e. [m,m]t =

〈〈mc,mc〉〉t +
∑

0≤s≤t(∆ms)
2, where mc is the (unique) continuous local martingale part

of m and (〈〈mc,mc〉〉t : t ≥ 0) its angle bracket process (see Section I in [20]). The set of
all semimartingales x for which ||x||HpS <∞ is a Banach space under the norm ||·||HpS and

is denoted by HpS (see Section 16.2 in [4]). Furthermore, if x = m+ a is a decomposition
of x such that ||x||HpS <∞ it is known that in such a case a is of integrable variation (see
VII.98(c) in [10]).

For p ≥ 1, denote byMp
∞ the space of real-valued martingales for which ||m||Mp

∞
=∣∣∣∣supt≥0mt

∣∣∣∣
Lp(Ω,F ,P)

< ∞. It is well-known thatMp
∞ equipped with the norm ||·||Mp

∞

is a Banach space. Likewise, we denote by A the space of all predictable processes of
finite variation, with integrable variation. It is well-know that A is a Banach space when
equipped with the norm ||a||A = E

∫ t
0
|das| <∞.

If Ψ is a Hilbert space, the above definitions of semimartingale, and (of spaces) of
particular classes of semimartingales can be defined in a completely analogue way for
Ψ-valued processes. The corresponding spaces of semimartingales will be denoted by
S0(Ψ), HpS(Ψ), Mp

∞(Ψ), A, etc. The reader is referred to [32] for the basic theory of
Hilbert space valued semimartingales.

Let Φ denotes a locally convex space. A cylindrical semimartingale in Φ′ is a cylindri-
cal process X = (Xt : t ≥ 0) in Φ′ such that ∀φ ∈ Φ, X(φ) is a real-valued semimartingale.
In general, if S denotes any space of a particular class of semimartingales (as described
above), then by a S-cylindrical semimartingale in Φ′ we mean a cylindrical process
X = (Xt : t ≥ 0) in Φ′ such that ∀φ ∈ Φ, X(φ) ∈ S.

3 Stochastic Integration in Locally Convex Spaces

Let Φ denotes a locally convex space and let (Xt : t ≥ 0) be a cylindrical semimartin-
gale in Φ′. Our objective in this section is to define the stochastic integral process∫ t

0
HdX, t ≥ 0, as a real-valued semimartingale, where H belongs to a sufficiently large

class of integrands.

As described in Section 1, to have a working theory of stochastic integration minimum
continuity conditions on X are required. These conditions are the following:

Assumption 3.1. From now on and unless otherwise specified, we will assume that
to every cylindrical semimartingale X = (Xt : t ≥ 0) in Φ′ there exists a weaker
pseudometrizable linear topology θ on Φ such that X extends to a continuous linear
mapping Xθ from Φ̂θ into S0.

Remark 3.2. If Φ is a Fréchet space and X is a cylindrical semimartingale in Φ′ for
which each Xt : Φ→ L0 (Ω,F ,P) is continuous, from an application of the closed graph
theorem it is easy to verify that X satisfies Assumption 3.1 if we take θ as the original
topology. We will see in Section 4.1 that if Φ is a nuclear space then Assumption 3.1 is
equivalent to several conditions which are easier to check.

3.1 Construction of the Stochastic Integral

For our construction of the stochastic integral we will assume the reader is familiar
with the theory of stochastic integration with respect to real-valued semimartingales.
However, for further developments the following key properties will be needed.

Denote by bP the linear space of all the bounded predictable processes h : R+×Ω→ R.
It is a Banach space when equipped with the uniform norm ||h||u = sup(r,ω) |h(r, ω)|. If
h ∈ bP and z ∈ S0, then h is stochastically integrable with respect to z, and its stochastic
integral, that we denote by h · z = ((h · z)t : t ≥ 0), is an element of S0 (see [39], Theorem
IV.15). The mapping (z, h) 7→ h · z from S0 × bP into S0 is bilinear (see [39], Theorem
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Stochastic integration with respect to cylindrical semimartingales

IV.16-7) and separately continuous (see Theorems 12.4.10-13 in [4]).
Our construction of the stochastic integral will be given in Theorem 3.3 below. We

won’t follow the ‘standard’ procedure of defining the integral first for a class of simple
integrands and then to extend it to general integrands by a continuity argument. In fact,
as described in Section 1 our idea is to use the continuity properties of the stochastic in-
tegral with respect to real-valued semimartingales and the powerful machinery of tensor
products on topological vector spaces. Our arguments will produce a continuous linear
operator I from the projective tensor product space Φ ⊗̂ν bP (our space of integrands)
into the space of real-valued semimartingales S0.

Theorem 3.3. There exists a unique continuous linear map I : Φ ⊗̂ν bP → S0 such that
for each (φ, h) ∈ Φ× bP we have I(φ⊗ h) = h ·X(φ).

Proof. First, define the map J : Φ× bP → S0 by

J(φ, h) = h ·X(φ), ∀φ ∈ Φ, h ∈ bP.

The properties of the stochastic integral with respect to real-valued semimartingales
show that J is bilinear and that h 7→ Jw(φ, h) is continuous from bP into S0 for any given
φ ∈ Φ.

Let θ and Xθ as in Assumption 3.1. From our assumption X extends to a continuous
linear mapping Xθ from Φ̂θ into S0, but since the canonical inclusion from Φ into Φ̂θ is
continuous, we therefore have that X is continuous from Φ into S0. The properties of the
stochastic integral with respect to real-valued semimartingales show that φ 7→ J(φ, h) is
continuous from Φ into S0 for any given h ∈ bP. Hence, J is separately continuous.

Now, by the properties of Xθ and since S0 is complete, it is clear that J has a bilinear
and separately continuous extension Jθ : Φ̂θ × bP → S0, defined by Jθ(φ, h) = h ·Xθ(φ)

for all (φ, h) ∈ Φ̂θ× bP. Moreover, since Φ̂θ, bP and S0 are all complete pseudometrizable
topological vector spaces, the mapping Jθ is indeed continuous (see [44], Corollary 8);
here the space Φ̂θ × bP being equipped with the product topology.

Let J̃θ : Φ̂θ ⊗ bP → S0 be the linearization of the bilinear form Jθ : Φ̂θ × bP → S0,
that is, we have J̃θ(φ ⊗ h) = Jθ(φ, h) for each (φ, h) ∈ Φ̂θ × bP. The continuity of Jθ

implies that J̃θ is continuous from Φ̂θ ⊗ν bP into S0.
Now, as the canonical inclusion from Φ into Φ̂θ is continuous, it follows that the

canonical inclusion j from Φ ⊗ν bP into Φ̂θ ⊗ν bP is also continuous (see [46], Proposition
2). Therefore the map J̃ : Φ ⊗ν bP → S0 defined by the composition J̃ = J̃θ ◦ j, is linear
and continuous. But then there exists a continuous linear map I : Φ ⊗̂ν bP → S0 such
that J̃ = I ◦ ι, where ι denotes the canonical inclusion from Φ ⊗ν bP into its completion
Φ ⊗̂ν bP. Observe that from its construction, for all φ ∈ Φ and h ∈ bP we have

I(φ⊗ h) = J̃(φ⊗ h) = J̃θ ◦ j(φ⊗ h) = Jθ(φ, h) = J(φ, h) = h ·X(φ).

The above property determines I uniquely due to the isomorphism of the continuous
bilinear mappings of Φ× bP into S0 onto the space L(Φ ⊗̂ν bP, S0).

Definition 3.4. We will call the map I : Φ ⊗̂ν bP → S0 defined in Theorem 3.3 the
stochastic integral map determined by X, and for each H ∈ Φ ⊗̂ν bP, we call I(H) the
stochastic integral of H with respect to X. We will utilize the notation

∫
H dX for I(H),

and for each t ≥ 0 we denote
(∫
H dX

)
t

by
∫ t

0
H dX. We will call Φ ⊗̂ν bP the space of

integrands and each H ∈ Φ ⊗ bP will be referred as an elementary integrand.

Remark 3.5. At this point it is useful to stress why we have chosen the space bP to
define our class of integrands Φ ⊗̂ν bP. There are three main reasons for this choice.
The first is because the stochastic integral with respect to real-valued semimartingales
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possesses nice continuity properties for integrands in the space bP. The importance of
the above has been made clear in the proof of Theorem 3.3. Second, the elements in the
class bP are integrable with respect to every real-valued semimartingale, in particular, if
h ∈ bP then h ·X(φ) ∈ S0 for each φ ∈ Φ. The above fact is of extreme importance since
in our construction of the stochastic integral mapping I we must be able to integrate
with respect to every possible realization X(φ) of X. Third, the space bP is Banach and
hence we will be able to consider also the locally convex tensor product of Φ and bP.

We now explore other properties of our stochastic integral. If H ∈ Φ ⊗ bP and if
X is a cylindrical local martingale (respectively a cylindrical finite variation process),
then it is clear that

∫
H dX is a local martingale (respectively a finite variation process).

However, it is not clear that
∫
H dX is a local martingale (respectively a finite variation

process) if H ∈ Φ ⊗̂ν bP. The main reason for the occurrence of this phenomenon is the
fact that the spacesMloc and V are not closed subspaces of S0 (see [11]).

A different situation occurs with the spaces Sc, Mc
loc, Aloc which are all closed

subspaces of S0. In this case we have the following:

Proposition 3.6. Assume H ∈ Φ ⊗̂ν bP.

(1) If X is a Sc-cylindrical semimartingale in Φ′, then
∫
H dX ∈ Sc.

(2) If X is aMc
loc-cylindrical local martingale in Φ′, then

∫
H dX ∈Mc

loc.
(3) If X is a Aloc-cylindrical semimartingale in Φ′, then

∫
H dX ∈ Aloc.

Proof. To prove (1), assume X is a Sc-cylindrical semimartingale in Φ′. Then for each
(φ, h) ∈ Φ× bP we have

∫
φ⊗ h dX = h ·X(φ) belongs to Sc. By linearity of the integral

mapping, the above property extends to every H ∈ Φ⊗ bP. But then since Sc is a closed
subspace in S0, the integral mapping H 7→

∫
H dX is continuous from Φ ⊗̂ν bP into S0,

Φ ⊗ bP is dense in Φ ⊗̂ν bP, and because the induced topology from S0 coincides with
the topology in Sc, then

∫
H dX belongs to Sc for each H ∈ Φ ⊗̂ν bP. The proof of (2)

(respectively of (3)) follows from similar arguments using that
∫
φ ⊗ h dX belongs to

Mc
loc (respectively to Aloc) whenever (φ, h) ∈ Φ× bP, and thatMc

loc (respectively Aloc)
is a closed subspace of S0.

We know from Theorem 3.3 that by construction the stochastic integral mapping is
linear and continuous on the integrands. The following result shows that the stochastic
integral is linear with respect to the integrators.

Proposition 3.7. Suppose that X and Y are two cylindrical semimartingales in Φ′.
Then, for each H ∈ Φ ⊗̂ν bP, the processes

∫
Hd(X + Y ) and

∫
HdX +

∫
HdY are

indistinguishable.

Proof. First, it is clear that the cylindrical semimartingale X + Y = (Xt + Yt : t ≥ 0)

also satisfies the conditions in Assumption 3.1. Therefore, the mappings H 7→
∫
HdX,

H 7→
∫
HdY , and H 7→

∫
Hd(X + Y ) from Φ ⊗̂ν bP into S0 satisfy the conclusions of

Theorem 3.3. In particular, for each H = φ⊗ h ∈ Φ⊗ bP we have∫
Hd(X + Y ) = h · (X + Y )(φ) = h ·X(φ) + h · Y (φ) =

∫
HdX +

∫
HdY.

Then, by uniqueness of the stochastic integral mapping we have that for each H ∈
Φ ⊗̂ν bP, ∫

Hd(X + Y ) =

∫
HdX +

∫
HdY,

with equality in S0, hence under indistinguishability.

EJP 26 (2021), paper 147.
Page 10/48

https://www.imstat.org/ejp

https://doi.org/10.1214/21-EJP718
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Stochastic integration with respect to cylindrical semimartingales

Other properties of the stochastic integral are provided in the following theorem. In
particular, we study what happens when we take the continuous part and the stopped
process of our weak stochastic integral. In order to formulate our result, we will
need first to extend the concepts of continuous part and stopped process to cylindrical
semimartingales.

Given the cylindrical semimartingale X, observe that for each φ ∈ Φ the real-valued
semimartingale X(φ) has a uniquely determined continuous local martingale part X(φ)c

(see VIII.45 in [10]). We define a cylindrical continuous local martingale Xc by the
prescriptionXc(φ) := X(φ)c for each φ ∈ Φ. The fact that the continuous local martingale
part is unique easily shows that the map Xc is linear. Similarly, if τ is an stopping time,
we define a cylindrical semimartingale Xτ by Xτ (φ) := X(φ)τ for each φ ∈ Φ. The
map Xτ is clearly linear. Therefore, Xc and Xτ are cylindrical semimartingales in Φ′.
Since the operations z 7→ zc and z 7→ zτ are continuous from S0 into S0 (see [11]), then
the cylindrical semimartingales Xc and Xτ both satisfy Assumption 3.1 and hence the
stochastic integral is defined with respect to each of them. Moreover, we have:

Theorem 3.8. Let H ∈ Φ ⊗̂ν bP. Then,
(1)

(∫
H dX

)c
=
∫
H dXc.

(2)
(∫
H dX

)τ
=
∫
H dXτ , for every stopping time τ .

Proof. For every φ ∈ Φ and h ∈ bP, well-known properties of the stochastic integral with
respect to real-valued semimartingales (see e.g. Theorem 12.3.22 in [4]) show that
(a) (h ·X(φ))

c
= h ·X(φ)c.

(b) (h ·X(φ))τ = h · (X(φ)τ ), for every stopping time τ .
To prove (1), denote by A the mapping A(H) =

(∫
H dX

)c
for each H ∈ Φ ⊗̂ν bP. Then

by Theorem 3.3 we have A ∈ L(Φ ⊗̂ν bP, S0).
On the other hand, since Xc is a cylindrical semimartingale satisfying the conditions

in Assumption 3.1, it follows from Theorem 3.3 that the mapping B defined by B(H) =∫
H dXc satisfies B ∈ L(Φ ⊗̂ν bP, S0). By the property (a) given above and the action of

the stochastic integral on elementary integrands (Theorem 3.3), we have

A(φ⊗ h) = (h ·X(φ))
c

= h ·X(φ)c = B(φ⊗ h),

for every φ ∈ Φ and h ∈ bP. By linearity, we have thatA(H) = B(H) for everyH ∈ Φ⊗ bP.
This property can be extended to every H ∈ Φ ⊗̂ν bP by continuity of the mappings A
and B. This shows (1). The proof of (2) can be carried out using similar arguments and
the property (b) listed above.

3.2 Locally Convex Integrands

We learnt from Section 3.1 that the topological vector tensor product Φ ⊗̂ν bP was
exactly what we needed for our general construction of the stochastic integral. However,
in general there is not a nice description of the elements in Φ ⊗̂ν bP. Indeed, even if we
assume that Φ is metrizable, unlike the case of the tensor products of locally convex
spaces (see [40], Theorem III.6.4, p.94-5), the elements of the space Φ ⊗̂ν bP in general
can not be expressed in terms of an absolutely convergent series. Indeed, the space
Φ ⊗̂ν bP might not even be metrizable (for a counterexample see [18]). In particular
we do not know of a characterization for the elements in Φ ⊗̂ν bP as random processes
taking values in Φ.

In the next result we will try to amend this situation by redefining our stochastic
integral for integrands in the locally convex projective tensor product Φ ⊗̂π bP. However,
the reader should be aware that because the space S0 is not locally convex, we cannot
replicate the arguments used in the proof of Theorem 3.3 to show the existence of a
linear mapping from Φ ⊗̂π bP into S0. Nevertheless, we will see in the next result that by
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using the convexified topology of S0 the stochastic integral of Theorem 3.3 can be used
to define such a linear mapping.

Theorem 3.9. The stochastic integral mapping I of Theorem 3.3 defines a unique
continuous linear mapping from Φ ⊗̂π bP into (S0)lcx such that for each (φ, h) ∈ Φ× bP
we have I(φ ⊗ h) = h · X(φ). Moreover this mapping preserves the properties of the
stochastic integral for integrands in Φ ⊗̂π bP given in Proposition 3.7 and Theorem 3.8
by replacing continuity into S0 by continuity into (S0)lcx.

Proof. First, observe that because the canonical inclusion S0 → (S0)lcx is linear and
continuous, it follows from Theorem 3.3 that the stochastic integral mapping I induces a
continuous linear operator from Φ⊗ν bP into (S0)lcx. Then, since (Φ⊗ν bP)lcx ' Φ⊗π bP
(see Lemma 6.3 in [17]) and (S0)lcx is locally convex, it follows that (see [42], Proposition
6)

L(Φ⊗ν bP, (S0)lcx) = L((Φ⊗ν bP)lcx, (S
0)lcx) = L(Φ⊗π bP, (S0)lcx).

Hence, the map I extends to a continuous linear mapping from Φ ⊗̂π bP into (S0)lcx. This
map preserves the property that for each (φ, h) ∈ Φ× bP we have I(φ⊗h) = h ·X(φ) and
hence the arguments used in the proofs of Proposition 3.7 and Theorem 3.8 remain valid
for integrands in Φ ⊗̂π bP by replacing continuity into S0 by continuity into (S0)lcx.

The result in Theorem 3.9 deserves some further clarifications. First, since the
topology in S0 is not locally convex, the spaces S0 and (S0)lcx are not homeomorphic.
Therefore, the integral mapping Iw : Φ ⊗̂π bP → (S0)lcx defined in Theorem 3.9 does
not necessarily implies the existence of a continuous linear operator from Φ ⊗̂π bP
into S0. Indeed, we do not know if such a continuity is satisfied for every cylindrical
semimartingale X. Even though, the conclusion of Theorem 3.9 is still useful since it
shows that to every H ∈ Φ ⊗̂π bP we can associate a real-valued semimartingale I(H)

which satisfies most of the basic properties one might expect for a stochastic integral.
Our next objective in this section is to study some classes of cylindrical semimartin-

gales for which a construction of the stochastic integral can be carried out in order
to obtain a continuous and linear operator from Φ ⊗̂π bP into S0. These classes of
semimartingales share in common that their range is in a subspace of a space of semi-
martingales with a Banach space structure.

Let p ∈ [1,∞]. Let X = (Xt : t ≥ 0) be a HpS-cylindrical semimartingale. A direct
calculation (e.g. as in Chapter IV in [39]) shows that for every h ∈ bP and φ ∈ Φ,
h ·X(φ) ∈ HpS and we have

||h ·X(φ)||HpS ≤ ||h||u ||X(φ)||HpS . (3.1)

As the next result shows, for this class of cylindrical semimartingales, we can make a
construction of the stochastic integral map with range in HpS .

Proposition 3.10. If X is a HpS-cylindrical semimartingale, then there exists a unique
continuous linear map I : Φ ⊗̂π bP → HpS such that for each (φ, h) ∈ Φ × bP we have
I(φ⊗ h) = h ·X(φ). Moreover this mapping preserves the properties of the stochastic
integral for integrands in Φ ⊗̂π bP given in Proposition 3.7 and Theorem 3.8.

Proof. First, if θ andXθ are as in Assumption 3.1, the continuity of the mapXθ : Φ̂θ → S0,
the fact that the HpS-topology is finer than that S0-topology, and by following standard

arguments one can show that Xθ is sequentially closed; therefore continuous from Φ̂θ
into HpS by the closed graph theorem (see [36], Theorem 14.3.4, p.465). Moreover, by
(3.1) it is clear that the bilinear form J : Φ × bP → HpS defined by J(φ, h) = h · X(φ),

∀φ ∈ Φ, h ∈ bP, is separately continuous. Then, it has an extension Jθ : Φ̂θ × bP → HpS ,

defined by Jθ(φ, h) = h ·Xθ(φ) for all (φ, h) ∈ Φ̂θ × bP, that is bilinear and separately
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continuous, hence continuous. Then, using the properties of the locally convex projective
topology we can follow line-by-line the proof of Theorem 3.3 by replacing S0 with HpS
to get the existence of the mapping I such that for each (φ, h) ∈ Φ × bP we have
I(φ ⊗ h) = h · X(φ). Hence the arguments used in the proofs of Proposition 3.7 and
Theorem 3.8 (with S0 replaced by HpS) remain valid and so their conclusions as well.

We can use the result of Proposition 3.10 to prove a series representation for the
stochastic integral for integrands in H ∈ Φ ⊗̂π bP. Suppose that Φ is a metrizable locally
convex space. Since bP is Banach, each element H ∈ Φ ⊗̂π bP can be represented as the
sum of an absolute convergent series (see [40], Theorem III.6.4, p.94-5),

H =

∞∑
i=1

λi(φi ⊗ hi), (3.2)

where
∑
|λi| <∞, φi → 0 in Φ, and hi → 0 in bP.

Corollary 3.11. Let Φ be a metrizable locally convex space and let H ∈ Φ ⊗̂π bP with
the representation (3.2). If X is a HpS-cylindrical semimartingale then I(H) satisfies the
following representation with convergence in HpS:

I(H) =

∞∑
i=1

λi(hi ·X(φi)). (3.3)

Proof. Let X be a HpS-cylindrical semimartingale. The linearity and continuity of the
stochastic integral mapping I : Φ ⊗̂π bP → HpS and its action on elementary integrands
(Proposition 3.10) imply that

I(H) =

∞∑
i=1

λi

∫
φi ⊗ hi dX =

∞∑
i=1

λi(hi ·X(φi)),

where the convergence occurs in the space HpS .

We can extend the result in Proposition 3.10 to other classes of cylindrical semi-
martingales.

Proposition 3.12. If X is a M2
∞-cylindrical martingale (respectively a A-cylindrical

semimartingale), then there exists a unique continuous linear map I from Φ ⊗̂π bP into
M2
∞ (respectively into A) such that for each (φ, h) ∈ Φ× bP we have I(φ⊗ h) = h ·X(φ).

Moreover this mapping preserves the properties of the integral given in Proposition 3.7,
Theorem 3.8 and Corollary 3.11 with convergence in M2

∞ (respectively in A) for the
series (3.3).

Proof. Let X = (Xt : t ≥ 0) be aM2
∞-cylindrical martingale. Observe that the arguments

used in the proof of Proposition 3.10 remain valid if we replace HpS withM2
∞ as long

as we can prove that the bilinear form J : Φ× bP →M2
∞ defined by J(φ, h) = h ·X(φ),

∀φ ∈ Φ, h ∈ bP, is separately continuous.
In effect, for every φ ∈ Φ and h ∈ bP that h ·X(φ) ∈M2

∞ and by the Itô isometry (see
e.g. [10], Théorème VIII.5, p.331) and Burkholder’s inequality (e.g. see [39], Theorem
IV.74, p.226) there exists c1, c2 > 0 such that,

||h ·X(φ)||2M2
∞
≤ c1E

∫ ∞
0

|ht|2 d[X(φ), X(φ)]t ≤ c2 ||h||2u ||X(φ)||2M2
∞
,

from which we obtain the desired conclusion. Hence, this proves that Proposition 3.12
holds for the case of aM2

∞-cylindrical martingale.
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Likewise, suppose that X = (Xt : t ≥ 0) is a A-cylindrical semimartingale. For every
h ∈ bP and φ ∈ Φ, we have h ·X(φ) ∈ A and a direct calculation shows that

||h ·X(φ)||A = E

∫ ∞
0

|d(h ·X(φ))s| ≤ ||h||u ||X(φ)||A .

The above inequality shows that the bilinear form J : Φ × bP → A, J(φ, h) = h ·X(φ),
∀φ ∈ Φ, h ∈ bP, is separately continuous. Then as explained before by following the
arguments used in the proof of Proposition 3.10 we can show that the conclusion of
Proposition 3.12 holds for the case of a A-cylindrical semimartingale.

Remark 3.13. If X is either a HpS-cylindrical semimartingale, aM2
∞-cylindrical martin-

gale, or a A-cylindrical semimartingale, Propositions 3.10 and 3.12 show that for these
classes of cylindrical semimartingales the corresponding integral mapping I defines a
continuous linear operator from Φ ⊗̂π bP into S0. Moreover, this operator extends to a
linear continuous operator from Φ ⊗̂π bP into (S0)lcx. Since the action of this operator
on the elementary integrands is the same to that of the operator of Theorem 3.9, then
both integral mappings coincide for such an X.

We finalize this section by showing that under the additional assumption that Φ is
metrizable it is possible to characterize our integrands in Φ ⊗̂π bP as families of Φ-valued
weakly predictable bounded processes.

Proposition 3.14. Let Φ be a metrizable locally convex space and suppose H ∈ Φ ⊗̂π bP
has the representation (3.2). Then H̃ : R+ × Ω→ Φ defined for each (t, ω) ∈ R+ × Ω by

H̃(t, ω) =

∞∑
i=1

λihi(t, ω)φi, (3.4)

is a Φ-valued bounded (i.e. its image is a bounded subset in Φ) weakly predictable

process (i.e. ∀f ∈ Φ′, the map (t, ω) 7→
〈
f , H̃(t, ω)

〉
is predictable).

Proof. Let (pn : n ∈ N) be sequence of seminorms generating the topology on Φ. For
each n ∈ N, since φi → 0 in Φ, and hi → 0 in bP, it follows that the sets {φi : i ∈ N} and
{hi : i ∈ N} are bounded in Φ and bP respectively. Therefore, there exists M > 0 such
that sup(t,ω) |hi(t, ω)| ≤M for all i ∈ N, and for each n ∈ N there exists Nn > 0 such that
pn(φi) ≤ Nn for all i ∈ N. Then, for each n ∈ N we have

∞∑
i=1

sup
(t,ω)

pn (λihi(t, ω)φi) =

∞∑
i=1

|λi| sup
(t,ω)

|hi(t, ω)| pn (φi) ≤MNn

∞∑
i=1

|λi| <∞.

Hence, for each (t, ω) ∈ R+×Ω, the series
∑∞
i=1 λihi(t, ω)φi converges in Φ. So, the map

H̃ is well-defined and is clearly weakly predictable. Moreover, the image of H̃ is bounded
in Φ since each seminorm pn is bounded under the image of H̃ (see [48], Proposition
14.5, p.139).

In Section 4.2 and under the assumption that Φ is a complete barrelled nuclear space
(not necessarily metrizable), we will study characterizations for integrands in Φ ⊗̂π bP as
Φ-valued weakly predictable bounded processes.

4 Stochastic Integration in Nuclear Spaces

In this section we will apply the theory of stochastic integration developed in the last
section to the context of stochastic integration in nuclear spaces. We will see that in
this setting the class of locally convex integrands can be fully characterized in terms of
families of weakly bounded processes.
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4.1 Nuclear Spaces and Cylindrical Semimartingales

In this section we quickly review some concepts on nuclear spaces and (cylindrical)
semimartingales defined in their dual spaces.

Recall that a (Hausdorff) locally convex space Φ is called nuclear if its topology is
generated by a family Π of Hilbertian semi-norms such that for each p ∈ Π there exists
q ∈ Π, satisfying p ≤ q and such that ip,q : Φq → Φp is Hilbert-Schmidt. Other equivalent
definitions of nuclear spaces can be found in [22, 37, 48].

For our application of the theory of stochastic integration we will usually require that
our nuclear space Φ be also complete and barrelled. In such case the spaces Φ and Φ′

are reflexive (see Theorem IV.5.6 in [40], p.145).
The following are all examples of complete, ultrabornological (hence barrelled)

nuclear spaces: the spaces of functions EK := C∞(K) (K: compact subset of Rd) and
E := C∞(Rd), the rapidly decreasing functions S (Rd), and the space of test functions
D(U) := C∞c (U) (U : open subset of Rd), as well are the spaces of distributions E ′K , E ′,
S ′(Rd), and D ′(U). Other examples are the space of harmonic functions H(U) (U : open
subset of Rd), the space of polynomials Pn in n-variables and the space of real-valued
sequences RN (with direct product topology). For references see [37, 40, 48].

Semimartingales and cylindrical semimartingales in the dual of nuclear space Φ

where studied in [14]. In the next paragraphs we recall some of the key properties of
such semimartingales that we will need for our study of the stochastic integral. We start
with the following result which shows that Assumption 3.1 is very natural within the
context of nuclear spaces.

Proposition 4.1. Suppose that Φ is nuclear and let X = (Xt : t ≥ 0) be a cylindrical
semimartingale in Φ′. The following statements are equivalent:
(1) There exists a weaker countably Hilbertian topology θ on Φ such that X extends to a

continuous map from Φ̂θ into S0.
(2) The mapping X : Φ→ S0, φ 7→ X(φ), is continuous.
(3) For each T > 0, the family of linear maps (Xt : t ∈ [0, T ]) from Φ into L0 (Ω,F ,P) is

equicontinuous (at the origin).
(4) For each T > 0, the Fourier transforms of the family (Xt : t ∈ [0, T ]) are equicontinu-

ous (at the origin) in Φ.
If we additionally assume that Φ is ultrabornological the above statements are also
equivalent to
(5) For each t ≥ 0, Xt : Φ→ L0 (Ω,F ,P) is continuous (at the origin).

Proof. We have (1)⇒ (2) since the canonical inclusion from Φ into Φ̂θ is continuous. For
(2)⇔ (3)⇔ (5) and (2)⇒ (1) see Propositions 3.14 and 3.15 in [14]. For (3)⇔ (4) see
Proposition IV.3.4 in [52].

If Φ is a nuclear space, a Φ′-valued process X = (Xt : t ≥ 0) is called a semimartingale
if the induced cylindrical process is a cylindrical semimartingale. In a completely
analogue way we define the concepts of Φ′-valued special semimartingale, martingale,
local martingale and process of finite variation, etc. Observe that in the above definition
we have not assumed that a Φ′-valued semimartingale is càdlàg. However, the next
result shows that under some conditions a càdlàg version exists.

Theorem 4.2 ([14], Theorem 3.7). Let X = (Xt : t ≥ 0) be a cylindrical semimartingale
in Φ′ satisfying any of the equivalent conditions in Proposition 4.1. Then, there exists a
weaker countably Hilbertian topology θ on Φ and a (Φ̂θ)

′-valued càdlàg semimartingale
Y = (Yt : t ≥ 0), such that for every φ ∈ Φ, 〈Y , φ〉 = (〈Yt , φ〉 : t ≥ 0) is a version of
X(φ) = (Xt(φ) : t ≥ 0). Moreover, Y is a Φ′-valued, regular, càdlàg semimartingale that
is a version of X and it is unique up to indistinguishable versions. Furthermore, if for
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each φ ∈ Φ the real-valued semimartingale X(φ) is continuous, then Y is a continuous
process in (Φ̂θ)

′ and in Φ′.

Example 4.3. Let Z = (Zt : t ≥ 0) be a Rd-valued semimartingale and let δx denotes the
Dirac measure at x ∈ Rd. As an application of Theorem 4.2 it is shown in Example 3.10
in [14] (see also Example III.1 in [49]) that the cylindrical processes in D ′(Rd) defined
for each t ≥ 0 by

Xt(φ) = δZt(φ) = φ(Zt), ∀φ ∈ D(Rd),

defines a D ′(Rd)-valued càdlàg semimartingale (Yt : t ≥ 0) with Radon distributions such
that ∀φ ∈ D(Rd), P-a.e. 〈Yt , φ〉 = Xt(φ) = φ(Zt) for all t ≥ 0.

The above definition can be used also to produce examples of H1
S-cylindrical semi-

martingales. In effect, if Z is a H2
S-semimartingale it is a direct consequence of Itô’s

formula that Xt(φ) = φ(Zt) is a H1
S semimartingale for each φ ∈ D(Rd), hence X is a

H1
S-cylindrical semimartingale in D ′(Rd).

Remark 4.4. In [49], Üstünel introduced another definition for a semimartingale in
the dual of a nuclear space by means of the concept of projective system of stochastic
process. In [49] it is assumed that Φ is a complete, bornological nuclear space and Φ′ is
nuclear and complete. Üstünel’s definition follows in the following way: let (qi : i ∈ I)

be a family of Hilbertian seminorms generating the nuclear topology on Φ′ and for each
i ∈ I let kqi denotes the canonical inclusion of Φ′ into the separable Hilbert space (Φ′)qi ,
and for qi ≤ qj let kqi,qj denotes the canonical inclusion of (Φ′)qj into (Φ′)qi . A projective
system of semimartingales is a family X = (Xi : i ∈ I) where each Xi is a (Φ′)qi -valued
semimartingale, and such that if qi ≤ qj then kqi,qjX

j and Xi are indistinguishable. A
Φ′-valued processes Y is called a semimartingale if kqiY = Xi for each i ∈ I. It is clear
that any semimartingale defined in the projective limit sense is also a semimartingale in
our cylindrical sense. Conversely if Φ′ is a Fréchet nuclear space then every Φ′-valued
semimartingale in the cylindrical sense is a semimartingale defined in the projective
limit sense (see [50], Theorem II.1 and Corollary II.3). Observe that the definition of
Φ′-valued semimartingales as projective systems of semimartingales only makes sense
if the strong dual Φ′ is complete and nuclear. The above because if Φ′ does not satisfy
these assumptions it might not be possible to express Φ′ as a projective limit of Hilbert
spaces.

4.2 The Stochastic Integral in the Nuclear Space Setting

We start this section by introducing the following class of processes:

Definition 4.5. Let Φ be locally convex. We denote by bP(Φ) the space of all Φ-valued
processes H = (Ht : t ≥ 0) which are:
(1) weakly predictable, that is ∀f ∈ Φ′ the mapping (t, ω) 7→ 〈f , Ht(ω)〉 is predictable,
(2) weakly bounded, that is ∀f ∈ Φ′ we have sup(t,ω) |〈f , Ht(ω)〉| <∞.
In other words, we have 〈f , H〉 := {〈f , Ht(ω)〉 : t ≥ 0, ω ∈ Ω} ∈ bP for every f ∈ Φ′.

The main objective of this section is to construct the stochastic integral for integrands
that belongs to bP(Φ) under the assumption that Φ is a complete, barrelled, nuclear
space and that X is a cylindrical semimartingale satisfying Assumption 3.1. To do
this, we will show that the spaces Φ ⊗̂π bP and bP(Φ) are homeomorphic when bP(Φ)

is equipped with the topology of uniform convergence on bounded subsets in Φ′. This
result will be used together with Theorem 3.9 to define the integral for processes in
bP(Φ). To carry out this program, it will be of great importance the following result
which is a consequence of the nice properties of tensor products and nuclear spaces.

Proposition 4.6. If Φ is a complete, barrelled, nuclear space, Φ ⊗̂π bP ' Lb(Φ′, bP)

(here b denotes the topology of uniform convergence on bounded subsets in Φ′).
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Proof. Since Φ is complete nuclear and bP is a Banach space, it follows from Proposition
50.4 in [48], p.522, that Φ ⊗̂π bP ' Le(Φ′, bP) (here e denotes the topology of equicontin-
uous convergence). Then, as Φ is barrelled the equicontinuous and bounded subsets in
Φ′ coincide (see [40], Theorem IV.5.2, p.141) and hence we have Le(Φ′, bP) ' Lb(Φ′, bP),
which shows the result.

In view of Proposition 4.6 our objective is to show that there exists an isomorphism
between the spaces bP(Φ) and Lb(Φ′, bP). In the next result we will show that such
isomorphism exists in the more general context of reflexive locally convex spaces.

Proposition 4.7. Suppose that the locally convex space Φ is reflexive. Then, the map
from bP(Φ) into Lb(Φ′, bP) defined by

H 7→ [f 7→ 〈f , H〉] . (4.1)

is an isomorphism.

Proof. First we show that the map defined by (4.1) is well-defined. Let H ∈ bP(Φ). The
map f 7→ 〈f , H〉 is clearly linear. We will show that it is also continuous. In effect,
because Φ is reflexive then Φ′ is barrelled (see [40], Theorem IV.5.6, p.145), hence from
the closed graph theorem (see [36], Theorem 14.3.4, p.465) we only need to show that
the map f 7→ 〈f , H〉 is closed.

Suppose the net fλ converges to f in Φ′ and that 〈fλ , H〉 converges to Y in bP. Since
Φ is reflexive, for a subset of Φ the property of being weakly bounded implies strong
boundedness (see [40], Theorem IV.5.2, p.141), therefore the image of H is contained in
a bounded subset of Φ, say B. Then we have that qB(g) = supφ∈B |〈g , φ〉| ∀g ∈ Φ′, is a
continuous seminorm on Φ′, and hence qB(fλ − f)→ 0. Therefore

sup
(t,ω)

|〈fλ , Ht(ω)〉 − 〈f , Ht(ω)〉| ≤ qB(fλ − f)→ 0,

and hence 〈fλ , H〉 converges to 〈f , H〉 in bP. By uniqueness of limits we have Y =

〈f , H〉. This proves that f 7→ 〈f , H〉 ∈ L(Φ′, bP) and therefore the map given in (4.1) is
well-defined.

Now, the map defined by (4.1) is clearly linear and has kernel {0}, hence it is injective.
To prove that it is also surjective, let G ∈ L(Φ′, bP). Then, for all f ∈ Φ′ we have
G(f) ∈ bP. Given (t, ω) ∈ R+ × Ω, let Ht(ω) be defined by

〈f , Ht(ω)〉 = G(f)t(ω), ∀ f ∈ Φ′. (4.2)

Because Φ is reflexive, the prescription given above defines Ht(ω) as an element of
Φ. Hence, H : R+ × Ω → Φ is well-defined. Moreover, (4.2) shows that H is weakly
predictable. Furthermore, because G(f) ∈ bP it follows from (4.2) that H is weakly
bounded. Hence, H defined in (4.2) is an element of bP(Φ). Therefore the map defined
by (4.1) is surjective and consequently it is an isomorphism.

If Φ is reflexive, in view of Proposition 4.7 we can (and we will) equip the space bP(Φ)

with the topology of uniform convergence on bounded subsets in Φ′ induced via the
isomorphism (4.1). That is, we equip bP(Φ) with the topology generated by the family of
seminorms qB(H) = supf∈B ||〈f , H〉||u, where B ranges over the bounded subsets in Φ′.

Moreover, since Φ is reflexive, a fundamental system of bounded, convex, balanced
subsets in Φ′ is the family of all the polar sets Bp(1)0 where p ranges over the continuous
seminorms on Φ (see Theorem IV.5.2 in [40], p.141). Hence, the topology of uniform
convergence on bounded subsets in Φ′ introduced on bP(Φ) in the above paragraph
can be equivalently described as the topology generated by the family of seminorms
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p(H) = sup(t,ω) p(Ht(ω)), where p ranges over a generating family of seminorms for
the topology on Φ. Hence, the topology in bP(Φ) is the topology of convergence in Φ

uniformly on R+×Ω. Unless otherwise specified we will always consider bP(Φ) equipped
with this topology. Observe that bP(Φ) is Fréchet if Φ is a Fréchet nuclear space.

Combining the results in Propositions 4.6 and 4.7 we obtain the following characteri-
zation for the space of weak integrands for some classes of nuclear spaces.

Theorem 4.8. Assume that Φ is a complete, barrelled, nuclear space. Then,

Φ ⊗̂π bP ' Lb(Φ′, bP) ' bP(Φ).

Corollary 4.9. Assume that Φ is a complete, barrelled, nuclear space. The collection of
all the Φ-valued elementary processes:

Ht(ω) =

n∑
k=1

hk(r, ω)φk, ∀ t ≥ 0, ω ∈ Ω, (4.3)

where n ∈ N, hk ∈ bP and φk ∈ Φ for k = 1, . . . , n, is dense in bP(Φ).

Proof. The homeomorphism of Proposition 4.6 maps the element
∑n
k=1 φk ⊗ hk in Φ⊗ bP

into the continuous linear operator (f 7→
∑n
k=1 〈f , φk〉hk) from Φ′ into bP. But by

Proposition 4.7 the later is mapped into (4.3) which is clearly an element in bP(Φ). Since
the elements in Φ⊗ bP are dense in Φ ⊗̂π bP, the homeomorphism in Theorem 4.8 shows
that the elementary processes of the form (4.3) are dense in bP(Φ).

We are ready to define the stochastic integral for integrands in bP(Φ).

Theorem 4.10. Let Φ be a complete, barrelled, nuclear space and let X be a cylindrical
semimartingale satisfying any of the equivalent conditions in Proposition 4.1. There
exists a unique continuous and linear mapping H 7→

∫
H dX from bP(Φ) into (S0)lcx

such that for each H ∈ bP(Φ) of the form (4.3) we have∫
H dX =

n∑
k=1

hk ·X(φk). (4.4)

Moreover for every H ∈ bP(Φ) we have:

(1)
(∫
H dX

)c
=
∫
H dXc.

(2)
(∫
H dX

)τ
=
∫
H1[0,τ ] dX =

∫
H dXτ , for every stopping time τ .

(3) If Y is another cylindrical semimartingale in Φ′ satisfying any of the equivalent
conditions in Proposition 4.1, then the processes

∫
Hd(X + Y ) and

∫
HdX +

∫
HdY

are indistinguishable.

Proof. For each H ∈ bP(Φ) we define the stochastic integral
∫
H dX of H with respect to

X as the stochastic integral of Theorem 3.9 for the unique image of H in Φ ⊗̂π bP under
the homeomorphism of Theorem 4.8. It then follows from Theorem 3.9 that the mapping
H 7→

∫
H dX is linear and continuous from bP(Φ) into (S0)lcx and that it acts on H ∈ bP

of the form (4.3) as given in (4.4). Properties (1), (2) and (3) are also a consequence of
the respective properties of the integral mapping of Theorem 3.9. In the particular case
of property (2), observe that H1[0,τ ] ∈ bP(Φ) and hence

∫
H1[0,τ ] dX is defined. Since for

each h ∈ bP, φ ∈ Φ, (h ·X(φ))τ = (h1[0,τ ]) ·X(φ) = h · (X(φ)τ ), then it is a consequence
of (4.4) that equality in (2) holds for H of the form (4.3). The result extends to every
H ∈ bP(Φ) by the density of the elementary processes in bP(Φ) (Corollary 4.9) and the
continuity of the mapping H 7→

∫
H dX from bP(Φ) into (S0)lcx.
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In the second part of this section we will explore some additional properties of the
stochastic integral defined in Theorem 4.10. In order to prove these properties we will
request our cylindrical semimartingales to satisfy the following:

Definition 4.11. Let Φ be a complete, barrelled, nuclear space. We will say that a
cylindrical semimartingale X = (Xt : t ≥ 0) in Φ′ is a good integrator if X satisfies any
of the equivalent conditions in Proposition 4.1 and if the stochastic integral mapping
H 7→

∫
H dX of Theorem 4.10 defines a continuous linear mapping from bP(Φ) into S0.

The definition of good integrators introduced above is a generalization of the def-
inition for real-valued semimartingales. In efect, every z ∈ S0 defines a cylindrical
semimartingale α 7→ αz which is by definition continuous from R into S0. By construc-
tion, if Φ = R our stochastic integral coincides with that for real-valued semimartingales
and hence the Bichteler–Dellacherie theorem implies that the stochastic integral map-
ping H 7→

∫
H dX of Theorem 4.10 is a continuous linear mapping from bP(R) = bP into

S0.

We do not know if every cylindrical semimartingale X in Φ′ (satisfying any of the
equivalent conditions in Proposition 4.1) is a good integrator. However, the next result
shows that a positive answer is obtained for some important classes of cylindrical
semimartingales.

Proposition 4.12. Let Φ be a complete, barrelled, nuclear space,and let X be a cylin-
drical semimartingale in Φ′ satisfying any of the equivalent conditions in Proposition 4.1.
For the stochastic integral mapping H 7→

∫
H dX of Theorem 4.10 it follows that:

(1) If X is a HpS-cylindrical semimartingale, H 7→
∫
H dX is continuous from bP(Φ) into

HpS .
(2) If X is a M2

∞-cylindrical martingale, H 7→
∫
H dX is continuous from bP(Φ) into

M2
∞.

(3) If X is a A-cylindrical semimartingale, H 7→
∫
H dX is continuous from bP(Φ) into

A.

In particular, if X is either aHpS-cylindrical semimartingale, aM2
∞-cylindrical martingale,

or a A-cylindrical semimartingale, then X is a good integrator.

Proof. To prove (1), assume that X is a HpS-cylindrical semimartingale. We know by
Remark 3.13 that the stochastic integral mapping defined in Theorem 3.9 coincides with
the stochastic integral mapping defined in Proposition 3.10. But we know from this last
result that the stochastic integral mapping is continuous from Φ ⊗̂π bP into HpS and by
our definition of the integral in Theorem 4.10 we obtain the desired conclusion. The
proof of (2) and (3) follows from the arguments used above but applying Proposition 3.12
instead of Proposition 3.10.

Example 4.13. Let B = (Bt : t ≥ 0) denotes a real-valued Brownian motion. For every
t ≥ 0 define

Xt(φ) =

∫ t

0

φ(s)dBs, ∀φ ∈ S (R).

Then, using the properties of the Itô stochastic integral one can show that X = (Xt :

t ≥ 0) is a S ′(R)-valued process which defines aM2
∞-cylindrical martingale satisfying

Assumption 3.1 (for details see Example 3.20 in [14]). Therefore X is a good integrator
by Proposition 4.12.

Since S (R) is metrizable, the stochastic integral with respect to X can be repre-
sented as a series of stochastic integrals. In effect, let H ∈ bP(S (R)). If the unique
image of H in S (R) ⊗̂π bP as given in Theorem 4.8 satisfies the decomposition (3.2)
for some

∑
|λi| < ∞, φi → 0 in S (R), hi → 0 in bP, then as a S (R)-valued process H
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satisfies the representation

H(t, ω) =

∞∑
i=1

λihi(t, ω)φi,

with convergence in bP(S (R)). Hence, by Proposition 4.12, (4.4), and the associativity
of the stochastic integral for real-valued semimartingales we have∫ t

0

H dX =

∞∑
i=1

λi(hi ·X(φi)) =

∞∑
i=1

λi

∫ t

0

hi(s)φi(s)dBs, ∀t ≥ 0.

As the next result shows, we can use Proposition 4.12 to construct new examples of
good integrators. We will need the Banach spaceM2

∞⊕A (introduced by Memin in [30])
of special semimartingales with canonical decomposition x = m+ a where m ∈M2

∞ and
a ∈ A, equipped with the norm ||x||M2

∞⊕A
= ||m||M2

∞
+ ||a||A.

Corollary 4.14. Let Φ be a complete, barrelled, nuclear space,and let X be aM2
∞ ⊕A-

cylindrical semimartingale in Φ′ satisfying any of the equivalent conditions in Proposition
4.1. Then, there exists aM2

∞-cylindrical martingale M and a A-cylindrical semimartin-
gale A, M and A satisfying any of the equivalent conditions in Proposition 4.1, such that
X = M +A and∫

H dX =

∫
H dM +

∫
H dA ∈M2

∞ ⊕A, ∀H ∈ bP(Φ).

Moreover, the stochastic integral mapping H 7→
∫
H dX of Theorem 4.10 is continuous

from bP(Φ) intoM2
∞ ⊕A. In particular, X is a good integrator.

Proof. For each φ ∈ Φ we have X(φ) ∈ M2
∞ ⊕ A and hence we have the canonical

decomposition X(φ) = mφ + aφ. Define M : Φ → M2
∞ and A : Φ → A respectively

by M(φ) = mφ and A(φ) = Aφ for each φ ∈ Φ. The uniqueness of the canonical
decomposition shows that M and A are linear, hence M is aM2

∞-cylindrical martingale
and A is a A-cylindrical semimartingale. Moreover, X = M +A.

Observe that by our assumption X is linear and continuous from Φ into S0, and since
the image of X is inM2

∞ ⊕A, by an application of the closed graph theorem it follows
that X is linear and continuous from Φ intoM2

∞ ⊕A. Now, sinceM2
∞ ⊕A is a direct

sum of the Banach spaces M2
∞ and A, the projection x = m + a 7→ m (respectively

x = m+ a 7→ a) is linear continuous fromM2
∞ ⊕A intoM2

∞ (respectively into A). Thus,
since X is continuous from Φ intoM2

∞⊕A, then M (respectively A) is continuous from Φ

intoM2
∞ (respectively A). Since the canonical inclusion fromM2

∞ (respectively A) into
S0 is linear and continuous, we conclude that M (respectively A) is linear continuous
from Φ into S0, hence satisfies the equivalent conditions in Proposition 4.1.

Hence, by linearity of the stochastic integral and Proposition 4.12, for each H ∈ bP(Φ)

we have ∫
H dX =

∫
H dM +

∫
H dA ∈M2

∞ ⊕A,

and the stochastic integral mapping H 7→
∫
H dX is linear continuous from bP(Φ) into

M2
∞ ⊕A.

An application to the result in Corollary 4.14 will be given in Section 7.2 in our study
of the stochastic integral with respect to a sequence of real-valued semimartingales.

We return to the study of the properties of the stochastic integral and in particular
we will start by studying its jumps. For a Φ′-valued càdlàg adapted process (Zt : t ≥ 0),
recall (∆Z)t := Zt − Zt− is the jump al time t of Z.
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Proposition 4.15. Let Φ be a complete, barrelled, nuclear space. Suppose that X =

(Xt : t ≥ 0) is a good integrator in Φ′ and let X̃ = (X̃t : t ≥ 0) denotes the Φ′-valued,
regular, càdlàg version of X as in Theorem 4.2. For every H ∈ bP(Φ) we have

∆

(∫ t

0

H dX

)
=
〈

∆X̃t , H(t)
〉
, ∀ t ≥ 0. (4.5)

Proof. We prove the result first for elementary processes. To to this, observe that for
every φ ∈ Φ and h ∈ bP, it is a well-known property of the stochastic integral (see e.g.
Theorem 12.3.22 in [4]) that we have ∆ (h ·X(φ)) = h∆X(φ). Then for an elementary
process H ∈ bP(Φ) of the form (4.3) it follows from (4.4) that

∆

(∫
H dX

)
=

n∑
k=1

∆ (hk ·X(φk)) =

n∑
k=1

hk ∆X(φk)

=

n∑
k=1

hk

〈
∆X̃ , φk

〉
=
〈

∆X̃ , H
〉
.

We now prove the general case. Given H ∈ bP(Φ), it follows from Corollary 4.9 that
there exists a net (Hi : i ∈ I) of elementary processes such that Hi → H in bP(Φ). Since
the convergence in bP(Φ) is uniform, we then have that for each r ≥ 0 and ω ∈ Ω we
have Hi

r(ω)→ Hr(ω) in Φ. Let Ω0 be a subset of Ω with P(Ω0) = 1 and such that for each
ω ∈ Ω0, ∆X̃t(ω) ∈ Φ′ for each t ≥ 0. Then, for any given t ≥ 0 we have〈

∆X̃t(ω) , Hi
t(ω)

〉
→
〈

∆X̃t(ω) , Ht(ω)
〉
, ∀ω ∈ Ω0.

On the other hand, as X is a good integrator we have
∫
Hi dX →

∫
H dX in S0.

Since the mapping that takes a càdlàg process into its jump process is continuous
under the topology of uniform convergence in probability on compact intervals of
time (see Lemma 12.4.2 in [4], p.277-8) and the latter topology is weaker than the
semimartingale topology, then we have ∆

(∫
Hi dX

)
→ ∆

(∫
H dX

)
in the topology of

uniform convergence in probability on compact intervals of time. In particular, for every

t ≥ 0 we have ∆
(∫ t

0
Hi dX

)
→ ∆

(∫ t
0
H dX

)
with convergence in probability. Since

(4.5) holds for every Hi, by uniqueness of limits we conclude (4.5).

We continue our study with the following associativity property for the stochastic
integral that relates our theory of stochastic integration with the stochastic integral in
finite dimensions.

Proposition 4.16. Let Φ be a complete, barrelled, nuclear space. Suppose that X =

(Xt : t ≥ 0) is a good integrator in Φ′. For every g ∈ bP and H ∈ bP(Φ), we have∫
g dZ(H) =

∫
gH dX, (4.6)

where Z(H) =
∫
H dX and (gH)t(ω) = gt(ω)Ht(ω) for all t ≥ 0, ω ∈ Ω.

Proof. First we show that both sides of (4.6) are well-defined. Since Z(H) ∈ S0, then for
every g ∈ bP we have that

∫
g dZ(H) ∈ S0. Similarly, for every g ∈ bP and H ∈ bP(Φ) we

have that gH ∈ bP(Φ), thus
∫
gH dX ∈ S0.

Now we show the equality in (4.6). First, as X is a good integrator the mapping
H 7→ Z(H) is continuous from bP(Φ) into S0. Since the stochastic integral for real-
valued semimartingales is continuous in the integrator, the mapping H 7→

∫
g dZ(H) is

continuous from bP(Φ) into S0.
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On the other hand, the mapping H 7→ gH is continuous from bP(Φ) into bP(Φ). Hence,
as X is a good integrator the mapping H 7→

∫
gH dX is continuous from bP(Φ) into S0.

Thus, to show (4.6) and in view of Corollary 4.9 we only need to check that the equality
in (4.6) is valid for elementary integrands.

In effect, if H has the form (4.3), then by our the definition of the stochastic integral
we have

Z(H) =

n∑
k=1

hk ·X(φk).

Then, by linearity and associativity of the stochastic integral for real-valued semimartin-
gales we have∫

g dZ(H) =

n∑
k=1

g · (hk ·X(φk)) =

n∑
k=1

(ghk) ·X(φk) =

∫
gH dX.

Corollary 4.17. Let Φ be a complete, barrelled, nuclear space. Suppose that X = (Xt :

t ≥ 0) is a good integrator in Φ′. If ξ is a F0-measurable real-valued bounded random
variable, then for every H ∈ bP(Φ) we have∫

ξH dX = ξ

∫
H dX.

Proof. It is a well-known fact that if z ∈ S0 and h ∈ bP, then
∫
ξh dz = ξ

∫
h dz (see e.g.

Lemma 4.14 in [24], p.95). Hence, the above fact and Proposition 4.16 imply that:∫
ξH dX =

∫
ξ dZ(H) = ξ

∫
dZ(H) = ξ

∫
H dX.

Remark 4.18. A simple direct consequence of Corollary 4.17 is that the integral is the
same for members in bP(Φ) of the same class of indistinguishability. Moreover, for a
sequence Hn to converge to H in bP(Φ) the convergence only needs to occurs almost
surely in Φ uniformly on R+ × Ω.

5 Extension of the Stochastic Integral in a Nuclear Space

5.1 Stochastic Integral For Locally Bounded Integrands

In the previous section we have introduced the stochastic integral for integrands that
belongs to the space bP(Φ). In this section we extend the stochastic integral mapping to
the a more general family of integrands which are locally bounded in the sense defined
below:

Definition 5.1. Let Φ be locally convex. We will say that H : R+ × Ω → Φ is locally
bounded if there exists a sequence (τn : n ∈ N) of stopping times increasing to∞ P-a.e.
such that for each n ∈ N, the mapping (t, ω) 7→ Hτn

t (ω) := Ht∧τn(ω) takes its values in a
bounded subset of Φ for P-almost all ω ∈ Ω.

Let Φ be locally convex and H = (Ht : t ≥ 0) be a Φ-valued càdlàg process. The
process obtained by considering its left limits H− = (Ht− : t ≥ 0) is a càglàd process.
If H is weakly adapted, i.e. if 〈f , H〉 is adapted for each f ∈ Φ′, the same is satisfied
for H−. Therefore, for each f ∈ Φ′ we have that 〈f , H−〉 is a càglàd adapted process
and hence 〈f , H−〉 is locally bounded. However if Φ is only locally convex the weak
locally boundedness of H− is not in general enough to show that H− is locally bounded.
Nevertheless, a sufficient condition for càdlàg processes in the dual of a nuclear space is
given below.
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Proposition 5.2. Let Φ be a nuclear space. Let X = (Xt : t ≥ 0) be a Φ′-valued, regular,
càdlàg, weakly adapted process such that ∀T > 0, the family (Xt : t ∈ [0, T ]) of linear
mappings from Φ into L0 (Ω,F ,P) is equicontinuous. Then, the process X− = (Xt− : t ≥
0) is predictable and locally bounded in Φ′.

Proof. Our assumptions on X together with the Regularization Theorem (see Theorem
3.2 in [12]) show that there exists a weaker countably Hilbertian topology ϑ on Φ and

a (Φ̂ϑ)′-valued càdlàg process X̃ = (X̃t : t ≥ 0), such that for every φ ∈ Φ,
〈
X̃ , φ

〉
is

a version of 〈X , φ〉. Since X̃ is also a Φ′-valued, regular, càdlàg process, then X and
X̃ are indistinguishable (see Proposition 2.12 in [12]). Observe that for each φ ∈ Φ

the real-valued process
〈
X̃− , φ

〉
is left-continuous and adapted, hence is predictable.

But as X̃− is a (Φ̂ϑ)′-valued process, and the Borel and cylindrical σ-algebras in (Φ̂ϑ)′

coincide, the fact that X̃− is weakly predictable implies it is (strongly) predictable. By
indistinguishability we have that X− is predictable.

We now prove the existence of the localizing sequence of stopping times. Following
Section 7 in [13], if we choose an increasing sequence of continuous Hilbertian semi-
norms (ρn : n ∈ N) on Φ that generates the topology ϑ, then

(Φ̂ϑ)′ =
⋃
n∈N

Bρ′n(n),

where Bρ′n(n) = {f ∈ Φ′ : ρ′n(f) ≤ n}. The collection {Bρ′n(n) : n ∈ N} is an increasing

sequence of bounded, closed, convex, balanced subsets of Φ′. Furthermore, since X̃ is a
(Φ̂ϑ)′-valued càdlàg process we have

X̃t(ω) ∈
⋃
n∈N

Bρ′n(n), ∀ (t, ω) ∈ R+ × Ω. (5.1)

For each n ∈ N define τn by

τn(ω) := inf{t ≥ 0 : X̃t(ω) /∈ Bρ′n(n) or X̃t−(ω) /∈ Bρ′n(n) or t ≥ n}, ∀ω ∈ Ω. (5.2)

Each τn is a stopping time and from (5.1) it follows that τn → ∞ P-a.e. as n → ∞.
Moreover, by the definition of τn we have X̃τn

t−(ω) ∈ Bρ′n(n) for all (t, ω) ∈ R+ × Ω. Since

X and X̃ are indistinguishable, we therefore have that Xτn
− has a bounded image in Φ′.

Thus X− = (Xt− : t ≥ 0) is predictable and locally bounded in Φ′

For our theory of stochastic integration the most useful version of Proposition 5.2 is
the following:

Proposition 5.3. Suppose that Φ is reflexive and that Φ′ is nuclear. Let X = (Xt : t ≥ 0)

be a Φ-valued, regular, càdlàg weakly adapted process such that ∀T > 0, the family
(Xt : t ∈ [0, T ]) of linear mappings from Φ′ into L0 (Ω,F ,P) is equicontinuous. Then, the
process X− = (Xt− : t ≥ 0) is predictable and locally bounded in Φ.

Proof. The result is a direct consequence of Proposition 5.2 using that by reflexivity Φ is
the strong dual of Φ′.

Corollary 5.4. Let Φ be a reflexive Souslin space whose dual Φ′ is ultrabornological
and nuclear. If X = (Xt : t ≥ 0) is a Φ-valued càdlàg weakly adapted process, then
X− = (Xt− : t ≥ 0) is predictable and locally bounded.
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Proof. First, since Φ is Souslin, the probability distribution of each Xt is a Radon
measure on Φ (see [3], Theorem 7.4.3, p.85) and hence by Theorem 2.10 in [12] the
mapping Xt : Φ′ → L0 (Ω,F ,P) is continuous and the process X is regular. As Φ′ is an
ultrabornological nuclear space, then it follows from Proposition 3.10 in [12] that ∀T > 0

the family (Xt : t ∈ [0, T ]) of linear mappings from Φ′ into L0 (Ω,F ,P) is equicontinuous.
Then Proposition 5.3 shows that X− = (Xt− : t ≥ 0) is a predictable and locally bounded
process with values in Φ.

Example 5.5. The spaces EK , E , S (Rd), D(U), E ′K , E ′, S ′(Rd), and D ′(U) are all reflex-
ive Souslin spaces (see [41], p.115) which are ultrabornological and nuclear (references
in Section 4.1). Therefore, if X = (Xt : t ≥ 0) is a càdlàg weakly adapted process
taking values in any of these spaces, then by Corollary 5.4 the process of its left-limits
X− = (Xt− : t ≥ 0) is predictable and locally bounded.

We now formally introduce our main class of integrands.

Definition 5.6. Let Φ be locally convex. We denote by Ploc(Φ) the space (of all equiv-
alence classes) of mappings H : R+ × Ω → Φ that are weakly predictable and locally
bounded.

If Φ is a complete barrelled nuclear space, it should be clear that bP(Φ) ⊆ Ploc(Φ)

since for each H ∈ bP(Φ) the image of H is contained in a bounded subset of Φ (see the
proof of Proposition 4.7).

Example 5.7. Let Z = (Zt : t ≥ 0) be a real-valued semimartingale. Given φ ∈ D(R),
define X = (Xt : t ≥ 0) by Xt(ω) = φ(·+ Zt(ω)). Observe that for every t ≥ 0, ω ∈ Ω, it is
a consequence of the Itô formula that Xt(ω) ∈ D(R).

Moreover, the continuity of the translation mapping ϕ 7→ ϕ(·+ y) in D(R) for every
y ∈ R shows that X is a D(R)-valued càdlàg adapted process. Furthermore, it is shown
in ([50], Theorem III.2) that for every f ∈ D ′(R) the real-valued process 〈f , X〉 is
a semimartingale. Therefore, X is a D(R)-valued càdlàg semimartingale. Then, the
conclusion of Example 5.5 shows that X− = (Xt− : t ≥ 0) ∈ Ploc(D(R)). In particular, if
Z has continuous trajectories then X has continuous trajectories in D(R) and in this
case X = (Xt : t ≥ 0) ∈ Ploc(D(R)).

The stochastic integral for integrands in Ploc(Φ) is defined in the next theorem.

Theorem 5.8. Let Φ be a complete, barrelled, nuclear space and let X be a cylindrical
semimartingale satisfying any of the equivalent conditions in Proposition 4.1. Then for
every H ∈ Ploc(Φ) there exists a real-valued semimartingale

∫
H dX such that:

(1)
(∫
H dX

)c
=
∫
H dXc.

(2)
(∫
H dX

)τ
=
∫
H1[0,τ ] dX =

∫
H dXτ , for every stopping time τ .

(3) The mapping (H,X) 7→
∫
H dX is bilinear.

Proof. Let H ∈ Ploc(Φ). Then, there exists a sequence (τn : n ∈ N) of stopping times,
increasing to infinity P-a.e., such that for each n ∈ N we have H1[0,τn] ∈ bP(Φ). Hence
by Theorem 4.10 each

∫
H1[0,τn] dX is a well-defined real-valued semimartingale.

Then for each t ≥ 0 we can define∫ t

0

H dX =

∫ t

0

H1[0,τn] dX,

for any n ∈ N such that τn ≥ t. A standard localization argument (e.g. see Chapter
4 in [6]) using property (2) in Theorem 4.10 shows that this definition for

∫
H dX is

consistent and that it is independent (up to indistinguishable versions) of the localizing
sequence for H. Since the property of being a real-valued semimartingale is stable by
localization, we have that

∫
H dX is a real-valued semimartingale. Likewise, the fact
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that properties (1), (2) and (3) are satisfied follows from Theorem 4.10 by choosing an
appropriate localizing sequence.

Example 5.9. Let Φ be a complete, barrelled, nuclear space whose strong dual is
nuclear and let Y = (Yt : t ≥ 0) be a Φ-valued, regular, càdlàg semimartingale. By its
definition it is clear that Y is weakly adapted. If Y satisfies (as a cylindrical process) any
of the equivalent conditions in Proposition 4.1, then it follows from Proposition 5.3 that
Y− = (Yt− : t ≥ 0) ∈ Ploc.

If X is a cylindrical semimartingale in Φ′ satisfying any of the equivalent conditions
in Proposition 4.1, then by Theorem 5.8 the stochastic integral

∫
Y− dX exists and it is a

real-valued semimartingale.

Remark 5.10. In [49] and under the assumption that Φ is a complete, bornological,
reflexive nuclear space whose strong dual Φ′ is complete and nuclear, Üstünel introduced
the concept of projective system of semimartingales in Φ′ (see Remark 4.4) and defined
stochastic integrals for Φ-valued weakly predictable process which are locally bounded.
The construction of the stochastic integral in [49] is very different from ours and relies
on the theory of stochastic integration in separable Hilbert spaces and in the concept of
projective system of semimartingales in Φ′. As mentioned in Remark 4.4, the concept of
projective system only makes sense if Φ′ is complete and nuclear. Observe however that
for our construction of the stochastic integral we have the less demanding assumption
on Φ to be a complete, barrelled, nuclear space and that we have assumed nothing on
the dual space Φ′.

In the next result we list some properties of the stochastic integral for integrands in
Ploc(Φ) with respect to a good integrator. These results follow directly from Theorem
5.8, and Propositions 4.15 and 4.16.

Proposition 5.11. Let Φ be a complete, barrelled, nuclear space. Suppose that X is a
good integrator in Φ′ and let H ∈ Ploc(Φ).

(1) Let X̃ = (X̃t : t ≥ 0) denotes the Φ′-valued, regular, càdlàg version of X as in
Theorem 4.2. Then,

∆

(∫ t

0

H dX

)
=
〈

∆X̃t , H(t)
〉
, ∀ t ≥ 0.

(2) For every g ∈ Ploc(R), ∫
g dZ(H) =

∫
gH dX,

where Z(H) =
∫
H dX and (gH)t(ω) = gt(ω)Ht(ω) for all t ≥ 0, ω ∈ Ω.

5.2 Riemann Representation and Integration by Parts

In this section we study further continuity properties of the stochastic integral with
respect to good integrators and for integrands which have càglàd paths. In particular,
we will show that the stochastic integral satisfies a Riemman representation and a
integration by parts formula.

Let Φ be a complete locally convex space. Denote by L(Φ) the linear space of all
the Φ-valued càglàd weakly adapted processes. We will introduce on L(Φ) the topology
of convergence in probability uniformly on compact intervals of time (abbreviated as
ucp) by means of a family of F-seminorms (see Section 2.7 in [22] for more details on
topologies defined by F-seminorms).

Let Π denotes a system of seminorms generating the topology on Φ. For each p ∈ Π,
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we define a F -seminorm on L(Φ) by the prescription

dpucp(H) =

∞∑
n=1

2−nE

(
1 ∧ sup

0≤t≤n
p(Ht)

)
, ∀H = (Ht : t ≥ 0) ∈ L(Φ).

The collection of all the F -seminorms (dpucp : p ∈ Π) generates a linear topology on L(Φ)

wherein a fundamental system of neighborhoods of zero is the family of all the sets of
the form {

H ∈ L(Φ) : P

(
sup

0≤t≤T
p(Ht) > η

)
< ε

}
, ∀ ε, η, T > 0, p ∈ Π.

Now, observe that Φ, being complete, coincides with the projective limit projp∈Π(Φp, ip)

and that each L(Φp) is a complete metrizable topological vector space (this because each
Φp is a separable Banach space; see e.g. Section II.1.3 in [52]). Then, by comparing the
fundamental system of neighborhoods of zero in L(Φ) and the corresponding fundamental
system of neighborhoods of zero in each L(Φp) one can conclude (see Proposition 2.6.1 in
[22], p.38) that (L(Φ), ucp) coincides with the projective limit projp∈Π(L(Φp), ip), where
ip induces the inclusion H 7→ ipH from L(Φ) into L(Φp), and if p ≤ q, ip,q induces the
inclusion H 7→ ip,qH from L(Φq) into L(Φp). We obtain two important conclusions from
the fact that (L(Φ), ucp) is the above projective system. First, that it is complete (see
Corollary 3.2.7 in [22], p.59) and second that it is metrizable whenever Φ is so (see
Proposition 2.8.3 in [22], p.41).

Denote by bL(Φ) the subspace of L(Φ) consisting of those processes whose image is
contained in a bounded subset in Φ. Every H ∈ bL(Φ) is weakly predictable and hence
bL(Φ) ⊆ bP(Φ). Then, if Φ is a complete, barrelled, nuclear space the stochastic integral
is defined for every H ∈ bL(Φ). More generally, if H ∈ L(Φ) ∩ Ploc(Φ) it follows from
Theorem 5.8 that the stochastic integral of such an H exists. Example 5.9 provides us
with examples of processes which are in L(Φ) ∩ Ploc(Φ) but not in bL(Φ).

The next result shows that when X is a good integrator the stochastic integral map-
ping H 7→

∫
H dX defines a sequentially continuous operator from (L(Φ) ∩ Ploc(Φ), ucp)

into (S0, ucp).

Theorem 5.12. Let Φ be a complete, barrelled, nuclear space. Suppose that X = (Xt :

t ≥ 0) is a good integrator in Φ′. Let H, Hn ∈ L(Φ) ∩ Ploc(Φ), n ≥ 1, and suppose that

Hn ucp→ H. Then,
∫
Hn dX

ucp→
∫
Hn dX.

Proof. By linearity of the stochastic integral it suffices to prove that Hn ucp→ 0. Our proof
is a modification of the arguments used in the proof of Theorem II.11 in [39] for the
finite dimensional case.

First, as X is a good integrator the stochastic integral mapping H 7→
∫
H dX is linear

and continuous from bP(Φ) into S0, hence into S0 equipped with the ucp topology. Then,
given ε, δ, T > 0, there exists a continuous seminorm p on Φ such that sup(t,ω) p(Ht(ω)) ≤ 1

implies

P

(
sup

0≤t≤T

∣∣∣∣∫ t

0

H dX

∣∣∣∣ ≥ δ) <
ε

2
.

For each n ≥ 1, let τn(ω) = inf{t ≥ 0 : p(Hn
t (ω)) > 1}, which is a stopping time. Define

H̃n = Hn1[0,τn]1{τn>0}. Then H̃n ∈ bL(Φ) and sup(t,ω) p(H̃
n
t (ω)) ≤ 1. Since τk ≥ T

implies

sup
0≤t≤T

∣∣∣∣∫ t

0

H̃n dX

∣∣∣∣ = sup
0≤t≤T

∣∣∣∣∫ t

0

Hn dX

∣∣∣∣ ,
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then we have

P

(
sup

0≤t≤T

∣∣∣∣∫ t

0

Hn dX

∣∣∣∣ ≥ δ) = P

(
sup

0≤t≤T

∣∣∣∣∫ t

0

Hn dX

∣∣∣∣ ≥ δ, τk ≥ T)
+P

(
sup

0≤t≤T

∣∣∣∣∫ t

0

Hn dX

∣∣∣∣ ≥ δ, τk < T

)
≤ P

(
sup

0≤t≤T

∣∣∣∣∫ t

0

H̃n dX

∣∣∣∣ ≥ δ)+ P (τk < T )

≤ ε

2
+ P

(
sup

0≤t≤T
p(Hn

t ) > 1

)
.

Finally, since Hn ucp→ 0, there exists N > 0 (depending on ε, δ, T and p) such that for all
n ≥ N we have

P

(
sup

0≤t≤T
p(Hn

t ) > 1

)
<
ε

2
,

hence for n ≥ N we have

P

(
sup

0≤t≤T

∣∣∣∣∫ t

0

Hk dX

∣∣∣∣ ≥ δ) < ε.

Thus,
∫
Hn dX

ucp→ 0.

Our next objective is to prove that our stochastic integral satisfies a Riemann rep-
resentation. In order to formulate and prove our result we will need the following
terminology from Section II.2 in [39] which we adapt to our context.

Definition 5.13.
(1) A random partition σ is a finite sequence of finite stopping times:

0 = τ0 ≤ τ1 ≤ · · · ≤ τm+1 <∞.

(2) Given a Φ-valued process H and a random partition σ, we define the process H
sampled at σ to be

Hσ := H01{0} +

m∑
k=1

Hτk1(τk,τk+1]. (5.3)

(3) A sequence of random partitions (σn),

σn : τn0 ≤ τn1 ≤ · · · ≤ τnmn+1,

is said to tend to the identity if
(a) limn supk τ

n
k =∞ a.s., and

(b) ||σn|| = supk
∣∣τnk+1 − τnk

∣∣→ 0 a.s.

We are ready for our main result of this section.

Theorem 5.14 (Riemann representation). Suppose that Φ is a complete, barrelled nu-
clear space whose strong dual Φ′ is also nuclear. Let X be Φ′-valued semimartingale
which is a good integrator. Let H ∈ L(Φ) ∩ Ploc(Φ). Let (σn) be a sequence of random
partitions tending to the identity. Then,∫ t

0

Hσn dX = 〈X0 , H0〉+

mn∑
k=1

〈
Xτnk+1∧t −Xτnk ∧t , Hτnk

〉
, (5.4)

and ∫ t

0

Hσn dX
ucp→
∫

H− dX. (5.5)
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In order to prove Theorem 5.14 we will need to go over several steps. First, we will
show that (5.4) is satisfied. We will prove indeed something more general, said that
our stochastic integral acts on simple predictable integrands in a similar way as the
stochastic integral for semimartingales in the scalar case. This is carried out below in
Lemma 5.15. It is important to stress that this result is not evident since unlike the
the theory of integration in finite dimensions, we have not defined our integral first for
simple predictable integrands and hence there is no clear indication that it should be of
this form.

Denote by C(Φ) the collection of all the Φ-valued processes of the form:

Hr(ω) = A0(ω)1{0}(r) +

N∑
k=1

Ak(ω)1(τk,τk+1](r), (5.6)

where 0 = τ0 ≤ τ1 ≤ τ2 ≤ · · · ≤ τN+1 are bounded stopping times and Ak is a Φ-valued
weakly bounded Fτk -measurable random variable, 0 ≤ k ≤ N , N ≥ 1. The elements in
C(Φ) are called simple predictable bounded integrands.

It is clear that C(Φ) ⊆ bL and hence the stochastic integral exists to every H ∈ C(Φ).
Moreover, we have the following:

Lemma 5.15. Suppose that Φ is a complete, barrelled nuclear space whose strong dual
Φ′ is also nuclear. Let X be Φ′-valued semimartingale which is a good integrator. If
H ∈ C(Φ) is of the form (5.6), then for every t ≥ 0,∫ t

0

H dX = 〈X0 , A0〉+

N∑
k=1

〈
Xτk+1∧t −Xτk∧t , Ak

〉
. (5.7)

Proof. We carry out the proof in two steps.
Step 1 Suppose that for each k = 0, 1, . . . , N , the random variable Ak is of the

simple form Ak =
∑mk
j=0 hj,kφj,k where each hj,k is a real-valued Fτk -measurable random

variable and each φj,k ∈ Φ. In such a case, by the action of the stochastic integral on the
elementary integrands (4.4) we have∫ t

0

H dX =

∫ t

0

m0∑
j=0

hj,01{0}φj,0 dX +

N∑
k=1

∫ t

0

mk∑
j=0

hj,k1(τk,τk+1]φj,k dX

=

m0∑
j=0

(
(hj,01{0}) ·X(φj,0)

)
t

+

N∑
k=1

mk∑
j=0

(
(hj,k1(τk,τk+1]) ·X(φj,k)

)
t

=

m0∑
j=0

hj,0 〈X0 , φj,0〉+

N∑
k=1

mk∑
j=0

hj,k
〈
Xτk+1∧t −Xτk∧t , φj,k

〉
=

〈
X0 ,

m0∑
j=0

hj,0φj,0

〉
+

N∑
k=1

〈
Xτk+1∧t −Xτk∧t ,

mk∑
j=0

hj,kφj,k

〉

= 〈X0 , A0〉+

N∑
k=1

〈
Xτk+1∧t −Xτk∧t , Ak

〉
.

Hence (5.7) holds in this case.
Step 2 Assume that each Ak is a Φ-valued weakly bounded Fτk -measurable random

variable.
Let 0 ≤ k ≤ N . Then as in the proof of Proposition 4.7 our assumptions on Ak imply

that the image of the random variable Ak is contained in a bounded subset of Φ. By
taking the union of these finite family of bounded subsets, we can assume that the image
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of all the Ak is contained in the same bounded subset of Φ. Furthermore, since Φ is
complete, barrelled and nuclear, there exists a compact, convex, balanced subset K of Φ

such that the image of each random variable Ak is contained in K (see Corollary 50.2.1
in [48], p.520).

Denote by Φ[K] the vector space on Φ spanned by K. It is a Banach space when
equipped with the gauge norm qK(φ) = inf{λ > 0 : φ ∈ λK} (see Corollary 36.1 in [48],
p.371). Since Φ′ is nuclear and Φ is reflexive, there exists another such set B, K ⊆ B,
with the property that the canonical injection Φ[K]→ Φ[B] is nuclear. Observe that we
therefore have that the image of the set K in the space Φ[B] is compact and that Φ[B] is
separable.

The information provided in the above paragraphs shows that each Ak can be re-
garded as a Φ[B]-valued Fτk -measurable random variable with a relatively compact
image. It then follows that each Ak can be uniformly approximated by a sequence of
simple random variables An,k =

∑mn,k
j=0 hn,j,kφn,j,k as those in Step 1 (see Proposition

I.1.9 in [52], p.12). Then, each

Hn(r, ω) = An,0(ω)1{0}(r) +

N∑
k=1

An,k(ω)1(τk,τk+1](r),

is an element in C(Φ) and the sequence (Hn : n ∈ N) converges to H in bP(Φ). To prove
this assertion, let p be any continuous seminorm on Φ. Since the canonical inclusion
from Φ[B] into Φ is linear and continuous, there exists some C > 0 (depending on p)
such that p(φ) ≤ C qK(φ) for every φ ∈ Φ[B]. Then, by the uniform convergence of the
sequence An,k to Ak for 0 ≤ k ≤ N we have

sup
(r,ω)

p (H(r, ω)−Hn(r, ω))

≤ sup
(r,ω)

p (A0(ω)−An,0(ω))1{0} +

N∑
k=1

sup
(r,ω)

p (Ak(ω)−An,k(ω))1(τk,τk+1](r)

≤ C sup
ω
qK (A0(ω)−An,0(ω)) + C

N∑
k=0

sup
w
qK (Ak(ω)−An,k(ω))

→ 0, as n→∞.

Now, because X is a good integrator we have that
∫
Hn dX →

∫
H dX in S0. Hence, for

each t ≥ 0 we have
∫ t

0
Hn dX →

∫ t
0
H dX in probability.

On the other hand, for each t ≥ 0, by the uniform convergence of the sequence An,k
to Ak for 0 ≤ k ≤ N , and because the canonical inclusion from Φ[B] into Φ is linear and
continuous, we have pointwise

〈X0 , An,0〉+

N∑
k=1

〈
Xτk+1∧t −Xτk∧t , An,k

〉
→ 〈X0 , A0〉+

N∑
k=1

〈
Xτk+1∧t −Xτk∧t , Ak

〉
,

and since by Step 1 we have that for each t ≥ 0

〈X0 , An,0〉+

N∑
k=1

〈
Xτk+1∧t −Xτk∧t , An,k

〉
=

∫ t

0

Hn dX,

we conclude by uniqueness of limits in probability that (5.7) is satisfied.

Our next objective is to show that the convergence in (5.5) holds. To shows this we
will need the following approximation result:
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Lemma 5.16. Suppose that Φ is a complete, barrelled nuclear space whose strong dual
Φ′ is also nuclear. Let H ∈ L(Φ) ∩ Ploc(Φ). Then, there exists a sequence (Hn : n ∈ N) ⊆
C(Φ) such that Hn ucp→ H.

Proof. Since H ∈ L(Φ) ∩ Ploc(Φ), there exists a sequence (τn : n ∈ N) of stopping times
increasing to ∞ P-a.e. such that for each n ∈ N, Hτn ∈ bL(Φ). This means we can
assume H ∈ bL(Φ).

Now, since H ∈ bL(Φ), the image of H is contained in a bounded subset in Φ. As in
the proof of Lemma 5.15, because Φ is complete, barrelled and nuclear, and because
Φ′ is nuclear and reflexive, there exists a compact, convex, balanced subset B of Φ

such that Φ[B] is a separable Banach space with norm qB and H can be considered as
a càglàd adapted process with values in Φ[B], i.e. H ∈ L(Φ[B]). Let Z be defined by
Zt = limu→t,u>tHt. We therefore have that Z is a càdlàg adapted process with values
in Φ[B]. As in the proof of Theorem II.10 in [39], given ε > 0, if we define τ ε0 = 0 and
τ εn+1 = inf{t : t > τ εn and qB(Zt − Zτεn) > ε}, then one can show (this as in Theorem II.10
in [39]) that (τ εn) is a sequence of stopping times increasing to∞ P-a.e. and that

Hn,ε = H01{0} +

n∑
k=1

Zτεk1(τεk∧n,τ
ε
k+1∧n],

can be made arbitrarily close to H in ucp in the norm qB by making ε small enough and n
large enough. Finally, since the topology in (Φ[B], qB) is finer than that in Φ, convergence
in ucp in the norm qB implies convergence in ucp in Φ; this as in the proof of Lemma
5.15.

Proof of Theorem 5.14. We begin by proving the equality in (5.4). Let (uj : j ∈ N) a
sequence of stopping times increasing to∞ P-a.e. such that for each j ∈ N the process
Huj is bounded in Φ.

For any fixed n ∈ N, denote by σn ∧ uj the random partition

σn ∧ uj : τn0 ∧ uj ≤ τn1 ∧ uj ≤ · · · ≤ τnmn ∧ uj .

It is clear from (5.3) that for every n ∈ N we have Hσn∧uj ∈ C(Φ) and hence by Lemma
5.15 it follows that∫ t

0

Hσn∧uj dX = 〈X0 , H0〉+

mn∑
k=1

〈
Xτnk+1∧uj∧t −Xτnk ∧uj∧t , Hτnk ∧uj

〉
.

Since uj increases to∞ P-a.e then Hσn∧uj ucp→ Hσn and hence it follows from Theorem

5.12 that
∫
Hσn∧uj dX

ucp→
∫
Hσn dX. Likewise, because uj increases to∞ P-a.e, then

we have pointwise P-a.e for each t ≥ 0,

mn∑
k=1

〈
Xτnk+1∧uj∧t −Xτnk ∧uj∧t , Hτnk ∧uj

〉
→

mn∑
k=1

〈
Xτnk+1∧t −Xτnk ∧t , Hτnk

〉
.

Then by uniqueness of limits we obtain the equality in (5.4).
We now show that the convergence in (5.5) holds. To do this we will adapt to our

context the proof of Theorem II.21 in [39].
First, by Lemma 5.16 there exists a sequence (Hk : k ∈ N) ⊆ C(Φ) such that Hk ucp→ H.

We have ∫
(H −Hσn) dX =

∫
(H −Hk) dX +

∫
(Hk − (Hk)σn) dX

+

∫
((Hk)σn −Hσn) dX. (5.8)

EJP 26 (2021), paper 147.
Page 30/48

https://www.imstat.org/ejp

https://doi.org/10.1214/21-EJP718
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Stochastic integration with respect to cylindrical semimartingales

By Theorem 5.12, since Hk ucp→ H the first term in the right-hand side of (5.8) converges
to 0 in ucp. In a similar way, we have that (Hk)σn

ucp→ Hσn uniformly on n and therefore
by Theorem 5.12 the third term in the right-hand side of (5.8) converges to 0 in ucp.

For the middle term in the right-hand side of (5.8), since for each k ∈ N, Hk ∈ C(Φ),
the one can write the stochastic integral

∫
((Hk)σn −Hσn) dX in closed form (as in

Lemma 5.15). Then, the right-continuity of X implies that for any fixed (k, ω) the
stochastic integral

∫
((Hk)σn −Hσn) dX tends to 0 as n → ∞. Hence, to show that

(5.8) tends to 0 as n → ∞ one chooses k so large that the first and third terms in the
right-hand side of (5.8) are small, and then for a fixed value of k one chooses n so large
that middle term in the right-hand side of (5.8) is small.

Thanks to the Riemann representation formula, we can now prove that a integration
by parts formula holds by following similar arguments to those in the finite dimensional
setting. We must stress the fact that the two semimartingales are required to be good
integrators and hence the formula might not hold for every semimartingale.

Theorem 5.17 (Integration by Parts Formula). Suppose that Φ and Φ′ are complete,
barrelled nuclear spaces. Let Y be respectively a Φ-valued càdlàg semimartingale and
X be a Φ′-valued càdlàg semimartingale, both Y and X being good integrators. Then
there exists a real-valued adapted càdlàg process [X,Y ], such that

〈Xt , Yt〉 = 〈X0 , Y0〉+

∫ t

0

Y− dX +

∫ t

0

X− dY + [X,Y ]t, ∀t ≥ 0. (5.9)

Furthermore, if (σn) is a sequence of random partitions tending to the identity, then

[X,Y ]t = 〈X0 , Y0〉+ lim
n→∞

mn∑
k=1

〈
Xτnk+1∧t −Xτnk ∧t , Yτnk+1∧t − Yτnk ∧t

〉
, (5.10)

where the convergence is in ucp.

Proof. Observe first that from Propositions 4.1 and 5.3 that the integrals
∫ t

0
Y− dX and∫ t

0
X− dY are well-defined. Now, note that for every n ∈ N we have

〈Xt , Yt〉 = 〈X0 , Y0〉+

mn∑
k=1

〈
Xτnk+1∧t −Xτnk ∧t , Yτnk ∧t

〉
+

mn∑
k=1

〈
Xτnk ∧t , Yτnk+1∧t − Yτnk ∧t

〉
+

mn∑
k=1

〈
Xτnk+1∧t −Xτnk ∧t , Yτnk+1∧t − Yτnk ∧t

〉
. (5.11)

Observe that by Theorem 5.14, the first and second terms in (5.11) converges in ucp to∫ t
0
Y− dX and

∫ t
0
X− dY . Then, if we define the process [X,Y ] by

[X,Y ]t := 〈Xt , Yt〉 − 〈X0 , Y0〉 −
∫ t

0

Y− dX −
∫ t

0

X− dY,

we immediately get (5.9) and that [X,Y ] is a real-valued adapted càdlàg process. More-
over, from (5.11) and the arguments given above we conclude (5.10).

Definition 5.18. We call the real-valued processes [X,Y ] defined in Theorem 5.17 as
the quadratic covariation of X and Y .

Some of the properties of the quadratic covariation are given in the following result.
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Corollary 5.19. Suppose that Φ, Φ′, X and Y are as in Theorem 5.17. Then
(1) ∆[X,Y ]0 = 〈X0 , Y0〉 and ∆[X,Y ]t = 〈∆Xt , ∆Yt〉 for t > 0.
(2) If X or Y is a continuous process, then [X,Y ] is a continuous process.
(3) If τ is a stopping time, [Xτ , Y ] = [X,Y τ ] = [Xτ , Y τ ] = [X,Y ]τ .

Proof. For (1), it is clear from (5.10) that ∆[X,Y ]0 = 〈X0 , Y0〉. If t > 0 we have from
Proposition 5.11 that

〈∆Xt , ∆Yt〉 = ∆ 〈Xt , Yt〉 − 〈Xt− , Yt − Yt−〉 − 〈Xt −Xt− , Yt−〉

= ∆ 〈Xt , Yt〉 −∆

(∫ t

0

X− dY

)
−∆

(∫ t

0

Y− dX

)
= ∆[X,Y ]t.

Property (2) follows immediately from (1) and property (3) follows from (5.10).

Example 5.20. In this example we discuss some situations for which the quadratic
covariation can be computed using the quadratic covariation for Hilbert space-valued
processes.

Suppose that Φ and Φ′ are complete, barrelled nuclear spaces. Assume that Y is a
Φ-valued good integrator which is also a semimartingale in the projective limit sense,
i.e. for every Hilbertian seminorm q on Φ we have that Ỹ q := iqY is a semimartingale
with values in Φq (this definition coincides with that in Remark 4.4 but for processes
with values in Φ instead of Φ′). Let us recall that when Φ is a nuclear Fréchet space
any Φ-valued semimartingale (in our cylindrical definition) is a semimartingale in the
projective limit sense (see [50], Corollary II.3).

Assume that X is a Φ′-valued H1
S-semimartingale satisfying any of the equivalent

conditions in Proposition 4.1. Observe that X is a good integrator by Proposition 4.12.
Moreover, by Theorem 3.22 in [14] there exists a continuous Hilbertian seminorm p on
Φ and a Φ′p-valued càdlàg H1

S-semimartingale X̃p such that X = i′pX̃
p. Then for each

t ≥ 0 we have P-a.e. 〈Xt(ω) , Yt(ω)〉 =
〈
i′pX̃

p , ipYt(ω)
〉

=
〈
X̃p , Ỹ p

〉
, where

〈
X̃p , Ỹ p

〉
corresponds to the duality in the pair (Φp,Φ

′
p). Then by (5.10), we have

[X,Y ]t = 〈X0 , Y0〉+ lim
n→∞

mn∑
k=1

〈
Xτnk+1∧t −Xτnk ∧t , Yτnk+1∧t − Yτnk ∧t

〉
=

〈
X̃p

0 , Ỹ
p
0

〉
+ lim
n→∞

mn∑
k=1

〈
X̃p
τnk+1∧t

− X̃p
τnk ∧t

, Ỹ pτnk+1∧t
− Ỹ pτnk ∧t

〉
= [X̃p, Ỹ p]t,

where [X̃p, Ỹ p] is the quadratic covariation of X̃p and Ỹ p as Hilbert space valued pro-
cesses with respect to the duality in the pair (Φp,Φ

′
p) (see Result 26.9 in [32], p.185).

Observe that from this result we can conclude that [X,Y ] has finite variation and by (5.9)
that (〈Xt , Yt〉 : t ≥ 0) has a càdlàg semimartingale version.

Among other properties of [X,Y ] which can be “transferred” from corresponding
properties of [X̃p, Ỹ p], observe that if X has continuous paths and Y is a projective limit
of processes of finite variation (i.e. each Ỹ q is of finite variation in Φq) then [X̃p, Ỹ p] = 0,
thus [X,Y ] = 0.

We can obtain the same conclusions of the above paragraphs if we assume that X
is a Φ′-valued good integrator which is also a semimartingale in the projective limit
sense (if Φ′ is nuclear Fréchet any Φ′-valued semimartingale in our cylindrical sense is a
semimartingale in the projective limit sense; see [50], Corollary II.3) and Y is a Φ-valued
H1
S-semimartingale satisfying any of the equivalent conditions in Proposition 4.1.
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Remark 5.21. In this section we have extended the results of Üstünel (Theorem IV.1
in [49]) on the integration by parts formula and the existence of quadratic covariation
for processes taking values in nuclear spaces. Indeed, in Theorem 5.17, Corollary 5.19
and Example 5.20 we consider less demanding assumptions on Φ and Φ′ that those
considered by Üstünel in [49]. In particular, we do not require neither that Φ or Φ′ be
bornological nor separable.

6 The Stochastic Fubini Theorem and Applications to Stochastic
Evolution Equations

6.1 The Stochastic Fubini Theorem

The main objective of this section is to prove the following result:

Theorem 6.1 (Stochastic Fubini Theorem). Let (E, E , %) be a finite measure space. As-
sume that Φ is a complete, barrelled nuclear space whose strong dual Φ′ is nuclear. Let
X be a Φ′-valued semimartingale which is a good integrator. Let H : E × [0,∞)× Ω→ Φ

such that ∀f ∈ Φ′, the mapping (e, t, ω) 7→ 〈f , H(e, t, ω)〉 is E ⊗ P-measurable and
sup(e,t,ω) |〈f , H(e, t, ω)〉| <∞. Then,
(1) For every (t, ω) ∈ [0,∞)× Ω, the mapping e 7→ H(e, t, ω) is Bochner integrable in Φ,

and the mapping (t, ω) 7→
∫
E
H(e, t, ω)%(de) belongs to bP(Φ).

(2) There exists a E ⊗ B(R+)⊗F -measurable function K : E × [0,∞)×Ω→ R such that
for each e ∈ E, K(e, ·, ·) is a càdlàg version of

∫
H(e, ·, ·)dX.

(3)
∫
E
K(e, t, ·)%(de) exists and has a càdlàg version. Moreover, up to indistinguishability∫

E

K(e, t, ·)%(de) =

∫ t

0

(∫
E

H(e, s, ·)%(de)

)
dXs. (6.1)

Before we can prove Theorem 6.1 we will need the following preliminary results.
Below (E, E , %), Φ and Φ′ will be as in Theorem 6.1.

Denote by bPE the linear space of all the bounded mappings h : E × [0,∞)× Ω→ R

which are E ⊗ P-measurable. This space is Banach when equipped with the uniform
norm ||h||u = sup(e,t,ω) |h(e, t, ω)|.

Let bPE(Φ) be the linear space of all mappings H : E × [0,∞) × Ω → Φ such
that for every f ∈ Φ′, the mapping (e, t, ω) 7→ 〈f , H(e, t, ω)〉 is E ⊗ P-measurable and
sup(e,t,ω) |〈f , H(e, t, ω)〉| <∞. As in Proposition 4.7 our assumptions on Φ imply that the
mapping (4.1) is an isomorphism from bPE(Φ) into Lb(Φ′, bPE).

In analogy with our development in Section 4.2, we can equip bPE(Φ) with the
topology of convergence in Φ uniformly on E ×R+ × Ω, i.e. the topology generated by
the family of seminorms p(H) = sup(e,t,ω) p(H(e, t, ω)), where p ranges over a generating
family of seminorms for the topology on Φ. The next result shows that our hypothesis
that Φ′ is nuclear extend the conclusion of Corollary 4.9.

Lemma 6.2. For every H ∈ bPE(Φ) there exists a sequence of elementary processes:

Hn(e, t, ω) =

n∑
k=1

hk(e, t, ω)φk, ∀ e ∈ E, t ≥ 0, ω ∈ Ω, (6.2)

where (hk : k ∈ N) ⊆ bPE and (φk : k ∈ N) ⊆ Φ; such that (Hn : n ∈ N) converges to H
in bPE(Φ).

Proof. Let A the image of H under the isomorphism (4.1) from bPE(Φ) onto Lb(Φ′, bPE).
Since Φ′ is nuclear, A is a nuclear operator and has representation (Theorems III.7.1 and
III.7.2 in [40], p.99-101)

A(f) =

∞∑
k=1

λk 〈f , φk〉hk,
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where (φk : k ∈ N) ⊆ K for K a compact, convex, balanced subset of Φ (that K can
be chosen to be compact is a consequence that Φ is a reflexive nuclear space; see
Corollary 50.2.1 in [48], p.520), ||hk||u ≤ 1, and

∑
k∈N |λk| <∞. Since the convergence

of the series is in Lb(Φ′, bPE), by the isomorphism (4.1) we have that the sequence
Hn =

∑n
k=1 λk 〈f , φk〉hk of elementary processes converges to H in bPE(Φ).

Proof of Theorem 6.1. For convenience we divide the proof in three parts.

Proof of (1) From our assumption sup(e,t,ω) |〈f , H(e, t, ω)〉| <∞ ∀f ∈ Φ′, and by the
arguments used in the proof of Proposition 4.7, there exists a compact, convex, balanced
subset D of Φ such that the image of H is contained in D. As in the proof of Lemma 5.15
and using that Φ′ is nuclear, there exists another such set B, D ⊆ B, with the property
that the vector space Φ[B] spanned by B is a separable Banach space when equipped
with the gauge norm qB(φ) = inf{λ > 0 : φ ∈ λB} (see Corollary 36.1 in [48], p.371).

Given the above, we can consider H as a bounded mapping from E × [0,∞) × Ω

into Φ[B] which is weakly E ⊗ P-measurable. Since Φ[B] is a separable Banach space,
by Pettis measurability theorem H is E ⊗ P/B(Φ[B])-measurable, and hence for each
(t, ω) ∈ [0,∞) × Ω the Bochner integral

∫
E
H(e, t, ω)%(de) exists as an element in Φ[B].

Therefore the mapping e 7→ H(e, t, ω) is Bochner integrable in Φ (see [2, 45]). Moreover,
by Fubini’s theorem for every f ∈ Φ′ the mapping (t, ω) 7→

〈
f ,
∫
E
H(e, t, ω)%(de)

〉
=∫

E
〈f , H(e, t, ω)〉 %(de) is P-measurable. Likewise, from our hypothesis on H we have

sup
(t,ω)

∣∣∣∣〈f , ∫
E

H(e, t, ω)%(de)

〉∣∣∣∣ ≤ %(E) sup
(e,t,ω)

|〈f , H(e, t, ω)〉| <∞.

Hence the mapping (t, ω) 7→
∫
E
H(e, t, ω)%(de) belongs to bP(Φ).

Proof of (2) Let (Hn : n ∈ N) be a sequence of elementary processes converging to
H in bPE(Φ) as in Lemma 6.2. For every e ∈ E we have Hn(e, ·, ·) ∈ bP(Φ) and by (6.2),∫

Hn(e, ·, ·)dX =

n∑
i=1

(hi(e, ·, ·) ·X(φi)) .

By the finite dimensional stochastic Fubini Theorem (e.g see Theorem IV.64 in [39]) for
each i ∈ N there exists a E ⊗ B(R+) ⊗ F -measurable function ki : E × [0,∞) × Ω → R

such that for each e ∈ E, ki(e, ·, ·) is a càdlàg version of hi(e, ·, ·) ·X(φi). This way, the
process Kn : E × [0,∞)× Ω→ R

Kn(e, t, ω) =

n∑
i=1

ki(e, t, ω),

is B(R+) ⊗ F ⊗ E-measurable and for each e ∈ E, Kn(e, ·, ·) is a càdlàg version of∫
Hn(e, ·, ·)dX. Now, since Hn converges to H in bPE(Φ), for any given e ∈ E we

have by the good integrator property of X that
∫
Hn(e, ·, ·)dX →

∫
H(e, ·, ·)dX in S0

(hence in ucp). Therefore for each e ∈ E the sequence Kn(e, ·, ·) converges in ucp.
Then, by Theorem IV.62 in [39] there exists a E ⊗ B(R+) ⊗ F -measurable function
K : E × [0,∞) × Ω → R such that for each e ∈ E, K(e, ·, ·) is càdlàg and K(e, ·, ·) =

limn→∞Kn(e, ·, ·) with convergence in ucp.

As a consequence of the arguments given in the above paragraphs and by uniqueness
of limits we have that K(e, ·, ·) is a càdlàg version of

∫
H(e, ·, ·)dX.

Proof of (3) We start by showing that (6.1) holds for each Kn. To do this, observe
that for every n ∈ N, by the finite dimensional stochastic Fubini theorem (e.g see
Theorem IV.64 in [39], p.210), basic properties of the Bochner integral, and the action of
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the stochastic integral on simple processes (see (4.4)), we have up to indistinghishability,∫
E

Kn(e, t, ·)%(de) =

n∑
i=1

∫
E

(hi(e, ·, ·) ·X(φi))t %(de)

=

n∑
i=1

((∫
E

hi(e, ·, ·)%(de)

)
·X(φi)

)
t

=

∫ t

0

(∫
E

Hn(e, s, ·)%(de)

)
dXs. (6.3)

Our plan is to show that (6.3) implies (6.1) by taking limits with respect to an appropriate
subsequence. But before we an do this, we must show the existence of the process∫
E
K(e, t, ·)%(de).
Fix T > 0. Recall from Step 2 that for each e ∈ E and k ∈ N we have as n→∞,

P

(
sup

0≤t≤T
|K(e, t, ·)−Kn(e, t, ·)| > 1

k

)
→ 0.

Following the idea used in the proofs of Lemma 12.4.17 and Theorem 12.4.18 in [4], we
define the sequence

nk(e) = inf

{
m > nk−1(e) : P

(
sup

0≤t≤T
|K(e, t, ·)−Kn(e, t, ·)| > 1

k

)
≤ 1

k
, ∀n > m

}
.

Then nk(·) is a E-measurable function, and

P

(
sup
e∈E

sup
0≤t≤T

∣∣K(e, t, ·)−Knk(e)(e, t, ·)
∣∣ > 1

k

)
≤ 1

k
.

Therefore, Knk(e)(e, t, ·)→ K(e, t, ·) in probability uniformly on E × [0, T ]. Moreover, for
any ε > 0 it follows that as k →∞,

P

(∫
E

sup
0≤t≤T

∣∣K(e, t, ·)−Knk(e)(e, t, ·)
∣∣ %(de) > ε

)
≤ P

(
sup
e∈E

sup
0≤t≤T

∣∣K(e, t, ·)−Knk(e)(e, t, ·)
∣∣ > ε

%(E)

)
→ 0. (6.4)

By the finite dimensional stochastic Fubini theorem (e.g see Theorem IV.64 in [39]) each∫
E
ki(e, t, ·)%(de) has a càdlàg version, the same is true for

∫
E
Knk(e)(e, t, ·)%(de). Then by

(6.4) we have that the process
∫
E
K(e, t, ·)%(de) exists as the limit in ucp of the sequence∫

E
Knk(e)(e, t, ·)%(de) as k →∞, and therefore

∫
E
K(e, t, ·)%(de) has a càdlàg version.

Our next objective will be to show that the sequence
∫ t

0

(∫
E
Hnk(e)(e, s, ·)%(de)

)
dXs

converges to
∫ t

0

(∫
E
H(e, s, ·)%(de)

)
dXs in ucp.

In effect, for any given continuous seminorm p on Φ by the basic properties of the
Bochner integral and since Hn → H in bPE(Φ) we have as k →∞,

sup
(t,ω)

p

(∫
E

H(e, t, ·)%(de)−
∫
E

Hnk(e)(e, t, ·)%(de)

)
≤ sup

(t,ω)

∫
E

p
(
H(e, t, ·)−Hnk(e)(e, t, ·)

)
%(de)

≤ %(E) sup
(e,t,ω)

p
(
H(e, t, ·)−Hnk(e)(e, t, ·)

)
→ 0.
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Hence
∫
E
Hnk(e)(e, t, ·)%(de)→

∫
E
H(e, t, ·)%(de) in bP(Φ) as k →∞. By the good integra-

tor property of X we have that the sequence
∫ t

0

(∫
E
Hnk(e)(e, s, ·)%(de)

)
dXs converges to∫ t

0

(∫
E
H(e, s, ·)%(de)

)
dXs in S0, thus in ucp.

Finally, by (6.3) we have (with limits in ucp),∫
E

K(e, t, ·)%(de) = lim
k→∞

∫
E

Knk(e)(e, t, ·)%(de)

= lim
k→∞

∫ t

0

(∫
E

Hnk(e)(e, s, ·)%(de)

)
dXs

=

∫ t

0

(∫
E

H(e, s, ·)%(de)

)
dXs.

6.2 Stochastic Evolution Equations in the Dual of a Nuclear Space

Al through this section we assume that Φ is a complete, barrelled nuclear space
whose strong dual Φ is nuclear.

Our main objective in this section is to show existence and uniqueness of solutions to
the following class of stochastic evolution equations

dYt = A′Yt + dXt, t ≥ 0, (6.5)

with initial condition Y0 = η P-a.e., where η is a F0-measurable Φ′-valued regular random
variable, X is Φ′-valued semimartingale which is a good integrator, and A is the generator
of a strongly continuous C0-semigroup (S(t) : t ≥ 0) ⊆ L(Φ,Φ) (see [25] for information
on C0-semigroups in locally convex spaces).

Definition 6.3. A Φ′-valued regular adapted process Y = (Yt : t ≥ 0) is called a weak
solution to (6.5) if for any given t > 0 and φ ∈ Dom(A) we have

∫ t
0
|〈Yr , Aφ〉| dr < ∞

P-a.e. and

〈Yt , φ〉 = 〈η , φ〉+

∫ t

0

〈Yr , Aφ〉 dr + 〈Xt , φ〉 . (6.6)

The natural candidate for a weak solution to (6.5) is the so called mild solution:

Zt = S(t)′η +

∫ t

0

S(t− r)′ dXr, t ≥ 0. (6.7)

Here observe that since Φ is reflexive, the family of dual operators (S(t)′ : t ≥ 0) ⊆
L(Φ′,Φ′) is a strongly continuous C0-semigroup whose generator is A′ (see the Corollary
to Theorem 1 in [25]).

We must prove first that the stochastic convolution
∫ t

0
S(t − r)′ dXr is well-defined.

This task is carried out in the following result.

Proposition 6.4. There exists a Φ′-valued regular adapted process
∫ t

0
S(t−r)′ dXr, t ≥ 0,

satisfying for each t ≥ 0 and φ ∈ Φ that P-a.e.〈∫ t

0

S(t− r)′ dXr , φ

〉
=

∫ t

0

S(t− r)φdXr. (6.8)

Moreover, the Φ′-valued process (Zt : t ≥ 0) defined in (6.7) is regular and adapted.

Proof. Let t ≥ 0 and φ ∈ Φ. Let Hφ be defined as Hφ(r, ω) = 1[0,t] (r)S(t − r)φ. The
continuity of the mapping [0, t] 3 r 7→ S(t− r)φ easily shows that Hφ ∈ bP(Φ), therefore
the stochastic integral

∫ t
0
S(t− r)φdXr exists.

Likewise, by continuity of the mapping [0, t] 3 r 7→ S(t− r)φ and since Φ is barrelled,
by an application of the closed graph theorem it can be shown that the mapping (r, φ) 7→
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S(t−r)φ is continuous from [0, t]×Φ into Φ. From this it follows that the mapping φ 7→ Hφ

is continuous from Φ into bP(Φ). By the good integrator property of X the mapping
φ 7→

∫ t
0
Hφ(r)dXr =

∫ t
0
S(t − r)φdXr is continuous from Φ into L0 (Ω,F ,P). Then, the

regularization theorem (see [19]) shows that there exists a Φ′-valued regular random
variable

∫ t
0
S(t − r)′ dXr satisfying (6.8). Moreover, (6.8) shows that

∫ t
0
S(t − r)′ dXr is

weakly adapted, hence adapted because it is regular.
Finally, since η is a F0-measurable Φ′-valued regular random variable, the strong

continuity of the semigroup (S(t)′ : t ≥ 0) shows that (S(t)′η : t ≥ 0) is regular and
adapted and hence so is (Zt : t ≥ 0).

Theorem 6.5. The stochastic evolution equation (6.5) has a weak solution given by
(6.7).

A key step in the proof of Theorem 6.5 is carried out in the following result which is a
consequence of the stochastic Fubini theorem (Theorem 6.1)

Lemma 6.6. For every t > 0 and φ ∈ Dom(A), we have P-a.e.∫ t

0

∣∣∣∣∫ s

0

S(s− r)AφdXr

∣∣∣∣ ds <∞, and

∫ t

0

∣∣∣∣∫ s

0

S(t− s)AφdXr

∣∣∣∣ ds <∞. (6.9)

Moreover, the following identities holds P-a.e.∫ t

0

(∫ s

0

S(s− r)AφdXr

)
ds =

∫ t

0

S(t− r)φdXr − 〈Xt , φ〉

=

∫ t

0

(∫ s

0

S(t− s)AφdXr

)
ds. (6.10)

Proof. Fix t > 0 and φ ∈ Dom(A). Consider the following families of Φ-valued mappings:

H1(s, r) = 1[0,s] (r)S(s− r)Aφ.
H2(s, r) = 1[0,s] (r)S(t− s)Aφ.

for s ∈ [0, t], r ∈ [0, t]. As a direct consequence of the strong continuity of the C0-
semigroup (S(t) : t ≥ 0) we can verify that H1 and H2 satisfy the conditions of the
stochastic Fubini theorem (Theorem 6.1). Hence we have (6.9) and the iterated integrals
in (6.10) exists.

Now observe that for any given r ∈ [0, t], from standard properties of C0-semigroups
(see [25]) we have∫ t

0

1[0,s] (r)S(s− r)Aφds = S(t− r)φ− φ =

∫ t

0

1[0,s] (r)S(t− s)Aφds.

Then, from the above identity and the stochastic Fubini theorem applied to H1 and H2

we have ∫ t

0

(∫ s

0

S(s− r)AφdXr

)
ds =

∫ t

0

(∫ s

0

S(t− s)AφdXr

)
ds

=

∫ t

0

(∫ t

0

1[0,s] (r)S(t− s)Aφds
)
dXr

=

∫ t

0

S(t− r)φdXr − 〈Xt , φ〉 .

Proof of Theorem 6.5. Let Z = (Zt : t ≥ 0) be as defined in (6.7). We know from
Proposition 6.4 that Z is a Φ′-valued regular and adapted process.
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Let t > 0 and φ ∈ Φ. By the strong continuity of the C0-semigroup (S(t)′ : t ≥ 0) it
follows that

∫ t
0
|〈S(r)′η , Aφ〉| dr <∞. Therefore, it follows from (6.7) and (6.9) that P-a.e.∫ t

0
|〈Zr , Aφ〉| dr <∞.

We must show (Zt : t ≥ 0) satisfies (6.6). In effect, for any s ∈ [0, t] from (6.7) and
(6.8) we have P-a.e.

〈Zs , Aφ〉 = 〈η , S(s)Aφ〉+

∫ s

0

S(s− r)AφdXr.

Integrating both sides on [0, t] with respect to the Lebesgue measure, then from standard
properties of C0-semigroups (see [25]), from (6.10), and then from (6.7) and (6.8), we
have P-a.e.∫ t

0

〈Zs , Aφ〉 ds =

∫ t

0

〈η , S(s)Aφ〉 ds+

∫ t

0

(∫ s

0

S(s− r)AφdXr

)
ds

= 〈η , S(t)φ− φ〉+

∫ t

0

S(t− r)φdXr − 〈Xt , φ〉

= 〈Zt , φ〉 − 〈η , φ〉 − 〈Xt , φ〉 .

Hence, the mild solution Z = (Zt : t ≥ 0) is a weak solution to (6.5).

We can prove a converse of Theorem 6.5 if we assume that our weak solution has
some regularity property on its paths. This property is described below.

Definition 6.7. We say that a Φ′-valued adapted process Y = (Yt : t ≥ 0) has almost
surely locally Bochner integrable trajectories if for each t > 0 there exists Ωt ⊆ Ω with
P(Ωt) = 1 and such that for each ω ∈ Ωt there exists a continuous seminorm p = p(t, ω)

on Φ such that Ys(ω) ∈ Φ′p P-a.e. on [0, t] and
∫ t

0
p′(Ys(ω)) ds <∞.

Example 6.8. For a Φ′-valued adapted process Y = (Yt : t ≥ 0) the property of having
almost surely locally Bochner integrable trajectories is implied by any of the following
conditions:

(1) ∀T > 0, Y is (weakly) jointly measurable on [0, T ]× Ω and E
∫ T

0
|〈Yt , φ〉| dt <∞ for

each φ ∈ Φ. In effect, under these assumptions it is shown in Lemma 6.11 in [13]
that for each T > 0 there exists a continuous Hilbertian seminorm p on Φ for which
E
∫ T

0
p′(Yt)dt <∞.

(2) Y has càdlàg paths. In that case, for P-a.e. ω ∈ Ω, by Remark 3.6 in [15] for each
T > 0 there exists a continuous Hilbertian seminorm p on Φ such that t 7→ Yt(ω) is
càdlàg from [0, T ] into Φ′p. In particular we have∫ T

0

p′(Yt(ω)) dt ≤ T sup
0≤t≤T

p′(Yt(ω)) <∞.

We are ready for our main result on uniqueness of solutions.

Theorem 6.9. Let Y = (Yt : t ≥ 0) be a weak solution to (6.5) which has almost surely
locally Bochner integrable trajectories. Then for each t ≥ 0, Yt is given P-a.e. by

Yt = S(t)′η +

∫ t

0

S(t− r)′dXr. (6.11)

Proof. We modify the arguments used in the proof of Theorem 6.9 in [13].

Let t ≥ 0 and φ ∈ Dom(A). Let ω ∈ Ωt and p = p(t, ω) as in Definition 6.7. By the
strong continuity of the C0-semigroup (S(r) : r ≥ 0) and since S(t− s)Aφ ∈ Dom(A) for
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s ∈ [0, t], the set {AS(t− s)Aφ : 0 ≤ s ≤ t} is bounded in Φ, hence is bounded under the
seminorm p. Therefore∫ t

0

(∫ t

0

∣∣1[0,s](r) 〈Yr(ω) , AS(t− s)Aφ〉
∣∣ dr) ds
≤ t sup

0≤s≤t
p(AS(t− s)Aφ)

∫ t

0

p′(Ys(ω)) ds <∞.

Then from Fubini’s theorem and standard properties of the dual semigroup (S(r)′ : r ≥ 0),
we have for ω ∈ Ωt∫ t

0

(∫ s

0

〈Yr(ω) , AS(t− s)Aφ〉 dr
)
ds =

∫ t

0

(∫ t−r

0

〈Yr(ω) , AS(s)Aφ〉 ds
)
dr

=

∫ t

0

〈∫ t−r

0

S(s)′A′Yr(ω)ds , Aφ

〉
dr

=

∫ t

0

〈S(t− r)′Yr(ω)− Yr(ω) , Aφ〉 dr

=

∫ t

0

〈Yr , (S(t− r)Aφ−Aφ)〉 dr (6.12)

Given any s ∈ [0, t], from the definition of weak solution (with φ replaced by S(t− s)Aφ),
we have P-a.e.∫ s

0

S(t− s)AφdXr = 〈Xs , S(t− s)Aφ〉

= 〈Ys − η , S(t− s)Aφ〉 −
∫ s

0

〈Yr , AS(t− s)Aφ〉 dr.

Integrating both sides on [0, t] with respect to the Lebesgue measure and then using
(6.12), it follows that P-a.e.∫ t

0

(∫ s

0

S(t− s)AφdXr

)
ds =

∫ t

0

〈Ys , S(t− s)Aφ〉 ds−
∫ t

0

〈η , S(t− s)Aφ〉 ds

−
∫ t

0

(∫ s

0

〈Yr , AS(t− s)Aφ〉 dr
)
ds

=

∫ t

0

〈Ys , Aφ〉 ds− (〈η , S(t)φ〉 − 〈η , φ〉) .

Reordering, and then from (6.10) we get that

〈η , φ〉+

∫ t

0

〈Ys , Aφ〉 ds

= 〈S(t)′η , φ〉+

∫ t

0

(∫ s

0

S(t− s)AφdXr

)
ds

= 〈S(t)′η , φ〉+

∫ t

0

S(t− r)φdXr − 〈Xt , φ〉 .

Summing the term 〈Xt , φ〉 at both sides, then using (6.8) and the fact that Y is a weak
solution we conclude that P-a.e

〈Yt , ψ〉 = 〈S(t)′η , ψ〉+

〈∫ t

0

S(t− r)′ dXr , φ

〉
.

The above equality is valid for each ψ ∈ Dom(A), and since Dom(A) is dense in Φ we
conclude that Yt is of the form (6.11).
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Corollary 6.10. If the stochastic convolution process (
∫ t

0
S(t−r)′ dXr : t ≥ 0) has almost

surely locally Bochner integrable trajectories (respectively càdlàg/continuous paths)
then the mild solution (6.7) is the unique weak solution to (6.5) having almost surely
locally Bochner integrable trajectories (respectively càdlàg/continuous paths).

Proof. Observe that since (S(t)′η : t ≥ 0) has almost surely locally Bochner integrable
trajectories (as it has continuous paths by the strong continuity of the dual semigroup),
then if the stochastic convolution process (

∫ t
0
S(t − r)′ dXr : t ≥ 0) has almost surely

locally Bochner integrable trajectories (respectively càdlàg/continuous paths) then the
mild solution (6.7) possesses this property too. The result is then a consequence of
Theorems 6.5 and 6.9.

In the last part of this section we will show existence and uniqueness of a solution
with continuous paths under the assumption that A ∈ L(Φ,Φ) is the generator of a
(C0, 1)-semigroup and X is a H1

S-semimartingale with continuous paths.

Recall that a C0-semigroup (S(t) : t ≥ 0) is called a (C0, 1)-semigroup if for each
continuous seminorm p on Φ there exists some ϑp ≥ 0 and a continuous seminorm
q on Φ such that p(S(t)φ) ≤ eϑptq(φ), for all t ≥ 0 and φ ∈ Φ. (C0, 1)-semigroups
where introduced by Babalola in [1] and include the class of quasiequicontinuous C0-
semigroups (case ϑp = σ with σ a positive constant independent of p) and equicontinuous
C0-semigroups (case ϑp = 0 for each p).

Theorem 6.11. Suppose that Φ is a complete bornological nuclear space whose strong
dual Φ′ is complete and nuclear. Assume A ∈ L(Φ,Φ) is the generator of a (C0, 1)-
semigroup and X is a Φ′-valued H1

S-semimartingale with continuous paths satisfying any
of the equivalent conditions in Proposition 4.1. Then, the stochastic evolution equation
(6.5) has a unique weak solution Z = (Zt : t ≥ 0) with continuous paths satisfying for
each t ≥ 0 and φ ∈ Φ that P-a.e.

〈Zt , φ〉 = 〈η −X0 , S(t)φ〉+ 〈Xt , φ〉+

∫ t

0

〈Xt , S(t− s)Aφ〉 ds. (6.13)

Proof. Our first objective is to show that the mild solution (6.7) satisfies (6.13). In view
of (6.8) it suffices to show that for each t ≥ 0 and φ ∈ Φ we have P-a.e.∫ t

0

S(t− r)φdXr = 〈Xt , φ〉 − 〈X0 , S(t)φ〉+

∫ t

0

〈Xt , S(t− s)Aφ〉 ds. (6.14)

To do this, let t ≥ 0 and φ ∈ Φ, and define Ys = 1[0,t](s)S(t−s)φ. We will check that (6.14)
holds by applying the stochastic integration by parts formula to the processes X and Y ,
but before we will verify that [X,Y ] = 0. This last result will follows from the arguments
used in Example 5.20 if we can show that Y defines a projective limit of processes of
bounded variation.

In effect, for any given continuous Hilbertian seminorm q on Φ, since (S(s) : s ≥ 0)

is a (C0, 1)-semigroup there exist a continuous seminorm p on Φ, q ≤ p, and a C0-
semigroup (Sp(t) : t ≥ 0) on the Banach space Φp such that Sp(s)ipϕ = ipS(s)ϕ, ∀ϕ ∈ Φ,
s ≥ 0 (see Theorems 2.3 and 2.6 in [1]). Hence, s 7→ iqYs = 1[0,t](s)iq,pSp(t − s)φ

is a Φq-valued function with bounded variation on [0, t] (recall s 7→ Sp(s)φ is norm
continuously differentiable on [0,∞)). Since the above is true for every continuous
Hilbertian seminorm on Φ, then Y defines a projective limit of processes of finite
variation. Since X is a Φ′-valued H1

S-semimartingale with continuous paths, from the
arguments used in Example 5.20 we have [X,Y ] = 0.
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By an application of the stochastic integration by parts formula (Theorem 5.17), and
then from standard properties of C0-semigroups (see [25]), we have P-a.e.∫ t

0

S(t− s)φdXs = 〈Xt , φ〉 − 〈X0 , S(t)φ〉 −
∫ t

0

Xs ds(S(t− s)φ)

= 〈Xt , φ〉 − 〈X0 , S(t)φ〉+

∫ t

0

〈Xt , S(t− s)Aφ〉 ds

Observe that by (6.14) the stochastic convolution Ut =
∫ t

0
S(t − r)′ dXr satisfies that

for each φ ∈ Φ the process (〈Ut , φ〉 : t ≥ 0) has a continuous version. Moreover,
from the arguments used in the proof of Proposition 6.4 we conclude that for each
t ≥ 0 the mapping φ 7→ 〈Ut , φ〉 is continuous from Φ into L0 (Ω,F ,P). Since Φ is
ultrabornological (it is complete and bornological, see Theorem 13.2.12 in [36], p.449),
the regularization theorem for ultrabornological nuclear spaces (Corollary 3.11 in [12])
shows that (Ut : t ≥ 0) has a Φ′-valued version with continuous paths satisfying (6.14).
Hence the mild solution (Zt : t ≥ 0) satisfies (6.13) and by Corollary 6.10 we have that
(Zt : t ≥ 0) is the unique weak solution to (6.5) with continuous paths.

Example 6.12. Let Φ = S (Rd), for d ≥ 1 (see Section 4.1). Let X be a S (Rd)′-valued
H1
S-semimartingale with continuous paths satisfying any of the equivalent conditions in

Proposition 4.1. Consider the (lineal) stochastic heat equation in S (Rd)′:

dYt = ∆Yt + dXt, t ≥ 0, (6.15)

with initial condition Y0 = η, for a S (Rd)′-valued F0-measurable random variable, and
here ∆ is the Laplace operator on S (Rd)′.

It is well-known that ∆ ∈ L(S (Rd),S (Rd)) is the infinitesimal generator of the heat
semigroup (S(t) : t ≥ 0) which is the equicontinuous C0-semigroup on S (Rd) defined as:
S(0) = I and for each t > 0,

(S(t)φ)(x) :=
1

(4πt)d/2

∫
Rd
e−||x−y||

2/4tφ(y)dy, ∀φ ∈ S(Rd), x ∈ Rd.

If we let µt(x) = 1
(4πt)d/2

e−||x||
2/4t, then µt ∈ S (Rd) and S(t)φ = µt∗φ for each φ ∈ S (Rd).

Then Theorem 6.11 shows that (6.15) has a unique weak solution (Zt : t ≥ 0) with
continuous paths satisfying for any t ≥ 0 and φ ∈ S (Rd):

〈Zt , φ〉 = 〈η −X0 , µt ∗ φ〉+ 〈Xs , φ〉+

∫ t

0

〈Xs , ∆(µt−s ∗ φ)〉 ds.

This example extends to the context of H1
S-semimartingales with continuous paths the

results obtained by Üstünel in [51] on the existence and uniqueness of solutions for the
stochastic heat equation in S (Rd)′ driven by a Wiener process.

7 Applications to Stochastic Integration for a Sequence of Real-
Valued Semimartingales

7.1 Literature Review

In [8], De Donno and Pratelli introduced a theory of stochastic integration with respect
to a sequence of real-valued semimartingales. The main idea behind the construction is
to think on a sequence of semimartingales Z = (Zj : j ∈ N) as a process taking values in
the space of real sequences RN (equipped with the product topology). The corresponding
class of stochastic integrands is chosen to take values in the set of unbounded functionals
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on RN. This theory of stochastic integration has found applications to mathematical
finance, in particular in modelling large markets (see e.g. [7, 35]). In the following
paragraphs we describe the main ideas in the construction of the stochastic integral
introduced in [8].

Denote by U the collection of all the not-necessarily continuous linear functionals on
RN, i.e. k ∈ U is a linear functional whose domain Dom(k) is a subspace of RN (which
can be the trivial set {0}). A simple integrand (a elementary process in our terminology)
is a finite sum of the form

∑n
k=1 hkek, where hk ∈ bP for k = 1, . . . , n and (ej : j ∈ N) is

the canonical basis in RN. For such a simple integrand the stochastic integral is defined
as H · Z =

∑n
k=1(hk · Zk).

A process H with values in U is called predictable if there exists a sequence (Hn :

n ∈ N) of simple processes such that for each t ≥ 0, ω ∈ Ω, H(t, ω)(f) = limnH(t, ω)(f)

for all f ∈ Dom(H(t, ω)).

A U -valued predictable process is said to be integrable with respect to the sequence
of semimartingales Z = (Zj : j ∈ N) if there is a sequence (Hn : n ∈ N) of simple
integrands, such that Hn converges to H a.s. and the sequence of semimartingales
Hn · Z converges to a semimartingale Y in S0. In this case H is called a generalized
integrand and its stochastic integral is defined as H · Z = Y .

It is proved in Proposition 1 in [8] that when the stochastic integral exists, it does
not depend on the approximating sequence. This is proven using a result by Memin
[30] which allows, by mean of an application of a change in probability measure, to
replace the integral with respect to a sequence of semimartingales with the sum of an
integral with respect to a sequence of square integrable martingales and an integral
with respect to a sequence of predictable processes with integrable variation. These
types of stochastic integrals are developed in [8].

Observe that the definition of generalized integrand implicitly assumes continuity of
the stochastic integral mapping H 7→ H · Z. Indeed, it is proven in Theorem 3 in [8] that
the set of that the set of stochastic integrals with respect to Z is closed in S0.

The above definition of stochastic integral for generalized integrands has its draw-
backs. In particular, the stochastic integral lacks some of the standard properties of
the stochastic integral in finite dimensions. For instance, the integral is not linear with
respect to the integrator process (see Remark 9 and the examples in Section 6 in [8]).

Motivated by the above, in the next section we apply our recently developed theory
of stochastic integration in nuclear spaces to carry out an alternative construction for
the stochastic integral with respect to a sequence of real-valued semimartingales. We
will consider however locally bounded integrands as in Section 5 instead of the class of
generalized integrands of [8]. This way our integral will have at disposal all the tools
developed in this article which we hope can be useful for future applications of this
theory.

7.2 Construction of the Stochastic Integral

To define the stochastic integral we first need to settle this problem in our context.
Let Φ = ⊕j∈NRj where Rj := R for every j ∈ N. The locally convex direct sum Φ is a
complete, barrelled, nuclear space (see [22], Propositions 6.6.7 and 11.3.1, and Corollary
21.2.3). Furthermore, we have Φ′ ' RN :=

∏
j∈NRj with the product topology (see [40],

Corollary IV.4.3.1) is also a complete, barrelled, nuclear space (see [40], Theorems II.5.3.
and III.7.4).

Let (ej : j ∈ N) be the canonical basis in RN. Observe that each φ ∈ Φ is of the form

φ =
∑
j∈N

ajej , (7.1)
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where aj ∈ R for all j ∈ N and the set {j ∈ N : aj 6= 0} is finite.
Let (Zj : j ∈ N) be a sequence in S0. For φ ∈ Φ of the form (7.1), define

X(φ) :=
∑
j∈N

ajZ
j . (7.2)

Observe that in particular we have X(ej) = Zj . It is clear that X(φ) ∈ S0 for each φ ∈ Φ

and that the mapping X : Φ → S0, φ 7→ X(φ), is linear. This way we have that X is a
cylindrical semimartingale in Φ′. Moreover, we have:

Theorem 7.1. Let (Zj : j ∈ N) be a sequence in S0. Let X be the cylindrical semimartin-
gale defined in (7.2). Then the mapping X : Φ→ S0 is continuous. Furthermore, X has
a version that is a Φ′-valued regular, càdlàg semimartingale.

Proof. We first prove the continuity of X. For each j ∈ N denote by Ij : Rj → ⊕j∈NRj ,
u 7→ uej , the canonical inclusion. From properties of the direct sum topology (see e.g.
Sections 4.1 and 4.3 in [22]) we know that the mapping X : Φ→ S0 is continuous if and
only if for each j ∈ N the mapping X ◦ Ij is continuous from Rj into S0. But observe
that for each j ∈ N we have that X ◦ Ij(u) = uZj and since for each Z ∈ S0 the mapping
u 7→ uZ is continuous from R into S0, then we conclude that X : Φ→ S0 is continuous.
The final assertion follows from Proposition 4.1 and Theorem 4.2.

Because Φ is a complete, barrelled, nuclear space, we can now define the stochastic
integral with respect to a sequence of semimartingales via Theorem 5.8.

Definition 7.2. Let (Zj : j ∈ N) be a sequence in S0 and let X be the cylindrical
semimartingale defined by such sequence in (7.2). For each H ∈ Ploc(Φ), we define
the stochastic integral of H with respect to the sequence (Zj : j ∈ N) as the stochastic
integral

∫
H dX of H with respect to X as defined in Theorem 5.8.

The stochastic integral with respect to a sequence of semimartingales satisfies all
the properties listed in the above sections. However, as we will describe below some
new properties emerge, in particular in connection with the property of good integrator.

In effect, the reader might observe that from our construction of the stochastic
integral we only require for (Zj : j ∈ N) to be a sequence in S0. Indeed, by Theorem 7.1
the cylindrical semimartingale X defined in (7.2) is continuous from Φ into S0. However,
as mentioned in Section 4.2 the above continuity property is not in general enough
to conclude that X is a good integrator, unless X is one of the particular classes of
cylindrical semimartingales which we know are good integrators.

As a new phenomena of the above construction we will show below that under a
change of probability measure the cylindrical semimartingale defined by a sequence of
real-valued semimartingales is a good integrator. We will require the following notation:
S0(P) andM2

∞ ⊕A(P) denote the spaces S0 andM2
∞ ⊕A defined with respect to the

probability measure P.

Proposition 7.3. Let (Zj : j ∈ N) be a sequence in S0 and let X be the cylindrical
semimartingale defined by such sequence in (7.2). There exists a probability measure Q,
equivalent to P, with dQ/dP ∈ L∞(P), such that
(1) Zj = mj + aj ∈ M2

∞ ⊕ A(Q) for each j ∈ N, and X is a M2
∞ ⊕ A(Q)-cylindrical

semimartingale such that the mapping X : Φ→ S0(Q) is continuous.
(2) For every H ∈ bP(Φ),∫

H dX =

∫
H dM +

∫
H dA ∈M2

∞ ⊕A(Q),

where M is theM2
∞(Q)-cylindrical martingale defined as in (7.2) by the sequence

(mj : j ∈ N) ⊆M2
∞(Q) and A is the A(Q)-cylindrical semimartingale defined as in

(7.2) by the sequence (aj : j ∈ N) ⊆ A(Q).
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(3) The stochastic integral mapping H 7→
∫
H dX is continuous from bP(Φ) intoM2

∞ ⊕
A(Q). In particular, X is a good integrator under the measure Q.

Proof. Given the sequence (Zj : j ∈ N) in S0, by a result of Dellacherie (Théorème 5 in
[9]; see also Lemme I.3 in [30]) there exists a probability measure Q, equivalent to P,
with dQ/dP ∈ L∞(P), such that for each j ∈ N we have Zj = mj + aj ∈ M2

∞ ⊕ A(Q).
Then X defined by (7.2) is aM2

∞ ⊕A(Q)-cylindrical semimartingale.
Now recall from Theorem 7.1 that X is continuous from Φ into S0(P). Since P and

Q are equivalent, the spaces S0(P) and S0(Q) are homeomorphic (see [10], Remarques
VII.100.(c), p.318). Hence X is continuous from Φ into S0(Q). This proves (1).

The statements (2) and (3) are a direct consequence of (1) and Corollary 4.14.

Remark 7.4. The result in Proposition 7.3 has an interesting application. Since both Φ

and Φ′ are complete barrelled nuclear spaces, under a change in probability measure,
for any sequence of real-valued semimartingales the corresponding cylindrical semi-
martingale is a good integrator, hence the stochastic integral with respect to any such
sequence of semimartingales has at disposal all the machinery developed in Sections
5 and 6. In particular the Riemann representation, the stochastic integration by parts
formula and the stochastic Fubini theorem.

We finalize this section by pointing out the relation of the stochastic integral defined
by De Donno and Pratelli in [8] with the stochastic integral introduced in this section. To
do this, we examine the behaviour of our stochastic integral on the bounded integrands.

First, from (7.1) we can see that the elementary processes in bP(Φ) are those pro-
cesses of the form

Ht(ω) =

n∑
k=1

hk(r, ω)ek, ∀ t ≥ 0, ω ∈ Ω, (7.3)

where hk ∈ bP for k = 1, . . . , n. From Theorem 4.10 we have∫
H dX =

n∑
k=1

hk ·X(ek) =

n∑
k=1

∫
hk dZ

k. (7.4)

This way our stochastic integral coincide with that in [8] for the elementary processes.
Now, given any H ∈ bP observe that by Lemma 6.2 there exists a sequence of

elementary processes (Hn : n ∈ N) such that Hn → H in bP(Φ). If the cylindrical
semimartingale X determined by the sequence (Zj : j ∈ N) is a good integrator, then
we have

∫
Hn dX converges to

∫
H dX in S0. Therefore, if X is a good integrator

every H ∈ bP(Φ) is a generalized integrand (as defined in Section 7.1) for the sequence
(Zj : j ∈ N).

If the cylindrical semimartingale X determined by the sequence (Zj : j ∈ N) is not a
good integrator the connection between the two definitions of stochastic integrals is not
so clear. However, we know from Proposition 7.3 that an equivalent probability measure
Q exists such that X is a good integrator under the measure Q.

8 Final Remarks and Comparison With Other Theories of Sto-
chastic Integration in Locally Convex Spaces

In Section 3.2 we introduced the stochastic integral mapping for integrands in the
space Φ ⊗̂π bP under the assumption that Φ is a locally convex space and that X : Φ→ S0

is a cylindrical semimartingale with a standard continuity property (Assumption 3.1).
Our construction relies on the good integrator property of real-valued semimartingales
and properties of the tensor product of topological vector spaces.
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Under additional assumptions on either Φ and X, we have been able to prove further
extensions of our theory of integration. Indeed if either Φ is metrizable or a complete
barrelled nuclear space, we have shown that the integrands Φ ⊗̂π bP can be identified
with Φ-valued weakly predictable (locally) bounded processes (Proposition 3.14 and
Theorem 4.8). Furthermore, we have shown that for some specific classes of cylindrical
semimartingales the stochastic integral mapping is continuous (see Remark 3.13). In
particular if Φ is a complete, barrelled nuclear space and X is a good integrator, we have
shown in Sections 5 to 6 that the stochastic integral satisfies many of the properties of
the stochastic integral in finite dimensions, including a Riemann representation formula,
stochastic integration by parts formula, and the stochastic Fubini theorem.

Other authors have introduced theories of stochastic integration either assuming
further properties on the locally convex space or under the assumption that the cylindri-
cal semimartingale is of some specific class. Depending on the above assumptions, it is
possible to define the stochastic integral for a class of integrands larger than the weakly
predictable (locally) bounded processes. In the following paragraphs we briefly describe
some of these other theories of stochastic integration and their corresponding class of
integrands.

In the papers [33, 34], Mikulevicius and Rozovskii introduced a theory of stochastic
integration with respect to a locally square integrable cylindrical martingale defined on
a quasi-complete locally convex space Φ. The covariance structure of such a cylindrical
martingale is determined by a predicable family (Qs : s ≥ 0) of symmetric non-negative
linear forms from Φ′ into Φ and a predictable increasing process λs. Using the Schwartz
theory of reproducing kernels, a family of Hilbert spaces Hs ⊆ Φ is associated with the
covariance function Qs. The class of integrands in [33, 34] are the Φ-valued weakly
predictable processes h satisfying h(s, ω) ∈ Hs and

∫ t
0
|h(s)|2Hs dλs <∞ P-a.e. ∀t > 0.

In [13] the author of this paper introduced a theory of stochastic integration with
respect to a cylindrical martingale-valued measure defined on a locally convex space Φ.
Roughly speaking, a cylindrical martingale-valued measure is a family M = (M(t, A) :

t ≥ 0, A ∈ R) such that (M(t, A) : t ≥ 0) is a cylindrical martingale in Φ′ for each A ∈ R
and M(t, ·) is finitely additive on R for each t ≥ 0, where R is a ring of subsets of a
topological space U . These cylindrical martingale-valued measures are assumed to have
(weak) square moments determined by a family of continuous Hilbertian semi-norms
{qr,u : r ∈ R+, u ∈ U} on Φ and two σ-finite measures µ and λ defined on (U,B(U))

and (R+,B(R+)) respectively. The class of integrands in [13] are families of predictable
processes h satisfying h(r, ω, u) ∈ Φqr,u and ∀t > 0,

∫ t
0
qr,u(h(r, u))2 µ(du)λ(dr) <∞ P-a.e.

A theory of stochastic integration for weakly predictable locally bounded integrands
with respect to semimartingales (in the projective sense) taking values in the dual of
a reflexive nuclear space was introduced by Üstünel in the papers [49, 50, 51]. As
mentioned previously in this article, the theory of stochastic integration developed in
Sections 4 to 6 generalize the results obtained by Üstünel (Remarks 4.4, 5.10 and 5.21).

In [29], Kurtz and Protter introduced the concept of standard H#-semimartingale,
which corresponds to a cylindrical semimartingale Y defined on a separable Banach
space H such that for each t > 0 the set Ht =

{
sups≤t |Z− · Y (s)| : Z ∈ S1

}
is stochas-

tically continuous, where in the above S1 denotes the collection of all the H-valued
càdlàg processes of the form Z(t) =

∑m
k=1 ξk(t)hk where for k = 1, . . . ,m, ξk is an

adapted real-valued càdlàg process, hk ∈ H, sups≤t ||Z(s)|| ≤ 1, and Z− · Y (t) =∑m
k=1

∫ t
0
ξk(s−)dY (hk)(s). Stochastic integrals are therefore defined for H-valued pre-

dictable processes with locally compact image by a continuity argument.

The concept of standard H#-semimartingale extends the concept of good integrator
from finite dimensions to a cylindrical semimartingale defined on a separable Banach
space H. Our concept of good integrator of Definition 4.11 also extends the concept of
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good integrator from finite dimension but to a cylindrical semimartingale in the dual Φ′

of a complete barrelled nuclear space Φ. Observe that no intersection of these infinite
dimensional versions of the concept of good integration occurs since it is known that
only the finite dimensional spaces can be Banach and nuclear at the same time.

In the context of Banach spaces, there are several theories of (vector-valued) stochas-
tic integration with respect to specific classes of cylindrical semimartingales. For
example, in Hilbert spaces we have stochastic integration with respect to cylindrical
square integrable martingales and cylindrical Lévy processes [6, 21, 31], in separable
Banach spaces we have stochastic integration with respect to cylindrical Brownian mo-
tion [23], in Banach spaces of martingale type p ∈ [1, 2] with respect to cylindrical Lévy
processes of order p [26], and in UMD Banach spaces we have stochastic integration with
respect to cylindrical Brownian motion [53] and with respect to continuous cylindrical
local martingales [54].

We are not aware of any theory of stochastic integration in Banach spaces with
respect to general cylindrical semimartingales. The stochastic integral mapping of
Section 3.2 can serve for this purpose but the class of integrands Φ ⊗̂π bP (which we know
by Proposition 3.14 that can be identified with Φ-valued weakly predictable bounded
processes) might be relatively small and requires a further extension or alternative
characterization. In particular, observe that if Φ has the approximation property (e.g.
if Φ has a Schauder basis) then Φ ⊗̂π bP can be identified with the space of nuclear
operators N (Φ′, bP) (see [27]). We hope we can explore these ideas in the Banach space
setting in a latter publication.
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